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Abstract—Arakelian’s classical approximation theorem (N. U. Arakelian, Izv. Akad. Nauk
SSSR 28, 1187—1206 (1964)) gives necessary and sufficient conditions such that functions can
be uniformly approximated in (unbounded) closed sets F' C C by entire functions. The conditions
are purely topological and concern the connectedness of the complement of F'. We give a new
characterization of Arakelian sets in terms of logarithmic branches of functions f € A(F'), which are
continuous in F' and holomorphic in its interior F'°. Our proof is based on a contradiction argument
and the counterexample function that we use is furnished by the Weierstrass factorization theorem.
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1. INTRODUCTION

Approximation theorems (Runge [11], Mergelyan [9], and Arakelian [1]) play a central role in the
field of complex approximation, since they give necessary and sufficient conditions for functions to be
uniformly approximated on a given set by model functions, such as polynomials, rational functions
or more generally entire/meromorphic functions. Our goal in the present paper is to give a new
characterization of closed sets F' C C in the complex plane, for which uniform approximation by entire
functions is possible.

To this end, define the classes
H(F)={f:U — C holomorphic for some open set U D F'},
A(F) ={f: F — Cholomorphic in F’° and continuous in F},

where F° is the interior of F.
Definition 1. Any bounded connected component B of C\ F is called a hole of F.

Arakelian’s theorem [1] gives necessary and sufficient conditions such that every function f € A(F')
can be uniformly approximated on F' by entire functions.

Definition 2 (Arakelian set). Let F' C C be a closed set. We say that F is an Arakelian set, if
and only if the following points hold:
1. F is without holes;

"E-mail: gfournodavlos@uoc.gr
" E-mail: vnestor@math.uoa.gr
" E-mail: spyrospasias@uoc.gr

3522



A LOGARITHMIC CHARACTERIZATION OF ARAKELIAN SETS 3523
2. The union of all holes of F'U K is bounded, for every compact subset K C C.

Remark 1. Point 2 in Definition 2 is equivalent to the one where K is replaced by Dg(n) = {z € C :
|z| < n},foreveryn € N.

Remark 2. In fact, Definition 2 appears in a later work [10], where a new proof of Arakelian’s theorem

was given (see also [8]). Denoting by C = C U {oo} the one point compactification of C, the original
conditions in[1] are

1. F has no holes;

2. For every r > 0, there is an r’ > r, such that for every point z in C\ (F U Dy(r’)) there is a path
from z to oo, which lies in C \ (F U Dy(r)).

Nevertheless, they are easily seen to be equivalent. These conditions were shown by Gauthier to be
equivalent to the following

1. C\ Fis connected;

2. C\ Fislocally connected at infinity.

Definition 3 (Uniform approximation set). Let FF C C be a closed set. We say that F is a set
of uniform approximation, if for every e > 0 and f € A(F), there exists an entire function g such
that |f(z) —g(2)| <€ forall z € F.

Theorem 1 (Arakelian [1]). A closed set F C C is a set of uniform approximation if and only if
Fis an Arakelian set.

2. MAIN RESULT

We can now state the main result.

Theorem 2. A closed set F C C is an Arakelian set if and only if for every f € A(F') with no
zeros in F, there exists g € A(F) such that e = fin F.

At first glance, the existence of logarithmic branches of functions f € A(F') might seem to have little
to do with the conditions in Definition 2. Intuitively, it is easier to make the connection by first stating
yet another characterization of Arakelian sets, proved in [4], in terms of simply connected neighborhoods
of F', that is to say open sets V' O F whose connected components are simply connected.

Theorem 3. A closed set F' C C is an Arakelian set if and only if it possesses a neighborhood
basis of simply connected open sets.

At least one of the directions in Theorem 2 is clearer now. If a function f € A(F') could be extended to
a neighborhood of F, then the existence of an intermediate simply connected neighborhood would allow
for a logarithmic branch of f to be well-defined in the latter.

We should give credit here to the influential work of Gauthier—Pouryayevali [7], which inspired us to
pursue the above characterizations. In fact, the directions in both Theorems 2 and 3, where we assume
that F'is an Arakelian set, are contained in [7].

Our contribution in the present paper is to prove the reverse direction stated in Theorem 2. We argue
by contradiction, assuming F'is not an Arakelian set. Then, a special function f € A(F) is constructed,
which is finally proven not to satisly the initial assumption. Interestingly, the function f that we use
is entire and it is produced by invoking the Weierstrass factorization theorem, unlike the meromorphic
functions that are usually employed in such proofs [5, Chapter [V, §2.C5].
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3. OUTLOOK

Theorem 1 has been successfully extended to relatively closed subsets of planar domains G C C [2]
and non-planar Riemann surfaces of finite genus [6, 12]. One of the outstanding open problems in
complex approximation is to characterize sets of uniform approximation in Riemann surfaces of infinite
genus, where Arakelian sets (Definition 2) are not always sets of uniform approximation, see [3] for a
counterexample. Moreover, it was shown by Scheinberg [12] that such a characterization, if it exists,
cannot be purely topological, but it has to take into account the complex analytic structure of the given
Riemann surface.

[t would be interesting to seek potential extensions of Theorem 2 to Arakelian sets of planar domains
G C C, as in[2]. The present logarithmic characterization and our method of proof could be naturally
extended to Arakelian sets of simply connected domains G C C, see [4, Corollary 2.15] for one of the
directions. However, we do not know how it could be generalized to planar domains G with holes, even
when G is an annulus. Finally, coming up with a generalization of our characterization that would take
into account the analytic structure of a given domain, could hopefully be of use for characterizing uniform
approximation sets in Riemann surfaces.

4. BASIC LEMMAS

Notation: In the rest of the paper, D.(§) = {w € C: |w— 2| < &} and D,(§) ={w e C: |w —
z| <46}

The following lemma is a simple generalization of the fact that continuous logarithmic branches in
open sets are holomorphic.

Lemmal. LetV C Cbeanopensetand f : V — Ca (zero-free) holomorphic function. If there
exists a continuous function g : V. — C, such that e = fin 'V, then g is holomorphicin V.

Proof. Let w € V and let & > 0 such that |f(w)| > e. Such an e > 0 exists, since f(w) = e9®) £ 0.
We can then define a holomorphic branch of the logarithm log : Dy, (¢) — C. By the openness of
V and the continuity of f, there exists D,,(6) C V, such that f(Dy(5)) C D@ (e). Define gy :
Dy (0) = C, gw(z) = (logof)(z). By construction, g, is holomorphic in D,,(d), as the composition
of two holomorphic functions, and e9»(*) = f(z), forall z € D,,(5). It follows that the ratio

o) =0l
2me

for all z € D,,(0). Since g(z) is continuous and the previous ratio only takes integer values, it must

be constant. Hence, g(z) is holomorphic in D,,(6). Also, since w € V' is arbitrary, we have that g is

holomorphic in V. U

The following lemma generalizes the previous one to compact sets, in the sense that if a logarithm
branch is continuous in a compact set K, then it must belong to H(K), while still serving as a logarithm
branch of the same function.

Lemma 2. Let K C C be a compact set and f € H(K) with no zeros in K. Assume that
there exists a continuous function g : K — C such that e? = f in K. Then, g can be continuously
extended in some open set V O K, such that e9 = fin'V and g is holomorphicin'V.

Proof. By assumption we have that e9(*) = f(2), for all z € K. It follows that there exists a
continuous choice of angles ¢(z) that defines a function ¢ : K — R such that g(z) = log |f(2)] + i¢(z).
Here, of course, ¢(z) € arg(f(z)) is pieced together from various branches of the argument function,
forming a continuous function. Since ¢ is uniformly continuous in K, there exists > 0 such that for all

21,22 € K with |21 — 2] < 1 we have |¢(21) — ¢(22)| < 15
Now for every z € K, there exists . € (0, 2), such that ¢(w) can be extended to D, (0.), relative to
the branch of ¢(z), where each D,(d,) is contained in the domain of holomorphy of f. Moreover, by
shrinking each ¢, if necessary, we may assume that for every z1, 2o € D,(9.), |¢(z1) — ¢(22)] < %.
Claim: Let V = J,cx D-(0.). The collection of extensions of ¢(z) in each D_(d) gives rise to a
well-defined and continuous choice of angles of f(z) in V.
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To show that the claim holds, we must show that ¢ is indeed single-valued. To this end, suppose
that we have a zp € D, (0,,) N D,,(d,,) for some z1, 2o € K. In order for ¢(2p) to be well-defined, we
need to show that ¢1(z9) = ¢2(20), where ¢ and ¢4 are the corresponding branches of the argument
function associated with ¢(z1) and ¢(z2) respectively. Since ¢1(z9) and ¢2(zg) represent the same angle
but possibly in a different branch, to show equality it suffices to show that |¢;(20) — ¢2(20)| < 27. By
the triangle inequality, we have

|¢1(20) — ¢2(20)| = |@1(20) — B(21) + @(21) — P(22) + P(22) — Pa(20)]

< [61(20) = ¢(21)[ + [d(21) — d(22)| + |¢(22) — ¢2(20)| < 1—33 < 2m,

|21 — 22| < dz, + 62, < n. This completes the proof of the claim.

By shrinking each 4, > 0 if necessary, z € K, we can also continuously extend the uniformly
continuous functionlog | f(z)] in V, such that g = log | f(2)| + i¢(z) is itself continuously extended in V'
and well-defined. The conclusion follows by Lemma 1, since e = f in V' by construction. O

The following lemma is standard.

Lemma 3. Let V be an open set and f :V — C a non-vanishing holomorphic function. The
following statements are equivalent:

1. There exists a holomorphic function g : V — C such thated = fin'V.

2. For every closed rectifiable path v in 'V, fﬂ{ J;((ZZ)) dz = 0.

We would like the outer boundary of a hole B of a closed set F' to serve as a regular curve enclosing
some special point ( € B C F°. Although the former boundary may be quite complicated, in the
subsequent lemmas we show that finding such a curve is possible in the vicinity of 0B.

Definition 4. Let U C C be a bounded domain and let B;, 1 € I, denote the bounded connected
components of its complement U¢. We call V = U U (U;e1 B;) its filling and OV the outer boundary
of U.

Lemma 4. Let U and V be as in Definition 4. Then, V is a simply connected bounded domain
and 0V C oU.

Proof. Let B, denote the unbounded connected component of U¢. Note that C = U U (U;e1 B;) U By,
and V = B¢. Since B, is closed, V must be open.

Ii Gy, G are two disjoint open sets whose union G UGy =V, then (G1NU)U (GoNU) =V NU =
U. Since U is connected, either Gy NU or Go N U is the empty set, say Gy N U = (. Hence, G; must
intersect some B;,. Since B;, is connected and (G1 N B;,) U (G2 N B;,) =V N B;, = B;,, we infer
that Gy N By, = 0. Hence, B;, C G1. Let z € 0B, and let D,(5) C G;. We observe that the union
Bi, U D, () is connected, closed, and it strictly contains B;,. Hence, it cannot be solely contained in
U¢. Inother words, D, (§) NU # (), which is a contradiction since Gy N U = (. We conclude that G, G
as assumed above do not exist and therefore, V' is connected (i.e., a domain).

Let CU {oo} denote the Riemann sphere. Then, (CU {o0}) \ V = B, U {oc}, which is obviously
connected since B, is connected and unbounded. Thus, V is simply connected.

Let z € OV. Then, forevery § > 0, D,(0) intersects V and V¢ = B,, C U°. If D,(§) does not intersect

U, then B, U Ez(%) C U¢is closed, connected, and it strictly contains B,, since Dz(g) NV # 0. The
latter cannot be, hence, D, (§) NU # 0 and z € 9U. Hence, 0V C 9U. This completes the proof of the

lemma. O
We say that a Jordan curve «y encloses ¢, if ¢ is contained in the bounded connected component of
C\ {7}

Lemma 5. Let U and V be as in Definition 4 and let ( € U. There exists an analytic Jordan
curve~y C V, arbitrarily close to OV, such that v encloses (.

Proof. Let § =dist((,0V) > 0. Since V is a simply connected and bounded domain, by the
Riemann mapping theorem, there exists a biholomorphic function h : V' — Dy(1). Let 0 < e < ¢ and
let K. = {z € V :dist(z,0V) > €}. Since K, is compact, so is h(K.) C Dy(1). Hence, there exists
an r € (0,1), such that h(K.) C Dy(r). Now let I' = {(rcos,rsinf) : 0 € [0,2x]} and let v(0) =
h~Y(T'). We notice that ~ is an analytic Jordan curve contained in V. = {z € V : dist(z,0V) < €}.
Moreover, C \ {7} divides the plane in a bounded and an unbounded component. The bounded one is
B =h~!(Dy(r)) D K., sinceit is open, connected, and its boundary coincides with . By construction,
¢ € K. C B. Hence, v encloses (. O
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5. PROOF OF THEOREM 2

The one direction of the characterization in Theorem 2 is contained in [7]. We include the proof here
for the sake of completeness.

Proposition 1 (Gauthier—Pouryayevali [7]). Suppose that the closed set F C C is an Arakelian
set. For every function f € A(F) with no zeros in F, there exists a function g € A(F') such that
ed=finF.

Proof. By Tietze’s extension theorem, there exists a continuous extension of f in C, which we denote
by f:C — C. Our assumption implies that the open set U = C\ f~1({0}) contains F. Thus, by
Theorem 3 there exists a simply connected open set V with FF C V C U. If we consider the covering

map exp : C — C\ {0}, then the latter implies that f!v : V' — C\ {0} can be lifted to a continuous
functiong : V' — C, such that f‘v = ¢9. The function g = §|F is obviously continuous and ¢4 = fin F.

Since f‘FO is holomorphic, by Lemma 1, g is also holomorphic in F°. Thus, g € A(F) and the proof of

the proposition is complete. O

The reverse direction is contained in the following proposition that, combined with Proposition 1,
completes the proof of Theorem 2.

Proposition 2. Let F' C C be a closed set, such that for every f € A(F) with no zeros in F,
there exists a g € A(F) satisfying e = fin F. Then, F is an Arakelian set.

Proof. Step I. F has no holes. Arguing by contradiction, suppose that F' has a hole B. Let ( € B
and let f(z) = z — (. Since f has no zeros in F', there exists g € A(F'), such thate? = fin F.

Notice that 0B C F'is compact. By Lemma 2, there exists an open neighborhood U of 0B, such
that g : U — Cis extendible as a holomorphic function and satisfying e9 = f in U. Consider V' to be the
filling of B and v C V an analytic Jordan curve, furnished by Lemma 5, enclosing ¢ and being sufficiently
close to 9V C 9B, such that v C U. By Lemma 3,

1 [ f(z)
2 J, 1)
On the other hand, by Cauchy’s integral formula, the preceding LHS must be equal to 1, provided we
give 7y a counter clockwise orientation. This completes the contradiction argument, which shows that F’
has no holes. o
Step 2. The union of all holes of F'U Dy(n) is bounded, for any n € N. We argue again by
contradiction. Suppose that there exists ng € N, such that the union of all holes of F U Dg(ng) is
unbounded.! It follows that there exists a sequence of holes B; of F'U Dy(n), i € N, and a sequence
of points (; € B;, such that (; — oo. By the Weierstrass factorization theorem, there exists an entire
function f : C — C, vanishing exactly at the points ¢; with multiplicity 1. Since f(z) # 0, forany z € F,
by assumption, there exists a function g € A(F'), such thate? = fin F.
Let S,, = dDg(ng) and let K = FNS,,. Also, let K = FNDy(ng+1) > K. By Lemma 2,
there exists a neighborhood U DO K and an extension g : U — C of the restriction g‘f{, such that g is
holomorphic and €9 = f in U. Let 26 = min{dist(K, U¢), 1} and consider the function

) = g(z), z€F
" {a@» < € Uocn Dul®) "

dz = 0.

Claim: h(z) is continuous, well-defined, and satisfying e” = f in its domain of definition.

Proof of claim: Let z € FU (UpexDy(6)). 1 |2[ >ng+ 3, then 2z € F\ (Upex Dw(8)) and
h(w) = g(w), for all w sufficiently close to z. Hence, h is single valued and continuous at z. On the
other hand, if |z| < ng + 1, then for all w sufficiently close to z, we have that

~Jg(w), ifwe K, — lw
Mw*‘{awx fwe Unen D@,

"'Note that if this is true, then the same will hold for all n > ng, but it is not needed in the proof.
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since w cannot belong in F\ K. Hence, h is single valued and continuous at z. The fact that e’ = f
in its domain of definition is obvious, since both g, g are logarithms of f in their respective domains of
definition. This proves our claim.

Notice that 9B; € F U Dg(no). Let Ty = (0B; N S,,) \ F. First, we argue that T; is open in
the relative topology of the circle Sp,. Indeed, if z € I'; C F, then there exists D.(e) C F°. Since
[D.(g) \ Do(no)] N B; # 0 and [D.(g) \ Do(no)] U B; C [F U Dg(ng)]¢ is connected, we conclude that
D.(g) \ Do(ng) C B;. Hence, D,(g) N Sy, C I';. We thus have that I'; is a countable (not necessarily
finite) union of open arcs A, ,,, m € N. A similar argument also implies that I'; N T'; = 0, for every i # j.
Otherwise, there is a common arc A C I'; NT'; C Sy, and by choosing z € A, D,(e) appropriately,
we conclude that D,(g) \ Dg(ng) C B; N Bj, which cannot be since B;, B; are disjoint. Lastly, the
endpoints zi[m € Sp, of each arc A;,, must belong to F, otherwise we choose again a suitable disc
Dziim (¢) and show that A;,, can be extended further from the given endpoint in the corresponding
direction along Sy, .

To summarize the last paragraph, we have argued that the traces of the boundaries of all B;’s on
Sno \ F', consist of the pairwise disjoint sets I';, each of which consists of disjoint open arcs A; ,, of Sy,
having endpoints z;tm € FNSy, = K. If \is the 1-dimensional Lebesgue measure on S,,,, we then
have that

+00 “+oo
SOAT) = Y MAim) < 2ngm. (2)
i=1 im=1
In particular, there exists an ip such that A(T';,) < %. It follows that A;,,,, C D+ (6) for every
ig,m

m and, hence, I';, C UyexDy(0). We conclude that the whole boundary of B;, is contained in
FuU (UweKDw(5)> , where the extended logarithmic branch (1) of f is well-defined.?

The contradiction argument is now completed by arguing for the most part as in Step /. Employing
Lemma 2 once more, we further extend h to a neighborhood G of 0B;,, such that h: G — C is

holomorphic and e = f in G. 1 V is the filling of B;,, by Lemma 5, there exists an analytic Jordan
curve sufficiently close to 9V C 0B;,, such that v encloses (;, and v C G. By Lemma 3,

1 [ (=)
2mi J, f(2)
However, by the argument principle, the previous LHS is equal to the number of zeros minus the number

of poles of f, enclosed by ~y, which is larger or equal to | in the present case (if we give v a counter
clockwise orientation). This completes the proof of the proposition. O

dz = 0.
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