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ABSTRACT. In this paper, for a small parameter ¢ > 0, we consider the Cahn-Hilliard/Allen-Cahn equation in
dimensions d = 1, 2, 3 as introduced in [8], with weights 6(¢) > 0, u(g) > 0 on the Cahn-Hilliard and Allen-Cahn
operators, respectively. This equation corresponds to the model B/A of critical dynamics, where € is the order of
the width of the transition layers developed during the phase separation of a binary alloy. We apply a rescaled in
€ algebraically stable Runge-Kutta-SAV extrapolated time-discrete method in the sense of [1], which is adjusted
properly for our problem. The discrete energy as in the continuous case is proven decaying, and optimal order
error estimates are derived. The scheme is further discretized in space by piece-wise quadratic finite elements
and implemented by 1D and 2D numerical simulations. These simulations are the first for the mixed problem
and reveal thus, especially in the multi-dimensional case, the very interesting solution’s transitional profile in
the context of phase separation. The transition layers seem to change significantly depending on the selection
of the weights, as rigorously proven so far only in 1D in [8].

1. INTRODUCTION

1.1. The e-dependent Cahn-Hilliard/Allen-Cahn equation. Letting ¢ > 0 be a small positive parameter,
we consider the mixed problem for the Cahn-Hilliard and Allen-Cahn operators which is given as follows

uy = —6() A(e®Au— f(u)) + pl(e)(e®Au— f(u)), €D, t>0,

(1.1) u(z,0) = ug(z;¢), © €D,
ou OAu
5 = W = 0 on 3'D

Here, D is a bounded domain in R, d = 1,2,3, while the nonlinearity f(u) = F’'(u), is the derivative of a
double equal-well potential; a typical example, to be used throughout this manuscript, is f(u) = u® — u, for a
1

potential F(u) := +(u® —1)?. The e-dependent weights satisfy

(1.2) d(e) >0, pe)>0.

The existence and regularity properties of (1.1) in dimensions d = 1,2,3 have been analyzed in [21]. There,
for the equivalent system representation for u, and v that defines the chemical potential, it has been proven
that if the initial condition ug is in H*(D) then for any T > 0 there exists a unique regular solution (u,v) in
C([0,T); HY(D)) x L*([0,T); H*(D)), while when ug € H?(D) then u belongs to C([0,T]; H?(D)) which is the
critical space for the combined model. Higher regularity can be then derived as in [12] by differentiating in space
the equation, for sufficiently smooth initial condition. We also refer to the stochastic version of the problem with
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a non-smooth multiplicative space-time noise, cf. [7]; the authors proved local existence, uniqueness, and path-
regularity in dimensions d = 1, 2, 3, global existence when d = 1, and for d = 2, 3 existence of maximal solutions.
In [6], for the same stochastic problem and d = 1, existence of a density has been derived through Malliavin
calculus. Recently, in [8], D.C. Antonopoulou, G. Karali and K. Tzirakis studied for d = 1 the dynamics of
the e-dependent Cahn-Hilliard/Allen-Cahn equation of (1.1) within a neighborhood of an equilibrium of N
transition layers. The spectrum of the linearized operator was estimated, and wide families of weights (), u(e)
were identified for which the dynamics are stable and rest exponentially small in €.

Remark 1.1. The ingtial and boundary value problem (1.1) is not mass-conserving when u(e) > 0, as the mass
defined by [, u(x,t)dx changes in time. This is not the case for the Cahn-Hilliard equation (u(e) :=0), where
due to the Neumann b.c. it holds that [, u(x,t)de = [,u(x,0)dx for all t > 0. However, in [8] the authors
considered the problem (1.1) for d =1 and u(e ) > 0, in the znterval D :=(0,1), and imposed mass conservation
by replacing the 4th boundary condition .. (1,t) = 0 by the non-local condition fol (z,t)dx = fo x,0)dz,
Vt > 0. This problem was proven well-posed and was approximated in the mass-conserving manifold of [9 10]
which was initially implemented for the Cahn-Hilliard equation, and then applied with certain modifications in
[4] for the stochastic Cahn-Hilliard equation.

Remark 1.2. Let 6(¢), u(e) satisfy (1.2), and additionally the spectral condition
(1.3) e2u(e) > C1é(e),

for some Cy > 0 independent of e. In [8], (1.3) was derived by the analysis of the spectrum of the linearized
operator, and Cy was determined. Moreover, under (1.2), (1.3), the authors therein constructed a stable ap-
proximation of the solution of (1.1) to the non mass-conserving manifold of static solutions of the Allen-Cahn
equation; this manifold has been defined and analyzed in [11]. When §(c) = 1, u(e) = coe ™2, which satisfies
(1.3), it has been proven in higher dimensions that the sharp interface limit as € — 07, a curve, or a surface for
d =2 or d = 3, respectively, is evolving by velocity proportional to its mean curvature, [20]. This limiting profile
has essentially the same qualitative behaviour with the Allen-Cahn equation limit problem where the velocity is
equal to the mean curvature.

Let u(z,t) be the solution of (1.1). A simple rescaling by setting z = ze =1, r = tu(e), and v(z,r) = u(x,t),
yields that Vu = e 1Vv, Au = ¢ 2Av, A%u = e7*Av, and thus A(f(u)) = e 2A(f(v)), while u; = p(e)v,
Therefore, v satisfies the combined problem

6(¢)
Up = — A(Av — f(v)) + (Av — f(v)).
MEE ( () +( (v))
When /szeQ = O(1) and ug(ze) = v(2,0) is independent of ¢ then v is independent of & and so u, e*V¥u,

k € N are upper bounded uniformly in ¢. If 6 > < 1 then the Allen-Cahn operator is dominant; such a result
has been proven rigorously in [8] in dlmensmns one. In particular, mass-conservation classifies the dynamically
stable mixed problem into two main categories. The non mass-conserving solution (i.e., the solution of (1.1)
with u > 0) is close to Allen-Cahn where due to the stability condition p dominates §, or, when the mass is
conserved, close to the Cahn-Hilliard solution where é dominates p. In higher dimensions the problem is open.
As a first step, in this work we aim to investigate numerically this behaviour in dimensions d = 1,2, 3.
Equation (1.1) is a gradient flow with respect to an e-weighted metric for the problem’s free energy functional
(defined by (2.5)), [8]; for some very interesting recent results on SAV formulations for gradient flows see in
[25, 26, 27]. The SAV approach was initially proposed by J. Shen, J. Xu, and J. Yang in [26], and had so far a
successful application in developing energy-stable schemes for several dissipative systems, e.g., [25, 27, 24, 13].
Motivated by the extrapolated RK-SAV methods of G. Akrivis, B. Li and D. Li in [1], which stand as linearized
versions with extrapolation of the RK methods of [18], we approximate the problem (1.1). We introduce a linear
combination of linearized Runge-Kutta schemes with general weights 6(¢) > 0, u(e) > 0. Optimal order error
estimates (O(7972), ¢ > 2) are established for the RK nodes in H? due to the presence of the 4th order operator
(6 > 0). In [1] this estimate was of order O(7%~2) since there only the Allen-Cahn equation was analyzed where
0 = 0. We also carefully treat the constants of the error bounds in e. When p = 0 the Cahn-Hilliard equation
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is covered by our error analysis. The scheme, and the 1D and 2D experiments presented at the last section are
the first for the mixed problem. As the simulations show, the transitional profile of the two different phases
seems to change, being closer to this of the Allen-Cahn or this of the Cahn-Hilliard equation, depending on the
order of the weights d(g), u(e) in e.

For various numerical schemes on Cahn-Hilliard or Allen-Cahn equations and their rigorous error analysis we
refer, for example, to [1, 14, 15, 16, 17, 23, 3, 2, 5]. We stress that e-dependent approximations for such equations
are very sensitive to rounding errors when ¢ < 1 which is the physical problem’s scale. In [16, 17, 3, 2, 5] the
authors analyzed the e-dependent problems for ¢ small, where the equations are stated near the sharp-interface
limit, and estimated the error bounds coefficients by constants of negative polynomial order in €.

1.2. The physical problem. In the study of surface processes, combinations of Cahn-Hilliard and Allen-
Cahn equations arise as phase-field models of microstructural evolution at the mesoscale regime. When the
parameter ¢ is sufficiently small they approximate sharp-interface limits of free surface problems. Such equations
model two surface processes taking place simultaneously for example catalysis, chemical vapor deposition and
epitaxial growth that typically involve transport and chemical reaction of precursors in a gas phase. Unconsumed
reactants and radicals adsorb onto the surface of a substrate where processes like surface diffusion, reactions
and desorption back to the gas phase occur. The Cahn-Hilliard operator corresponds to mass conservative
phase separation and surface diffusion, while the Allen-Cahn operator relates to phase transition and stands as
a diffuse interface model for antiphase boundary coarsening.

In [22], the mesoscopic models are derived from microscopic lattice models in the local mean field limit
where the interaction potential range becomes infinite. At the microscopic level dynamic Ising type systems are
employed which are defined on an n-dimensional lattice. At each lattice site an order parameter is allowed to
take the values 0 and 1 describing vacant and occupied sites respectively. In the classical Ising model, the order
parameter at a lattice point x is referred to as spin o(x). The energy H of the system is given by a Hamiltonian
H=73%_, J(@yo@)o(y) +h> o(zx), where h corresponds to an external field, and J is the interparticle
potential which is assumed to be even, rapidly decaying at infinity, and nonnegative i.e., the interactions are
attractive. The assumption that J is nonnegative implies that clusters of particles are energetically preferred
to totally disordered structures, while it yields the mathematical condition d(g) > 0 imposed at (1.1) on the
weight of the Cahn-Hilliard operator. In this context, the microscopic mechanisms involved in the mesoscopic
model are the spin-flip and the spin-exchange. A spin-flip at the site x is a spontaneous change in the order
parameter, 1 is converted to 0 and vice versa. Physically this mechanism describes the desorption of a particle
from the surface to the gas phase and conversely the adsorption of a particle from the gas phase to the surface.
A spin-exchange between the neighboring sites x and y is a spontaneous exchange of the values of the order
parameter at = and y, this mechanism describes the diffusion of a particle on a flat surface.

At large space/time scales and for long range potentials, the small scale random fluctuations of the Ising
systems are suppressed and a deterministic pattern dominates. The mesoscopic local mean field equation
describing the diffusion/spin-exchange mechanism combining the spin flip/exchange simultaneous mechanisms,
Arrhenius adsorption/desorption dynamics, Metropolis surface diffusion, and a simple unimolecular reaction is
given by, cf. [22],

(1.4) uy = DV - [Vu — Bu(l — u) Vi, xu] + [kap(l — u) — kquexp(—BJg * u)] — kyu,

where u denotes the surface coverage of the adsorbed species, J; and J,, are the interparticle potentials for
surface desorption and migration, D is the diffusion constant, 8 is the inverse temperature, k.., kg, ko denote
respectively the reaction, desorption, and adsorption constants, p is the partial pressure of the gaseous species,
while the parameters k., kq stem from the Hamiltonian of the system.

In [22], the authors proposed a simplification of (1.4) which preserves its fundamental structure and can be
obtained after rescaling when k. =0 and J,, = J; = J

(1.5) up = —DA(Au — f(u)) + Au — f(u),

where the Cahn-Hilliard term corresponds to surface diffusion, while the Allen-Cahn term to adsorption/desor-
ption. The e-dependent Cahn-Hilliard/Allen-Cahn equation of (1.1) can be derived from (1.5) after further
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rescaling in €. It has been first introduced in [20] in order to describe the long-time behavior of large clusters
when ¢ < 1, for weights § = O(1) and p = e~ 2.

1.3. The Scalar Auxiliary Variable (SAV) approach. Notice that the b.c. d,u = 9,Au = 0 yield that
d,u = 0,(e2Au — f(u)) = 0 on D, since f(u) = u> — u. Thus, the initial and boundary value problem (1.1) is
written in the equivalent form given by

up = —0() A(2Au—r(W)W(u)) + p(e)(e?Au—r(w)W(u)), z€D, 0<t<T,

(1.6) B . B ) -
w(z,0) =ug(z;¢), z €D, du=09,(e°Au— f(u)) =0 on 9D,

where the operators r, W are given by

(1.7) r(u) = r(u(t)) = (/DF(u(x,t))dx—i—Eo) 1/2, W(u) := W(u(x,t),t) := f(u)r(u)!,

for Ey > 0 an arbitrary constant. As used in [1], it holds that

(1.8) By (u) ;(/DF(u(x,t))d:c+E0)_1/2</DF'(u)utdz+O) - %(W(u),ut).

The SAV approach consists of stating the gradient flow-type problem (1.1) as a system for (u,r), given by
(1.6)-(1.7), and then construct energy-stable numerical schemes in order to approximate u, 7.

1.4. Main results and contributions. In this paper, we introduce a novel class of efficient fully-discrete
numerical schemes for the e-dependent Cahn-Hilliard/Allen-Cahn problem (1.1). Section 2 is devoted to the
construction of the SAV formulation for the time discretization of the equivalent to (1.1) system (1.6)-(1.7). The
scheme is given by a coupled linear elliptic system for the internal stages of an algebraically stable linearized RK
method with weights §(¢), u(e), i.e., (2.2), (2.3), and the direct formulae (2.4) for the discrete approximations
of u and 7(u). The energy of (1.1) defined by (2.5) is decaying, [8], we prove that the discrete energy given
through the numerical solution by (2.7) is decaying as well, ¢f. Theorem 2.1. In Section 3, we present the
error analysis of the time-discrete RK method where we state the error equations and prove Theorem 3.1. A
fully-discrete space-time scheme of piece-wise quadratic finite elements coupled with (2.2), (2.3), and (2.4) is
introduced at Section 4, and is implemented by a series of 1D and 2D numerical simulations.
The main contributions of the present paper are summarized as follows:

e Theorem 2.1 shows the unconditional energy-stability of the semi-discrete scheme, fact that justifies the
SAV approach. Such results are proven by combining algebraically stable Runge-Kutta methods with
extrapolation and using the recently developed SAV formulation.

e We present the rigorous and quite challenging error analysis of the semi-discrete scheme. By Theorem
3.1, we obtain the optimal error estimates (3.15) in L2, and in H? when the RK internal stages are
considered, by using the consistency error, a priori estimates of the discrete scheme, and by determining
carefully the appearing coefficients in e. When p(e) = 0, this result covers the SAV formulation error
analysis of the 4th order Cahn-Hilliard case which was not presented in [1]. Our estimates hold for
sufficiently small step-size 7 of the RK nodes, with bounds depending on ¢, 6(g), u(e).

e In Section 4, we present an effective implementation of the fully-discrete scheme where the Runge-Kutta
internal stages U, ;, Ry, and the Runge-Kutta endpoints U, 11, R,41 can be obtained directly; see
in Section 4.1. where the fully-discrete system is written in matrix form. In contrast, in previous
implementations of SAV-type numerical schemes, one needs to introduce a temporary variable and then
decouple the system, cf. [26] and the papers cited therein.

e The numerical scheme, its error analysis, and the simulations are the very first numerical results in the
literature of the mixed CH/AC problem. In Section 4, we confirm numerically the optimal error, and as
expected the decay of the discrete energy. We also investigate the numerical solution for various weights
to observe that when § > u the solution is closer to this of the Cahn-Hilliard, while when § < u closer
to this of the Allen-Cahn equation.

e As the 2D simulations show, the transition layers seem to change significantly depending on the selection
of §(¢), p(e) and their order in . This was proven rigorously only in dimensions d =1 in [8].
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2. SAV-TYPE SEMI-DISCRETE FORMULATION FOR THE CH/AC

2.1. The Runge-Kutta numerical scheme in time. Let a uniform partition of the time interval [0,7],
to=0<1t <--- <ty =T, with stepsize 7 =T/N, and let ¢, ;, :=t, +¢7,i=1,...,¢,n=0,...,N—1Dbe
the Runge-Kutta nodal points. Here, we consider the RK method given by the tableau

by~ by
where there exists A~ for A := (aij)g,j:p b >0fori=1,...,q, ¢; # c; for all i # j, while the matrix
(21) M = (mij)g,jzh mi; = biaij + bjaji - bibj,

is positive semidefinite, and so the RK method as introduced in [1] is algebraically stable.

For given stages un—1,, 4 =1,...,¢, let u] _;(¢) be the Lagrange interpolation polynomial of degree at most
q — 1 at the points (f,—1,4,up—1,) € R? for i = 1,...,q. We also define, for any i = 1,...,q, I7_ju,,; =
ul,_1(tn,i), and denote by I7_,u(t) the Lagrange interpolation polynomial of degree at most ¢ —1 at the points
(tn—1.isu(tn_14)) ER? fori=1,...,q.

Given the approximations u,, 7, and up—14, ¢+ = 1,...,q, we define the coupled linear elliptic system of
equations for the internal stages (s i, Wn,i, ™), ¢ = 1,...,q, given by the following linearized RK method

Ui = 0(e)Awy ; — p(e)wy,; in D,
Wn,5 = 7€2Aun,i + TRJW(IT

_qUn;) in D,

q
(2:2) Up; = Uy + Tza,;jun,j in D,
j=1
Oyni = Oywp,; =0 on 9D,
and
1 q
(23) ff'n,i = i(W(Ig_lun’i), ’l.l,nyi), Tni =Tn + 7 Z aijf'n,j.

j=1
We shall consider sufficiently smooth initial data so that the system is solvable and 1, ; belongs to H?(D), and
thus u,; € H5(D).
The values 41, mp41 are then calculated by the direct formulae

q q
(24) Up+1 = Up + T Z bi’lln’i, Tn4l =Tp + T Z bﬂ‘n)z

i=1 i=1

2.2. Discrete energy decay. The relevant to the scaling of the standard Allen-Cahn operator 2Au — f(u),
free energy functional is defined as follows

2 2
\Y
(2.5) E(u) := / (M + F(u))dm
D 2
A direct calculation, see in [8], yields the free energy decreasing property for the initial and boundary value
problem (1.6) (or of the equivalent (1.1)), since () > 0 and p(e) > 0, i.e.,
OE(u)

(2:6) T = IV (P Au— f@)? - p)lleAu — )| < 0.

Let us consider the discrete version of the energy as introduced in [1], defined for our problem by

2
9
(2.7) Er[un, ] = EHV%HQ + |""'fb|2 — Eo.

The discrete energy decay is proven by the next Main Theorem.
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Theorem 2.1. Suppose that the Runge-Kutta method satisfies (2.1) and is thus algebraically stable. Then, the
discrete energy given by (2.7) is decaying, i.e.,

(2.8) E [unt1,mnt1] < Erfun,ry], VO<n < N-—1.

Proof. By [1] (cf. (3.2) therein), due to the positive semidefiniteness of the matrix M given by (2.1), it holds
that

q

(2.9) [Vt 1 I? < ([Vunl® + 27 ) bi (Vi i, Viin,i).
i=1

By (2.2), and using that d,u, ; = 0 on 0D, we obtain

(W iy i) = — (AU i, U i) + (P i W (I _ 1t i)y Uni) = (€2Vun iy Vg i) + (rniW (I _1tni), G i),
which gives that
(2.10) (&t i Vitn i) = (i1 Wi — T iW (L1t i)
By using (2.10) in (2.9), we get

a
(2.11) HVun+1||2 < ||Vun||2 + 27’8_2 Z bi(’l.l,n’i, Wn,i — rn,iW(I,TLflun,i)).
i=1
Obviously it holds that (cf. (3.4) of [1])
q
(2.12) Pt [* < Pral® + 7D birn s (W (It i), o).
i=1

Relations (2.11) and (2.12), and the first equation of (2.2), yield

g2 g2 o
S IVt P+ s P < SVl 473 bl i Wi = 7, W (I yan, )

i=1

q 2 q

T - €

(2.13) lral® + 7D birn (W ytun ), i i) = <[V |* + raf® = 78() D 0| Vo i)
i=1 1=1

q
—7p(e) Y billwn.i]

2 g’ 2 2
< SVl + fral?,

i=1
where we used the Neumann b.c. of w,, ;, that d(¢) > 0, u(e) > 0, and that 7, b; > 0.
Inequality (2.13), by substracting Ey, gives the discrete energy decay property (2.8). |

3. ERROR ANALYSIS

3.1. The error equations. Let u be the solution of (1.6) and w, ;, m,,; the solutions of (2.2) and (2.3). We
define the error terms
en = u(ty) —u, for n=0,...,N, and

3.1
(3.1) enyi = U(tn + CGT) = Unji, €ni =1y, —Up; for n=0,...,N—1, i=1,...,q,
and
Nn = 71(u(,ty,)) —rn for n=0,..., N, and
(32) (u(-tn))

Nni =1ty +6T)) = Tniy Ty =7Tp; —Tni for n=0,...,.N—1, i=1,...,q.
In the above, 4, ; is defined by

(3.3) iy, ; =0(8) Al — p1(€)tin,i,

for

(3.4) Up i 1= — szAu(~, tn + i) +r(u( ty + o)W _qu(e, bty + 1)),
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q
u(cytn +67) =u(-tn) + Tzaija;j + €nis
j=1
Oul-,ty + ¢7) = O Au(-, ty + ¢;7) = dyliy,; =0 on 9D,

while, as in (4.2), (4.3) of [1], 7, ; is defined by

(3.5)

<% 1 T . % . -
(36) Tnyi = §(W([n—1u(7tn + CiT))vun,i)7 T(u('7tn + CiT)) = T’(U(',tn)) + Tzaijr’mj + dnvi’

j=1

fori=1,...,q, and

q q
(3.7) Ui tnar) = u(tn) + 7Y biith s+ engr, P tng)) =r(utn)) + 73 bt + dpsa,s

i=1 =1
where we introduced the quantities €, 4, €n+1, dn i, dnt1 Which are the resulting consistency errors.
Therefore, by substraction the next error equations follow for any i =1,...,q
(38) én,i :5(5)Aén,z - N({':)én,iy
(3.9) €ni i=— 52Aem + 0 W _qun i) + r(u(c, ty + ¢7)) [W(I;_lu(tn +¢1)) =W _uni)|,
q
(310) €n,i = €n + Tzaijén,j + Eniy auen,i = 8l/én,i =0 on 0D.
j=1
Moreover, as in (4.18), (4.19) of [1], we have
1 1
i = 5 (WL yultn + €)= WL yun ), ) + 5 (W (Lt ), éna),
(3.11) q
Mni ="Mn +7T Z aijﬁn,j + dn,i;
j=1
fori=1,...,q, and
q q
(312) €n+1 = €En +7 Z bien,z + En+1y NMn4+1 = Mn +7 Z bznn,z + dn+1~

i=1 i=1
Then (cf. (4.21), (4.22) of [1]), it follows that

q q
(3.13) lentill® = llen + TZ biénill* +2(ent1,€n + TZ bién,i) + llens]®
i=1 i=1
3.2. The estimates. In this section, we prove the next Main Theorem.
Theorem 3.1. Let the initial condition ug of the continuous problem (1.1) be smooth enough, and let
q
lexll® + [ml* + 7 billeo||* < er®,

i=1

leo,illg2py <7, Y1 <i<yq,

(3.14)

it holds that

lematll + [Mms1| < er?, VO<m <N —1,
(3.15) \ .
lem.illmzp) <et?™2 <7, V1<m<N,1<i<gq,

when 7 is small enough, for any g > 2 and c a constant independent of 7.
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Proof. Due to the positive semidefiniteness of M, by (3.13) we have
q q
(3.16) Hen + szién,iHQ < H€n||2 + ZTZbi(én,ia €ni — 5n,i)-
i=1 i=1
Using that d,é,; = dyen,; = 0 on 9D, we obtain by (3.8), and by (3.9)

(€nyisni — En l) = —5(5)€2||Aen il 4+ 0(e)(Véni, Veni) + 1u(€)e?(Veni, Veni) — n(e)e?||Ven il
(I;—lun,i):| , Aen,i)
( ;71un,i):| ) en,i)
( )] 2ns)

M, iW (1 _1Un,i)

C1Uny) Fr(u(,ty + ot [ (I7 _qu(ty + 1)) —

w
I7 _qu(ty, +c¢r)) —W(I,
W Ig_lunvi

)
5(e) (W )
u(e) (an (IT_ytni) + 7(u(, tn + 7))
5( )

[W
i W (I _qtn ) + 7wty + T [W IT _qu(ty, +¢1)) —

(3.17)
< - *5(6) Aenl? = ule)e?|Venil* + [5(6) + (e )+u(€)5_3]‘

4 (-, tn + c7)) {W(fg,lu(tn +er)) — W(I;,lun,i)} H2

2y §u(5)||5n7¢||2 +0(e)(Veén,i, Ven i) + u(s)sQ(Ven,i, Ven,i).

1
+ i,u(a)s

At this point we state an induction argument, analogous to the argument in [1]: let 1 < m < N, and let
(3.18) llen—1,illazpy <7, forall i=1,...,q, and for any n < m.

The above condition at n = 1 will be imposed on the scheme. This condition, as the H? norm bounds L when
d = 2,3 and obviously when d = 1, gives that

(3.19) () < ¢ forall i=1,...,q, and for any n <m.

The previous, and the locally Lipschitz property of W (cf. in [1] (4.23), (4.24)) yield the upper bound

2
(3:20) [ naW (Ei_yttn) + r(u, b + em) [WT_yulta + a7)) = W) ||| <

Remark 3.2. In general the constants in (3.20) depend on €. However, if the upper bounds of ||uollco, E(uo)
are independent of € as € — 0, and for layered initial data so that for small times the solution u stays close
to up with e-independent L>° bounds, then both ¢ of (3.20) are independent from €. This is true since r(u)
is bounded by a constant independent of € (due to the decreasing energy 2d term), while from the induction
hypothesis ||un—1illpe < m?xHuHLoo + ¢ < ¢, which yields ||W(I]_jun;)| < ¢ for ¢ independent of €.

By (3.20) and (3.17), we obtain

. 1 _ _:
(Eniveni = Eni) < —50(e)e [Aenill* — p(e)e [ Veni|* + cld(e)e™ + pule)e ™) {

1 -
) en il + Su(E)lenll® + 6(0)(Venis Ven) + p(e)eX(Ven,i, Ven,)

+

(3.21)

IN
|

1 _ _
8()2| Aenill? = 52 [ Venl2 + cld(e)e™ + u(e)e ™) Imnil? + llen-v4l)

+
N R N~ DN

1 1 -
e llenill® + Su(E)lenill® + Su(E)e*Venill* + 6(e)(Ven,i, Ven,:).
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The consistency error €, ; satisfies for any i =1,...,¢
u(, ty + 1) =u(-,t —1—720% nj—i—g,”—u +TZa”ut
j=1
- TZam St G AW (uly b+ ¢7) = WL yul b + 7))
+ TZauu St )W (Ul + 7)) = Wt + ¢7))] + i

Due to the Neumann b.c. of u, Au, and using that V(W (v)) = f/(v)Vuc(t) and A(W (v)) = (6v]|Vv|? +3v? Av—
Awv)c(t), and that the Lagrange polynomial preserves the Neumann b.c. of u, Au, we have

Ayur = O,W(u) =8, W _ju) = 0, AW (u)) = 8, AW (] _ju)) =0 on 9D.
Therefore, we get
(3.22) Oven,; =0 on ID.
So, by the above and (3.9), we have
8() (Vn i, Ven,i) = =0(2) (@nis M) = ~8(0) (= £ Aeqi + 1 iW (I 1t
52 +r(u(- t, + CiT))[W(IT u(ty + 7)) — W(I,Tl_lun,i)],Asm).

By (3.23) and (3.21), we get
1 1
(éniseni = Eni) < —70(e)e [Aenill* = Sp(e)e? || Venil* + cld(e)e™ + p(e)e ™)

1 1 1
[ ] 2@ enall + S u(Ellenill* + 52 Teni | + 252 Al
Using (3.24) in (3.16), we arrive at

(3.24)

(3.25)
q 1 q
leartr 3 bl < el 27 3 i = €0.) < lenl? = 53T biAen
q q q
)T Y billVenl* + cld(©)e ™ + u(@)e*r Y bilmail” +cld(©)e™ + p(@)e™ I Y billen—ril?
=1 =1 1=1

g)e TZb ||e,”

Having estlmated the first term of (3.13), we proceed to estimate the rest of the right-hand side.
Recall from (3.7) that u(-,tn1) = u(-,tn) + 7 27 bitt), ; + €ny1. So, we have

+ szz[% el + 201(2)e2 Vel + 83(2)e? | Acnil2].

(-, tn) =ul(-,t +7'Zbunl+sn+1fu +TZbut

=1

-7 Z b;id(e o F GT))AW (ul ty + 7)) = W(IT_qu(c, tn + ¢7))]

+ TZ biju(e St F )W (u( bty + 1)) = W _qu(cytn + ¢7))] + Ent,

which yields as in (3.22) that
(3.26) Ovent1 =0 on OD.
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Moreover, recall that 9,€,; = 0 on 9D. Applying integration by parts and the previous b.c. together with
(3.26), and by using (3.8) when replacing é,, ;, we get

q q
2enst en + 7D bicni) + et = 2ens1,en) +20()7(Acnin, > bicni)
i=1 i=1
q

(3.27) —2(e)7 (ns1, Z ni) + lensal?

q q
<27 lens /lllenll + 20() (Acnsn, D bicni) = 20N (21, D bicni) + lensa |

i=1 i=1
Replacing now é, ; by (3.9), since d,e,; = 0 on 9D, and due to (3.20), we get

q

2(ent1,en+7 Y bini) + lentall® < 27llenta/7]lllen]
i=1

q
+ 26(E)T(A€n+lv Z bi [ - Eern,i + nn,iW(I;L-—la un,i)

=1
+r(u(,ty + T ))(W(Iq:_ﬂl(tn + 7)) — W(IZ—Wn,i))D
— 2# (5n+17 Z b; { - 52Aen,i + nn,iW(I:;—la un,i)
i=1

(et + ) (W yults + em) = W un)) ) + lleasall,

and so,

1
2(ent1, €n +T2b éni) + llental® < 27llenta/Tllenll + S 0(e)e TZb 1A,

=1
(3.28)
]TZbiHen_uHQ
=1

1
—|—2 ETZbHVeMH +c[d

=1
+cd(e)e* 7| Acpi|® + cu(e)e® || Ve || +H€n+1|| :

Collecting all the terms, and by (3.13), (3.25) and (3.28), for £ < 1, we arrive at
leneal? <llenl? = 2502 S billAendll — Lue)er S bl Venl?
n+1 >|[En 4 - 7 n,: 2 - 7 n,t
q q
+c[0(e)e™? + p(e)e )T Z bilnmil* + c[6(e)e ™2 + u(e)e ™17 Y " billen—1.l
; i=1

€)e TZb llenqll?

+ 2TII%H/TH llenll + cd(e)e? TIIA€n+1II +cp(e)e® 7| Veniall* + llensall®.

(3.29)

24 85(5)52||A5n7i||2

{m Yenll? +20()%| Ve,

By the second equation of (3.12), we have

(3'30) |77n+1| (1+C7—)|77n+7—zbz77n1| +(1+CT )|dn+1‘2-
=1
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The second equation of (3.11) and the algebraic stability of the Runge-Kutta method yield

q q q q
(3.31) 0+ 7> bitinsl® <lmal® +27 > il + 7Y bilnal® 7Y bildn .
i=1 i=1

i=1 =1

We observe now that W(v) = f(v)c(t) and thus, V(W (v)) = ¢(¢)f'(v) Vv, which gives, for v := IT_ u(, tn ),
VW _qu(-,tns)) = @) f(IF_qu(,tn:)) V(T _jul-, tn ). By the definition of I7_ju(-,t,,;) which is imple-
mented by extrapolation in ¢ by using the values u,,_1; for i =1,..., ¢, and due to the Neumann b.c. of u(-, ¢, ;)
on 9D for all n, 4, it follows that the Neumann b.c. is satisfied as well by I7_;u(-, t, ;), and therefore

(3.32) O,(W(I_ju(-,t,4))) =0 on 0D.
The same argument follows for 9, A(W (I} _ u(-,t,,:))) due to the Neumann condition of Aw, i.e.,
(3.33) O AW (I} _ju(-,tn;))) =0 on 90D.

We use the first equation of (3.11), we apply integration by parts and use the b.c. (3.32), (3.33), and the
Neumann b.c. of &, ;, Aé,; to arrive at

2
+ (WL _ytni); éni)” < cllen—il?

1+ H

i il? < €| WLyt + 7)) = W (I _ytin,)

(3.34) + (WL _ytn,i), éni)? = cllen—1l|* +H + c(W(IT_yul tn)), éni)? = cllen—1,
+ (AW (I ul(-st,)))s 8(8)en,s) — (W(LE_yu(st.3)), pa(e)én.i)]?

<cllen—1ll* +H + cld(e)® + p(e) e lenill® + cl6(e)* + u(e)]lm.il* + cld(e)* + p(e)Nllen—14l*,

for H := c(W(I7_quni) — W _ju(-,tni)), éni)? In the above, we integrated two times by parts the term
e?Aey, ; stemming from (AW (I7_ u(-,t.4))), 8(€)€n,:), and from (W (I7_ju(-,tn ), p1(€)€yn,:) after we replaced
€ni by (3.9), and then used (3.20). Here we need initial data smooth enough in space (in H(D)) so that
|A2(W (L7 _qul- tn )2 |AW(IE_qu(-, t,:)))||? are bounded by ¢ = ¢(e) in general. In this way we reduced
the norms at the right and only the L? norm of e, ; appears, which will be bounded summed by |le,|| and higher
order terms in 7 including Ae, ;, see (3.45) and the preceding inequality there.

We use now (3.34) in (3.31), and obtain

q a
|77n+7'zbﬂ7n,¢\2 < |nal® + CTZb,; [[1 +0()? + p(e)?len—1.il?

i=1 i=1

(3.35) q q
+H+ 0() + ()T enall® + 0 + pE) ail?] + 7D biliail + 7Y bildns
=1 =1

2

So, (3.35) and (3.30) yield for 7 < 1

q
1 P <(L+ er)mal® + ey bi {[1 +08(e)* + ue)?Illen—1,ll* + H + [3(e)* + pu(e)*)e*[lenil|?
=1

q q
+[0(e)* + N(5)2]|77n,i|2:| +er > bilnnal® 4 er Y bildn il + (14 em )| dnga |
=1 =1

(3.36)
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Adding (3.36) and (3.29), we get

1 1 1 1
lens1ll? + g + 15(6)6272 billAenql|” + 5#(8)627sz'llwn,z-ll2 <

=1 i=1

q q
lewl® + (1 + em)mal® + cl6(e)e™ + ule)e ™I Y bilnnl* + cld(e)e™ + pe)e ™ Ir Y billen—1.ll?
i=1 i=1

q q
1
gany | THEST S blendlP+ 530 [20(6) llen l1? + 2003 | Ven,il* + 85(e)e? | A
. i=1 =1

+27lens1/Tlllenll + cd(e)e? T Acnia|® + cu(e)e? 7| Venia® + llenta ]

or > b [+ 0 + () llen-1.

+ [8()? + (&) i }mme,

i=1
q

+CTZbi|dW—|2—|—(l+CT YNdnii)? —l—CTZb’H—i—c[ ()2 He TZb lenill® =
i=1 i=1

A<A+cen)|lenl* + A4 er)|nnl? + 1 +8(e)e™2 + u(e)e ™ + 8(e
+C[1+5(5)5_2+M( )e _3+6 Zb llen— 11||2‘|':u £)e sz Henz”2

1 & )
+ 572@ [2u(g)||gn,i

+ctllenta/7I? + cd(e)e? 7| Aenia|® + cu(e)e? 7| Venta|® + llenta ]

(3.38)

()| Venl? + 88(<)e?| Acn )

q
+CTZbi|dn7i|2—|—(1+CT Ydpia? —l—CTZbH—l—c[(S( ETZbHanH

=1

Remark 3.3. The next consistency error estimate holds true

q
(3.39) lenstillzzoy + ldnsal + 7Y (lenill ) + ldnl) < ert
=1

The proof of the above is analogous to this of Lemma 4.1 of [1] proven for the Allen-Cahn equation. However,
due to the 4-th order CH/AC equation we considered, H?(D) consistency estimates are needed for the error
analysis. These follow if we assume smooth enough initial data, resulting in a reqular solution. More specifically,
the expansions in Lemma 4.1 of [1] involve time derivatives of the continuous problem solution. By using there
H?(D) norms in place of H'(D) yields the result.

By (3.39), we obtain

1 q
57 > b [2,“(5)”571,2'“2 +2u(e)e?|[Venll* + 85(5)62|\A5n,i||2} +crllens /Tl + cd(e)e? ]| Acpa ||

(3.40) =1

q
+ ep(€)e® | Veniall” + lensall® + em Y bildnil* + (1 + e~ Hldpya]* < er?7H
i=1
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Due to the bound (3.40), (3.38), and (3.37), for J := 1+ 6(g)e™2 + u(e)e™3 + 6(e)? + u(e)?, we arrive at
2 o 1 2 N 2 1 2\ 2 2
len+1l|” + [1mr1|” + F0(e)e 7Y billAen|* + SHle)e 7Y il Vens|* <A< (1+c7)|en]
i=1 i=1

q q q q
(341) + (L +cr)mnl® +eTT Y _bilmnil® + Ty billen—1ill* + n(€)e®T Y billenl® + et +er Y biH

i=1 i=1 i=1 i=1

+cld(e)? + p(e)?Jet

We use now the second equation of (3.11), i.e., 7y ; =10y + T 25:1 @ijMn,; + dn i, which yields that

q 9 q
|77n,i|2 < c|77n|2 + CTQ(Z aijﬁn,j) + C‘dn,i|2 < C|77n|2 +cr? Z |77nJ|2 + C|dn’i‘2~
j=1 j=1

So, by (3.34) and the above, we get

q q q
1n,i|* <clnn|? + e7? Z inj|* + cldn,il® < clnn|?® + c7? Z biH + cm?[0(e)* + p(e)?)e Z llensl?
j=1 i=1 j=
(3.42) . .
+er?[d(e Z M2+ er?[1 +6(e Z len—1.511 + cldn.il*.

Therefore, by the estimate (3.39) it follows that

q q q q
T bilial® < erlnal® +er® Y biH 4 er®[5(2)? + ()]t Y llenal® + er®[5(e)® + ()] Y Imnil®
i=1 i=1

i=1 i=1

(3.43) 4+ [L+8(e)® + p(e)?] Z llen—1.il* +cr Z bildni|* < cr|nal® + er3[6(e)* + p(e)?]e

=1 i=1

q q
+cr?[6(e)” + p(e Zlnm\ +er’ (14 6(e)* + ()] ) len—vall® +er Y biH + er®atL,

i=1 =1 =1

So, for 7 < G(d(e), pu(e), &) small enough, (3.43) and (3.41) give

(3.44)
1 1 1 1
lentil®+Imns1l? + 55(6)6272 bil| Aen ]| + 5#(6)6272 bil| Ven.il?
=1 =1
<@+ cr)llenl® + (L+er)|ml® + e[l + 6(e)e ™2 + pu(e)e ™ + d(e Zb llen—1.4?

q q
)edr Z billeni||* + e Z biH + c[6(e)? 4 p(e)?]etr Z billenil|* + er?7t?
i=1 i=1

i=1

< (A +en)lenl® + (14 )|l + e[l +8(e)e ™2 + ple)e ™ + 8(e TZb len—1.42

q q
+ p(e)edr Z billen.il|* + CTZ billen.ill® + crllenl|® + c[d(e)? + u(e)?e*r Z billenq||* + er?att,

=1 =1 =1
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where we used that é,,; < cr7? Z;’-:l(Hew- —enl|+len;ll) ([1]), which yielded by the induction hypothesis that
et biH < e 3L billen || + crllen||* + er?TE By (3.10) (as in [1] after (4.30)), we have
q

q q q
S llenall® < cllenl® +er 3 aig(éngseni) + e lenall® = clenl® +er 3 aiy (5()A] — 2Aen,

i=1 i,j=1 i=1 ,j=1

W yt5) 4 (0t e ) WLyt + 7)) = WU )] |s) —er 3 any ()

4,5=1

2

q
[ = 2 8en W T ytung) + (e b+ 7)) [WT_yultn + 7)) = W (T _yun)] | eni) + ¢ llens
1=1

where we used (3.8) and (3.9). Integration by parts and using that r(u), 1, ; are independent of z, and since
OvAep; = 0ven; = 0, (W(I]_ju(t, +¢;7))) = 0, (W(I]_ upn ;) =0 on OD then yields

q q
S llen il < clleall® +er 3 ais ()] = £2Aen s + 1 W (I yting) + 70l ta -+ e57)) [W (L yu(ty + 7))
i=1 i,j=1
q
— W(I;_lumj)” , Aenvi) —cr Z a;j (u(s) [ — &2 Nep j + 0 ;WL _qun ;) +r(u(-, ty + ;7))

i,j=1
q q
[W(Ig_lu(tn + o)) — W(Ig_lun,j)ﬂ , en) + e llenill® < clleall? +er Y [8(2)e® + 8(2)? + ][] Aen il
i=1 =1

q
+er Y (Innl® + llen—1.
=1

where we used (3.20). Therefore, we get for G := pu(e)e® + 1+ [§(¢)? + p(e)?)e?

q q
%)+ er ) ne)llenil® + e llenll?
i=1 i=1

q q
g7y billenil® < g {Tllenll2 +72) [8(e)e? + 6(e)* + e[| Aenil?
(3.45) =t =t

q

A7 (Il + len—14
i=1

where we used (3.40) and that b; > 0. By (3.45), and by (3.43) as b; > 0, and for 7 < M (d(¢g), u(e),e) small
enough, we bound

|2+CT2q+1 7

q
)+ 7Y ) len
i=1

(u(e)e® + 1+ [6(e)* + ul(e)’Je) Z billen.q|*

by the existing terms in (3.44) apart from 1||e,||?. This gives for some c;(g) > 0 (never vanishing for any & > 0,
= 0)

1 q 1 a q

2 2 2 2 2 2 2
len+1ll” -+l + 7 0(e)e T;biHAen,iH +5hle)e TZ;biHVen,iH +01(€)T§bi||en,i\|
(3.46) - . . -

<1 +en)|lenll® + (1 + er)|nnl? + c1(e)T Z billen—1.4|* + er?atL.
i=1

By taking maximum for 1 < n < m and using (3.14), then (3.15) is derived. This completes the induction for
q > 2 for 7 < min{c(e) 72,1} for ¢ = c(e) this of the estimate (3.15). The smallness of c(¢) is independent of m,
[1]. O
Remark 3.4. As in (4.84) of [1], ||énl < er? 2, while by (3.8), (3.9) and since 6, are non-negative we get
[Vénill? < cllénil|?. Using then (3.42), we obtain €y ;| m2(p) < 773, V1<n<N,1<i<q.
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Remark 3.5. Since d,e,,; = 0,A¢e,; = 0 on 0D, we have |leq il g2(p) ~ |lenil| + | Aen ill, and thus for u(e) =0
(Cahn-Hilliard case) (3.15) is valid. When 0(¢) =0 (Allen-Cahn case) the Laplacian term is missing at (3.46);
we refer to [1] for the derivation of an O(19~3/2) H?-estimate there.

Remark 3.6. A rescaling u(x,t) = v(z,7) as presented at the introduction, and for H?Si"’ = 0O(1), would have
led to optimal order numerical approzimations for v(z,r), z € D, r € (0,T), with 7(r) = O(1) (e-independent),
and subsequently of u(z,t), but there only for any x such that |z| < ce, and any t < cu(e)™t. In case of the
Allen-Cahn dominance (% & 1) the order of convergence in € of the 2d of (3.15) would approzimate the

Allen-Cahn reduced order.

4. NUMERICAL EXPERIMENTS

In this section, we construct a fully-discrete space-time scheme, and then present the results of a series of
numerical experiments for the e-dependent Cahn-Hilliard/Allen-Cahn problem (1.1) for various choices of the
weights d(e), u(e).

4.1. The fully-discrete scheme. As in [1], the linearized RK method defined by (2.2), (2.3), (2.4) will be
applied on a spatially semi-discrete scheme of conforming piece-wise quadratic finite elements, which is given
as follows: Let S, = span{¢1,...,9s}, h <1, be the finite element space on D, we seek up(z,t), wy(x,t) € Sh,
and R(t) € R such that

(un,vn) = 6(e) (Vwn, Vop) + p(e) (wp, vp), You € S,

(wh,vn) = —*(Vun, Vor) — R(Wy(un),vs), Yo, € Spy Ry = 5 (Wi (un), unt),

N | =

where (-, ) denotes the L?(D) inner product, and W} (uh) = f(uh)(fD F(up)dz + Eo)_l/Q.

Let

J J
un = wit)pi, wh=» wilt)ei, U:=[ua(t),...,us®, Vi=lwi(t),...,wst)]"

=1 i=1

Then, the above equations can be rewritten as
1
AU, = 6(e)BV + u(e)AV, AV = —?BU — RF(U), R;= 5;f(U)TU,f,

for
A= [(@ja@i)]JxJa B := [(vcpjavcpi)]JXJ7 f(U) = [(Wh(uh)vcpl)a"'v(Wh(uh)?@J)]T
By substituting V' in the first equation of the above, we obtain

Uy =—c*(6()A""BA™' B+ pu(e)A™'B)U — R(6(e)A™'BA™" + pu(e) A" ) F(U) := MU + MpF(U)R
(4.1) 1 1 1

R, = i]f(U)TUt = 5JT(U)TMlU + Ri}"(U)TMg]-"(U),
where M; := —?(0(e)A"'BA™'B + u(e)A™'B) and M, := (§(e)A'BA™ + p(e)A71).

We shall use g¢-stage (¢ = 2,3,4) Gauss methods to construct the corresponding linearized Runge-Kutta
methods, which we name as ¢-stage linearized Gauss methods. Then, we use the derived linearized Gauss
scheme in order to solve numerically (4.1).

Let 0 =1g < t; < --- <ty =T be a uniform partition of the interval [0,T] with step size 7 = T/N. Let also

U, ~U(tn), Rn=R(t), Upi=U(ty, +¢7), Ryi~R(t,+c¢1), i=1,...,q
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The fully discrete scheme is defined, for any 1 <n < N, by

a
Un,i =U,+71 Z Qij (MlUnJ + MQI(I:;_IU”,]')R”J) ,i=1,...,q,
j=1
2 1 1
Boni = n + TZaij(i}—(lg—lUn,j)TMlUmj + Rn,j5]:([;—1[]%]')TMZF(I;—lUn,j))v i=1,...,q,
(4.2) fl
Unit = Un +7 3 b1 (MiUs + MaF (I, Un i) Rus),
i=1
Lo 1
Rpj1 =Ry +7)Y bi(§f(1;_1Un,i)TM1 Up.i + Rn,i5f(1;_1Um-)TMJ(I;_lUn,,»)),
i=1
where a;j, b;, ¢; for i, = 1,...,q are the coefficients of the Gauss methods given in [19], and for n = 0, Up ;,
Ro;i=1,...,q, Uy, Ry, are computed by the standard Gauss methods.
Remark 4.1. Note that F(I]_ U, ;) in the above equation is known at the time t,, while the first two formulae
in (4.2) are linear with respect to Uy, ;, Ryt = 1,...,q. Therefore, Uy ;, Ry i,i = 1,...,q can be obtained
directly. Then, we substitute U, ;, Rn,1 = 1,...,q into the last two formulae in (4.2), and compute Upy1, Rpt1-
4.2. Simulations. Let us select the e-weights by
Lo(e)=1, ule) =82 1L 6(c) =& p(e)=ct, T 6(e) =, ue) =% IV.d(e) =1, pu(e) = 1.
We also define the discrete energy by

E(uh,na Th,n) = /

D
for up n, 7h,n the fully discrete approximations of u, 7.

2
)
5 |VU}L7"

2 2
dd? + T}L,TL - EO,

4.2.1. 1D Runs. We consider first the one dimensional e-dependent Cahn-Hilliard/Allen-Cahn problem (1.1),
posed in D := (-3, 3), and layered initial condition
x

u(z,0) := tanh (\/E

),meD,

for a mesh size h := 0.05.

We first examine the accuracy of the proposed methods. The 2, 3, 4-stage linearized Gauss methods are used
for the Case II, with & = 0.1. Here, the numerical solution u}, with sufficiently small time step 7 = 1074,
is chosen as the solution of reference. We then compute the L?mnorm errors |up, —uj|l;. at T = 1. The
numerical results are shown in 4.2.1, from which we can clearly see that the ¢-stage linearized Gauss methods
have ¢-th order accuracy. These are consistent with the theoretical results of the paper.

TABLE 1. L?-norm errors and convergence rates of the g-stage linearized Gauss methods.

- q=2 q=3 qg=14
lunm —upll;.  rate | upn —upll. rate | |upn —ujll,. rate
1/200 2.9928e-06 - 4.5974e-08 - 6.0506e-10 -

1/400 7.5863e-07 1.98 6.1901e-09 2.89 3.7672e-11 4.01
1/800 1.9005e-07 2.00 8.0325e-10 2.95 2.3515e-12 4.00
1/1600 4.6746e-08 2.02 1.0198e-10 2.98 1.6339e-13 3.85

We apply the 2-stage linearized Gauss method. Figure 4.1 presents the evolution of E(up y,7h,,) which
decays, as well as the numerical solutions, for weights defined by Case IV, with ¢ = 0.1 ,0.01 ,0.001, which
clearly illustrates that the proposed methods are energy-stable. For all other Cases I-I1I the results were similar,
and the numerical solutions seemed to converge to the step function +1, as in Case IV.
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Py

FIGURE 4.1. Evolutions of the energy (tbp) and the solutions (bbttom) in Case IV withe = 0.1,
e = 0.01, ¢ = 0.001 (from the right to the left) using 2-stage linearized Gauss methods with
stepsize T = 1074,107°,1075, respectively.

4.2.2. 2D Runs. We consider the two dimensional problem (1.1), posed in D := (0,1) x (0,1), and initial
condition

u(z,y,0) = cos(mz) cos(my), (v,y) € D,

for the mesh sizes hy, hy :=0.1.

We investigate first the accuracy of the proposed scheme. The 2,3, 4-stage linearized Gauss methods are
used to approximate the problem with weights defined in Case II with ¢ = 0.01. Here, we use the numerical
solution u} with small step size 7 = 107 as the solution of reference and we compute the L*-norm error at
T = 0.1. These numerical results are listed in 4.2.2. From the table, one can see that the g-stage linearized
Gauss methods have convergence orders gq.

TABLE 2. L?-norm errors and convergence orders of g-stage linearized Gauss methods

q=2 q=3 qg=4
lunn —upll, rate | |upn —upll, rate | |unn —upll, rate
1/1000 | 5.8366e-04 - 2.1095¢-05 - 5.5372e-07 -
1/2000 1.5272e-04 193 | 2.6069¢-06  3.02 | 3.2353e-08  4.10
1/4000 | 3.8991e-05 1.97 | 3.2353e-07 3.01 | 1.9542¢-09  4.05
1/8000 9.8070e-06  1.99 | 4.0266e-08  3.01 | 1.2006e-10  4.02
1/16000 | 2.4172e-06 2.02 | 5.0051e-09 3.01 | 7.4468e-12  4.01

T

The evolution of the discrete energy E(up, n, rh,n), and the numerical solutions for weights defined by all the
four Cases I-IV, with € = 0.1,0.01,0.001, by using the 2-stage extrapolated Gauss methods, are presented in
Figures 4.2, 4.3 respectively. The discrete energy is decaying for all cases. As we can observe the evolution of
the numerical solutions for Case I, and Case II is similar to this of Allen-Cahn equation. For Case III, and
Case IV, the evolution is closer to this of Cahn-Hilliard equation; see Figure 4.4 for a comparison, where the
numerical solutions of Cahn-Hiliard and Allen-Cahn equations are presented.

When ¢ = 107!, which is a rather large value, in Cases I, II, one of the phases rapidly vanishes, while for
the Cases III, IV, the problem seems static. In Cases I where M‘ESQ = O(1), and II where §(¢) < u(e)e? as
e — 0, for smaller values of ¢ the evolution slows down. Layer generation and annihilation is observed for
e =1072,10"2 in the cases III, IV where 6(c) > u(c)e? as e — 0.
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.

) ns of the energy and snapshots of the so
e =0.1, ¢ = 0.01, ¢ = 0.001, with stepsize T = 1074,1076,1078, respectively. Right: Case 11
with e = 0.1, e = 0.01, € = 0.001, with stepsize T = 1072,1073,10™%, respectively.
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\\ \\\3
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R

e =0.1, e = 0.01, ¢ = 0.001, with stepsize T = 107%,1077,1078, respectively. Right: Case IV
with € = 0.1, ¢ = 0.01, € = 0.001, with stepsize 7 = 1073,107°, 1077, respectively.

For our final set of runs, we considered (1.1), posed in D := (—1,1) x (=1, 1), with a layered initial condition
near £1

u(z,y,0) = tanh (\/% min{/(z 4+ 0.3)2 +y2 — 0.3,/(z — 0.3)2 + 3% — 0.25})7 (x,y) € D,
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+H1 1

N5 .
FIGURE 4. 4 Left: Cahn Hzllmrd case wzth o(e) = 1 ple) = 0 for e = 0.0001, and T = 107°.
Right: Allen-Cahn case with o(e) =0, p(e) =1, fore = 0.1, and 7 = 107",

and hy, hy := 0.1. Such e-dependent layered initial data are selected when evolution is observed after the
so-called time of layer generation where the different layers of e-dependent width have been formed around the
two phases of the binary alloy with concentrations u = +1.

The numerical solutions with 2-stage extrapolated Gauss methods for Cases I, I1, ITI, IV are presented in the
next Figures 4.5, 4.6. There, the evolution seems to be influenced by the selection of weights and the smallness
of €, 7, with Case IV presenting the slowest transitional change for ¢ = 1073 and 7 = 10~7. Moreover, when
e = 107!, in all cases and in very short times one phase survives (red) while the second phase (blue) evolves
rapidly towards concentration values near the first (light blue).

@a
{818
aoo
Ba
@am
gon
ann

FIGURE 4.5. Numerical solutions. Left: Case I with ¢ = 0.1, ¢ = 0.01, ¢ = 0.001, and
7=10"%107%,10"% (from top to bottom), respectively. Right: Case II with ¢ = 0.1, ¢ = 0.01,
e =0.001, and 7 =1072,1073,10~% (from top to bottom), respectively.
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FIGURE 4.6. Numerical solutions. Left: Case III with e = 0.1, ¢ = 0.01, ¢ = 0.001, and
7=10"%,10"7,10"8 (from top to bottom), respectively. Right: Case IV with e = 0.1, ¢ = 0.01,
e =0.001, and 7 =1073,1072,10~7 (from top to bottom), respectively.
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