1 AITANY2MATA

Eicayowyn

To ddvuopa etvarl €va YopoKTNPICTIKO TOPASELYLO £VVOL0G TTOL avorTOYOnKe
péoa amd ) otevh oAANAETidopacn Mabnuatikedv ko dveiknig. O “kavovag Tov
TOPOUAANAGYPOLLOV”, GOUP®VO LE TOV 0TOT0 TO HETPO Kol 1 KaTevBvven dvo
SLVAUE®MY OV OGKOVVTOL € £vo oMo ek@palovtal amd Tn dloy®VIO TOV To-
poAANAGYpopOL OV oynuatilovy, NTav YVOoTdg HE SAPOPES LOPPESG GTOVG
Apyoiovg EAMAnvec emotiuoves. O 'Hpov o AleEavdpeds, yio mopadety o, 6To
£pY0 TOV “MNYaVIKE™” aTOJEIKVVEL LLE XP1OT OVOAOYIDV TNV OKOAOVON YEOUETPL-
KN TPOTAoN:

Av éva onpeilo X kwvetton pe opoAn kivnon xoatd pnkog pog gvbeiog AB, evo

oLVYXPOVOG N AB Kiveiton TopdAinia TPog Tov r 4

€00TO TNG LE TO AKpo A va. daypdpet pio evbeia
AT, téte M mpaypotikn Tpoyld tov X (n “cuvi- A B’
otapévn kivnon”) Ba etvarl n Staydviog 44 tov
TopoAANAOYpappov ABIA.

A B
AvTOG 0 “KOvOvag” YPNCILOTOONKE TOAAOVG

OLOVEG YO TO YEMUETPIKO TPOGOOPIGUO TNG

GUVIGTOUEVNS, XOPic Opmc va Bewpeital Eva vEo 1d0g Tpdabeong evBuypaupwv
TUNUATOV, O10POPETIKO amd eKEIVo oL ypnoiponoteital otnv Evkieideia ['ew-
petpio. ['o va yiver avtd, ypetdotnke amd T pio LePLd 1 0Tod0y1 Kol GUGTI O~
TIKN XPNON TOV 0PVNTIKOV aptOpdv ot Mobnpatikd Kot amd tny GAAN 1 LeAét
(PLGIKAOV TOCOTNTOV OTMG 1 TAYVTINTA, 1| SVVOUN, 1] OPHIN KO 1] EMLTAYVVGCT), TOL
yopaxmpilovror 1660 amd 10 PETPO 00 Kot amd T 01evbvuven Tove. Avtég ot
eEeMELIG €PEPAY GTO TPOGKNVIO TIG EVVOLEG TNG TPOGOVUTOAMGLEVTG Kiviong Kot
TOV TTPOGAVATOMOUEVOL €VOVYPOUULOV TUNUOTOG, TIG TPMOTEG OEEC TOV OMOIMV
GUVOVTAUE o€ £pyo emoTNUOVOV Tov 1700 cudva 6mwg ot J. Wallis, 1. Newton
ko G.W. Leibniz.

H ovantuén evog cvotnpatikod AOYIGHOD HE TPOGOVATOMGUEVE VOVYPOLLLL
Tuquata dpyloe ota téAn Tov 18ov adva, yio vo do0el i YEOUETPIKY EPUN-
vela 6ToVG 0pVNTIKOVS 0ptOpovs, aAAd Kot Yo va, Bpebel Evag TpOTOg VoAV TIKNG
£KQPOOTG TOV UNKOVG Kol TNG dlenhuveng tov eubuypappov tunpatov. Ipoto-
TOPLaKO LINPEE TPOS o TN TNV Katevhuvon To €pyo Tav C. Wessel (1799) ko R.
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Argand (1806). Eekivdvtog omd TNV OmAN TEPITTOOT TOV TPOGOVUTOMGUEVOV
TUNHATOV Tov Bpickovtal oty id1a evbeia, TPOYDOPNGOV GTOV OPICUO TOV TPL-
Eewv pe Tuyaio TUNHOTO TOV ETMESOV. XVYKEKPIUEVA, Ol oplopol Tov Wessel

nrov o1 &Ng:

Y|
To aOpoiouo S1000)1KDOV TPOTAVATOLITUE- 4
VOV TUNUGTOV EIVOL TO TUUO TOD EVOVEL
TNV apY1] TOV TPWTOV UE TO TELOS TOV TEAED- 3 e

TaL00.
AA=AB+BI+I'A

To yvouevo 000 mPOGOVATOLIGUEVOV TUH- ab

UOTOV TOV GYNUaTI(ODY YWVIES ¢ KOl @ b

OVTIOTOIXWG UE EVOL LOVOOLALO TUNUQ, ETVOL oto

TO TUNUO TTOV EYEL UIKOS TO YIVOUEVO TV o

UNKOV TV 000 TUNUATWV Kol GYNUOTICEL »

yovia @ +® Ue T0 Hovadiaio Tunua. "ﬂ‘ o

2115 epyacieg Tv Wessel kat Argand (Kot oplopéveg GALEG TOL SNIOGLEVTNKOV
eKetvn ™V €moyn) vVIAPYOVV 01 PACIKEG 1OEEC TOL GLYKPOTOLV CNHEPO TO Ata-
VOGOTIKO AoYIopd Tov emmédov. H ovoraotikn avamtuén tov kAddov apyilet
OLMG LEPIKEG OEKOETIES APYOTEPO, OTOV ENLYEPEITOL 1] YEVIKEVGN OVTAOV TOV 10€-
®V 6TOV TPIEOACTATO YMPO Kot 1 Beperimon oG yevikng podnuotikng Bempi-
oc. Kabopiotikd vimpée mpog avtiv v katevBuvon tov €pyo tov W. Hamilton
(1843) kou tov H. Grassmann (1844). O W. Hamilton ypnoiponoince tov 6po
ddvocpa (vector). O 6pog vector Tpoépyetal Kotd pio K60y amd TO AUTIVIKO
piua “vehere” mov onuaivel petapépm. O H. Grassmann ypnoiplomoince toug
OPOVC ECMOTEPIKO KO EEMTEPLKO YIVOUEVO.

H mapoanépa €£EMEN TOV ALOVOGHOTIKOD AOYIGHOV EXNPEACTNKE OTOPOUGIOTIKA
omd Tig e€glitelg ot Puokn kotd To dgvTEPO Gd Tov 190V awdva. H ypron
™ Oempiag Tov Hamilton amd tov 10puT TG nAektpopayvntikng Oewpiog J.C.
Maxwell (1873) 0dnynoe o€ OpIGUEVEG TPOTOTOMGELS, LLE Pom Tig 0moieg o1 pu-
owoi J.W. Gibbs kot O. Heaviside dnpiodpyncav otig apyég TG 0EKAETIOG TOV
1880 1 ovyypovn Bewpio Tov Atovvcopatikod Aoyiopov (otoryeia g omoiog
mopovctdloviol 67 owTd 10 KePAAaio). Télog to 1888, o G. Peano, pe Pdon

Oswpia Tov Grassmann Oeperinoe alOpOTIKE TNV €Vvold TOL SVUGLOTIKOD

KDOPOL.
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1.1 HENNOIA TOY AIANYEMATOX

Opiouog tov Awavicuatog

Yrdpyoov peyébn, 6mme eivor n palo, o 0yKog, n mukvotnta, n Oeppoxpocio
KTA., T0. omoia Tpocdiopilovror omd To PETPO TOVG Ko otd TNV OVTIGTOLY LOVE-
da pétpnone. Ta peyédn avtd Aéyovion povopetpa 1 fodpoTd.

Yrdpyovv Opmg Kot peyédn, 6mmg eival n dSvvaun, N ToydTNTA, 1 ETTAYVVON, M
LETOTOTION, M HOYVNTIKY ETOYWOYN KTA., TOL Y10 VO TO TPOGIOPIGOVLE, EKTOG
omd TO PETPO TOLG KAl TN HovVAda pETpNong, xpeoldpacte ) dedvbvuvon kot
@opa Tovg. Tétota peyétn Aéyovion S10vOoROTIKG LEYEOM 1 ATAGDG OLEVOGHATO.
e > l'sopetpio 10 ddvoopo opiletor g Eva B (népac)
TPOCAVOTOAGUEVO €VOVYPOUO TUNHO, ONAOdN
®G &va eLOVLYPOLLLO TUN L TOV 0ToToL Ta dipo. Oe-

—

opovvtal dwatetayuéva. To TpdTo AKpo AéyeTon 4B

apyn N onpueio EPappoyns Tov dVOGLATOC, EVED .
70 00TEPO AéyeTOL TEPAG TOV dLovOGpatog. To o1- A (apx)
avuopa pe opyn to A ko tEpag 1o B cupPoiileton
e AB Kol TOPLOTAVETOL PE Eva BELOC TTOV EEKIVEEL 0d TO A Kol KOTUATYEL 6TO
B.

Av 1 apyn Kol T0 TEPAG EVOG SLOVIGLOTOS GUUTITTOVVY, TOTE TO SAVUCUOL AEye-
Tou p1deviké dravvopa. ‘Etol, yia mopddsrypa, o Stvoopa AA givat pmdevikd
ddvooua.

I'a 10 ovppolopd TV dVLGUAT®V YPNGLOTOIOVUE TTOAAEG POPES TO LIKPA
YPAUUATO TOV EAANVIKOD 1 TOV AQTIVIKOD APAPNTOV EMLYPOUUICUEVO 1E BELOG

Yo TOPAdeypa, o, fB,...,u,v,...

e H omdotoon tov dkpov evog Saviopotoc 4B, dnAadh T0 PiKog Tov gvov-
YPOLIOV TUNOTOG AB, Aéyetar péTpo 1 piKog Tov dtavicpatoc 4B Kot cuppo-
MCetar pe | AB|. Av 10 Sibvoopa AB éxst pétpo 1, P

TOTE AEYETAL HOVAILALO SLOVUGLLAL.

e H gvOcio mave otnv omoia Ppicketot Evo pn un- 1
devikd diivoopa AB Aéyetol gopéag tov AB .
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Q¢ popéa evog PMdevikod Staviopatog AA pmo-
povpe vo Bempovpe omoladnmote and TG gvheieg 5
A4
OV S1EPYOVTUL OO TO A.
A

Av 0 popéac evOC Savioratog AB givat TopdAAAOG 1) GuUTITTEL pE P EVOEiaL
¢, 1oTe Aépe 01110 AB givan mapddinio mpog ) ko yphpovpe AB/IC.

e Avo pn pmdevikd dravoopoto AB Kot
T'A, mov £ovv ToV 310 Popéa 1 TaAPEAAN-

B
A
B
A0VG Popelg, Aéyovtal TapdAinia. 1] ovYy- A
YPORUIKA SovOGUOTO. TNV TEPITTOON //
r
Y|

auth Aépe 6TL T AB Ko TA éxovv idra
d1e00vvon kat ypapovpe AB/ITA.

To cuyypoppikd dtovdcpaTo dokpivovTal GE OLOPPOTO Kol OVTIPPOTO. ZVYKE-

KpuévaL:
— Avo un pndevikd dtovoopota AB Kol B
I'A Aéyovtoi opdppona: 4
o) OTav €YoV TOPAAANAOLG (QOPEIC Kot A
Bpiokovtal oto 1810 MUENINESO G TPOG r ﬁ
v gvbeia A" TOL EVOVEL TIG apYEG TOVG Iy

B

B) 6tav &yovv Tov 110 Popéa kot pia omwd
TIc Npevdeieg AB ko IA mepiéyeL Ty GAAN. 4
11 TEPUTOGELS avTEG Aépe OTLTa AB Kat TA £yovv v ida karedOvven (idia

81evBvvon kat idio popd) kat ypagovpe AB TTTA.



— AVO pn pndevikd dtovoopota AB kot TA
Aéyovion avtippona, dtav sival Guyypopt-
KO Kol 0gV €lvol opOPPOTa. ZTNV TEPITTOON
ovty Aépe 6Tt Ta Stovdopoato AB kou A
&yovv avtifetn kKatevOvvon (idwa S1evOvvon
Ko avtifetn popd) ko ypdpovpe AB T TA.

Too Awavicuara,

AVO pn pndevikd dovdcpato ALyoviol ica
otav &yovv v idwa Katevbuvon kot ioa Hé-
tpa. o vo dnidcoovpe 6Tt 5Vo dtovdcpaTo
AB xou T'A givaioa, YPAPOLUE AB=TA.Ta
pndevikd stovoopoto Bewpodvtor ica peta-
0 tovg Ko cupPolifovton pe 0.

Evkolo amodeikvieton Ot

® Av AB=TA,tbéte Al =BA, AB=TA Kt / /
BA=Al. / /

® Av M sivar to pécov tov AB, 16te AM = MB Kot avTieTpOPOG.

Avtifeta Aravicuata
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Ao dovdcpata Aéyovior avtifeta, 6tav £govv avtifetn katevbuvon kot ica

pétpo. T va dnhdoovpe 6tt dHo dtavdopata AB kar TA sivon avtibeta, ypd-

(pove
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AB=-TA Y\ I'A=—-A4B.
Etvat pavepo ot

AB=-TA < AB= AT

Ewdkétepa, éxovpe BA =-AB.

TI'wvia 6v0 dravoouadrwv

‘Ect® dvo un pundevikd dtovoopoto ¢ Kol ﬁ . Me apyn éva onueio O maipvovpe
o Sravoopata 04 =d kor OB = f.

Tnv xvupty Yovia AOB, mov opifouv o1 nuevbeieg OA4 ko OB, v ovopdlovpue
yYovia TOV Slovoepdtov ¢ kav f kot t cvpporilovpe pe (o?,Aﬁ) Ll (ﬁ?ﬁ) Ll
OKOUO, oV 0EV TPOKOAEITAL GUYYLOT], HE £VO LKPO VPO, Yo TOPpAdELy Lo 6.
Evkola amodeuvietar 6TL M yovia tov @ kol  eivor aveEaptnn amd v emt-
Aoy Tov onueiov O. Eival pavepd eriong 611 0° <0 <180° § og aktivia 0<0 <«
KOl EW01KOTEPAL:

e 0=0,avalTTp.

e0=r,ovaTlp.
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T, o , - =
Av 6 = > tote Aépe OTL TO StavdopaTo & Kot B y

givar opBoydVIa 1 KGOeTa Kot Yphpovue & L .

Av éva and Ta Stavdopata &, f eivol To Pndevikd SIAvucHa, TOTE OC YmVia TOV
@ xot f§ pmopovpe vo Osmpricovps omotadimote yovio 6 pe 0<0 < 7.

"ET61, HmopovpiE vo. Osmpicovpe 6Tt To undevikd dtdvooua, 0, sivatl oudppomo 1
ovTippomo 1 axopn Kot kabeto og Kabe dAlo didvuoa.

E®PAPMOI'H

"Ecto M to péco tng mievpdg Al evog tprydvov ABI. Mg apyn 10 M ypa-
govpe Ta Sraviopote MA=IB ko ME = BA. Na anodeyytei 6T1 To A givon
70 péco 1ov AE.

AIIOAEIZH

Apxei va deifovpe 6Tt 44 =AE. TIpaypartt, eneidn
MA =TB, gival

MTI =AB (1)

Opwg 1o M givar péco tov A7 Apa,

MI = AM )
Emopévag, AMoyo tov (1) kat (2), éovpe AB = AM , onoTe:
AA = BM (3)
Enedh) emumhéov ME = BA, é0vpe
AE = BM 4)

‘Etot, and tig oxéoelg (3) xon (4) £povue AA=AE.m
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1.2 MPOXOEXH KAI ADAIPEXH AIANYXMATQN

IlpocOson Aiavooudrwv

"Eoto 800 dtavdopata & kar S. Me apyn éva onusio O maipvovps diévocua
OA=d wxat ot cuvéyew pe apyy to A moipvovpe divoopa AM = f. To 816~
voopa OM Aéystar GOPOIGHA 1| GUVIGTAPEVI] TOV SIVOGHATOY 6 Kot Kol
cvpPorileton ue d + .

Oa amodeifovpe 6Tt TO GOpOIGHN TOV SlavucudTtov ¢ Kot f sivorl ave&dptnto
™G emAoyng tov onueiov O. Ipdypatt, av O givat £évo GALO oM peio Kot Tapovpe
o Stovdopote O'Ad' =a ko AM' = f3, ened) OA=0'A'=d woar AM = A'M' = 3,
&yoope 00" = AA" xon AA'= MM. Enopévag, 00" = MM', mov cvvendystot 0Tl
Kot OM =O0'M'.

To aBpotspa dvo drovucudtmy Bpicketol .
KOl LLE TO AEYOUEVO KOAVOVO TOD TOPOAAN- K
Aoypogyiov. Anhadn, av pe apyn éva on-

peio O mapovpe to Stovdopata OA4 =d
kot OB = f3, tote 10 GOpotopa d +f opi-
Ceton amd N daydvio OM tov TOpoAin-
AOYPOLLOV TTOV EXEL TPOCKEIUEVES TAEL-

pég TG OA xou OB.
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Io16tyteg IlpooOsons Aiavooudtwv

T v tpdcbeom TV S10VUGHATOV 1GYDOVV 01 YVOGTES IO10TNTES TNG TPOGHEGTG
TPAYLHOTIKGY aplOpudy. Anhadi, av &, B, 7 eivor tpia Stavdopata, TOTE:

(1) a+B=p+a (AvtipetaBetikn 1dtotnTaL)
(2)  (@+p)+7=a+(B+7) (ITpooetauptotikn OLOTNTA)
(3) a+0=a

(4)  a+(-a)=0.

AIIOAEIZEH

® And to TPONYOVUEVO GYNLA EXOVUE:

G+ =04+AM =OM

Kot

Emopévaog, d+f=f+d.
® A6 10 SUTAaVO GYNLLOL EXOVLLE:
(G +B)+7 =(0OA+ AB)+ BI" = OB+ BI" =OI kat

G+(B+7)=0A+(AB+BI)=0A+ Al =OT.

a+p+y

Enopévag, (G+f)+7 =d+(B+7).

e O11010tnteg (3) Kou (4) etvon Tpoaveic. m

H npocetaipiotikn w16t ta pog exttpénet va cupfoiilovpe kabéva omod ta ioca
abpoicpata (d’ + B)+;7 Ko a + (ﬁ + ;7) ue d+ B+, 1o omoio Oa Aéue GOpotopa
TOV TPV Svoepdtov d, f kat 7. To 4Opoisa TEPIGCOTEPMY SIUVUCHATOV
a,,d,,0;,....,0,, v=3 oplleTol emoyoyikd oc eENG:

o, +0,+0,+..+0, =(a, +a, +0, +..+0, )+, -
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TNo mapdadeypa, &, +ad, +ad, +d, =(d, +d, +d,)+d,

atar+as -

> N

- — - —

at+artasztaq

Aniadn, yio va mpocBécovpe v Stovoopata o, ,d,,A,,..., 4, , T0. Kodiotoue da-
SoyKd, 0mOTE TO AOPOIGLA TOVS Oa €ivat TO S1EVLGHE TTOV £XEL WG aPYN TV oPXi
TOVL TPATOL KUl O TEPAG TO TEPAG TOV TEAEVTAiOL. EMedn pdiota woydovv n
OVTILETAOETIKN KO 1] TPOGETAPIOTIKY] W10TNTO TNG TPdSHeons, To abpoicua de
petafarretar av oALAEeL ) GEPA TV TPOoSHETEDV 1 oV pLepUKoi amd avTovs ovVTL-
Kotaotofobv pe To dfpoloud Tovg.

Agaipeon Aiavooudrwy

H Swapopé & —f tov dtavdcpotog S omd o Siévospo d opiletotl mg aOpotspa
1OV SvuopdTov @ Kat —f . Anhady

a-pf=ad+(-p)
a
> Z -
2 - - ¥
a-p -5

ZOUQOVOL LE TO TOPOTAV®, oV £YOVLE dVO davocuato & Kot B, TOTe VILAPYEL
povadiko dtdvocua X, tétolo, wote B+ X =d. [pdypart,

B+i=d o P+B+X)=(-Pf)+d = 0+X=d+(-f)X=d—-f.
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Awavooua Oéoemg

‘Eoto O éva otabepd onpeio tov yopov. Tote v

k@Oe onueio M 1oV YDpov opileTal To dAvVVoH

OM , 10 omoio Aéyetal owavuopo 0écemg Tov M

N dwevvopatiki aktive Tov M. To onueio O, Tov

glvat 1 Kown apyn OA®V TOV S1OVUGLOTIKOV oKTi- o
VOV TOV GNUEIOV TOL YDPOV, AEYETOL G|UELD OVa-

POpPAag GTO YWDPO.

Av O givan éva onueio avapopds, TOTE Y10 OTOL0ONTOTE LAVLC LA AB &poope
OA+ AB = OB o1 EMOUEVOG

AB =0B -0A

Aniodn:
“Kafg oravoopa 610 y®po £ival ico pe T1) S10VUGRUTIKI] OKTIVE TOV TEPATOG
peiov T1) S1OVUGHATIKY] OKTIVA TNG 0pyNS”.

Métpo ABpoiouarog Aiavoocudrwv

210 duwhavo oynua PAérovpe to GOpot- y Z: B
opoL TV SvoopaToV d Kot f. AT Vv
TPLYyOVIKY avicotnta yvopilovpe Op®G ;
ot Pt 4 +;
|(04)~(4B) < (OB) < (O4) + (4B) I
0 p

KOl EMOUEVOG

|G| <1 + A\ B

E®PAPMOI'EY
1. e téooepa onpeia A, B, I, A vo, omodevytei 6TV AB+ Al = AB + AT
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AIIOAEIZH

Av O givon éva onpeio avopopds, TOTe £(OVUE: A

AB+ Al =O0B—~0A+OI —~OA=0B~0A+OI —OA=AB+ ATl

B
2.Naan06£1xrsi()ﬂ lG+B+7|<|a@l+|B|+|7].

AIIOAEIZEH

Exovpe |d+B+7 [ @+ p)+7I<la+Bl+|7I<I@|+|Bl+7].

AXKHXYEIY

1. Ovdvvapec F, F,, ..., 5 ackodvtor oto copa 2. TTowo dvvaun ypetale-
TOL, MOTE VO UMV 0PNGEL TO oOUo 2 va, petakvnbel and ) 0on tov;

2. Aiveton évo teTpdmievpo ABIA xou éotm &, f,7 Kal & To ovTioTorya
dlavoopata Bécemc g Tpog Eva onpeio avapopds O. Ti pmopeite va
neite yia 1o teTpdmAgvpo ABIA av:
() a+7=p+s (i) |
(iil) G+7=f+6 Ko |lG—7 =l B-6

3. No ekppaoete T0 S1vuopo X 6€ KaOEVO 00 TO TOPOUKATM CYNLOTO ®G
GLVAPTNOT TOV AAA®V SLVUGUAT®V oV divovtot:
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i) ii) iii)

B

¢

4. Avya 800 tpiyova ABI kon AAE woyber AB + AT = AA+ AE , va deiete
ot 10 TETPpdmAgvpo BATE glvor mopoAInAdypopLo.

5. Aivovtot t€ocepa onueia 4, B, I, 4 kot €6t O, T0 HEGO TOV TUNLATOG
A" No. anodeifete 6Tt OB +OA= AB — AT .

6. Atvetar Kovoviko e€dywvo ABIAEZ. Av AB =d xou Bl = B, vo. ekppé-

ogte 10 divuopo I'A ©G cuvapTnon TOV & Kot 5.

7. Ta éva tuyaio e&aywvo P P,P.P PP, vo arodeitete ot

e T T R S

PP,+P,P,+PP.+PP+PP+PP, =0

1.3 HOAAAINAAZIAZMOX APIOMOY ME AIANYXMA

Opiouog lloiiamiaciacuod Ap1Ouod us Aigvooua
Eoto A évag mpoaypuatikog aptfudc pe A =0 kol & Eva pun undevikd diédvooua.

Ovoudlovpe yIvopevo Tov A pe to @ kail to cvpporilovpe ue A-a M Aa éva

didvucpa To omoio:

® sival opdppomno Tov & , av A >0 kat avtippono Tov d, ov A <0 kot

® &ysipétpo [ Al .

Avetvar =0 9 @ =0, tote opilovpe o A-A 0 pndevikd divoopa 0.
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Mo wopdderypo, ov To SIOVUGHO & TOV OUTAC- P
VOO GYNUOTOG £XEL LETPO 2, TOTE TO OLAVUGLOL

3a eival opdppomo pe 0 A Kol ExEL HETPO

|3d |=3|d|=3-2=6, evd 10 didvocua —3a sival 32
OVTIPPOTO LE TO &, OAAG £YEL Ko 0VTO PETPO 160
pe |-3a |5 -3||d|=3-2=6. 3

1 . ,
To ywopevo 7 d 10 ovpporilovpie Kot pe % .

Iowotntes Ioidamiacracuod ApiBuodv ue Aiavoocuo

["o to ywvopevo Tpaypatikod aplfpov e SIaVUGHLO 1I0YVOVV Ol ETOUEVES 1310TN-

TEC:
(1) AMd+f)=Ad+ A8
(2) (A+ p)é = Ad + pé
(3) A(ud) = (Au)a
AIMOAEIEH*

(1) YroBétovpe 6Tt to. Stovoopate & Kot S
glvan pun pundevikd ko 611 A # 0. Taipvooue
éva onueio O xat oyedralovpe Ta S1ovOHGUO-

10 OA=d, ﬁi’:ﬁ. Tote eivon O—B:o?+ﬁ.
Zyedialovpe EMTALOV TO S1AVOCUOTO

04’ = Ad xar OB’ = (@ + B). Enedy

(OA") (OB N
—_— i .
(OA) _ (0B) | Ala+ f)
10 tpiyove OAB kor OA'B’ eivar dpota ko emopévog n mievpd A'B' eivon ma-
POAANAN e TNV AB Kot 1oy0EeL

A'B’

@B

(AB)
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Avto onuaiver 0Tl A'B'=21-AB=AB.
Emopévag, emedn OB'=04'+ A'B', &yov- N
He A(G+ ) =24 +AB. Lo

H w10t 1a 1oyvel Tpopavadg Kot 6tov Eva B’ Aa+p) o

TOVAdYIoTOV amd Ta. dlvdopaTo & Kot a+p
gival to unodeviko 1 6Tav o apldpdg A eivan
Undév.

H om6deiln tov wwomtov (2) kat (3)
0PN VETOL ®C ACKNON. W A

Q¢ cvvémeln TOV 0PSO TOL YIVOREVOL AP e S1EVLGHLO Kol TOV TOPATi-
VO O10TATOV EYOVLE:

(i) Ad=0e2=0% a@=0

(i) (-Ad) = A(-@) =—(Aa)

(iii) AM@-B)=rd-A8

(iv) (A—-p)a =Ad - ua

(%) Av Ad =28 won %0, tote d=f

(vi) Av Ad = pud@ wou @ #0, téte A =p.

I'pauuixog 2vvovaouog Aiavooudrwv

Ac Bsmpricovpe dvo Sravdouata @ kot . Amd ta Stavdopato avtd “mapdyo-
VTou”, Y10 TOpASELy o, To StovoopoTa 7 =3d + 5, & =24 +3 KTA.

Kabéva omd o S1vdopaTo ot ASYETol Ypoppkos cuvdvacpog tov @ kat f3.
Teviké, ovopdletal ypappmkés covdvacpés dvo Stavooudtov & kol f kade
diévoopo TG popeNig V = Ka + AB, 6mov k, A e R.

Avahoyo opileTor Kot 0 YPUpUIKOG GUVOVAGUOG TPLDOV 1] TEPIGGOTEPMOV SOVV-
opdtov. Etot, yio mopddsrypa, to didvoopa V =3 — 25 +57 givon vog ypappit-
KOG GLVEVLACHOS TV &, Kot 7.
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2ovOnkn lapaiiniios Aiavooudtwy

Onwg eidape, av 600 davocpaTa & Kot ﬁ , OOV B # 0, cuvdéovtal HE TN GYEon

a =AB, t10te o Sravvopara ovtd givor Tapdiinia. Ioydel Opmg Kot To avti-

oTPoPO. AnAadn, av To S1ovOGHOTE G Kol B gival TapdAinio Kot B #0, 1018

VIAPYEL HOVOSIKOS apOpdg A Ttétolog dote d =A-f. Ipdypaty, av 0écovpe
:@, tote |d =k | B]. SUVETMG:

1B

e AvaTl B, 1ote d=xp.
e AvaTl B, TOTE &z—KB.

e Ava=0,t6te 6 =0-F.

Xe KG0e ooy mepinton vrdpyel 4 Kol LAMoTo povadikog (1otnra iv), té-

010G, GoTE G = A- f§. Emopévac:

OEQPHMA

Av a, B elvon 600 davdopoata, pe B # 0, T0TE

GllIf<d=AB,AeR.

INa Topdderypa, oto Tapakdto oynua av 4 Kot E gival to péoo tov mAevpodv AB
ko AL tov tprydvov ABI, £govpe:

BT = BA+ AI' =2AA+2AE =2(AA+ AE) = 2AE .

A@ov Aowmdév BIT = 2AE , copmepaivovpe 0Tt
AE [IBI xau |BI' |=2|AE|, mov onuoivet
ot AE = %BF . Eavoppiokovpe dnAadn ™
yvoot) pog and v Evkieideio 'eopetpio

oyéon AE =//%. B
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Aravoouatikny Axtiva Mécov Tunuatog
Ag mapovpe éva S16vocpo AB Kat £vo onpeio
avaeopds O. Enedn AM = MB , £xovpe
OM ~04=0B-0M ,
omoTE
20M = OA+OB

Ko Gpo

E®PAPMOI'EXY

1% Na omoderyrei 6Tu: 4
(i) "Eva onpeio G givan to fapdkevipo evéc tpryd@vov
ABT, av kan pévo av yder GA + GB + GI" = 0 ko
(ii) Av G givon 10 Bopvkevepo tov ABI, T6TE Y10 0101001

mote onueio O oyveL 0G =§(@+O—B+O—F).

AIIOAEIZEH
(1) I'vopilovue amd v Evikieideia Nempetpio 0t av G givar to kévepo Papovg
oL TPLYy®VOL ABI, 1018 AG =2GA, dmov A4 1 ddpecog tov tprywvov. Emopé-
VG, 1oYVEL AG =2GA , ondte €yoope

GA+GB+GI =GA+2GA=GA+ AG = GG =0.
Avriotpbpwg, ov Y évo onueio G oxvel GA+GB+GI =0, t61e O £qovpe
GA+2GA=0, 6mov 4 1o pécov g BI, ondte o woydel AG = 2GA . 'Etot, 10 on-
peio G avikel ot dapeco A4 kat ioyvel AG =2GA . Apa, 10 G givar 1o kévipo
Bépovg tov tpryddvov ABI!

%:é(@+@+0—m
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2. Na amodeyTel 6TL TO EVOVYpapp TUNROTE TOV 0pilovy TA PEcH TOV
OTEVOEVTL TAEVPAOV EVOS TETPUTAEVPOV KUl TO, HEGO TOV SLOYOVIMV TOV
OLEPYOVTOL ATTO TO 1010 oNUEi0 KAl OLYOTONOVVTAL 07TO TO oNueio AVTO.

AIIOAEIZH

‘Eoto d, §,7,8 ta duavdopata 0éceng Tov

KopLPOV A, B, I', A, avtiotoliymc, evoc TeTpd-

TAevpov ABIA ¢ mpog Eva. onueio avopo-

péc O.

Ta dwavoopota Oécemg towv pécwv H g BI”
1 - -

Kot @ g A4 givar 5(/3 +7) ko %(a +0)

ovTIoTOlY™G KOt TO dtdvucpa BEcemg Tov pé-
oov G tov HO givor 1o

11 = 1 = 1 ~ =
—|=(B+y)+=(@+5) |=—(@+PB+y+9).
2{2([3 7) 2( )} 4( B+7+6)
Oupoimg Bpiockovpe 611 T0 didvoouo Bécemc
I = =, ,
TOV pécmVv Tov Tpnpatev £Z ko IK stval to Z(a +B+y+0). Apa o TURHOTA

HO, EZ xou IK diépyovtor amd to 1010 onpeio ko dtyotopohvrot omd auto.

AXKHXELY

A" OMAAAX
1. Av d eivor éva S1OVUGHOL, TL LTOPEITE VO TEITE Y10 TO HETPO KoL TNV KOTED-

, ~ 1 _
Bvvon tov dvdcpatog a, = ﬁ-a 0
a

2. Na Bpeite to dtdvuopa X og Kabepd amnd Tig TEPUITMOGCELG:
A I R . L= R N
(1) 5(x+a):§(x+ﬁ) (i1) X+3(a+p)=4(a - p)-3X.

3. Av o10 duthavo oynua eivon (BM ) =2(MI"), B

va amodeiete OTL X = %(ﬁ +27).
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4. Zt0 Sumhlovo GO EYOVUE: r
AE =2EB, AB=d, AI' =2d wou AA=f. 3

(i) No. ekppéoste cuvoptiost Tov d kat f B -

E 2ad

T StevoopLoToL AB, EB, ﬁ, AE wou ET. i

(i) Ao Ti¢ exppboeg tov AE kou EIT moto y < - y
GUUTEPOGLLO. TPOKVTTEL Y1 TAL oNUeio A, B
E xou I';

5. Zro mopaxdre oy vo omodeifete o0tLta onpeio A, I' ko E efvon cuvevdetond.

6. Av AK +3BK —2BA=BA+3AM , va omodeitete 611 o onpeia K, A ko M
givor ouvevdelokd.

7. Av A4, BE wor I'Z eivon ddpecor tprydvov ABI, vo amodeiete Ot
AA+BE+TZ =0.

8. Av K, A, M givan ta péca twv mhevpwv Bl [A4, AB, avtiotolyws, Tpry®dvou
ABI, va amodei&ete 0Tt yio omotodnmote onpeio O oydeL:

9. Av M ka1 N givar ta péoca tov dayoviov 4717 kol BA, aviiotoiymg, evog
TeTpomAedpov ABIA, vo anodeifete 6Tt AB+ AA+TB +ITA=4MN .

10. Aivetor to pun pndevikd didvocpo AB kat onueio 7" 1€to10 doTE va, 16YOEL
AT = AAB xat Bl = uﬁ. Na anodei&ete 01 A — p =1.

11. Aiveton tpiyovo ABI. Av AA =k AB+ LAl xar AE = 2AB +k Al -vo. omo-
deitete 6TL AE [ /BT .
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B OMAAAX
. 210 duhavd oxfua eivon AA = %A—B Ko E
]
AE = = Al'. Av G givan to k€vipo Papovg A
4

TOL TPLYDOVOL ABI, va amodei&ete OTL TO
teTpamievpo AGAE elvor TapoAAnAo-
YpOUpo.

B r

Ocwpovpe Eva moporinidypoppo ABIA kol dvo onueio £ xou Z tétoa,
dote AE =k AA xon AZ = AAB, 6mov A = Ll’ pe k #1. No arodei&ete 0Tt
to onpeia £, 1" ko Z givon cuvevbsioxd.

. Na amodsifete 6Tt av 16Y00LY V0 0md TIC oyéoelg xKA + yKB+zKT =0,

xAA+ yAB+zAT =0, x+y+z =0, t61e Ot 1oy0€L kKou 1 Tpitn (To onpueio K

gtvar d10popeTKd amd 1o A).

Av a, Bxot T gival o1 S10vuoHOTIKEG 0KTIVEG TV onpeiwv 4, B kot M avti-
, MA « , , , ,

oTolymG Kat il = o vo, 0modgi&ete 6TL av 10 M gival EcmTEPIKO TOL AB,

, : ; .. Ad-xB
, VO v T0 M glvar eEwtepikd Tov AB, TOTE T = P p .
—K

101e T =

a+Kp
+K

. Atveton tapardnAdypappo ABIA. Na Bpeite onpeio M 1£1010, OOTE VO, IGYVEL

MA+MB+MT =MA

. Atvetal tetpdmievpo ABIA ko é6tw M kot N to LEGO TV S1y®VIDV TOV

AT o1 B4 avtiotoiymg. No amodeilete 6Tt ov 4MN = AA— BI, TOTE TO T&-
TPATAELPO AVTO EIVOL TAPUAANAOYPULLLLO.
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7. Av G xou G’ givon T Bapvkevipa 600 tprydvev ABI kor A'B'T', va. amo-
deitete 011 AA + BB +IT' =3GG' .

8. Aivovtat ta onueia A, B xai I. No amodei&ete OTL y1o 0mo1001ToTe onueio
M 1o S1évoopo 3MA—5MB +2MT  givon 6Tadepd.

9. X10 dumAavo oynua 1o ABIA givor tpaméllo pe A I JF
(4B) =2(I"A), to KAAB mapaAAnAOYpaULO
Ko To / péco tov /4. Noa amodei&ete OTu:

] — R
(1) KI' :—%KA Kol KAz—EKB

(ii) o onpeia 7, K, 4 eivar covevbsiaxd. 4 B

1.4 SYNTETArMENEZX XTO EITIIIEAO

Aéovag

IMavo og o gevbeio xx emAéyovpe dvo onueio O kot /, £T6L AGTE TO SLOVLGLLO
Ol va &gl pétpo 1 ko va Ppioketar otny nuievdeio Ox. Aéue t0tE OTL EYOVLLE

évav dEova pe apyn o O Kot povadiaio dtavoopo to O =i Kot Tov GLUPOAL-
Covpe pe x'x. H nuevdeio Ox Aéyetonr Oetikég nuidovag Ox, evod 1 Ox' Aéyeton
apvnTIKOg nuidcovag Ox'.

x’ 0] I M(x) X

\

Av, topa, Tave otov dEova xx mhpovpe Eva onueio M, emed OM /i, o vrdp-

YeL akpBOS Evag TpaypoTikds apdpoc x t€tolog dote OM =x-T. Tov aptOud
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x tov ovopdlovpe TeTpumuévn tov M. AAAG Kot avTioTpOP®S, amd TNV 160TNTo
OM = x-1 mpokbnrel 611 og kaOe Tpayuatikd aptdud x avrictoryel povadikd on-
peio M tov déova x'x pe tetunuévn x. To onpeio avtd cvopPoriletor pe M ().

Kapreowavo Eninedo

[Tavo og éva eminedo oyxedralovpe 600 KabeTovg dEoveg x'x Ko 'y Le Kovi apyn
O ko povadioio dtavoopota to 1 kot | . Aéue TOTe OTL £X0VUE £vo. 0pOOKAVO-
VIKO GUGTNLO GUVTETAYREVOV GTO EMITEDO y

N ATAOVGTEPH £VOL GUGTI L0, GUVTETAYUEVOV

07O EMITEDO 1) KOO EVOL KOPTESLAVO ETiTTE- M, M(x.y)

00 kot to cvpPorilovpe pe Oxy. To choTua
Oxy Aéyeton opboxavoviko, yluti eivar opbo-

N

YoOVIo kot kavovike. OpBoydvio gival, yotl J

ot GEoveg x'x ko ¥’y eivon kéBetor, ko ko- X > >
4 4 4 = = s -

vovikd, yoti o dtavocpato I kot J elval 0 i M,

GOUNK).

[Tavo oto kapteciavd eninedo Oxy maipvovpe Eva onueio M. And to M pépvov-
He TV TopIAANAN 6TOV ¥y, TOL TERVEL TOV XX 6TO M|, KOl TNV TopUAANAn 6TOV
x'x, TOL TEUVEL TOV V'Y 6T0 M. Av x givar n TeTpunpévn tov M| g Tpog tov dlova
x'x Koy m teTpnpévn o0 M, g mpog Tov agova 'y, T0te 0 X Aéyeton TETUMREVN
Tov M ka1 0 Yy teTaypévn tov M. H tetpumpévn Ko 1 tetaypévn AEyovtol 6uvTe-
Taypéveg Tov M. 'Etol o€ kd0Oe onueio M tov emmédov avtiotoryel Eva (gvyog
GUVTETAYUEVOV.

ANG xou avTiotpopws og KaOe (evyog (x,y) TPAYUOTIKOV oplOUdV avTIoTOUYEL
povadikd onpeio tov emuédov, to omoio Bpioketon wg e&ng: Mavew otov a&ova
x'x Taipvovpe to onueio M, (x) kot 6Tov y'y 10 onueio M, (y). Amo to M| kou M,
Pépvovpe TOPIAANAES 6TOVG AEOVEG Y'Y KOL XX OVTIGTOIYMG, TOV TEUVOVTIOL GTO
M. To onpeio M sivar to {ntodpevo. Eva onueio M pe tetunuévn x Ko TEToypévn
y cvpporiletar kKou pe M(x,y) M amAd pe (x,y).
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2vvretayuéves Aiavicuatog

"Eoctw Oxy éva cOGTNUO GUVTETAYUEVEOV GTO EMIMESO Kol & £va OIAVUGLO, TOV
emnédov. Me apyn to O oyediblovpe to dtavocpa O4=d. Av A xair A, givar ot
TPOPOAEG TOV A GTOVG AEOVES XX KAl 'y AVTIGTOTXWG, EXOVLLE:

OA =04, +04, (1) y4 a
Av x, y glvon ot cvvietaypéves tov A, toTE y y
o0t 04, = xi' kot O4, = yj. Enopévog n 166- g )
mra (1) yphoeton A a
a=xi+yf J - - -
Amodeilope nAadN OTLTO a €lvol YPORPIKOS o A X
cuvdvaonés TV i Kat j.

2NV TOPOTAVE KOTOoKELT ot aptfpol x kot Y stvor povadukoi. o amodsiEovpe
TOpa OTL KoL N EKPPOCT] TOV & OG YPOUUKOD Guvdvacuod Tov i kat | eivol po-
vodu. [paypartt, €0t 0TL 1IoYHEL Ko

+y7 .

a=x7
Tote Oa Exovpe
xi+y =xT+y7
(x=x)i =('=»)Jj
Av vroBécovpe 0Tt X = X', INhadn 6tr Xx—Xx' =0, 1d1e O 1oyvel
y'-y-
7 J
X—X

i:

H oyéon avt, opwg, dniovel 6tL i /1], mov eivar dtomo, apod to i Kot |
dev eivan ovyypopuikd. Emouévog X=X, mov cvvemdystoar 6Tt ko Y =Y.
Qore:

“Kaé@0¢ o1avoopa @ tov Emaédon YpAPeTOoL KATA LOVEOLKO TPOTO G6T1| HopoeTt]

a=xi+y”.

Ta dwavoopota xi kol pj AEYOVIOL GUVIGTAGES TOL SOVOCUOTOS ¢ KOTO TN
d1e00vvon TV | Kol | avTioToiyme, evé ot aptduol x, Y AEYoVTol GUVTETOYHEVEG

ToL & o710 cvotnuo Oxy. [T cuykekpéva, 0 X AEYETAL TETUNREVT TOL & KOL O
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y Aéyeton TeETAYREVI] TOL A. ATTO TOV TPOTO OV OPIGTIKOY Ol GUVTETAYUEVEG EVOG
SlovOGHATOG TPOKVTTEL OTL:

“Avo dtoviopata gival ico av Kol Hévo av 0l aVTIGTOLYES CUVTETAYUEVES TOVG
gival ioeg”.

Koabéva and ta ica Stovdcpato pe TETUNUEVN X Kot TeTaypévn Y, 0o to cupPoii-
Covpe pe o drateTarypévo Levyog (x, p).

2vvretayuéves I pouuikod Lovovaocuod Aiavocudtwy

AV yvopilovpe TIC GUVTETAYHEVES D0 SlavuopudTOV d Kat f TOL KAPTEGIOVOD
eMIESOL, TOTE PMOPOVIE VaL PPOVIE TIC GUVTETOYMEVES TOV afpoicpatog d + f3,
TOV YWVOUEVOL Ad, A € R Ko YeEVIKA KAOE YPOopKoD Guvovacol Tov & Kol .
paypatt, av & =(x,,y,) ko B = (x,,¥,), TOTE €YOLLE!

® d"'ﬁ:(x1;+y1j)+(x2;+y2j):(x1 +x2);+(y1 +y2)j
o la :/l(x1;+y|j) :(/lxl)l?"'(zfyl)j

Enropévog
aA+B=(x+x, y+y) ka  Ad=(Ax,Ay)

N 1oodvvapa

(x1ay1)+(x2’y2)=(x1 + X5, 0 +y2)
)’(xlﬂyl) =()'x1’)'y1)

TeVIKOTEPO, Y10. TO YPOUIIKO GUVEVOOUO Ad + uffi £xovpe:

Ad + ,UB = ()“xlﬁﬂ’y])+(ux2’/‘ty2) = (A'x] + ,uxz,/”ty, +NY2) .
o wapédetypa, av d@ = (1,-1) kot f = (1,2), tote
a+p=>0,-1)+12)=(2,0),
26 =2(1,-1) = (2,-2),
a —ﬁ =1,-D-(01,2)=(1,-D)+(-1,-2) =(0,-3),
Ko 20 — B =2(1,-1)-(1,2) =(2,-2)+(-1,-2) = (1,-4)
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Ag Bswpnoovpe dVo onueia A(x,,y,) ko B(x,,y,) TOL KAPTECLOVOD EMTEOOV

Ko og vroBEécovpe 6Tl (x,y) givol oL GVVTETAYHEVEG TOV HEGOL M ToL AB.

Emedn O—M:%(@+@), Ko Y

OM = (x,»), OA4 = (x,01), 0B = (x3,7,),
€yovpue

_l YN vt
(an’)—Z[(xpyl)‘*‘(xz,)Q)]—( 2 s 2 j

\

B(x2,y2)

M(x.y)

A(xl’yl)

Enopévog woyvet

N2 S 5 1
2 2

2vvretayuéves Araviouarogs ue I'vwora Axpao

YA
Ag Bsmpnoovpe 800 onueion A(x,y;) Kot

B(x,,y,) TOL KOPTEGLOVOL EMTESOVL Ko
oG vroBécovpe 0Tl (x,y) eivon ol cvvrte-
Taypéves tov davvcpatog AB. Emedn,

AB=0B-0A4, AB=(x,y), OB=(x,,),

=Y

B(x2’y2)

A(x1,1)

Ko a:('xlﬁyl)’

€yovpe:

= Y

(x,0) = (x3, ) = (%, ) = (X, =%, 7, = »)-

Emopévac:

B(x,,y,) dtvovtan amd Tig oyéoelg

X=X—=X xou Yy=Y,—-Y.

Ot ovvtetaypéveg (x,y) TOL davOGHOTOS e Gkpo ta. onueion A(x,,»,) Ko
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AnAodn
TETUNWEVT TOV AB = TETUNWEVT TOV B — TETUNMEVT TOL A

TeToypévn Tov AB = teTOypévn Tov B — TeTaypévi Tou A.

TNo mapdderypa, o didvocouo AB pe apyn to A(L,2) ko mépag to B(3,7) €xel
GUVTETOYHEVEG X =3—-1=2 Ko y=7—-2 =35, dnhadn eivar ico pe 1o & =(2,5).

Métpo Aravicuarog yA

® 'Eotow & =(x,y) €&va d1AvVLGUO TOL KOPTECL- 4 | A(xy) N
ovoL eTEOL KOl A TO ONUEID pE dVLGHOTL- a
KN oKTivo OA=d.Av A, xair A, givar ot Tpofo-

AEG ToV A 6TOVG AEOoVES XX Kol V'Y avTioTolYMG, 0 Zl ;
€MELON TO oNpeio 4 Xl TETUNUEVN X KO TETOLY-

pévn y, Ba woyder (OA) = x| kar (OA) =Y.
"Etot 0o éxovpie:

|G [=(0A)" =(0A)" +(AA) =(0A) +(0A,)" =[x +[y[=x"+y".

Emopévac:

Av @ =(x,y),101€ | @ |=x* +)° (D

T mapddetypa, av @ = (5,12), tote |a = V5> +12° =13,
e Ag Oswpfcovpe Tdpa dvo onueion A(x,,y,)

kot B(x,,y,) TOL KOPTECIOVOV EMTESOV. v B(x2.2)
Emedny n amdéotoon (AB) tov onueiov A4
Kol B etval {ion pe to péTpo TOL SAVOGHATOG
AB = (x, =x,,¥, =), cbppwva pe tov tomo (1)

, A@x1.1)
0o woyvet:

(AB) = (x, x> + (3 — 3 )’ )
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Enopévog:

H andéotoon tov onueiov A(x,,y,) kol B(x,,y,) &lvorion pe

(AB) =(x, x> + (3, = 1)

Mo mapaderypa, n ondotacn tov onueiov A(2,-7) kot B(5,-3) elval ion pe
(AB)=/(5-2) +(=3+7)" =3 +4* =5.

EPAPMOI'EXY

1. Av A(-2,1) xon B(1,4) givar o1 600 Kopo@ég TOL Tapaiinidypappov ABIA ko
K (2,-3) T0 KévTpo Tov, va. Bpedoviv 01 cUVTETAYUEVES TOV KOPLOQOV I kan A.

AYZH B(1,4)
Av I'(x,y,) xot A(X,,Y,) ivar ot 300 dAleg Ko- A1)
PLPEC TOV TOPUAANAOYPOLLLOV, ETEWST TO K givor ’
T0 pécov tov A7 kol BA, £govpe:
3
x1+(—2):2 X +1 )
2 —5 =2
Ko 2
ntl_ -3 »,+4 3 ’ F
5 2277
2
Emopévac,

{xl =6 {xz =3
Kot .
»==1 y, =10
Apa, o1 cuvteTayHEVEG TV KOpLO®V I kan A givon (6,—7) kon (3,-10) avtictoiymg.

2.* Na PBpeBodv o1 cuvreTAYPEVES TOV KEVTPOL
Bapoug G Tov Tprywdvov ABI, av givan Ay
YVOOTEG Ol GUVIETUYREVEG TMV KOPLYAOV

TOVL.

AYZH

Av (x,3), (x,,,), (x5,;) etvon ot GuvteTOypué- A\
VEG T®V KOPLO®V A, B, I" avtiotoiymg kot (x,y) By2) T(xs)

glvol 01 GVVTETOYUEVEG TOV KEVTPOL PAPOovg TOL
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OA+OB+0I

ABT, eneidfy OG =5 (Egpopp. 1 § 1.3), Ba éyovpe:
(x y):(x17y1)+(x29y2)+(x3’y3)
' 3
X X, Y, ) (NN X Yy, s
3 37 3
Apa
Xt Xot Xy Nty tYs
X= 3 ., y= 3 .

2ovOnkn Hapaliiniios Aiavooudtwv

‘Eoto & =(x,,),) kot = (x,,¥,) 600 dVOGUOTE TOL KAPTEGLOVOD ETITESOV.
— Av 10 drovdcpata givor TapaAinio Kot vrofécovpe 6Tt B #0, t6te Oar VIap-
¥el A e R, tét010G, dhote d = AS. Emopévac, Oa éxovpe (x,,,) = A(x,,y,) 1 160-
dvvapa:

X =A%, kot Y, =4Y,,

X
omdTe B 1oydEL XV, — VX, = Ax, Y, —Ap,x, =0 9 1codvvapa | N 0.
X, W
- X, X
— Av B =0, t61¢ O 1o0€L | A e
X, Y, 0 0

Agifope Snhody 6Tt av Ta Stavdopate @ kot f eivon mopdAinia, tote

X N 0
X W
. Xy . , - = . .
e Avuotpépwg, av |1 7' =0, 16t 0 Srovdopota ¢ kor S Oa sivon mapdAinia.
X W
X |

e 0, &govpe %12 =X, 0.
x2 y2

IIpdypart, emedn

Enopévag,
7 x] 7 , X] ’
— Av x, #0, 10t y, = x—yz, omote, av Bécovpe P A, Ba Exovpe
2 2

X, =A%, woar Yy, =AY,.

Apo, @ =AB xoicvvendg d//f.
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— Av X, =0, 16t€ X,y, =0, ondte av X, =0, Ta Stavocpato & Kot B Ba elvan
TOPAAANAO TPOG TOV AEOVA TMV TETAYUEV®OV, Apa. Kot HETAED TOLG TOPIAANAL,
evo, av Yy, =0, tote 10 B 0o sivar To pmdevikd Sidvocpo kot dpo., TapAAnAo
TPOG TO .

Amodei&ope Aoutdv 0Tt

- X
Gl D=0 (1)
'x2 y2
Tnv opilovca N , TOL €Y€L ®G I ™ Ypopun TG GLVIETAYUEVES TOL Olo-
Xy, N

VOGLOTOG @ KOl G 21 YPOUUN TIC GUVIETOYLEVES TOV SLOVOGHATOS f3, TN Aéue
opilovca TV Sravuepdrov d ko  (Le ™ ogpd oV divovtat) Kot Oa T GV
BoAilovpe pe det(d, B) . Etot, n mopomdve 1codvvapio Statvrdvetar og eERG:

allp < det@ f)=0

Ia Tapaderypo:

— Ta dwvdoupata o"c:(\/37, -1) ko E=(3,—\/§) givol mapdAAnia, o@ov
NER
3 3

— To dwwvoocpoto o =(2,3) wou S =(-12) dev eivar mopdAinia, opov

det(@, B) = =-3+3=0, evd

2 3

det(di, f) = B 2‘=4+3=7¢0.

2vvreleatijc AicvOvveng Aiaviouarog

e Eotow o =(x,y) éva un pundevikd didvoouo Alxy) Ay
kot A to onueio Tov EMUTESOL Yo TO OmOio |
oYVEL OA=a. Tn yovio @, mov Soypdeel o

nua&ovog Ox av otpael yopw and 10 O Kotd

™ 0eTK”] Popa UEYPL VO GLUTECEL UE TNV M-

A

>y

gubeio OA4, v ovopalovpe yovia mov oym-

potier To dogvoopa a pe tov afova x'x.
Etvatl eavepo 611
0<p<2r.
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Mo ) yovia ¢, 6mwg eival yvootd and v Tpryovopetpia, ov 10 & dgv glvon
TOPAAANAO TPOG TOV A&ova. 'y, 1oxEL

epyp = S

X

To mAiko b4 ™G TETAYUEVIG TPOG TNV TETUNUEVT TOL SVOCUOTOS & = (X, V),
X

pe x #0, 1o Aépe ovvreresT] 01eVOVVONG TOV O Kot Tov cupPorilovpe pe A, M

omAag pe 1. Emopévac:

A

==

=e0pp

Etvor poavepo ot

—Av y =0, miadn av a //x'x, 1oTE 0 GLVTEAEGTNG d1evBLVONG TOL dVOGLATOG
a givoro A =0.
— Av x=0, dnhadn av a/1y'y, 10t€ dgv opileTan cuvtelestrg devBuvong Tov
SavOGUOTOG .

e Ac Bepficovpe THpo dV0 Stavicpota @ = (x,,y,) Kot f = (x,,V,) HE GUVTELE-
otég devbuvong 4, kar 4, aviictoiywe. Tote £xovpe Tig 1Icoduvaied:

XN

Xy, W

allf <

N_Y
=0y, =5y, &L= =1,
X%

Emopévmg, 1 ouvOfiKkn tapaiiniiog yio 0o dtavdopato ¢ kot S pe cuvehe-
otég devbuvong 4, kar 4, Slatvndvetan og £ENG:

allp < =21,

E®PAPMOI'H

Na Bpedovv o Tipéc Tov 1 € R ya Tig omoigg To onueia A(1,0), B(—u*,3) kot
I'(-5u,9) gival cvvevBeroka.

AYZH

Taonpeio 4, B, I givor suvevdetard, av kot ovo oy todtoviopoto AB = (—u’ -1, 3)

ko A = (=5 -1, 9) eivan mopdddnia, Snhodh, av kot povo av det(AB, AT)=0.
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"Exovpe Aowmdv

det(4B,A') =0 <

—ur-1 3
—Su-1 9

& -9u* -9+15u+3=0
&3 —5u+2=0

, 2
Su=1 1 u=§.

AXKHXELY

A" OMAAAX

1. Iow eivar  Béon o10 KOpTESIAVO €MiMedo TV onueiov M(x,y) yo To
omoio 1oyvEL:
@) [x[=2 (ii) [x[<2 (i) [y>2 @) [xH yl.

2. No Bpeite T1g amooTaGEIS TV TOPUKAT® SNUEIDV od Tovg AEOVES XX Kot vy
A(-12), B(3,4), I'(-5,-6), A(a—1,B+2), M(x,y).

3. Aivetonto Stdvoopo @ = (A° —4, 1* =31 +2), 1 € R. T'towowa Ty Tov A givou:

(i) d=0; (i) d#0 wou @//xx;

4. Aivovtal To S10vOCHOTO
d=(A"-31+2,24% -34-2) xar B =(A*-51+6, 31 +74~-2). Na Bpeite

70 A eR, ®ote va givar o = .

5. No Bpeite Tov wpaypotikd oppd x, dcte ta dtavocpoto d =(X,1) ko
B =(4,%) va givol opdppoma.

6. Av U =(3,4), mo1o dtdvucpa givor cuyypappikd pe to U Kot £xel STAGG10
pétpo amd to U;
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A
7. Z10 Smlovd GUOTNUHOL GLVTETOYLE- Y .
vov givart OA =1 kot OB = j. No k-
PPUGETE MG GLVAPTNGT TNV | KAl |
a) Ta dStavdopota Oécemg TV onpei- B 4 0 [H
A
ovl, A, E, Z, K xon H. e P
. J
B) Ta dwavoopoto I'A, KA, HA, KA, -
HO, ZA xo1 KZ. 0 - -

. Atvovton to onpeio A(-1,6) wor B(-9,-2). Na Bpeite (i) To onueio tov

a&ova xx mov woanéyel and to 4 ko B (ii) To onueio tov d&ova yy' mov
woanéyel omo ta A Kot B.

B OMAAAX

31
. Av 10 onpeio K 2,2 , A 3,Z , M 4,2 , N(3,1) o E(—,—j elva o
22 2 22

2
péoa tv TAevpav AB, BI, IA, AE xou EA, ovTioTOlY®MC, TOL TEVIOYDVOL
ABIAE, va. Bpehovv 01 GUVTIETAYUEVES TOV KOPLPDV TOL TEVTAYDVOV.

. Zg éva GUOTIN IO CLUVTETAYLEV®V 01 TETUNUEVEG dV0 onpeiov 4 kot B givot ot

piCec g e&iocwong x> —(A* —4A4 +3)x—17 =0. No Bpeite Tnv i o0 L € R,
MOTE TO HEGOV TOL TUNHOTOG AB va £xel teTunpévn ion pe 4.

. Atvovtan ta onpeia M, (k,,4,), M,(k,,4,), M,(x;,A,) xou M,(x,,2,). Na

amodeifete OTL, av Ta onueio avTd givor To PEGH TOV SLUBOYIKAOV TAELPDV
€VOG TETPATAEV POV, TOTE 1OYVEL
K +Kky, =K, +k, Ko A+A =4, +4,.

. ['la omo1oVGNTOTE TPOLYHOTIKOVG OPOUOVG 0, &y, B, B, X, Y VOL amodeileTe Ot

Jo—a) + (=B +—a,) +(y—B,)° 2 (@, —a,) +(B, — B,)* -

. AlvovTail 000 [ GLYYPUUUIKA S1vOGHaTO A Kot B evog emumédov. Na amo-

dei&ete 611 0mOL0ONTOTE S1dvuco T TOV EMUTESOV ALTOD UTOPEL VO EKQPOL-
OTEL OC YPUUUKOS CUVOLOGUOS TOV & KAl S KOTA LOVAOIKO TPOTO.
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1.5 EXQTEPIKO TINOMENO AIANYEMATQN

I'vopiovpe 611 10 €pyo mOL TOPEYETOL OO U0l

H F
dovaun F otav petotomiler to onueio epappo-
YNG ¢ amd 10 O oto A gival 160 e 1O YvOUEVO /
@

| F|<(OA)-cuve. To ywvopsvo ovtd cupBorileton pe

L 0 A
F - OA ko1 AEYETOL E6OTEPLKO YIVOUEVO TNG SVVOUNG

F e 1o divoopo 04 . Tevikdtepa, £xovpe Tov akdAovO0 0pLopd:

OPIEMOX

o Ovoudlovpe E6OTEPIKO YIVOREVO SVO [N UNSEVIKOV SLOVUCUATOV ¢ Kot
B ka1 to cupPorifovpe pe G- B TOV TPAYHATIKO apOUO

a-p=al-|B| ovve,
6mov ¢ 1 yovio Tov Stovosudtay @ Kot f.

e Avg=01 ﬁ:O,rétaopiConus a-f=0

TNo mopddetypo, 10 E6OTEPIKO YIVOUEVO VO SOVUGUAT®V O Kol S pe |d =3,
. T ,
| B =8 won gozg gtvan

G-f=38covE=3.81-12,
3 2

ANEGEG GUVETELEG TOV TTOPATAV® OPIGHOD gival ot e€Ne:

° a-p=p-a (AvTipetafetikn 1O10TNTA)
e Avalf, 1bte a-f=0 KOl 0vTIoTPOPMC.
e Aval™ B, tote a-B=lal|B| KOl OVTIGTPOPMG.
e Avatl B, tote a-B=-lal|B| KOl OVTIGTPOPMG.

To ecmTEPIKO YIVOUEVO @ -G GLUPOMLETON pe G Ko AYeTal TETPAY®@VO TOL .
‘Byovue: @° =|d |-|d|ovv0 = a|’. Emouévog
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Edwcotepa, yio Ta povodioio SlovOcpato i Kol ] Tov KopTESLovoD emimedov
oybouv:

1

i-j=ji=0 xam i’=j=1

Avaivtiky ‘Exppacny Ecwtepixod Ivouévoo

®Oa dOVLE TOPO TOG LTOPOVLLE VO EKPPBECOVLE TO Blwn) Ay

£0MTEPIKO YvOLLEVO dDO SlovuoHATOV & = (X, ),) :

ko f=(x,,y,) GUVOPTAGEL TOV GUVIETOYUEVMV A(x1. 1)
TovG. Me apyn 1o O moaipvovpe To SVOGHOTO Z’ 0 %

OA=d ko1 OB = f. ATd T0 VOUO T®V GUVIITO- a R
VoV 6To Tpiywvo OAB éxovue v 160TNTO o X

(AB)? = (OA)? + (0OB)? — 2(0A)(OB)cuvAOB,

N omolia 1oYVEL Ko 6TV TepinTtwon wov to onueio O, 4, B eival cuvevdeloKd.
Opomg etvon
(AB)” = (x,=x)” + (3 = 11)%, (OA) =x] + 5 ko (OB)’ =x; +7.
Emopévmg, £xovpe dradoyika:
(X, —X)2 + (Y, = Y,)? = X2 + y2 + X2 + y2 — 2(OA)(OB)OUWAOB

2

XA X2 2% %, + VP + Y2 =2y, Y, = X2+ Y2+ X2+ y2 —2(0A)(OB)owAOB

Kot eneldn (OA)(OB)oUVAOB = G - B, £)OVHE TEMKG:

d'ﬁ =XXt VY,

AnAodn:

“To £6OTEPIKO YIVOPUEVO VO dLEVLGUATOV €ival ico pe To GOpoopa TOV Y1-
VOUEVOV TOV OLOVOULOV GUVTETAYREVOV TOVS”.

T ToPAdeypo, T0 E6OTEPIKO YIVOLEVO TV d =(-3,4) kou f=(2,-1) sivau
a-f=(-3)-2+4(-1)=-10.

Me 1 BonOsta TG avaAVTIKNG EKPPACTC TOV EGMOTEPIKOV YIVOUEVOL OBa amodei-
Eovpie OTL 1IGYHOVV O1 EMOUEVES 1OIOTNTEG:
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o (Ad)-B=a-(AB)=A@-p)

o G-(f+7)=ad-f+a-¥ (Empueproticn I610t10)

e Gl o LA =-1 oOmov A=4 kou A, = Ag> EPOGOV a,BNy'y
péypat, av & = (x,,y,), B= (x,,¥,) Kol ¥ =(x;,;), TOTE E(OVUE:
o (&) B =(Ax, A0 (50, 0) = (Ax)X, + (Ay)ys = Mxx, +31y2) = M@ - )
Kol
@ -(AB) = (x,, ) (Ax,, Ay,) = x,(Ax,) + 3, (Ay,) = A(x,.x, + 3,y,) = M@ - ).
Apa,

(ha)- B =d-(AB)=A(@- )

° &.(B_i—?):(xl’yl)(xz X3, 0, +13) =%, + %)+ 1 (v, +33)
= (XX, +x,.x55) + (1, + 3, 03) = (5%, + 3,0, + (x5 + 3, 3)
=a-f+a-y.

° dLB®&~ﬁ:0®x1x2+yly2:0<:>yly2:—x1x2@ﬁﬁ:%@)ﬂﬂa:—1
X X

2vvyuitovo I'wviag ovo Aiavocudtwy

Av @ =(x,,y) ko1 f=(x,,y,) ivar 800 un pndevikd Stavdouate Tov ETUTESOL
mov oynuatilovy yovio 6, tote - =|d || f | ouvO kol emopévac,

a-
ovvl = — ﬁa .
a8
Eivot opmg
7 2, .2
ad-B=xx,+yy,, |dlE{x+y wa [BlExy+y;
Enopévag,
oLV = XX, 3,1y,

Jxg + 3] \xl 3

o mapadetypo, av 0 sivor N yovia tov Stavooudtov & = (1,2) kot f = (3,1), 1o1e:

1-3+2-1 1 2 4
ocvvl = 3+ > —, onote O = Z

Jei2 i 50 V22
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EPAPMOI'EY

1. Av @ kat § sivar 8vo Sravdopara Tov emmédov, va amodeiytei oTu:
M la-Bl<lal|B] (i) (@-B)* <a’p?

II67te woyydovv ot 160TNTES;

AIIOAEIZEH
(i) Av 6 givou 1 yovio tov Stovoopdtov d@ kot f , T0Te £xovpe:
l@-Bl=|lél-|Bl-oove |=lG|-| Bl-|ovovo ||| BI.
H 166tt0 1o)0et pévo, av cuvl = +1, dnhady, povo av d//p.

(ii) Emiong, éxovpe (@-B) =|a-BIr<(al-| B’ =l -|f[F=a*-p°.
H 166t 16)0eL, OTMG KOt TPOTYOLHEVHC, HOvo dtav d /1.

2. "Ecto 800 Swavicpara @ ko f wov £xovv pétpa |d|=\/§, |BI=1 ko
, , T , , . =, &
oynpotitovv yovia ¢ = ra Na BpeOein yovia tov dwevocpdtov X =da+

Kol y=da-f.

AYZH

X-

<

Av 0 gtvarn yovio tov X kol Y, 10Te cvvl = . Apxkel, emopévag, va vmo-

1X]-151
AOYICOULUE TO X - Y KO TO LETPA TOV X, V.

"Exovpe Aomdv
o I y=(G+pa-f)=a>-f>Haf -|fl=3-1=2.
XP=x*=(d+p) =a*+ > +2dB

=@ +| B} +2|d||Blovve

:3+1+2-ﬁ-1-§=7.

® |yP=y'=(@-p) =d’+p’-2dp
=G| +|BI -2]d | B|ovve
=3+1—2-\/§-1-?=1.
2 27
Vi 7

onote 0 =41°
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3. Na amodgyTel 6T cuv(a — B) = cuvacuvvP +nuanuf, 6mov 0< f<a <.

AIIOAEIZEH

. Ay
Av 610V Tpryovopetpkd KOKAo Ta dtavdcuate OA4

kor OB oynpotifouv pe tov aéova x'x yovieg a Kot

S avtiotoiymg, tote Ha givon OA4 = (cvva,Mua) kot VA

OB = (cuvB,up).

Emopévmg, Ba £yovpue:
OA-OB :|5;1 |-|5§ |-ouv(a—B)=1-1-cuv(a — B) =cvv(a—f)
Ko
OA-OB = (cvva,nua)(cvv,nup) =covva -covf +nuo -Nus.
Apa,

cuv(a — ) =cvva -cuvf +nuo -MuS

Ilpofoin Aravicuarog o Aigvooua.

‘Eoto &, V 800 dtaviopoara tov emmrédov pe @ # 0. Me apyi| éva onusio O maip-
voue o Stavoopoto OA=d ko OM =v. And 10 M gépvoupie KGOeTo 6T S1e0-
Buvon tov 04 kat éotm M | TO xvog g KabETov.
To diévvopa OM, Aéystol TPpoBoin TOV V 6TO d

Ko cupporileton pe mpoB,v. Aniadn,

OM, =npof,v.

AmodetkvieTat 0Tt 1| TPOPOAN TOV vV TAV® 6To d eivar aveEapTnn amd Vv ent-
Aoyn tov onueiov O.
['a 10 ecTEPIKS YIVOUEVO TOV & KOl V EYOVLE:

a@-v=a-(OM,+ MM)=G-OM, +d-M,M =G-OM, =G -npop,v

a

Emopévmg:




46

EPAPMOI'EXY

1. Na Bpebei n mpoPfoi Tov SwviopaTog V TAVM GTO SLAVUCHO G, OV

.1 , . ~ Lo, T
e |= >’ v |= NE) KU1 1] YOVIO TOV O10VOCUATOV d KOl V gival ion pe ¢ = s

AYZH

‘Ecto V) = npofizv. Tote Oa woydel V, = Ad. Enedn a -V =a -npof,V, Exovpe:

a-V=a-Vy oa-V=o-ia

1

<|

Sa-vV=1-a
Sld || V]oove =A-|d [
Qﬁ.ﬁzi.l
2 2
< A=3
Apo, V,=3a.

2. Aivovto ta dwavoopata a = (3,1) kot v = (1,2). Na avaiv0gi to v o€ 600

KAOETES GVVIOTOOES, Al TIG 0TTOiES 1) Hia va gival Tapariinin 610 o .

AYZH
‘Eoto ¢ n gubeio n kéOetn ot devbuvon tov a. AY
- , €
Amd to mEpag M tov vV pépvovpe Tig kabeteg MM, M
kot MM, ot dievbovon Tov d Kol GTNV & VTl v 4=
vV A
ctotymg Kot €0t OM, =V, Kou OM, =V,. i P
"Eyovpe V2 Vi
[ M,
V=V +V,. 1 >
e 1) — -

To dwdvocpa v; eivar n TpoPfoir Tov vV oto
Kol emewdn v, //d, vndpyer A eR, tétolo ®ote mpofyV =Ad =(34,1). Opwmg
0 -V =0 -mpofyV Kol EMOUEVOS £XOVLE SLASOYLKAL:
3,1)-(1,2)=(3,1)-(31,1)
31+1:2=3-31+1-1
5=104
1

A==
2

U B 31 o 31 13
ZUVETAG, =—a==0G,)=|=,— | xku V, =V-V, =(1,2)—-| =,— |=]| —=,= |.
TG 175 (3. (2 2} 2 1 =(12) (2 2] ( ]
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AXKHXYELY

A" OMAAAX

. Av d =(-1,3) kat B =(2,5), tote

(i) Na Bpeite ta eo0tepcd ywvopeva - f, (2d)- (-3B) ko (- B)-(3ad + )

(i1) Na Bpeite T oxéon mov cuvdéetl Toug K, A € R, ©GTE TO €6MTEPKO Y1~
vopEVo Tov Stovoopdrov U = (k,1) kat f vo givon ico pe undév. Towa
N ox€01 OAWV TO®V SIOVUGLATOV U 6TV TEPITTOON aVTY);

. Av i =(1,2), v=(4,2) xor W=(6,0), vo. VTOLOYICETE TIG TAPACTAGELG:
- (v+w), [u|(V-w), |@@-v)w| kou (@ |V) -w.

. Av d =(1,0) xou S =(L1), va Bpeite Tov A e R, dote:
(1) Ta StovOopato d Kot o + B vo givon kGBeTal
(i) Ta Srovdopata f kou @+ Af va sivon kGOeta.

. Na Bpeite ta dtavdcpata oo ivar kabeto oto U =(3,-2) Kot £Y0VV HETPO
ico pe 1.

A
= 3 = 5 T g z
. Av |d =2, |BFE3 xu (d,B) ==, vo vmoloyicete Tov Kk € R, ®ote T dia-
voopata G =30 —f o1V =«xd +2f va eivon kéOetaL.

. Av a = (k,l) xou f =(4,3), va Bpeite Tov k € R dote va woydeL:
@) a f=0 (i (of,ﬁ):ﬁ (iii) @ /1P .

. Av|dlH B =1 ko (@, q) ==, va. VTOAOYI{GETE TN YOVIL TOV SIOVOGUATOV
U=20+4f8 xon V=d—f.

. Av ta dtovdcpata d. ko B etvor pn pndevikd, vo amodei&ete Ot

d L (a@-p) < oov(d,f)= |

QJ

= E‘

. Na anodeifete 61t to Swovoopoara G=d | f+|f|a wou V=al|f—|B|a

eivat kdOeta.
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10. No amodeifete 6Tt yuo 300 pn undevikd dtavoopoato é@ kot f, To Sivocpa
V=p%G—-(ad-B)S eivon kdOeto 610 3.
11. Aivovton ta onpeio A(3,-2), B(6,—4), I'(1,5) ko A4(—1,2). Na vroroyicete

(1) To ecmTEPIKO YIVOUEVO AB-TA

(i1) Tv ovumepaivere yia To SLOVOGHOTO AB xou TA;
12. Aivovron to. Stovdopata & = (2,-4) kor § = (=8,5). Na avoidoete 1o § o€ 300
KAOETEG GUVICTMOGECS, 0T TIG OToieg M piol va, givan TopGAANAN TPOG TO &.

13. No vtoAoyiceTe To URKN TOV S10y®OVIOV EVOG TAPUAANAOYPELLOD TOV KO-
TacKeLALETON pE ToL Sraviopata 56 +2f ka6 —-38, av |d |= 242 | BI=3

Kat (&, ) =45".

|B

14. To. ta. StevdopHOTO. TOL SUTAAVOL \ ir

OYNUOTOC VO VTOAOYIGETE TNV TO- \\

- N
dotaon AB-AI + AB-TA. N

P " \\ / AN

15. Na e&etdoete moOTe 10y 0EL: \A%
E A Y|

() ld+BHa|+B]
i) |@|-18]=1a+B|

B OMAAAX

1. Ta Swvdopata & kot f sivon pun pndevikd kot pn cuyypoppikd. No omo-
dei&ete OTL Y100 OAOVG TOVG TPOYLOTIKOVS 0plBong A Ko i 1oyvetL:

2202 + 2 u(@ - B)+ u* B 0.

n_nm.

[T6te woydet To ;

2. No amodeiete otU:

. AR B, I - .
Q) |d+V [ +|id-v[=2]|ul> +2|v (11)u-v:Z|u+v|2——\u—v|2.

M~

3. Afvovtol to pm undevikd Kot pn cvyypappkd dtavdcpota & kot . No
omodeiEeTe OTL:
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(i) O @opéac Tov dravvopatog U =| f | d+|d | B dyyotopei ™ yovia tov Sio-
VUOGHATOV & Kot f3.
(ii) O popéag Tov dravdopatog V =| B |d—|d | B diotopsi TV Tapaminpwm-

HOTIKH YOVio TOV Slvoopdtov & Kot .

.Av|dl=2, |BlEl, |7=3 ko2 d+fB+7 =0, va vroloyicete T

i) a-p. B7. 7-a

(i1) cn)v(o?,ﬁ), cov(ﬁ,;?), GLV(Y,a), Ko Vo, amodeiEeTe OTL A = —ZB Koy = 3ﬁ.
. Av ta davoouoata d =(k,4) Kot B =(u,v) elvor kéBeta Ko Eyovv pétpo

ica pe ) povéda, va deifete Ot (kv —Au) =1.

ay + Bo <.
Joi + B2 y* +67

. Xe nukoKho pe dapetpo 4B kol kévipov O maipvoovpe onpeio M.

. No amodgifete 611 —1<

(i) Na ekppéoete to. Stoviopoto MA kou MB
©C GLVAPTNON TOV & Kot .

(ii) No PBpeite T0 yivouevo MA-MB . Tt ov-
UTEPOIVETE YlOL TN YOVIK TOV SOVUGUAT®V

MA kot MB ; TTowo tpotaocn e Evkheidetog

leopetpiog £xel amoderytet;

. g 1piyowvo ABI to 800 Oy tov BE xon I Z A
tépvovion oto H. ‘Eotw HA=d, HB = 8
won HI™ = V.
(i) Na exppboete to Stovoopato AB, Al
kot BIC ®C GUVAPTNON TV &, f KoL 7.
(i) No. amodeiete 6t 7-ad=7-f wou
Y- B =d- B : B r
(iif) AT6 1O TPONYOVHEVO EPOTNHOL TPO-
KOmTEL OTL ¥ -d = B-d.

Me ) Boneta g 166t TaG ALTAG VO dgi&ete 0Tt AH L BI'. Tlow mpoTaom
¢ Evidieidelog Nempetpiog £xel amodeiytet,
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9.

10.

11.

Atveton tpiyovo ABIT xou eEm-
TEPIKMG OVTOD KOTUCKELALOVE
ta tetpdyova ABEZ xow ATHO.
No exkppdoete to. dtvdcuATO

BO kat ZI' ®¢ GuvapTnon Tomv
ﬁl,ﬁz,fl,fz KOl VO VToloyicete

TO E0CMTEPIKO YIVOUEVO BO-ZT .
Tt cvumepaivete ylo Ta TUNUOTO
BO xar IZ;

~
~
210 duthavo oynpa to ABIA givor TopalAnio- { AN o 7
A
ypoppo kot to. B, A" ot mpoPforég tov I oTig / I

AB xot A4 ovtictoiyws. No anodeifete 0T

0

AB-AB + AA-AA = AT ,
A B B

Atveton k0KAog (O, R) won onpeio M tov enutédov tov. Av petofinty gv-
Oelo Tov d1EpyeTAL 0O TO M TEUVEL TOV KOKAO 0Ta A Ko B, va amodgifete

6TL 10 Ywopevo MA-MB givon otabepo. (To yvopevo avtd Aéyetat dbvaun
700 onueiov M w¢ mpog tov kvkio O).

I'ENIKEXY AXKHXEIY

Av vrapyovv mparypotikoi aptOpoi x, A, w pe |k [+ | A |+ | u [# 0, Té€T0101, DoTE
K+A+u=0 ko, kOA+AOB+ uOI’ =0

vo, oaodei&ete 6TL T onpeia 4, B ko I elval cuvevdelokd Kot ovTIGTPOPMC.

. Av yuo 10 onuegio M tov emmédov evog Tprydvov ABI 16300V 01 oYECELS

AM =2 AB + uAI' kaw BM = A Al + uBA , va. amodeifete 611 T0 M givat o
nécov g mAevpdc Bl

"Eoto O kot 4 890 otadepd onpeio Tov emumédov pe | 04 |= 3. oo ypappn

YPAeovV To. onpeio M tov emméESOL Yo T OToio Etvor OM -(OM —204) =7,
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. Aivovtan 800 pn pmdevika Stavdopota é@ kot B. Av umdpyel A € R, této10¢,
dote |d+Af =1, va anodeifete 6TL TO EUPUSOV TOVL TAPAAAAGYPOLLLOV

OAI'B pe OA=d wo OB = B sivon pcpdTepo 1 ico tov | B .

. 'Eoto O 1o mepikevtpo tprydvov ABI (dnhadn) To onpeio yio To 0moio 1oyv-

€t OA=0B =0I), xu é6T0, A, B Kot ¥ To davdcpato 0EcEms TV Kopv-
o®V A, B ko I avtiotoiyms pe onueio avapopag to O.

(i) Na deifete 6tL 0 onpeio H pe Sivoopa 0éoewg OH =d + f +7 givon 1o
opOodkevTpo TOL TPLIY®VOL ABI.
(i1) Na Bpeite T0o ddvvcpa 0Ecemg Tov BopdKevTpov Tov Tpry®VoL ABI pe
onueio avapopdg to O.
(iii)) Na anodei&ete 011 10 Mepikevipo O, to Papvxkevipo G kot 10 opOoKe-
vipo H evic tprydvov ABI gival cuvevbelakd onpueio kot 6t G dtopet

1
To T OH og Adyo 5°

Atveton Toponioéypoappo ABIA kol KO-
KAOG KEVTPOL O OV JEPYETOL OTd TNV KO-
poen 4 kot tépvel Tig evbeieg AB, A ko A4

ota B', I'" xou A" avtiotoiyws. No amodei-
Eete OTL AB-AB + AA- AN = AT - AT

A A ; A
. 'Eoto éva tpiyovo ABI] G 1o kévipo Bapovg
Tov ko 4, E to onueio wov opifovrat and Tig 166tNTEG

B—Azéﬁ Kmﬁzéﬁ.

Av [ givar 0 péco tov AE, va amodsiete 6t 10 G givon to péco tov AL

YA
4 E
. 210 duthavd oxfua to. OAEA, OBZI xau 7 B(0.5)
AT'HO givon tetpdyova kou ta K, 4, M /.1 e
glvon ta KEvpa Tovg. AQov Ppeite Tig ov- A(a,0)

. g >
vietaypéves tov K, A4 xou M, vo omodei- I ) X
Eete OTL

| AA |5 KM | kav AA L KM .y
H e
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EPQTHXELY KATANOHXHY

1. Aivetou 6t 10 TETpATAELPO ABIA givon poppoc. Kabepio and tig mopakdtm

66t 1EG elval cwot 1 AdBoc. Av glvol cmOTY, KUKAMGTE TO YPALL X, 0V
givan AdBog Kok doTE TO A.

(i) AB=A X A (i) AB =BA T A
(i) AB=TA X A (iv) |AB|HAC| = A
(v AB=AA I A (vi) |ABIHBI[| X A

. Av A4, B, I'kxon 4 glvonl 1€66Epa ONUELD, VO GUUTANPDOGCETE TIG IGOTNTEG:

(i) AB+BI =.. (viy Al +TA-BA=..
(i) AB-AB-=.. (vil) TB+BA-AA=..
(iliy AB+BI +TA=.. (vili) AA+AB+BA-=..
(iv) BA-TA=.. (ix) AB+BA-TA-Al =..

(V) AB-AB+Al =..

3. Av O givar to onpeio Topng TV day@viov Tov TapoAAnAoypappov ABIA,

VO, GUUTANPDOGETE TIG IGOTNTES:
(i) 2AB+BA-=.. (iv) 2AT —-BI -2AB =...
i l—= 1—= —
(i) SAD+-AB=.. v) AB+AA+BI +AT =...

(i) A +AO-TO-=..

4. o To SovOHGHATH TOV STAGVOD GYNLOTOS VO,

BdéAiete e KUKAO TN GOOTN ATAVINON.

1) |m+m|>|ﬁ+ﬁ| y B

ii) ‘W+M§‘:‘E\7+ﬁ]§‘

iiii) |AM +MB| < IAN +@|
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No copuTANPOGETE TIG 1I0OTNTEC:

(1) Zopperpkd tov 4 ®G TPOG TOV X X!

(i1)) ZoppeTpkd Tov 4 ®C TPOG ToV y'y:

(iii)) Zvppetpiko Tov 4 og mpog v opyn O:

(iv) Zopperpikd tov 4 MG TPOG TN SLXOTOLO TNG xOy :

5. Xg éva 6VOTNUO GUVTETAYUEVOV OTO EMINEdO divetal To onueio A(-3,-2).

Al
A
Ay
Al

. Atvovton ta onpeia 4(3,1), B(6,5), [(-4,-2), 4(3,-3) ka1 E(-3,5). Na cuvoé-
OETE UE a Yo KAOE S1GVUGHA TNG TPMTNG GTNANG UE TIC GUVIETAYLLE-
VEG TOV GTI OEVTEPT OTHAN

Aldvocpo  ZuVIETOYUEVES SLOVOGLLOTOG
AB (0,—4)
AT (3,4)
AE (-7,3)
AA (—6,4)
BE (-9,0)

7. Aivovton ta onueia. A(3,2), B(—4,5), I'(-3,-2), A(3,—4). Na cvvdéoete e
Lol YPOoUN KGOE TUNHO TG TPMTNG GTAANG LE TIG GUVTETOYUEVEG TOL Lé-
GOV TOL GT1 OEVTEPT GTNAN.

Tunuo ZVVIETAYUEVEC LEGOV
AB (0,0)
BI [-l Zj
2’2
» (3
22
AlC (0,-3)

8. Noa BdArete og KOKAO TOV 0pOUO TOV AVTIGTOLYEL OTN COGTN ATAVTNON.

(1) Atveton to dtbvoopa @ = (3,-2) xatto onpeio A(4,-1), B(-2,7), I'(0,3)
kot A(L,5). TTowo amd ta dtavdopata givor iGo pe to &:

1. AB

2. AT

3.AB 4. BA 5. AT
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(i1) Aiveton to ddvvcpa & = (3,-2). [Towo amd Ta drovdcpaTe Eivol TopaA-
ANAO HE TO &
1. B=(@84) 2.7=(-4,-2) 3.86=(-63) 4.5=(-6,4)

9. Atvovtar tetpdywvo ABIA pe kévipo O ko r

mhevpd a. Na Bpeite og cuvaptnon Tov o to
E0MTEPIKA YIVOUEVAL: A ‘
(i) AB-AA (iv) OA-Or
(i) AB-AT (v) AB-AT } B
(iii) OA-OB (vi) AB-TA. )

10. Ta Swavoopota U kot V Egouv pétpa 2 kot 3 avriotoiyws. Na Ppeite to
YWOUEVO 1 -V, OV 1 YOVIO TOV S10VUGUATOV ovTdV givot: 1) 00 ii) 30°
i) 60°  iv) 90°  v) 120" vi) 150"  vii) 180"

11. No BaAete 6€ KOKAO T CMOOCTH OTAVTNON:

Av U-V=0-W kon G#0,%0t€ A.v=w B.V/Iw Lilv-w A i Lv+w.

12. No cuvdéoete pe pa ypoppn ke {evyog SlovucHAT®VY TG TPMTNG OTN-
ANG e TO €100G TNG YWVING TOVS TTOV AvaPEPOVTAL GTN deVTEPT GTNAN.

Awovocpata T'ovia
1. #=(7,5),v=(-12) opn
2. id=(-3,4),v=(2,-1)
3. 4=(3,5),v=(6,0) o&eia
4. u=(0,-1),v=(-5,4)
5. u=(-2,3),v=(3,2) apPAreio
6. u=(k,A),V=(-4,K)

13. ' ToL SovHGLOTO TOV TOPOUKAT® GYNUATOG VA BAAETE GE KOKAO TI GOGTH
omdvinon:

(i) AB-AA> AB- AT e
(ii) AB-AA< AB- AT '

(iii) AB- AA= AB-AI' |




55

2 H EYOEIA
2TO ENIITEAO

Ewcaywyn

H 3éa g xpnoiponoinong evog CUCTAUATOS CUVIETAYUEVMV YloL TOV TTPOGC-
Sopopd ¢ Béong evoc onueiov TAVE® GE U0 ETPAVELD. TPOEPYETOL ATd TNV
Teoypapio kot NtV yvOOT GTOVS 0pXAioVS YEDYPAPOVS. XNV EQAPLOYN
avtg ¢ 10éoc ot Neopetpia ompiletor n évvola g e&iomong pog Ko-
UTOANG, ONAd TG OAYEPPIKNG 10OTNTOS TOV IKOVOTOLEITOL OO TIG CUVIETOY-
HEVEC TV oNueEl®V TS KOUTOLANG (Kot povo avt®dv). H évvola avt Oewpei-
TOl CNUEPA TOCO OmAY], MOOTE 1 ddacKaAio Tng va apyilel and to Ivpvdocio.
2TV TpayHoTikKOTNTO OpmG 1 €EEMEN TG YPEGTNKE TOAD ¥POVO Kol LT P-
&e to amotélecpa pog ovvheong avapeca ot [eopetpio ko oty AlyePpa,
UE EMAVOOTATIKEG GLUVETELEG Yoo To. MaOnuoatikd kol Ti¢ Oetikéc Emotuec.
H avéyxn kot to tpdta iyvn evog “cucTiatog ovaeopds” epeavifoviol otnv
apyaio EMAnvikn [eopetpio KoTd T HEAET TOV KOVIKOV TOU®V (dNACON TNG
mopaoAnc, TG vIEPPOANG Kot TNG EAAEWYNG, TIG OTtoieg O pLeleTGOVLE TTOPOL-
Kat®). O AmoA®dviog 6to 10 Biprio tov “Kovikdv”, apov opilel avtég T1g Ka-
UTOAEC GTEPEOUETPIKA (OG TOUEG TOL KOVOL and éva eninedo, ypnoionotel SHo
GUYKEKPUEVEG EVOEIEC TOV GYNUATOC, YO VO OTTOSEIEEL YOPAKTNPIOTIKEG 1510TN-
TeC KGOE KapUmTOANC.

INa mapddetypo, oty mapafoir Tov dSimia-

VOO GYNUOTOC OTTOJEIKVVEL OTL OV PEPOVLE o K

mv xkabem KA (“tetaypévmg Kotoyousvn’)

omd onueio NG KOUTOANG TPOG TN OLAE- . Tetoyuévag
Tp0 ZH, t61€ TO TETPhy®dVO NE TAELPO KA KaToyOpevn

givar 16080vopo pe to opfoydvio mov fxst £
AevpEc ZA, ZO, 6mov ZO éva. tunipa kaBeto 4 H
otV ZH otV Kopupn KapmHANg (To wiKog

TOoL 0moiov mpocdiopiletor amd To 160G TOV

K®VOL Kol omd T 0€omn Tov TEPUVOVTOG EmML-

TESOV).
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H oyéon KA® = ZO - ZA “icodvvauel” BéBata pe ™ ovyypovn ekicwon y° = 2px
™G mopaPOANG, OTTOL X, Y Ol GUVIETAYUEVES TV CNUEI®V TNG O TPOS £Va Op-
Boydvio cvotnuo cuvteETayYUEVOVY UE GEOVEG TOV

a&ova coppetpiog e mopafoAng kot v kabetn Y

G’ OVTOV GTNV KOPLON TNC.

H Booikn dtopopd avdpeco oty apyoio Kot ot v | < Tetoypévn
ovyypovn HéEBodo Ppicketal 6to YEYOovOg OTL M x

televtain ypnoipomnotel T cuuBoAlkn avomTapd- . >
OTOGY] TOV YEMUETPIKAOV GYECEMV Kol aElomolel L Tetunuévn

mv gveMé&ia Tov adyefpuKov AOYIGHoU (TTov ek-

PpaleTal e TN YPNON OPVNTIKAOV GUVTETUYLUEVOV

KTA.). At TO OMOPOCIoTIKO Prpa €ywve yOp®

oto 1630 and tovg R. Descartes ko P. Fermat,

01 070101 EMLYEIPN GOV VA YPNGLUOTOMGOVY GT| LEAETT] SVGKOAWMV TPOPANUATOV
™m¢ apyoiog eAAnvikng INeopetpiog ™ cvpPoikn AlyeBpa mov eixe dnovp-
ynoel ot dudpketa Tov 160V cwdva and tovg Cardano, Viete k.4. Zta £pyo TV
Descartes kot Fermat dev vdpyovv ot d&oveg cuvtetaypévav 1 ot eEI6MOELS
TOV KUUTOA®V TOV YPNOLOTOIOVUE CIUEPD, OAANL TEPTYPAPETAL LLE GUGTNHOTL-
KO TPOTO 1 dadikacio avaywyng EVOG YEOUETPIKOV TPOPAUATOS GE OAYERPLKO
(M avtiotpoea). Idwaitepn enidpaocn elxe To Epyo tov Descartes “La Géométrie”
(1637), 610 0MO10 —OKPIPOC Y10 VO, YIVEL TIO ATOTELEGLLOTIKY 1] YPNOT TOV OAYE-
Bpikov Loyiopov ot Neowpetpio— elcdyoval véol cupfoiicuol (0nmc, Yo Tapd-
detypa, 1 ekBeTIKN YpOoOn TV SUVALE®DV), TTOV PEPVOVY OVGLAGTIKA TNV AXyERpa
OTN GNUEPIVI} HOPPT] TNG.

Yotepa and v mpdtn ovvOeon g AlyeBpag kot e [ewpetpioc, ov e&ehilelg
vanp&av paydaieg Kot 00 yNoaV GTNV KEVIPIKN £vvola TG GOYYPOvNG AVOAVTL-
kng eopetpiog:

“H eliowon piog kourving, axo fondntixo uéoo yio t Avon
EVOS YEWUETPIKOD TPOPANUATOS, YIVETAL UEGO OPIOUOD KAl
OVATOPAOTATNS ODTHS THG KOUTOANG ™.

O J. Wallis, oto Biprio tov “Tractatus de sectionibus conicis” (1655), opilel tnv
EMhewym, TNV mopafoin Kat TNV vIEPPOAN TOGO LE TOV KAUGIKO TPOTO, O TOUES
K®OVOVL, 660 Kot [e e&lodaetg 200 Babpov, eved o 1. Newton to 1676 ypnoiponotet
LLE CLOTNUATIKO TPOTO VO AEOVEG KOl 0PV TIKEG GUVTETOYUEVES, Y10, VO LEAETN-
o€l Kol Vo TAEIVOUNGEL TIG KAUTOAES TpiTov PBabpov. Ztnv epyacio emiong tov
Newton “Artis analyticae specimina vel geometria analytica” (mov dnpocievtnke
0 1779) ypnowomnoteiton yio tp®d@TN Popa 0 6pog “Avorvtikn [Neopetpia”. Ot
e€eli&elg autég, mov Elafoav ydpa TapdAAnia pe TN dnpovpyic ToL dLPoPL-
K00 KOl OAOKANPOTIKOV AOYIGHOV, SIOUOPPOCOV £vo VEO KAGO0 Tev Mobnpua-
Tikdv. O 206 100G Tov KAaowkov £pyov tov L. Euler “Introductio in analysin
infinitorum” (1748) amotelel Eva TANPeES SWBAKTIKO £yyepidto AvorvTiknig [ew-
LETPiOg, OTO OTOI0 Ol KAUTOAES TOV ETTEOV KOl Ol EMPAVEIEC TOV YDPOV Opi-
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Covton ko €€eTAlovTon AMOKAEICTIKA HECH TOV EEICMCEDY TOVG MG TPOG VAL
TAAYLOYDVIO GVGTI O GUVTETOYLEVOV.

2.1 EZI>Q3H EYOEIAX

Ecicwon I'papputjs

Av &yovpe wo eéicmon pe 3V0 ayvdoTovg, Yo Topddetypo MYy = x>, TOTE
AMoon g e&lomong avtg Adyeton kdbe {gvyog vA
opOudv (x,y) mov v eroindevet. ‘Etot, yia
mopaderypa, ta Cevyn (L1), (2,4), (3,9), (0,0),

(l,lj, (\/37,3) gtvar Moeig g y = x°.

Av topa og éva GOGTNUO GUVTETAYUEVAOV TO-
POCTNGOVLE e oNUEin OAEG TIC AVCELS TNG €T~

" |

cmong y =x’, tote Oa mpoxdyel N ypouun C, 0

TOV SUTAOVOD GYNUOTOC TTOV, OTTWG YVOPILovpE
omd mponyovueveg TaEelg Aéyeton mopaforn.
Ene1dn ot cuvtetayuéveg (x, y) tov onueiov M(x,y) g mopaBoing C, kot uévo
avtéc, enaindsdovv Ty eélcwon y =x?, yawtd 1 ekicwon y = x° Aéyston e&i-
cwon ¢ mapafoing C. Tevikd:

Mo e&icmon pe 600 ayvdGTOLG X, Y AéyeTal e§icmMON ULOG YPOLUNAG
C, 6tav ot cvvtetayuéveg Tov onpeiov g C, kol povo avtég, tnv
gmainfevovuv.

211 ovvéyela, ovti va Aéue, yio mapddetypo, “diveton n mwopofoin C ue g&i-
299

coon y=x"7, 0o Aéue “diveton n mapaporn C:y=x

295

N oamA®g “dlveton M
mopaoin y=x
Me T1c €£160DGEG TOV YPUUU®Y UTOPOLUE HE aAYEPpIKEC neBdSovg var pedetn-
COVUE TIG YEMUETPIKEG WOIOTNTEG TOV YPUUUDV OVTOV 1 VO OVTILETOTICOVUE
ddpopa GAla cuvaen TpofAnpaTo. Avtd ival Kot To POGIKO OVTIKEIRLEVO TNG
Avorvticng leopetpiac.
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2vvredeotg AievOvvong Evlciag

H evBsia ypoppn eivor  amAobvoTepT Kol 1) O GUYVA XPTCUYLOTOLOVUEVT] YPOLL-
pn. v avalntnon g e&lomong pog evbeiag Oa pog dievkoAdvel 1 Evvolo Tov
ouvteleotn devhuvong gvbeiag.

® 'Ectm Oxy éva cOGTNO GUVTETOYUEVOV GTO Eminedo Kot & po eveio Tov Té-
pvet tov agova x'x 6to onueio 4.

v A Ay
&
g
w
o ©_ o .
X A x' X A x'
/ y’ y,

Tn yovio @ mov dtoypdeet o dEovag x'x 6tav oTpagel Yupw amd 10 A Kotd ™
Oetikny popd, néxptl va. GLUTECEL PE TNV evbeia & ™ Aéue ywvia mov cynuaridel
y & ue Tov aéova x'x. Av n gubeia ¢ eivar TapdAAnAn mpog tov déova x'x, TOTE
Aépe o0t oymuatiCel pe avtdv yovio o =0. Zg kabe mepintmwon ya ) yovia
w woyvel 0" <®<180° N og axtivie 0L @ < . Qg ovvTterEsT d1EHOVVONG 1 ®OC
KAion og evbeiog & opifovpe v gpamtopévn g Yoviog @ mTov oynuatilet 1
& pe tov déova x'x. Ilpogovdg o cuvteheatng dievbvveng tag gvbeiog givor Oe-
TIKOG, av M Yovia @ wov oynuotilel pe tov dova xx elvar o&ela ko apvnTikog,
ov sival oppreia. Av n gvbesio oynuotiler pe tov xx undevikn yovia, dniadn
glvor TapdAinin otov a&ova x'x, 0 cuvteAEsTNG dlevBVVONG tval 160G pe UNdEv.
Yy mepintmon wov N yovio g evbeiag & pe tov dEova xx givar 907, dniadn n
gvbeia € etvan kdBetn otov dEova x'x, dev opilovpe cuvterestn devBuvong Yo
v gvbeia avty.

Ortav gival yvootd éva onpeio pog evbeiog Kot AY
0 ovvteleotng dievbvvong g evbeiog, TOTE B(:5.3)
pmropovpe va oyxedidcovpe tnv gubeia. o ma-

padelypa, yio vo oxedtdoovpe v gvbeia mov 4620

diépyeton amd to onueio 4(-2,1) kot €yel ov-

=V

vieAeoTn d1ev0VVONG Az—%, apkel and 10 A4
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va KivnBodue 3 LovASEG TPOG TO OPLOTEPE KOL GTN GLUVEYELX 2 LOVADES TPOG
ta tavo. [Ipocdiopilovpe £tol To onpeio B(-5,3), ondte 1 {ntoduevn gv-
Oeia eivor  AB.

e 'Eoto topa éva dtdvoopo § mopdiinio og pio vbeio . Av ¢ Kol @ gival ot
yovieg mov oynpotifouv to & KoM € Pe Tov XX aviloToiyms, ToTe Oa 1oybel ¢ = @
N @ =7+® KOlETOUEVOS Q@ = epm. Apa:

“Otoav o gv0sio kot £va dtavoopa givol Tapaiinio, EOVV TOV id10 GLVTE-
Aeoti] o1evBvvong”.

Ay A

pd p=0 5 pd p=n+w

Av glvol YVOOTEG 01 GUVTETAYUEVEG OVO GTUEI®V H0G U KOTOKOPpLENG Ve~
oG &, dOnradn pog evbeiag mov dev givan kabetn otov dova x'x, TOTE UmO-
povue va Bpodpe Kol 1o cuvierlestn d1evbuvvong g gvbeiac avtg. pdyuart,
av A(x,y,) kot B(x,,y,) €lvar 800 onpueio g evbeiag &, 1OTE 0 GLVTEAEGTNG
d1evbuvong e € etvor 160G pe T0 oVVTEAESTN S1EVBLVONG TOV SLUVOGLOTOG

AB = (X, =X, ¥, = »), MNhadn ioog pe 2Th Emopévocg:
X=X

O ocvvtedeotng devbvvong A pog gubeiog mov diépyetal amd T onpeio
A(xl’yl) Ko B(xzayz)a lvlg X1 Ed XZ Sival

2 Yy =N

Xy =X

To mopaderypa, o cuviedeotng devBuveng g gvbeiog mov SiEpyeTAL OO TAL

4=(2) _

onueta A(l,-2) xou B(-1,4) elvon A = R



60

2ovOires KabOetotnyrog ko IHapaliiniiog Evfsiomv

Me ) BonBs1a Tov cuviedeotn dievBuvong evbeiag, UTOPOVLE VO SLATLTTDOGOVLE
TIG oLVONKEG TOPaAANAlaG Kol KabeTdTNnTOg dVO gVBEI®Y GTOo emimedo. [Ipdypatt,
av g, &, eivan 800 gvbeieg pe avtictoryovg cvvtereotés dievbuvong 4, 4, kot ta
Sravvopoto 8, kat 8, sivar TapAANa TPOg TIC &, Ko &, AVTIGTOIXWG, £XOVUE TIG
eoduvopieg'
g lle, 8,116, =\ =2
Ko
g Le, =8 L6, oA =—1.

Enopévamg, av ot gubeieg &, kot g, £x0uv cuvteheotég dievbuvong 4, Kot A, avri-
oTolymc, TOTE:

glle, oA =4 ka |g Le, A4, =-1

Eéicwon EvOcios

Mua gvbeia ot0 eninedo kabopiletar, dtav divovion Eva onpeio g Kot 0 GuvTE-
AeoTtig O1evbuvong g N 6vo onueia ™g. Oa Ppovue v e&icmon tng gvbeiag o
KoOepd amd T1g V0 AVTEC TEPIMTMOELC.

e 'Eoto Oxy éva cOoTNHO GUVIETAYUEVOV GTO emimedo kot A(x,,y,) évo

onuelo tov emmédov. Zntape v eEicmon

YA 5

™G evbeiog ¢ mov di€pyetat amd 10 A Kot €Yl
oLvvTEAEGTN O1evBvvong A.
‘Eva onueio M(x,y) dapopetikd tov A(x,,y,)

OVAKEL GTNV &, OV KOl HOVO OV TO O1AVLGHO /
@
ul

AM  elvor mapdAinio otmv &, OMAadn v o >
[ X
Kot poévo av 1o AM wor m & €govv Tov id10
cuvteheoty SevBuvong. Emed AM = (x—x,,y—V,), £XOUUE Ay = Yo,
X—X,
Enmopévmg, to onueio M(x,y) ovikel otV € av Kot pévo ov Y= N _p |
X=X,

' Me 1o copPorouod ¢ // €, evvoobue 0Tt ot evbeiec &, kot &, elval Tapdriniec | coumi-
1 2 1 2

TTTOLV.
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y—y,=AMx-x,). H tekevtoia e&icowon emoinBevetar ko and to omnpeio
A(xy,¥,)- Apa n e&lomwon g gvbelog ¢ elvar:

| y=y=Ax-x,) (1)

TNo tapdderypa, n evbeia wov S1€pyeTal amd o onueio A(-1,2) kot £xel cuvTeLE-
ot 01evbvvong A =-3 éyet eicwon y—2=-3(x+1), dnradn y=-3x-1.

e ‘Eotm ¢ n gubeio mov di€pyetor and To yA €
onpeion A(x,,y) kot B(x,,y,).
Av X #X,, T0TE 0 GLVTELEGTNG devBuvong

g gubeiag givor A =270 EMOPEVMG
X=X
n e&iomwon y—y, = A(x—x,) yivetau s R
0 X
Y= %
-y =" (x- 2
Y=h=3_% (x—x) 2)

O e&omoelg (1) ko (2) dev pmopodv va ypnoipomombovy, 6tov 1 evbeia € eivan
KOTOKOPLPN, APOV GTNV TEPITTM®OT LT gV 0pileTal 0 GLVTEAESTNG d1evBVVETG
¢ evbeiog. Opwg 1 e&icmon o KotakOpveng gvbeiog Tov diépyeTol amd To
onueio A(x,,y,) umopel va Bpebel apéomg, apov kabe onueio g M £xet teTun-
névm x, ko apa N e&icmon g eivat:

X=X,

Ia mapdderypo, n evbeio mov diépyetar amd ta onueion A(-3,5) wou B(4,1) éxet
1-5
4+3

KaTokdpLen gvbeio Tov diEpyeToL amd o onueio A(-3,5) éxel eicwon X =-3.

, , . . , 4 23
g&lowon y-5= (x+3), n omoia petd tig mpdéelg yiveton y = —7x + e KoM

&
E10ixés mepinracels y4
e H e&icwon evbeiog mov téuvel Tov déova y'y
oto onueio A(0,B) kol €xel GLVIEAESTN OlEV- A05)
Bvvong A eivar y— B =A(x—-0), N omoio TEAIKA s >
yphpeTon 0 X

y=Ax+p.
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e Av pa gvbela diépyetan amd v apyn TV
a&Ovav Kat £xel ouvtereaTn devbuvong A, Tote
n e€lowon g etvan y—0=A(x—0) 1

y=2x.

"Etot, ot diyotoporl tov yoviov x0y kot yox'
€yovv eEIGMOEIC ¥ =X KOl y = —X OVIIGTOI®G.

e T&hog, av po evbeio diEpyetor amd To onueio
A(x,,y,) ko etvar mapdAinin otov afova x'x,
oniaon eival 6mwg Aéue po oplovtia vbeia,
éxer e&lomon y—y, =0(x—x,), Onradn

Y=Y

y 4

el 4

yvA

Yo

A(xo0.y0)

&

ol 4

E®PAPMOI'EXY

1. Aiveran Tpiymvo pe kopveéc ta onpeio
A(-1,2), B(1,5) ka1 I'(4,1). Na. BpeBovv o1
gElomosig:

(i) Tov dVyovg Tov GyeTor amd TV KopveN A
(ii) Tnc owpéocov mwov Gyetol amd TNV KO-
poon B
(iii) Tng pecokaOéTov Tc TAgvphc AT

AYZH

(i) Emewdn 2, =—— = 4 _i 0 CUVTEAECTNG
4

A(-12)

A

B(1,5)
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d1ev0vveng Tov HYOVS TOL TPLYDVOL 0td T0 4 givor A = % Emopévag, 1 e&icoon

, . 3 , 3 11
TOV VYOULG eivor y—Z:Z(x+1) il y:Zerz.

.. -1+4 2+1 33
(i1) To pécov M tov tuqpatog A1 EYEl GUVTETOYLLEVEG [ i ;j =(— —j.

2 72 2°2
3s
Emopévamc, o cuvteleotng dievbuvong g dtapéoov BM givon A = %— = -7 xou Gpo
-1
2

n e&icwon g BM givon y—5 =—7(x—1), 1 omoia ypaeeTon iIcodvvapo y = —7x+12.
(ii1) Eme1om n evbeia A1 €xel cuvteheot dievbvvong 2= _é , 1| OTOLUONTOTE

K0etog 68 VTNV €xel cuvtedeatn dievbuvaong 5, emopévag 1 e&icwon g LECO-

rkaBétov eivon y —% = S(x —%) N wodbvapa y=5x-6.

2. Aivovian N ev0sia € pe elicwon y = %x +1 kor 10 onueio A(2,1) . Na BpeBodv

Ol GUVTETAYPEVES TOV GUUUETPLKOV TOV onueiov A og pog Ty evbeia &.

AYZH

Av A'(u,v) elvar to ovpuperpikd tov 4 ®¢ A Al
mPog TNV &, 10t€ T0 pécov M tov AA’ avn- Y ’ 3
KEL GTNV € KOL TO YIVOUEVO TMV GLVTIEAEGTOV M

devbovvong tov ¢ ko AA4A" givon —1, apov

e L AA". Ot cvuvtetaypéveg tov pécov M givor A(2,1)

(uT”,VTHj KOl 0 GLVTEAEGTNG d1evhuvong 0

. v—-1 , . ,
Tov AA" glvon .’Eto1 €rovpe 10 oo
2

-
v+l n+2

1
2 2 2

ol 4

+1
, TO OTtO10 UETA TNV EKTELEOT] TV TTPAEEMV YPAPETOAL

u—2v=-4
2u+v=>5"
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. , , P 6 13 .
Amd ™ Aon Tov GueTHATOG 0VTOD Ppickovue = 5 KoL v = 5 Enopévog, to

. ) , (613
GUUUETPLKO onpeio Tov 4 oG Tpog TV € gival to A [g,?j

AXKHXELY

. Na Bpeite ™ yovia, mov oynuatilovv pe tov dEova x'x ot gubeieg mov diép-

. Na Bpeite v e&iomon g gvubeiog mov diépyetar and to onueio A(L-1)

. Na d¢i€ete 611 10 TETpdmievpo ABIA ue kopveic A(3,1), B(5,5), I'(1,3)

. Aivovton ta onueia A(2,3), B(—4,5) ko I'(3,—4). Na Bpeite v e&iocwon

A" OMAAAX

Na Bpeite To cvviedeot devbuvong:

(1) Tng evbeiac, n omoia S1€pyeTaL amd Ta onueio A(—1,4) xor B(1,6)

(i1) Tng evbeiog, n omoia Tépvel Tovg dEoveg ota onueio I'(—1,0) kot A(0,2)
(ii1) Tng evBeiag, N omoia diEpyetor and to O kot gival kdbetn otny /4.

xovtot and T onpeio:
(i) A(-L4) xou B(1,6) (i1) A(-L3) xon B(0,4)
(i1i1) A(1,3) xou B(1,-1) (iv) A(2,3) koau B(-2,3).

Ko

(i) Eivar mapGAAnin mpog 1o Stévuopa & = (3,-2)
(ii) Eivon mapdAinin mpog o dtévvopa & = (0,1)

(i11) Zynpotiletr pe tov d&ova x'x yovia o =/ 4.

Bewpovpe Tpiywvo ABI pe kopveéc A(-1,0), B(3,2) kot I'(-3,4). Na Bpsi-
TE:

(1) Tig e&lodoelg TV VYOV TOL

(i1) Tig e&lomoElg TV HEGOKUOETMV TV TAELPDOV TOV.

kot A(=1,-1) eivon poppoc. Iloteg sivar ot E£lGHOGELS TV day®VIOV TOVL;

Na deikete 6t o onueion A(l,—1), B(2,0) xat I'(-1,-3) givarl cuvevbeiokd.
Nao Bpeite v e&lowon g evbelag € mov diépyeton omd To. onpeio
A(ocvvh,nud) kot B (mub,covh), ov —% <0 <% Ko 0 # % INo mowa TN

oL 6 1 gvbeia VTN SEPYETAL OO TNV APy TOV AEOVEOV;

™g evbeiag mov diépyetat omd TV Kopven 4 Kot 10 k€vtpo Papovg G Tov
Tprycvov ABI.
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B OMAAAX

. Noa Bpeite tic e€lodoelg Tov vhel®V, Tov diEPYovTUL 0o To onueio A(—1,2)
Ko oynuatifouv e Toug AEoveG 1I600KEAES TPiymVO.

. Noa Bpeite 116 ££10MGEIG TV TAELPOV KOl TIC GUVTETAYUEVEG TOV KOPLO®OV B

1 3
KoL 7 Tov Tpry®dvov ABI, Tov omoiov T 500 VY1 £xovv EIGAGELS V = Ex +5

Kot Y =—X+2 ovTiotoiymg Kot 1 kopuen A €xel cuvtetaypéveg (1,4).

. Na Bpeite v e&icmon g evbeiag mov diépyeton amd to onueio M (2,1)
Ko téuvel g evbeiec y =x+1 xou y=-x+1 ota onueia 4 ko B avtietoi-
YOG, €161 ®ote T0 M va givar péco tov AB.

. Aivovton ta onpeion P(x,1/x) xor Q(A,1/ 1), pe xk,A #0 kot k # A.

(1) Na Bpebei n e&lowon g evbeiog PQ.

(i1) Av n evbBeia PQ tépver toug G&oveg x'x ko y'y ota onueio 4 Ko B ovti-
otolywg, va dgiEete 0TL AP = BQ.

Na dei&ete 011 1 e&lowon g gvubeiog mov Tépvel Tovg dEoveg ota onpeio

A(a,0) xou B(0,3), pe o, #0, elvoun i+%=1.
a

. Na Bpeite v e&icowon g evbelag mov sivor mapdAAnin ommv gvbeio

2 11 g g . ; . :
Y =3 %~ KoL TéUVEL Tovg G&oveg x'x ko y'y ota onueio 4 kot B, ®cte T0

aBpotcpa TG TETUNUEVIG TOL A Kot TNG TETOYUEVIG TOL B va gtvar ico pe 15.

2.2 T'ENIKH MOP®H EZI>QXHX EYOEIAX

H Eéicwon Ax+ By +I'=0, ue A#0 15 B=0
y 4

e 'Eoto ¢ (o evbeio 6T0 KOpTEGLAVO EMITEDO.

— Av n evbeia & téuvel tov d&ova yy’ oto onueio
2(0,B) xou éyel cvvteleotny devbvvong A, tOTE
0o éxel eflowon y=Ax+f, m omoia ypapeTAL

2(0.5)

Ax+(—Dy+ B =0 /
&

> v
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e Avn gvbeia ¢ givar katarxdpven Kot diépyetal omd to onpeio P(x,,y,), TOte o
éxet e&lomon X =X, , N omoia ypapeToL 1GOdVVaLLL
x+0-y+(=x,)=0. YA
BAémovpe, onmAodr, 0Tl kol oTIG V0 TMEPIMTM-
ceic N eflomon g evbeiag & maipvel ™ popen P(xo,y0)
Ax+By+I =0 pe A=0nm B =0.

® AvTioTpOPmC, £6Tm 1 ElcmON >
Ax+By+I'=0 pe A#0 7y B=0. X
— Av B # 0, 16te 1 e€lomwon ypapeTan

y= —gx —E, mov gival e&icmon gvbeiog e cuvieleotn| dtevbuvong A = 4 Ko

N omoia TépveL Tov GEova vy’ 6To oneio [0, —%j

— Av B =0, tote, MOY® NG vobeong, sivar A =0 kou 1 e&lowon ypapeTal

x=-—, mov givon g&icmon gvbeiog KaBetng otov dova x’x 610 onueio Tov

A5o)

2e 6heg howmdv TG Teputtwoelg ) e&lowon Ax+By+1 =0 pe A= 01 B = 0 mopt-

| ™

otdvel evbeia. Amodei&ape, SNAadN, 6TL 1IGYVEL TO ETOUEVO BedpnpaL:

OEQPHMA

Kabe gvbeio tov emimédov £yel e&lomon g LOPPNG
Ax+By+I'=0 peA=0 1 B=0 Q)
KOl avVTIoTPOQ®G, KaOe e&icwon e popeng (1) mapiotdver evbeia ypoppn.

Ia mapdderypo, n eéicwon 2x+y—6=0 mopiotdvel gvbeio. H e&lomon oot
YPAPETOL OTN HOPON ¥ =—2x+6 Kot BAEmovpe OTL €yl cuvTEAESTN d1eLBVVENG
A ==2 xou tépvel tov a&ova yy' oto onueio (0,6).

Awavoouao IHapaiinio n KaOesto o EvOcia

‘Eot® Oxy évo 60GTNHO GUVIETOYUEVMV GTO EMIMEDO Kol € o evbeio Tov emumé-

dov pe g&lowomn Ax+ By+1" =0. Eidape mponyovpévag ot
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. . , , A . .
— Av B #0, t01€ 1 ¢ Y&l cvvteleatn devbuvong A = 3 KOl ETOMEVOG givarl

TapEANAN TPOg To Stévuopa & = (B,—A).

— Av B =0, 16t€ 1 ¢ glvar mapdAAnin mpog tov dEova yy' Kol ETOUEVOS TOPAA-
ANAN Ko ThAL TPOG TO dtévoopa. & = (B,—A).

e KG0e mepinton Aowdv oydeL OTL:

H gvlsio pe glicmon Ax+By+I =0 givar mapdrlinkn oto didvvopa
8 =(B,-A).

- y7/
Ouwme, to ddvocpo 6 =(B,—4) eivor kdbeto 6TO

dvvoua 7 = (4, B), apod

S.7i=(B,—A)-(4,B)= AB— AB =0. _
0 -1 =(B,—A)-(4,B) 0 F-(12)

Emopévac:

H sv0sgia ps sicwon Ax + By + I'=0 givor kG0s- X>
TN 670 Jwdvuopa 1 =(A4,B). .

INo mopdderypa, n evbeia 2x—y+4=0 givon wo- ii=(2,-1)

POAAAN 670 dtévuopa & = (—1,—-2) Kat KOt 6TO
dvocpa i =(2,-1).

EPAPMOI'EY

1. Aiveran 1N egicwon:
(x-2y+5)+A3x+2y+7)=0 (1), 6mov LR
(i) Na amodsyytel 6TL
—T o ka0g Tip ™ Tapapétpov 4 N e€icwon (1) maprotdver evbeia ypappun
—Ol\eg o1 gvBeieg mov opilovrar a6 Ty e€icmon (1) (Owoyévera evBeimv)

oLEpyovTor 0d To id1o onueio.
(i) Mowx a6 TIc TapamTave cv0sicg sivar kGOeTn oty evBeio §:y = 2x;

AIIOAEIZEH

(1) H e&iomwon (1) ypdopetot 1coddvopa
A+30)x+(-2+20)y+(5+71) =0. 2
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Emredn dev vapyet T tov A yio v omoio vo. indevifoviot Kot 0 GUVIEAEGTNG TOV
X Ko 0 cLVTEAESTNG TOL Y, 1 e€lowon (2) mapiotdver evbeia yio, kébe Ty tov A € R.
T va deiéovpe 6TL OAeg o1 gvbeieg g owoyévelag (1) diépyovtal amd to id10
onueio, apxel va Bpovpe éva onueio K(xy, Yo) T00 0m0iov 01 CUVTETAYHEVES VL
enainBevovv v (1) yio 6Aeg T TéS Tov A. To {nTovuevo onueio Ha eivor
eketvo tov omoiov ot cuvtetaypéveg undevilovy T TOPACTAGES x—2y+5 Kol
3x+2y+7, dnhadn n ADGT TOL GLGTHLATOG

x=2y+5=0 wxou 3x+2y+7=0.

Amo6 v enihvon tov cvotipotog Ppiokovue 6T X, = -3 kot Y, =1. Enopéveg,
OLeg ot evbeieg g owoyévelag (1) digpyovtar amd to onpeio K(-3,1).

(i) 'Eoto & gvbeio. g owoyévelag (1) mov givar kabetn oty evbeia £ Tote O 1oyvet
1

lg-lC:—ld)Ls-Z:—]@)Lg:_E 3)
oums, Aoym g (2), 0 cuvteleatng devbuvong g evbeiag & ivan icog pe
A= 1+34 .
o 2=-2A

Enopévag, amo v (3) éxovpue

1430 L i6a 2420 a=—1

221 2 ’

omote N gvbeia ¢ Oa et elowon —2x—4y—2 =0 wwov ypdpeTon

x+2y+1=0.

2. Aivetan Tpiyovo ABI pe xopvoéc A(2,3), B(4,1) wou I'(54-1,4), émov
2eR pe 4 #1. No amwodeiere 0TL TO KEVTPO PAPOVS TOL TPLYDVOVL KIVEI-
101 o€ puo. gv0gia, kKaOdg To 4 perapfarieTron oto R.

AYZH
. . , . 2+44+54-1 5A+5
Av G(x,y) 10 K€VTPO PAPOLG TOL TPLYDVOL, TOTE X = 3 = 3 Ko
‘o SA+5
34144 A+4 . . , 3 3x=54+5
- — =
BT Eyovpe Aowndv to cuoTnua Ad {3y=/1+4 .
yZT

Amnoieipovpe to 4 and 115 ool Kot Bpiokovpe 3x—15y +15 =0 1 1codvvopa
x=5y+5=0. Apa, t0 K€VTpo Bépovg Tov Tprydvov ABI Kiveitor oty gvbeio

x=5y+5=0.
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3. Na Bpebei n ofeia yovia Tov evbetadv ¢, : y=x+1 kol ¢, : y=-2x+3.

AYZH

Ot evbeieg &, xar &, égovv cvvtedeotéc devbuvong 4 =1 ko 4, =-2. Apa, &i-
VoL TOPAAANAEG TPOG TO HLOVOGLLATO. 51 =(11) xou 52 =(1,-2). Eropévmg, n o&ela
yovia 0 tov gubeldv &, kat &, eivar ion 1 maparAnpopatiky g yoviag ¢ Tov
dlavuopdTov 51 Ko 52. Ouwg, etvat:

51 'gz NIV
16,118,125 N0 10

Enopévag, ocuvo = % , omote 0 =72,

C11+1(=2) -1 o

oLV =

AXKHXYELY

A" OMAAAX

1. No oamodeifete o011 Yo «ébe mpoaypatikny T tov u n e&lomon
(u—=Dx+py+p* =0 mapiotdver evbeia ypopun. [ote n gvbeia avty givor
TOPAANAN TTPOG TOV A&ova x'x, TOTE TPOG TOV ¥y Kot TOHTE S1EPYETAL OO
™mv opyn Tov oEOvVev;

2. Na PBpeite v e&icmon g evbeiog n omoia diépyetar ond to onueio
A(-2,3) ko givon kdBetn oy gvbeia 2x -3y +6 = 0. [Towo eivar To onpueio
TOUNG T®V 30O EVOELDV;

3. No Bpeite v e&icmwon g evbeiag 1 omoia SiEPYETOL OO TO GNUELD TOUNG
Tov evbeidv 2x-5y+3=0 kou x—3y—7=0 Ko givon kdBetn o1V gvbeia
4x+y=1.

4. To onpela A(—4,6) xou I'(—11) lvor ot oamévavtt KOPLQEG EVOG TOPUAAT-
AOypappov ABIA. Ovmhevpég Bl kot 14 Tov TOPAAANALOYPAULOD OVIKOVY
otig evbeieg e e€lomoelg x+3y =2 kot x—y+2 =0 avioroiyms. No vmo-
Aoyioete:

(1) Tig cvvtetaypnéves ™G KOpLENGS A.
(1) To cuvnuitovo g o&eing Ymviag TV Soy®vimy Tov TopOAANAGYPOLLOV.

5. Na Bpeite v Tiun tov L € R, dote ot gubeiec (A-Dx+Ay+8=0 ot
Ax+3y+1-22=0 va elvon kéOeTes.
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. Na Bpeite v T tov x € R, dote 1 gubeio 3x+3y+x =0 vo dépyeTon

. No 6Ye0100ETE TIC YPOULES TIG OTOIES TOPLOTAVOLV O1 EEIGADGELS:

. No amodei&ete 011 OAeg 01 gvbeieg TG LOPPNG

. No amodei&ete 0t 01 gvbeieg x+4y =35, 3x—2y=1 xou 7x—-8y+1=0 dép-
. Noa Bpeite v o&gla yovia v omoia oynpatilovv ot gevbeieg y = ux Ko

. Na Bpeite v e&lowon ¢ gvbeiog n omoia SiEPYETOL OO TNV OPYN TOV

. Aivetoum gubeio 3x+ y =3 kat to onueio A(1,2). Na Bpeite T1g cuvietayué-

. Aivetoum gvbeia ¢ : Ea E =1. Na Bpeite v e&lomon g evbeiag n omoia
a

omd To onpeio Toung Tv evbeldv 3x+4y+6=0 Kol 6x+5y—-9=0.

B OMAAAX
(1) ¥*-y*+4y-4=0 (ii) x> —y* —4x+2y+3=0.

Qa’ +oa+3)x+(@’ —a+1)y+@Ba+1)=0, aeR
d1€pyovtar omd to 1010 onpeio.

yovtal amd to 1610 onpeio.
A+mx=>1-p)y.

, , g ; LX Y Xy
aEOVeV Kot omd To onpelo Topng TV evbsudv —+E =1 xat E+_ =1, pe

o a
o,B#0 ko o #£f.

vEG TNG TPOPOANG Tov A oty gvbeia avtr.
Y

glvon k4Oetn oV € 6TO OMEElD TOL AT TEUVEL TOV A&ova X 'X.

2.3 EMBAAON TPITQNOY

Andoracn Lyuciov ano Evlcio

‘Eoto ¢ po eubeio Tov Kapteoiavod emmédov, pe e&icowon Ax+By+I =0 ko

M,(x,,y,) €va onpeio ektOg avTNc. ®ELovpe vao VTOAOYiGOVUE TNV OTOGTOON



71

d(M,,&) tov onueiov M and v gvbeia &. Av
M, (x,,y,) &ivar n mpoBoin tov M, ndve oy \ Mo(xo.y0)
&, 101e Ba 1oyveL

d(M,,e)=| MM, | (1) M, (x1,01)
; . — , >
Ouwmg to dtbvocpo MM, =(x, —x,,», —,) €l o X
Vol TopAAANAO TTpog to 7 = (4, B), 0o Kot Ta
dvo0 elvan kaBeta oy gubeia €. Apa, Bo vtdpyet 4 € R, 1€t010, ®OTE
MM, = A (2)
omote, Aoym ™G (1), Oo 1oyvet
d(My,e)=| Afi[=| A |7 |5 A|N A" + B 3)
Emumiéov, Moym g (2), égovpe (x, —x,, ¥, —,) = A(4, B), ondte
X =X, +AA4 Ko y, =y, +AB 4

Opwg to M, (x,,y,) avikel otV e. Apa, Ba woydet

)
Ax, + By, +I =0 A(x, + AA)+ B(y, +AB)+1 =0
& (A +B)A+(Ax, + By, + ') =0

Enopévaog, Aoyom g (3), Oa &govpe

A B 'l rm/—— |4 B r
d(MO,S)_‘ x0+ y0+ ‘ B - |x0+ Vo + |

JA*+ B?

Amodei&ape dnradn ot

| Ax, + By, + I |

NA*+B?

d(M,,e) =

o mopdderypa, m amdéctacn tov onueiov My (-1,2) amd v evbeia
€ :4x+3y+8=0 sivar iomn pe

[4(-D+3-2+8] 10

NEEE

d(M,,&) = =2.
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Yroioyiouos Euflodod

I'(x3,53)
‘Eoto A(x,,y,), B(x,,y,) ko I'(x;,y;) tpio on-
peio Tov KopTeEGLOVOD emmédov. Gélovue vo
vroAoyicovpe to euPfaddv Tov Tpry@vov ABI . Bx2y2)
Av I gival 1o Vyog tov ABI amd v Kopven
I, t6te Oa 1oydet

1
(ABIN) = E(AB)-(FA). (1) A(xy)

To (4B) etvarn omdotaon towv onueiov A(x,,y,)
kol B(x,,y,). Emopévoc,

(AB):\/(xz_x1)2+(y2_y1)2- (2)

To (IA) gtvar 1 awdoToom Tov onueiov I and v gubeia AB. o va v vworoyi-
covpe, Oa Bpovpe tpmta Vv e€icmon g AB.
H AB, av dev givar mapdAinin mpog tov d&ova ¥y, Ba éxel cuvteheotn d1evOvV-

ong 2 =22"N  onbe o éyer eEiomon

Xy =X
AB: y_ylzu(x_‘xl)a
X =X
N omoia YpAPETOL 1IGOSVVALLOL
AB: (x2—xl)(y—yl)—(yz—yl)(x—x1)=0, (3)

Av, dpmc, 1 AB eivor mapdAinin Tpog tov dEova y'y, T0te Ba £xel e€licmon X =X, ,
N omoia aipvet ko ovtn T popen (3).
H g&icwon (3), petd v exktéreon tov mTpa&emv, YpOPeToL

AB: 3 =y)x+(x, —x)y+(xy, —x,»,)=0. “4)
Emopévag, n andctaon (I4) tov I amd v gvbeio 4B givor ion pe

(ray 2 101 =025 + (6 — %)y + (49, ~ X)) |
\/(yl _y2)2 +(x, _x1)2

(3:) ‘(xz —Xl)(y3 _yl)_(yz _y])(x3 _x|)|_
\/(xz _xl)z +(y2 _y1)2
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Apa,
| X=X =0 |
(I'A) = x3—x12 Vi =N . (5)
\/(x2 -x) +(s—»)
‘Etot, 1 wootrta (1), Adyw tov (2) ko (5), ypdpeton
(ABF)=l|x2_xl Y2 =0 F (6)
2 x-x -y

Opme, n 1n ypopun g opifovcog eivatl ot GUVTETAYUEVES TOV SLOVOGLLOTOG AB
KO 1 21 YPOULY] Ol GUVTETOYLEVEG TOV SLOVOGHLOTOG Al Emopévmg, n opilovca
oty eivar ion pe v opilovoa det(AB, AI') tmv Stavvopdtov AB kat Al 'Etot,

n oxéon (6) ypapeton

(ABI") = % |det(AB, AT') |

Mo mwapdderypa, av A(0,1), B(-1,0) kot I'(3,-8) €ival ot KOpveEg €vOg TP1-
yovov ABI, 161€ AB = (-1,-1) xa1 A’ =(3,-9), ondtE TO eupadov tov ABIT

givat

S -1 -1
(ABT') = 1| det(AB, 4T ) 1= 1 | =liace
2 2'0 3 -9/ 2

EPAPMOI'EXY

1. Na oSy TEL 6TLN abGTAON TOVEVOEIDV €, & Y = AX+ B Kaue,. Y = AX+ B,
dilveTan 0o Tov TO7To

|ﬂ1_ﬁ2|

d(g,,¢€,) = —F—=.

V1+ A2

AIIOAEIZEH

H andotaon tov &, ko &, eivar ion pe v andctacn oroovdnnote onueiov g
gvbeiog &, omd TV gvbeia &,

I'o x=0, and v npd e&icmon Ppickovpe 6Tt Y = B, . Apa, to onueio A(0, B,)
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QVNKEL GTNYV &, OTOTE EYOVUE

d(g,e,)=d4,¢,)

NEOB B g0t 2, 2x-y+ By =0
AP +1
|:8| _ﬂ2|

VI+A°

2. Oeowpodpe Ta onueio 4(-3,0), B(-2,0) ko I'(—4,2). Na PBpedei o yeope-
TPIKOG TOTOS TOV onueiov M(x,p) Yo Ta onoia woyvew: (MBI)=2(ABI)

AYZH

To epPadov tov Tpryddyvov ABI givor ico e

Ay
1 —— 1,1 0
(ABI')=—|det(AB, AT ) |=—| =1,
2 2 -1 2
. M
eve tov (MBI) glvat ico pe
o 1|2 2 o,
(MBI')=—|det(BI',BM) |=—| = x+y+2| A4 B X
2 2 |x+2 y
Emopévag, to M(x,y) eivatl onpeio Tov ye@UETPIKOD
TOTTOVL, OV KOl LOVO OV 1oYVEL

[x+y+2=2<x+y+2=2 1N x+y+2=-2
S y=—x N y=—-x—-4.

Apa, 0 (NToOHEVOS YEMUETPIKOG TOTOG amoTeAeiTon amd Tig evbeieg
y=-x Ko y=-x-4,
o1 omtoieg ivan TapaAinieg Tpog ) Bl .

AXKHYEIY
A" OMAAAX

1. Noa Bpeite v amdcTOon TOL onpeiov A(-2,3) and v gvbeia
(1) x+y+1=0 (i) y=2x-3

(iii) %%:1 (iv) Sx+3y+1=0
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10.

Atvovrtal ot gvbeleg ¢, : 5x—8y—51=0 kot &, : Sx—8y+68=0.

(1) No oci&ete 0T ¢,/ /¢,

(i1) No vToAoYICETE TIG OMOCTAGELS TNG OPYNG TOV AEOVOV OO TIG &, KaL &,
(iii) Na vroAloyicete TV 0mOGTACT TOV &, KOL &,

Atvovtat ot evbeieg g, 1 4x—-3y-9=0 Ko &, : 4x—-3y—-24=0.

(i) Nao dei&ete 011 ¢, / /¢,

(i1) Na Bpeite éva onueio g &, Kot 6T GLVEXEWN Vo VTOAOYicETE TNV
AmOGTACT TOV &, KOl £,

[Towo onpgio g evbeiog 2x —3y = 30 woaméyer amd taonpeion A(1,3) ko B(7,9);

Na Bpeite v e&lowon g gvbeiog | omoia £xel cuvteleotn d1evHOVVONC
A =-3 kot oméyel and TV apyn Tov aEOvev andctact ion Le S HOVAdES.

H evfeila € :3x-2y+1=0 &ivor pecomopdAinin dvo mopdAiniov evdeidv
&, Kav g, Tov anéyovv 8 povades. No Bpeite Tig e£160GEIG TV £VOELDY OVTMV.

Na Bpeite 10 epuPaddv TOV TPLYOVOL LE KOPLOES:
(1) A(0,0), B(6,0), I'(4,3) (i) A(=2,4), B(2,-6), I'(5,4)
(111) A(I,Z), B(394)’ F(_55_4)

Atvovton to onpeio A(5,1) ko B(1,3). Na Bpeite to onpeio M tov GEova
x'x, Yo o omoio to euPfadov Tov Tprydvov MAB givon ico pe 7.

Aivovtar ta onueion A(3,4) kot B(5,-2). Nao Bpeite 10 onueio M, tétoto,
wote MA=MB ko1 (MAB) =10.

Evog mapodnioypoappov ABIA o1 TpElg KOPLEOES TOV £XOVV GUVTETAYLEVES
(=3,1), (-2,3)xon (4,-5). Novroloyicete T0 EUPadOV TOL TOPOAANAOYPALLOV.

B OMAAAX

Na Bpeite v eicmon g gubeiag, n omoia diEpyeTar amd TNV apy TOV
a&Ovav kot waméyet and ta onpeion A(=2,0) kot B(0,2).

Na Bpeite To onpeio Tov dEova x'x, T0 0moio 1oamEXEL OO TNV OAPYN TOV
a&O6vov O kot amd Ty gubeia Sx+12y—60=0.

Na Bpeite Tic e&lodaelg Towv evbeldv o1 omoieg di€pyovtal omd To oNueio
M (1,2) xou oynpatilovv pe tovg dEoveg tpiymvo pe eppaddv E = 4.
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10.

Na Bpeite 116 e&lodoelg TV gvheudv o1 omoieg diEpyovion amd TV apyn
TV a&ovov O kal arnéyovv and to onpeio A(-1,3) andctaon ion pe 1.

Na Bpeite ta onpeia g evbeiog x—y+2 =0, Ta omoia améyovv amd v
gvbeio 12x -5y +60 =0 andctaon ion pe 1.

Na dei&ete 6T ta onpeio A(e, ), B(y,0) ko I'(a—y,B—0) givoar ov-
vevbelakd, ov Kot povo av ad = By.

Atvovton ta onueion A(e,0) o B(0,8), pe a,f #0. Av 1 necokdafetog
T0V AB Ttépvel Tovg déoveg ota onueia P(p,0) kot O(0,q), va dei&ete ot
() ag+PBp=2pq (i) ap+Bg=0.

211 GUVEYELD VO EKPPAGETE TOL P KOl J GUVOPTIGEL TOV o Ko f.

Na Bpeite Ti¢ €£IGOGEIC TOV OIYOTOU®V TOV YOVIOV TOV oynuatilouy ot
gvbeiec 3x—4y+1=0 xou Sx+12y+4=0.

Na Bpeite v e&lowon g gvbeiog  omoia di€pyetal amd To onueio To-
UG Tov evbetdv x—y+1=0 kot 2x—3y+5=0 kot anéyel and to onueio

A(3,2) amdctoon ion pe %

Atvovton ta onueioa A(-1,-2) kar B(3,1). Na Bpeite to 6Ovoro TV onuei-
ov M yw to onola woydel (MAB) =38

I'ENIKEXY AXKHXEIY

Na Bpeite v e&lowon g gvbeiog, n omoio diépyeTon amd To onpeio
M (1,0) ko Tépver Tig gubeiec y =x+2 kot y = x oto onueio 4 Ko B ovti-
otolywg, £tol, ®ote (AB)=2.

Na amodeiete 6tL 01 evBeieg Ax+(A—1)y =24 kot (A +1)x+Ay =21 +1 1é-
pvovtal yio OAeS Tig TipéG Tov A € R. Tlo1og givat 0 yemopeTptkdg TOTOG TV
oNUeEl®V TOUNG TOVG;
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Av o1 tpeic evbeieg o, x+ B y =1, pe x =1, 2,3, diépyovtar omd To 1810 on-
pelo, va amodeiEete 6t o onpela (a, ,fB,), k =1, 2, 3, eivor cuyypoptKe.

Na Bpeite v gvbela n omoio cvvdéel To onpeio 4 (o, B) pe 1o onueio

, . X X r
ToUNG TV VOBV 2iY 1 wo 242X 21, 6mov o,f#0 ko a=+p.

o f B «
Xy X Yy . o q
Av o1 gvbeleg —+ = =1 Kot _+E_1 glval TopdAAnieg pe A >a Kot
o

; : . B o A-

B >0, va dei&ete 611 N andoToon peTAEL TV VOBV ivorn M.
Joi+p?

Na dei&ete Ot

(i) H e&iowon x* —4xy + y* = 0 mapiotavel dHo gvbeieg.

(i1) Kafgud oympariler pe mv x—y =0 yovia 30°.

Na Bpeite cuvOnkm, dote:

(i) Hevbela ax+By+y =0 va opilet pe Toug GEOVEG 1IG0GKEAEG TPiymVO

(i) O déovog xx va dSyotouel tn yovia Tov gvbelv pe eSlo®oELg
g iox+fy=0 ko &, 1a,x+B,y=0.

210 dmhavd oynuo to ABIA eivon te- YA

Tpbywvo evd to. EAB xou ZBI givan 160- I
; g 4(0,2)
TAELPO. TPLYOVO TAEVPEG « = 2. E
(1) No Bpette Tig cuvteTayEvES TV E kon Z. 7
(i1)) No omodei&ete 61110 ONpEia 4, E kot
Z gival cuvevbelod. >
A4(0,0) B(0,2) X

EPQTHXYEIY KATANOHXHXY

. Zg kabévay amd Toug TUPUKATM IGYVPICHOVS VO KUKAMGETE TO A, av ival
oAnOng, ko to W, av ivarl yevdng:

* Hevbela y =—-3x+5 oynuoarifer o&eia yovia pe tov aova xx AY
* Orevbeieg x =5 kon y =-2 sivon kéBeteg AY
* Hekicoon (a+ 1)x+(o¢2 —1)y+10 =0, a eR mopiotdvel mhvrote eveion A P
* Hevbelo 3x+4y—1=0 d¢ dépyeton ommd TV opyn TV oEOVmv AY
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2.

* H e&iomon y—2=A(x-3), 1 € R mapiotdvet yuo 115 S10QOpPeS THEG TOV
A 6Aeg T1G gvbeiec mov diépyovtar amd to onueio 4(3, 2). A Y

Na avtiototyicete kKaBe onpeio TG TPOTNG GTAANG o1V vbeia TG d€V-

TEPMG GTNANG OGNV OTOI0 OVIKEL:

Xnpeio EvOsia
A(2,1)

B(2,3) y=3

1(1,2) x=2

4(0,3) 3x—2y=0
E(0,0) 2X—-5y=-8
7(2,8)

Noa KukADGETE T 6MOTH KAOE POpa amdvtnon:

e Ot gubeiec 2x—y—-4=0 wor x—-3y+3=0 téuvovial oT0 oMpeio:
0(0,0) A(2,0) B(0,1) 1(3,2) 4(1,1)

* Avn evbeia Ax+ By+I =0 £€xel ovvteleot devBuvong, 1Ote GLTE-

paivovpe Ot

=0 A=0 B=0 A=0
* M gvfeia kaOetn oty gvbeia & : y = X glvou n:
y=x+35Y, y=2, x+y=8, y=-2x, X =-1.

Atvetoum gubeia ¢ 1y =3x+8. Na yphyete :

* AVo0 gvbeieg TapAAANAEG GTNV &

* Avo gvbeieg kKGOeTeg OTNYV €

o Tnv gubsio Vv TOPEAANAN 6TV € TOL S1EPYETOL OTTd TV OPYH TOV 0EOVOV
* Tnv gvubeia TV KGO GTNV € TOV JEPYETOL OTTO TNV aPYN TOV AEOV®V.

Noa xvkAdoete v gubela TOL AmEYEL T LEYOAVTEPT ATOGTACT] OO TNV
apyn TV a&OVov:

* g:3x-10y-1=0 *&,:3x-10y-6=0

* £,:3x-10y-9=0 °g,:3x-10y+6=0.

Ot evbeieg 2x+y+2=0 kou 2x—y+2 =0, givou
A. TTopdAinieg B. KéBeteg
I Zoppetpucéc og mpog tov dlovaxx A, ZOUUETPIKEG WG TPOG TOV GEova. V'y.
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3 KONIKEY TOMEY

Eicaywyn

H peiétn g édietymg, ™g moapaBoing kot g vepPoAns amd Toug Apyoaiovg
"EAMveg pobnpotikong goivetal 0Tt elxe a@etnpio T 6YECN QVTOV TOV KOUTV-
AV LLE OPIGHEVE TPOPANLOTO YEDUETPIKDV KOTACKEVMV, OTMG, Y10, TOPASELY UL,
TO TEPIPN O TPOPAN O STAAGLOGLOD TOV KOBOoL:
“Aobévrog evog kKOPov, Vo KaTaokevaoTel Evag GAL0S pe SITAdaio oyko ™.

Me odyeBpikd cUUPOAGUO OVTO GNUOIVEL OTL OV 0 Eival | TAEVPE TOV APYLKOV
KVPov, va Kataokevaotel £va evBvypapo TURpa X, Tov Bo givarl 1 TAELPA TOL
KOBov pe 6yko 2a’, dnhadn X' =2a’. O Ipdxhog (450 mepimov p.X.) avagépet
01t 0 Inmmokpdng o Xiog (430 wepinov m.X.) NTav 0 TPDTOS TOL AVIYOLYE TO TTPO-
PAnpa durhactospov Tov KOBov oty TopeUPoin dV0 HEGOV avVOAIY®V aVALESO

GTO o KOl TO 20, ONAOd GTNV KOTACKELT] SVO TUNUATOV X Kol Y, TETOU®V, OOTE
e_r_ ZL (1) (amo T1g averoyieg antéc mpokvmTet €dkora 6Tl X° = 2, Snhadn
Yy 2a

0 x B elvor | TAevpd Tov {nTovEEVOL KVUPOV).

YrevOopilovpe €d® 6Tl T0 TPOPANO TOPEUPBOANG LIOG HEGTG OVAAOYOL aVELLE-
60 6€ OVO YVOOTA TUAHATO o, [ (ONAad N KOTOGKELT TUUATOG X TETOL0V, MOTE
a_ i) Adveton evkoAa pe Kovova kot S, oniadn pe tn Pondewo gvbeiog
X

KOl KOKAOL. Agv 16Y0EL OU®G TO 1810 Yoo TNV TopePBOA dV0 HEGC®Y OVOAOY®OV M
omoia amonTEl TN XPMNOLOTOINCT SLOPOPETIKMV YEMUETPIKOV KAUTOA®V. Emel-
M and Tig avaroyieg (1) mpoxdmtel x° =ay (2), y* =2ax (3) ka1 xy=2a° 1

2a°

y= (4), ocoumepaivovpe OTL To URKN TOV TUNUATOV X Kot Y Oa gival ot ou-

VIETOYUEVES TOV onpeiov Topng dvo amd 11§ Tpelg Kapumdres (2), (3) ko (4), Tov
givor ovtiotoiymg 6Vo TopafoAés kot pio vepPoin.

H @pdon “Mevoarypeiong kmvotopelv TpLddas”, mov avapEpEToL GE £VoL ERXTYPOLLL-
pa tov Epatocévn tov Kvpnvaiov (250 mepimov m.X.) oxetikd pe 1o duthacio-
o6 Tov KOPOL, £xel 0dNYNGEL oTNV VIOPEST OTL O1 TPELS OVTEG KAUTOAES CLVOKOL-
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A0eONKav amd Tov Mévarypo, etaipo otnv Akadnuio tov [TAdtova, yopm oto 350 w.X.
2 plo amd 116 dvo Avoelg Tov Mévarypov, mov avapépel o Eutoxkiog o Acka-
Aovitng (550 mepimov p.X.), ot KopmTL-
AeG KatookeLAlovIol ULV LE TO TapaBorn
YEMUETPIKA 16000vapa Tov (3) ko (4).
I'a mapdderypo, to M, og onpeio g
mopaPoAnc, mpocdopiletal, £T6L MOTE

< A OOOLUTTOT

T0 TETPAy®VO Thevpdc MK va givon 100-

dOVapOo TTpog Eva 0pBOY®VIO HE TAEVPEG

200 kow MA (dnhodn y° =2ax), evd oG 0oOUTTOT)

onueio g vepPoing, £161 dote T0 Op- rotpeva
Ooymvio pe mhevpég MA ko MK vo elvar  tpfjuato
1603UVOLO TTPOG Eva 0pHOYDVIO LE TTAEL-

péc 2a xan a (dnAadn xy =2a’). Téhog,

o, (nTovpeva Tt X, Y Tpocdlopilovtor eépvovtag Tig kKabeteg amd to on-
peio Topns twv SVO KAUTHAMY TAVE GTIG OGVUTTOTEG TNG LITEPPOANS (N pio amd
TIG 0moieg glvorl TaLTOYPOVA Ko AEOVAG GUUUETPIOG TNG TOPAPOANG).

IMpow oto 300 ©.X., n vrepPoin, N wopaPorn Kot n EAAeyn giyav yivel aviucei-
LEVO GUOTNHATIKNG UEAETNG, OC Ol TOUEG TTOV OMNUIOVPYOVVIOL GTNV ETIPAVELQL

€VOC KMVOVL 0o £va emimedo KAOETO g Lol YEVETELPA TOV.

opbn
ovia
e

/o

Avaroya pe T yovie  ofgia
yovia

NG KOPLENG TOV KOVOL
Ol KOUTOAEG QVTEG Opi-
Covtav g “o&vywmviov
K®vVov Topn” (EAAetym),
“opBoywviov k®vov toun” (mapafoir) Kot “opl-
Proywviov kdvov topn” (vepfoin). Ot dpot av-
Tol ypnoomolovvtol and tov Apyunon (287-212
n.X.) ota épyo Tov “Terpoyovicopdg opboymviov
K®VoL TopNS” kot “Tlepl KOVOEWE®V KOl GOALPOEL-

démV”. ATokopOPmpa TG BepnTIKng LEAETNG TV

TPIOV KOVIKOV TOUMV KOTE TNV opyondtnTa, vanpée to mepipnuo épyo “Kovikd”
Tov ATtoAL®dViov Tov [epyaiov (250 wepinov m.X.), 0 omoiog oTnpiyTnKe G€ TPO-
nyovpeva £pya tov Apiotaiov Kot tov Evkieidn, ta omoia dpwg de dStocmOnkav.
Ta “Kovikd” ftav yopispéva og 8 BipAio, Tov TEPLELYOV LA YOy YEDUETPIKN
Osopio TOV KOVIKOV TOP®V Kot £vo LeYIAo TAN00G VEWV amoTeAeodTOV. XT0l 7
npoto PiPAia mov £yovv dtacwbel vtapyovy 387 Bewpruata evd 6to 80, dT®G
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ovvayeton and poptopio tov [armov, vaipyoav diia 100. Mo Boaciky Kowvo-
Topio. TOL ATOAAMVIOL LINPEE 0 OPICUOG TOV TPIDOV KOUTOA®V SIUUEGOV TPLDOV
SLOPOPETIKOV TOUDV EVOG KOVOL, KAOMS KOl 1) E16AY®YT TOV Op®V “Tapaforn”,
“EMenym” ko “vmepPoin”.

To ovopota ovtd €ovv Aduecm oyéomn He TO VEO
TPOTO OPIGHOV TOV KOVIKOV TOUDOV 010 TOV ATOA-
ADVIO, COUP®VO [E TOV 0Toilo, o KAOE Toun TOV

K®VOL amd To emimEdO avTIoTOoKEl £va oTabepd Pn-
K0G (TopAUETPOC), TO omoio e&apTdtal amd TO &i-
d0¢ tov K®VOL Ko amd T Béon tov emmédov. O

TOPALLETPOG

Amoldviog €de1&e OTL Yo kKGOe KopmoAn ta dHo

ypoappookiacpéve eppadd oe kabévo amd to dt-

mhava oynuata gival ica peta&d tove. To éva and

oVTA givat To TETPAY®VO e TAELPA TNV KAOETN Y amd onpeio TG KOUTOANG TPOG
Tov dEova GVUUETPIOG TNG TO GALO gival Eva opBoym-
VIO HE poL TAEVPE TNV

R amOGTOGT X TOV {yvoug

| |
Vi i oVTNG NG KABeTNg ad
' TNV KOpLEeN NG KOUTH-

|

Wi "

2 ! Mg. H oxéon me dAdng g ||

[y

§ ' TAeVPEE TOL 0pBoym- % i

. . |

§‘ i viov mpog ™ otadepn §- ] Eenym
1 | |
] -

- TOPAUETPO NG TOUNG
glvar avt) mov kabopi-

Cel N popen Kot To GVOUM TNG KOUTOANG. Av 11 GAAN
mhevpd 1oovTon (“TapafAAreTar’) TPOg TNV TOPAUETPO, TOTE 1 KAUTOAN £ivon
mopaoAn). Av n dAAN TAevpd eivor pukpotepn (“eddeinel”) omd TV TOPAUETPO,
N Kopmodn givor EAAeym, eved ov etvar peyoidtepn (“omepPaiier”’), N KOUTOAN

givor vepforn.

3.1 OKYKAOX

Eéicwon Kvkxiov

‘Eot® Oxy éva ohotnpo cuvietaypuévov oto eninedo kot C o KOKAOG pe KEVTPO
to onueio O(0,0) ko oktiva p. I'vopilovpe and ™ 'eopetpia 6TL £va onueio
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M (x,y) avikel otov koK o C, av kot poévo ov Ay
améxel amd To KEVTPO Tov O amdcTaoT oM e
P, ONAOON, av Kot LOVO oV 1oYOEL

(OM)=p ) P)

Onwg, (OM) = x* +y*. Emopévac, 1 (1) ypé- 5100 >
et \/
C

V¥ +y° =p 1, 100dvvapa,

X2 +y?=p’. )

ITapatnpodpe, dNAad, OTL 01 GUVTETAYUEVEG TV CMUEI®V TOV KOKAOL Kol LOVO

M(X ’y)

avtég emainOsbovv v e&icwon (2). Apa, o kKOKAog pe kévrpo 1o onueio O(0,0)
Ko oKTiva p €xetl e€lomon
x4yt =p? (3)

Ta Tapdderypa, o KOKAog pe kévipo to onpeio O(0,0) kon axtiva p =1 €yet €&i-
cmon x* +y° =1. O xbkhog owTOC AEyETOL HOVESLAi0g KOKAOG.

Haopauetpixés Eéiomoeis Kvxlov

‘Botow o kokAog C:x*+y?=p° xar éva onpueio
M(x,y)

M (x,y) TOV KOPTECIOVOV EMUTEOV.

Av 10 M(x,y) avikel otov k0K o C kot ¢ €[0,27) \q)

eivon ) yovia mov oynuotilet to Sittvoopa OM pe o

Tov d&ova x'x, TOTE, OTMC Yvopilovpe amd v Tpi- \J

yovouetpia, Oo 1oyvovV o1 GYECELS:

o 4

X=poove kot y=pnue. (1)
AvTiotpopme, oV Yol TIG GUVTETOYLEVEC X, Y Tov M 1oyvovv ot oyéoels (1), tote To
onueio M Ba avikel otov kokAo C, apov

X4y’ =plouvip+ pnpie = p(ouvip+nuie) = p .
Emopévmg, o1 cuvtetaypéves tov onueiov M(x, y) tov kvkiov C kot povov ow-

TG IKOVOTIOL0VV TIG EEIGMGELS

|x:pcovq> KOl Y= pnue, (pe[0,27r)|

O1 e&lodoelg avtég Aéyovtot TapapeTPIkég eE16MGELS Tov KuKAoL C.



Egpoantouévy Koxiov

‘Eoto & n epomtopévn tov kKOKAoL

C:x*+y”> = p’ ot éva onueio Tov A(x,,,).
I'vopifovpe amd ™ l'eopetrpia ot éva on-
peio M(x,y) ovikel oty &, ov Kol Poévo ov
OA 1 AM, dnhadn, av Kot Ldvo o 1oyOEL

OA-AM =0. (1)
Opnaomg a:(xl,yl) Kol m:(x—xl,y—yl).
‘Etoun (1) yphoetor dradoyikd

xl(x_x1)+y1(y_y1):0
XX+ =X 4y
XX+ =p°,
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A y &
/%})
A(xlyyl)
0 X
apov X +yi=p

Enopévamg, n epantopévn tov kikhov x° +y” = p° 610 onueio tov A(x,,y,) €xst

e&icmon

| XX1+yy1:p2 |

INo mopddetypo, n epoamtopévn Tov kKokhov x°+ 3> =1 oto onueio A(%,%J

éxel eElomon x%+y? =1, n omoia ypapetal x+\/§y—2 =0.

H Elicwon x*+y’+Ax+ By +I'=0

e ’'Fotow Oxy éva oOoGTNUO CLVTETAYE-
vov oto eminedo kot C o kOKAOG pe KEVTPO
K(x,,y,) xou axtiva p. ‘Eva onuelio M(x,y)
ovikel otov KukAo C, av Kot HOVo av améyel
oamd 1o Kévipo tov K andotact ion pe p, on-
A0dM, OV Kol LOVO 0V 10YVEL

(KM)=p (1)

Opog, (KM) =J(x=x,)* +(y—1,)" -

K(xo,00)

P M(xy)
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Emopévag, n oyéon (1) ypdoetot:

\/(x_xo)z +(y_y0)2 =p ﬁ, 10081’)\/(1”(1, (x—xo)z +(y_y0)2 _ p2.

Apa, 0 kOKLOG He kéVTpo K(x,,y,) Kot oktiva p €xel e&locwon:

| (x=%,)2+(y-,)* = p* | @)

"Etot, yuo mapdaderypa, o kokhog pe kévipo K(1,-3) kat axtiva p = 2 &yel e&iow-
on (-1 +(y+3)7 = p*.
® Av 1dpa ekTELEGOVLE TIG TPAEELS, M e&lowaon (2) ypdpeTat
X'+’ —2xox—2y0y+(x§ +y§ -p*)=0,
dNAod1| ToipveL TN Lopen
X’ +y +Ax+By+T =0, 3)
2

omov A=-2x,, B=-2y, xau I =x; +y; —p’.
Avtiorpopwg, kKabe e&locwaon ™g popeng (3) ypapeton S1adoykd:

(x2 +Ax)+(y2 +By)=-I"

2 2 2 2
w2l A, y2+2£y+B— s B
274 27 4

AY BY A +B’-4r
X+—| +|y+—| =——mm.
2 2 4

Emopévac:
—Av A+ B’ -4I' >0, 1 eéicwon (3) ToploTEVEL KOKAO LE KEVIPO

A NA*+ B’ -4r

B ,
K| —-—,—— | xou aktivo. p =
[2 2} 2

— Av A*+B*-4I' =0, n eficwon (3) mopiotdvel €vo povo onueio, To

— Av A*+ B’ —4T <0, n e&icwon (3) eivar advvorn, dniadn Sev vdpyovv on-
peion M(x,y) TV OTOI®V Ol GUVTETAYUEVESG VOL TNV ETOANOEVOVV.
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Amodei&ope Aoutdv OTL:

Kabe xorkhog €xel e€icmon g LopPeng
x> +y +Ax+By+T' =0, pe A*+B* -4 >0 )
KoL avTioTpOQmg Kabe e&iocmwaon g popeng (I) mapiotdvel KOKAO.

H ekiowon x° +y> —4x+6y+12 =0, yio mapdderypa, ypdoetot dradoyikd
(x> —4x)+ (¥’ +6y)=—12
(X =2-2x4+2)+(* +2-3y+3) =-12+2°+3°
(x=2) +(y+3) =1".
Apa, Tapiotdvel kKokho pe kévipo K(2,-3) ko axtiva p=1.

E®PAPMOI'EY

1. Na BpeBolv o1 eE16MoEIC TOV £QanTOopévOV Tov Kvkhov C:x*+y> =5
oV oEpyovtal amd to onpeio A(3,1), ko va amodsyTeL 6TL O1 EPUTTONE-
veg aVTég givar KaOeTsc.

AYZH

Eoto ¢, pa gpantopévn tov koxiov C nov
diépyetal and to onueio 4. Av M, (x,,y,)
glvar o onueio emagrg, tote N g, Ba £xet

e&lomon

xx +yy =35 )

Kol emeldn diépyeton amd to onpeio A(3,1),

&

0o 1oyveL
3x,+y, =5 2)

Ouwg, to onueio M, (x,,y,) aviikel atov kukAo C. Apa, Ba 1oyvet
X +y) =5 ()

Enopévag, ot cuvtetaypéveg (x, ;) tov M| givar 1 ADGN TOL GLGTHHATOG TOV

e&lodoemv (2) kat (3). Advovpe To choTNHO 0VTO Kot Bpickovpe dVO AVCELS:

(xl’yl)z(l’z) ﬁ (xl7yl)=(25_l) (4)
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Apa, vrépyovv dvo epamtdpeveg Tov C mov diépyovrot amd o onueio A(3,1), ot
omoiec, Aoym tav (1) kot (4), Exovv e&lomoelg:

& I X+2y=5 & :2Xx-y=5.

, . , . 1
EneioM o1 cvvteleostég Sievbuvong tov &, kot g, etvar 4, = - Kol A, =2, Ol €v-
Oeieg &, xau g, eivon kGBeteg.

2. Aivovrar o1 kOKAoL C, : (x—2)} +(y—3)* =5 kau C, : x* +(y+1)} = 3%
(i) Na Bpe0zi n eicwon g pantopévng & Tov KOKLov C, 6T0 onusio
A(5,-1).
(ii) Na amoderytel 611 1) & £@amTETON Ko TOV KUKAOVL C,.

AYXH

O xdrhog C, éxer kévipo K(2,3) war oxtiva
5, eve 0 xukAog C, €xet kévrpo A(0,-1) xau
oktiva 3.

(1) Pvopilovpe and ™ leopetpio 6T éva on-

peio M(x,y) OVNKeEL GTNV &, 0V Kol LOVO oV | __oK(2,3)
AM 1 KA, dnhadn, ov Kot Lovo o '
niadn B - \T\\ /.M/(x,y)
KA-AM =0. (1) Ao,_ll >
NOD 4Gy
Ounwg, K4=(3,-4) xou AM =(x-5,y+1). G g
"Etot, n (1) ypdoetor d10.80) KA A
3(x-5)-4(y+1)=0
3x—-4y-19=0.
Apa, 1 e&lomon g € sivau:
3x—4y-19=0. )

(i1) T va dgifovue 6T M & gpamteTar Tov kKoKAov C,, apkel va deiovue 6TL N
andotoon tov kévipov A(0,—1) tov C, amd v ¢ givon ion pe v axtiva Tov
C,, dniadn| ion pe 3.
"Exovpe Aowmodv:

3:0-4(-D-19] 15

V3% +42 5

d(A,e) = =3.



87

AXKHYEIY

A" OMAAAX

. Na Bpeite v e&icwon tov KOKAOL pe KEVTIPO TNV apyn TV aEOVOV G
KoOepd amd TIC TOPUKATM TEPIMTOGELG:

(i) Otav diépyetar amod to onueio A(l, J3)

(i1) Otav diépyeton and 1o onueio A(a—B, a +f)

(ii1) Otoav g@dmteTon g evbeiag x—y =2

(iv) Otav gpdmreton g evdeiog ax+ By =a’ + f°

. No Bpeite v e&icmon g epomTopévng Tov KukAov x° +)° =5 oe kabde-
U oo TIG TOPUKATM TEPIMTOGELG:
(1) Otav etvar mapdAAnAn oty gvbeio y =2x+3
N 7 7 4 1
(i1) Ortav givon k6Oetn oy gvbeia y = Ex

(ii1) Otav diépyetar and 1o onpeio A(5,0)

. No anodeitete 611 o1 epantdueveg Tov KOKAOL x° +)° =2 ot onueia
A1), B(-L1), I'(-1,-1) xou A(L-1) oynuartilovv tetpdymvo pe daym-
VIEG TOVG GEoves x'x kot y'y. T1owo gival To euPfaddv TV TETPAYOVOL 0VTOV;

. No Bpeite v e&icmon g xopdc Tov kKoK oL x° + 1° =4 mov €xel PéGO TO
onueio M (1,-1).

Noa Bpeite v e&icmon Tov KOKAOL og KaBELE 0O TIS TOPUKATM TEPUTTMOCELS:

(1) Otav éxer kévrpo K (0,1) kot diépyetar and to onpeio AG3,0)

(i1) Otav €xel o1apeTpo to TURpa pe dkpa A(-1,2) kor B(7,8)

(iii) Otav éxet oxtiva p =5 ko tépver tov déova xx ota onueia A(1,0) Ko
B(7,0)

(iv) Otav diépyetar amd to onpueio A(4,0) kot B(8,0) kat £xel 10 KEVTIPO TOL
otV gubeio y=x

(V) Otav tépver tov &ova x'x ota onueia A(4,0) ko B(8,0) kot tov dEova

'y ota. onpeia 7(0,-2) o A0, u).

(vi) Otav gpdmtetar tov a&ova x'x oto onueio A(3,0) kot Siépyeton amd 1o
onueio B(L,2).

(vil) Otav diépyetar amd TV apyn TOV aEOvev Kot epartetol e gvdeiog

3x+4y =12 oto onueio A(0,3).
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o]

Noa Bpeite 10 KEVTPO Kol 1 0KTIVOL TOL KOKAOL TOV £)EL EEIGMON
(1) ¥’ +y* +4x-6y-3=0 (ii) x* +y* —10x+12y—-20=0
(iii) 3x* +3y* +6x-9y+1=0 (iv) x> +y* —4ax+10By+4a’ +16B> = 0.

Na Bpeite v e€icmon TG EPATTOUEVNC TOV KOKAOV
(1) x> +y* —2x+4y+4=0 610 onueio tov A(l,-1)
(i) x* +y* —2ax-2By+a’-3B° =0 610 onueio tov A(a,-p).
. Na Bpeite ™ oyetikn 0€omn TV KOKAW®V:
C :x+y =1 Kot C,:(x=1Y+y" =4.
B OMAAAX

. Noa amodei&ete 6T1 1 e&lowon

(x—a)(x=B)+(y-y)(y—-6)=0
TOPIGTAVEL TOV TEPLYEYPUUUEVO KOKAO TOV TETPATAEDPOV LE KOPLPES TO
onueio A(a,y), B(B,y), I'(B,5), Ala,0) xar6tL or A" kon BA givan didpe-
TPOL ALTOV TOV KLKAOV.

. No amodei&ete 611 1 gubeian xoLve + ynue = dnue —2cvve +4 QATTETOL

10V KOKAOL X +)° +4x-8y+4=0.

. Amb éva onueio M (x,,y,) €KTOG TV KUKAOL x° +)* = p° @épvovpe Tig

dvo epantduevig tov. Av M|, M, eivor ta onueio emagng, vo amodeilete Ot
N xopdn M M, éxer e&icwon xx, + yy, = p°.

. 'Eot® C o k0Khog mov €xel kKEvTpo TNV apyf TV a&OVmVv Kot SIEPYETOL 0O

to onueio A(3e,0). Av M givau éva omorodnmote onpeio tov C mov o Ppi-
okeTo 6ToV A&ova x X, va amodei&ete 611 T0 KéEVTPO Papovg G Tov Tprydvou
OAM avikel otov KOk O (x—a)* +)° =a’.

. Na Bpeite 10 yewpuetpikd 10mo towv onpeiov M, and ta omoio o1 EQATTOLE-

Veg Tpog Tov KOKAO X% + ) = p® eivon kGOeteq.

. No Bpeite 10 yeopeTpikd tomo Tov onueiov M, Tov onoiwv 0 Adyog T®V omro-

otacewv amod to onpeion A(-3,0) kol B(3,0) etvon otabepdg kot 160G e 2.

. Na Bpeite 10 yewpetpikd tOmo TV onpeiov M, Tov onoiwv To TETPAy®VO

™m¢ andotoong and TNV apyn ToV aEOvmVv givol 160 [E TO TETPATANCIO TNG
andoTaong omd v gubeion X =1.




89

8. 'Eotw 10 tpiymvo pe kopuvepéc A(3,5), B(2,-4) xou I'(-5,-1). Na amo-
dei&ete OTL 0 Ye®UETPIKOG TOMOG TV onueiov M yio Ta omoio 1oyvel
MA? + MB® + MI"'* =107 &ivan k0KAOG pE KEVTIPO TO KEVTIPO PBAPOVS TOV
Tpryovov ABI

9. No anodei&ete 0T TO onpeio Toung TV evberdv
xouvvl + ynub =a xar xnub —yoovl =
OVNKEL GTOV KOKAO
xZ +y2 — aZ +ﬁ2
v OAeC TIG TYEG TOoL O €0, 271).

10. Na PBpeite T0 YeOUETPIKO TOMO TOV HECHOV TOV XOPOIM®V TOV KOUKAOL
x* +y° =25, mov diépyovrar amd To onueio A(2,4).

3.2 HIIAPABOAH

Opioudg Iapafolng

‘Eoto pa gubeia o kot éva onpeio £ extdg g o. Ovopdletot mapapfoin pe eotia
To onueio £ ko dgvderovoa v gubeia 0 0 yempetpikdg 1omog C tov onueiov
TOL EMUTESOV TO, OTOolaL IamEYovV amd v E kot ) o (Zy. o). Av 4 givar n mpo-
BoAn g eotiog £ otn digvbetovoa d, 1ote TO pHéEGO K Tov EA €lvol Tpopavdg

onueio TG TapaPoAng Kol AEYETOL KOPLQT] TG.

0 (devbetovoa) C (mapafoirn)

v

K\ E (cotio)

(o)
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I'a va Bpooue éva onueio g mapapoing C, epyalopacte wg eéng: Taipvoopue
éva onpeto 77, e nuevdeiog KE (Zy. B) ko and 1o onueio avtd @épvovue v
kOetn oy KE xar €0t M, éva and ta onueio Topung g KAOetng ovTng Kot
TOV KOKAOL e KEVTpo To £ ko aktiva [7 4. Tote, 1o onpeio M, givar onueio g
nopaporrng C. Hpdypati, av P, eivar n opO1| mpoPolr| tov M, ot dievbetovoa d,
tote Ba woyder (M, B) =(I1,4) = (M,E), nradn d(M,,0)=d(M,,E).

Eéiocwon Hapafoing
e 'Eoto C o mapaPoin pe eotia £ kot dievbetovoa d. Oa Ppovpe v e&iocmon

¢ mapopoing C wg mpog cuotnua cuvietaypéveov Oxy pe apyn O v Kopuen
™G mwopafoAng kot dEova x'x v KaOetn amod 10 E oty 0.

Ay VA
p>0 <0 M(x,
T 0 e ]
1 : .
Al O p X >
EEZ,OJ E(p,Oj O |4 X
2
=P oix=-L
o:x= 5 X 5
Av 610 cOoTnUa VT N TETUNUEVN TG €otiog E elvar g, 101e M €€lomon g
P

dtevBetovoag Oa etvar x = 5

ZOUQOVO LE TOV OPIoUO TNG TTapaforng, Eva onueio M(x,y) Ba avhkel ot C,
av Kot povo av 1oyvEL

d(M,E) = d(M, 5). (D

Eivot opmg

2
d(M,E)= (x—g] +y° Ko d(M,5)= =




"Etol, n oxéon (1) ypagetor dtad0y1kd

2
P 2
L + —
[x 2) g

x+Z
a

2 )4 2 2 )4
¥ -px+—+y’ =x"+ px+—
p. 4 y p. n

y? =2px.
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)

Emopévmg, n e&icwon g mapoapfoing C pe eotia E(goj Kot dtevbetovoa

. p
01X =——¢givon

y® =2px

INa mapaderypa, n wapaPoin pe eotia to onpeio E (1,0) kot dievbetodoa v gv-

Ocia x=-1 éyer p=2 w1 emopévag éxet eElcwon y° = 4x.

O aplOudc p Aéyetonl TAPARETPOS TNG TOPO-
BoAnc ko n | p| moprotdvel TNV andGTOCT TG
gotiag amd ™ devbetovoa.

e Av TOpO TAPOLUE GUGTIUO GLUVIETOYUEVOV
Oxy pe apyn O v Kopuen s Tapoafoing Kot
a&ova y'y v ka0et and to £ 61N J Ko epyo-
otovue OTMG TPV, Ba Ppodue OTL N Tapaoin
C éye1 e€icwon

x* =2py

1
H e&iowon avt ypdoetot icodvvapa y = 2—x2
p

KO TOPIGTAVEL T YPOUPIKN TAPAGTAGT TNG YV®-
otg pog amd v A’ Avkelov cuvéptnong

, 1
y=oax®, 6mov o=

p

X’=2py Ay
p>0
E[O,p
2
X
0 »
P
0: =
Y 2
YA  Oy=—
O | -
X
E(O,p
2
x2:2py

p<0
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INo mopdderypa, n eéicoon y = %xz TOPIOTAVEL TNV TOPUPOAT TOL €xel p =2

Kot apa £xel eotio to onueio E(0,1) kot dievBetovoa ty gvbeio y=-1.
Iowtntes Hapafoing

‘Eoto po mopafoin

y? =2px. (D)

o And v e&icmwon (1) mpoxdmtel 6Tt T P Ko x (e X #0) eivar opdonua. Apa,
KOs popd M mapaPorn Bpioketor oto Nueninedo wov opilel o GEovag ¥y Ko M
eotia E. Emopévmg, n mapoapoin Bpicketor oto npeninedo mov opilel n dievbe-

TovGa 0 Kou N gotia E.

e Av 1o onueio M, (x,,y,) eivar onueio g mapafolrrc, dnradn, av y = 2px,, 161
Ko to onpeio M, (x,,—Y,) Oa eivar onueio g {diog mapafoing, apod (—y,)* = 2 px,.
Avto onpaivel 6tL o agovog xx etvan dEovag coppetpiog g mapaforns. Emo-
pévag, n kabetn amd v gotio ot devbeTovca givatl AEOVAG GUUUETPIOG TNG
mopaBoing kot Aéyetal a&ovag TG TapaPOoAN.

E®PAPMOI'H

"Eoto 1 mopaporn y° =2px ko pa £v0sio mov diépyeton amd TV £6Tia TG
Kkou tépver v mwopafoin ota onpeio M, kor M.. No, amwodeyytel 6T1 T0 Yivope-
VO TOV amocTdoc®v TV M, Kow M, art6 tov GEove x'x givar 6talepo.

A

AIIOAEIEH P M(x1.0)

Av (x,y,) xou (x,,y,) €lvor ol GUVTETAYUEVES TOV

M, ko M, avtictoiywg, tote o1 amootdcelg Twv M,
, . , Lo

Kot M, a6 tov déova x'x Oa givar ioeg pe |y, | ko

ol 4

|y, | avtiotoiyws. Emopévoc, apkel va deiovpe 6t 0

10 Y, 1Y, | elvor otabepd. Enedn ta onueia (x;,,), Mi(ezy2)

(x,,v,) avikovyv otV mapaorn »* = 2px, Oo 1oydeL
25 Y2 Ul n p ny 2 X

Vi =2px, Kov y; =2px,.
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Enouévamg, ot cuvtetaypéveg tov onueiov M, kar M, Oa eivan
2 2
) e [22
(zp > yl J 2p H y2

2 2
Opwg, to onueia E(E,Oj, M, y—l, »ls M, y_z, y, | €lvor ovvevbeloxd.
2 2p 2p

OVTIGTOTYMG.

Enopévog: EM, //EM, , omdte éxovpe dSodoykd:

det(EM,, EM,) =0

n.or oo

2p 2 ‘

5 =0
N _P

20 2 Y2

Gi =Py =P
2p 2p

Vv =y =Py, +p’y =0
(= y,) :_pz(y] -¥)

o =-p, apov Yy # Y.

Apa |y |y, Hyy,lEp.  (ctabepd)

Egpantouévy Ilapafolins

e 'Eoto pa tapapoin C e eéicwon Ay >
y:=2px )

Kot éva otabepd g onueio M, (x;, ).

‘Eotw emmiéov o un xoatokdépuen evbeia ¢ /
>
oL dépyetarl amd To M, (x,,y,) KOl TELVEL TNV N

Ml(xlayl)

My(x2,y2)

ol 4

mapafoln kot ce éva dAlo onueio M,(x,,y,). ¢ NO
Tote n ¢ Oa €xel cuviedeotn devBuvong

1= Yo ™ N
X, =X, C
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Ko emedn dépyetat and to onpeio M, (x,,y,), Oa €xel eEicwon

W)
y=y =T (x-x). )
X =X
Enedn ta onpela M, (x,,3,), M,(x,,y,) aviKovv 6Tnv Topaforr], ot GUVTETOYHE-

veg Tovg o emainBevovy v e&icwon (1). Apa, Oa 1oydet
Y =2px, wou y; =2px,,
omdte Ba £yovpie d10.00x KA
y22 _y12 =2p(x, —x,)
(7 =y, +3) =2p(x, —x;)
Yo =N _ 2p

Xy =X Yyt ‘
‘Etot, n e&lowon (2) Bo mapel T popen

2p
Wt

Yy=nn= (x—x,)>

dNAadN TN HopeT|
D +y)r=x»)=2p(x—x)). 3
Ag vrobécovpe Tpa 0Tt TO onpeio M,(x,,y,), KIVOOUEVO TAV®O GTNV TOPaPOAN

C, teivel vo cvunéoet pe o onueio M, (x,,y,). Tote 10y, tetver va yiverico pey,,
omote N e&lomon (3) g Tépvovcag ¢ Telvel va TAPEL T HopeN

(yp + Y)Y = y1) = 2p(x = xy),
ONAadN T HopeT
yl(y_y]):p(x_xl)' (4)

H e&iomwon avt) mapiotdvel tnv eubeia g, mov givon n opraki Oéon g TEUVOLGOG
¢, xabag 10 M, teiver va ovuméoer pe 1o M. H evbeia & Aéyeton epamtopévn g
noapapolng oto onueio M. H e€icoon g epantouévng ypaeetar 51000 1KA.:

Wy =y =px—px
Y —2px; = px—px,
= px+px

Yy, = p(X+X).
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Enopévog, N spomtopévn g mapaBoing y* =2px oto onueio tng M, (x,,¥,)
€yel e&lomon

Y¥i = P(X+X)

[ mopddetypa, N epamtopévn g mapaforfc y° =4x oto onueio g M, (2,1)
éyer e&lomon y-2=2(x+1), n onoia ypapeton y = X + 1.
e Av i mopafoin €xel eicmon

x* =2py,

tOTE M €QamMTOUEVT TNG oTO onueio M, (x,,y,) €xel e&icmon

xx, = p(y+y).

Avariaoctiky Ioiotyta IHapafoins

Mo orovdaio 1010 Ta TG TAPAPBOANG, YVOGT OC AVaKAooTIKY 1010THTO. £IVOL
n e€fic:

H xa0etn otnv epamtopévn uog tapafoing octo onueio emaghc M, dryotopel
™ yovia mov oynuatiCovv N nuevbeio M E ko n nuevbeio M t, mov givon

opopponn g OF, 6mov E gival 1 eatio TG TOPAPOANG.

AIIOAEIZH
v

‘Eoto & n gpantopévn g mopafoing oto
M, (x;,y,) Koi N, 0 onueio Topng g pe Tov
a&ova x'x. [lo va dei€ovpe 0TL @, = @, , opkel
vo. dgi&ovpe 0Tl o, = @, N 1Wodvvapo OTL Ni(-x1,0), 7,

(EM,) = (EN,). 0

Ilpdypaty, emedn n & &yt eicmon
w =p(x+x), 10 N, Oa €xel cuvtetaypéveg C

(—X,,0), omoTe Bar 1oy et

2
(EM,) = [xl—gj +37 Ko (ENI):‘§+xl
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Enopévmg, &povpe:

(EMI):\/(XI_§) + :\/(xl_gj +2px,

H ypnion g topomdve 1016t1og yivetor ot TopafoAkd ThAEGKOTIN, GTA. PO
VTP, OTO PAVAPLD TOV OVTOKIWVAT®V, GTOLG TPOPOAEIC TV 030VTIATP®V KTA.

M+ﬂ:wmy n

Zuykekpluéva:

— Oleg ot axtives @TOHG TOL TPOSTITTOVY GTO TAPUPOAKO KATOTTPO TOPEAAN-
A0 TPOG TOV AEOVE TOV, OVOKAMDUEVESG, GUYKEVIPOVOVTOL GTNV ECTIA.

— ZT0 QOovAEPLO TOV OVTOKIVATOV OV £X0VV TOPUPOAKA KATOTTPO OL AQUTTY-
peg Ppiokoviar oty €otia. Tovg. 'ETG1, 01 OTEWVEG OKTIVES, AVOKADUEVES GTO
KATOTTPO, EEEPYOVTAL TAPAAANAQ TPOG TOV AEOVE TOL.

XXOAIO
ZOUQOVOL LE TNV TPOTYOOUEVT] OTTOSEIEN, Y10 VO PEPOVLE TNV EPATTOUEVT] LLOG
napofoing oe éva onueio g M, (x,,,), apkel va evaocovpe to onpeio N, (-x,,0)

ne o M, (x, )

E®PAPMOI'EXY

*1. Eoro n mopafori C : y2 = 2px kar &5 €, OL EQURTONEVES TNG TOPUPOINS
am6 éva onueio M (x,,y,) HE X, #0. Av M, M, givan o, onpeio emragng
TOV £, &, pe TV TapaPorn C, va amoderytei 611
() H gvbgio M M, éyer e€icmon yy, = p(X + Xg)
(i) H gvOcio M M, répystor omd Ty €6Tia, av Kot pévo av o M avikel
o711 d1eV0eTOVG O TNG TOPUPOIC.
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AIIOAEIZH

(1) Av (Xq,Y1) kou (x,,y,) €ivat ot cuvtetay- Ay
péveg tv onueiov M| kol M, t0te o1 gpa- Mi(x1,01)

TTOUEVEG &, KOl &, Oa Exovv eEl6MDGELS:

Mo(x0,v0)
& 1y =p(x+x) _
0 X
£ 1y, = p(X+x,)
M(x2,2)
Kol EMEWN Ol & Kol &, SEPYOVTOL OO TO
M, (x,,¥,), 00 1GY00VV
0 &

Yoy = px, +x) KO y,», = p(x, +x,).

Enouévag, ot cuvtetaypéveg twv M| kai M, Oa emainOevovv v edicwon
Yoy = P(X, +X) (1)

Apa, n (1) Oa givor n e&icwon g yopdng M M,.

(i1) Adym g (i), n evbeia M M, Siépyeton amd Ty eotio £ (%,0), oV Ko LOVO oV

ot ovvtetaypéveg g £ enaindgbovy v e&icmwon g yy, = p(X + Xg), Onradn,

ov Kot Hovo o woyvet y,0 = p(xo +§j N 1GodvVapOL

Xy =—"—,

2

mov cupPaivet, av kot poévo av to onpeio M (x,,»,) avikel otn devbetovoa
x= —§ ™G mopaoAnc.

XXOAIO

H evbeia M M, Aéyeton modixi Tov onpeiov M, wg mpog v napaBoin C, eved to
onueio M, Aéyeton wotog e M M, og mpog v C. Iapatnpodue 611 1 e&icwon
NG TOAKNG EVOG onueion M, (x,,y,) ©¢Tpog Vv mapaBoly C:y*=2px &gt
popon mov Ba gixe n epantopévn g C oto onueio M, (X,,Y,), ov avtd aviKe
otv C.
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2. Ecto N mopaporn y° =2px Ko M £QUATOPEVY TNG € 6E £vo onueio TG
M, (x,,y,), M omolo Tépver T drevdeTovoo TG Tapafoins oto onpeio M..
No amodeyytei 6TV M,EM, = 90°.

AIIOAEIZEH
H e&iowon ¢ ¢ givan

W =px+x). (1)
My(x1,1)
Ene1d1] to onueio My (Xg, Y1) eivar onpeio g
2
napaBoAng, woxveL i =2 px, , ONOTE X, = ;—‘

Apa, 01 cVVTETOYHEVEG TOV M| givan X=
y2
21 .
[219 ’ylj
‘Etot, n e&lowon (1) ypdoeton
» 2
Wi :P[”_z;j N 2wy =2px+yr. 2

Enopévag, ot cuvtetaypéveg tov M, Ha givan n Adon tov cuothpatog

p

X=-=

2
2yy, =2px+y}

Am6 v eniAvon Tov cueTApaTog avTod Bpickovue 6Tt 01 cLVTETAYHEVES TOL M, £tvon

py-r
27 2y,
"Etot, éxovpue

2 22 . 22 22
EM, = y_l_ﬁ’yl = u,yl Ko EM, = _B_E,yl P_|_ _p’u
2p 2 2p 2 2 2y 2y,

2
omote EM -EM, =-2 2p + 2 2” = 0.

Apa, EM: L EM,, ombte MlléM2 =90".
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AXKHXELY

A" OMAAAX

. Na Bpebei n e&icwon g mopafoAing mov £xel KOpLEN TV apyn TOV a&o-
vov kot agova coppetpiog tov dEova xx o€ KaOEULE OO TIC TOPUAKAT®
TEPUTTMGELS:
(1) Orav éxet eotia to onpeio E(-1,0)
(i1)) Ortav €xel drevBeTovon v evbeia X = —
(ii1) Ortav di€pyetal amd to onueio A(L,2).
. Noa Bpebei n eotia ko 1 dtevbetovoa e mapafoing pe e&icwon:

(i) y*=8x (ii) y* =—8x

2

1, . 1
ii =—X V) y=——
) = ) ==

2

™) VY =dax  (vi) y=——x
da

. Atvetar n mapoforr] y° = 2px. No amodetytel 6Tt 1 Kopuer| The Tapofor|c
glval To TAnoléotepo otV £oTion oNUeio TNG.

. No Bpebodv o1 cuvtetaypéveg v onueiov 4 ko B g mopafoing y = %xz,
OV £YOLV TNV 1010 TETOYHEVT] KOl 1GYVEL AOB = 90",

. Na Bpebei n e&lomon ¢ epamtopuévne g Tapafoing y = %xz o kabepd
0o TIC TOPOUKAT® TEPITTOGELS:

(i) Ortav givor TopdAANAN oty gubeior  y=x+1

(i) Otav givon kabetn otV vbeia y=-2x

(iii)) Ortav diépyeTan amd 10 oNuEio A(0,-1).
. No amodeiete 0TL o1 epomTOUEVEG TNG TOPAPBOANG y = ixz oTOL OMUEin
A(4,4) xon B (—l,ij Tépvovtol Kaeto kol Thve o devbetovoa g.

B OMAAAX

. Na amodeytel 6t 0 KOKAOg (x—3)* +)” =8 epamretor g mapaforfg
y* =4x. (Anhadn, &xovv Tig id1e¢ eomTOUEVEC GTA KOWVE GNUEio TOVG).
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2.

‘Ecto 1 mopaforny y* =12x. Av n epantopévn g topafoing 6to onueio

. '‘Boto N mopaPolrr] y* =4x. Av n gpamtopévn g TapaBorig oto onueio

"‘Ectw M évo onueio g mopaforng y° = 2px. Na amoderytel 6T1 0 KOKAOG

. 'Eoto n nopaBor y° =2px koun epamtopévn g & o€ éva onueio A(x,, y,)

‘Eoto N mopoforn y* =2px ko éva onueio g A(x,,»,). ®épvoous mv

. Atvovtor ot mapaBoréc C, : y* =2px xar C, : x* =2py

A(1,243) Tépvel tov afova x’x oto onpeio B, va amodetytel 6Tt TO TPiymvo
EAB givol .66mAgLpO.

A(3,24/3) tépver ) SievBetovoa oo onpeio B, va omoderytel 6Tt 0 KhKAOG
He S1apETPO AB epdmteTon 6ToV AEOVA XX 6TV 0Tl TNG TAPAPOANG..

pe didpetpo EM, 6mov E m eotio TG TopafBoAng, epantetal oTov déova y'y.

avtgs. Av 1 evbeia OA tépvel ) devbetovoa ™ Tapafoing oto onpeio B,
va amodetytel 6tt BE //¢.

Av 1 spantopévn TG mapoafoing ¥° =2px oto onueio g 4 téuvet T Si-
gvbetovoan oto onpeio B kot tov a&ova y'y oto onueio K, vo amodetytel 0TL

(i) AEB = 90", (i) EKLAB  xa (iii) (EK)? = (KA)KB).

eQaITTOUEVT TNG TOPOPOANG 0TO 4, oL TENVEL TOoV dEova XX 6T0 B Ko v
TopdAANAN amd to A otov G&ova x'x, Tov TéUvEL T devbetovoa 6to /. Na
omodeytel 6T To TETPATAELPO AEBI gtvon pOpPog pe k€vipo otov dova y'y.

(i) Naomodeitete 6T101C, kon C, téuvovranotaonueio O(0,0) ko A(2p,2p)

(i1) Av ot gpamtopeves Twv C, xar C, 6t0 4 téuvovv 1ig C, xan C, ota

onueia B kot I” avtiotoiyme, vo amodei&ete 6t M Bl givon kowvn epo-
nropévn tov C, kot C,.

3.3 HEAAEIYH

Opiouog 'Elletyng

‘Eocto E' kot E 600 onueio evog emmédov. Ovoudletor EAlenyn pe £6Tieg Ta

onueia E' kot E o yeopetpukodg tomog C tov onpeiov tov emmédov TV omoinv

T0 GOpoilcua TV anoctdcemv ond to. E' kol £ givarl otabepd kot peyaAutepo

tov E'E. To otafepd avtd dOpoicua to supporilovpe, cuvibwg, pe 2a kot v
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amodotoon Tov eotidv E' ko E pe 2y. H amdctaon E'E ovopdletol gotioxt)
am66TOG TNG EAAEYNG.

ZOH®VO [LE TOV TOPOTAV®D OPIGLO: M

a) ‘Eva onueio M tov gmmédov sival on-

peto g EAreyYmMgG, av Katl Lovo ov

(ME')+(ME) = 2a

B) Ioyver (E'E)<(ME')+(ME), omhadn A’
2y <20 omoOte y < a. Av y =0, tOT€E TOL OM-

peia E', E ovumintovv, omdte N EA ey vi-
VETOL KOKAOG e KEVTPO TO E Kol aKTiva o.

2a
I'a va Bpovpe éva onpeio g Edienyng C, epyalopocte og e&ng:

IMaipvovpe éva tpuqpo KA pinkovg 2o ko éva omolodfmote onpeio tov 2. Mg
kévipa to. E' xou £ xou axtiveg p'=(KX) ko p =(AY), aviiotoiywg, ypd-
@ovpe 600 KOKAOLG, ot omoiot Tépvoviat ota onueia M kow M'. Ta onueio M
kot M’ glvon onpeio g EMAetyng, yati woyvel (ME')+(ME)=p'+ p =2a Ko
(MEY+(ME)=p'+p=2a.

Me tov 1810 TpOTO UTOPOVUE VO KOTUCKEL-
AGoVLE 0GOONTOTE oNUETD TNG EAAELYNG.
IIpoaxtikd pmopovpe vo oyeddcovpe TV \

EMenymn oc e&ng: Tlaipvoope éva oyowi
UNKOVG 20 KOl GTEPEDVOVLE T, AKPA TOV
oTig eotieg E' kot E. Av tdpa pe éva po-
AOPL St povpE TO GOl TEVI®UEVO, TOTE
ovTo, Kotd TNV Kivnon tov, Bo dtoypdyet
mv EMAenym.



102

Eéiocwon 'Eletyng

e 'Eoto o éddenyn C e eotieg E' kot

<
=

E. Oa Bpovpe v e&lomwon g EAreymg M(x,y)

MG TTPOG GUGTNUO CUVTETAYUEVOV OXY UE

a&ova twv x v gvbeio E'E won d&ova Vg y
ToV Y ™ pecokddeto tov E'E. E0.0) ”

Av M(x,y) etvorl éva onpueio g EAAet-
yng C, tote o 1oyveL

(ME")+ (ME) = 2. (1)

Eneidn (E'E) =2y, ot eotieg E' ko £ Qo
£€yovv ovvrtetaypéveg (—y,0) kot (y,0) avriotoiyws. Emopévac,

(ME" = \J(x+y)* + )’ kou  (ME)=+(x-y) +)*.

"Etol, n oxéon (1) yphoeton

Jo+7P + 72 +(x-7) +)* =20,

oo TNV OTTola EYOVLE SLUDOYIKAL:

N+ +y? =20 —\(x-7)" +)’
(x+;/)2 +y2 =4a’ +(x—;/)2 +y2 —4a\/(x—;/)2 +y2

Xy 4 2yx+yt =4’ + Xy = 2yx+yt —day(x—y) +)°

aJ(x-y)+y' =a’-yx ()

a’(x* +y? =2yx+y*) =(a’ —yx)’
a’x* +a’y’ —20’yx+a’y’ =at +y’x* —20’yx

(aZ_y2)x2+a2y2:a2(a2_y2)
2 2
X Y
—+ =1. 3
aZ aZ_yZ ( )

Enedn o >y, eivar o’ =y >0, ondte av Bécovpe B =4a’-y°, n e&lcwon (3)
TOiPVEL TN LOPOT|

Tl (4)
a
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AmodeikvieTal Kal To aviiopopo, dnhadn Ot kdbs onueio M(x,y), ToL 0moioL
o1 cvvtetaypuéves emodndevovy v e&lowon (4), etvan onpeio g Eldetyng C.
Emopévmg, n e€lomon g éMdetyng C ue eotieg ta onueion E'(—y,0), E(y,0) ko
otabepod dBpoiopa 2a etval

2 2
X r
o=l nov f= a7

INa mapddstypo, 1 e€lomon g EMAelyng pe otieg ta onueion E'(—-4,0), E(4,0)
Ko otafepd dfpocua 2a =10 givor

Y Y o1 apov B=yai-y? =5 -4 =3,

5803
, . , . YA
e Av tdpa Thpovpe GOGTNUA GUVTIETOYUEVOVY Oxy 4
pe déova TV x ™ pecokdfeto tov E'E won aEova £0y)

Tov Yy v evbeio E'E kot epyactovpe 0nwg mpuy,
0a Bpovpe 6t N e&lowon g EAreyng C eivan

2
X

2
y ’
F+—Z=1, omov ﬂ=«/a2—y2

]

TNa mapaderypa, n EAdenyn pe eotieg E'(0,—4),
E(0,4) xou otabepd dBpoopa 2o =10 givon

2 2

x—+)5/—2=l, aeov ﬁ=\/a2—y2 =5 -4 =3,

32

Io16tyteg ‘Eldetyng

‘Eoto po édhetyn

2 2
X Yy . _ [ 2 2
C.—2+F—1, ooV ﬁ— a -y

]

o Av M (x,y) sivon éva onueio g
EMewyng C, 10te ta onueio M, (x,—y,),

M, (=x,,y,) xou M, (=x,,—y,) AV KOOV GTNV

C, 0oV 01 GUVTETOYUEVEG TOVG ETOAN-
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0evovv v e&lowon ™e. Avtd onuaivel 6TL N TOPATAVE® EALEWYT] EYEL TOLG GEO-
Ve Xx Ko ¥y AEoveg GUUUETPLOG KO TNV 0pyN TOV 0EOVEV KEVIPO GUUUETPIOG.
Emopévag, n gubeio mov evadvel Tig eotieg E', E g EAAenyng ko 1 pecokddetog
tov E'E elvon déoveg ovppetpiog g Edhetyne, eved to péco O tov EE eivon
Kkévtpo ocvppetpiog tg. To onueio O Aéyeton kKEvTpo g EAAELYNC.

e Amo myv e&icmwon g EAleyng yio Yy =0 Ppiokovpe X =za, evd yuoo x=0
Bpioxovue y=+pB. Eropévog, n édkeyn C téuvel tov déova x’x oto onpeio
A'(—a,0) kor A(a,0), evd Tov a&ova. y'y ota onpeio. B'(0,—f) war B(0, B). Ta on-
peia A4’y 4, B', B Aéyoviotl KOPLOES TG EAAEWYNG, EVD TO EVOVYPOLLLO TUAHOTO
A’'A ko B'B, ta omoia €xovv pnkm (A'A) = 2a kot (B'B) =28, Aéyovtol peyarog
agovag kol pkpog agovag avtiotolyws. To gvBvypappo Tupa mov opilovv dVo
OTOLOONTOTE CLUUETPIKA G TPog O onueio M| kon M, g EAAenyng Aéyetar di-
apetpog g EMAelync. Amodeucvietal Ot

2B <(M,M,) <2a,

dnAadn| 0Tt kdBe ddpetpog g EAAElYNG elvor peyalvtepn 1 ion and 10 pikpd
a&ova Ko pukpotepn 1 ion amd to peydro d&ova g EAAELYNG.
e Téhog, amd v e&lomon g EMAetync, £xovue

2 2
o1 <
a B
oToTE
x> —a’<0
Ko Gpo
—-a<X<a
Opoimg
-B<y<B.

Apa, n EAewyn mepiéyetal oto opboydvio mov opilovv ot gvbeieg X =—a, X=«a
xar y=—p, y=p.

Exkevrpornta Ellctyng

Mua opdpeTpog mov Kabopilel Tn Hopen TG EAAEWYNG Eival 1 EKKEVTPOTITA TNG
2 2

EMdewync. Ovoudlovpe EKKEVTPOTNTA TNG EAAELYNG x—2+% =1 kot ™ ovuPo-
o
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[2_ 2
MCovpe pe &, T0 Aoyo & =L <1 Enewdn y = Jo? — B2 , sivan & :a—ﬂ’ omoTE
a a
2 2 2
Ry :1—(£) KoL Gpa
a’ a
B_ize (1)
a

B

Emopévmg, 660 peyaldvel 1 EKKEVIPOTNTO TOGO HIKPOiveL 0 AOYOG — Kol KATA
GUVETELN TOGO TO EMUNKNG Yiveton 1 EAAeyn (Zy. o).

Ortav 10 € Teivel 6T0 PNdEV, TOTE 0 AOYOG B telvel 010 1 ko emopévmg n EAhetyn
a

B

telvel va yivel kOKAog. Otav, OLmC, TO & TEIVEL 6N LovEada, TOTE 0 AdYOog — Teivel
a
o7to 0 Ko emOUEVOC 1 EAAEYN TEIVEL VO EKPUAMGTEL 6€ EVOVYPOLLLO TUM O,

Ot eMelyelg mov €yovv v 0o ekkevIpOTNTA, Gpa 1610 Adyo —, Aéyovtal
a

opoteg (Xy. B).

CY ®

Eivat yvootd amd v Actpovopio 6Tt o1 TpoyEG TV TAVNTOV YOP® amd TOV
"HMo givon elheiyelg, Tov onoiov ) pia gotio katéyet o HAlog. Ot ekkevipotn-
TEC TOV TPOYIDV OWTOV €lvort ot eENG:

[Mavnng EKKEVTPOTNTAL IMavng EKKEVTPOTNTA
Epunc 0,206 Kpovog 0,051
Appodim 0,007 Ovpavog 0,046
I'm 0,017 [Toceddvoag 0,005
Apng 0,093 [TAovtovag 0,250
Atog 0,049
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Hopauetpixés E¢iomoers 'Elletyng

2 2

‘Eocto n élewyn C: x—2+% =1 kot éva onueio M(x,y) TOL KOPTEGLAVOL ETL-
a
TESOVL.

2 2

— Av 10 M(x,y) avikel otnv éAdewyn C, 1ote Ha 10y veL x_2+% =1, ondte Ha
a

€yovpue

Emopévmg, to onueio N [1 : %j 0o avikel 6To povadioio KOkAo, omoTe Oo vITAp-
a

X
et yovio ¢ €[0,27), tTéto10, OCTE o = 0LV Kot % =npe, ONAadn

X=aGuve Kol Y= fnue. (D)

— Avuotpopwg, av ioyvovv ot (1) yuo kamola yovia ¢ €[0,27), tte T0 onpeio
M(x,y) 0o avikel oty Eddeym C, apov

Xy _dlowe By
2 BZ a2 ﬁZ

Emopévmg, o1 cvuvtetaypéves tov onpeiov M(x,y) g élietyng C kon pdvo ow-

=ouvip+nuip =1.

Q

TG IKOVOTIOLOVV TIG EEIGMOELS

X = oLV Kot y=fBnuoe, o €[0,2x).

Ot e&lomdoelg ovTéG Adyovtal mapa-
. . . Ay
perpkéc e€romosig g Eddenyng C.
ZOUQOVO HE TIC TTopapeTpikés €t M,
oMoES To onpeio M (acvve, Bnue) oo
™me éAdewyng mpoodopiletor oG M, I
egng: 4
I'pagovpe tovg kvxAovg C, ko C, pe o

Qe p|™

——q|—» A i
Ké€vtpo O kol oKTiveg f Kol o ovTl-
GTOlYMG KoL PEPVOLUE Mo evDeia B c

Ot, £161 wote (Ox?Ot) =@. Av nnut- G

gvbeio Of tépver toug C, xar C, ota
onueia M, ka1 M, avtictoiymg Kot ot
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nopbAAnieg and to M|, M, tpog Tovg GEoveg x'x, ¥y, avTioToly®g, TEUVOVTaL GTO
onueio M, tote to M O avnker otny éddewym C. [pdypati, To onueio M, Oa éxet
cvvtetayuéveg (fovve, fmue), eve 1o M, 0o £xel GUVTIETOYHEVEG (A CLVQ,AMUP).
Apa, o1 cuvetaypéves tov M Oa givar (acvve, Bnue).

E®PAPMOI'H

"Eote 0 kOkhog x° + y* =4, a>0 ko éva enpeio Tov M, Tov omoiov 1 0p61
npofoif otov GEova X'X givar To onueio M,. IIave 6to £v0vYpappo Tuipa

M, M
M, M, opilovpe éva onueio M, tétoro, doTE Vo 16 HEL M;M) = E, 0O<B<a.
(M,M)) «
Na amodeyytei 6T1 0v To M, Kiveiton 6Tov KOKA0, TO M Kiveitor otny Edewyn
2 2
x_z + y_z =1.
B
AIIOAEIZEH
‘Ecto (x,,y,) ol cvvtetayuéveg tov M YA
v . THEVES ! I Mi(x11)
kot (X,)) ot cvvretaypéveg tov M. Enet-
M, M
4 (M,M) :ﬁ, gyovpe lzﬁ, onoTE
M,M)  « y, «
A >
X
o
W=y ey
Enedn|, emmiéov n MM, eivor kéOetn
otov agova x'x Ba 1oyvel
X, =X, @

Ouwe, to onueto M,(x,,y,) avikel otov k0K A0 x° +)* =a’. Enopévag, 1oydet
X +y! =a’, ondte, Moyo tov oxéoewv (1) ko (2), &xovue

2 2.2 2
xz+[%yj PR L AN PN

ﬁZ a2 [))2

Apa, to onpeio M(x,y) aviKel otnv EAAEYN x_z + F =1.
a
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Eganrouévy Elletyng

e 'Eoto pa éAdenyn C ue e&iomon

A

>
2 2
g 7 | TN
[04

/ X

Kol évo onpeio e M, (x,,»,). H epamro- ’\ 0
pévn e éddewyng C oto onueio M, (x,, ;) ¢
opiletal pe TpOTO AVAAOYO TPOC EKEIVO

Le TOV 0Ttoio OpioTNKE 1 EPATTOUEVN TNG
mopafoAng Kot amodetkvoetal 6Tt £xet e&i-

GMOoM

oW

az ﬂ2 -

x2 2
TINo mwopdaderypa, mn e@amTopévn TG EAAEWYNG EerT:l oto onpeio
™mg MI(Z,\B) &yer e&lomon xl_.62+#:1’ N omoio ypheeTonl 1GOSVLVOLA
IRENE]
6 3
e Av o Eddenym €yetl e€lomon
2 2
%+%:1,

16T M epamTopévn e oo onueio M, (x,,),) éyet e&icmon

W

=1.
al ﬂZ

e Onwg 1 mopoforn €10t Kou 1 EAAEWYT EYEL OVAAOYN OVOKAOGTIKN 1510TNTO.
ZuyKekpluévor:

H xé0etn oty epamtopévn pog EAdetyng oto onueio emopng M duyyotopel
™ yovia E'ME, 6mov E',E ot gotieg T¢ EAAEWyTC.
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VAN

ZOUEMOVO LE TNV 1310TNTO OVTH VA YNTIKO KU 1] ol QOTEWN aKTiva Tov Ee-
KooV amd 1 pio €otio pog EAAEIYNG, OVOKADUEVO GE ALTHV, SEPYOVTOL OTd
™V GAA eoTio.

H 1310t t0 0vT1| p1GILOTOLEITOL GTO GYESIAGHO OPIGUEVOV TUTOV OTTIKAOV Op-
YAVOV Kol GTNV KOTAOKELT TOV AEYOUEVOV “OTOMOV HE €101KN akoLoTik)”. Ot
ot0éc avtég eivon aibovceg pe elAetl-

vEQPO

TMTIKN 0POPY|, GTIG OTOlES £va TPOGMOTO

mov y1Bvpilel ot o eotio pmopet va L ekTposio

okovotel otV GAAN eotio. Akoun, 1M
| eMewmTicd
KOTOTTPO

avoKAOGTIKY 1010TNTO TNG EAAEWYNC Bpi-
okel omovdaia Qapuoyn oe wia latpikyy £
néBodo mov Aéyetan Aibobpvyio. H pé-
0od0g avt) epapuoletor wg e&ng: X

TETPOL
VEQPOD

Ha eotia TG EAAEWYNG ToTtobeTelTON EVal
NAEKTPOSIO EKTOUTNG VIEPNY®V, EVD O
ac0evng tomobeteiton o t€To1a B€0T, MGTE TO VEPPO TOL VO €lval GTNV GAAN
eotia. Tote o1 méTpeg TOL VEPPOD KOVIOPTOTOLOVVTOL OO TOVG OVOKAMDUEVOUG

VITEPNYOVE.

EPAPMOI'EXY

2 2

1. Aivovrar n #dewyn C, :%+%=1 Kol 0 KOKAOg C, : x* +y* =a’. Av

M, (x;,y,) givar évo, onueio g C, kv M,(x,,y,) 10 onueio tov C, pe
X, = X; # 0, vo amoderytel 6T N e@amTopévn &, g EMrewyng C, 6to onueio
M, xar 1 gpamTopévn &, Tov KOKAOV C, 610 onueio M, tépvoviar mave
oTov Ggova X'X.
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AIIOAEIZEH y

& A y
H eficmon g ¢, eivan e
M,

XX 0

oWy (1)

a2 ﬁZ M]
KO TNG &, eivat T 0 1 2

xx, +yy, =a’. 2) G

2 G

I'a y=0, and v (1) Ppiockovpe x :a—,
X

1
2

, . ; a . . ,
eve amd ) (2) Bpickovpe X =—. Apa, KoL N & KoL T &, TELVOLV TOV XX 670 1610
X
1

2
onueto, 10 M[“—,o].

X

2XOAIO

ZOUPOVO. UE TNV EQUPUOYT GVTY], Y10 VO, QEPOVUE TV EQUTTOUEVN &, TNG EAAEL-
yng C, oto onueio M|, pépvovpe TV gpantopévn &, Tov KokAov C, 670 onpueio
M, ka1 6T GuVEKEL EVDVOLUE TO oNueio TOUNE M Tov g, Ko xx pe To onueio M.
H MM, givar n {ntodpevn epantopévn.

2. Ecto C N éhdewyn pe gotieg o onusio E'(-y,0) kou E(y,0) ko peyad-
Ao aEova 2a. No amodelytel 6TL 0 AOYOS TOV UTOCTACEMV 0TOLOVNTO-
1€ onueiov M(x,y) g éhhewyng amd v gotia E(y,0) kol tnv gvbeia

a’ , . , ,
§:x=— givan oTo0epdg KOl i60G PE TV EKKEVTPOTNTA TG EAAEIYNG.
Y 2

Opoing, Yo v gotia E'(—y,0) kor tqv gvlsgia 5’ : x = e
/4
AIIOAEIZEH
Eneidn to M(x,y) aviket otnv éMeym C, O ioyvet
(ME")+(ME) = 2a. (1

Emopévag, 6mmg gidape otnv amoddelén g e&icmong g EAAeyg, Ba £yovpe

oay(x-y) +y’ =a’ —yx ()
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H o6t ta avth) ypdeetat Stodoykd:

\l(x_y)2+y2 :a_éx M(x’y)

]
NE=7) +y? =§(a—2—XJ. 3) v

4 E,0) O E(v,0)

Opnwmg, a?

2
JE—7)?+1* =d(M,E) xa %—x:d(M,é).

Emopévag, n (3) ypdopetat
d(M,E)=La(m,s)
(04
1 1GodvVaLaL
k 3 dM.E) y
d(M,5) «

AXKHXELY

ol 4

A" OMAAAX

1. Na Bpeite Vv e&lowon g EAAEYNC 6€ KOOEULA 0ITO TIG TOPOUKATM TEPITTM-
GEIG:

(1) Otav éxet eotieg to onueion E'(—4,0) ko E(4,0) ko peydro a&ova 10
(i1) Otav €xet gotieg ta onueio E'(0,—5) kot E(0,5) ot peydio a&ova 26
12
(111) Otav éxet eotieg ta. onueio. E'(—12,0) ko E(12,0) Ko eKKEVTPOTNTOL T
(iv) Otav éxel eotieg Ta onueion E'(—4,0) kot E(4,0) kot di€pyetal amd to
, 9
onueio M (4,5)

(v) Otav &gl kévipo coppeTpiog v apyn Tov oEOVev, eoTiec oTov GEova

1
xx Ko diépyeton amd ta onpeio M, (1,1) ko M, (25j .

2. No Bpeite to piKn TV aEOVOV, TIG EGTIEG KoL TNV EKKEVIPOTNTO TOV EAAENYEMV:
(1) x> +4y° =4 (ii) 169x° +144y* = 24336.
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3.

. No amodeiete 6T 10 onueio M [

No eyypdyete oty dhhetyn 4x” + y° =4 tetplyovo pe mAevpég mapaiin-
AEG TTPOG TOVG AEOVEG.

. Av E', E givon ot gotieg kar B'B 0 pukpog a&ovag g EMAenyng x* +2y° =4,

va amodeifete 6Tt to teTpdmigevpo EBB'E’ gival TeTpdy®vo.

No amodei&ete OTL 01 EQATTOUEVES LOG EAAELYTG OTO AKPOL LLaG STOUETPOV
™G elvor TopAAANAES. (Aiduetpog pog EAAENYNG AEYETOL TO TUN O TTOV GUV-
déel 800 onpeia TG EAAEYNG Kot S1EpyeTal amd TNV apyn TOV aEOHVOV).

. No Bpedovv ot e£lodoelg Tov epantopévov e EAenyng 3x” +3° =4, ot

omoiec:
(1) etvan mapaAAniec Tpog v gvbeio y =—-3x+1

. . , 1
(i1) eivon kGBeteg oty gvbeia y = Ex
(iii) dépyovtan amd o onueio M (0,4).

No anodeitete 6Tt o1 epantdpeveg ™ EMAeyng x° +4y° =100 ota onueia
™G M, (4/5.45), M, (~4V/5,4/5), M, (~43/5,~5) ke M, (45, ~5) oxnua-

Tilouv TeETPAy®VO e daydVIEG TOVG AEOVEG X X Ko V'y.

B OMAAAX

a(l-1*) 2Bt
1+72 147

j OVNKEL OTNV EAAELYN

2 2
%+# =1 ywo 6Aeg T1g TIHEG TOL t e R.

. Noa amwodei&ete 0T1 T0 oNUEIO TOUNG TOV ELOEIDV

ay=AB(a+x) xar Aay=pfa-x), 0<p<a.

2 2

OVIKEL TNV EAAEYT x_2 + % =1 y1a Oheg Tig TipéG TOV L e R’
o

2 2

Y

. Av M(x,y) eivar éva onpeio g EAAeyng x_2 + F =1, va amodei&ete oTL
o

(ME"Y=a+ex xou (ME)=a—¢x.

. Av d,d’ givar ot amootdoelg tov onueiov I'(0,y) ko I''(0,—y) amd v

2 2

EQOTTOLEVT TNG EAAEYNG x_2+ % =1 o¢ éva onpeio g M, (x,,¥,), va omo-
o

dei&ete OT1
d?+d"” =2a’.
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2 2
5. 'Boto M, (x,,y,), M,(x,,y,) 600 onueia g EAAeryng x_2+%=1 Ko To!
a

onpeia N, (ex,,0) kar N,(gx,,0). Na amodeitete 6t (M| N,) =(M,N,).

2 2
6. 'Eocto 1 éMheyn x_z + y_z =1 xot éva onueio g M. 'Ectm emumhiéov, o KO-
a” B
Khog x* +y? =a’ xou To onueio Tov N, mov £yl TV id1a TETUNUEV LE TO
M. Antd to M pépvovpe mapdAANAn mtpog v ON, oL TEUVEL TOVG AEOVEG
xx ka1 y'y ota onueia I” ko 4 avtiotoiymc. No amodeiete o1t MIT = f8
Kot MA =«

2 2

7. 'Eoto ¢ xou &' ot epantopeveg g EMetyng C : —2+y—2 =1, 0<fB<a

OTIG KOPLPEG TNG A(ar,0) Ko A'(—a,0), avTiotolymc, katl N epamTopeévn
¢ C og éva onpeio e M, (x,,y,). Avn {tépvel Tig € ko &' oto onpeio /”
kol I'', avtiotoiywc, vo arodsi&ete OtL:

(i) (AT YAT")=

(i1) 0 KOKAOG pe duapeTpo to I'T' diépyetan amd TIG €6TiEg TNG EAAEYNG.

2 2

8. 'Eoton éMkewyn x_z + % =1 xoum epanTopévn oto onueio me M, (x,,y,) . Av
a

N EQOTTOUEVT TEUVEL TOVG GEovec xx ko y'y ota onueio I'(p,0) ko A(0,q),
2 2
o« B

va omodeilete 0Tl — +
p 9

3.4 H YIIEPBOAH

Opiouog Yrepfolig

‘Eoto E’ kot £ 800 onueio evog emmédov. Ovopdaletor vepforn e eotieg ta
onueia E' kot E o yeopetpuodg tomog C tov onpeiov tov emmédov TV omoinv
N amdAVTN T TS Sapopdc TV amootacemy and ta E' kot E sivar orabepi
Ko pikpdtepn tov (E'E) . Tnv awdAvun T e S10p0pds TV anoctdcemy kibe
oNueiov TG VIEPPOANG amd TIG E0TIEG TNV TAPIGTAVOVUE GLVNOWG LEe 2a, EVED TNV
omdoTooT TV 0TV pe 2y. H andotaon E'E ovopdletol eotiokn andéstacn

™¢ VIEPPOANG.
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Zopemvo 1e Tov opiopd auto:

o) ‘Eva onueio M etvan onueio g vrepfoing, av
Kot pévo av

|(ME") - (ME) |= 2a.

B) Ioyber |(ME")—(ME)|< (E'E) diadn 2a < 2y,
oToTE O <.

INo va Bpovpe onueio g vrepPfoing C, epyalod-
poote og e€ng: [aipvoope Eva evBHYpOpLLO TUN O
KA pfqrovg 2a Kot éva 0o10dNTOTE GNUEL0 X NG
nuevdeiog K4 ektoc 10V 0OOYPUPIOV TUNHATOG
KA. Me kévipa E' kol E xon axtiveg p' =(K2X)
Kot p =(AY), avTioToliY®G, YPAPOVE KOKAOLG Ol
omoiot tTéuvovtal ota onueio M kow M'. Ta on-
peio M kar M’ givon onueio e vepPoAnc, yia-
Ti 1oyvel (ME')—(ME) = (KX)—(AX)=(KA) =2a.
Me 1oV TpOTO OVTO UTOPOVLLE VO KOTUCKEVAGOV-
pe ocadnTote onpeio g veepPoing.

Eéicwon Yrepfoing

pd

/ (E'E)=2y \
|((ME)—~(ME)[=2a

N7

A*'—‘Z

/

® 'Eotow C o vtepPorn pe eotieg E' ko E. Oa Bpodpe v e&iomon g C wg

TPpoGg cvoTNUA cvuvieTayuévov Oxy pe agova tov x v evbeia E'E kot dEova tv

y ) pecoxkabetn tov E'E.

Av M(x,y) eivon éva onpeio g vrepPoing C,
TOTE OO 1o 0vEL

| (ME")—(ME) | 2a, (1)
Emeidn (E'E) = 2y, ot eotieg E' kot E Oa £yovv 6v-

vieTayuéveg (—y,0) ko (¥,0) aviiotoiyws. Emous-
Vg,

Y

A

M(x,y)

E'(-7,0) [4°

(ME") = (x+7)* + > xou (ME)=+/(x—7)" +°

‘Etoin oyéon (1) ypaoeton

‘\/(xw)z +y' -

A\ E@,0)
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oo TNV 0Tola EYOVUE SO0y IKAL:

) 07+ (=7 437 =2 (x+7) + 7 J(x—p)* +)7 = 4o’

\/(x+y)2 +y! ‘\/(X—J/)2 +y'=x’+y +y’ =20
[ +y? + ")+ 2yx]- [ + " +y ") = 2px] =[(x + ) +77) =207 T
(P +Y +y)Y =4y =+ +y) +dat —daP (Y +y7)
a’x’ —y’x’+a’y’ =at-a’y’

(az _yZ)xZ +a2y2 :aZ(aZ _}/2)

S (1)

Enedn y > a, eivar y* —a® >0, ondte, av Bécovpe B =+/y° —a?, n ekicoon (1)
TO{PVEL TN LOPON|

2
X

Y. 2
N ()

AmodeivieTal Kol To aviiorpopo, dniadn Ot Kabe onueio M(x,y) TOL 0mOioL
o1l cvvteTaypéveg emondevovy v e&lomwon (2) eivon onpeio g veepPoing C.
Emopévamg, 1 e&icmon g vrepPfoing C e eotieg ta onueia E'(-y,0), E(y,0),
Ko otafepn dtopopd 2a elva

2

2
X .
=l onov =y

TNoa mapddstypa, n e&lomon g vaepPoAng pe eotieg to onueio E'(-13,0), E(13,0)
Ko otafepn dtpopd 2o =24 eiva

XY g apod B=yy -a’ =137 12 =5
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® AV TpO TAPOLLE GUGTILO GUVIETAYUEVMV v
Oxy pe a&ova tv Y v evbeia E'E kot a&ova E0,))
TOV X ™ pecokddeto tov E'E ko epyactodpe

onwg mtpv, Ba Ppovpe 6t N e&lowon g vrep-

RN :u\'
ol 4

2

2
y—z——zzl, omov B =4y’-a’.

X
B

BoAng C eivau: 0

INa moapdderypa, n e&icmon g vrepfoing pe eotieg o onueio E'(0,—13), E(0,13)

]

Ko otafepn dtpopd 2o = 24, eivar

2 2

1y7_)5c_2:1, apob B =+y? —a® =\13*-12* =5

e Télog, av etval o = f, TOTe N LVIEPPOAN AéyeTon LOOOKEM]S Kol 1) €EloWOT TG
ypapetat: x* —y* = @

Ioiotntes Yrepfois

‘Eoto o vrepPoin C, n omoio ¢ Tpog £va GUOTNIA GUVTETOYHEVOV Oxy EXEl
2

2
géicmon x_z_%:l, omov B =+y>—a’.
o

® Av M, (x,,y,) etvau éva onpeio g vmepPoing
C, tote kou ta onpeia M, (x,,—y,), M, (—x,,y,) kot
M, (—x,,—y,) avikovv oty C, apov ot cuvtetay-
Héveg Tovg emainfsvovy v eicmon tg. Avto

onuaivel 6Tt n veepPforn C €xet Toug GEoveg x'x
Kot V'Y GEOVEC GLUUETPIOG KOl TNV apyn TOV
a&Ovarv kévipo coppetpiog. Emopévme, n evbeia

oLV evavel Ti¢ eotiec E', E g vrepPolng kot

N pecokdbetn tov E'E givan dEoveg coppetpiog
™¢ veePPoANS, evad to péco O tov E'E eivon kévipo cvppetpiog tg. To onueio
O Aéyetal KEVTPO TG VITEPPOANG.
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o And v e&iowon g vrepPoinc ya y = 0 Bpickovpe X = ta. Zvven®g, n viep-
BoAn téuvel tov dEova xx ota onueio A'(—a,0), kot A(a,0). Ta onueio ovtd Aé-
yovtotl Kopo@Eg g vrepPoing. Amd v ot e&icwon yioo x =0 mpokdmTel N
géiowon y?> =—B%, n onoia sivan advvatm oto R. Emopévag, n vreppoinq C dev
TépveL Tov dova y'y.

e Téhog, and v e&lowon g vePPOANG, £xovpie

2 2

X
L
a B
ondte
X —a’ >0
Kot Gpo

X<-a | X>o.

Emopévemg, ta onueio g vrepfoing C Ppickovian ££m amd v Touvia TV €v-
fs1v X =—a Ko X =@, Tpdypo Tov onpaivel 6Tt 1 VIEPPOA| amotereiton amd
300 YOP1oTOHG KAASOVC.

Acvuntwtes Yreppoing
A)

e 'Eoto o vrepPfoln C pe e&lomon & y=T% /
x2 yZ
? - F = 1 (1) 0
Ko po gvbeia & pe e&icmon B

y=Ax,

b 4

ONAad” o evbeio Tov mePvAEL amd TV apyn TV aEOVOV.

H evbeia € éxer pe v vepPorn C xovd onpeio, av Kot LOVO oV TO GOGTN O
2 2

X
?—%zl Kol y = Ax (D)
€xer Mon. H tpod e&iowon tov cvotiuatog (1), Adyw g debtepng, YpapeTon
S0 B0Y KA
X AX
PER

ﬂZXZ _AZ(ZZXZ :aZﬁZ

(ﬁZ_)vZaZ)XZZaZﬁZ. (2)
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"Etol 1o cvompa (1) éxet Aomn, av kol povo av 1 (2) £gel Ao, dnrodn av Kot
povo av B°—21%a’ >0 1, 160d0voua, oV Kot Lovo ov

11<

a

3)

Emopévmg, n evbela y = Ax €xel pe v vaepPoAn kowd onueio, Kot pdMoto

o600, povo otav | A< =. Apa, 6o ta onpeia g vrepPoAing C Ba mepiéyovron
a

OTIC YOViEC TV V01DV

oTIc omoieg Ppioketor o dEovag x'x.
Ag Bewpnoovpe Tdpo €va  onueio 4y
M(x,y) ™g vrepPoing pe x>0 kot P
y > 0. ATodekviETAL OTL OTAV TO X OD-

aver aneploplota, 1 amoctacn MP tov

B

M omd v evbeio y = = x teiver Tpog 10
a

undév. ‘Etot, to dvo teTapmmuoplo tov Fy =—x
0e&100 KAGdov g vTepPoing TAncLalel

OLo Ko TEPLGGOTEPO TNV €Vbeia y = gx, ¥opic ToTé va cuuTESEL pe avuth. 'V av-
6 TV evbeio y = gx ™m Aépe aoburntwro Tov 4e&lov KAAdOL TS VItepPOANG.
Adym ooppetpiog g vIePPOANG MG TPog Tov agova x'x, 0 de&10¢g KAMdog g Oa
£YEL ACOUTTOTO KoL TNV gvbeia y = —gx, omoTE, AOY® GUUUETPIOG TNG VIEPPOANG
KOl ®G TPOG ToV dEova ¥y, 0 aploTepOs KAAOOS TG Oal £YE1 AGVUTTOTES TIC 016G

2 2

gvbeieg. Apa, 01 ACOUTTOTES TNG VIEPPOANG x_2 —% =1 &ivar o1 gvbeiec
o

Eivor pavepd 011 o1 acOuntmteg ™G vtepPorng eivorl ot dtoy®ViES Tov ophoym-
viov KAMN pe kopueég to onueia K(a, ), A(a,—B), M (—a,—f) xoar N(—a, ). To

opBoydvio awtd Aéyetar opBoydvio Pacng g vrepPfoing. o mapaderypa, ot
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2
acOUTTOTEG TNG LILEPBOING X7 —yT =1 elvon ot y= —éx T y= éx
a a
gubeieg ¥y =2x wa1 y =—2x.
) 5 N K
e Av 1 vrepPorn C éxel e&lomon y_z_% =1,
a
A’ 4 .
TOTE 01 ACVLUTTMTEG TNG tval gvBeieg: o) X
. Ko -
Y=5" YT M 4
ITAPATHPHXH

‘Evag pvnuovikdg kovovog yio vo Bpickovpe kébe Qopd TIC 0GOUTTOTEG LLOG
VIEPPOANG glvart 0 ENG:
ITapayovtomolovpe To TpmMTO PEAOG TG eElomong TG VtepPOANG Kot EIGMVOLLLE

2
KG0e mapdyovto pe undév. INa mapdderypa, £6tm N vrepPorn x° — yT =1. Eneion

o2 (254 2)
4 2 2

Ol ACVUTTMTEG TNG LIEPPOANG givar o1 evbeieg

Xx=2=0 K x+%=0,

dnAadn ot

Exkxevipotyta Yrepfoins

Onwg oty éAdeyn €10l Ko otV viepPoAn pio mopapuetpog mov kabopilel o
oynua g etvon n ekkevrpoOTa. Ovopdlovpe EKKEVTPOTNTO NG LIEPPOANG

2 2

x—z—% — 1, ko1 T GvpPorlovpe LE & T0 Adoyo & =L >1. Enedi y =ya’+ 2%,
a a

2
o

2 2
glvon g = —ﬂ, omote g =1 +(ﬁj Ko Gpa,
a a

b_Ja, (1)
o
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Emopévmg, n ekkevipotnto & mpocsdiopilel 1o cuviedeotn| d1evHBvuvong g acv-
UTTAOTOV NG, ONAadn yapaktnpilel To opboymdvio faong, dpa Tn Lopen g idtog
¢ vrepPorng. Oco 1 eKKEVTPOTNTA LUKPOL-

B

vel Ko tetvel va yivel ion pe 1, o Adyog —,
a

apa. Ko To S, pikpoaivet Kot teivel va yivet ico

pe 0. Katd cvvénela, 6co mo pukpn givor m

EKKEVTPOTNTO, TNG VAEPPOANG TOGO 7O ETi-
pnkeg givor to opboydvio Bdong kot katd
GUVETELN TOGO T0 KAELGTY €IvorL 1 VTEPPOAY.

AL
AN

2NV TEPITTMOTN NG 160GKEAOVG VITEPPOANG
glvor a = B, omote £ =+/2.

Egpanrouévy Yrepfolijs

e 'Eoto pio vepPolrn| pe e&iocwon Ay {78
x2 yZ
062 ﬁz : (1) M(xl,yl)
kot €va onueio M, (x,,y,) avtic. 0 X
H eg@oamtopévn g vrepPfoing oto ‘\
onueio M, (x,,y,) opileton pe tpdmo

OVAAOYO TPOG €KEIVO LE TOV OTOio
oplotnke 1M epomTopévn NG EAAEWYNMG Kol OmodElkvVeTal 0Tl €xel e&icmon

X W
a2 ﬂZ

2

‘Etol, yuo mopddetypo, n epomtopévn TG LIEPPOANG %— y*=1 oto on-

peio M1(4,\/§) éxel e&lomon XT?_ yJ3=1, n omola ypdpetar 1G0dVvapo

V3 B
?x

3
e Av o vepPoln éxel e€iomon
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toTE M €QamMTONEVT TNG 6TO onpeio M, (x,,y,) Ba €xel e&icmon
WX
a2 ﬂZ

o Onmcn éddetyn €10t Kou N vepPorn €xel VAAOYY] OVOKAUGTIKY 1310TNTO.

=1

ZUyKEKPIUEVOL:

H epamtopévn pog vtepfoing oe éva onpeio g M dryotopet ) yovio E'M E,
omov E', E ot gotieg g vepPoing.

Enopévog, po potevn axtiva, katevbovopevn mpog tn pio eotio g vrepPo-
MG, OTOV AVOKAATOL TNV ETLPAVELD VTG, OEPYETAL amd TNV GAAN €oTia, OTMG
eaivetot oto oynua. H 1ddtnta avt) g vtepfoing o€ Guvovacprd UE TIC avTi-
OTOLXEG WOLOTNTES TOV AAL®V KOVIKOV TOUDV BPIoKEL EPOPHOYN OTNV KOTACKELT
TOV OVOKAOCTIKOV TNAEGKOTI®OV, KOOMG Kol 6T VOLGUTAOTN Y10 TOV TPOGII0PL-
GO TOV GTIYHOTOG TOV TAOIMV.

E®PAPMOI'H

No ar0deryTel 0TL TO YIVOUEVO TOV OTOGTAGEOV EVOS onueiov M, (x;,y,) TG
2 2

vrepfoing % - % =1 omd TIg aoVUTTOTES eival 6Ta0EPO.
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AIIOAEIZH
‘Ecto M, (x,,y,) éva onpeio g vrepPfoing. Tote Ba toydet a_i_;_i =11, 100-
dvvapa,
B’xi—a’yi =a’p’. (1)
Or achuntmteg g, ko &, g vepPoing Exovy edicwoelg y = Ex Kol y = —Ex, |
16odvVapL “ “
px—ay=0 ko Px+ay=0 2)

avtictoiyme. Emopévag, 1o yivouevo tov anoctdcoewy tov M, and Tig &, &, etvar

ico pe

|ﬂx1_ay1 ‘.|ﬁxl+ayl|
\/ﬁ2+a2 \/ﬁ2+a2

d(Ml’gl)'d(Mngz):

1Bty |
ﬂZ +a2

) aZﬁZ

=—— mov gival otabepod.
o +p

b

AXKHXELY

A" OMAAAX

1. No Bpeite v e&iowon g vepPorng o€ kabepud amd TG TUPUKAT® TEPUTTM-

CEIC:

(1) Otav éxet eotieg ta onueion E'(-13,0), E(13,0) kot kopu@Eg T onpeio
A(5,0) ko A'(-5,0)
5
(i1) Otav €xel eotieg Ta onueio E'(0,—10), E(0,10) Kot eKKeEVIPOTNTO 3
(ii1) Otav &xel eotieg o onueio E ’(—\/g ,0), E(\/g ,0) ko di€pyetTan and 1o
onueio M (2\/5,1)
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N : . , 4 4 g
(iv) Ortav &yel aocvumtmTteg TIg gvbeieg y = gx Kol y = —gx Ko OLEPyETOL

omo To onueio M (3\/5,4).

. Na Bpeite Tig €0Tigg, TNV EKKEVTPOTNTO KO TIG OCVUTTMOTES TNG VIEPPOANC:
(i) 9x* —16y° =144,

(ii) x* -y* =4,

(iii) 144x> —25y* =3600.

2 2

. Na Bpeite v ekkevtpoTNTa TNG VITEPPOANG x_2 —% =1, Tng omoiag N a.cv-
a

UTTOTN ¥ = Ex oynuortilel pe tov déova x'x yovia 30°.
a

2 2
. Av 1 gpamTopévn e VIEPPOANG x—z—% =1 oV kopven A(x,0) Tépvel
a

TNV OGOUTTOTY ¥ = Ex oto onpeio 7, va anodei&ete 6tTL (OE) = (OI).
a

2 2

. 'Eoto 1 vrepPfoin C:x—z—y—zzl, e M epantopévn g oe £vo onueio
a

B
M, (x;,y,) kou ¢ k4Oetn g & 610 M. Av n & SiEpyeTar amd T0 onueio
M, (0,—B) ko n ¢ diépyetor amod to onpeio M3(2a\/5 ,0), va amodei&ete OTL

N ekkevTpOTTA TG LIEPPOMC elvar fom pe /2.

. Noa anodei&ete 611 KaOe gvOeia Tov givon TOPAAANAN TPOG piaL Atd TIG OG-
2 2

UTTOTEG TNG VILEPPOANG x_z _y_2 =1 tépver v vepPoin oe éva poévo on-
a

B

peto. Iloto etvon to onpeio Topng g evbeiog 2x— y =1 kot g veepPoing

4x* —y* =1;

. Na Bpeite 11 e€16d0€1 TV EQomTOUEVOV THG VIEPPOAS x° —4)° =12 o1
omoiec:

(1) etvon mapdAAAec mpog TV evbeia y=x+1
4

(i1) etvan kéBeteg otNVv €Vbeio y =——x
NG

(ii1) oEpyovtar amd to onueio M(3,0)




124

B OMAAAX

2 2

Y

. Av E| etvou ) mpoBoAn g eotiag £ g vepPoifg x_z - =1 ndvo otV
a

ﬂ2
OCOUTTOTN y = ﬁx, vo amodei&ete OTL
o
(1) (OE) =a, (ii) (EE)=p.

2 2

y

. 'Eoto e kan &' ot gpantdpeveg ™ vmepPorng x_2 - F =1 oTIg KOPLYEG TNG
a

Axor A", Av I"'xon ' gtvar to onpeio oto omoia pio Tpitn eQamTopévn g
VIEPPOANG TEUVEL TIG € KOl &', AVTIOTOTY®MG, VA amodei&ete OTL

(1) (AT YAT") =B’ ko
(i1) o KOKAOG pe drapeTpo To IT' diépyeTon amd TG €0Tieg TNG VITEPPOANG.

. 'Eoto M,(x,,y,) kou M,(x,,y,) 800 onuela tov 6e£100 KAAdOL NG VITep-

2 2
BoAng %_y_ 1. Av n evBeia M M, tépvel Tig achpmtmTeg OTO oNpEia

B
M, (x,,y,) w1 M, (x,,y,), vo oanodet&ete 6TL (M M,)=(M,M,).

2 2

Y

. A6 éva onueio M, (x,,y,) ™G vtepPoing x_z__ 1 pépvovpe mopdAin-
a

B
AEG TPOG TIC acLUTTOMTEC. Na, amodei&ete 0Tl T0 gpPaddv Tov oynuotilope-
VoL TOPAAANAGYPOLLLOL Etval oTabepO.

. Na owodei&ete 0TL TO GUVNUITOVO U0 OO TIG YOVIEG TOV OGVUTTOTOV TG

LX) . , , 2-¢*
VIEPPOANG — — = =1 diveton amd ToV THIO CLVY =
a2 ﬂZ 82

. 'Eotm o1 vepPorég

2 2 2 2
c: -2 -1 xa C XY 5 ol

2 ,82 2 2 ﬁZ

Q
Q

' ’ ’ ’ ’ ’
Av Aj, Ajxon Ay, A, givan ot kopogég Tov C, kar C, avtictoiymg, va amodei-
Eete 6TL and 10 4, 6gv dryovton epomtopeves otn C, evd and to 4, dyovtot
gpantopeveg g C,.
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3.5 HEZEIZQSH Ax*+ By’ + Ix+Ay+ E =0

Meragpopa Aéovav

H e&icmon evdg kOKAov pe axtiva p &xel v amdf popen x° + y° = p% av n apyn
ToL cvoTNHaTog cuvietaypévev O(0,0) eivar To KEVTpo Tov KUKAOL. AV OL®G TO
KEVIPO TOL KUKAOV dev eivan n apyh Tov a&dvmv oAl to onpeio O'(x,, Y,), T0te
n e&lowon Tov et TV o cvuvheTn popen (x—x,)> +(y—¥,)° = p°. Avtd deiyvet
OTL 1 Hopen NG e&lomong pog KopmoAng e€optdtorl amd tn oyeTiky 0€omn g
KOUTOANG Kot TV aEOvVmV.

Ag vmoBéoovpe 0TL o€ Eva EMIMESO EYOVLE LA KOLITOAN KOl TNV €IGMON TNG MG
TPOG Eva GVGTNHO GLVTETAYEVOV Oxy. Oo avalntioovue v e&icmon g 1010
KOUTOANG ©G TTPOG £va, “VEO” GUOTNIO GUVIETAYUEV®Y, TOV 0Toiov 1 apyn Oa
elvar 1o onueio O'(x,,y,) kot ot a&oveg X'OX kot Y'OY Oa eivar mtapdiiniot ko
OUOPPOTOL TPOG TOVG AEOVEC TOVL “TOMOV” GUGTAUATOC. AEUE OTNV TEPITTOON
avt) 01l T0 cvotnua O'XY £€yxel mpokdyel pe TOPAAANAN HETOPOPE TOV a&o-

V@V T0V cuetiuatog Oxy. YA YA
‘Ect® Aowmdv x Kol Y 01 GUVIETAYUEVES EVOC ()
onueiov M ®g mpog 10 TaAd cOGTNU, Kot X M {( X Y)

Kol Y 0ol GUVTETAYUEVEG TOV 1010V onueiov MG
TPOG 10 VEO cvoTnua. 'Eyoope

7y >
- O (x0>y0) X
OM =00"+0'M
1
(6,3) = (3, 1) + (X, 1) 0 %
(6, 0)=(x,+ X, yy+Y).
Emopévag, x=x,+X Ko y=y,+Y 1M, wwodHvapua,

X =x-x, Y=y-y,

"Etot yio mapddetypa, ov o1 GLVTETAYUEVEG EVOG onpeiov M wg Tpog vl KopPTEGT-
ovo cvotnua givoar (4,—3) ko n apyn O(0,0) petaxivnOei pe ™ petapopd towv a&d-
vov 610 onpeio O'(-1,2), tote o1 véeg cuvtetaypéveg tov M givar X =4—(=1)=5
ko Y =-3-2=-5.

‘Boto eniong n e&icoon (x—2)° +(y+1)° =9, mov TopIoTAVEL KOKAO pHE KEVTPO
K(2,-1) xou aktiva p = 3. Av pe pia mopdAAnAn HeTapopd Tov a&ovev 1 apyni
0(0,0) petakivnbel 6To KEVTIPO TOL KUKAOV, TOTE Ol KOVOVPIEC GUVIETAYIEVEG
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(X,Y) evoc onpeiov M tov kOK oL givar X =x—2 VA Y4

kot Y =y—(-1)=y+1. Enopévmg n e€icmwon tov
KOKAOL ®C TPOG TO VEO GUGTNHA 0EOVMV EYEL TNV

amlovoTtepn Hoper X’ +Y? =9, 1o - >
0'(2,-1) X
\
E®PAPMOI'H
Na £EeTO0TEL TL TOPLETAVEL 6TO EMITEDO KOOEULA OO TIS EELODGELG:
(i) y'—4y—-8x—-4=0
(ii) 9x* +4y’ —72x-24y+144=0
(iii) 9x* —16y* —36x—96y—252 =0.
AYZH
(1) "Exovpe dradoyika.:
Y —4y-8x—4=0 1)
Y —4y=8x+4
Y =2-2y+2° =8x+4+2°

(y—=2)* =8(x+1)

(y=2)* =2-4(x+1).
Av Bécovpe x+1=X kot y—2 =Y, dnraon av Kd- v Ay
VOLUE TOPIAANAN HETAPOPA TOV 0EOVMV KOl TO-
nobetiocovpe ™ véa apyn oto onueio O'(-1,2),
to1e M e&lowon maipvel T popen

Y?=24X. 0'(-1,2)
Emopévag, n e&icwon (1) maprotdvel mopofoin pe X
Kopven o onueio O'(-1,2) kol a&ova v gvbeia 0] -
Y = 0, dnradn v gvbeia y = 2. X
(i1) "Eyovpe dradoyikd
9x* +4y* —72x-24y+144=0 (1)

9(x* —8x)+4(y* —6y) = —144
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OX* —2-4-Xx+4°)+4(y* -2-3-y+3°)=9-4*+4.3° 144
9(x—4)* +4(y—3)° =36
_ 2 Y
LS
Av Bécovpe X —4 =X Kou Yy — 3 =Y, ONAadN av KAVOVUE TOPAAANAT LETOPOPA

TOV 0&OVOV Kot Tomobetnoovpe ) véa apyn oto onueio O'(4,3), tote n e&icwon

TOiPVEL TN Lopen
2 2
)2<—2+;—2:1
Emopévmg, 1 e&icmon (1) maprotdvel EAdeym A(4,6)
pe kévipo to onpeio O'(4,3) ko pe o = 3, f =
2 kol y=+3"-2? _5. Ta dxpo Tov pEYGAOL
B(2,3) B'(6,3)

»

a&ova ¢ TPog To vEo oot Eival To onpeio .
0“3) X

(X)Y) =(0,3) xou (X,Y) = (0,-3), omdte, AOY® TOV
oYéoe®V X —4 =X KoY — 3 =Y, ®OG TPOG TO OPYLKO

4

ovotnua, givor to onueio A(4,6) xar A’ (4,0). 0 - A'(4,0) X

Avdloya Ppiokovpe 6TL TO. AKPOL TOL HIKPOV
a&ova eivar ta onueia B(2,3) ko B’ (6,3). Eniong, ot gotieg €ivarl ta onueia
E(4,3\3), E'(4,-33).
(iii) 'Exovpe dradoyukd
95> —16y* —36x—96y —252 =0 1)
9(x? —4x)—16(y>+6y) = 252
9(x—2)> —-16(y+3)* =144
x-27 (y+3)*_
42 32 N
Av Béocovpe X —2=X Kot Y +3 =¥, ONAadn oV KAVOUUE TOPAAANAN LETAPOPE TOV

1.

a&6vav Kal torofetnoovpe T véa apy oto onueio O’ (2, —-3), tote N e&icwon
TOIPVEL TN LOPON|

X? y?

T

4> 3
Emopévamg, n e&lowon (1) maprotdvel vrepPfoln pe kévipo to onueio O’(2, -3).
Me avéroyo tpdmo, Onwg otV nepintmon (ii), Ppiokovpe 6TL N vIepPoin oVt
€yet

a=4, p=3, y=5

Apa, 1 vrepPoln £xel Kopvpég Ta onpeio A(6,-3) ko A’ (-2,-3) ko eotieg E(7,
—3) ka1 E'(-3, -3).
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Tevucd, pe KatdAAnAn peto@opd 0EOVMV, LTOPOVLLE VA SATIGTMOCOVLLE OV L0
e&iowon g popeNg AX’ + By? + I'x+ Ay + E = 0 mapiotdvel KOVIKN Topn kot vo
Bpovpe to €idog kot Ta GToLXElN TNC.

2yetikny Oéon EvOciags kot Kovikngg
Ac Oswpncovpe pia gvbeioy = Ax + B kar pio kovikh topfy Ax’ + By’ +Tx+Ay+E =0.
H gvbeia € ko kovikny C €xovv 10 TOAD 300 KO1vd oNpEia, 0PoD TO GVGTN L
y=Ax+p O
A’ + By  +T'x+Ay+E =0 2)
€Y1 TO TOAD VO SOKEKPLUEVES AVGELS.
I v eniAvon Tov cuoTuaTog éTovpe ot (2), 61OV ¥ = Ax+f, omdTE TPOKHITEL
po devtepoPfada e&lomon.
— Av 1 g€iowon ot £yl dVo pilec avioeg N puo oA pio (6tav givor 1ov Babpo),
TO0TE M €Ol KO 1] KOVIKT] TEUVOVTOL.
— Av 1 e&icmon €yt dvo pileg ioeg, dnAadn av givar 200 Babpov pe dtakpivovca
A =0, t0te amodetkvdetal Ot 1) vOeia EPATTETOL TNG KOVIKNC.
—TéMog, av 1 e&icmon dev &gl pilec, T0TE M gVOeia Kot 1) KOVIKT dEV EXOVV KOWVEL
onueia.

&~

INo mopdderypa, £éotm 1 gvdeia y = 2x ka1 mopaforn y =x” +1. Av oty e€icmon
g TopaPorng Oécovue 6mov y = 2x, Bpickovpe ) devtepofabdia e&icwon X>—2X
+ 1 =0, n omoia &xeltn dutAn pila x = 1. Apa, 1 evOeia EPATTETAL TG KOVIKNAG KO
To onpeio emapng etvon to M(1,2).



129

AXKHXYELY

A" OMAAAX
1. No amodei&ete 011 Kabepd amd TIc TopaKAT® eEIGOCELG TOPIGTAVEL TOPOL-
BoAn, Yo TV omoia va Bpeite TIC GLUVTETAYUEVES TG KOPLPTG KOL TNG ECTIOG:

(i) y* -8x+8=0 (ii) X2+ 4x-16y +4 =0
(iii) y*+4y +8x-28=0 (iv) x* —8x +6y-8=0.

2. Na amodei&ete 0Tt kabepd oo TIC TopoKAT® EICMCEL TOPIOTAVEL EAAEWYN,
yio TV omoio va BPEite TIG GUVTETAYUEVES TOV KEVIPOL, TMV KOPLOOV Kol
TV ECTUDV.

(i) 9x* +25y* —36x—189 =0 (i) x> +4x+16y* =0
(iii) 4x* +9y* —32X =36y +64 =0 (iv) 9x* +16y° +54x—32y —47 = 0.

3. No amodei&ete 0Tt Kabepd and TIg TAPOKATO ELCMOELS TOPLOTAVEL
vePPOAT, Yo TNV ool va BPEiTe TIC GLVTETAYUEVEG TOV KEVIPOV, TOV

KOPLPDV KL TOV EGTUDV:

(i) 21x* —4y* +84x-32y-64=0 (ii) 2y* —3x> =8y +6x—1=0.

4. No. Bpedein Tuf tov ke R, y10. TNV 0moio N mapaBorf ¥ = X* — kX + 2 £@d-
nreTon NG evbeiag y = X —2.

5. No Bpeite Tic KOWEG £QOMTOUEVES TOV KUKAOL X + Y* = % KO NG TopooAng
y? = 4x.

I'ENIKEXY AXKHXEIY

1. Atvetou m e€icmon
x*+y*—2Ax-1=0 (1), omov  AeR.

(1) Na amodei&ete 6t y1o k4O Tiun tov A 1 (1) Tapiotdvel KHKAO TOV 0TToiov
Onreitan va Bpebel o KEVTpO Kol M oKTivOL.

(i1) No amodeifete 611 6ot 01 KOKAOL C, mov opilovtar and v (1) ya Tig
ddpopeg TEG Tov A diEpyovtar amd dvo otabepd onpeia. [lowa eivor n
e&lomoT NG KOWNg Yopong OA®V oVTOV TOV KOKA®V;
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2.

6.

. Atvetoum éElhenym ;_C—z + 0

Aivovtai ot kOkAoL C, : x* +y° =1 kot C,: (x—2)* +y* = 2% ka1 1 gvbeia

y=AX+f,6mov 1, eR.

(1) Moteg givar o1 0m0oTAGES TOV KEVTPOV TV KUKA®V C, kar C, amd v

gvbeioy

(i1) T woeg Tég v 4 ko S 1 gubeio e@ATTETAL KOl GTOVG dVO KOKAOVG;

(iii) Na amodeifete Ot 01 KOWVEG gpamtopeveg Tov kKOKAwV C, kar C, tépvovar
TAve otov d&ova x'x kot oynuatiCovv peta&d toug yovia 60°.

. Mo gvfeia y = Ax+ B, pe 4 # 0, tépver TNy mapaPorr] y° = 4Xx oe 8§00 on-

ueio A xou B.
(1) No amodei&ete 0TL 01 GUVTIETAYUEVES TOL LEGOL M Tov AB givan (

2-28 2
T’ZJ'
(i1) Na Bpeite v e&lomon g ypoappns néveo oty omoia Bpioketot to M,
otav

() A=1xKot10f petafaireton

(B) B =0xo 10 4 petafdrietal.

2 2]

y

. Alvetar n éAhetym X_2+F: 1, pe o > f > 0 ko1 to onpeio 2(0,25). Mia
a

gvbeia pe ovvteleot) d1evBuvong A diépyeton amd To onpeio X Kot TEUVEL TIG
EPATTOLEVEG, GTOL AKPOL TOL HEYEAOL GEove TG EAAeNyMG, ot onpeiol M ko M.
(1) Na Bpeite v e&icmon Tov KOKAOV pe d1dpetpo MM ' cuvapticeL Tov .
(i1) ' woteg Tyég Tov A€ R 0 KOKAOG awTdg dépyeTaL amd TIG EGTIEG TNG
EMAeyYNgG;

2 yZ
= =1. Na Bpeite mv e&icoon g vrepPfoing n omoio

£yl T1G 101€C €0TiEG He TNV EAAELYT KO EQATTTETOL OTIV €V0giaL Y = X+ 1.

"Eoto 1o dtovdopata O—Al =(4,0) kot O—A2 =(1,0) Tov KOPTEGLOVOD ETTESOV.

Av T0 S10VOGLOTO 0PYIcOVY, CUYYPOVMG, VO TEPIGTPEPOVTOL LLE TNV 1010
YOVIOKN Tox0TNTO 0AAG e avTifetn @opd, va amodei&ete 0TL T TEPOG M
TNG GLVIGTOUEVNG TOVG LY PAPEL EAAELYT.

. Alvovtal ot nuevleieg 6,1y = 2x ka1 &, .y =-2X, X€(0,+0) Ko po

gvbeia & n omoia Tig TéUVEL oto onpeia M, kol M, avtictoiyog.
(i) Na Bpeite 1ig cuvtetaypéveg tov M, kot M, GUVOPTIGEL TOV CUVTETAYHEVOVY
70V uEcov M tov evhvypappov Tufuatog M M,
(i1) No amodeitete 61 6tav n evbeia & kiveitar, o1 wote T0 Tpiywvo OM M,
va éyel 6tabepod epPfadov kat ico pe 2, tote 10 M Kiveitan otov Eva KAGS0o
piog otabepng vrepPoing.
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2 2

8. Aivovtar ot eddelyerg C, :X—2+# =1k C, :a’x* + B’y =1lpe 0<pB<a.
a

H npevbeio y = (00)x, x>0,0< 0 < % téuvermyv C, oto onpeio I (x;, )

ko1 v C, oto onueio I',(x,,y,).
Av 4, elvar 0 cuvteleoTr|g SievBuvong e epamtopévng g C, 6to onueio 1)
Ko 4, eivar o cvvtedestig S1evbvvong g epantopévng g C, oto onueio
,» VoL amtodgi&ete 611 To yvopuevo 4,4, ivon ico pe (ep0) .
X2 yZ
9. Aivetonmn éAdewyn et + F =1
(1) H epamtopévn g élhetyns 6to onueio mov n d1(0TOHOG TOL TPDTOL
TETAPTNUOPLOV TEUVEL TNV EAAELYN €xEl KAlon ——. Na Ppeite Tnv
EKKEVTPOTNTO TNG EAAEYNG. 2

(i1) 'Eot® M 10 onpeio Tov TpdToL TETAPTNLOPIOL 6TO 0Toi0 1) v0eia y = AX,
A > 0 TEPVEL TV TTOPATtave EAAEWYT). AV 1 etvon 1) KAIoM TG EQOmTOLEVNS
™mg éAAewyng oto onueio M, 1dte vo EKPPAGETE TO YIVOUEVO Au ©G
GUVAPTNOT TOV NUOEOVOV a, f.

10. (i) Aivovton évag koxkrog C, pe kévrpo K kot aktiva R ko pio evbeio &
mov dev €yel kavéva kowvo onueio pe tov kokAo C,. Na anodeilete
OTL T0 KEVTPO, TV KOKA®V C, 10V g@dmtovTal TG & Kot Tov kvkAov C,
eEmTEPIKA, oviiKoLV 6€ oTafEPT] TOPAPOAN.

(i1) Atvovton dvo kokAol C, ko C,, e kévrpa K kon K, kot aktiveg R, xau
R, avtiotoiywg, and tovg omoiovg o C, eivar esotepikog tov C,. Na
omodeigete 0TL T KEVTPO TV KOUKA®V C, TOL EQATTOVION ECOTEPTKA
tov C, kon eEwtepikd tov C,, avirovv e otabepn EMAewym.

(iii) Atvovton 800 koKkdor C, ko C,, pe kévrpa K| ko K, ko axtiveg R, ko
R,, avTioToiymg, mov Bpickovrar o vag ektog Tov GALov. Na arodeitete
0T Ta KEVTPA TOV KOKAOL C Tov gpdmTovTol e£MTEPIKA KOl TV dVO
koKAov C, kot C, avirkovy ce kKAGd0 otafepng vrepBoing.

2 2

11. Aivetar m éAdetyn X—2+ % =1 ka1 10 onpeio g M (aovve, fnue).
a

(1) Na Bpeite v e&icmon g epamtopnévng g EAAeyng oto onueio M.

(i1)) No amodegi&ete OTL TO YIVOUEVO TOV OMOGTAGE®Y TOV E0TIOV E kot £’
amd TV epanTopévn eivor otabepd.

(iii) I'o oo Ty Tov @ To EUPOSOV TOL TPLYDVOL TTOL 0pileL ) EQPOUTTOUEYT
L Toug a&oveg yivetot EAdy10TO;
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EPQTHXYEIY KATANOHXHY

2115 mopokdTo epomoelg 1-11 va faiete o€ KOKAO T 6OOTH OTdvVINON:

1. O xdxhog (x—a)’ +y* =a’
A) gpantetal ooV XX
B) 61épyeton and to onpeio 4(0,a)
I') epantetal otov y'y.

2. H gvbsio y=x+ 1 xot 0 kOKAog X?+Yy2=1
A) Tépuvovton
B) epantovtot
I') 6ev €govv kowvd onpeio.

3. 'Botw otkoxkhot x* +(y—2)* =4 kar (x—2)% + y* = 4. To onueio M(1,1) givon
A) ec®TEPIKO TOV £VOG KOKAOL KOl EEMTEPIKO TOV AALOV
B) onpeio kot twv 600 KOKAwV
I') ecotepikd kot TV dVO KOKAW®V
A) eE®TEPIKO KOL TOV dVO KUKAMV.

4. 'Eot® 0 KOKAOG e TOPOUETPIKEG EIGADGELS:

x=20uvp, y=2nup, 6mov ¢<[0,2x).
To onpeio A(1,3) eiva
A) ec®TEPIKO TOV KOKAOL
B) e&mtepikd Tov KOKAOV
I') onpeio Tov KdKAOL.

2=2
5. 210 duthavo oynuom o givar 1 dievbetovco e

A
Kol to E elval n eotia TG mwapoafoing
y* =2px. To pfxog g xopdng AB &ivon
[ e
{60 pe: 9] E X

A) AB:§, B) AB=p, I) AB=2p,

A) AB=4p. \
0
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Ay
6. Xto duthavo oynua to onpeio E', E eivar ot B L
2 2 & B
€0TiEC TNG EAAELYNG x_2 + y_z =1.
a” B
To unkog tov BE eivar >
il Q’ A E o E A
A) peyordrepo Tov a,
B) pwcpodtepo tov @,
I') ico pe a. 5

. 270 1010 oYU oV TO Tpiywvo BEE' givol 1cOTAELPO, TOTE 1| EKKEVTPATNTOL

™mg EMAenyng etvat iom pe
1 5

A)e=—, B)e=2, I e=1, A) e =—.
Je=3. B) ) ) o=
xZ yZ xZ yZ
. Av o1 elkeiyelg 6_2+4_2:1 Ko y+2—2:1, o > 2 givon OUO1EG, TOTE
A)a=6, B)a=12, N a=3 A) a=4.

. Atveton 1 EMAeyn pE TopapETPIKEG EEICMCELS

X =56uve Ko y=4nue, ¢@<[0,2r).
To onueio M(7,0) sivar
A) ecwtepIKO ™G EAAEWYNGS, B) eEmtepikd g EAAeyng,

I') onueio g EAdeync.
Xy y X
10. OrvmepPoréc o 1 o Coayp =1 &yovv

A) 1d1eg 0oHUTTOTES Kol 1010 EKKEVTPATNTAL,

B) d10popeTIKEG AGOUNTMTEG KAl 10100 EKKEVTPOTNTOA,

I') id1eg aoVUTTOTEG KO SLOUPOPETIKY EKKEVTPOTNTAL,

A) S10POPETIKEG ACVUTTOTES KO OLUPOPETIKEG EKKEVTPOTITEG.

11. ¥10 duthavo oxynua to KAMN egival ) <
0 opBoydvio Bdong g vrepPoing \ £
X2 y2 A 4
a_z_F =1. To pnkog OK eivar /
g M B N
A) peyordtepo Tov y
B) ico pe y

I') pupodtepo tov y.




134

12. '‘Eoto o k0vkAog (X—a)’ + (Y- B)? = p°, a,B,p >0 . Na cuvdécete pe pio

YO TO OESOLEVA TG TPATNG GTHANG LLE TOL
OTNAAN

O KOKA0G diEpyeToL omd TNV apyN TOV AEOHVOV

O k0Khog €xet T0 K€vipo Tov GTOV A&oVa XX
O KOKAOG €xel TO KEVTPO TOV GTOV GEova 'y
O KOKAOG PATTETOL OTOV AEOVA XX

O KOK oG epdmteTan oTov G&ova y'y

O KOKAOG EPATTETOL KO GTOVG dVO AEOVEG.

avtioTord Toug 6N dEVTEPN

a=p=p
a=0
a2+[32=p2
p=0
a=p#p
p=a
p=p
a=p=0

13. No cvvdéoete e pio Ypoppn to 0€00UEVA TNG TPATNG CTHANG LE TO

OVTIOTOLYA TOVG OTN BEVLTEPT) GTHAN
E&icwon
9x* —y* =0
¥+’ —4x+2y-6=0
¥ =2x-2y+1=0
4x° +y* —8x+2y+4=0
¥ —y*+2x—4y-4=0

Kovikn

"EAdewyn

Yneppoin
[Mopaporn
Zebvyog Evbeidv
Kbxhog

14. No cvvdéoete e pio Ypoppn o 0€00UEVA TNG TPADTNG CTHANG LE TO

avTIoTOLYA TOVG OTN BEVLTEPT) GTHAN
Exkevipomra

&l Nl o> O N|§|

Kovwn

Kbxhog
Ioookeg vepPoin
YrepPoin

"EAdewyn




