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Abstract We consider the dynamics of small closed submanifolds (‘bubbles’) under the
volume preserving mean curvature flow. We construct a map from (n + 1)-dimensional
Euclidean space into a given (n + 1)-dimensional Riemannian manifold which characterizes
the existence, stability and dynamics of constant mean curvature submanifolds. This is done
in terms of a reduced area function on the Euclidean space, which is given constructively and
can be computed perturbatively. This allows us to derive adiabatic and effective dynamics of
the bubbles. The results can be mapped by rescaling to the dynamics of fixed size bubbles in
almost Euclidean Riemannian manifolds.

Keywords Volume preserving mean curvature flow - Constant mean curvature surface -
Submanifold - Mean curvature flow - Adiabatic dynamic - Effective dynamic

1 Background and Main Results

The goal of this note is to introduce the Lyapunov—Schmidt map extending the Feshbach—

Schur one ([7], see also [8,19])! to a nonlinear setting and to use it to derive the adiabatic
(and effective) dynamics of submanifolds under the volume preserving mean curvature flow.

! The Feshbach-Schur map was introduced in the context of quantum electrodynamics and was used in
statistical mechanics and random Schrodinger operators in [25-27] and [10], respectively (see also [14,15]).
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Let (M, g) be an n + 1-dim oriented Riemannian manifold. Recall that a family of immer-
sions Y (t,:) : X — M,y (t, X) := S, t > 0, of compact, connected, orientable manifolds?
is called the volume preserving mean curvature flow (VPF), iff it satisfies the equation

N =HWY) - HW), (1.1)

where 8,y is the normal component of the velocity vector 9,1y, defined as 3¢V =
g(8, v, v(w)), with v(¥), the outward unit normal to S;, is the normal component of the
velocity vector 9,4 Here H () is the mean curvature of S; and H = H(r) its mean value
over S;,

_ f s, Hdo

fslda '

The VPF appeared in material sciences almost a century ago in modeling cell, grain and
bubble growth, etc. It has been derived—as the sharp interface limit (non-rigorously)—from
the Kawasaki dynamics in the Ising or Potts model, or from the phase field models of the
Cahn-Hilliard type (see e.g. [11,12]), which themselves can be considered as a (formal)
hydrodynamic limit of a microscopic dynamics, say, the stochastic Ginzburg—Landau model
(see Spohn [28]).

The static solutions to (1.1) are exactly the constant mean curvature immersions

(1.2)

H=H=h. (1.3)

They appear in nature as (almost) stationary interfaces, e.g. in block copolymer melts ([23],
see Fig. 1). (Because of close packing, surfaces deviate from CMC surfaces.)

As a consequence of (1.1), the enclosed volume of S; is constant in time, while its area is
decreasing (see below).

Let A(v) and Venc () denote the area and enclosed volume of a closed surface given by
an immersion V. In what follows we take ¥ = S”, the standard unit n-dimensional sphere.
Let

X5 = {y € HYS", M) : Vene () = c}. (1.4)

Given ¢ > 0 small and z € M"*!, there exists a unique geodesic sphere, 6; , € X, of
a radius A = A(c), centred at z (A depends on z as well), having enclosed volume c¢. The
function A = A(c) is invertible. We denote its inverse by c(A). The main result of this note is
the following

Theorem 1.1 For X sufficiently small, there exists a family of maps ®; : M — Xif(/\), r o>
n/2 + 2, defined constructively in (2.16) below, such that

(1) For h large, there is an invertible function . = ,(h), s.t. ¥, ; = P, (2), with . = A(h),
solves (1.3), iff z is a critical point of A(D;.(z)) on {Venc (P (z)) = c}.

(i1) Let zy be a critical point of A(®(z)) on {Venc(Pr(2)) = c}. Then the surface ;. -,
is a (non-degenerate) local minimum/(saddle or maximum) point of the area functional
A(Y) on the set {Venc(¥) = c} iff z« is a (non-degenerate) local minimum/(saddle or
local maximum) point of the function of A(®; (2)) on {Venc (9;.(2)) = c}.

(iii) With z. as above, the surface i, ., is asymptotically stable, if z, is a strict local minimum
point of A(P;.(2)) on {Venc (®;.(z)) = ¢} and unstable if z, is a saddle or local maximum
point.

2 We choose their orientation to be compatible with that of M.
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Fig. 1 Interfacial curvature, H,
distributions for the C, G, PL and

D microstructures.The green C

patches on the schematic

diagrams to the left indicate (H)aN"2=0.970

elementary interfacial units.The c+aN'*=0.003

detailed shapes of these units are

then displayed on the right by

means of a SCFT calculation G

along the L/C phase boundary at

X, N =20and f = 0.3378. The (H)aN"*=0.704

curvature distribution over each oyaN™=0.121

unit is specified by the colour

scale with the average and

standard deviation quoted to the

far right. Adapted from [69] PL
(H)aN">=0.636
onaN™=0.146

o (H)aN™=0.747

onaN™=0.311

We prove this theorem in Sect. 2. It can also be essentially deduced using the proofs and
arguments in Alikakos and Freire [1]. Its main value is a new viewpoint.

The map @, is constructed using the well-known Lyapunov - Schmidt argument. We
call it the Lyapunov—Schmidt map.3 Abstractly and informally, it is defined as follows. Let
Y C X be two Hilbert spaces. Given an orthogonal projection P on X and a pointu € Y,
we say that a differentiable map G : ¥ — X is in the domain of ®p, iff the operator
L= I5dG(u)I_’, where P := 1 — P, is invertible on Ran P. For such a G, we define the
new map ®p,(G) : PY — PX as

Ppy(G)(V) := PG+ v+ w(v)),

where v € PY and w = w(v) is a solution to the equation PGu +v+w) = 0in
w € Ran PY. (The requirement that the operator L is invertible on Ran P and elementary
smoothness properties guarantee that the equation PG (1 +v +w) = 0 has a unique solution
in an appropriate space.) We call ® p,, the Lyapunov—Schmidt map. One can compose such
maps with varying P and u (possibly also with rescaling) to obtain a discrete dynamical
system - a renormalization group.

Coming to the notion of stability, we will work with the following definitions. Recall (see
Proposition 1.5 below) that the Gateaux derivative d H of the mean curvature H is the hessian
A" of the area functional A.

Definition 1.2 Linear stability (or just stability in geometric analysis): We say that a (critical)
hypersurface ¥, € X is (linearly) stable, if d H (4) = A” (1) > Oon Ty, X k. On the other

3 Like the Feshbach—Schur map, which comes from reconceptulazing of the well-known Feshbach—Schur
perturbation theory, the Lyapunov—Schmidt map comes from rethinking the well-known Lyapunov—Schmidt
reduction technique.
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hand, ¥, € X% will be called (linearly) unstable if dH () = A” () on Ty, X* has a
negative spectrum.

Asymptotic stability A CMC hypersurface ¥, € X ’C‘ is asymptotically stable, iff there exists
an ¢ > 0, such that for every initial hypersurface ye-close to v, in the H K horm, k > % +2,
the solution converges (possibly after reparametrizations) to v, as t — +00.

The theorem above, together with a refinement (due to [24,29]) of beautiful results of [18]
(see also [30]) about the area and enclosed volume expansions for small geodesic spheres,
gives the following results due to Ye [29], Huisken and Yau [22], Alikakos and Freire [1],
Pacard and Xu [24] (the existence part) and Alikakos and Freire ([1], the stability part):

Theorem 1.3 For each non-degenerate critical point z,. of the scalar curvature R of M"*!
and for each ¢ > 0 sufficiently small:

(1) There exists a constant mean curvature hypersurface of enclosed volume c, enclosing z.
(ii) Varying c, these CMC hypersurfaces foliate a neighborhood of z.
(iii) The hypersurfaces corresponding to non-degenerate maximum of R are asymptotically
stable and those corresponding to saddle points and minima are unstable.

Let 87 := {w € T;M : g;(w,w) = 1}, the unit sphere in the tangent space T;M,
I; : §" — S7 is an identification of S with S" and exp_(v) : S} — M be the exponential
map. For p : S — R, we define the map

6.2 (@) 1= exp, (p(@) ). (1.5)

Let H* = H*(S", R). Consider the VPF (1.1) with initial configuration ¥ro = 6, ;, close
to the geodesic sphere, 6, .., for some z, € M"t1 and A, > 0, small, in the sense that
o0 — Asll gk +dm (20, z+), k > n/2 41, is sufficiently small, see Sect. 2.1. We compare the
hypersurface v (¢, -) with the adiabatically evolving hypersurface ¥ 1), ;1) := Pa)(2(1))
for some z = z(t) and . = A(¢) to be determined. Let a; (z) := A(P,(z)) and venc(z) :=
Vene (®.(z)) and

Xe ={z€ M : venc(z) = c}. (1.6)
Statement (iii) is derived from the following (cf. [1])

Theorem 1.4 With the definitions above and for c (or \) sufficiently small, we have

Y, w) = Gé(t)ﬂlfm),z(r)(w) (w), (1.7)
i =—Va(z) + 0W*e™), (1.8)
=002, (1.9)

where 7 € X¢, § = % — O()) and &(t) satisfies the estimates
1€l e S e (1.10)

We call evolution (1.8)—(1.9) the adiabatic dynamics of almost CMC surfaces. Eq (1.7)
formulates the nonlinear perturbation theory (with & (¢) being a perturbation of ¥, (1) 7 (1))
Foliations by CMC surfaces are of interest in general relativity (see e.g. [22]). For material
sciences, the opposite scaling regime is of interest. In it, the ambient manifold is almost flat
while the CMC surfaces are of size O(1).
In the Euclidean case, M = R"+! Huisken [21], in the general case, and Gage [17], for
curves, proved that the solution to (1.1) exists globally and converges exponentially fast to
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a sphere, provided that the initial surface Sy is uniformly convex and smooth. Athanassenas
[4,5] has shown neckpinching of certain class of rotationally symmetric surfaces under the
volume preserving modification of the mean curvature flow. Later Escher and Simonett [16]
and Antonopoulou et al. [3] proved the asymptotic stability of spheres (see also [20]). For
related works, see [2,6] and the references therein.

Finally, we present some standard relations (see e.g. [13]) which are helpful in under-
standing our results and which are used in the proofs.

Proposition 1.5 The Gateaux derivatives of the area and enclosed volume of S — M equal
dA(S)UZ/Hde, dVenc(S)n:/fdo'v (1.11)
N N

where [ = g(n, v(S)).

Hence, from the variation formula (1.11) it follows that the tangent space to X, is
TyXi={5:5" > TM, /S gE. v(y)do =0} (1.12)

Proposition 1.6 (i) Minimizers of the area functional A(Y) for a given enclosed volume
Venc (W) are critical points of A(Y) on X]Lf.
(i) The Euler—Lagrange equation for these critical points is exactly the CMC equation
(1.3).

(iii) These critical points are critical points of the modified functional

Ap(¥) = A(WY) = hVenc(¥), (1.13)

where h is determined by ¢ = Venc (¥) and vice versa.
(iv) The VPF (1.1) is a gradient flow for the area functional on closed surfaces with given
enclosed volume.

Notation In this paper we use the following notation:

e A < B denotes an inequality of the form A < C B, where C > 0 is a uniform in A and z
constant.
1
o 3% = [[/4 8, where z = (z1,...,2p41) € R and & = (a1, ..., @), || =

Z?;rll Qi
o 8! :={w e T:M : g.(w,w) = 1}, the unit sphere in the tangent space 7. M and
H* = H*(S!, R), the Sobolev space of the order s.

2 The Lyapunov—-Schmidt Map: Proof of Theorem 1.1

2.1 Graphs over (Geodesic) Spheres

We construct CMC hypersurfaces by deforming geodesic spheres 6 . of radius A centred
at z. The geodesic spheres are the images of spheres, S := {w € T:M : g;(w, w) = 1},

in the tangent space 7, M under the exponential map exp,(v) and can be parametrized by
O,z 1 S — M, where

05..(w) = exp.(rw), zeR"™ wes! @2.1)

@ Springer
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As usual, exp,(0) = z and 9, exp,(0) = w. Abusing notation, we define the graph over the
sphere S7 (or the corresponding geodesic sphere) as (cf. (1.5))

bp.z (@) = exp_(p(@)w), p@) =i+ ¢(@)) 22

We introduce the topology on the space of graphs over S!' as follows. We say the graph
V' = 0y is close to = 0, ; iff it can be written as ¥/’ (®) = expy, () (§(w)w), with &
sufficiently small in an appropriate norm (H*).

2.2 The Lyapunov-Schmidt Map
Let d H denote the Gauteaux derivative of amap H (dH (¥)n := 0,H (%)}S:O for g with
Ys=0 = ¥ and ayl//sL:O = 1) and let

H(©)=H(®)— H(®©) (2.3)

Lemma 2.1 Let p(w) = A(1 4 ¢ (w)). Then the Gateaux derivative, Lo ; 1= dy (AI:I(Qp,Z))

$=0,1=0 of A at 0, equals

n
Lo.u=—(Asn +n)u + —/ u 2.4)
IS"] Jen

Moreover, Ly ; is self-adjoint on L2(SM), its spectrum is discrete and non-negative and its
kernel is spanned by constants and the coordinate functions ' forw = (o', . .., 0"t € S".

Proof The formula (2.4) can be read off from the expansion (A.3) of the mean curvature
H(6,,;), included in Appendix A. It also follows from Proposition 2.5 of [9].
The spectral properties of Ly . are part of the standard theory. O

We will look for a solution of (1.3) of the form (2.2) with
p@) =r(l+¢@), ¢ Lo, i=0,....n+1, o°:=1 (2.5)
The conditions on ¢ imply fS" ¢ = 0 and therefore

e p

A= {p)= S

(By Lemma B.2, with ¢, ; = 0, any ¢ = 6, , sufficiently close to a geodesics sphere is of
the form (2.2), with (2.5).)

Definition 2.2 Let Py be the L?(S")-orthogonal projection onto Null Ly ,, which is the
span of the eigenvectors 1, ol ..., "t of —Agn — n, with the eigenvalues — n, 0, and let

Py := 1 — Py, the orthogonal projection onto (Null Lo,z)l.
Consider the equation for ¢ € PgH*, k > 4 +2,

F(¢,*,2) =0, where F(¢, 1, z) = PorH(Or114).2) (2.6)

Remark 2.3 We observe that the function A H (05.(1+4),z) has by definition zero mean, i.e., it
is L2-orthogonal to 1. Hence, we need only project it onto the L2-orthogonal complement of
the span of ', ..., @"*!, but we will keep using the projection operator Py for consistency
with other parts of the proof.
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Proposition 2.4 For A sufficiently small, Eq. (2.6) has a unique solution ¢ = ¢, . in a small
ball in PoH*, for k > 5 =+ 2, which satisfies the estimate

19508 ppcll e S AP, o] <2 2.7

Proof The proof is an application of the inverse function theorem. We have the following
properties:

(i) The map F : PyH* x Rso x R" — PyH*2 is smooth;
(i) £(0,0,2) =0,
(iii) dy F (0, 0, z) is invertible.

(i) and (ii) are standard and follow from Lemma A.1 of Appendix A.

For (iii) we mention that, since L ; is self-adjoint and has purely discrete spectrum and
NullLp=Range(1 — Py), the operator dy F (0, 0, z) = 130L0,Z is invertible on Ran Py. Hence,
by the IFT there exists a unique solution ¢ to (2.6) for every A sufficiently small.

To prove the estimates (2.7), we use the expansion

MH Or14g).2) = MH(03.2) + L 29 + Naz (@), (2.8)
where Lj ; :=dy (M—AI(Q,),Z)) |¢:0 and N, ;(¢) is defined by this expression.
B Let L Az = PyL A, leo. We would like to use the above expansion and invert the operator

L) . andrewrite equation F (¢, A, z) = O as the fixed point problem, which we use to estimate
¢. This is done with the help of the following lemma.

Lemma 2.5 For A sufficiently small, the operator L 1.z is invertible and we have the following
estimates

13702 L e S bl g2 (2.9)
18 8% F (0, &, 2) | g S 2>, (2.10)
19598 N2 ()| iz S 113 @.11)

and a similar estimate for N ;(¢") — Ny - (¢), form + |a| < 2.
Proof We write
L= Lo:+ Mz, 2.12)
where M, . is defined by this expression. By Lemma A.1, we have that
Lo+ D7 Myl e S 1. (2.13)

By (2.13), ||I:a;)»2/l7[;\,z | s g« < 1 for A sufficiently small and therefore L;_ . is invert-
ible.

Next, let 8 := (m,a),w = (A,z) and 85 = 9;"0¢. Using the relation oL~ =
—L7Y9LL™", we see that we have that

7—1 i 7 F—1 F—1yri
NOBL; Ml pgra g = Y [ [ 105 CPLa L5 Mgt L N s e

where the sum is taken over all partitions of 8 := (m, «) into smaller integers and the product
over the integers in the given partition which give all the ways of distributing the partial 85
according to L' = —L~'9LL~!. This gives (2.9).

Now, bounds (2.10) and (2.11) follow by comparing the expansion (2.8) with (A.3) of
Appendix A. (2.10), follows from (A.3) with ¢ = 0 and (2.11), from (A.6). ]
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Now, using (2.8), we can rewrite Eq. (2.6) as the fixed point problem
¢ =—L.(F(0,%,2) + PoN; (9)). (2.14)

Lemma 2.5 implies that this equation has a unique fixed point, ¢ = ¢, ., in a small ball in
PyHF. Assuming that ¢ lies in a small ball in Py HF of radius & > 0, we see that the bounds
in (2.7) follow from (2.14) and Lemma 2.5. Indeed, we derive

Il e < IL5L(F . A Dl gk + 1L L PoNs 2 ()l
A2+ [N () i
W (10154 (2.15)

which implies estimate (2.7), with r = 0, « = 0, provided ||@|| g« is sufficiently small. The

estimates for the 9; 0% derivatives of ¢ are obtained similarly using the fixed point equation

and estimates in Lemma 2.5. Indeed, running through the same argument as Eq. (2.15), gives

2.7). O
Define the Lyapunov—Schmidt map, @, (z), as

D, (2) = 0p,; ..z, where o, ;== A(1+ ), Pa:€ 1_’0Hk solves (2.6). (2.16)
Note that @, (z) is a perturbation of the classical exponential map.

2.3 Proof of Theorem 1.1

We begin with part (i). Let 3 ; := ®,(z). If ¥ ;, with A = A(h), solves (1.3), then, by
Proposition 1.6, dA, (¥ ;) = 0, for h = h(}). Furthermore,

0, Ap(Vi2) = dAp(Ya,2)0i Vi .17

for every i. Hence, 0,i A (¥, ;) = 0, i.e. z is a critical point of Ay (Y3, ;).
Conversely, if 9,i Ay (5. ;) = 0, we will argue that d A;, (¥, ;) = 0. Define

N vne = 8@V v(¥,0)). (2.13)

Note that the superscript N in BZN Y,; depends on ¥, .

In the case of the geodesic spheres we have 9,:6; ; | so = 0ziexp,(Aw) | heo =
dexp,(0)(0,iz) = e;, where {e;} is the canonical basis in R"*+!. Therefore azf,YeA,z |)L:0 =
glei,w) =w;,i =1,...n+ 1, which span the null space of L ; and Py can be written as

Pof =g (f.0N032],_o) 1207052 ], o (2.19)

ij : : . N N 2
where gf)J is the inverse matrix of (go);; := (Bzi 9)\~Z|x=0’ 8Z_,~9,\,Z‘A=0)L2 = (fSn w1)5ij-
We define the normal L2 gradient, gradN G (), of a functional G () by

/S erad¥ G(Y)E = dGWE,

f9r any normal variation . Then gradNAh () = H(y) — h. By definition (2.16) and (2.6),
PogradNAh (¥a,z) = 0. Hence

Pograd™ A (. .) = grad™ Ay (Y2 (2.20)
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Remembering (2.18), we define the projection on the span of the non L2-orthogonal set
(0 v.c):
i Y.z

Pif = gl 0Ny )20, .21)

where gij is the inverse matrix of (g3);; := (GZ’Y Yaz» BZA; Y. z) 2. (For simplicity, we do not
display the dependence on z.) Hence, by the assumption d_i A5 (¥5,;) = 0, we have

PygradY Ay (y;.,) = gij (BZ’YW,Z, gradV A, (¥3.)) 12 3;\;%@
— 0N Au @3Ny = 0. (2.22)
Lemma 2.6 The difference of the projections Py, P;, satisfies the estimate

1Po = Pullz2p2 S A+ 1okl g + All0xs,z | gv) (2.23)
fork >n/2+ 1.

Proof We show that the eigenfunctions of two projections are close. Let f(1) := a Z’Y Oy .20
with p; ; := A(1 + ¢, ;). For w fixed, we note that f(1)(w) is smooth in A, ¢, (@), and
azd))»,z (w). Notice that 3Zi9pkyzyz [h=0= 8Zi gk,z [»=0. Then

1
192652 1m0 =0 0p - el gt = 1 F ) = FO) | it S fo Lf @)l e dt

S A+ Ngn il ge + A0xgazll e
The last inequality and definition (2.21) imply (2.23). O

Combining now (2.20), (2.22) and (2.23) and using

grad¥ A, (V3..) = PogradY Ay (v .) = (Po — Py)grad" A, (¥, ),

we derive

ligrad™ A (W )l 2 < 1Po — Pally2 - llgrad™ Ay (s 2) Il 2
S+ gkl e+ Allags 2l o) llgrad™ Ap (¥ )1l 2

Thus, for A sufficiently small it follows that grad™ A, (¥a,z) = Oand therefore d A, (Y ;)& =
0 for any normal variation &. Since d A, (. ;)& = O for any tangential variation &, we have
dAn(Ys,.) = 0.

Finally, we show that for A sufficiently small, the map A — h(X) := H(P,(z)) is
invertible. Using (2.8) and an expansion of H (6 ;) in A (see also (A.3)), we find that

Ah=n+ 00>+ ||¢ll ye) (2.24)

=n+0@R?) (2.25)

This and a similar estimate for the derivative in X, together with the IFT, show that A — h(})
is invertible.

To prove part (ii) we let AZ(W) := d grad A, () (the hessian of A, (1)) and use (2.17)
to compute the second derivative of A, (®; (z)):

32,02, An(P1.(2)) = (A (1 (2)3:; @5.(2), 3, Pr(2)) 12 + (gradAp (P2 (2)), 8,0, P3.(2)) 12
(2.26)
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By (i), evaluating (2.26) at a critical point z, of A, (P, (z)) we have
32,02, Ap( @1 (24)) = (A} (P2(24))0;; Pi(24), 0z, P (24)) 2 (2.27)

As before the one direction is obvious: if AZ(CD;\(Z*)) is positive, then so is BfAh(d)A (z%)).
We show that BZZAh(dDA(z*)) > 0(> 0) implies AZ(GDA(Z*)) > 0(> 0). Abbreviate
A} = A}(®5(z.)). By Proposition 1.5, A} = dy H(W)|,_q, . and therefore by the

definition L; , := dg(AH (6,,.))] g—o» We have that A2A] = L, ., + O(1*) and by relation
(2.12),

WA) = Loz, + MM, + 00 (2.28)

This relation and PyLo ;. Py 2 Py give PyAj, Py 2 Po. This and (2.23) imply P, A} P), 2 P;.
Due to (2.12) and (2.23), the cross-terms P;, AZ P, and P, AZ P, are O()). These estimates
can be improved as follows. We recall from (2.20) that Py gradN Ap(Y. ;) = Oforall z. Hence

PyA] P, = 0. (2.29)
Using this identity, we see that
P, A) P, = (P, — Po)AJ P = (Py — Po)A} Py = (Py — Py) PAAj, Py + (Py — P) P, A Ps.

Due to (2.23), this equation can be solved for P, A;{ P, , for X sufficiently small, as P, AZ P, =
SPKAZP)\, where S = [1 — (Py — P)1~1(Py — P;), which gives

IBAAZP)\ = IBASP)\AZPA = P)\SB. (230)
The definitions (2.21) and V3, := @, (z) imply
(0, LAY Prgp) = D 010N vz, AN v 0",

where v' = Z./ gij(agt/fk,z, ¢). The latter relation at z = z, equality (2.27) (since the
tangential derivatives are zero modes of A} one can replace 9,1 ; in (2.27) by 85 Yaz)
and the assumption that aZZAh (@5 (z4)) = 0(> 0) imply that B = PAAZPA > 0(> 0). Using
this, (2.30) and that ||S]| < A, we find

g, P.SB)| < |B2SPg|lI B¢l < »CIIB'QIlIIPglll Bl

for some constant C < 1, where Q be the finite rank orthogonal projection onto RanPy +
RranP,. This gives

2@, PLA, Pip)| < 24C || PigllI B0l < 22179C| Ppll? + 2% B ¢
which implies that
(9, AJ@) = (¢, Bo) + (@, PLA] Prg) + 2Relp, P, A} Prg)
> (g, By) + cl| Pogll* — 2*79C| Propll* — 2% B 2|

for some ¢ 2 1. Hence (¢, A} ¢) > 0(> 0) provided A is sufficiently small. This proves the
assertion and with it part (ii).

Finally, we prove part (iii). By the definition, the unstable part of statement (iii) follows
directly from statement (ii) and a standard argument. To prove the stability of minimizing
CMC’s, we use Theorem 1.4 as follows.
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Proof of (iii)(stability) By (1.9), . — X, for some A, as t — oo. If z, is a strict local
minimum point of A(P,(z)) on {Venc (P (z)) = c}, then z(t) — z4 and therefore, by (1.7)
and (1.10), ¥ (1) = Ot) v 020p —> 009, 2, = Vsoze- This shows that the surface ¥, ., is
asymptotically stable.

If z, is a saddle or local maximum point, then the standard argument and (1.8) show that
z(t) stays away from z, however close the initial condition zg is to z,. This implies the same
for ¢ (t) w.r.to ¥y, -, O

Note that if z, is a non-degenerate local minimum point of A(®; (z)) on {Vepc (P2 (2)) =
c}, then z(t) — z4 and therefore ¥ (t) — 3, ;. exponentially fast. Indeed, the proof
follows from (1.8) in a standard way. Indeed, let a;l’ denote the hessian of a;,. Passing to local
coordinates, one expands

Vay(z) = a}(z:)(z — z4) + 0(|z — z:%) (2.31)

around z, and uses the Duhamel principle to rewrite (1.8) as the fixed point problem g =
W(B), where B(1) = z(t) — z4 and

+oo
W(B)(1) := e &) B(0) + / e UG 0(B2(5)) + O(s2e™)]ds.  (232)
0

If a;l/ (z«) > o > 0, then the standard fixed point argument in the space X :=
C ([0, +00), e R"*1) gives sup, (e* || B(¢)||) < 1 and therefore |z(t) — z4| < e, which
implies that ¥ (1) = Oz(1). vy ).y = 0.9, .. = V.2, €Xponentially fast, giving the result.

3 Adiabatic Dynamics: Proof of Theorem 1.4

Proof of Theorem 1.4 Let ¥r(w) : S" — M be an immersion of the form ¥ (w) =
0,27 (w) = exp,(p(w)w) for some p and 7'. We assume ¥ close to some CMC surface
Yoo = Ou(Z) = 9;\/<1+¢,,A,,‘_,),z/ (in the sense of topology induced by p and z’, see Sect.
2.1). We look for p in the form

p=pE)=rl+¢n:+8), (3.1
for some A and z close to A" and z’. We note that & depends on 1, z, but we drop this dependence
in our notation.

We denote z° := 1 and define
o (§) (@) 1= g((b),z (@), 0505,z (@) |s=p), (3.2)
i) (@) =g O (@), 86y :(w), i=0,1,....n+1 (3.3)
For & = 0, we omit the argument 0, e.g. we denote f;(0) = f;, etc.

Having in mind that f; and o depend on A and z, we define the barycenter of ¥ =6,
to be (A, z) that solve the equation

(fi,08) =0fori=0,...,n+1. (3.4)

By Lemma B.2, a unique solution exists provided  is sufficiently near some CMC surface

1//A’,z’-
Suppose that ¥ (w, 1) = 0y(),z¢)(w) is a solution to VPF with some initial condition
Yo = 0,7, near a CMC surface v,/ and let A(¢), z(7) be its barycenter. Then we see that

Wy = [i(E)F + 10 @)E. (3.5)
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Our first task is to obtain the effective equation for A and z. We begin with rewriting (1.1)
as

oy = -V Aaw)

on Xf. and expand the r.h.s. in & and divide the resulting equation by (o (§)/0) = 14+ Oy« (§).
Using (3.5), the definition ¥, ; := ®3(z) = Ox(1+¢, .),z and Lemma B.1, we can rewrite our
equation 3th = —VNW A®) on Xif as

Fi©z +r0E = VNI A, ) + ALy & + 220 (ED) + A0 (E1E),  (3.6)

for z € ., where f;(§) := f;(€)o/o (&) = f; + Op(§) and L := rdy VN9 A6, ,)
lp=p;.. (0 = A(1 + ¢)). Now we multiply the equation by f;,i =0,...,n + 1, and divide
the resulting equation by (h(§)/h) = 1 + Oy« (§), where the matrices /& and k(&) have the
entries h;; = (f;, fj) and h;;(§) = (f;, fj(§)), withi, j =0,...,n + 1. We have
hijz! = =(fi, VN AW ) = M iy 08) = M fis L2§)
+2320 51 (ED) + 1.0 (516) + O i (1218). 3.7

By Lemma B.1, we see that 4;; ~ id is invertible. Moreover, by the choice of the barycenter,
we see that

(fi,08) = —(0:(fi0), §) = Ope(218). (3.8)

Setv; = (fi, VN A 0)). Since 0,5 A(¥. o) = d A3 )0, = [ g(Hv, 0,V 2)
= Hf; + Oy« (&) since H = O(L~1) (cf. Lemma A.1), we have vj = d,;v. This and the
fact that f; are almost the null eigenvectors of the linear part L, , imply (after solving for z)

= —hUv; + 2320 (&) = =V + 220y (§) (3.9)

where —Vv = —hi/ 9 v forz € .
_ Now to get equation for &, let P denote the orthogonal projection onto Span{ f;} and let
P =1— P. Applying P to (3.6) and using P f; = 0, we derive

WP (&) = —PVNURI AW o) — ALy & — P(fi€) — ) +220e(E%)  (3.10)
By the choice of barycenter again (see (3.4)),
P(0§) = & — P(c) = o + 0,(Po)é (3.11)
So we get
E=—0""L;, .+ Rem, (3.12)
Rem := —2"'o TN (PYND AW) + 28, (Po)s + P(fi(€) — f)Z + 1204 (62) (3.13)

Now, using equations (3.9) and (3.12), we estimate &. To this end, following [3], we use
the Lyapunov functionals:

1
Ak(§) = (&, (—A = m)E). (3.14)
These functionals satisfy the inequalities
Ak(E) = n+2) A1), ClENTe = Ar(E) = clE T (3.15)

for some C,c > 0. As in [3], one uses the equation on &, (3.12), to obtain differential
inequalities for Ay (u), which together with (3.15) imply the bound (1.10) completing the
proof of the theorem. o
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4 Proof of Theorem 1.3: Existence and Linear Stability/Instability

Theorem 1.3(iii) follows readily from Theorem 1.1(iii). Thus we address only the first two
statements.

4.1 Existence of Foliations

By Theorem 1.1(i), to prove existence of the CMC'’s, we have to prove existence of critical
points of the function Ay (P, (a)) := A(Py(a)) — hVene(Py(a)). To this end, we use the
following expansion which follows from Corollary A.2 of Appendix A (see [24], Lemma
2.2):

Ap(@ —A"( S —hx+< h —1>R )22
e =3 (( 5 [t fty 8) O]
+33B(9) + A2BY) (¢)> 4.1)

where a,, denotes the area of the Euclidean unit sphere S”, R is the scalar curvature of M

and the remainders Bij l(¢), j =0, 2, satisfy the estimates
009°BY @) S Y 19020k 4.2)
j<i,B=a

provided |||+ < 1 and i + |a| < 2. (If ¢ is independent of A and z, then only the term
with j = |B| = 0 survives on the r.h.s..)

Utilizing the estimate (2.7) and (4.1), the equations 0;; Ap(®a(2)) =0,j=1,....,n+1
take the form

V.R(z)+ 0> =0 (4.3)

If X is sufficiently small, the preceding equation can be solved for z near a non-degenerate
critical point z,. of R by employing the implicit function theorem. The latter yields a solution
7 satisfying

2=2.4 00 (4.4)

Since ®, (z) solves (2.6) and 9, Aj, (P, (z)) = 0, by Theorem 1.1 (i), it is also a solution of
(1.3).
Equation (1.3) and expansion (A.3) imply the relation between & and A:

h= % +00). (4.5)

Now we show that the solutions &, (z,) actually foliate the neighborhood of z,.. We exhibit
a local homeomorphism from a neighborhood of z, to in R"*! that maps each CMC surface
into a spherical shell centred at the origin. We simply use the map (2.16):

®:[0,e) xS" —> M,
(A, w) > @;(z4)-

where, recall, @, (z) := exp,(pr,;®), pr.z := A(1+@y ;). We note that (r, ) — exp, (ro)
is a local diffeomorphism, so it suffices to show that the map (A, ®) +— (p5 ), @) is a

@ Springer



I. Chenn et al.

homeomorphism. Indeed, taking the Jacobian matrix, we get an upper diagonal matrix

8)Lp)»,Z*
0 idyxn /)’

Since 9305z, — llloo = llpn.z. + Adxd ., lloo S A% by Proposition 2.4, we see that the
Jacobian matrix is invertible. It follows by the inverse function theorem that ® is a homeo-
morphism.

The linear stability/instability statement of the theorem follows from the formula (4.1),
the asymptotics (4.5) and Theorem 1.1(ii).
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Appendix A: Expansions of the Induced Metric and Mean Curvature

We Taylor expand the induced metric and mean curvature of 6, , and estimate the non-linear
terms in ¢ in H, k > 5 =+ 2. One may consult [18] for a thorough study on such classical
expansions, we mostly follow the notation in [24]. We abuse slightly notation by denoting
the pushforward of w through d6,, ; by the same symbol w. For instance, given x%,9; a set
of coordinates and the associated vector fields, we write the corresponding basis of tangent
vector fields on S7: &; := A(1 + ¢)d;w + Adjp w € TS

Lemma A.1 (see [24], Lemmas 2.1 and 2.4) The following expansions are valid:

1
A1+ 9) 228, ¢)) = 8B, djw) + FR@, 40, 0,0j0) 221+ ¢)?
%ipd;¢

MTETE

+ 23R () +22R(9) (A1)

2

where R is the Riemann curvature tensor and the remainders RS?Z (#),j = 0,2, are local
terms depending on ¢ and d¢ and satisfying the estimates

1050°RS" (. )l S D 119)05 ke (A2)

jsi,p<a

provided || ¢||gx S 1and i + o) <2, and
1
AH(6,.) = n— gRiczk2 — (Mg +n)p +A*M} ¢+ A*Nj . (§) + M Hy ., (A3)

where Ric; : o — Ric;(w, w) (Ric(-, -) is the Ricci curvature tensor of M), M//\.z‘i” N/{ .(@)
and H,, ; are linear non-linear terms in ¢ and in its derivatives up to order two, respectively,
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and independent of ¢ term, satisfying the estimates:

19,09 M D)2 S D 18]020] . (A4)
J<i,B=a

10509 N; (Dlla S Y 113)0L 13, (A5)
J<i.pZa

19502 Hy 2|l gz S 1. (A.6)

and similarly for N; (') — N; _(#), fori+|a| <2, k > 5 +2. (Above, if ¢ is independent
of . and z, then only the term with j = |B| = O survives on the r.h.s..)

Proof Both expressions (A.1) and (A.3) can be read from [24]. Bounds (A.4) are immediate
by definition. In order to derive estimate (A.6) for the non-linearity N, .(¢) we have to first
examine its structure. Recall that the mean curvature of 6, ; is given by*

H(0p) =) 878(Vyv, ¢j) = divg, v (A8)
i,J
where g'/ is the inverse matrix to the metric g; i = g(&, ¢;) and v the outward unit normal
vector field on 6, ;:

—o 4+ 8Y8¢
Vv =
V1=124(Vgig, Ver)
Note that v is well defined for A and ||| g« appropriately small. Hence, we observe
that the non-linear terms in ¢ arising in the expansion of H(6, ) are of the form
b(rp (@), L3¢ (@))Ad%p (w), where b(s, 1) is a simple function, uniformly bounded together
with its derivatives, provided |s| < 1 and |t| <« 1. Using these estimates it is not hard
(but somewhat tedious) to show that ||b(A¢, A8¢>)A82¢||Hk_z <A ||¢||’I;1,( for some r > 2,

provided ||¢|| yx < 1 (here we use the condition k > % + 2). This completes the proof of
the lemma. O

(A9)

Eq (A.1) implies

y B - 1 Vol
A1+ @) \/@ =1+ gRlc(w, A1+ ¢)* + 20 +0)2
+ 238 (@) + 228 (¢) (A.10)

where Ric is the Ricci curvature tensor of M and Sg\o)z, r = 0, 2, are local terms depending

on ¢ and d¢ satisfying the estimates

18,0955, (6. 3) i1 < 11y (A1)

4 Let g be the ambient metric with its associated Christoffel symbols, FI{Z’ and g be the pull back metric of

g onto ¥ (S"). In any local coordinate, if ¥ is any immersion from S" to M"+1,

H =g g v (0adpy7 + T}, 000 0py7) (A7)
where the Latin indices i, j = 1, ..., n + 1 are for coordinates in the ambient manifold and the Greek ones
I,...,nare on S" and v/ is the unit normal vector on ¥ (S"). At ¥ (w), we see that all geometric quantities

are smooth functions of the ambient metric and at most 2 derivatives of the immersion ¥/, all evaluated at w.
We remark that, however, dependence on top (2nd) order derivative is linear and comes from the Vo Vg term
above.
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provided ||¢|lyx < 1 and i + || < 2. Furthermore, multiplying (A.10) by A" (1 + ¢)",
integrating over S” and taking into account that fS" ¢ = 0, and using the co-area formula

and polar coordinates, we obtain:

Corollary A.2 We have the following expansions

A@,(2) = A" (an [1 R +2°Q)(¢) + 220779 (A.12)

o
6(n+1)

where a, denotes the area of the Euclidean unit sphere S" and R is the scalar curvature of
M, and

an

I
1_
n+1[ 6(n+3)

\Z

Vene(®1(2)) = A"“( R(z)xz} +3TO)(@) + A2 TL(@)  (A13)

The remainders Qg?z and T;r’)z above are local expression in ¢, d¢ satisfying the estimates
of the type of (4.2).

Appendix B: Existence of Barycenter

In this section, we show that barycenter exists. That is, we show that Eq. (3.4) has a solution.
To begin, we state some useful estimates.

Lemma B.1 For the terms defined in equations (3.2)—(3.3), we have the estimate

llo = Ugr-1 S M.z ll e (B.1)
o) —ollge-1 < AEll g (B.2)
I fi —willge-1 SA+Ndazllge + 10idazllge) fori=1,...,n+1 (B.3)
1/i &) = fill g1 S Mgl ge fori=1,....n+1 B.4)
I fo— g1 S Mrazllge + ldnzll g (B.5)
/i (€) = fill i1 S AIEN 1 (B.6)

Proof Recall that v (w) = exp,(p(§)w), where p(§) := A(1+¢y ;+&). Using the definitions
(3.2), we compute the difference, o (§) — . To this end, it suffices to compute the differences
of each factor in (3.2):

o()—o= gl//(v(ep(é),z(w))7 83‘93,2(0)) |x=p(é)) - gG;L,Z)(V(Qp(O),z(U)))s ases,z(w) |s=p(0))
= gx//(v(ep(f),z(w))’ 056;. - (w) |x=,0(§)) - gw(T\)(Qp(()),z(a))), T 0,0, 7 (w) |s=p(0))

where T is the parallel transport from 6;,_; () to ¥ (w). Continuing the estimate, we have

=gy (V(Opi&)) — Tv(0y0),:(®)), 0505,2 (@) |s=p(&))
+g¢(TV(9p(O),z(w))a 056 - () |s=p(§) —T 0,6 () |s=p(0))-

Recalling that 8, ; = exp,(p(0)w) and letting ¥ := 1, we find furthermore
8(W(p(0),2(@)), 95bs5,2(®) I5=p0)) [r=0= g (O z(®)) |5r=0, 505,z (®) |s=0) = 1

g (B,0),:(@)), 3,100, (@) rmo= ', i=0,1,....,n+1.
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Similarly, we write f;(£) — f;. Hence, using this, we only need to estimate the following
items to complete the proof:

8p — 8p'

T(s) = T(s)

05 €xp, (Sw) |s=s; —T (51 — 52, €Xp,(52w))s €XP,(5®) |5=s,

0, exp, (s1w) — T (s1 — s2, €xp, (s20))d; €xp, (s20)

p&) — p(0)
030 — 910 gy .=0
p&)

V() = TR, 0,,)v(0.2)

where g, is the value of the metric at p, T'(s, z) is parallel transport from z along w for
time s. Then the difference of quantities in the statement of the question are composition
and smooth functions of the above with at most two derivatives of ¢; . and &. Note that the
first four quantities only depends on the ambient geometry of M"*!. Since we are working
Icoally, we may assume that we are working on a compact subset of M. Thus, the first four
are smooth functions, the first four quantity exhibits Lipschitz estimates in the difference in
their argument. For example,

|0; exp, (s1w) — T (s1 — 52, €xp, (520))d; exp, (s20)| < [s1 — 52
uniformly on M"*!. The next 3 expressions have the obvious estimate
I0(E) = POl ge = A& || gx
1920 = 920 lg; =0 llgx S M020a 2l gt + Nz ll

10z — 820 1g; .=0 gk S AUNOzPr Nl g + N2zl i)
0@ xS AUIEN e+ a2l o)

Finally, the last one follows from the fact v(y/) is a none singular rational function of ¥. O

Now, let
PO zyp) R x R x HY — R x R™ = ((fo0, &), -+, (fas10, )
where £ is defined by Eq. (3.1).

Lemma B.2 Any ¢ sufficiently close to a CMC 6, ;, = exp,, (Ao(1+¢a.20)) can be written
in the form (2.2), with (3.1) and , and z satisfying the equation

P, z,¥)=0
Proof We note that P (Ag, 20, 6iy,z,) = 0. By the implicit function theorem, it suffices to
show that

() PisC!, and

(i1) (9x,; P)(M0, 20, B2y,z,) 1S an invertible matrix.

(i) We check, by definition of f; and &, that they are real functions of A, z and ¢, ; up to 1
derivative. Since ¢ ; is Clin 1 and z (cf. Proposition 2.4), we see that f; and o are Clin

A and z. Since P is linear in &, using the estimate of Proposition 2.4 again, we see that P is
C'in ¢ as well.
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(i1) We compute

(03,2 P) (20, 20, 6r9,29) = ({fi0, 0,26)) B.7)
since § = 0 for ¥ = 0, ,,. To compute 9, &, we use the fact that, by definition of &,
exp (A1 + @1z + E)w) = exp, (Ao(1 + Ppg,z0)@) (B.8)

for A sufficiently close to Ag. (Note that we suppressed the identification I, between 7, M
and R"*! here as z is not varied.) Taking 9, and evaluate at A = 0, we get the result of

Oy XP_ (S®) [s=ng(14¢1y.20) (1 Pro,z0 T 20000120 la=ng +20028 l1=20) =0  (B.9)
Contracting with v(6;,,4,), we get
0= fo+ o000, (B.10)

where the last line follow from Proposition 2.4. To compute d,¢ [;,,;,, We consider curves
z(t) : (—€,€) = M withz(0) = zpand z(0) = v forany v € T, M fixed. Then any variation
of

exp, iy (Ao(1 + @rp.z) +8) Lz (@) (B.11)

is tangential. Taking derivative with respect to ¢ and setting t = 0, we see that the expression
(B.11) becomes

[(0x exp, (Ao (1 + d’ko,zo)lx (®))) |X=ZO
+ 0 eXPZO(Sw) |s=)\o(l+¢x0,30) (A0z @,z lz=z9 T200z 17=2)12(0)

Using the fact that varying z is only tangential, it follows that

0 = gW(61g,z): [(Bx expy (Ao (1 + 2y z0) [x (@) |x=z, (B.12)
+ 05 €Xp (S®) ls=r(14+¢1.20) (F00zPig.z [z=29)]V) (B.13)
+ 8 (Or9,20)5 20028 |2=z0)V) (B.14)

for any v € T; M. By definition of f;,

Ji + X000, =0 (B.15)

It follows that
(02,2 P) (10, 20, 30,20) = —hg  (fis f) (B.16)
is invertible by Lemma B.1. O
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