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Exetastik  SeptembrÐou 2010-Did�skwn:NÐkoc Frantzikin�khc

Di�rkeia 3 ¸rec me kleistèc ìlec tic shmei¸seic. Kal  tÔqh!!

(1) JewroÔme akoloujÐa suneq¸n sunart sewn (fn)n∈N apì to R sto R, kai upojètoume
ìti gia k�je x ∈ R h akoloujÐa (fn(x))n∈N eÐnai fragmènh. Na deiqjeÐ ìti up�rqei mh
kenì di�sthma (a, b), kai jetik  stajer� M , ètsi ¸ste |fn(x)| ≤ M gia k�je x ∈ (a, b)
kai n ∈ N.

(2) OrÐzoume F : ℓ1 → R me

F (x) =
∞∑
k=1

(xk

k
+ xk

)
gia x = (x1, x2, . . .).

(i) DeÐxte ìti to F eÐnai grammikì sunarthsoeidèc.

(ii) EÐnai to F fragmèno? E�n nai, poi� eÐnai h nìrma tou?

(3) (i) EÐnai o ℓ∞ pl rhc? DiaqwrÐsimoc? 'Eqei b�sh Schauder? EÐnai swstì ìti (ℓ∞)∗ =
ℓ1? (Apant ste me nai/oqi.)

(ii) 'Estw c00 o grammikìc upìqwroc tou ℓ∞ o opoÐoc apoteleÐtai apì ìlec tic akoloujÐec
pou eÐnai telik� 0. D¸ste èna par�deigma MH suneqoÔc grammikoÔ sunarthsoeidoÔc
F : c00 → R, kai èna par�deigma MH suneqoÔc grammikoÔ telest  T : c00 → c00.

(4) (i) Gia poi� p ∈ [1,+∞] eÐnai o q¸roc (ℓp, ∥·∥p) q¸roc Banach? Q¸roc Hilbert

(dhlad , epiplèon, h nìrma tou ep�getai apì k�poio eswterikì ginìmeno)?

(ii) 'Estw X q¸roc me eswterikì ginìmeno kai (ek)k∈N orjokanonik  akoloujÐa ston X.
An x, y ∈ X, deÐxte ìti

∞∑
k=1

| < x, ek > · < y, ek > | ≤ ∥x∥ ∥y∥ .

(5) (i) Diatup¸ste to je¸rhma Hahn-Banach (kalÔtera thn isqur  tou morf ).

(ii) Na deiqjeÐ ìti up�rqei fragmèno grammikì sunarthsoeidèc F : ℓ∞ → R tètoio ¸ste
F ((an))n∈N = limn→+∞ an gia k�je sugklÐnousa akoloujÐa (an)n∈N.

(6) (i) Diatup¸ste to je¸rhma anoiqt c apeikìnishc.

(ii) 'Estw X,Y q¸roi Banach kai T : X → Y fragmènoc, 1 − 1 kai epÐ, grammikìc
telest c. Na deiqjeÐ ìti kai o T−1 : Y → X eÐnai fragmènoc telest c. Sumper�nete ìti
up�rqoun a, b > 0 tètoia ¸ste

a ∥x∥X ≤ ∥Tx∥Y ≤ b ∥x∥X .
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