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Parakal¸ na mou parad¸sete tic lÔseic sac prin thn TrÐth 12 IounÐou.

(1) (1.5 mon�dec) 'Estw ξ, η dÔo F -metr simec tuqaÐec metablhtèc me Eξ2,Eη2 <∞ kaiA ⊂ F
σ-�lgebra. DeÐxte ìti E

(
ξE(ξ|A)

)
≥ (Eξ)2 kai E

(
ξE(η|A)

)
= E

(
ηE(ξ|A)

)
.

(2) (1 mon�da) 'Estw ξ mÐa F -metr simh tuqaÐa metablht  kai A1,A2 ⊂ F σ-�lgebrec. E�n
h s-�lgebra pou par�getai apì thn ξ kai thn A2 eÐnai anex�rthth apì thn A1, deÐxte ìti
E(ξ|σ(A1,A2)) = E(ξ|A2).

(3) (1 mon�da) 'Estw ξ1, . . . , ξn anex�rthtec kai isìnomec tuqaÐec metablhtèc me E|ξ1| < ∞
kai Sn = ξ1 + · · ·+ ξn. DeÐxte ìti E(ξ1|Sn) =

Sn

n
.

(4) (1.5 mon�dec) 'Estw ξ1, ξ2, . . . anex�rthtec kai isìnomec tuqaÐec metablhtèc me E|ξ1| <∞
kai Fn = σ(Sn, Sn+1, . . .), ìpou Sn = ξ1 + · · ·+ ξn. 'Estw

Xn =
ξ1 + · · ·+ ξn

n
.

DeÐxte ìti h akoloujÐa (Xn,Fn)n∈N eÐnai reverse martingale.

(5) (1.5 mon�dec) 'Estw ξ1, ξ2, . . . anex�rthtec kai isìnomec tuqaÐec metablhtèc me P(ξ1 = 0) =
P(ξ1 = 2) = 1/2, Fn = σ(ξ1, . . . , ξn), kai

Xn = ξ1 · · · ξn.

EÐnai gnwstì ìti h akoloujÐa h (Xn,Fn)n∈N eÐnai martingale. DeÐxte ìti den up�rqei tuqaÐa
metablht  ξ ¸ste Xn = E(ξ|Fn) gia k�je n ∈ N.

(6) (1.5 mon�dec) 'Estw ξ1, ξ2, . . . anex�rthtec tuqaÐec metablhtèc me E(ξn) = 0 gia n ∈ N.
Upojètoume ìti

∑∞
n=1 b1 · · · bn <∞ ìpou bn = Eξ2n. DeÐxte ìti h seir�

∞∑
n=1

ξ1 · · · ξn

sugklÐnei sqedìn bèbaia.

(7) (2 mon�dec) 'Estw ξ1, ξ2, . . . mh arnhtikèc, anex�rthtec tuqaÐec metablhtèc, me E(ξn) = 1
gia n ∈ N. Jètoume Xn =

∏n
i=1 ξi.

(i) 'Estw ìti
∑∞

n=1(1− bn) =∞ ìpou bn = E(ξ1/2n ). DeÐxte ìti Xn → 0 sqedìn bèbaia.

(ii) 'Estw P
(
ξn = 1− 1√

n

)
= P

(
ξn = 1 + 1√

n

)
= 1

2
. DeÐxte ìti Xn → 0 sqedìn bèbaia.


