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ABSTRACT

This paper presents a study that aimed at investigating Italian and Israeli high school students’ solutions
to algebraic inequalities. The findings of this study are analysed with reference to Fischbein’ notions of
intuitive and algorithmic knowledge. Students’ intuitive ideas and their algorithmic models when solving
algebraic inequalities are identified and discussed. Our claim is that students intuitively used the solutions
of equations as a prototype for solving inequalities. They developed an equation-algorithmic model for
solving inequalities. Students were intuitively drawing analogies to either correct or incorrect solutions of
related equations, either by excluding only zero values when dividing both sides of an inequality by a not-
necessarily positive value, or when dividing by an expression without the exclusion of zero values as well.
The latter tended to use the balance model when solving both equations and inequalities, explaining that it is
always permitted to “do the same thing on both sides” of either an equation or an inequality.



Student’ algorithmic, formal and intuitive knowledge:
The case of inequalities

In his analysis of students mathematical performance, Fischbein (1993) related to the
agorithmic, the formal and the intuitive components. Algorithmic knowledge is the ability to
activate procedures in solving given tasks, and understand why these procedures “work”. Formal
knowledge refers to a wider perspective of the mathematical realm, what is accepted as valid and
how to validate statements in mathematical context. Intuitive knowledge is described as an
immediate self-evident cognition of which students are sure, feeling no need of vaidation.

The three components are usualy inseparable, and Fischbein explained that “sometimes, the
intuitive background manipulates and hinders the forma interpretation or the use of agorithmic
procedures’ (Fischbein, 1993. p. 14). He presented a number of agorithmic procedures, which he
caled algorithmic models, when referring, for instance, to methods of reduction in processes of
simplifying algebraic or trigonometric expressions. For example, students tendencies to treat
(a+h)® as @+b° or log(x+t) as logx + logt were interpreted by Fischbein as evolving from the
gpplication of the distributive law, which he identified as a prototype for smplifying dgebraic and
trigonometric expressions (Fischbein, 1993; Fischbein & Barash, 1993). In this paper we use
Fischbein's theory to analyze Itaian and Isragli secondary-school students knowledge, their
intuitive ideas and their algorithmic models when solving agebraic inequaities.

We chose agebraic inequalities for several reasons. Firdt, inequalities provide a complementary
perspective to equations and are part of many mathematical topics including agebra, trigonometry,
linear programming and the investigation of functions (eg, Mahmood & Edwards, 1999).
Accordingly, various document, such as the NCTM standards(2000) recommend that all students
in Grades 912 should learn to represent Situations that involve equations and inequalities, and that
students should “understand the meaning of equivalent forms of expressions, equations, [and]
inequalities .. and solve them with fluency” (ibid., p. 296). However, in both Itay and Israd,
algebraic inequalities usualy receive relatively little attention and are commonly presented in an
agorithmic way, merely by discussng various agebraic manipulations. Moreover, in both
countries, the researchers witnessed students and teachers frustration with the difficulties
encountered when dealing with inequdlities.

We bdlieve that teaching agebraic inequdlities, like any other mathematical topic, should take
into consideration students correct and incorrect ideas when solving related tasks. Therefore, an
understanding of students ways of thinking about inequdities is a necessary condition for making
didactical decisons, and for implementing the recommendations made by the NCTM. As afirst
step for investigating students common solutions to agebraic inequalities we decided to study the
publications in the professiond literature.  We found that many related articles deal with
suggestions for instructional approaches, usually with no research support, and consderably less
attention has been paid to students' conceptions of inequalities (e.g., Bazzini, 2000; Linchevski &
Sfard, 1991; Tsamir & Bazzini, 2001). The latter studies pointed, for instance, to students
difficulties in grasping the role of the sign, to their tendency to reject the R or F solutions, and to
difficulties they encounter when using logical connectives.

The present study was designed in order to extend the existing body d knowledge regarding
students ways of thinking and their difficulties when solving various types of algebraic
inequalities. In this paper we focus on the question: What intuitive ideas and what agorithmic



models can be identified in Italian and Isradli secondary school students solutions to algebraic
inequalities?

M ethodology

Participants

One-hundred-and-ninety two Italian and 210 Isradli high school students participated in this
study. All participants were 16-17 year old who planned to take fina mathematics examinations
in high school. Success in these examinations is a condition for acceptance to academic
ingtitutions, such as universities.

Tools

Italian and Hebrew versions of a 15-task questionnaire were administered to the students. Here
we focus on five tasks. Of these, three deal with dividing an inequality by a not-necessarily-
positive factor, and the other two dealing with quadratic inequalities. The first three tasks are:

Task |: Examinethefollowing claim: for any ainR, ax<5==>x<5/a
Task II: Examine the following statement: for any a' 0 inR, ax<5==>x<5/a
Task 111: Solve theinequality: (a-5)-x>2a-1, x being the variableand ‘a being a parameter.

Research findings indicate that when solving rationa inequalities, students frequently multiply
both sides of the inequality by a negative number without changing the direction of the inequality
(eg. Tsamir & Almog, 2001). It was aso reported that students encounter difficulties when
solving mathematical tasks, presented in a way different from the way they are used to. For
example, when having to deal with parametric equations and inequalities that are commonly not
discussed in class (e.g., Furinghetti & Paola, 1994; llani, 1998). We took theses data into account
when constructing tasks |, I1, and I11.

The second type of tasks included two “solve” tasks.

Task |V: Indicate which of the following is the truth set (the solution) of 5x* £ 0,

@ {x: x>0} (b)R (0 {x x<-5 (d{x:0x<1/5 (ef (f)x=0 (g){x xEC}

Explain your choice

Task V: Indicate which of the following is the truth set (the solution) of ¥4 %¢3 0,
@ {xx>0 (bR (© {x:x34} (d) {x:x3 2} (ef ) {xx30} (9) {x:x£0}
Explain your choice

Tasks IV resultsin asingle value and Task 1V or in any real number. They and were presented in
a manner similar to other tasks presented in Isragli and Italian classes. As such, we assumed that
students would fedl they can solve the tasks, but that a substantial number of them will reach
incorrect solutions in accordance with findings reported in the literature regarding such tasks (e.g.,
Tsamir & Almog, 2001).

Procedure

The students were given agpproximately one hour, during mathematics lessons, to complete their
written solutions. In order to get a better insight into the students ways of thinking, forty-five
students were individualy interviewed. In the interviews we asked students to elaborate on their
written solutions. Each interview lasted 30 to 45 minutes.



Results

No significant differences between Italian and Israeli students solutions, thus, we present the
data of all students.

Students’ Answersto Task |

In their responsesto Task |, about three-quarters of the students correctly judged the claim: “for
any ain R, ax <5 ==>x < 5/@ as being false, and accompanied their correct judgement with an
acceptable judtification. While about 20% elaborated on the role of the sign of the value
subdtituted for ain determining the direction of the “>", about 55% mentioned only the “zero case”
as a counterexampl e to the given statement.

In their explanations, students who related to the sign of adid it either in a generd, verba
manner, or by means of a gecific counterexample. Those who provided a verba explanation,
wrote, for instance, “there are three cases. when a>0 the statement is correct, for a = 0 it is
impossible to divide by zero, and when a is negative the conclusion is that x<5/a’. Some students
just mentioned that, “for &0 this is a correct statement, but for aE0 it isnot”, and others explained
more briefly that, “this statement is correct only for positive ‘as’; or “when a is negdative the
direction of the sign changes’. A number of students provided specific counterexamples. They
wrote, for instance, “if a=(-1) the statement is not correct”; or “if —5x<5 the conclusion is that x>(-
1), instead of x<(-1)". A few students exhibited a good understanding of the role of their single
counterexample in refuting the given statement, by adding, “I gave one example, but a single
counterexample is sufficient for proving that the statement is false.”

Most prevaent was the students' tendency to use only the ‘a=0" case, as acounterexampleto
refute the statement. They wrote, for instance, “this statement is false when aequals zero”; or “the
statement is fase, because of the case of a=0". Many added “division by zero is undefined,
therefore the statement is not always correct.”

In their oral interviews these students’ typically commented,

Sophia: the statement here refers to any number. BUT, sinceit isfalse for a=0, the statement

is not true for any number. It is, therefore, false.

The few students, who incorrectly judged the statement as “true” either explained “we divided
both sides by the same thing” or provided an example, “5x<5, for example, means that x<1". In
their oral interviews these students typically added a confirmation like,

Jonathan: It's OK to do the same thing on both sides. When doing the same operation on

both sides, the equivaency is preserved.

Jonathan went on to talk about equations and when the interviewer commented on his shift to
equations he said: “It'sthe same...”

Students’ Answersto Task |1

Only about 30% of the participants correctly responded that the claim “for any & OinR, ax <5
==> x<5/a’ is fadse and accompanied their response with a valid judtification. All of them related
to the role of the sign in their decision. They explained, for instance, “if ais negative then x>5/a’;
or “the claim is correct only for positive & . Some students added specific examples, “It is false,
because it holds only when a is podtive. For example, if a=(-2), then —2x<5 ==> x>(-2.5)".
Students were usualy satisfied with a single counterexample, occasiondly explaining, “one
counterexample is sufficient in order to show that the proposition is false”.

Most prevalent (over 50%) was the incorrect response that the statement is true, accompanied
by a comment explicitly based on the given that & 0. Students wrote, for instance, “It is correct
because of the given condition that & 0.” In the interviews, these students pointed to connections



they made between equations and inequalities. For example, Daniel had used the example of 2x=6
to explain his solution to the given inequdity in the questionnaire. When the interviewer related to
it, he said,

Danid: It's the same [pause]. In a way inequalities are a certain type of equations. Just that
equations are easier, so | smply use examples of equations when | have a difficult
inequaity.

Severd students gave explanations, smilar to the following one,

John: In equations and inequdities, dividing by zero is problematic. But if we solve an
inequdity by operating with identical numbers on both sdes, it is not only permitted, it is
actually the way to solve the given tasks.

Students Answersto Task |11

Only a little more than 10% of the participants provided a comprehensive anaysis of the

various (positive, zero and negative) options for ‘a. About 45% of the participants either wrote
that x>(2a-1)/(a-5) for & 5 (about 30%), or were satisfied with writing x>(2a-1)/(a-5) without any
limiting condition. Surprisingly, in their interviews, a substantiad number of the students clearly
mentioned drawing analogies to equations. Betting, for instance, wrote in her solution that x>(2a-
1)/(a5) for a 5, and she explained in her interview,

Bettina: | divided both sides by the same expression, but | had to make sure that it is a non-
zero expression. So, | wrote that a cannot be 5, because then a5 equals zero...

Interviewer: Areyou sure that five isthe only problematic value here?

Bettina: [confidently] sure. | have done that a million times when solving equations.

On the other hand, Anna who gave the x>(2a-1)/(a5) solution (without mentioning any
limitation), aso mentioned the use of equation-ideas in the ora interviews. Like others who
provided this solution, she explained that it is dlowed to “do the same thing on both sides’. She
related interchangeably to equations and to inequalities,

Interviewer: Isit OK to divide both sides by &5?

Anna: Yes. | have done the same thing on both sides. If you do the same thing on both sides
of an equation [pause], | mean an inequdity [pause], actualy both, you reach an equation
or an inequdity that has the same solution as the given one.

Interviewer: Always?

Anna Itisnot only alowed, it is necessary to do that in order to solve the problem.

Students’ Amswersto Task |V

About 60% d the participants correctly wrote that the solution for ¥>3 0, isR. The common
error made by the other participants was that the set of solutionsis {x: x¥ 0}. This concluson was
usually reached in the following agorithmic manner:

14?3 0 -4
x?3 0/ O
x30
In their interviews, these students usually elaborated on the way they had solved the inequdity,

and mentioned having in mind the way they usually solve equations. Kim, for instance, wrote a
solution like the one written above, and in her interview she explained,

Kim: Here [pointing to the / - 4 that she wrote in the first ling] | showed that |
multiplied both sides by four, and here [pointing to the / 0" written in the second ling] |



showed that | calculated the square root of both sides. | used on both sides the same
operation with the same number, until | isolated x on the right side and thus reached x3 0,
[pause] the solution.

Interviewer: Why is this the solution?

Kim: | reached it by means of permitted actions in each stage [pause].
Interviewer: [Questioning look] ?7?
Kim: Like in the case of 3x = 6, | divide both sidesby 3 so | get x = 2. | do the same

thing on both sides. The same operation, | divide by the same number, three [pause] and
therefore 2 is the solution.
Interviewer: Y ou used an equation, while here we have an inequality ...

Kim: It is the same thing.
Interviewer: [Questioning look] ?7?
Kim: Thereis no difference between the ways of solving equations and inequalities.

The connections that Kim made between equations and inequalities could be identified both
in her intuitive choice of an equation to exemplify the solution of an inequadity, and in her explicit
saying that “it is the same thing”.

Students’ Reactionsto Task V

Only about 50% of the participants correctly responded to this task, marking x = 0 as the
solution of the inequality. A substantia number of students in both Isragl (about 20%) and Italy
(about 15%) incorrectly wrote that the set of solutions of 5x* £ 0 is {x:x£0}, which was usualy
reached in the following agorithmic manner:

5x*£0/:5
X*£0 /0
X£EO

In their interviews of these students, most students related to connections they made between the
solutions of equations and those of inequalities. Betty, for instance, said,

Betty: | divided both sides of the inequality [5x* £ 0] by five and reached x'£ 0 [pause]
Betty: | calculated the fourth root of both sides, and got x £ 0.

Interviewer: Isit OK to calculate the fourth root of both sides of an inequality?

Betty: Sure. The fourth root is aroot of an even order, so we can calculate it when the

given expressions are not negative. This is exactly the case here. Neither 5x* nor zero is
negative, so it's OK to perform this calculation for which | got x £ 0.

Interviewer: Are you sure?

Betty: Sure. These are al procedures | know very well from solving equations.

Betty performed a valid manipulation of “dividing both sides by 57, but incorrectly
defended the conclusions derived from her “caculation of the fourth root” of both sdes. She
explained that her certainty in the correctness of her solution was rooted in her experience with
such procedures for solving equations.

Final Comments

The am of this study was to deepen the understanding of students performance with
inequalities, by identifying intuitive ideas and agorithmic models n Isradli and Italian secondary



school students solutions to agebraic inequalities. As mentioned before, according to Fischbein
agorithmic models evolve when students' intuitive ideas manipulate their forma reasoning and/or
their use of agorithmic procedures. The latter usually express forma overgeneralizations and/or
rigid dgorithms (e.g., Fischbein, 1993). These models are usualy coercive, used with confidence
and grasped as being self -evident, even though they frequently lead to erroneous solutions.

We found that equations serve as a prototype in the agorithmic model of solving inequdities.
This algorithmic model had mainly the appearance of “doing the same operation with the same
numbers on both sides is vdid for any operation with any number”, in solving equations and
inequalities. Students tended to correctly multiply both sides by 4 in Task IV, and divide both
sdes by 5 in Task V. However, they aso frequently applied this dgorithmic model when
incorrectly calculating the square root of both sides in Task 1V, the 4th root in Task V, and when
dividing both sides by a not necessarily positive number in Tasks |, 11 and I11.

Participants who applied this agorithmic mode actualy overgenerdized the balance model
when incorrectly solving both equations and inequalities. They assumed that “doing the same
thing on both sides of an equation always leads to an equivalent equation, and consequently to the
solution”. This assumption which is not even dways true for equations, is much more problematic
in the case of inequalities. By drawing the equation-analogy to cases of inequalities, these students
reached incorrect solutions. In Tasks | and Il they judged the statements to be true, in Task 111 the
erroneoudy wrote that x>(2a-1)/(a-5) is the solution to the inequdity (a&5)-x>(2a-1), in Task 1V
the concluded that x 3 Oand in Task V they wrote that x £ 0. Consequently, most prevaent errors
were rooted in this agorithmic model, which was clearly and explicitly referred to in the students
ora interviews.

A substantia number of participants applied a version of this agorithmic model. That isto say,
they knew that when solving equations they should be careful not to divide by zero, and since they
held the equation-modd for solving inequdities, they imposed the same condition in the case of
inequalities. This assumption which is true for equations, is problematic in the case of inequalities.
Again, the equation-analogy derived from inequalities, led to incorrect solutions for inequdities.
These students usually answered Task | correctly, providing the ‘a=0’" case as a counterexample to
refute the given proposition. However, they frequently, incorrectly regarded the proposition of
Task Il asvalid or suggested x>(2a-1)/(a-5) at 5 as the solution for Task I11.

We have seen that students tend to apply the equation algorithmic model when solving
inequalities. This was done by students who correctly solved and by those who incorrectly solved
the related equations. This understanding of students solutions should be considered when
planning instruction. Fischbein recommended that when teaching, students be made aware of
their erroneous ways of thinking (e.g., Fischbein, 1987). How to promote students awareness is
another issue for research. One way to go about it is by presenting students with parametric
inequalities, smilar to the ones given here. These inequalities were found helpful in triggering
students, who hold different equation-based models, to answer differently, and occasiondly aso
incorrectly. The various solutions should be discussed in class, while shedding light on the
mathematical similarities and differences between equations and inequalities, and on students
intuitive ideas and the resulting agorithmic modd that they intuitively use. How to implement
such instruction and their impact on students' performance should further be investigated.
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