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ABSTRACT
| present a constructivist approach that is used in some TE mathematics classes at MSU. This approach employs
exclusively amode! of a'mathematical situation’, a set of physical operations and a physical language to reason about al|
students' mathematical doings while a unique system of reinforcements, grading and assessment methods, support the
learning experience.



| ntroduction

Elementary school pre-service teachers tend to ignore the need to learn mathematics, as ‘we don’'t need it’,
‘we aready know it’, where the ‘it’ refers to what they conceptualize as the mathematics that is taught in k-5.

By and large, students are puzzled when they are confronted with a‘weird’ question like ‘what is...” which
very few of them would answer and even fewer would be able to explain “why...” by means of a concrete
example or by means of abgtract reasoning. All the more when one gets to fractions, which usudly involves
intense emotions. The Math-Educator reader is probably familiar with the Mantra ‘but 1 know HOW to do
it..." which one could frequently hear in my office especidly during the period of learning of fractions.
Though the student stated that it is extremely important for her/him as a future teacher to be able to explain
WHY shelhe ‘flips the ¥2and WHAT doesthe 6 stand for in 3, i gtill when ‘forced’ to try and construct some

kind of explanation she/he would cling to the Mantra ‘but | know how...".

More often than not it feds as if the students are trying as hard as they can to ‘protect’ their ‘fragile
mathematical assets, to keep it intact and away from me. Thus in the beginning of the course it seems that the
students perceive me as the * destroyer’ of their knowledge rather than the one who is supposed to help them to
condruct it. This is supported by a student’s camment in a firs-day-of -class Attitude-Questionnaire: ‘I'm a
little unsure about fractions so I'm nervous that we'll spend so much time on them...” referring to the Syllabus
that shows that alarge fraction of the course will be dedicated to fractions.

Therefore I've employed a somewhat ‘aggressive’ congiructivist approach in order to get the students to
unpack their fragile mathematical assets and to re-construct a more flexible and a deeper understanding of the
different basic mathematical concepts. The main goals of this approach are to ‘force prospective teachers to
understand their math-doings and to develop a reasoning titude towards the learning and the teaching of
mathematics.

Though at this time | do not have any formd research results, | will provide findings that could indicate
that this approach is effective in achieving its gods. Also, I'll bring findings that could indicete that it is aso
the students that find this approach helpful.

However, | would like to emphasize that this approach was developed for pre-service e ementary school
teachers and not for eementary school students. It was meant to help the future e ementary school students to
make sense of their mathematical knowledge and doings, and not to teach them the basic concepts. At the
same time this gpproach provided them with an efficient tool to andyze and to understand their future
students doings of mathematics. Nevertheless, | believe that there are some aspects of this approach that
could be adjusted to help young studentsin their learning of mathematics.

The Approach

Much of Mah-Education is about understanding students difficulties in grasping the Abstract-Forma
Mathematical concepts and agorithms. Thus our proposed approach retreats to natura-physica doings in
trying to promote a “naturd” or an intuitive understanding of the basic mathematicad concepts as a well -
established, firm base for the understanding of the more abstract, formal concepts.

Therefore our gpproach is based dmogt entirely on naturd operations that our mind can perform without
any forma learning (“Join”, “Take Away”, instead of Addition and Subtraction). Furthermore we have used a
“natural” physical language, assuming that we “don’t know” any forma mathematics and so we cannot use
words that mathematicians “invented” such as addition, subtraction, division etc.



Thus the main principles of our gpproach are:
a Constructing a Naturak I ntuitive understanding of the mathematical concepts:
al Usngonly “Natura” operations, which require no forma learning of “how”, such as‘to Join'.
a2 Usng “Physcd” language and avoiding Forma mathematica language: JOIN but not ADD, CUT
INTO but not DIVIDE etc.
a3 Usng Visudization tools such as drawings and ‘role acting’: ‘I'm the first set and you are the
second, How many of ‘you can be made out of me or acting out the ‘joining’/ ‘taking-away’ of
the setselements etc.
b Building on a degp understanding of smple Whole Number situations as abass for dl further learning:
b.1 Using a”Whole Number” Language: ‘we have HALF groups ..." and not ‘we have half agroup .
b.2. Fractionsare ‘just’ Numbers. %2 or 1%2is as good of anumber as 1, 2 or 10...
b.3Usng Whole (“Naturd”) Number models to ded with “new” non-naturd kinds of numbers

%, g » 6,5 0 ‘DOTHESAME.
b.4 Sequencing a continuum from whole number Stuations to fractionss Something like
4. .14, 24,44,31, 4%, 1LYy, 2.1, 1%, %,.1%, %%...
¢ Using an abgtract modd, which conceptudize al basic mathematica situations as the same, to channd and
to mold the reasoning.
d Promoting a Reasoning attitude:
d.1Any datement must be accompanied by reasons. Why is it trueffse, Why is it important/not
important, Why is interesting/not interesting?
d.2 Making as many statements as possible about any given situation: Declarative statements: ‘we have
3 sats, descriptive statements: ‘there are 3, 2 and 3 elements in the sets, or relationa Statements:
‘these 2 sets are of equa size' or ‘thisislarger than that’ etc.
d.3 Exploring each gtuation thoroughly rather than employing a “task-oriented” exploration: All the
Why's, and How's questions as wdll as ‘What this means, ‘What if we change this...”, “Which

units are used” etc. .
d.4 Concentrating on afew carefully chosen examples rather than investigating many Stuations.
d.5 Massive Reasoning tasks (using our physical language and our model exclusively): why 2, 5 =14
d.6 Massve investigations (trying to reason) of other student’s understandings and solutions.

e Developing awareness of the meta-cognitive processes.
e.1 Using the modd to compare the same/different situations, reasoning and doings.

e.2 Using the same language/doings in comparable Stuations.
e.3 Reasoning about the Thinking: ‘Why this procedure and not another’, ‘what made me think of

this...” ‘Doesit remind me of anything...” etc.
f Employing a holistic approach working up through the contextua to the Abstract and then ‘back’ to the

“Abstract-Physicd” plan and again to the contextua stratums.

The Learning Space
We perceive the core of the Learning Space in which the learning-teaching experience is taking place as
consisting of three sub-spaces. The contextua, The Abstract and The PhysicatAbstract sub-spaces. These

three sub-spaces differ in the kinds of reasoning that are employed in each of them; in the language that is
used in each of them and in the kinds of activities that are performed in each of them. The trangtion among



the three sub-spaces is done by goal-driven means of re-phrasing into the language of that used in the ‘new’
sub-space. This modd aso provides the frame for relating the contextual concepts (Altogether), the abstract-
mathematical concepts (Addition), the Abstract-Set concepts (Union) and Physica-Abstract concepts (Join).
The core of the Learning Space is surrounded by a comprehensive Support System, as it is shown in Figure 1:

Figurel The Learning Experience

Supporive Grading System Massive Reinforcement

Supportive Assessment System Massive One-On-One Help

The Support System

We used intense Verba Reinforcements in order to boost the student’s self-image and their confidence as
well as to reduce their anxiety leve. To illustrate, we frequently used sayings such as. *... the future of the
mathematics knowledge is in your hands...” or ‘...If you were just an engineering student | wouldn’'t mind, but
| expect more from you..., or ‘...you can't understand it NOW but you WILL in a short while...”, or
“...anything | can do YOU can do better...”. A relaxed and an informa atmosphere encouraged students to
discuss as openly, and as frankly as they could their mathematica idess, their fedings and their atitudes
towards the learning experience.

Furthermore, the students had as many one-on-one instructiona sessions as they needed and many more by
e-mail conaultations. Though it is noteworthy that few of the students perceived the ‘generous office hours
policy as a negative one, some expressed fedings that could be summed up as ‘we paid for learning in class,
30 YOU need to make sure that WE will not need office hours ...

In addition, we employed a supportive grading system in which the ‘learning processes (rather than the
“results’ or “products’) were assessed and graded and in which most of the points were given on ‘ proven hard
work’. To illugtrate, the fina exam was only 25% of the total grade, 10% was assigned to the weekly Home
Work assgnments (which were returned fully checked and with relevant comments), 12.5% was assigned to
two papers, and approximately 50% was assigned to the quizzes and the exams that students could re-do.

The Contextual Sub-Space

By the contextua sub-space we refer to the sub-space of the mathematical story-problem. Thus the
language here is contextud and is related to the ‘story’ (Apples and oranges in one instance or velocity and
distance in another), while the activities here are ‘red’ (Picking or eating in the apples case or driving in the



other) and so is the reasoning (We have less apples since few were eaten or -3 can't be the velocity since the
car ismoving forward).

Though there is much to be said about the nature and the constructs of this sub-space (choosing the
problem, sequencing issues etc.) we will limit our current presentation to the two other sub-spaces.

The trangtion from the contextual sub-space to the Abstract sub-space is motivated by the “problem”
which is first stated in the “contextual language’” (How many fruits do | have atogether? Or How far did he
drive? Etc.) and then modeled by the Abstract Modd and Re-phrased into Abgtract Sets-language. Thisisaso
the point in which we relate the Forma mathematical concepts to the contextua concepts.

The Abstract Sub-Space and the Abstract M odel

By modding the contextud dtuation we move to work in the Abstract sub-space and to use Abstract Sets
Language. Complex stuations involve staging (breaking down) procedures and using the modd iteratively,
but the Basic Mode refers only to the basic binary mathematical operations (+, -, ", , ) and it congsts of
three components, and two types of goas.

The Modd Components are:

a. Firg Component - The Number of Digoint Setsthat are involved in the Situation.
b.  Second Component - The Number of Elementsin each of the digoint sets.
c. Third Component - The Tota Number of Elements in the Situation.

The Modd Godsare:

a. TheTheoreticd God is. Either to ‘expose’ the ‘omitted” vaue of one of the modd’s components
(i.e. # of sets or # of elements) or to ‘describe’ the relations between two of the nodd’s
components.

b. The Practical God is To ‘physcdly’ do something in order to achieve the theoreticd god (i.e.
to JOIN sets, to TAKE-AWAY eements, to PUT-EQUALLY into a few empty sets to
compare/correspond sets, to measure one set using the other, etc)

Hence we define two basic types of the modd: The Additive Model and the Multiplicative Model. Whilea
CONSTANT NUMBER (2) of digoint sets that are involved in a Situation characterizes the Additive Model,
itisthe EQUAL SIZE of the digoint sets that characterizes the Multiplicative Model. In both modelsthethird
component is the number of eements of the Union Set of dl the digoint sets.

The Contextual Space determines the Theoretical Goa for the Abstract Space, which is therefore expressed
in Sets-Language. If the theoretical Godl is to ‘expose’ the third component, then the modd represents an
addition (Additive Model) or multiplication (Multiplicative Model) situation, wherees if the theoretical Godl is
to ‘expose’ the second or first component, then the model represents a subtraction (Additive Model) or a
divison (Multiplicative Model) situation.

Furthermore, in the case of finding the Firs Component in a multiplicative Situation, the modd describes
what is usudly referred to as The Measurement Division approach, while if it isto find the second component
(# of dementsin each of the digoint sets) then the modd describes what is usually referred to as The Sharing
or Partitative approach.

Relationa Theoreticd Goals in the Additive Model could describe ether additive raions (bigger-smaller)
that are basicdly subtraction Stuations or Multiplicative relations, which are Ratio Situations.

The reasoning in the Abstract Space is based on the relations between the Sets and it is done in order to
support the doings in the PhysicakAbstract sub-space. For example a contextud Stuation of 2/3 x 15 will
consst of 2/3 of a set that contains 15 elements, hence since the Union set is comprised of less than one such



St it must be that its number of dementsis less than the number of eementsin one s&t, which is 15. Smilarly
in the case of 15 x 2/3; each of the 15 sets “ contribute” to the Union Set less than 1 dlement, so it must be that
the number of eements in the Union-Set is less than the number of sets. Hence, if in the Physical- Abstract
sub-space we get a solution of more than 15 elements, we' |l know that we are mistaken.

The Physical Abstract Sub-Space or the Doings

The theoreticd Goa determines the practicd God in the trangtion to the Physica-Abstract sub-space,
where the ‘Doings take place. The most significant features of this space are the ‘physicad’ doings and the
language that are employed on the abstract objects (Sets and Elements), such as “Put (dements) Equaly”,
“Put Proportiondly”, “Take Away (elements)”’, “Make sets of size x”, “Bresk Down (sets)”, “ Stage (the
doing)” etc.

These physical doings also serve to reason “practically” about the situation. For exampler ‘s, 1 =6since

I’ve MADE 6 sets, each having %2 elements until I’ ve exhausted my resource set of 3 elements. Alternatively;
‘I've PUT-EQUALLY dl my 3 dementsinto al of my %2 empty sets. So now each of the (whole) sets in the
dtuation has 6 eements, since each of its 2 halves has 3 dements'.

At this point, | will present a few (partid) examples that best illustrate our method and than we will
describe atypica class discussion to provide the context in which we use this approach:

1. Abgract Space: 145+324= , Sets Language - 2 sets of 145 (Set A) and 324 (Set B) dements - An
Additive Modd. The Theoreticdl God is to reved the number of dements in the Union Set. Hence in the
Physical-Abstract Space the Practical Goa (expressed in “physical” Language on Abstract objects) isto JOIN
both sets. The Doing of the JOIN will be STAGED:

a. Reasoning: since | need to JOIN dl sets of the Situation | can do it in any way that | wish to aslong as

al the dements of al the setswill ‘get’ into the Union-Set eventudly, so:
b. Fird Stage — BREAKDOWN Set B into 3 Sub Sets B, of 300 (Ones) dements, B, of 20 (Ones not
Tens) dements and B; of 4 (Ones) e ements.

c. Reasoning - | am comfortable with these “nice-round” numbers which | can manipulate mentaly, so:

d. Second Stage - JOIN A and B; (445 dements) and then JOIN this with B, (465 dements) and findly
JOIN thiswith B; to have the Union-Set with 469 e ements.

2. 364-79= Abstract Space - 2 setsof 79 (Set A) and of ? (Set B) elements and the Union-Set have 364
elements - An Additive Modd. The Theoretical God is to revea the number of elementsin Set B. Hence in
the PhysicalAbstract Sub-Space the Practical God is to “Take Away” the 79 elements of Set A from the
Union-Set so only the elements of set B will be left there. Figure 2 illustrates @rtia doing in this Stuation. It
is noteworthy that the reasoning that leads the DOINGS is the wish to work with smal numbers and so the
doings involve Tens and Hundreds and not only Ones as in example # 1

3. 3%, 2%:: First Component- # of Sets?- Second Component- # of elements in each set - 2% , Third
Component - Total Number of eements 3% Hence the theoretical God is to reved The vaue of the firgt
Component. So the practicd God isto MAKE SETS of 2% elements each TO EXHAUST our RESOURCE

SET of 3% elements, as is shown in Figure.3.
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4, 12%, 1%:: First Component- # of Sets -12 - Second Component- # of elements in each set -2, Third

3.
Component - Total Number of element 12%. Hence the theoretical God is to reveal The vaue of the Second
Component. So the practicd God isto PUT EQUALLY dl thelz%elements to EXHAUST our RESOURCE
SET, into dl the (‘empty’) sets(% ). Partid doings are described in Figure 4.

5. Contextud Stuation of Share $27 according to 3:2 Ratio- Model 2 sets (additive Stuation) - # of
dements in both sats are different and unknown, Tota # of dements in the Stuation 27. Theoretica God to
reved the # of elementsin each set — The Practica Goa — To PUT PROPORTIONALLY (to EXHAUST our
RESOURCE SET of) al the dements in the 2 empty sets. Figure 5 Describe one way of ‘Doing” it:
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A typical Class Experience

The class discusson usualy begins by presenting one or more contextua Stuations that lead to a specific
mathematical operation, or to a few operations depending on whether my objective is to investigate an
operation or if it isto compare afew operations. These stuations are brought up by me or by the Sudents as a
response to my chalenge.

We discuss the use of the contextua language and how it affects the way in which one perceive the
mathematical Stuation. To Illustrate: ‘I had 15 candies and | ate 7 of them. How many more...” or ‘| ae 7
candies and I’'m alowed to eat 15. How many more...” or ‘| have 7 candies to give to my 15 guests. How
many more candies...”. The language will lead us to different mathematical representations (in the Absiract-
mathematica sub-space) that are dl *summed’ in the ‘ mathematica sentence’: 7+8=15.

We than move to the physical-abstract sub-space by introducing “our modd” for the Situation (2 sets, with
7 and ? elements each, 15 dements in tatd), the theoretica goa (to revea the second component, number of
dements in each of the sats), and the practical god. The practical goa is motivated by the contextua space.
Either itisto “take Away” (what | ae...), oritisto “fill in” (what I’ll egt), or itisto “Pair’ (candy to a guest).



We emphasi ze the connection between the contextual Situations to the practical goas in the context of how a
teacher can initiate a specific “physica-doing” by his sudents.

Also, when it is rdlevant, we discuss different ways of “Physical-Doing” to achieve the same Practicd Goa
such as the one in example No.2 for 364-79; in this case we compared 8 different dgorithms of students, not
al of which were mathematicaly correct. In each case we discuss All sgnificant different options for a
specific Doings, emphasizing the strengths and weakness of each one of them.

We ds0 try to understand the connections between the motivations that lead an individua to hisher doings.
For example the traditiona addition/subtraction by columns could be understood as motiveated by a desre to
work with smal numbers, not exceeding 10. Bresking down “ugly” numbers such as 364 to 300, 60 and 4
could indicate that this individud has no problem conceptudizing or manipulaing ‘big’ numbers as long as
they will be ‘nice’ and round. Also, using a ‘counting on’ (missing addend) agorithm for solving a subtraction
problem (in our phydcd-abdract language it is referred to as ‘fill in’) could be understood by a strong
inclination to addition adgorithms and avoiding subtraction agorithms, which could be a sgn of some
weakness in this area. This kind of insght is something that a future teacher should be aware of while ‘just’ a
mathematician could be satisfied with the fact that the * mission had been completed'.

Other kinds of class discussion are constructed around a given solution to a specific mathematica sentence,
which is provided by me or by the students themselves as a response to my chalenge (3, 3). Here the

solution is purdy mathematica, and we are trying to “recongtruct” the meaning, or the motivation to this
solution by “jugtifying” each of the steps by means of our “physical language and our modedl”. We ask: did this
student think about many sets, each of them with exactly Y2 dements (not haf an eement), and when joined

together make a set with 3 eements. Perhaps he thought about a Situation with as many as %2 sets (~2 sets),

each of them having exactly the same number of eements (which we can't see a the moment), and ‘al the %2
sts are joined together to make a set of 3 dements. The first option would lead to a practica god of

“making” sets of %2 dements and we will look for ‘evidence of tha (something like Y2 + %2+ ...) or may be
we will look for evidence that he is “putting equdly” dl his 3 eements (resource) into al of his 2 sets, and

than he looks at One set to determine how many elements are in each of his sets. The students seem to enjoy
thiskind of discusson and they usudly are very active in these discussons.

Many times the discussions are based on group activities in which groups of students try to make sense of a
given solution (or to ‘physicdly do’ in order to solve a problem). Sometimes each group works on a different
solution and the discussion congsts of presenting the different findings and trying to gain a comprehensive
picture. In other ingtances the different groups will work on different problems (63+45, 63-45, 63x45, 63 45)
and the discussion condsts of comparing the different doings in the different Stuations and how our modd
explain could these differences and similarities.

In addition to discussons of the more practicd kind (“doing” to solve, anadyzing and comparing different
“doings’) we aso have theoretica discussions. In some of them we discuss the theoretical mathematical rules
(associetive, commutative and distributive) and how we can “prove’ them by our “practical-doing” methods.

While in other theoreticd discussions we compare the mathematical concepts of the different basic binary
operations of Arithmetic by means of ‘our’ modd and ‘language’, we adso consider the different approaches to
teaching Arithmetic that exigts in the literature and we ‘connect’ them to our models. For example, the
Measurement gpproach to divison is tied to our Multiplicative model where the theoretica god is to reved
the firda component - the number of sets in the Stuation. Furthermore, these approaches contribute a
ggnificant indght to our goproach. For example, the “making of sets’ could be understood as “using a
measuring set/cup”. These discussions offer the students opportunities for consolidating their knowledge in



which they can make sense of the many “different mathematics details’ that they have collected through years
of studying mathematics and to construct for themselves the ‘big picture'.

Though some of the students had complained that this approach * makes things harder than they redlly are’,
| believe that these types of comments reflect a misunderstanding of the main god of a basic college-leve
Mathematics course for future elementary school teachers. | believe that the goa of such a course is not to
‘teach’  additionvsubtraction/multiplication/divison™  but rather it is to offer a substantive basis for
underganding of the knowledge or algorithms that the students dready have (and which therefore they
consider to be ‘easy’).

This gpproach offers informa “proofs’ or judtifications for the knowledge that the students aready pos sess,
but are unable to explain or to justify. The modd, the “PhysicatDoings’ and the “Physical-Language” serve
us ingtead of the forma theorems and logic which are used by mathematician to prove/lunderstand their
mathematicd knowledge. By “physicdly” tracing each step of the ‘Staement’ (solution agorithm,
commutative rule, etc.) we prove it is “True’ or “False’. Moreover the ‘physica-doing’ serves as what
mathematicians referred to as indghtful proof, a proof that offers a ‘degp’ understanding of the Stuation on
hand.

Also one of the student’s tasks as future math-teachers will be to identify difficulties of their future
student’s doings of mathematics and to help their students to resolve these difficulties. Our gpproach provides
them with a tool that makes tracking down and pinpointing these difficulties easy as well as offers them ideas
to help their future students by means of “ physica-doings’.

Discussion

It is rather difficult to put into two-dimensiona paper the full picture of a teachinglearning philosophy,
which entals many dimensons smultaneoudy (mathematica, physica-doings, —cognitive-reasoning,
cognitive-procedura, affective, classinteractions, individual aspects etc..).

The students were congtantly engaged in verbaly explaining each step of their contextua, abstract and
physica doings and their motivation for doing it a different levels and in the different “languages’. They were
congtantly required to relate various representations (l.e. contextua, formal-mathematica, the abstract -
physical) and doings across situations and across concepts. Students were encouraged to construct their own
individua ‘doings and they were chdlenged to try dso ‘awkward’ procedures and not only the most
‘efficient’ one. For example: ‘...try to put ¥2 dements in each st firdt, even if it will make the ‘Ieftovers in
the resource set an ‘ugly’ number..." (We were frequently using ‘ugly’ numbers).

Also, they had to ‘finish’ ther colleagues doings, or to come up with reasoning for their colleague's
doings. Alongside, we had to work on the emotiona dimension as well, since confusion and frustration were
frequently threatening to interfere with the learning.

It seems that many of the students tend to appreciate the concise view of the situation that the modd grants
them, as well as the rigid frame it provides to lead the doings and the reasoning in a new stuation. Also they
seem to enjoy the flexibility that usng the non-formal mathematical language permits. Nonetheless, they
appear to not be very enthusiagtic about the less structured and what they have conceptualized as less
“directed’ teaching or “teaching-less’ teaching.

! Though sadly enough too often we find ourselves in a position that we are obligated to verify that our students do
know these basic mathematics concepts and algorithms.



By the end of the semester more than 70% of the studentsin both classes (50 students) were able to present
good reasoning (>60%) while about 40% of the students presented very good to excdlent reasoning
capabilities (> 75%). Also, by the end of the semester it was evident that the quality of the discussions in the
class was changed to the better, considerably. By then, students could discuss the whole mathematical
Stuation from the congructing of a “good’ problemstory up to the “doing” to solve it and they could reason
about dl its different aspects.

However the picture is not al so bright, and this approach cdls for persstence in implementation in order
to be effective, as ‘It'stoo hard’ for the students, and for the most part they prefer ‘just tell me what to do and
I'll do it' as can be seen in a few of the students comments in the evauation: ‘... She is very frustrating
athough she makes you think... | fed she makes things more difficult than they are, ..this class is too
chalenging for the type of class, ...but be avare the courseisalot of hard work...".

As mentioned before, we found this approach to be very efficient, particularly in promoting students
understanding of fraction's dtuations. Students that first ressted my ‘extremist’ initigtive eventudly
'discovered' that ‘It's so ample, | can't believe | did not understand it before’. So the following collage of
students comments might offer an optimistic closure for this paper: ‘... Teaching was excellent and she puts
everything into context and helped me understand why ...have to admit that in the past | have been afraid of
math - you have taught me that it can actudly be "fun." ...was my favorite class this semester, which really
surprised me because | didn't think | liked math....at the beginning of the semester | gave you a below average
grade of your teaching ... a the end, not only me, but alot of my other classmates... saw this pattern... After
using it (the modedl) continuoudly, ...it makes problems alot easer to solve and easer to explain..’.



