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where det(AE\I)) are the corresponding subdeterminants. In view of the sign
change properties of f — p(®)| it follows that

n+1 ]—ln +1

60 = [z det(AS)| 3" det(AI(f — P )R]
aA=1

This is a weighted average, and since we assumed §(9) < || f — p©)|| o0, we get
5§ > 50,

Iteration: The above steps are repeated until the best approximation p is
approximated to a sufficient accuracy. A complete discussion of the conver-
gence of the exchange method can be found in the book of G. Meinardus
[1967]. The problem of convergence does not arise in the case where the best
approximation is to be determined on the discrete set z,, 1 < v < m, with

m > n + 1. In this case there are only (,,},) ways to choose (n + 1)-tuples

of points {ng), z(z"), 5,]_2_1 , while by the monotonicity §(7) < §U+1 and

so the same (n + 1)- tuple cannot appear twice.
Ezample. We illustrate the Remez algorithm with a simple example. Consider

the problem of computing the best approximation of f(z) := z? for z € [0,1]
from the space of linear polynomials P;. As a starting alternant we choose

{a1”,237,257} = {0,5,1}.

Step 1: We determine p(o) from the equations
p(o) % a(O) 0

p(o) +a(°) +a(°) e %

0 40§ 1 =1

The solution gives a( ) = ;—, ago) =1and p(® = % so that p(®(z) = —% + .

This is the best approximation on the set {0, %, 1}, and satisfies

5
0

1
I = POllo = max le? ~2+ 5= 55 > 5.

1
z€[0,1] 9

This value is assumed for 5(1) = 5 Hence we replace the alternant point a:g ) by
€M 50 that the new alternant for p(l) is {:7:(1),.1:(21),:1:3 } = {0, 2,1}.

Step 2: p(l) and p(l) are computed from

p(l),+ a(l)
—pM +a(l)+a§‘) 1
oM 4ol +al? =

o O

This gives agl) = %—, agl) = l.and p(l) = %. The corresponding polynomial is

pPM(z) = —f + 7, and ||f — p||oc = maxzepo,1)|2® — 2 + §| = §. Since this

e R
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wvalue is assumed at all three points z; m = 0, (1) = — and a:( =1, it follows

that p(l) is the best approximation, and the algorlthm stops

In general, we cannot expect that the algorithm will lead to the exact
solution in a finite number of steps as was the case for this simple example.
In practice it is common to terminate the iteration when the bounds §(*
and || f — p®)||oo at the k-th step are sufficiently close to each other.

4.7 Chebyshev Polynomials of the First Kind. We now consider the
problem of finding a best possible uniform approximation to the monomial
(z) :=z" on [—1,+1] by a polynomial from P,_y, (n =1,2,...). We next
show that the solution of this problem can be found using the Alternation

The problem is to find the unique polynomial p € P,_; satisfying

zE[l-H]lz (Gn-12" 7+ + @)l =

= min,_max 2"~ (an1a™! +-o o))

Solution: For n =1,

et o ol g bl

and thus do = 0. It follows that p = 0 is the best approximation from Py.

- For n = 2, the solution can be found from the construction 4.4. In this
case the best approximation p € Py of f(z) := 2% on [-1,+1] is ﬁ(z) 3
nce the difference d(z) = 2% — § satisfies d(—1) = —d(0) = d(1) = 1, and
thus the points {—1,0,1} form an alternant with maximal dev1at10n

- We claim that, in general, the solution is given by the polynomial j(z) =
= z" T, () with T, (z) := 77t Tn(x), Ta(z) := cos(n arccos(z)). The proof
oceeds as follows:

1) p € Puy. For n =1 we directly compute Tj(z) = cos(arccos(z)) = z
and Ti(z) = ¢ with p(z) = 0. For n > 1, we employ the substitution
6 := arccos(z) (or equivalently z = cos(f)) which gives a mapping
- 0:[-1,41] » [—m,0]. Then Tn(z(8)) = cos(nd).

Now the trigonometric identity cos((n+1)8)+cos((n—1)6) = 2 cos() cos(nf)
Implies the recursion relation Tny1(z) = 22T,(2) — Tu-i(2) for n € Zy.
Starting with Ty(z) = 1, we obtain

Tye) = 2* ~1, Ty(a)=42"-32, ..., Ta(z)=2"""2"—-+ etc.

:L he polynomials T}, are normalized so that the leading coefficient is 1, and
thus j(z) = z™ — T (z) is a polynomial in P,,_;.

2) p € P,_1 is a best approximation. At the nf, := —(n — v + 1),
1 < v < n+1, we have Th(2(6,)) = cos(nb,) = (—1)"~*+1. 1t fol-

lows that the points z, := cos(—2=£+t17) = cos((1 — “L)7) form an
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alternant for d(z) := T,(z) = 2" — p(z). Moreover, since |T,(z,)| =
= 351 = ||d||co, the maximal deviation is assumed at these points; that

isy d(ry) = €(=1)”||d|loc withe =+1forv=1,...,n+1.
Clearly, the polynomial T, has n simple zeros in the interval (=1, +1)

located at the points z,, = cos 2;;1 TSy Sing

Ty

T

Ts

The polynomials T, (z) = cos(n arccos(z)) are called Chebyshev polyno-
mials of the first kind. They are defined for all n > 0.

The approximation problem discussed in this section can be reinter-
preted as follows: Find a polynomial of degree n, with leading coefficient
one, whose maximum in [—1,+1] is minimal. This is equivalent to finding a
polynomial in the subset

Poi= {p€Pa|p(z) =" + an1™ !+ + a0}

which best approximates the function f = 0 on [~1,+1]. The solution of
this problem is given by p(z) = z™ — T,,(:c) This says that the polynomial
T,i(a:) = z" — p(z) is the unique polynomial in P, of minimal norm; i.e.,
|Tn]loo < |IPlloo for all p € P,,.

This reformulation of the approximation problem of this section is a
relatively simple example of a nonlinear approximation problem. Indeed,
the subset P, is not a linear space, although it is an affine subspace of a
linear space. We have been able to derive a remarkable minimal property
of the Chebyshev polynomial of the first kind by considering an appropriate
linear approximation problem.

4.8 Expansions in Chebyshev Polynomials. Using the fact that the
Chebyshev polynomials of the first kifid were defined in terms of trigono-
metric functions, it is easy to show that they form an orthogonal system of
functions with respect to the weight function w(z) := 7;1:;,- In fact,

/+l Tk(a:)Tl(:v)—ic— = /1‘ cos(k6) cos(ZG)iIl—ado =0 for k£¢
by e T ) sinb
. " J .I“. L e 4
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g2 dr. . _f=x fork=0
[ #oa= {3 &i
It is known from a theorem in analysis that every function f € C[a, b] can be
expanded in terms of a complete orthogonal system of functions. The partial
- sums of such a Fourier series expansion provide approximations to f which
. converge with respect to the norm || f|| := [ f: F2(z)w(z)dz)? associated with
- the weight function w. In 5.5-5.8 we will discuss this fact further, especially
~ for the case where the norm is || - ||2. Here we proceed directly, and for given
. f, define approximations of f in terms of Chebyshev polynomials T, Ty, . . .

falz) = 5 + ) alil(@),
k=1

~ where
‘ +

1 )T (z)—i—— ke N
b k r—l PR ) )

Ck = —
us

or equivalently,
Qi 1 it

CE = —/ f(cos 8) cos(k6)dd = — f(cos 6) cos(k8)d6.
™ Jo T J—»

Under appropriate hypotheses, this sequence of approximations can
. even be shown to converge to f with respect to the uniform norm Il loo-
- Uniform convergence is especially interesting for the following reason. Sup-
‘; pose that a function f € C[a,b] can be expanded in a uniformly convergent
series in terms of a system of polynomials {tg,%1,...} which are normed so
that |¢k(z)| <1in [a,b]. Then

lf@) - F@l=1 ) adt@|< 3 ek
k=n+1 k=n+1

- and thus if the coefficients cx for ¥ > n + 1 are negligibly small, then f,,
- provides a good approximation to the best approximating polynomial p € P,
- of f with respect to the Chebyshev norm. The following theorem shows that
 this situation persists for the Chebyshev expansion, provided we restrict f
- to lie in Co[-1, +1].

- Expansion Theorem. Let f € Cy[—1,+1]. Then the expansion of f in
terms of Chebyshev polynomials Ty of the first kind for z € [—1,+1] converge
- uniformly on this interval to f. Moreover, the corresponding coefficients
- satisfy

Ickl < ’::_4;',
where the constant A depends only on f.
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Proof. From the formula for the coefficients given above, it follows, after
integrating by parts twice and writing ¢() := f(cos 8), that

2 [Tde 2 dy xi/”@
~a —p Sn(k0)d8 = —5 —5 cos(kb) | —— T cos(k6)de.

o Tk? df
This immediately implies the estimate |ckx| < -ﬁ-. In addition, it follows that
there exists a function g € C[—1,+1] with limp—.s0 [|fo — gllec = 0. Since
limy o0 || fa — f|| = 0 while

7t SR g i e 4 | ( S )5
n— = n —9(z))" —==]% < [[fn — 9|l Y e .
”f g" [ b (fn(z) —g(2)) m] ”f gl 2L m
the inequality 3 .
If =gl < IIf = fall + I fn — gl
implies f = g and the assertion is established. O

Practical Consequence. Given a function f € C3[—1,+1], we can obtain
a good approximation to the best approximation p € P, by taking the
partial sum fn = 30 ¢kTk. This method is particularly applicable when the
coefficients ci are simple to compute.

Ezample. Consider the approximation of the function f(z) := V1 —2?% on
[-1,+1] by partial sums of the Chebyshev polynomial expansion of f. In this
case

i 4_1 s
ck=z/ cos(kt)sintdt:{gl—k’ for k = 2k k € N.
T Jo

fork=2k+1’

This leads to the approximations
= 2 x 2
fo(m) e -7;’ fa(z) = 3_”(5 i 4‘7"2)’
£ = 2 2 4
fi(z) = n (23 — 42* — 162%), etc.

We note that in this example the bound for |ck| given in the Expansion
Theorem above is valid, even though here f is only two-times continuously
differentiable on (—1,41).

In practice it is not usually possible to determine the coefficients ck
of the Chebyshev expansion by explicit integration, as was the case in this
simple example. Generally, it will be necessary to use numerical quadrature
formula to calculate these coefficients. An example is given in Problem 7 in
7.4.4.

4.9 Convergence of Best Approximations. Given a function f € C[a, b]
and the sequence (f,) of best approximating polynomials, where p, € P
is best in the Chebyshev sense, it is natural to ask whether this sequence
converges to f. This question can be answered with the help of the Weier-
strass Approximation Theorem 2.2. Indeed, let (pn)nelN be some sequence
of polynomials p, € P, such that lim,—c ||f — Pnllec = 0. Then since
If = Pulloe < If = Prlloc for all n € IN, it follows immediately from
limp—oo ||f = Pnlloo = 0 that limp—co ||f — Pnllec = 0. We have established
the
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Convergence Theorem. Let f € Cla,b]. Then the sequence (Pn)neN
.~ of best approximations p, € Pn with respect to the norm || - ||co converges
uniformly to f.

" 4.10 Nonlinear Approximation. In this section we discuss an approxi-
" mation problem involving a nonlinear subset of (C[a, b, || - ||c) Which is es-
~ pecially important; namely, approximation by rational functions. We shall
. restrict our discussion primarily to the problem of the existence of a best
. approximation.

"‘ Let Ry, m[a, b] be the set of continuous rational functions on the interval
' [a, b] of the form r(z) := ﬁf}, where p € Py, ¢ € Pp, ||g]lcc = 1 and ¢(z) > 0
~ for z € [a,b]. In addition, suppose that p and ¢ have no common factors,
~ so that they have no common zeros anywhere on €. The following theorem
.‘ settles the problem of existence of a best approximation 7 € R, m[a, b].

" Theorem. Let f € Cla,b]. Then in the set Ry m(a,b] of continuous ratio-
- nal functions, there always exists a best approximation  of f.

- Proof. Let (r,),en be a minimizing sequence for f in R, m, and suppose
Ny, = ) where p, € P, and ¢, € P,, have no common factors. ||gy|lcc = 1
implies that (¢, ) is a bounded sequence in P,,, and thus contains a conver-
~ gent subsequence (gv(x))- Since P, is finite dimensional, as k — oo this
~ subsequence converges to some ¢* € Py, ||¢*||oc = 1.

| By Lemma 3.4, the minimizing sequence (r,), p := v(k), is itself
* bounded. Now }g-ﬁ(-ﬁ < C for ¢ € [a,b] implies that ||p)lcc < C, which
again gives the existence of a convergent subsequence (p,(x)) converging to
- some p* € P,. Clearly, |p*(z)| < Clg*(z)|, and thus if z;,---,z) are zeros
7 of ¢*, k < m, then they are also zeros of p*. Thus the common factors of {"—:
_‘ can be cancelled to produce a rational function % € Rn,m with §(z) > 0 for
.z € [a,b] and

1) - B2 = 1f(0) - E <o) - 22y, Petot)_ T

(z) m qu(n)(z) Qu(n)(x) q*()

. 9 Qi) 4"
‘ Since limy o0 || f — 2422 || = Eg, . (f) and limy_.oo || 2452 — ‘f;élloo =0, we

Qu(x) Qu(x)
- conclude that ||f — %”m < Eg,,,.(f). Now since 5"' € Ry, mla,b], we know

that By, (f) < IIf = Zllee, and 50 ||f — Bl = Eg,.(f); ie., B is a
best approximation of f in R, n[a,b].

p* Pu(x P p*
2llf = Sl S I - —f ;um 4|2
K

' It is beyond the scope of this book to develop fully further properties
- of approximation by rational functions, but we complete this section by
. mentioning a result on uniqueness and an outline of how best approximations
~ can be computed. :



