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orem 2.7. Let a function f € C*[a,b] and a cubic spline s € Sa,3 be
that they share equal values at the vertices, compare (2.5). Then
15713 — 1”13 = 1F" ="l

e of the following three conditions is satisfied:
'

- s'a) = s = 0
s = [, s'b = [y
B = '), s'@) = s'(b), s"(a) = s"b).

of. In each of the cases (a)-(c), the expression ([f' = s"]s")x) ‘zzg in
vanishes and the identity (2.6) becomes the identity (2.8).

v 2.8. For given wvalues fo,...,fn € R, an interpolating cubic
s € Sp 3 with s"(a) = s”(b) = 0 has the smallest curvature among all
ly smooth interpolating functions, i.e.,

Is" 2 < 1"l
ch function f € C*[a,b] with f(zy) = fi for k=0,...,N.

f. The estimate follows directly from Theorem 2.7 for splines with
1ty (a). O
stimate given in Corollary 2.8 also holds for cubic splines that satisfy
itions (b) or (c) in Theorem 2.7 (after some modifications are made to
pective prerequisites ).

k 2.9. (1) Using property (2.8), one easily shows that each of the
s (a), (b) or (c) in Theorem 2.7 implies the uniqueness of the in-

ing cubic spline (Exercise 2.2).
|o is only an approximation of the average curvature of the

f. More precisely, the curvature of f at a point z is given by
is the minimality property introduced in Corollary 2.8 that explains
abic spline functions are used for interpolation in practical applications

the construction of boat hulls or the design of train tracks). A

e 2.3 displays a cubic spline.
ion 2.4. The calculation of interpolating
: cubic spline functions
i
. Prerequisites. Here, the calculation of interpolating cubic splines
ressed. Starting with the general model
= ap + b(z—2zx) + ck(x—zk)2 = dk(x—:ck)?’
for z € [zk,ZTr+1], k=01...,N—-1,
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a = xg T T L3i=b

Figure 2.3. A cubic spline on [a,b] for the vertices a = 2o < 21 < x5 <
Tr3 = b

for a function s : [a,b] — R, this section discusses how one chooses the

coefficients ay, by, cx and dj, for k = 0,1,..., N — 1 such that the function s
is twice continuously differentiable! on the interval [a,b] and, additionally,
interpolates the given values fy,..., fy € R exactly for all vertices, i.e.,
(2.10) ey = i for .k = 0 . ;. N

The subsequent lemma reduces the above problem to the solution of a linear
system of equations that uses the notation

(2.11) hk = LB ET T TR, k = 0,...,N— 1.

Lemma 2.10. If N + 1 real numbers s, ... , % € R satisfy the following
N — 1 coupled equations

(212)  heasi_y + 2(hk—r + hi)si + hisii,

= 6fk+1—fk Lyl ﬁfk_fk_l, k=1,...,N -1,
hi hi—1
then (2.9) together with defining
— » o Hed T
(213) Ck T 2 ag = fk:a dk 0= th ’
(214) b = Dl B 4 oggr),

for k=0,...,N — 1, yields a cubic spline function s € Sa 3 which satisfies
the interpolation conditions (2.10).

land therefore, in fact, is a cubic spline
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f. Using the notation

“‘ak a5 bk(m_xk) e Ck(.’L’—.’L‘k)2 + dk(x"‘mk)3 € Il
(¥ = Bl l=1),
:."": the following identities for k = 0,1,..., N — 1:

> O = fka
=(. 241 = SZ_H = SZ +  6dihi
= Pi(Tx41) (k<N -2),
= a;r + bphy + Ckhi + dkh%
" s o=, gl (%)
= fk A T e— %hz + k;lﬁ_kh% - fk+1’

(g) b = p]/c(wk‘) (k = 1""aN_1)7
) follows from substituting the alternate expressions for the coeffi-
given in (2.13)-(2.14) and (2.12). 0

. (1) In the situation described in Lemma 2.10, the N + 1
mbers sg, ..., sy € R are referred to as moments. These are equal
second derivatives of the spline function s at the vertices xy,

b s = 38" (x) for 'k = 0,...,N.

emma 2.10 shows that the coefficients given in (2.9) are a direct result
» N + 1 moments s3,...,s%. These N + 1 moments in turn result
N — 1 conditions given in equations (2.12) of this lemma, thus
g a choice for the two remaining degrees of freedom. With respect
ditions (a)- (c) in Theorem 2.7, three possibilities are discussed after

/ i
8 = s'(z0), sy = s'(zn):
atural boundary conditions : g = 8y = 0;
mplete boundary conditions: sy = f{, sy o= fN

for given f§, fn € R;

eriodic boundary conditions : =¥ sg = Sn-

rm “natural boundary condition” is justified by Corollary 2.8.
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(3) Division of (2.12) by 3(hg—1 + h) leads to the equivalent equation

hi—1 " 2y hy, "
(2.15) 3hi + k-1 T3Sk T g Sk
9 Je+1 — fr _ 9 fe — fe—1
hi(hr—1 + hy) hp—1(hg—1 + hi)’

where the left-hand side represents an approximation to sy and the right-
hand side represents a difference approximation to f”(xj). Additional de-
tails can be found in the proof of Lemma 2.15. A

In Sections 2.4.2-2.4.4 to follow, conditions (2.12) for the moments are com-
bined with various boundary conditions, respectively, and given in their
matrix-vector representations, respectively.

2.4.2. Natural boundary conditions. The natural boundary conditions
1

sy = s\ = 0 together with (2.12) lead to the following system of equations:

—2(h0+h1)h1 0o ... 0 j
hi 2(hy +ha) hy . : st 7}
0 he 0 5 =
hn—2 sv_1 gN-1
i 0 0 hy—s 2(hn-a+hn-1) |

2.4.3. Complete boundary conditions. The complete boundary condi-
tions

fo = s5 = b,

fi = sy = by + 2w_ihyo1 + 3dn_ihd_,
together with (2.13)-(2.14) lead to the two additional conditions
(2.16) 2hosh + hos! = —6f + 6f1h;of° = go,

(2.17) hy—18%_1 + 2hn_18% = 6f — eI _. oo

hn_1



