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Did�skwn: NÐkoc Frantzikin�khc

Epitrèpetai mìno mÐa selÐda me shmei¸seic. Di�rkeia 2 ¸rec. Kal  epituqÐa!!

(1) (3 mon�dec) Apant ste me SWSTO/LAJOS kai d¸ste mÐa sÔntomh epex ghsh.

(i) K�je metr simo uposÔnolo tou R mporeÐ na grafeÐ wc ènwsh enìc sunìlou Borel kai
enìc sunìlou mètrou 0.

(ii) E�n A eÐnai èna opoiod pote uposÔnolo tou R, tìte up�rqei akoloujÐa metr simwn
sunìlwn (En) tètoia ¸ste A ⊂ En kai m∗(En \ A) ≤ 1/n.

(iii) E�n f : R→ R metr simh, tìte up�rqei g : R→ R suneq c me f = g sqedìn pantoÔ.

(iv) E�n fn : [0, 1] → R, n ∈ N, metr simec sunart seic kai fn → 0 kat� shmeÐo, tìte
up�rqei metr simo E ⊂ [0, 1] tètoio ¸ste m(E) ≥ 0.99 kai supx∈E |f(x)| ≤ 0.01.

(2) (1.5 mon�dec) (i) 'Estw E ⊂ R me m(E) = 0. Na deiqjeÐ ìti to sumpl rwma tou
E eÐnai puknì sto R.

(ii) 'Estw f, g : R → R suneqeÐc sunart seic kai f = g sqedìn pantoÔ. Na deiqjeÐ ìti
f(x) = g(x) gia k�je x ∈ R.

(3) (1.5 mon�dec) 'Estw N to sÔnolo V itali kai E ⊂ N . DeÐxte ìti to E eÐnai metr simo an
kai mìno an m∗(E) = 0. ([0, 1] ⊂ ⋃∞

n=1(N +rn) ⊂ [−1, 2], ìpou Q∩ [−1, 1] = {r1, r2, . . .})

(4) (2.5 mon�dec) (i) Kataskeu�ste èna anoiqtì sÔnolo O ⊂ [0, 1] tètoio ¸ste m(O) < 1
kai m(O ∩ I) > 0 gia k�je (mh tetrimmèno) di�sthma I ⊂ [0, 1].

(ii) DeÐxte ìti den up�rqei metr simo sÔnolo E ⊂ [0, 1] tètoio ¸ste m(E ∩ I) = `(I)/2
gia k�je di�sthma I ⊂ [0, 1].

(5) (2 mon�dec) 'Estw fn : R→ [0, +∞), n ∈ N, metr simec sunart seic.
(i) DeÐxte ìti to sÔnolo E = {x ∈ R :

∑∞
n=1 fn(x) < ∞} eÐnai metr simo.

(ii) E�n E ìpwc prin, deÐxte ìti h sun�rthsh f : E → [0,∞), me tÔpo f(x) =
∑∞

n=1 fn(x),
eÐnai metr simh.
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