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Abstract: Although there are many efforts today, trials and experiments in many countries, there are no
clear answers how to teach various concepts effectively in mathematics, in particular pre-calculus and calcu-
lus, by using hand-held personal technology (H-hPT) and CAS. To inform and train a group of prospective
mathematics teachers (PMTSs) and practicing teachers in Turkey we have attempted to organize a series of
seminars and workshop on H-hPTs for the last few years. In the present study, we report our experiences at
the certificate courses for a group of PMTs in Selcuk Uni-Konya, and show the sample of materials designed
to teach various basic concepts in calculus. In the study, we concentrate on how the PMTs can apply their
knowledge from mathematics and pedagogical courses in teaching of mathematics and use TI-92/DERIVE,
share our experience how to improve the curricula by designing new instructional materials and implement-
ing new strategies in teacher education and training.
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1. Introduction

Teaching mathematics is a complex endeavor and dynamic process, and the changing role of
mathematics teachers for the contemporary society requires new tasks and a rather different train-
ing (Ersoy, 1991, 1992a). In such an endeavor, teachers are important figures in changing the ways
in which mathematics is taught/learned in schools and they should use cognitive tools properly for
effecting teaching. Because, computer and the hand-held personal technology (H-hPT), namely
graphing and advanced calculators, is profoundly changing various aspects of teaching and learn-
ing of mathematics, as well as doing mathematics, and they are considered as cognitive tools.
Therefore, considerable attention must be paid to the pre-and continuing (in-service) education of
teachers and the integration of such tools into mathematics/science education (Ersoy, 1992a, b).
Then, we enrich teaching and learning environment, and may have chances to improve the quality
of teaching mathematics/science al all level of schools. Although there are many efforts, trials and
experiments in many countries, there are no clear answers how to teach various concepts effec-
tively in mathematics, in particular pre-calculus and calculus, by using computers, H-hPT and
software, e.g. computer algebra systems (CAS) today.

To inform and train a group of prospective mathematics teachers (PMTs) and practicing teach-
ers in Turkey we have attempted to organize a serie of seminars and workshop for the last few
years. One of them was hold for a group of PMTs who got their BSc degree from department of
mathematics in various universities in Turkey, on August 2001 as an integral part of ongoing pro-
jects at the Middle East Technical University (METU) in Ankara which is guided and directed by
the researchers (Ersoy, 2001) and of the teaching certificate for becoming high school mathematics
teachers. In the present study, we report our experiences at the certificate courses for a group of
PMTs, and show the sample of materials designed to teach various basic concepts in calculus. In
the study, we concentrate on how the PMTs can apply their knowledge from mathematics and
pedagogical courses in teaching of mathematics and use T1-92/DERIVE, share our experience how
to improve the curricula by designing new instructional materials and implementing new strategies
in teacher education and training. In fact, the present study is part of ongoing project about the
calculator-supported/aid mathematics teaching in Turkey. In the study, we introduce some samples
of instructional materials on the concept of linearity, and reflect the response of a group of PMTs
about the use of TI-92/Derive as a cognitive tool. Thus, we would like to share our experience
with other experts as well as improve the curricula by designing new instructional materials and
implementing new strategies in teacher education and training.

2. Background

Although there are many efforts today, trials and experiments in many countries, there are no
clear answers how to teach various concepts effectively in mathematics, in particular pre-calculus
and calculus, by using hand-held personal technology (H-hPT) and CAS. Here a short overview
about the background of the present study is given.

2.1. Teachers Teach Mathematics with Technology

The use of technology in either doing or teaching/learning mathematics has influenced and
changed many aspects (e.g. Howson & Kahane, 1985). Many authors have investigated the issue
and reported the influences, impacts and research the findings. The degree and aspects of the im-
pacts depend upon several variables and various factors e.g. implemented H-hPts and software,
backgrounds, views and teaching styles of teachers, etc. Any way they may lead to change in



teachers’ views and their use of computerized tools (Ford & Ford, 1992). Therefore, it is important
to prepare teachers for the future needs of their students (Zehavi, 1996). In the training of teachers,
technology is not the focus of learning but its use in teaching. Rather, it empowers teachers and
students to explore mathematical concepts with real world data and simulations of real world
events.

When technology is used in the way prescribed above, interdisciplinary and real world connec-
tions become a natural and powerful way for students to make sense of mathematics (Drier, Daw-
son, and Garofalo, 1999). Because, both CAS calculators, i.e. H-hPTs, and computers are valuable
cognitive tools which enable us trivialization, visualization, experimentation and concentration
(Kuzler, 2000). Therefore, there are many groups in developed and industrialized countries col-
laborate and come together to discuss the issues and share their experience and the instructional
materials developed. Among them, T"3-US and T”3-Europe are well known, and they design
technology-rich and H-hPT-supported/aided curricula and train many teachers each year. Because,
technology-rich curricula can meet the demands of the new standards for more inquiry based
learning and new content, and can support more sweeping change that goes far beyond what is
envisioned in the NCTM standards (Tinker, 2001)

The average rate of use of information and communication technology (ICT) for instruction
and of instructional materials in the education system of Turkey is less than ten percent, but the
percentage is increasing gradually. However, few mathematics teachers and some instructors are
trying to use ICT, implement TI-92/Derive-Cabri in teaching various mathematics topics (Ersoy,
2001). The present study is part of ongoing project in Turkey called “T*4: Teachers Teach with
Technology in Turkey”. Activities on research and training teacher began at the METU early
1990s and continue with collaboration with other experts in Turkey and abroad, in particular US,
UK, France, Austria, etc. During the last decade we have accumulated some experiences and pre-
sented our research findings in the national and international congress and symposiums. We are
still doing various researches on the technology supported/ aided mathematics teaching and learn-
ing, and organizing seminars and workshops for teachers.

2.2. Design of Study and Implementation of Technology

Before the experimental study, we interviewed several PMTs first, and administered a ques-
tionnaire to get PMTs’ attitudes and opinions about the advanced graphing calculators (AGC),
namely TI-92 and the CAS-software Derive as cognitive tools. We found out that none of the
PMTs (n1 = 67) had any idea about AGC and CAS; and were reluctant to learn and use the cogni-
tive tools in learning and teaching mathematics®. Therefore, we decided to inform and train the
PMTs, who participate in the teaching certificate courses (a special program) taken place at the
Selcuk University in Konya for a couple of weeks. Thus we scheduled a new program on the op-
eration system of T1-92 and main features of CAS-Derive and tried to find out the PMTs’ needs to
learn how to teach mathematics in T1-92/Derive environment.

We continuously have the impression that if a learner performs the requested tasks carefully
he/she will explore the concept him/herself. Then he/she may discover a new relationship between
concepts in T1-92/Derive environment and understand it deeply. After the introduction of new
trends and innovations in mathematics education in the seminar and give information on the use of
TI1-92, we interviewed with some PMTs. We assigned five activities to the PMTs who would un-
derstand the concepts deeply and discover certain rules by answering the posed questions. The
assignments were designed by the researchers in the form of worksheets but the PMTs in pairs

! The gathered data is the process and the results will be reported later. Here we only reflect a few results
and some personal views on the issue.



would find out relations among certain concepts learned in pre-calculus or calculus before and
understand the potential of the technology.

In the course, the PMTs worked in-groups of two ore three; but each had to access calculator.
The activities were purely concerned with the concepts decay and growth, linearity, local linearity,
limit by approximation, uniform continuity, direct proportionality, arithmetic and geometric se-
guences. In the end of these activities it was asked the PMTs (n = 24) to construct a concept map
showing the relations among the concepts on which they worked out in detail. Finally, we re-
quested them to prepare a lesson plan for the implementation of the modified version of the in-
structional materials or new ones in their own mathematics classroom later.

3. Worksheets and guidelines

3.1. Aim and General Features of Activities

Aim: The aim of the present study is two fold: training a group of PMTs and reflecting their
views on the use of H-hPTs. More specifically, one of our aims is that the groups of the PMTs
explore some features of the cognitive tools, namely TI-92/Derive, and discover themselves the
effective ways of teaching calculus concepts in schools.

General Features of Activities: The researchers designed a set of activities by using the
guided discovery approach and basic ideas of constructivism. It is important to notice that these
activities help student teachers comprehend basic concepts and integrate H-hPT in teaching
mathematics. A set of some activities prepared for training the PMTs is below. Although there are
more activities, we present six of them here only. In the training periods, the PMTs should work
in-groups, and follow the guidelines/instruction explained in each activity and answer all questions
therein. Of course, depending upon the needs the materials presented here can be modified and
transformed into other forms, used for some other purposes and may be in new contexts.

3.2. Activities and Guideline

Activity 1 (Linear motion): A body of mass has 4 m/s velocity and is moving along a straight
line. Examine the rate of change in distance by the change in time. Explain this rate of change by
means of certain concepts, e.g. linearity, direct proportionality etc.

Guideline/Instruction: Read the following statements carefully and do the operation without
skipping any step.

1. Write a function for the distance (x) as a function of the velocity (v) and time (t).
2. To calculate the first-degree differences in time and distance and the rate of
change of them, use T1-92 and sketch the graph of the rate as follows.

. Press Diamond+TbiSet and give the initial value of time (t) as Thistart: 0, ATbl:1.

. Press Diamond+[Y=] and write the distance function, rate of first degree differences

in distance/ first degree differences in time and distance/time as y1=4x, y2=4(x-1), y3 =
y1(x) - y2(x), y4 = y1(x)/x.

. Press Diamond+Table and see the numerical values and press Diamond +GRAPH to
see the gaphs of the functions.

. Fill in the table below using numerical values from the table on the display.



X | Y=f(x) | 1st degree differences 1st degree differences Rate of change
in X in f(x)

0 0

1 4 1=-0 4=4-0 =4/1

2 8 1=2-1 4=8-4 =8/2

3 12 1=3-2 4=12-8 =12/3

Result 1: From the ratio at the last column of the table can you find out the that the points (x,y) are
Linear or not?

Result 2: Using the ratios f(x;)/x; , iLN, can you find out the that x; and y; are directly propor-

tional? Why?

Result 3: If the x variable forms an arithmetic sequence then does the range values of y = 4.x, x£OR

are forms an arithmetic sequence?

Fill in the blanks in the following propositions.

* The directly proportional quantities are .............ccooeiviiiieiiiinennen.

» The directly proportional quantities form both .......... ........ and ...
» If the ratio of the first degree differences is constant for a function then it is called

Activity 2 (Symbolic and numerical and graphical representation): Using a TI-92 calculator,
study whether the set of points on a straight line are directly proportional or not.

Guideline/Instruction: Read the following instruction carefully and do the operation without
skipping any step.
1. The set of the points (x,y) on the graph of the function y = 3 x + 5, xR are linear.
2. Test the values of x and y are proportional or not and construct a TI1-92 model for the
problem.
» Press Diamond+ThiSet and give the initial value of time as Tblistart: 0, ATbl:1.
 Press Diamond+[Y=] and write the function, changes in function in time as a function and
the ratio of the changes by the time as y1 = 3x + 5, y2= 3(x-1) + 5, y3 = y1(x)-y2(x), y4 =
y1(X)/X.
 Press Diamond+Table and see the numerical values and press Diamond +GRAPH to see the
gaphs of the functions y1(x), y2(x), y3(x), y4(x) which are all linear.
« Fill in the table below using numerical values from the table on the display.

X | Y1(X) | Y2(X) y3(X)=Ay/Ax | YAX)=YL(X)/X | [*f=[z5an[Trice|redrapnlnTthlorEu]~ & T 1
0| 5 2 3 undefined

1| 8 5 3 8/11

2| 11 8 3 11/2

3| 14 11 3 14/3

4| 17 14 3 17/4 - A _

*  What have you perceived from the last column of the data table for the ratio y/x?

* Do the quantities x and y are right proportional? Why?

* What is the relation between the concepts set of linear points and directly proportional quanti-
ties?

Activity 3 (Change in Population): Consider the data in Table 1 for the population of Mexico
in the early 1980s. Study the changes in population increase and calculate the rate of changes by
time. Using this ratio, can you explain the linearity of the population function? Do the quantities,
population and year, directly proportional? Do the population data forms a geometric sequence?
Study the relations among the concepts linearity, direct proportionality and geometric sequence.



Table 1. Population of Mexico, 1980-1983

Year | n | Population (p(n)) | Ratio of Changes |p(n)/p(n-1),n=1,2,3,4| P(n)/n,n=0,1,2,3,4
(Ap/ay)

1980 | O p(0) = 67.38 1.026 Undefined

1981 | 1 p(1) = 69.13 1.75 1.026 69.13

1982 | 2 p(2) =70.93 1.80 1.026 35.465

1983 | 3 p(3) = 72.77 1.84 1.026 24.257

1984 | 4 p(4) = 74.66 1.89 1.026 18.665

« Calculate the first-degree differences in population and time and the rates of change in popula-

tion
have

by the change in time using TI-92 calculator and fill the forth column of the table. What
you perceived? Does the population function linear or exponential? Why?

» Calculate the ratio p(n)/p(n-1), n =1, 2, 3, 4 and fill the fifth column of the table. Write the

popu

lation function p(n) related with the initial population p(0). Do the population data form a

geometric sequence?
« Calculate the ratio p(n)/n, n =0, 1, 2, 3, 4 and fill the sixth column of the table. Do the quanti-
ties p(n) and n are right proportional? Why?

« Find
quen

Note: G
changes

out the relations among the concepts linearity, direct proportionality and geometric se-
ce.

et data for the population of Turkey in early 1950s, 1970s and 1990s. Then find out the
of population of Turkey in each given period and in the last 50 years.

Activity 4 (Quadratic expression): Calculate the ratio of first-degree differences for the function
f(x) = x*, xOR in the neighborhood of x =1 by the change in x using T1-92. Study the global linear-
ity and local linearity of the function f(x) on R and in the neighborhood of x =1 respectively. Do
the quantities x an y are directly proportional? Study the relations among the concepts global line-
arity, local linearity and directly proportional quantities.

Guideli

ne/lnstruction: Read the following instruction carefully and do the operation without

skipping any step.

Press Diamond+ThlSet and set the initial value of x as Thlistart: 0,999, ATbl:0,001.

Press Diamond+[Y=] and write the function, rate of first degree differences in f(x)/ first de-
gree differences in x and the rate of change in f(x) by change in time as y1= x% y2 =
(x+0,001) %, y3 =(y1(x) - y2(x))/ 0.001, y4 = y1(x)/x.

Press Diamond+Table and see the numerical of the functions.

X Y1 y2 y3 = Ay/ AX y4 = yl/x
0.999 0.998001 0.996004 1.997 0.999
1.000 1.000 0.998001 1.999 1.000
1.001 1.002 1.000 2.001 1.001
1.002 1.004 1.002 2.003 1.002
1.003 1.00601 1.004 2.005 1.003

What have you perceived from the forth column of the data table? Do the function y = x*
global linear on R ?




« What have you perceived from the last column of the data table? Do the quantities x and y
are directly proportional? Why?

» Press Diamond+GRAPH and display the Graph screen, lets you draw a box that defines a
new viewing window, and updates the window. The display after defining Zoombox by
pressing you will see the graphs consecutively.
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«  What have you perceived from the Zoombox? Does the function [Y=] x* local linear at x =
1?

«  Write a new function for the points local linear in the neighborhood of x = 1. On the HOME
screen calculate the following limit.
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« Do this result same with the new function? Why?

»  Compare the rate of change y3 = (y1(x) - y2(x))/ 0.001 with the result of the limit process.
What have you perceived?

« Construct a map showing the relations among the concepts global linearity, local linearity,
right proportional quantities, first-degree differences and the limit?

(eometric Sequenl:es 4~ Arithmetic Sequences _, First Degree Polynomials
a(n)=a(o). r’* a(ny=afo)tn.r pm=ax+h
& \\‘\ /
T Right fix) 4l Linear equations Glubal
- um:nalx/' y-ax * h LlIlEﬂI'ltj"
Eunstant g;rnwth » Smoothly - Local
Constant decay Cuntuuuus Linearity

Figure 1. Concepts Maps on Linearity

Activity 5(Local linearity and square root):
1. Display the MODE dialog box. For graph mode, select FUNCTION.



2. Display and clear [Y=] editor. Then define y1 = x* and press 6 to see the graph of the
function.

3. From the graph screen, press and select A:Tangent. Set the tangent point. Either move the
cursor to the point or press E and type its x values as 1

4. Press . The tangent line is down, and its equation is displayed.

5. Repeat the process at the step 3 for the x values 2, 3, 4 etc and then fill the table below.

2

X |y=X" |Tangenty=mx+n | Slope of Tangent | Slope of Tangent/x | y/n
0|0 y=0x+0 0 0/0 undef
11 y=2x-1 2 2/1 1/-1
2 |4 y=4x-4 4 4/2 4/-4
319 y=6x-9 6 6/3 9/-9
4 |16 y=8x-16 8 8/4 16/-16

6. Compare the range values of the function and tangent function for the x values in the very close
neighborhood of x = 1.

Nock] - DEZ - ez
L Do - D EEE)
o] - DEE e]]=]
Do - DES  D0S
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»x=.998
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7. Using this data table, study the following questions.
« The tangent line approximation is x> [2x -1, for every x=1+Ax, Ax tends to zero. Why?

. s . AX
+ Using the above approximation we write 1+ > 0«1+ Ax, Ax tends to zero.

« How can you calculate the square root of 1.00015 with the six digits after the point?

» Calculate the square root of 3 with the error less than 0.001 using the approximation above
and compare the direct result of calculator. Use the formula (error = First degree differ-
ences-slope of the tangent) to calculate the error.

Activity 6.(Local linearity and limit process): Use TI1-92 calculator and the local linearity in activ-

ity 5 to find )I(_irra Sin(x) and compare with the traditional limit process.
- X

Guideline/lnstruction: Read the following instruction carefully and do the operation without
skipping any step.

1. Press Diamond+ThlSet and set the initial value of x as Thlistart:-0.006, ATbl:0,001.

2. Press Diamond+[Y=] and define the function, y1 = sin(x) and y2 = x .

3. Press Diamond +GRAPH to tee the graph of the function as follows.

I‘Fi Trzv]’ F= ]’ N TFSvTrsv‘l‘F? ]’ ]
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4. From the graph screen press [F5] and A:Tangent. Set the tangent point. Either move the cursor to
the point or press Eand type its xc value as 0. Press ENTER. The tangent line is drawn, and its

equation is displayed.
viﬂ Zrnzn;m Trf;c,e Relii‘-rl'*aph Mrastrhlﬂ:*s.;w v? |

u=1,x+0,
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5. Now, calculate the range values of the function and the tangent line in the very close neighbor-
hood of zero.
*  Press Diamond+Table and see the numerical values of the functions.

FAIN EAD AUTO FLUHC

» What have you perceived from the second and third column of the data table? Do the function
yl = sin(x) have local linearity near 0? For a constant change in x of 0.001, there is a nearly
constant change in sin(x) of 0.001. Thus, near x =0 the sin(x) function appear nearly linear
with slope 1. So, the local liberalization of sin(x) near x=0 is sin(x) = X. When x tends to

sin(x) _X —1

X X
The traditional way to find this limit is to use circle and the sin(x)< x < tan(x ) inequality. The

local liberalization is more meaningful than the traditional way to find limit in functions.

zero, also sin(x) tends to zero. Thus, local linearity tells us that

4. CONCLUDING REMARKS

The available H-hPTs in the market have changed the practice of doing research in mathemat-
ics education and is profoundly changing the teaching and learning of mathematics at all levels of
schools, teacher training colleges and universities. All mathematics teacher, regardless of age and
experience need training on the use of H-hPTs in teaching of mathematics in almost all countries.
In this process, teacher educators in the developing countries face on more problems and con-
straints and do not have enough funds to meet basic needs. The project on both research and train-
ing PMTs is the first experimental study in mathematics teaching in the Selcuk University, Konya
and it is still going on. We presume that we have achieved our goal and work out the details by
considering the following results and impressions.

The PMTs think of that the designed worksheets were very valuable for them and the H-hPTs
should be used in teaching various concepts in calculus as well as other topics. Most members in
the groups of the PMTSs stated that their background and previous education were not suitable for
to use such cognitive tools in mathematics teaching at the beginning, but it gradually changed in
the end of the course. All groups constructed the concept map shown in Figure 1 and they said that



they liked Activities 5 and 6 very much. The most important the PMTs’ view was that the activi-
ties were more meaningful than the traditional examples thought in calculus before. Thus, it is our
personal impression during the training periods that the PMTs become aware of various teaching
strategies, benefits of group study, visualization and the power of T1-92/Derive, i.e. CAS calcula-
tors (Ardahan & Ersoy, 2002).
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