On the Hansen-Mullen Conjecture for Self-Reciprocal
Irreducible Polynomials

Giorgos N. Kapetanakis

(joint work with T. Garefalakis)

University of Crete

Fql0 — July 14, 2011

Giorgos Kapetanakis (Crete) On the H-M conjecture for Self-Reciprocals Fq10 — July 14, 2011 1/18



Conjecture (Hansen-Mullen, 1992)

Leta € Fy, let n > 2 and fix 0 < j < mn. Then there exists an irreducible
polynomial F = X" + ZZ;S F. X" over F, with F; = a except when

@ q arbitary and j = a = 0;
e qg=2"n=2j=1anda=0.

Theorem (Wan)

If either ¢ > 19 or n > 36, then the Hansen-Mullen conjecture is true.

Theorem (Ham-Mullen)

The Hansen-Mullen conjecture is true.

What can we say about self-reciprocal polynomials?
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Preliminaries

Let g be a power of an odd prime p. Carlitz characterized self-reciprocal
polynomials over F,,.

Theorem (Carlitz)

If Q is a self-reciprocal monic irreducible polynomial over F,, then deg @ is even
and Q = X"P(X + X~!) for some monic irreducible P, such that ¢)(P) = —1,
where )(P) = (P|X? — 4), the Jacobi symbol of P modulo X? — 4. The
converse also holds.

We denote P =527 P, X" and Q = 37" Q; X", and we compute
Q=X"P(X+X! ZPX" (X% 41) ZZ()PX" +2,
=0 1=0 j=0
For 1 < k < n the last equation implies that

A= 3 (?)PZ-: 3 (,Cfm)pfﬂ—i > (”,jf)pnj.

0<j<i<n n—k<i<n 0<j<k 2
n—i+2j=k k—n+i€2Z k—je2Z
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Preliminaries

In order to express Q) in terms of the low degree coefficients of some polynomial
we define P = X" P(4/X) and we prove.

Let P be an irreducible polynomial of debree n > 2 and constant term 1. ThenA]5

is a monic irreducible of degree n and P, = 4n=iP, . Further, »(P)

where
—1 ,ifg=1 (mod 4) orn is even.
& 3
1 , otherwise.

Using this result, if we let Q = X”p(X + X 1), we have

. ) k
n—=7]\z =7\,
Q= ) ( k=i )P"‘j = > ( k=i )4”3]' = _4ih,
0<j<k 2 0<j<k 2 j=0
k—jE27 k—jéE2z
("])47 | ifk—j=0 (mod 2), )
where §; := ¢ "7 and h a polynomial of degree at
0 ,ifk—7=1 (mod 2)

most k such that P = h mod X**1,
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Set Gy := {h € F [X] : deg(h) <k and hy = 1}. For 1 < k <n we define

Tn,k - (Grk — Fq
k
h— ijoéjhj.

The following proposition summarizes our observations.

Proposition

Letn>2,1<k<mn, anda € F,. Suppose that there exist an irreducible
polynomial P, with constant term 1, such that ¢ (P) =¢ and P =h
(mod X**1) for some h € Gy, with 7, 1.(h) = a. Then there exists a
self-reciprocal monic irreducible polynomial @), of degree 2n, with Qy = a.

We prove a correlation of the inverse image of 7, 1, with Gy_.

Proposition

Let a,n, k as above and f = Ef:o [iX" € F,[X], with fo =1 and f; = 5k—i5k_1 ,
1<i<k-—1,and fr = 6,;1(50 —a). Then the map o, j o : T;,i(a) — Gr_1
defined by o, i o(h) = hf mod X**1 is a bijection.
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Let M € F,[X] be a polynomial of degree at least 1 and x a non-trivial Dirichlet
character modulo M. The Dirichlet L-function associated with x is defined to be

oo

Liux)=>_ | > xF)|u"
n=0 F' monic

deg(F)=n

It turns out that L(u, x) is a polynomial in u of degree at most deg(M) — 1.
Further, L(u, x) has an Euler product,

=1 I  (-xPu).
d=1 P monic irreducible

deg(P)=d

Taking the logarithmic derivative of L(u,x) and multiplying by u, we obtain a
series > 7 | ¢, (x)u™, with

w)=Y% > xB)= Y Ahxb),
d|n

P monic irreducible h monic
deg(P)=n/d deg(h)=n

where A stands for the von Mangoldt function.
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Character sums estimates

Weil's theorem of the Riemann Hypothesis for function fields implies the following.

Theorem (Weil)

Let M € F,[X] be non-constant and let x be a non-trivial Dirichlet character
modulo M.

Q@ Then

len(X)] < (deg(M) —1)g%.
Q Ifx(F;) =1, then

11+ cn(x)| < (deg(M) — 2)q>.
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Character sums estimates

Theorem (Garefalakis)

Let x be a non-trivial Dirichlet character modulo X**1. Then the following

bounds hold:
Q@ ForeveryneN, n>

Q@ ForeveryneN, n>

2,

D

P monic of degree n

P(P)=-1

2, n odd,

D

P monic of degree n

b(P)=1

X(P)

X(P)

IA

IA
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Character sums estimates

Based on the two previous theorems we prove.

Proposition

Letn,k € N, 1 < k <n and let x be a non-trivial Dirichlet character modulo
XML, such that x(F;) =1, then

> AM)x(h)| <1+kq?, forn>1

deg(h)=n
ho=1
and
Z x(P)| < %qg, forn > 2,
P irreducible of degree n
Po=1, ¢(P)=¢
where either e = —1, ore =1 and n is odd.
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Weighted sum

Definition

Let n, k, a be as usual. Inspired by Wan's work we introduce the following
weighted sum.

wa(m, k)= Y Anra(h)) > L.

hGT;i(a) P irreducible of degree n
g (P)=¢, Po=1, P=h (mod X"*1)

It is clear that if w,(n, k) > 0, then there exists some self-reciprocal, monic
irreducible polynomial ), of degree 2n with Q, = a.
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Weighted sum

Let U be the subgroup of (F,[X]/X**1F,[X])* that contains classes of
polynomials with constant term equal to 1.

@ The set G,_1 is a set of representatives of U.
@ The group of characters of U consists of those characters that are trivial on
%k
Fy.
Using these and with the help of the orthogonality relations we get that

wmk) = Y AP Y M)

cU P irreducible of degree n her L (a
X P(P)=¢e, Pp=1 i (@)

We denote by g the inverse of f modulo X**1 and we obtain

wam,k):qikz 3 XP) Y AGa()X(0nka(h)g)

¢ P irreducible of degree n her L (a
YO y(py=e, o=t k(@)

XY P X AG®)

XEU P irreducible of degree n heGy_1
Y(P)=e, Py=1
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Weighted sum

Separating the term that corresponds to x,, we have

wq(n, k) — ang Z A(h)| <

heGr_1

= Ly S X(P)| D Amxh)|,
X#Xo | P irreducible of degree n he€Gr_1
W(P)=¢, Po=1

where m4(n,e) = #{P € F,[X] : P monic irreducible of degree n, (P) = ¢}.
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Weighted sum

We have that

k—1 k—1 4 -1
> oAM= AR =Y ¢ =L —
heGyr_1 m=0 deg(h)=m m=0 q
ho=1
and (for x # Xo)
k—1 g 1

S AWM <1+ > (14 ke¥) = k2 =

heGy_1 m=1 \/ai

Putting everything together, our inequality becomes

k_
‘wa(n,k) - uw (n,e)
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As mentioned before, if w,(n, k) > 0, then there exists some self-reciprocal, monic
irreducible polynomial Q, of degree 2n, with @ = a. This fact and the last
relation are enough to prove the following.

Letn,k €N, n>2,1<k<nandacF,. There exists a monic, self-reciprocal
irreducible polynomial Q, of degree 2n with Q. = a, if the following bound holds.

ey > FELS) k(k + 5)

(vVa+1)q
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Carlitz computed

(" —1) ,if n=2%
7rq(n, —1) = 1 d n h -
502 din H(d)gd , otherwise.
d odd
From this it is clear that
o if n is even, then ¢ = —1 , thus my(n,e) = my(n, —1) and

e if nis odd, then my(n, —1) = 5= 3" 4 p(d)qé = 3my(n), thus
d odd
mq(n, —1) = my(n, 1),
so, in any case my(n,e) = mg(n, —1). Furthermore Carlitz's computation implies

n 1 n
< —Lqﬁ.

q
mq(n, —1) = “2ng-1

2n
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This result, combined with the last Theorem, are enough to prove the following.

Letn,k €N, n>2,1<k<n, anda € F,. There exists a monic, self-reciprocal
irreducible polynomial Q, of degree 2n with Q = a if the following bound holds.

n—k—1

q > —k(k+5)

1
2
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Further research

o Can we get a better result?
@ What can we say when ¢ is even?

@ Can we extend this method, in order to examine similar questions for other
types of irreducible polynomials?

17 / 18
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