
JEWRIA PIJANOTHTWN (Metaptuqiakì)

2o Full�dio Ask sewn-Earinì Ex�mhno 2013

Parakal¸ na mou parad¸sete tic lÔseic sac prin thn TrÐth 12 MartÐou.

(1) (1 mon�da) DeÐxte ìti ta shmeÐa asunèqeiac mÐac aÔxousac sun�rthshc f : R → R (kai
kat� sunèpeia mÐac sun�rthshc katanom c) eÐnai to polÔ arijm sima.

(2) (2 mon�dec) 'Estw pi ∈ (0, 1) me
∑∞

i=1 pi = 1, kai r1, r2, . . . mÐa arÐjmhsh twn rht¸n sto
R. OrÐzoume to mètro pijanìthtac P =

∑∞
i=1 pi δri

. An F eÐnai h sun�rthsh katanom c tou
P, deÐxte ìti:

(i) H F eÐnai gnhsÐwc aÔxousa.

(ii) H F eÐnai asuneq c stouc rhtoÔc kai suneq c stouc �rrhtouc.

(3) (1 mon�da) 'Estw F : R→ [0, 1] sun�rthsh katanom c. DeÐxte ìti gia k�je a ∈ R èqoume∫
R(F (x+ a)− F (x)) dx = a.

(4) (1 mon�da) DeÐxte ìti k�je mètro pijanìthtac P mporeÐ na grafeÐ sthn morf 

P = pP1 + (1− p)P2

ìpou P1 suneqèc mètro pijanìthtac, P2 diakritì mètro pijanìthtac, kai p ∈ [0, 1].

(5) (2 mon�dec) 'Estw P mètro pijanìthtac ston q¸ro (Rn,B(Rn)). DeÐxte ìti gia k�je
A ∈ B(Rn) kai ε > 0 up�rqei B ⊂ A sumpagèc ¸ste P(A \B) ≤ ε.

(6) (1 mon�da) 'Estw P1,P2 dÔo mètra pijanìthtac ston q¸ro (Ω,F) tètoia ¸ste P1(A) =
P2(A) gia k�je A ∈ F me P1(A) ≤ 1/2. DeÐxte ìti P1(A) = P2(A) gia k�je A ∈ F . IsqÔei
to Ðdio an antikatast soume to 1/2 me 1/3 ?

(7) (2 mon�dec) 'Estw (R,B(R),Pi), i ∈ N, q¸roi pijanìthtac, kai P =
∏∞

i=1 Pi to mètro
ginìmeno ston q¸ro (R∞,B(R∞)). 'Estw Bi ∈ B(R) kai B =

∏∞
i=1Bi.

(i) DeÐxte ìti B ∈ B(R∞).

(ii) DeÐxte ìti P(B) > 0 an kai mìno an Pi(Bi) > 0 gia i = 1, 2, . . . kai
∑∞

i=1(1−Pi(Bi)) <∞.
Pìte èqoume P(B) = 1?


