ELEMENTS BOOK 10

Incommensurable Magnitude

TThe theory of incommensurable magntidues set out in this book is generally attributed to Theaetetus of Athens. In the footnotes throughout
this book, k, k’, etc. stand for distinct ratios of positive integers.
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Definitions

1. Those magnitudes measured by the same measure
are said (to be) commensurable, but (those) of which no
(magnitude) admits to be a common measure (are said
to be) incommensurable.t

2. (Two) straight-lines are commensurable in square?
when the squares on them are measured by the same
area, but (are) incommensurable (in square) when no
area admits to be a common measure of the squares on
them.$

3. These things being assumed, it is proved that there
exist an infinite multitude of straight-lines commensu-
rable and incommensurable with an assigned straight-
line—those (incommensurable) in length only, and those
also (commensurable or incommensurable) in square.¥
Therefore, let the assigned straight-line be called ratio-
nal. And (let) the (straight-lines) commensurable with it,
either in length and square, or in square only, (also be
called) rational. But let the (straight-lines) incommensu-
rable with it be called irrational.*

4. And let the square on the assigned straight-line be
called rational. And (let areas) commensurable with it
(also be called) rational. But (let areas) incommensu-
rable with it (be called) irrational, and (let) their square-
roots® (also be called) irrational—the sides themselves, if
the (areas) are squares, and the (straight-lines) describ-
ing squares equal to them, if the (areas) are some other
rectilinear (figure).!

T In other words, two magnitudes o and 8 are commensurable if o : 3 :: 1 : k, and incommensurable otherwise.

¥ Literally, “in power”.

§ In other words, two straight-lines of length @ and 3 are commensurable in square if & : 8 :: 1 : k1/2, and incommensurable in square otherwise.

Likewise, the straight-lines are commensurable in length if « : 3 :: 1 : k, and incommensurable in length otherwise.

9 To be more exact, straight-lines can either be commensurable in square only, incommensurable in length only, or commenusrable/incommensurable

in both length and square, with an assigned straight-line.

* Let the length of the assigned straight-line be unity. Then rational straight-lines have lengths expressible as k or k/2, depending on whether

the lengths are commensurable in length, or in square only, respectively, with unity. All other straight-lines are irrational.

$ The square-root of an area is the length of the side of an equal area square.

I The area of the square on the assigned straight-line is unity. Rational areas are expressible as k. All other areas are irrational. Thus, squares

whose sides are of rational length have rational areas, and vice versa.

o
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Proposition 17

If, from the greater of two unequal magnitudes
(which are) laid out, (a part) greater than half is sub-
tracted, and (if from) the remainder (a part) greater than
half (is subtracted), and (if) this happens continually,
then some magnitude will (eventually) be left which will
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be less than the lesser laid out magnitude.

Let AB and C be two unequal magnitudes, of which
(let) AB (be) the greater. I say that if (a part) greater
than half is subtracted from AB, and (if a part) greater
than half (is subtracted) from the remainder, and (if) this
happens continually, then some magnitude will (eventu-
ally) be left which will be less than the magnitude C.

A K H B

Cr——

D F G E

For C, when multiplied (by some number), will some-
times be greater than AB [Def. 5.4]. Let it have been
(so) multiplied. And let DFE be (both) a multiple of C,
and greater than AB. And let DF have been divided into
the (divisions) DF, FG, GE, equal to C. And let BH,
(which is) greater than half, have been subtracted from
AB. And (let) HK, (which is) greater than half, (have
been subtracted) from AH. And let this happen continu-
ally, until the divisions in AB become equal in number to
the divisions in DE.

Therefore, let the divisions (in AB) be AK, KH, HB,
being equal in number to DF, F'G, GE. And since DF is
greater than AB, and EG, (which is) less than half, has
been subtracted from DFE, and BH, (which is) greater
than half, from AB, the remainder GD is thus greater
than the remainder HA. And since GD is greater than
H A, and the half GF has been subtracted from GD, and
HK, (which is) greater than half, from H A, the remain-
der DF is thus greater than the remainder AK. And DF
(is) equal to C. C is thus also greater than AK. Thus,
AK (is) less than C.

Thus, the magnitude AK, which is less than the lesser
laid out magnitude C, is left over from the magnitude
AB. (Which is) the very thing it was required to show. —
(The theorem) can similarly be proved even if the (parts)
subtracted are halves.

T This theorem is the basis of the so-called method of exhaustion, and is generally attributed to Eudoxus of Cnidus.
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Proposition 2

If the remainder of two unequal magnitudes (which
are) [laid out] never measures the (magnitude) before it,
(when) the lesser (magnitude is) continually subtracted
in turn from the greater, then the (original) magnitudes
will be incommensurable.

For, AB and CD being two unequal magnitudes, and
AB (being) the lesser, let the remainder never measure
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the (magnitude) before it, (when) the lesser (magnitude
is) continually subtracted in turn from the greater. I say
that the magnitudes AB and C'D are incommensurable.

AG B

E+—

C F D

For if they are commensurable then some magnitude
will measure them (both). If possible, let it (so) measure
(them), and let it be E. And let AB leave CF less than
itself (in) measuring F'D, and let CF' leave AG less than
itself (in) measuring BG, and let this happen continually,
until some magnitude which is less than E is left. Let
(this) have occurred,’ and let AG, (which is) less than
E, have been left. Therefore, since ¥ measures AB, but
AB measures DF, E will thus also measure F'D. And it
also measures the whole (of) CD. Thus, it will also mea-
sure the remainder CF. But, CF measures BG. Thus, E
also measures BG. And it also measures the whole (of)
AB. Thus, it will also measure the remainder AG, the
greater (measuring) the lesser. The very thing is impos-
sible. Thus, some magnitude cannot measure (both) the
magnitudes AB and CD. Thus, the magnitudes AB and
CD are incommensurable [Def. 10.1].

Thus, if . . . of two unequal magnitudes, and soon.....

Proposition 3

To find the greatest common measure of two given
commensurable magnitudes.

C E D
G—

Let AB and CD be the two given magnitudes, of
which (let) AB (be) the lesser. So, it is required to find
the greatest common measure of AB and CD.

For the magnitude AB either measures, or (does) not
(measure), CD. Therefore, if it measures (C'D), and
(since) it also measures itself, AB is thus a common mea-
sure of AB and CD. And (it is) clear that (it is) also (the)
greatest. For a (magnitude) greater than magnitude AB
cannot measure AB.

So let AB not measure C'D. And continually subtract-
ing in turn the lesser (magnitude) from the greater, the
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remaining (magnitude) will (at) some time measure the
(magnitude) before it, on account of AB and C'D not be-
ing incommensurable [Prop. 10.2]. And let AB leave EC
less than itself (in) measuring FD, and let EC leave AF
less than itself (in) measuring F'B, and let AF' measure
CE.

Therefore, since AF measures C'E, but C E measures
FB, AF will thus also measure FB. And it also mea-
sures itself. Thus, AF will also measure the whole (of)
AB. But, AB measures DE. Thus, AF will also mea-
sure ED. And it also measures CE. Thus, it also mea-
sures the whole of C'D. Thus, AF is a common measure
of AB and CD. So I say that (it is) also (the) greatest
(common measure). For, if not, there will be some mag-
nitude, greater than AF, which will measure (both) AB
and CD. Let it be G. Therefore, since G measures AB,
but AB measures ED, G will thus also measure ED. And
it also measures the whole of CD. Thus, G will also mea-
sure the remainder CE. But CE measures F'B. Thus, G
will also measure F'B. And it also measures the whole
(of) AB. And (so) it will measure the remainder AF,
the greater (measuring) the lesser. The very thing is im-
possible. Thus, some magnitude greater than AF cannot
measure (both) AB and CD. Thus, AF is the greatest
common measure of AB and CD.

Thus, the greatest common measure of two given
commensurable magnitudes, AB and CD, has been
found. (Which is) the very thing it was required to show.

Corollary

So (it is) clear, from this, that if a magnitude measures
two magnitudes then it will also measure their greatest
common measure.

Proposition 4

To find the greatest common measure of three given
commensurable magnitudes.

At |
Bt |
C |

A —
D E F

Let A, B, C be the three given commensurable mag-
nitudes. So it is required to find the greatest common
measure of A, B, C.

For let the greatest common measure of the two (mag-
nitudes) A and B have been taken [Prop. 10.3], and let it
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be D. So D either measures, or [does] not [measure], C.
Let it, first of all, measure (C). Therefore, since D mea-
sures C, and it also measures A and B, D thus measures
A, B, C. Thus, D is a common measure of A, B, C. And
(it is) clear that (it is) also (the) greatest (common mea-
sure). For no magnitude larger than D measures (both)
A and B.

So let D not measure C. I say, first, that C and D are
commensurable. For if A, B, C' are commensurable then
some magnitude will measure them which will clearly
also measure A and B. Hence, it will also measure D, the
greatest common measure of A and B [Prop. 10.3 corr.].
And it also measures C. Hence, the aforementioned mag-
nitude will measure (both) C and D. Thus, C and D are
commensurable [Def. 10.1]. Therefore, let their greatest
common measure have been taken [Prop. 10.3], and let
it be E. Therefore, since E measures D, but D measures
(both) A and B, E will thus also measure A and B. And
it also measures C. Thus, F measures A, B, C. Thus, FE
is a common measure of A, B, C. So I say that (it is) also
(the) greatest (common measure). For, if possible, let F'
be some magnitude greater than F, and let it measure A,
B, C. And since F measures A, B, C, it will thus also
measure A and B, and will (thus) measure the greatest
common measure of A and B [Prop. 10.3 corr.]. And D
is the greatest common measure of A and B. Thus, F
measures D. And it also measures C. Thus, ' measures
(both) C and D. Thus, F will also measure the greatest
common measure of C'and D [Prop. 10.3 corr.]. And it is
E. Thus, F will measure F, the greater (measuring) the
lesser. The very thing is impossible. Thus, some [magni-
tude] greater than the magnitude F cannot measure A,
B, C. Thus, if D does not measure C then E is the great-
est common measure of A, B, C. And if it does measure
(C) then D itself (is the greatest common measure).

Thus, the greatest common measure of three given
commensurable magnitudes has been found. [(Which is)
the very thing it was required to show.]

Corollary

So (it is) clear, from this, that if a magnitude measures
three magnitudes then it will also measure their greatest
common measure.

So, similarly, the greatest common measure of more
(magnitudes) can also be taken, and the (above) corol-
lary will go forward. (Which is) the very thing it was
required to show.
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Proposition 5

Commensurable magnitudes have to one another the
ratio which (some) number (has) to (some) number.

A B C

D E

Let A and B be commensurable magnitudes. I say
that A has to B the ratio which (some) number (has) to
(some) number.

For if A and B are commensurable (magnitudes) then
some magnitude will measure them. Let it (so) measure
(them), and let it be C. And as many times as C' measures
A, so many units let there be in D. And as many times as
C measures B, so many units let there be in E.

Therefore, since C' measures A according to the units
in D, and a unit also measures D according to the units
in it, a unit thus measures the number D as many times
as the magnitude C (measures) A. Thus, as C is to A,
so a unit (is) to D [Def. 7.20]. Thus, inversely, as A (is)
to C, so D (is) to a unit [Prop. 5.7 corr.]. Again, since
C measures B according to the units in F, and a unit
also measures F according to the units in it, a unit thus
measures E the same number of times that C' (measures)
B. Thus, as C'is to B, so a unit (is) to F [Def. 7.20]. And
it was also shown that as A (is) to C, so D (is) to a unit.
Thus, via equality, as A is to B, so the number D (is) to
the (number) E [Prop. 5.22].

Thus, the commensurable magnitudes A and B have
to one another the ratio which the number D (has) to the
number E. (Which is) the very thing it was required to
show.

T There is a slight logical gap here, since Def. 7.20 applies to four numbers, rather than two number and two magnitudes.

’

T.

‘Edav 800 peyédn npodc dAAnia Adyov €yn, Ov dprduoc
TEOC dpLdUdY, cUUUETEY EoToL T UEYEDT.

Ar—— BEr——-r
r'— L
Abo yap peyéldn ta A, B npog dhknio Aoyov Exétw, Ov
Gpriuoc 6 A mpoc Gerduov tov E- Myw, 6t olupetpd éott
& A, B peyéin.
“Ocou ydp elowv év @ A povddee, eic tooabta loa

Proposition 6

If two magnitudes have to one another the ratio which
(some) number (has) to (some) number then the magni-
tudes will be commensurable.

Al : : : |

D———

Cr—

For let the two magnitudes A and B have to one an-

other the ratio which the number D (has) to the number

E. 1 say that the magnitudes A and B are commensu-
rable.
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dinerode 0 A, xal évi adtdyv loov Eotw 10 I 6o B¢
elow év 16 E povddee, éx tocoltwv peyeddy lowv ¢ I
ovyxelioVw to Z.

o oy . . N N

Enel obv, éom eloly év 16 A yovddes, tocoltd glot xol
&v 10 A yeyédn loa 16 I, O po yépoc €otiv 1 povie tob
A, 10 0070 Pépoc £otl xol o I' tol A- Eotwv dpa g to I
Tpo¢ T0 A, 0ltw¢ N yovac Tpog Tov A. peTpel 8¢ 1) wovae
wov A dprdudy: petpeel dpo xol to I' 0 AL xal émel éoty
o 10 T mpoc 10 A, obtwc 1) povae tpodc Tov A [Gprdudyv],
Gvémahy dpa Oc 0 A mpog 0 I, obtwe 6 A dprduode npoc
TNV povdda. Ay énel, doou eioty év 16 E povddeg, Tocabtd
elot xal €v 16 Z Too w6 I, Eotv dpa ¢ t0 I' mpoc 10 Z,
oltwe N povic npoc tov E [Gordudv]. Edelydn 8¢ xol dx
0 A mpoc 0 I, obtwe & A mpodc Ty povéda: dU loou dpa
gotlv O¢ 10 A 1pog 10 Z, oVtwe 6 A mpoc tov E. SN b 6
A mpoc tov E, oltwe éott 10 A mpoc 10 B xal o Gpo o A
Tpoc 0 B, oltwe %ol tpodc 10 Z. 1o A dpa tpdc Exdtepov
v B, Z tov adtov €xel Aoyov: Toov dpa eotl T0 B 18 Z.

2 aa s ) o C 213 Y 1 U

petpel 8¢ 1o I 10 Z- yetpel dpa xol 10 B. dAAG unyv xal o
A 1o T dpa o A, B petpel. obypetpov dpa €oti 1O A 3
B.

‘Edv dpa 800 peyédn mpog dAAnia, xal ta eEfic.

[I6pioua.

e

‘Ex o7 toUtou gavepdy, 6T, €av &ol dlo dprduol, &g
ol A, E, xol €09¢ia, ¢ N A, S0vatdv ot noifjoon & 6
A Gprduoe mpog tov E dprdudy, obtwe v eddelov npog
evdelay. &av 8¢ xol tév A, Z yéon dvdioyov Anedf], dc 7
B, ot &¢ N A mpog v Z, obtwg 1o ano tfic A mpog 1o
ano tijc B, toutéotv d¢ N mpodtn mpog Ty Teltny, obteg
TO Amo THg TEWTNG TEOE TO Anod Tfig deutépac 1O Guotov xol
ouolne dvaypopouevov. GAN dc | A mpodc ™y Z, obtwe
gotlv & A dprdpoc mpoc tov E dpududv: yéyovev dpo xol
oc 6 A dorduoc tpog tov E dordudy, obtwe 1o dno tijic A
evldelac mpog T0 anod tfic B eddelouc: dmep €del del€on.

.
Ta dobypetpa ueyédn npog dAAnka Aéyov ox Exet, Ov
Spriuoc mpog dpLiuoy.
"Eotw dotpyetpa yeyédn té A, B AMéyw, étL 10 A npoc
0 B Aoyov oUx Exel, Ov dprduog mpog dordudy.

For, as many units as there are in D, let A have been
divided into so many equal (divisions). And let C be
equal to one of them. And as many units as there are
in F, let F' be the sum of so many magnitudes equal to
C.

Therefore, since as many units as there are in D, so
many magnitudes equal to C are also in A, therefore
whichever part a unit is of D, C' is also the same part of
A. Thus, as C'is to A, so a unit (is) to D [Def. 7.20]. And
a unit measures the number D. Thus, C also measures
A. And since as C is to A, so a unit (is) to the [number]
D, thus, inversely, as A (is) to C, so the number D (is)
to a unit [Prop. 5.7 corr.]. Again, since as many units as
there are in F, so many (magnitudes) equal to C are also
in F', thus as C' is to I, so a unit (is) to the [number] F
[Def. 7.20]. And it was also shown that as A (is) to C,
so D (is) to a unit. Thus, via equality, as A is to F, so D
(is) to E [Prop. 5.22]. But, as D (is) to E, so A is to B.
And thus as A (is) to B, so (it) also is to F' [Prop. 5.11].
Thus, A has the same ratio to each of B and F'. Thus, B is
equal to F' [Prop. 5.9]. And C measures F'. Thus, it also
measures B. But, in fact, (it) also (measures) A. Thus,
C measures (both) A and B. Thus, A is commensurable
with B [Def. 10.1].

Thus, if two magnitudes ... to one another, and so on

Corollary

So it is clear, from this, that if there are two numbers,
like D and F, and a straight-line, like A, then it is possible
to contrive that as the number D (is) to the number E,
so the straight-line (is) to (another) straight-line (i.e., F).
And if the mean proportion, (say) B, is taken of A and
F, then as A is to F, so the (square) on A (will be) to the
(square) on B. That is to say, as the first (is) to the third,
so the (figure) on the first (is) to the similar, and similarly
described, (figure) on the second [Prop. 6.19 corr.]. But,
as A (is) to F, so the number D is to the number E. Thus,
it has also been contrived that as the number D (is) to
the number FE, so the (figure) on the straight-line A (is)
to the (similar figure) on the straight-line B. (Which is)
the very thing it was required to show.

Proposition 7

Incommensurable magnitudes do not have to one an-
other the ratio which (some) number (has) to (some)
number.

Let A and B be incommensurable magnitudes. I say
that A does not have to B the ratio which (some) number
(has) to (some) number.
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A——H

Br——

El yop €yer 10 A mpoc 10 B Adyov, Ov dprduoc mpog
Gpriudy, olpuetpov éoton T0 A 16 B. ox €0t 8é* olx dpa
0 A 1poc 10 B Adyov Exetl, Ov dorduog npog dprdudyv.

Ta dpa doppetpa peyédn npodg dAhnia Aoyov olx Exel,
xal T €ETic.

n-
"Edv 800 yeyédn npodc hAnha Aéyov un €y, Ov dprduoc
TPOC dELUdY, AoVPPETEN EoToL T UEYEDT.

Ar——

B——

Abo yap yeyéldn ta A, B npog dhinia Adyov un Exétw,
OV dpriuoc Tpog GpLdudv: Aéyw, 6Tt doluueTed ot T& A,
B yeyéon.

El yop €otan obupetpa, t© A npoc 10 B Adyov éEet, Ov
Sprduog meoc dprdudy. olx Eyel BE. dolpueTpa dpa E0TL TA
A, B yeyéin.

‘Edv dpa 800 peyédn mpog dAAnia, xal ta e&fic.

V.

Ta ano @V pAxer ouvypétpwy edVeldy TETEAYWVA
TEoOC GAANAa Adyov Exel, OV TeTpdywvog dprduds mpog
TeTEdywVoV dpududy: xol TA TETPAYWVA T TEOS GAANAC
NOYov Eyovta, OV TETEAYWVOC Getduoc TEOC TETPEYWVOV
Gprdudv, xol tac mAevpdc EZel uhxEL ouupéTpouc.  Td
B¢ Qo TGV phxel AoLPUETEWY EVVELEY TETPAYWVRL TEOC
BhAnha Aoyov oLx Eyel, Gvmep TETRPAYWVOC Gptdude meog
TeTEdywvoV dpududv: xol TA TETPAYWVA T TPOS GAANAC
Aoyov un) €yovta, OV TeTEdYWVoC dpLdoc Tepog TETEdY VoY
Gprdudv, o0de Tdc TAeLEdS EEEL UAXEL CUPUETEOUG.

Al |

I'——- Ar—

"Eotwoayv yap ol A, B urxel obupetpor AMyw, 61l 10
anod tfic A tetpdywvov mpog tO dno tiic B tetpdywvov
Noyov Eyel, OV TETEAYWVOS dptdpoc TEOC TETEAYWVOV
Gprduov.

Br——

Ar———

B——
For if A has to B the ratio which (some) number (has)
to (some) number then A will be commensurable with B
[Prop. 10.6]. But it is not. Thus, A does not have to B
the ratio which (some) number (has) to (some) number.
Thus, incommensurable numbers do not have to one
another, and soon....

Proposition 8

If two magnitudes do not have to one another the ra-
tio which (some) number (has) to (some) number then
the magnitudes will be incommensurable.

A———

Br—

For let the two magnitudes A and B not have to one
another the ratio which (some) number (has) to (some)
number. I say that the magnitudes A and B are incom-
mensurable.

For if they are commensurable, A will have to B
the ratio which (some) number (has) to (some) number
[Prop. 10.5]. But it does not have (such a ratio). Thus,
the magnitudes A and B are incommensurable.

Thus, if two magnitudes ... to one another, and so on

Proposition 9

Squares on straight-lines (which are) commensurable
in length have to one another the ratio which (some)
square number (has) to (some) square number. And
squares having to one another the ratio which (some)
square number (has) to (some) square number will also
have sides (which are) commensurable in length. But
squares on straight-lines (which are) incommensurable
in length do not have to one another the ratio which
(some) square number (has) to (some) square number.
And squares not having to one another the ratio which
(some) square number (has) to (some) square number
will not have sides (which are) commensurable in length
either.

Al |

Cr— D——

For let A and B be (straight-lines which are) commen-
surable in length. I say that the square on A has to the
square on B the ratio which (some) square number (has)
to (some) square number.

Br——m—
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"Enel ydp obupetpoc éotv i A tf] B urxet, i A dpa npog
v B Adyov Eyxel, 6v dprdudc npoc dprdudyv. Exétw, ov O
I' mpog tov A. émel obv oty ¢ 1 A mpog v B, obtwg o
I' npoc tov A, d@AAd oD pev tiic A npoc v B Adyou Si-
mhacinv €otiv 0 10D dno Tiic A TeETpaY (VoL TROC TO AN Tiic
B tetpdywvov: ta ydp Spota oyfuoata év Simhaciov Adyw
€0TL TGV OUONOYWY TAeLpEY: ToU B¢ ToD T [Gprdpol] npoc
ov A [dprduov] Méyou dimhaciov éotly 6 ToD dnd tob T
TETPAY VoL TpOC TOV 6ntd 100 A tetpdywvov: dlo yop Te-
TEAYOVLY dpLdudsy €lg uéoog avaioyov Eoty dprdude, xol
O TETPdYWVOC TPOS TOV TETPdYWVOV [dorduov] dimhaciova
ANoyov Eyel, fmep 1 mAELPd TEOC TNV TAELEAY 0TV dpa
xal OC TO dno tfic A tetpdywvov mpoc to dno tfic B
TeTPdYWVOY, 0UTKe 6 &rd Tod I tetpdywvoc [dorduoc] npoc
Tov ano 1ol A [derduol] tetpdywvoyv [dordudy].

ANNa BNy €0t ¢ TO And Tic A teTpdywvoy meds TO
ano tfic B, obtwe 6 and 1ol I' tetpdywvog mpdc ToOV amo
00 A [teTpdywvoy] Aéyw, T odupetpdc eotv A i B
urxeL.

‘Enel ydp éotiv OC 10 ano tijc A tetpdywvov mpog To
&no tiic B [tetpdywvov], obtng 6 dnd 1ol I' tetpdywvoc
TpoOC TOV &nd oD A [tetpdywvov], AN 6 uev Tol dnd Thic
A tetpaydvou Tpoc 1o ano thic B [tetpdywvov] Adyoc di-
mhaoiov éotl ol tfic A mpoc ™y B Aéyou, 6 8¢ ol dno
o0 I [dprduod] tetpaydvou [dprduod] npoc Tov dnd tob A
[Gprdpol] Tetpdywvoy [derdudv] Adyoc Bimhaciwy éoti ToD
o0 T [Gprdpod] mpoc tov A [derdudv] Adyou, Eotiv dpa
xol Oc ) A mpoc Ty B, oltwe 6 T [Gprdpoc] npoc tov A
[Gerdudv]. | A dpa npoc thv B Adyov Exet, Ov dprduoc 6 T
TpoO¢ dprduov Tov A obupetpog dpa Eotiv /) A tf] B urxet.

AN\a BY) dotppeTpog Eotw N A Tff B uixer héyw, 6t
10 &no tfic A TeTpdywvoy npoc To and tiic B [tetpdywvoy)
AOYOV 00X EYEL, OV TeETPdYWVOC GpLdUOC TEOC TETEEYWVOVY
Gprduov.

El yap Eyxel 10 dno tfic A tetpdywvov mpoc TO Amo
tfic B [tetpdywvov] héyov, Ov tetpdywvoc douduoc tpodc
TETPAYWVOV dptdudy, clppetpos éotat ) A tfj B. odx ot
8¢ oUx Gpa tO and Tic A teTpdywvov mEde TO Ano Tiic
B [tetpdywvov] Aoyov Eyel, Ov tetpdymvoc dprdude mpoc
TETEAYWVOV GELIUOY.

IIéAwv 87 0 anod tiic A TeTpdywvov mpoe O and Tiic
B [tetpdywvov] Aoyov un éxétw, Ov teTpdywvoc dprduoc
TPOC TETPAYWVOV AELIU6V: Aéyw, 6Tl AoUPPETPOC EoTv 1} A
] B prixet.

El ydp éow obypetpoc | A tfj B, €el 10 dno tiic A
Tpo¢ TO ano tiic B Adyov, v tetpdywvog dpiduog mpoc
TeTEdYwvoV derdudy. oLx Eyel B¢ oUX Bpo CUUUETEOC ECTLY
N A tfj B urxel.

Ta oot dnod &V prixel cugpétpwy, xal o EETC.

For since A is commensurable in length with B, A
thus has to B the ratio which (some) number (has) to
(some) number [Prop. 10.5]. Let it have (that) which
C (has) to D. Therefore, since as A is to B, so C (is)
to D. But the (ratio) of the square on A to the square
on B is the square of the ratio of A to B. For similar
figures are in the squared ratio of (their) corresponding
sides [Prop. 6.20 corr.]. And the (ratio) of the square
on C to the square on D is the square of the ratio of
the [number] C to the [number] D. For there exits one
number in mean proportion to two square numbers, and
(one) square (number) has to the (other) square [num-
ber] a squared ratio with respect to (that) the side (of the
former has) to the side (of the latter) [Prop. 8.11]. And,
thus, as the square on A is to the square on B, so the
square [number] on the (number) C' (is) to the square
[number] on the [number] D.f

And so let the square on A be to the (square) on B as
the square (number) on C (is) to the [square] (number)
on D. I say that A is commensurable in length with B.

For since as the square on A is to the [square] on B, so
the square (number) on C (is) to the [square] (number)
on D. But, the ratio of the square on A to the (square)
on B is the square of the (ratio) of A to B [Prop. 6.20
corr.]. And the (ratio) of the square [number] on the
[number] C to the square [number] on the [number] D is
the square of the ratio of the [number] C to the [number]
D [Prop. 8.11]. Thus, as A is to B, so the [number] C
also (is) to the [number] D. A, thus, has to B the ratio
which the number C has to the number D. Thus, A is
commensurable in length with B [Prop. 10.6].*

And so let A be incommensurable in length with B. I
say that the square on A does not have to the [square] on
B the ratio which (some) square number (has) to (some)
square number.

For if the square on A has to the [square] on B the ra-
tio which (some) square number (has) to (some) square
number then A will be commensurable (in length) with
B. But it is not. Thus, the square on A does not have
to the [square] on the B the ratio which (some) square
number (has) to (some) square number.

So, again, let the square on A not have to the [square]
on B the ratio which (some) square number (has) to
(some) square number. I say that A is incommensurable
in length with B.

For if A is commensurable (in length) with B then
the (square) on A will have to the (square) on B the ra-
tio which (some) square number (has) to (some) square
number. But it does not have (such a ratio). Thus, A is
not commensurable in length with B.

Thus, (squares) on (straight-lines which are) com-
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[I6pioua.

Kol qavepdv €x tév dedetypévwy €otan, 8Tl ol UhAxEL
OUPUETPOL TEVTELE Xol duvdet, ol 8¢ duvdel ob TavVTKS %ol
urxeL.

mensurable in length, and soon ....

Corollary

And it will be clear, from (what) has been demon-
strated, that (straight-lines) commensurable in length
(are) always also (commensurable) in square, but (straight-
lines commensurable) in square (are) not always also
(commensurable) in length.

T There is an unstated assumption here thatif o : 3 :: v : § then o2 : 52 :: 42 : §2.

t There is an unstated assumption here that if o2 : 82 :: 42 : 62 then o : B :: v : 6.

7

L.

T1j npotedeion ediela tpoceupely BUo evdelac douypé-
EOUC, THV HEV UNXEL HOVOV, TNV OE ol BUVAEL.

B——

I'—

"Eotw 1) npotedeion edleio /) A+ Bel 81 tf] A mpooeupelv
800 ebielog aoupuéTEouE, THY UEV Urxel uévov, THv O¢ xal
BUVAEL.

"Exxelotnoay yap 800 aptiuol ol B, I' npoc dhhiioug
AoYov un €yovieg, OV TETPAYWVOS Gptduog Teog TeTedy VoY
Sprdudv, toutéotl un Guolol éninedol, xol YEYOVETW O O
B npoc tov I', obtwe 10 dnd tiic A tetpdywvov mpoc o
and thic A tetpdywvov: éuddouev ydpr oluuetpov Bpa
0 dnd tiic A 1@ dno thic A. xal énel 6 B npog tov I
AOYov 00X ExeL, OV TeTPdYWVOC GpLdUOC TEOC TETPEYWVOVY
Gprdudv, 008 dea o dno Tiic A mpodc T dno Tiic A Aéyov
gxel, OV TETPAYWVOC dptdude TPOg TETEAYWVOV dotdudy:
dovypeTpoc dpa eotlv 1) A T A urxel. elMigpdo tév A, A
péon avdhoyov M E- €otv Gpa i \ A mpoc v A, obtwe
T &no Tijc A tetpdywvov npog To dnod tiic E. doupetpoc
0¢ oty 1 A tfj A urxer dobypetpov dpa ol xal TO 4o
tfic A tetpdywvoy 6 dno tiic E tetpaydve: dolupetpoc
Gpa éotiv N A tfj E Suvdpet.

Ty Gpa mpotedeion eblelx tfi A mpooebpnviar dbo
evldelon doduyetpol b A, E, urxel uév uévov 1 A, duvdpel
Ot nol phxel dnhadh | E [dnep €der deilon].

Proposition 107

To find two straight-lines incommensurable with a
given straight-line, the one (incommensurable) in length
only, the other also (incommensurable) in square.

Br——m

C |

Let A be the given straight-line. So it is required to
find two straight-lines incommensurable with A, the one
(incommensurable) in length only, the other also (incom-
mensurable) in square.

For let two numbers, B and C, not having to one
another the ratio which (some) square number (has) to
(some) square number—that is to say, not (being) simi-
lar plane (numbers)—have been taken. And let it be con-
trived that as B (is) to C, so the square on A (is) to the
square on D. For we learned (how to do this) [Prop. 10.6
cort.]. Thus, the (square) on A (is) commensurable with
the (square) on D [Prop. 10.6]. And since B does not
have to C' the ratio which (some) square number (has) to
(some) square number, the (square) on A thus does not
have to the (square) on D the ratio which (some) square
number (has) to (some) square number either. Thus, A
is incommensurable in length with D [Prop. 10.9]. Let
the (straight-line) F (which is) in mean proportion to A
and D have been taken [Prop. 6.13]. Thus, as A is to D,
so the square on A (is) to the (square) on E [Def. 5.9].
And A is incommensurable in length with D. Thus, the
square on A is also incommensurble with the square on
E [Prop. 10.11]. Thus, A is incommensurable in square
with E.
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Thus, two straight-lines, D and E, (which are) in-
commensurable with the given straight-line A, have been
found, the one, D, (incommensurable) in length only, the
other, F, (incommensurable) in square, and, clearly, also
in length. [(Which is) the very thing it was required to
show.]

T This whole proposition is regarded by Heiberg as an interpolation into the original text.

’
.

‘Eav téoocapa peyédn davaioyov 1, 1O 0¢ mpdStov 6
BeLTEPW CUPUETEOV i, xal TO TpiToV TE TETAPTW CUUUETEOV
gotow' %3V TO MEEBTOV T OeUTEPW ACVUUETEOV T, ol TO
Tpltov 18 TeTdpTw dobupeTpov EoTol.

I | Ar——

"Ectwoav téocapa yeyéldn dvdroyov ta A, B, I', A,
¢ 10 A mpoc 10 B, oltwe 10 T mpoc to A, 10 A 8¢ 3
B olupetpov €0t Myw, ot xal o I' 16 A obuyetpov
goTo.

‘Enel yap obypetedy éott 10 A 3 B, 10 A dpa tpoc 10
B Aoyov Eyel, Ov dprdpog mpoc dpududy. xal Eotv (g 10 A
7po¢ 10 B, oVtwe 1o I' mpodg 10 A* xal 1o I' Gpa mpog 160 A
AoYOV ExEL, OV dpripog Tpog dpldudv: cluuetpov dpo €Tl
o't A.

AXha 81 10 A 13 B dolupetpoy Eotw Aéyw, 6Tl xol TO
I' 16 A dolppetpov Eotar. Emel Ydp doUpUeTEdY EoTL T0 A
6 B, 10 A dpa mpoc 10 B Aoyov odx Exet, by dprduog npog
Spriudv. xal Eotv Gg 0 A Tpoc o B, oltwe to I' npog 1o
A 000 10 I' dpa mpog 10 A Abyov Exel, 6v dprduodc Tpog
GpLiudy: aovupetpov dpa eoti o I' 16 A.

‘Edv dpa téocapa yeyedr), xol td e€fc.

B

Ta 16 adtq peyédel obupetpo xol GAARRoC EOTL
GUUUETEAL.

‘Exditepov vap tév A, B 16 I' Eotw obupetpov. Aéyw,
6t xol T0 A 16 B €0l olupeTpov.

‘Enel yop olppetpov éott 10 A w6 I', 10 A Gpa npog
0 I' Moyov éyet, 6v dpiudc mpoc dptiudv. éxétw, 6v 6 A
Tpo¢ tov E. ndhy, énel abupetpdy éoti 16 I' 16 B, o I dpa
Tpoc T0 B Mooy Eyel, Ov dprduog mpoc Gptdudy. Exétw, Ov
6 Z mpoc tov H. xal Aoywv do¥évtwy onoowvoly tob te,
ov €xel 0 A mpog tov E, xal 6 Z npodc tov H eidfpiwoay
dprdpol €€fic év Toic doldeiol Aoyouwc ol ©, K, A+ dote glvan

Proposition 11

If four magnitudes are proportional, and the first is
commensurable with the second, then the third will also
be commensurable with the fourth. And if the first is in-
commensurable with the second, then the third will also
be incommensurable with the fourth.

Al 1 Bt |

Ct | D———

Let A, B, C, D be four proportional magnitudes,
(such that) as A (is) to B, so C (is) to D. And let A
be commensurable with B. I say that C' will also be com-
mensurable with D.

For since A is commensurable with B, A thus has to B
the ratio which (some) number (has) to (some) number
[Prop. 10.5]. And as A is to B, so C (is) to D. Thus,
C also has to D the ratio which (some) number (has)
to (some) number. Thus, C is commensurable with D
[Prop. 10.6].

And so let A be incommensurable with B. I say that
C will also be incommensurable with D. For since A
is incommensurable with B, A thus does not have to B
the ratio which (some) number (has) to (some) number
[Prop. 10.7]. And as A is to B, so C (is) to D. Thus, C
does not have to D the ratio which (some) number (has)
to (some) number either. Thus, C is incommensurable
with D [Prop. 10.8].

Thus, if four magnitudes, and soon ....

Proposition 12

(Magnitudes) commensurable with the same magni-
tude are also commensurable with one another.

For let A and B each be commensurable with C'. I say
that A is also commensurable with B.

For since A is commensurable with C, A thus has
to C the ratio which (some) number (has) to (some)
number [Prop. 10.5]. Let it have (the ratio) which D
(has) to E. Again, since C' is commensurable with B,
C thus has to B the ratio which (some) number (has)
to (some) number [Prop. 10.5]. Let it have (the ratio)
which F' (has) to G. And for any multitude whatsoever
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of given ratios—(namely,) those which D has to F, and
F to G—let the numbers H, K, L (which are) contin-
uously (proportional) in the(se) given ratios have been
taken [Prop. 8.4]. Hence, as D is to E, so H (is) to K,
and as I (is) to G, so K (is) to L.

A i Ct i Bt !
D+— H—
E+— K——
Fr— L——

GrH—

Therefore, since as A is to C, so D (is) to E, but as
D (is) to E, so H (is) to K, thus also as A is to C, so H
(is) to K [Prop. 5.11]. Again, since as C' is to B, so F
(is) to G, but as F' (is) to G, [so] K (is) to L, thus also
as C (is) to B, so K (is) to L [Prop. 5.11]. And also as A
is to C, so H (is) to K. Thus, via equality, as A is to B,
so H (is) to L [Prop. 5.22]. Thus, A has to B the ratio
which the number H (has) to the number L. Thus, A is
commensurable with B [Prop. 10.6].

Thus, (magnitudes) commensurable with the same
magnitude are also commensurable with one another.
(Which is) the very thing it was required to show.

Proposition 13

If two magnitudes are commensurable, and one of
them is incommensurable with some magnitude, then
the remaining (magnitude) will also be incommensurable
with it.

C——H

Bt |

Let A and B be two commensurable magnitudes, and
let one of them, A, be incommensurable with some other
(magnitude), C. I say that the remaining (magnitude),
B, is also incommensurable with C.

For if B is commensurable with C, but A is also com-
mensurable with B, A is thus also commensurable with
C [Prop. 10.12]. But, (it is) also incommensurable (with
(). The very thing (is) impossible. Thus, B is not com-
mensurable with C. Thus, (it is) incommensurable.

Thus, if two magnitudes are commensurable, and so
on....

Lemma

For two given unequal straight-lines, to find by (the
square on) which (straight-line) the square on the greater
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t That is, if o and 3 are the lengths of two given straight-lines, with
a? = 32 + ~2. Similarly, we can also find ~ such that v = o2 4 2.

0.
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gautij [urxel].

"Ectwoav téooopec evdeton dvdhoyov o A, B, I', A,
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tfic B ueilov duvdodw 16 dno tfic E, 1 8¢ I' tfic A peilov
duvdodw 6 dno tfic Z- Aéyw, Ot glte cUUPETEOC €TV
N A tfj E, obupetpdc éott xal 7 I' tfj Z, elte dodppetpdc
gorwv N A tfj E, dolppetpdc éot xal 6 T tfj Z.

(straight-line is) larger than (the square on) the lesser.f

C
D

A B

Let AB and C be the two given unequal straight-lines,
and let AB be the greater of them. So it is required to
find by (the square on) which (straight-line) the square
on AB (is) greater than (the square on) C.

Let the semi-circle ADB have been described on AB.
And let AD, equal to C, have been inserted into it
[Prop. 4.1]. And let DB have been joined. So (it is) clear
that the angle ADB is a right-angle [Prop. 3.31], and
that the square on AB (is) greater than (the square on)
AD—that is to say, (the square on) C—by (the square
on) DB [Prop. 1.47].

And, similarly, the square-root of (the sum of the
squares on) two given straight-lines is also found likeso.

Let AD and DB be the two given straight-lines. And
let it be necessary to find the square-root of (the sum
of the squares on) them. For let them have been laid
down such as to encompass a right-angle—(namely), that
(angle encompassed) by AD and DB. And let AB have
been joined. (It is) again clear that AB is the square-root
of (the sum of the squares on) AD and DB [Prop. 1.47].
(Which is) the very thing it was required to show.

« being greater than £, to find a straight-line of length ~ such that

Proposition 14

If four straight-lines are proportional, and the square
on the first is greater than (the square on) the sec-
ond by the (square) on (some straight-line) commen-
surable [in length] with the first, then the square on
the third will also be greater than (the square on) the
fourth by the (square) on (some straight-line) commen-
surable [in length] with the third. And if the square on
the first is greater than (the square on) the second by
the (square) on (some straight-line) incommensurable
[in length] with the first, then the square on the third
will also be greater than (the square on) the fourth by
the (square) on (some straight-line) incommensurable
[in length] with the third.

Let A, B, C, D be four proportional straight-lines,
(such that) as A (is) to B, so C (is) to D. And let the
square on A be greater than (the square on) B by the
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(square) on F, and let the square on C be greater than
(the square on) D by the (square) on F. I say that A
is either commensurable (in length) with F, and C is
also commensurable with F, or A is incommensurable
(in length) with E, and C is also incommensurable with
F.

A B E CDF

For since as A is to B, so C (is) to D, thus as the
(square) on A is to the (square) on B, so the (square) on
C (is) to the (square) on D [Prop. 6.22]. But the (sum
of the squares) on F and B is equal to the (square) on
A, and the (sum of the squares) on D and F is equal
to the (square) on C. Thus, as the (sum of the squares)
on E and B is to the (square) on B, so the (sum of the
squares) on D and F' (is) to the (square) on D. Thus,
via separation, as the (square) on F is to the (square)
on B, so the (square) on F (is) to the (square) on D
[Prop. 5.17]. Thus, also, as F is to B, so F (is) to D
[Prop. 6.22]. Thus, inversely, as B is to E, so D (is)
to F' [Prop. 5.7 corr.]. But, as A is to B, so C also (is)
to D. Thus, via equality, as A is to E, so C' (is) to F’
[Prop. 5.22]. Therefore, A is either commensurable (in
length) with F, and C is also commensurable with F, or
A is incommensurable (in length) with F, and C is also
incommensurable with F' [Prop. 10.11].

Thus, if, and soon....

Proposition 15

If two commensurable magnitudes are added together
then the whole will also be commensurable with each of
them. And if the whole is commensurable with one of
them then the original magnitudes will also be commen-
surable (with one another).

For let the two commensurable magnitudes AB and
BC be laid down together. I say that the whole AC is
also commensurable with each of AB and BC.
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D———

For since AB and BC' are commensurable, some mag-
nitude will measure them. Let it (so) measure (them),
and let it be D. Therefore, since D measures (both) AB
and BC, it will also measure the whole AC. And it also
measures AB and BC. Thus, D measures AB, BC, and
AC. Thus, AC is commensurable with each of AB and
BC [Def. 10.1].

And so let AC be commensurable with AB. I say that
AB and BC are also commensurable.

For since AC and AB are commensurable, some mag-
nitude will measure them. Let it (so) measure (them),
and let it be D. Therefore, since D measures (both) CA
and AB, it will thus also measure the remainder BC.
And it also measures AB. Thus, D will measure (both)
AB and BC. Thus, AB and BC are commensurable
[Def. 10.1].

Thus, if two magnitudes, and soon....

Proposition 16

If two incommensurable magnitudes are added to-
gether then the whole will also be incommensurable with
each of them. And if the whole is incommensurable with
one of them then the original magnitudes will also be in-
commensurable (with one another).

A B C

D———

For let the two incommensurable magnitudes AB and
BC be laid down together. I say that that the whole AC
is also incommensurable with each of AB and BC.

For if CA and AB are not incommensurable then
some magnitude will measure [them]. If possible, let it
(so) measure (them), and let it be D. Therefore, since
D measures (both) CA and AB, it will thus also mea-
sure the remainder BC. And it also measures AB. Thus,
D measures (both) AB and BC. Thus, AB and BC are
commensurable [Def. 10.1]. But they were also assumed
(to be) incommensurable. The very thing is impossible.
Thus, some magnitude cannot measure (both) C'A and
AB. Thus, C A and AB are incommensurable [Def. 10.1].
So, similarly, we can show that AC' and CB are also
incommensurable. Thus, AC is incommensurable with
each of AB and BC.

And so let AC' be incommensurable with one of AB
and BC. So let it, first of all, be incommensurable with
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T Note that this lemma only applies to rectangular parallelograms.
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AB. 1say that AB and BC are also incommensurable.
For if they are commensurable then some magnitude will
measure them. Let it (so) measure (them), and let it be
D. Therefore, since D measures (both) AB and BC, it
will thus also measure the whole AC. And it also mea-
sures AB. Thus, D measures (both) CA and AB. Thus,
CA and AB are commensurable [Def. 10.1]. But they
were also assumed (to be) incommensurable. The very
thing is impossible. Thus, some magnitude cannot mea-
sure (both) AB and BC. Thus, AB and BC are incom-
mensurable [Def. 10.1].
Thus, if two. .. magnitudes, and soon.....

Lemma

If a parallelogram,’ falling short by a square figure, is
applied to some straight-line then the applied (parallelo-
gram) is equal (in area) to the (rectangle contained) by
the pieces of the straight-line created via the application
(of the parallelogram).

D

A C B

For let the parallelogram AD, falling short by the
square figure DB, have been applied to the straight-line
AB. 1 say that AD is equal to the (rectangle contained)
by AC and CB.

And it is immediately obvious. For since DB is a
square, DC is equal to CB. And AD is the (rectangle
contained) by AC and C'D—that is to say, by AC and
CB.

Thus, if ... to some straight-line, and soon ....

Proposition 171

If there are two unequal straight-lines, and a (rect-
angle) equal to the fourth part of the (square) on the
lesser, falling short by a square figure, is applied to the
greater, and divides it into (parts which are) commen-
surable in length, then the square on the greater will be
larger than (the square on) the lesser by the (square)
on (some straight-line) commensurable [in length] with
the greater. And if the square on the greater is larger
than (the square on) the lesser by the (square) on
(some straight-line) commensurable [in length] with the
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greater, and a (rectangle) equal to the fourth (part) of the
(square) on the lesser, falling short by a square figure, is
applied to the greater, then it divides it into (parts which
are) commensurable in length.

Let A and BC be two unequal straight-lines, of which
(let) BC (be) the greater. And let a (rectangle) equal to
the fourth part of the (square) on the lesser, A—that is,
(equal) to the (square) on half of A—falling short by a
square figure, have been applied to BC. And let it be
the (rectangle contained) by BD and DC [see previous
lemma]. And let BD be commensurable in length with
DC. 1 say that that the square on BC is greater than
the (square on) A by (the square on some straight-line)
commensurable (in length) with (BC).

B F E D C

For let BC have been cut in half at the point E [Prop.
1.10]. And let EF be made equal to DE [Prop. 1.3].
Thus, the remainder DC is equal to BF. And since the
straight-line BC has been cut into equal (pieces) at F,
and into unequal (pieces) at D, the rectangle contained
by BD and DC, plus the square on ED, is thus equal to
the square on FC [Prop. 2.5]. (The same) also (for) the
quadruples. Thus, four times the (rectangle contained)
by BD and DC, plus the quadruple of the (square) on
DE, is equal to four times the square on EC. But, the
square on A is equal to the quadruple of the (rectangle
contained) by BD and DC, and the square on DF is
equal to the quadruple of the (square) on DE. For DF
is double DE. And the square on BC is equal to the
quadruple of the (square) on EC. For, again, BC' is dou-
ble CE. Thus, the (sum of the) squares on A and DF is
equal to the square on BC. Hence, the (square) on BC
is greater than the (square) on A by the (square) on DF.
Thus, BC is greater in square than A by DF. It must
also be shown that BC' is commensurable (in length)
with DF. For since BD is commensurable in length
with DC, BC is thus also commensurable in length with
CD [Prop. 10.15]. But, CD is commensurable in length
with C'D plus BF. For CD is equal to BF [Prop. 10.6].
Thus, BC is also commensurable in length with BF' plus
CD [Prop. 10.12]. Hence, BC is also commensurable
in length with the remainder F'D [Prop. 10.15]. Thus,
the square on BC' is greater than (the square on) A by
the (square) on (some straight-line) commensurable (in
length) with (BC).
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BI' tfic A petlov 18 dno cuypétpou autf]. obupetpog dpa
gotlv ) BI' tf] ZA prxer dote xol hoinfj cuvoupotépw Tf
BZ, AT clpyetpdc eotv ) BI' urxet. dAAd cuvougpdtepoc
f) BZ, AT obyyetpédc eotl tf) AT [ufixer]. dote xal ) BT
] A obypetpdc ot uixer xal diehévtt dpo ) BA tfj A’
€0TL CUUPETPOS UNXEL.

"Edv dpa ot 800 eddeion dvicol, xal té EETiC.

And so let the square on BC be greater than the
(square on) A by the (square) on (some straight-line)
commensurable (in length) with (BC). And let a (rect-
angle) equal to the fourth (part) of the (square) on A,
falling short by a square figure, have been applied to BC.
And let it be the (rectangle contained) by BD and DC. It
must be shown that BD is commensurable in length with
DcC.

For, similarly, by the same construction, we can show
that the square on BC is greater than the (square on) A
by the (square) on F'D. And the square on BC is greater
than the (square on) A by the (square) on (some straight-
line) commensurable (in length) with (BC). Thus, BC
is commensurable in length with FD. Hence, BC is
also commensurable in length with the remaining sum
of BF and DC [Prop. 10.15]. But, the sum of BF and
DC is commensurable [in length] with DC' [Prop. 10.6].
Hence, BC is also commensurable in length with CD
[Prop. 10.12]. Thus, via separation, BD is also commen-
surable in length with DC' [Prop. 10.15].

Thus, if there are two unequal straight-lines, and so
on....

T This proposition states that if a 2 — 22 = 32/4 (where « = BC, x = DC, and 8 = A) then « and y/a2 — 32 are commensurable when o — z

are x are commensurable, and vice versa.

).

‘Eav &ot d0o ebdcton Gviool, ¢ B¢ TeTdpTwy UEpEL
tol dno tfic EAdocovog Toov mapd v pellova mapaBindi]
EMAelToV €ldel TETPAY WV, %ol Elg douuueTeo aOTHY dlapf]
[whxe], 7 pellov tiic EMdooovog peilov Suvioetan 6 dmd
Souppéteou Eautfi. xol édv N uellwy tiic éAdocovog ueilov
BoVNTOL TGS Ao AoLPUETEOL EqUTH, TE B8 TETEdETY TOU Ao
tfic éNdocovog loov noapd v uetlova Tapafandi] EAkeinoy
€ldeL teTpory Ve, el dobuuetpa adThv Stoupel [Uixel].

"Ectwoay 800 edlelon dvicot oi A, BT, &v peilwv 1 BI,
16 Ot teTdpTw [Uépel] Tob dnd Thc ENdocovoc tiic A Toov
napd Thv BI' nopofeBAnodw éAlelnov €ldel TeTporydve, xail
gotw 0 Unod v BAL, dobypetpoc 3¢ €otw N BA T
AT phAxer Aéyw, 6t | B tijc A petlov 80vaton ¢ dmo
dovpuétpou Eout.

Proposition 187

If there are two unequal straight-lines, and a (rect-
angle) equal to the fourth part of the (square) on the
lesser, falling short by a square figure, is applied to the
greater, and divides it into (parts which are) incom-
mensurable [in length], then the square on the greater
will be larger than the (square on the) lesser by the
(square) on (some straight-line) incommensurable (in
length) with the greater. And if the square on the
greater is larger than the (square on the) lesser by the
(square) on (some straight-line) incommensurable (in
length) with the greater, and a (rectangle) equal to the
fourth (part) of the (square) on the lesser, falling short by
a square figure, is applied to the greater, then it divides it
into (parts which are) incommensurable [in length].

Let A and BC be two unequal straight-lines, of which
(let) BC (be) the greater. And let a (rectangle) equal to
the fourth [part] of the (square) on the lesser, A, falling
short by a square figure, have been applied to BC. And
let it be the (rectangle contained) by BDC. And let BD
be incommensurable in length with DC. I say that that
the square on BC' is greater than the (square on) A by
the (square) on (some straight-line) incommensurable
(in length) with (BC).
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0V EaUTH], T6 O¢ TETdPTY ToU dnd tfic A {oov napd v Bl
napaPBefiiotde ENelnoy eldel TeTporydvew, xal EoTw TO LTO
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dotupetpoc dpa oty 1) BI' i ZA uixer dote xal Aouri
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vapgpodtepog | BZ, A" tfj AI' oOppetpdc €ott urnel xol 1
BI dpa tfj A" dodupetpdc gott uhxer GGote xol SlehovTt 1
BA =jj AT doluyetpos €ott urxet.
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B F E D C

For, similarly, by the same construction as before, we
can show that the square on BC is greater than the
(square on) A by the (square) on F'D. [Therefore] it
must be shown that BC' is incommensurable in length
with DF. For since BD is incommensurable in length
with DC, BC is thus also incommensurable in length
with C'D [Prop. 10.16]. But, DC is commensurable (in
length) with the sum of BF and DC [Prop. 10.6]. And,
thus, BC is incommensurable (in length) with the sum of
BF and DC [Prop. 10.13]. Hence, BC' is also incommen-
surable in length with the remainder F'D [Prop. 10.16].
And the square on BC' is greater than the (square on)
A by the (square) on F'D. Thus, the square on BC is
greater than the (square on) A by the (square) on (some
straight-line) incommensurable (in length) with (BC).

So, again, let the square on BC be greater than the
(square on) A by the (square) on (some straight-line) in-
commensurable (in length) with (BC). And let a (rect-
angle) equal to the fourth [part] of the (square) on A,
falling short by a square figure, have been applied to BC.
And let it be the (rectangle contained) by BD and DC.
It must be shown that BD is incommensurable in length
with DC.

For, similarly, by the same construction, we can show
that the square on BC' is greater than the (square) on
A by the (square) on F'D. But, the square on BC is
greater than the (square) on A by the (square) on (some
straight-line) incommensurable (in length) with (BC).
Thus, BC is incommensurable in length with F'D. Hence,
BC is also incommensurable (in length) with the re-
maining sum of BF and DC [Prop. 10.16]. But, the
sum of BF and DC is commensurable in length with
DC [Prop. 10.6]. Thus, BC is also incommensurable
in length with DC [Prop. 10.13]. Hence, via separa-
tion, BD is also incommensurable in length with DC
[Prop. 10.16].

Thus, if there are two ... straight-lines, and soon ....

t This proposition states that if a z — 22 = §2/4 (where o = BC, z = DC, and 8 = A) then a and /a2 — 32 are incommensurable when

« — x are x are incommensurable, and vice versa.
4
w'.

To Ond ENT@EY uhxel CLPPETEWY EVVELEY TIEQLEYOUEVOY
6p00YOVIOV ONTOV EGTWV.
Yo yop eNTév unxel ouuuétony ebdeldy tév AB, B

Proposition 19

The rectangle contained by rational straight-lines
(which are) commensurable in length is rational.
For let the rectangle AC have been enclosed by the
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opdoyoviov mepieyéodw to Al Myw, &L pNTov EoTl 1O

AT.
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A B

Avayeypdpdw yop dno tfic AB tetpdywvov 10 AA-
pnTov dpa goti T AA. %ol énel olpuetpds oty | AB T
BT pfxer, Ton 8¢ ¢otwv 1) AB tfj BA, olupetpoc dpa €otiv
N BA tfj BI" ufxet. ol éotv ¢ ) BA npodc v BL, obtec
w0 AA npoc 10 AT obypetpov Gpa éoti t0 AA 6 Al
pntov 8e 10 AA- pntov dpa ot %ol To AT

To dpa UTO PNTEBY Urxel cuUUETEWY, Xl T& EEFiC.

7

x.

‘Edv pntov nopd gniyv napaBAnd{], thdtog nolel pnny
%ol GUPUETEOV T, Top” v mopdxelton, URXeL.

A

1B

Pntov yap 10 Al nopd gty v AB mapaPBefinoto

nhdtog mowodv v BI' Myw, 6t gnth éotv ) BI' xal
olppetpoc Tif BA uhxet.

Avayeypdpdw yop ano tfic AB tetpdywvov 10 AA-

pnTov dpa eott T AA. pnTov 8¢ xal 0 Al olppetpov dpa

rational straight-lines AB and BC (which are) commen-
surable in length. I say that AC is rational.

D

A B

For let the square AD have been described on AB.
AD is thus rational [Def. 10.4]. And since AB is com-
mensurable in length with BC, and AB is equal to BD,
BD is thus commensurable in length with BC. And as
BD is to BC, so DA (is) to AC [Prop. 6.1]. Thus, DA
is commensurable with AC [Prop. 10.11]. And DA (is)
rational. Thus, AC is also rational [Def. 10.4]. Thus,
the ...by rational straight-lines ...commensurable, and
soon....

Proposition 20

If a rational (area) is applied to a rational (straight-
line) then it produces as breadth a (straight-line which is)
rational, and commensurable in length with the (straight-
line) to which it is applied.

D

C

For let the rational (area) AC have been applied to the
rational (straight-line) AB, producing the (straight-line)
BC as breadth. I say that BC is rational, and commen-
surable in length with BA.

For let the square AD have been described on AB.
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€otl 10 AA 16 AL %ol éotv &g 10 AA mpoc 1o AT, obteg
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&hoyoc eotiy, xaheloBw Be péon.
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Yo yop pNTESY Suvduel LOVoV cLUPETEWY EVVELEY THY
AB, BI' éptoymdviov nepleyéodm 1o AT Aéyw, étt dhoyoy
gon 10 AT, ol M Suvaévn adtd dhoyde Eoty, xohelodw
ot ugon.

Avayeypdpdw yop dno tfic AB tetpdywvov 10 AA-
pntov dpa éotl 10 AA. xol énel doluuetedc éotv ) AB
tfj BI' urxer duvdpel ydp udvov bmdxewvton obuuetpol lon
d¢ 7 AB tfj BA, dolupetpoc dpa éoti xai | AB tfj B[
uixer. xol éotwv ©Oc f AB mpoc v BT, oltwe 10 AA
Tpodg T0 AT dolypetpov Spa [EoTl] T0 AA 16 AT. pntov
oe 10 AA- &hoyov Spa éotl 10 Al dHote xal 1) duvopévn 1o
AT [toutéory 1) loov adtd tetpdywvoy Suvapévn] dhoyoc
goty, xaheloVw 8e yéon Smep €det Setlou.

T Thus, a medial straight-line has a length expressible as k1/4.

AD is thus rational [Def. 10.4]. And AC (is) also ratio-
nal. DA is thus commensurable with AC. And as DA
is to AC, so DB (is) to BC [Prop. 6.1]. Thus, DB is
also commensurable (in length) with BC [Prop. 10.11].
And DB (is) equal to BA. Thus, AB (is) also commen-
surable (in length) with BC. And AB is rational. Thus,
BC is also rational, and commensurable in length with
AB [Def. 10.3].

Thus, if a rational (area) is applied to a rational
(straight-line), and soon ....

Proposition 21

The rectangle contained by rational straight-lines
(which are) commensurable in square only is irrational,
and its square-root is irrational—let it be called medial. "

D

C

For let the rectangle AC be contained by the rational
straight-lines AB and BC (which are) commensurable in
square only. I say that AC is irrational, and its square-
root is irrational—let it be called medial.

For let the square AD have been described on AB.
AD is thus rational [Def. 10.4]. And since AB is incom-
mensurable in length with BC'. For they were assumed
to be commensurable in square only. And AB (is) equal
to BD. DB is thus also incommensurable in length with
BC. And as DB is to BC, so AD (is) to AC [Prop. 6.1].
Thus, DA [is] incommensurable with AC' [Prop. 10.11].
And DA (is) rational. Thus, AC is irrational [Def. 10.4].
Hence, its square-root [that is to say, the square-root of
the square equal to it] is also irrational [Def. 10.4]—let
it be called medial. (Which is) the very thing it was re-
quired to show.
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v ZE, EH, gotwv dpa ¢ 1 ZE npdc v EH, obtwe 10
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‘Enel yop yéon éotlv /) A, 80vaton ywplov nepleyduevoy
Ono ENTdvV duvdyel uévov cuupétpwy. duvdote to HZ.

Lemma

If there are two straight-lines then as the first is to the
second, so the (square) on the first (is) to the (rectangle
contained) by the two straight-lines.

F E G

D

Let F'E and EG be two straight-lines. 1 say that as
FFEisto EG, so the (square) on F'E (is) to the (rectangle
contained) by F'E and EG.

For let the square DF have been described on FE.
And let GD have been completed. Therefore, since as
FFE isto EG, so F'D (is) to DG [Prop. 6.1], and F'D is
the (square) on F'E, and DG the (rectangle contained)
by DE and EG—that is to say, the (rectangle contained)
by FE and EG—thus as F'E is to EG, so the (square)
on F'E (is) to the (rectangle contained) by F'F and EG.
And also, similarly, as the (rectangle contained) by GFE
and EF is to the (square on) FF—that is to say, as GD
(is) to FD—so GFE (is) to EF. (Which is) the very thing
it was required to show.

Proposition 22

The square on a medial (straight-line), being ap-
plied to a rational (straight-line), produces as breadth a
(straight-line which is) rational, and incommensurable in
length with the (straight-line) to which it is applied.

B

A C D E F

Let A be a medial (straight-line), and C'B a rational
(straight-line), and let the rectangular area BD, equal to
the (square) on A, have been applied to BC, producing
CD as breadth. Isay that C'D is rational, and incommen-
surable in length with C'B.

For since A is medial, the square on it is equal to a
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10 &no tiic A & Ono wév AL, I'B. ¢ 8¢ 16 ano tiijc I'A
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T Literally, “rational”.

xy'.
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"Eotw yéon ) A, xal tfj A obupetpoc €otw N B Aéyw,
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(rectangular) area contained by rational (straight-lines
which are) commensurable in square only [Prop. 10.21].
Let the square on (A) be equal to GF. And the square on
(A) is also equal to BD. Thus, BD is equal to GF. And
(BD) is also equiangular with (GF). And for equal and
equiangular parallelograms, the sides about the equal an-
gles are reciprocally proportional [Prop. 6.14]. Thus, pro-
portionally, as BC is to FG, so EF (is) to CD. And, also,
as the (square) on BC is to the (square) on EG, so the
(square) on E'F (is) to the (square) on C'D [Prop. 6.22].
And the (square) on C'B is commensurable with the
(square) on EG. For they are each rational. Thus, the
(square) on E'F is also commensurable with the (square)
on C'D [Prop. 10.11]. And the (square) on EF is ratio-
nal. Thus, the (square) on C'D is also rational [Def. 10.4].
Thus, CD is rational. And since E'F is incommensurable
in length with EG. For they are commensurable in square
only. And as FF' (is) to EG, so the (square) on EF (is)
to the (rectangle contained) by F'E' and EG [see previ-
ous lemma]. The (square) on EF [is] thus incommen-
surable with the (rectangle contained) by F'E and EG
[Prop. 10.11]. But, the (square) on CD is commensu-
rable with the (square) on EF'. For they are rational in
square. And the (rectangle contained) by DC and CB
is commensurable with the (rectangle contained) by F'E
and EG. For they are (both) equal to the (square) on A.
Thus, the (square) on CD is also incommensurable with
the (rectangle contained) by DC and C'B [Prop. 10.13].
And as the (square) on C'D (is) to the (rectangle con-
tained) by DC and CB, so DC is to CB [see previous
lemma]. Thus, DC is incommensurable in length with
CB [Prop. 10.11]. Thus, CD is rational, and incommen-
surable in length with CB. (Which is) the very thing it
was required to show.

Proposition 23

A (straight-line) commensurable with a medial (straight-

line) is medial.

Let A be a medial (straight-line), and let B be com-
mensurable with A. I say that B is also a medial (staight-
line).

Let the rational (straight-line) C'D be set out, and let
the rectangular area C'E, equal to the (square) on A,
have been applied to C'D, producing ED as width. ED
is thus rational, and incommensurable in length with CD
[Prop. 10.22]. And let the rectangular area C'F, equal
to the (square) on B, have been applied to C'D, produc-
ing DF as width. Therefore, since A is commensurable
with B, the (square) on A is also commensurable with
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olppetpog po oty ) EA tff AZ pfxel. ¢ntn 8¢ oty
N EA xol dobypetpoc tff AL urixer on Gpo Eotl xal 1)
AZ xol dotppetpoc tfjf Al uixer ol I'A, AZ dpa pnral
eiol duvduel woévov oduueTeol. 1) B O LTO ENTEY BuvAueL
“6voV cUUHETEWY BUVOREVT uéor EoTly. 1) dpa TO UTO TV
T'A, AZ duvopévn yéon éotiv: xol Sdvaton 6 Uno tév I'A,
AZ 1 B péon Gpa éotlv 1) B.

E A7

IT6ploua.
"Ex 87 to0tou gavepdy, 6Tl 10 16 péow Ywelw cLuueTe-
ov péoov éotiv.

the (square) on B. But, EC is equal to the (square) on A,
and CF is equal to the (square) on B. Thus, EC is com-
mensurable with CF. And as EC is to CF, so ED (is) to
DF [Prop. 6.1]. Thus, ED is commensurable in length
with DF [Prop. 10.11]. And ED is rational, and incom-
mensurable in length with CD. DF is thus also ratio-
nal [Def. 10.3], and incommensurable in length with DC
[Prop. 10.13]. Thus, CD and DF are rational, and com-
mensurable in square only. And the square-root of a (rect-
angle contained) by rational (straight-lines which are)
commensurable in square only is medial [Prop. 10.21].
Thus, the square-root of the (rectangle contained) by CD
and DF is medial. And the square on B is equal to the
(rectangle contained) by CD and DF. Thus, B is a me-
dial (straight-line).

Al 1 Bt |
C

E D F
Corollary

And (it is) clear, from this, that an (area) commensu-
rable with a medial area' is medial.

T A medial area is equal to the square on some medial straight-line. Hence, a medial area is expressible as k1/2,

%°0'.

To Unod Yéowv unxel cupuétpwy e0VEEY TEQLEYOUEVOY
opdoymvioy pécov Eotiv.

Yo yop péowv uixet cuypétpwy evdedy v AB, BI'
nepieyéodw dploymdviov 1o Al Aéyw, 6 10 Al péoov
gotiv.

Avayeypdpdw yoap dno tfic AB tetpdywvov 10 AA-
péoov dpa €oti 10 AA. xal énel obuuetpde éotv ) AB T
BT p#xet, Ton 8¢ n AB tfj BA, ocluetpoc dpa €otl %ol 1)
AB tfj BI' ufxer dote xol 10 AA 16 A" obuuetpdv €otuv.
péoov 8¢ 10 AA- péoov dpa xal 10 A Snep €del Seilou.

Proposition 24

A rectangle contained by medial straight-lines (which
are) commensurable in length is medial.

For let the rectangle AC be contained by the medial
straight-lines AB and BC (which are) commensurable in
length. I say that AC' is medial.

For let the square AD have been described on AB.
AD is thus medial [see previous footnote]. And since
AB is commensurable in length with BC, and AB (is)
equal to BD, DB is thus also commensurable in length
with BC. Hence, DA is also commensurable with AC
[Props. 6.1, 10.11]. And DA (is) medial. Thus, AC (is)
also medial [Prop. 10.23 corr.]. (Which is) the very thing
it was required to show.
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To OO péowv duvduel uévov cuuuétpwy edVeisy me-
plexopevoy dptoymviov fTol pntov 1) uéoov Eotiv.

A 7 H
A B I ® M
= E K N

A

Yo yop UEGWY BUVAPEL HOVOV CUPHETEWY EVTELEY TEY
AB, BT épdoydviov tepieyéodn to Al Méyw, &t 1o AT
fitol ooV 1| yécov éativ.

Avayeypdpdw yop no v AB, BT tetpdywva o AA,
BE- péoov 8pa éotlv éxdrtepov tév AA, BE. xal éxxelodo
ent | ZH, xoi @ pev AA Toov mapa thv ZH mogo-
BePriode opdoydviov maparAnhéypaupov 16 HO mAdtog
notodv ™y Z0O, 1 8¢ Al loov nopd v OM napaPBefirioto
6pdoyoviov Tapahinidyeaupov 10 MK mhdtoc noloby iy
OK, xal éu ¢ BE ioov opolwe moapd v KN nopa-
BePAiodw 10 NA mhdtoc mowlv v KA+ én’ ebdeioc dpa
elotv ol ZO, OK, KA. énel obv péoov éotlv éxdrepov TV
AA, BE, xoi éonv Toov 1o pev AA 16 HO, 1o 8¢ BE 3
NA, péoov dpa xal exdrtepov tédv HO, NA. xal napd pntny
v ZH nopdxeitar: gnti) dpa Eotly exatépa ey ZO, KA xal
dotppetpoc tfj ZH prixel. xol énel oduypetpdv éott 10 AA
6 BE, olppetpov Gpo eoti xal 10 HO 6 NA. xai éotwv do¢
0 HO npoc 10 NA, oltwe 1) ZO mpoc thv KA obpuetpog
Gpa eotiv 1y ZO tfj KA urxel. ol ZO, KA dpa pnral eiol
ufxel obuyetpol gnTov dpa ot TO Lo TEY 20, KA. xal

C

D

Proposition 25

The rectangle contained by medial straight-lines
(which are) commensurable in square only is either ra-
tional or medial.

A F G
D B C H M
0 E K N

L

For let the rectangle AC be contained by the medial
straight-lines AB and BC (which are) commensurable in
square only. I say that AC is either rational or medial.

For let the squares AD and BFE have been described
on (the straight-lines) AB and BC (respectively). AD
and BE are thus each medial. And let the rational
(straight-line) F'G be laid out. And let the rectangular
parallelogram GH, equal to AD, have been applied to
F@G, producing FH as breadth. And let the rectangular
parallelogram M K, equal to AC, have been applied to
HM, producing HK as breadth. And, finally, let NL,
equal to BE, have similarly been applied to KN, pro-
ducing KL as breadth. Thus, FH, HK, and KL are in
a straight-line. Therefore, since AD and BE are each
medial, and AD is equal to GH, and BE to NL, GH
and NL (are) thus each also medial. And they are ap-
plied to the rational (straight-line) FG. FH and KL are
thus each rational, and incommensurable in length with
F'G [Prop. 10.22]. And since AD is commensurable with
BE, GH is thus also commensurable with NL. And as
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énel lon éotiv 1) pev AB tfj BA, 7 8¢ EB tf] BI', ot dpa
oc f) AB npoc v BT, obtwe i) AB mpog v BE. &\ éx¢
uev ) AB npoc thy BT, obtwe 10 AA npog 1o AT d¢ 8¢ 1)
AB rpoc ™y BE, oltwe 10 AL mpoc 10 I'=- Eotv dpa tog
0 AA 7poc 1o AT, 00t 10 AT mpoc 16 T'E. Toov 8¢ ot
o pev AA 13 HO, 0 8¢ AT ¢ MK, 16 8¢ I'E 16 NA-
gotwv dpa ¢ 10 HO npoc 10 MK, oltwe 16 MK npog 10
NA- Eotw dpa xal o¢ ) ZO npoc y OK, obtwe 1} OK npoc
v KA 16 dpa Ono tév 2O, KA Toov éoti 16 dnd tiic OK.
pnTov 8¢ o Lo BV ZO, KA: pntov dpa €Tl xol TO 4o
tfic OK- ent dpa Eotlv 1} OK. xal €l yev obupetpog €0t
tfj ZH prixet, pntdv ot 10 ON- el B¢ doluueTpoC E0TL T
ZH pnxet, oi KO, ©M onral eiot duvduet udvov cbupetpol:
péoov dpa 1 ON. 10 ON dpa fitoL EnToV 1| Yéoov Eotiv.
{oov 8¢ 10 ON 135 AT 10 AT Gpa fitoL gntov 1| uéoov €oTiv.

To dpo UMO péowv Buvduel UOVOV GUUPETEWY, Xol T
e&ijc.

%®s'.

Mécov péoou oby Lmepéyet eNTés.

A Z E
A T

B K H

®

El yap Suvatév, yéoov 10 AB péoou tob AL Unepeyétw
ontdd 16 AB, xal éxxelotw gnt A EZ, xal 16 AB ooy napd
v EZ nopoBeBiiodw nopodinhéypouuov 6pdoynviov 1o
Z0O mhdtoc mowlv thy EO, 1@ 8¢ AT loov dgnerodw to
ZH: Nowmov dpa 10 BA hownd 165 KO éotwy Toov. pntov 8¢
goti 0 AB- pntov dpa ol xol 10 KO. énel obv yécov eotiv
exdrrepov iV AB, AT, xai éotu t0 pev AB 18 ZO Toov, 10
0¢ AT ¢ ZH, péoov dpa xal éxdrepov @V ZO, ZH. xol
napd gty Ty EZ napdixerton: ot Spo 0Tl Exatépa TEY
OFE, EH xal dobypetpoc tf] EZ ufxel. xal éncl ¢ntév €t

GH isto NL,so F'H (is) to K L [Prop. 6.1]. Thus, FH is
commensurable in length with KL [Prop. 10.11]. Thus,
FH and KL are rational (straight-lines which are) com-
mensurable in length. Thus, the (rectangle contained) by
FH and KL is rational [Prop. 10.19]. And since DB is
equal to BA, and OB to BC, thus as DB is to BC, so
AB (is) to BO. But, as DB (is) to BC, so DA (is) to
AC [Props. 6.1]. And as AB (is) to BO, so AC (is) to
CO [Prop. 6.1]. Thus, as DA is to AC, so AC (is) to
CO. And AD is equal to GH, and AC to MK, and CO
to NL. Thus, as GH isto MK, so M K (is) to NL. Thus,
also, as F'H is to HK, so HK (is) to KL [Props. 6.1,
5.11]. Thus, the (rectangle contained) by FH and KL
is equal to the (square) on HK [Prop. 6.17]. And the
(rectangle contained) by F'H and K L (is) rational. Thus,
the (square) on HK is also rational. Thus, H K is ratio-
nal. And if it is commensurable in length with F'G then
HN is rational [Prop. 10.19]. And if it is incommensu-
rable in length with F'G then K H and HM are rational
(straight-lines which are) commensurable in square only:
thus, HN is medial [Prop. 10.21]. Thus, HN is either ra-
tional or medial. And HN (is) equal to AC. Thus, AC is
either rational or medial.

Thus, the . .. by medial straight-lines (which are) com-
mensurable in square only, and so on ....

Proposition 26

A medial (area) does not exceed a medial (area) by a
rational (area).t

A F E
D C

B K G

H

For, if possible, let the medial (area) AB exceed the
medial (area) AC by the rational (area) DB. And let
the rational (straight-line) E'F be laid down. And let the
rectangular parallelogram F'H, equal to AB, have been
applied to to E'F, producing EH as breadth. And let F'G,
equal to AC, have been cut off (from FH). Thus, the
remainder BD is equal to the remainder KH. And DB
is rational. Thus, K H is also rational. Therefore, since
AB and AC are each medial, and AB is equal to F'H,
and AC to FG, FH and FG are thus each also medial.
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w0 AB xol oty Toov 16 KO, pntov dpa éotl xal 10 KO.
xal mopd onTy v EZ mopdxettan gnt dpa éotiv ) HO
xal obppetpog tf] EZ prxel. A& xal ) EH ¢ntA ot xal
aoluueteoc tff EZ uhxer dobupetpog dpo €otly ) EH
HO yrxet. xal oty ¢ 1 EH mpog v HO, obtwe 16 ano
tfic EH mpog 16 Uno wév EH, HO- dobypetpov dpo éotl 10
ano tiic EH 16 Uno v EH, HO. dha 16 pyev ano tijc EH
oLpPETEd Eotl Ta dno v EH, HO tetpdywvor gntd yop
augpodTepar ¢ 0 Lo v EH, HO oluuetpdv €éotl 10 dig
ono twesv EH, HO- duinAdolov ydp €otv abTtol: dobupetoa
Gpa €otl Ta ano ey EH, HO 16 dig Ono tesv EH, HO- xol
ocuvoppoTepa dpa Té te ano v EH, HO xal to Sl¢ bno
v EH, HO, énep €otl 10 ano tfic EO, dobyuetpdv éott
Tolg ano ey EH, HO. pntd 8¢ ta ano tév EH, HO- hoyov
Bpa T0 amo tfic EO. dhoyog dpa €atlv 1) EO. dhhd xol pnery:
Omep €0TlV AOLVATOV.

Mécov 8pa yécou oly Unepéyel oNnTés- Omep €del deléan.

T In other words, vk — V&’ £ k.

xC'.

Méoog €lpelv duvduel udvov CUUMETPOUC ENTOV TE-

pleyovoac.
A BT A

"Exxeicfwoay 800 pntol duvdyel wdvov cbupeteot ol A,
B, xal eiMigpdew t@v A, B péon dvdhoyov 1 I', xol yeyovétw
oc i A npoc v B, obtwe i I npoc v A.

And they are applied to the rational (straight-line) EF.
Thus, HE and EG are each rational, and incommensu-
rable in length with EF [Prop. 10.22]. And since DB
is rational, and is equal to K H, K H is thus also ratio-
nal. And (K H) is applied to the rational (straight-line)
EF. GH is thus rational, and commensurable in length
with EF' [Prop. 10.20]. But, EG is also rational, and in-
commensurable in length with EF. Thus, EG is incom-
mensurable in length with GH [Prop. 10.13]. And as
EG is to GH, so the (square) on EG (is) to the (rectan-
gle contained) by EG and GH [Prop. 10.13 lem.]. Thus,
the (square) on EG is incommensurable with the (rect-
angle contained) by FG and GH [Prop. 10.11]. But, the
(sum of the) squares on EG and GH is commensurable
with the (square) on EG. For (FG and GH are) both
rational. And twice the (rectangle contained) by EG and
G H is commensurable with the (rectangle contained) by
EG and GH [Prop. 10.6]. For (the former) is double
the latter. Thus, the (sum of the squares) on EG and
GH is incommensurable with twice the (rectangle con-
tained) by FG and GH [Prop. 10.13]. And thus the sum
of the (squares) on EG and GH plus twice the (rectan-
gle contained) by FG and GH, that is the (square) on
EH [Prop. 2.4], is incommensurable with the (sum of
the squares) on FG and GH [Prop. 10.16]. And the (sum
of the squares) on FG and GH (is) rational. Thus, the
(square) on EH is irrational [Def. 10.4]. Thus, FH is
irrational [Def. 10.4]. But, (it is) also rational. The very
thing is impossible.

Thus, a medial (area) does not exceed a medial (area)
by a rational (area). (Which is) the very thing it was
required to show.

Proposition 27

To find (two) medial (straight-lines), containing a ra-
tional (area), (which are) commensurable in square only.

ABCD

Let the two rational (straight-lines) A and B, (which
are) commensurable in square only, be laid down. And let
C—the mean proportional (straight-line) to A and B—
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Kot énel ol A, B pnrol elol duvdper udvov clypetpol,
T0 dpa UTO @V A, B, toutéott o dno tfic I', uéoov Eotiv.
péom dpo ) I'. xoll enel Eoty b 1) A npoc Ty B, [obtec] 4T
mpode Ty A, al 8¢ A, B Suvdyel uévov [elol] olupetpot, xol
ol I, A dpa Suvdper uévov eiol obupetpot. xai Eott yéon 1
I péomn dpa xol f A. ol I'; A Gpo yéoou elol duvdyel uévov
CUMUETEOL. AEYW, OTL xal ONTOV TEpLE)oLaLy. Enel Ydp E0Tv
oc N A mpog ™y B, obtwe N I' npoc thv A, évahia€ dpa
gotlv g N A mpoc ™y I', /4 B mpog myv A. GAN dbe N A
npoc ™y I', 7 I' mpog v B xal ¢ e /) I' mpoc v B,
obtwe N B mpdc v A+ 10 dpa Uno @V I', A Toov éotl 16
&mo tic B. pntov 8¢ T0 dnd tiic B- pnrov dpa [Eoti] xold TO
oo v I, A.

Ebpnvron dpo yéoonw duvduel udvov oluUetpol OnTov
nepyovoat: Omep Edel SETEa.

have been taken [Prop. 6.13]. And let it be contrived
that as A (is) to B, so C' (is) to D [Prop. 6.12].

And since the rational (straight-lines) A and B
are commensurable in square only, the (rectangle con-
tained) by A and B—that is to say, the (square) on C
[Prop. 6.17]—is thus medial [Prop 10.21]. Thus, C is
medial [Prop. 10.21]. And since as A is to B, [so] C (is)
to D, and A and B [are] commensurable in square only,
C and D are thus also commensurable in square only
[Prop. 10.11]. And C is medial. Thus, D is also medial
[Prop. 10.23]. Thus, C and D are medial (straight-lines
which are) commensurable in square only. I say that they
also contain a rational (area). For since as A is to B, so
C (is) to D, thus, alternately, as A is to C, so B (is) to
D [Prop. 5.16]. But, as A (is) to C, (so) C (is) to B.
And thus as C (is) to B, so B (is) to D [Prop. 5.11].
Thus, the (rectangle contained) by C and D is equal to
the (square) on B [Prop. 6.17]. And the (square) on B
(is) rational. Thus, the (rectangle contained) by C' and
D [is] also rational.

Thus, (two) medial (straight-lines, C' and D), con-
taining a rational (area), (which are) commensurable in
square only, have been found.” (Which is) the very thing
it was required to show.

T C and D have lengths k'/4 and k3/4 times that of A, respectively, where the length of B is k'/2 times that of A.

’
©n.
Méooc ebpelv Buvduel UOVOV CUUUETEOUC UECOV TEL-
pleyovoac.

Ar——m Al |
B | E¢ |
I |

‘Exxelcwoay [tpeic] pnral Suvduel wévov cbuuetpol ol
A, B, T, xai eidigdo tév A, B péon dvdroyov | A, xal
yveyovétw d¢ ) B npoc myv I', 1 A npoc v E.

‘Enel ol A, B gntal elol duvdpet pévov obuyetpot, o dpa
Ono v A, B, toutéott 10 and tfic A, péoov Eotiv. péon
Gpo N AL %ol émet ol B, T' duvdper pévov eiot olppetpol, xai
gotv o¢ N B poc v I', 1 A npdc v E, xoil o A, E dpa
duvdpel uévov elol oluyetpol. Yéon de | A+ péon dpa %ol 7
E- ol A, E dpa péoon giot duvdpel udvov olppetpol. Ayw
o1, 6Tl xal Yécov mepiéyouoty. Enel Ydp €oTv ¢ 1) B mpog
™y I, 1 A npoc v E,; evodhd€ 8po g ) B mpoc thv A, 7
I' mpoc v E. d¢ 8¢ \ B mpoc thv A, /| A npodg v A+ xal
oc dpa ) A mpoc v A, \ I’ npoc v E- 10 dpa o tév
A, T loov éotl 16 Uno v A, E. péoov 8¢ 10 Uno t6v A,
I’ péoov dpa xol 0 OO tHv A, E.

‘Ebenvton Gpo yéoon duvduel uévov cOUUETEOL UECOV

Proposition 28

To find (two) medial (straight-lines), containing a me-
dial (area), (which are) commensurable in square only.
A——— Dt |

B! = E! |
C |

Let the [three] rational (straight-lines) A, B, and C,
(which are) commensurable in square only, be laid down.
And let, D, the mean proportional (straight-line) to A
and B, have been taken [Prop. 6.13]. And let it be con-
trived that as B (is) to C, (so) D (is) to E [Prop. 6.12].

Since the rational (straight-lines) A and B are com-
mensurable in square only, the (rectangle contained) by
A and B—that is to say, the (square) on D [Prop. 6.17]—
is medial [Prop. 10.21]. Thus, D (is) medial [Prop. 10.21].
And since B and C are commensurable in square only,
and as Bisto C, (so) D (is) to E, D and FE are thus com-
mensurable in square only [Prop. 10.11]. And D (is) me-
dial. E (is) thus also medial [Prop. 10.23]. Thus, D and
E are medial (straight-lines which are) commensurable
in square only. So, I say that they also enclose a medial
(area). For since as B is to C, (so) D (is) to E, thus,
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alternately, as B (is) to D, (so) C (is) to E [Prop. 5.16].
And as B (is) to D, (so) D (is) to A. And thus as D (is) to
A, (so) C (is) to E. Thus, the (rectangle contained) by A
and C is equal to the (rectangle contained) by D and E
[Prop. 6.16]. And the (rectangle contained) by A and C
is medial [Prop. 10.21]. Thus, the (rectangle contained)
by D and F (is) also medial.

Thus, (two) medial (straight-lines, D and E), con-
taining a medial (area), (which are) commensurable in
square only, have been found. (Which is) the very thing
it was required to show.

t D and E have lengths k'/4 and k’1/2 /k'/4 times that of A, respectively, where the lengths of B and C are k'/2 and k’'/2 times that of A,

respectively.
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TETPAYWVOL, ol ol avTol duolol elowv émimedol 6 dpa Ex
t@v AB, BIN petd to) &no [t00] TA tetpaydvou looc éoti
16 ano ol BA tetpay®ve. ol 0Tl TETPAYWVOS 6 EX TEHY
AB, BT, énewdnnep €delydn, Oti, €dv 800 Suolol Eninedot
TOANATAACLEoaVTES FAMIAOUE TTOLBOL TIVAL, O YEVOUEVOG
TeTedywvog Eotv. ebpnvton dpa Blo TeTEdYWVOL dprduol
6 e &x v AB, BT xol 6 dno toh T'A, ol cuvtedévtec
nowoliol Tov dno ol BA tetpdywvoy.

Kol qovepdv, 6t ebpnvian ndAy d0o tetpdywvol 6 e
ano 1ol BA xol 6 dno tob I'A, dote v Ornepoyhy adtév
tov Uno AB, BT eivau tetpdywvoyv, étav ot AB, BI' duoto
ooty éninedol. Gtay Be N o duolol eninedol, ebpnvtol
800 tetpdywvol 6 te dnd Tl BA xal 6 dnod 1ol AL, &v
7 Unepoyn 6 Uno v AB, BI' odx ot tetpdywvog: 6mep
€del deiou.

Lemma I

To find two square numbers such that the sum of them
is also square.

A D C B

Let the two numbers AB and BC be laid down. And
let them be either (both) even or (both) odd. And since, if
an even (number) is subtracted from an even (number),
or if an odd (number is subtracted) from an odd (num-
ber), then the remainder is even [Props. 9.24, 9.26], the
remainder AC is thus even. Let AC have been cut in
half at D. And let AB and BC also be either similar
plane (numbers), or square (numbers)—which are them-
selves also similar plane (numbers). Thus, the (num-
ber created) from (multiplying) AB and BC, plus the
square on CD, is equal to the square on BD [Prop. 2.6].
And the (number created) from (multiplying) AB and
BC' is square—inasmuch as it was shown that if two
similar plane (numbers) make some (number) by mul-
tiplying one another then the (number so) created is
square [Prop. 9.1]. Thus, two square numbers have
been found—(namely,) the (number created) from (mul-
tiplying) AB and BC, and the (square) on C D—which,
(when) added (together), make the square on BD.

And (it is) clear that two square (numbers) have again
been found—(namely,) the (square) on BD, and the
(square) on C'D—such that their difference—(namely,)
the (rectangle) contained by AB and BC—is square
whenever AB and BC are similar plane (numbers). But,
when they are not similar plane numbers, two square
(numbers) have been found—(namely,) the (square)
on BD, and the (square) on DC—between which the
difference—(namely,) the (rectangle) contained by AB
and BC'—is not square. (Which is) the very thing it was
required to show.
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"Eotw yap 6 éx tév AB, BI', d¢ épopev, tetpdywvog,
xal Gptiog 6 TA, xal tetunotde 6 TA Siyo 16 A. @avepov
o7, 6t & éx t&v AB, BI' tetpdywvoc petd 1ol dnd [tod]
TA zetpaydvou looc éotl T &nd [to0] BA tetpaydvo.
apnerode povie | AE: o dpa éx t@v AB, BI' petd tob
ano [tob] TE éhdoowy éoti tob anod [tol] BA tetpaydvou.
Ayw obv, &1L 6 éx v AB, BT tetpdywvoc pyetd 1ol dno
[tob] TE o0x €oton teTpdywvoc.

Ei yap oton tetpdywvoe, Aol foog Eotl 18 dnd [tol)
BE 1) éAdoowyv 1ol &no [tol] BE, oUxét 8¢ xal peilov, va
un Tundij | povde. Eotw, el duvatdy, mpdTEPOY O Ex TEBV
AB, BI' peta b and I'E Tooc 16 dnd BE, xal éotw tiic
AE povédoc dimhaciwv 6 HA. énet olv éhoc 6 AI' éhou
00 I'A éotl dimhaciwv, GV 6 AH 100 AE éoti dinhaciwy,
xoll hoirog dpa 6 HI' hownod 1ol EI' ot Simhasiwv: diya
Gpar tétunTan 0 HI' 65 E. 6 Gpa éx tév HB, BI' peta tob
ano I'E Tooc €otl 165 and BE tetpaydve. GAAd xol O €x
t@v AB, BT petd 100 dnd T'E looc Undxeiton 6 dnd [tol)]
BE tetpaydve: 6 dpa éx tév HB, BI' peta w00 édno I'E
loog €otl 16 éx tev AB, BI' peta 100 ano I'E. xol xowvod
dpopedévtoc tob and I'E ouvdyetaw 6 AB fooc @ HB-
6mep dtomov. oUx Spa 6 ex tév AB, BT petd tol &no [tod)]
I'E {oog éoti 16 ano BE. Aéyw 81, 611 008¢ éAdoowy To
arno BE. €l ydp Suvatdy, Eotw @ ano BZ oo, xal tob
AZ dumhaoiwy 6 OA. ol cuvaydioetar TdA Sithaciwy 6
OI' tob I'Z* dote xal tov 'O diya tetpiiofor xata 16 Z,
xol O& Tobto TOV éx ey OB, BI' yetd tol and ZI' loov
viveoOou ¢ ano BZ. Omoxeiton 8¢ xol 6 €x tév AB, BT
petd o &no I'E loog 16 dno BZ. dote xol 6 éx tév OB,
BI' petd tob dno I'Z Toog Eotan 16 éx tév AB, BI' peta
100 &no I'E- énep dronov. odx dpa 6 éx t@v AB, BI' yeta
0D dnd T'E Tooc éotl [18] éNdoocow tob and BE. édelydn
8¢, 6t 00dE [adTd] T6 dnd BE. olx dpa 6 éx tév AB, BT
petd 100 anod I'E tetpdywvoc éotv. dmep €det deléou.

Lemma II

To find two square numbers such that the sum of them
is not square.

AG DF ¢ B

H E

For let the (number created) from (multiplying) AB
and BC, as we said, be square. And (let) CA (be) even.
And let CA have been cut in half at D. So it is clear
that the square (number created) from (multiplying) AB
and BC, plus the square on CD, is equal to the square
on BD [see previous lemma]. Let the unit DE have
been subtracted (from BD). Thus, the (number created)
from (multiplying) AB and BC, plus the (square) on
CE, is less than the square on BD. I say, therefore, that
the square (number created) from (multiplying) AB and
BC, plus the (square) on C'E, is not square.

For if it is square, it is either equal to the (square)
on BE, or less than the (square) on BE, but cannot any
more be greater (than the square on BE), lest the unit be
divided. First of all, if possible, let the (number created)
from (multiplying) AB and BC, plus the (square) on CE,
be equal to the (square) on BE. And let GA be double
the unit DE. Therefore, since the whole of AC' is double
the whole of C'D, of which AG is double DFE, the remain-
der GC is thus double the remainder EC. Thus, GC has
been cut in half at £. Thus, the (number created) from
(multiplying) GB and BC, plus the (square) on CF, is
equal to the square on BE [Prop. 2.6]. But, the (num-
ber created) from (multiplying) AB and BC, plus the
(square) on C'E, was also assumed (to be) equal to the
square on BE. Thus, the (number created) from (multi-
plying) GB and BC, plus the (square) on C'E, is equal
to the (number created) from (multiplying) AB and BC,
plus the (square) on C'E. And subtracting the (square) on
CE from both, AB is inferred (to be) equal to GB. The
very thing is absurd. Thus, the (number created) from
(multiplying) AB and BC, plus the (square) on CE, is
not equal to the (square) on BE. So I say that (it is) not
less than the (square) on BE either. For, if possible, let it
be equal to the (square) on BF. And (let) HA (be) dou-
ble DF. And it can again be inferred that HC' (is) double
CF. Hence, CH has also been cut in half at F'. And, on
account of this, the (number created) from (multiplying)
H B and BC, plus the (square) on F'C, becomes equal to
the (square) on BF [Prop. 2.6]. And the (number cre-
ated) from (multiplying) AB and BC, plus the (square)
on CFE, was also assumed (to be) equal to the (square)
on BF'. Hence, the (number created) from (multiplying)
H B and BC, plus the (square) on C'F, will also be equal
to the (number created) from (multiplying) AB and BC,
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Exxelodo ydp te ent) 7 AB xol 800 tetpdywvol
derduol ol I'A, AE, dote v Unegoynyv avtév tov I'E un
elvan tetpdywvov, xal yeypdgdw el tiic AB fuicdxiiov 1o
AZB, xal nenoiodw b¢ 6 Al npog tov I'E, obtwe 10 dno
tfic BA tetpdywvov npdc to ano tiic AZ tetpdywvoy, xal
éneletdydo f ZB.

‘Enel [obv] oty de 10 dnod tfic BA mpoc 16 dno tiic AZ,
obtwe 6 Al npog tov I'E, 10 dno tfic BA dpa npdc 10 dno
tfic AZ Néyov Eyet, 6v dprduog 6 Al mpog derduov tov I'E-
oUpPETPOY dpa 0Tl TO dnd thic BA 1 dnod tiic AZ. pntov
8¢ 0 ano tiic AB- pntov dpa xal T dnd tiic AZ- ot dpa
xal ) AZ. xai énel 6 A" npdc tov I'E Adyov odx €yel, Ov
TETEAY WVOC dpLIUOC TPOS TETEEY WVOV dpLiU6Y, 00BE TO Ad
tfic BA dpa mpog 10 dno tiic AZ Aéyov Exel, Ov teTpdywvog
Spriuodc mpog TeTpdywvov dortudy dolupeTeoC dpo 0TV 1)
AB tfj AZ u¥xer ol BA, AZ dpo pnral eiot Suvdper uévov
olupetpot. ol enel [Eotwv] ¢ 6 AT npoc tov T'E, oltee
10 &no tiic BA npog 16 dno tiic AZ, dvaoteédavtt doa dg
6 I'A mpoc tov AE, obtwe 10 dno tiic AB npoc to dno
tfic BZ. 6 8¢ I'A mpog tov AE Aéyov Exel, 6v tetpdywvog
Gpriude mpode TeETEdYwvoY derdudy: xal To ano tiic AB dpa
Tpoc To ano tfic BZ Aoyov €yet, Ov teTpdywvog dprduoc
TpOC TETPdYWVOoV dptdudy: clupetpoc dpa éotiv | AB T
BZ p¥xer. xal éoti 10 ano tfic AB loov tolg dno t@v AZ,
ZB- 1) AB Gpa tijc AZ peilov dOvatan tfjf BZ cuppétew

plus the (square) on C'E. The very thing is absurd. Thus,
the (number created) from (multiplying) AB and BC,
plus the (square) on C'E, is not equal to less than the
(square) on BE. And it was shown that (is it) not equal
to the (square) on BF either. Thus, the (number created)
from (multiplying) AB and BC, plus the square on CF,
is not square. (Which is) the very thing it was required to
show.

Proposition 29

To find two rational (straight-lines which are) com-
mensurable in square only, such that the square on the
greater is larger than the (square on the) lesser by the
(square) on (some straight-line which is) commensurable
in length with the greater.

F

A B

C E D

For let some rational (straight-line) AB be laid down,
and two square numbers, C'D and DF, such that the dif-
ference between them, C'E, is not square [Prop. 10.28
lem. I]. And let the semi-circle AF B have been drawn on
AB. And let it be contrived that as DC (is) to CE, so the
square on BA (is) to the square on AF [Prop. 10.6 corr.].
And let F'B have been joined.

[Therefore,] since as the (square) on BA is to the
(square) on AF, so DC (is) to CE, the (square) on
BA thus has to the (square) on AF the ratio which
the number DC (has) to the number CE. Thus, the
(square) on BA is commensurable with the (square) on
AF [Prop. 10.6]. And the (square) on AB (is) rational
[Def. 10.4]. Thus, the (square) on AF (is) also ratio-
nal. Thus, AF (is) also rational. And since DC does
not have to C'E the ratio which (some) square num-
ber (has) to (some) square number, the (square) on
BA thus does not have to the (square) on AF the ra-
tio which (some) square number has to (some) square
number either. Thus, AB is incommensurable in length
with AF [Prop. 10.9]. Thus, the rational (straight-lines)
BA and AF are commensurable in square only. And
since as DC [is] to CE, so the (square) on BA (is) to
the (square) on AF, thus, via conversion, as CD (is)
to DE, so the (square) on AB (is) to the (square) on
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BF [Props. 5.19 corr.,, 3.31, 1.47]. And CD has to DE
the ratio which (some) square number (has) to (some)
square number. Thus, the (square) on AB also has to the
(square) on BF the ratio which (some) square number
has to (some) square number. AB is thus commensu-
rable in length with BF' [Prop. 10.9]. And the (square)
on AB is equal to the (sum of the squares) on AF and
F B [Prop. 1.47]. Thus, the square on AB is greater than
(the square on) AF by (the square on) BF, (which is)
commensurable (in length) with (AB).

Thus, two rational (straight-lines), BA and AF, com-
mensurable in square only, have been found such that the
square on the greater, AB, is larger than (the square on)
the lesser, AF, by the (square) on BF, (which is) com-
mensurable in length with (AB).! (Which is) the very
thing it was required to show.

t BA and AF have lengths 1 and v/1 — k2 times that of AB, respectively, where k = \/DE/CD.
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‘Exxeicdw gnmy f, AB xal 800 tetpdywvol dorduol ol
I'E, EA, dote tov ouvyxelyevov €€ adtay tov A uy ebvan
TeETEAYWVOV, Xal Yeypdpdw ent tic AB Auxdxhiov 10 AZB,
xal memotiote G¢ 6 Al npog tov I'E, obtwe 1 dnod tiic
BA npoc 16 anod tfic AZ, xal éneledydw 1 ZB.

‘Opolwe 81 dellouev 16 mpd TtolToL, 6TL ol BA, AZ
pnral eiol duvduel Yovov oluuetpol. ol €nel €0ty G¢ O
AT npoc tov T'E, oltwe 10 dno tiic BA npog 10 dnd tiic
AZ, dvaoteédavtt dpa g 6 T'A mpog tov AE, obtwe 10
ano tfic AB npoc 10 dno tfic BZ. 6 8¢ I'A npoc tov AE
AOYov 00X ExeL, OV TeTPdYWVOC GpLdUOC TEOC TETPEYWVOV
Gprdudv: o0d’ Bpo to ano Tiic AB mpoc 1o dno tiic BZ Aéyov
gxel, OV TETPAYWVOC dptdude TPog TETEAYWVOV dotdudy:
dolpuetpos dpa €otlv | AB tf] BZ ufjxer. xol dOvorton 7
AB tfic AZ peilov 1 dno tfic ZB dovppétpou eautii.

Proposition 30

To find two rational (straight-lines which are) com-
mensurable in square only, such that the square on the
greater is larger than the (the square on) lesser by the
(square) on (some straight-line which is) incommensu-
rable in length with the greater.

F

A B

C E D

Let the rational (straight-line) AB be laid out, and the
two square numbers, CFE and ED, such that the sum of
them, C'D, is not square [Prop. 10.28 lem. II]. And let the
semi-circle AF B have been drawn on AB. And let it be
contrived that as DC' (is) to C'E, so the (square) on BA
(is) to the (square) on AF [Prop. 10.6 corr]. And let F'B
have been joined.

So, similarly to the (proposition) before this, we can
show that BA and AF are rational (straight-lines which
are) commensurable in square only. And since as DC is
to C'E, so the (square) on BA (is) to the (square) on AF/,
thus, via conversion, as C'D (is) to DE, so the (square) on
AB (is) to the (square) on BF [Props. 5.19 corr., 3.31,
1.47]. And CD does not have to DE the ratio which
(some) square number (has) to (some) square number.
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Thus, the (square) on AB does not have to the (square)
on BF the ratio which (some) square number has to
(some) square number either. Thus, AB is incommensu-
rable in length with BF [Prop. 10.9]. And the square on
AB is greater than the (square on) AF by the (square) on
F'B [Prop. 1.47], (which is) incommensurable (in length)
with (AB).

Thus, AB and AF are rational (straight-lines which
are) commensurable in square only, and the square on
AB is greater than (the square on) AF by the (square) on
F' B, (which is) incommensurable (in length) with (AB).T
(Which is) the very thing it was required to show.

T AB and AF have lengths 1 and 1/v/1 + k2 times that of AB, respectively, where k = \/DE/CE.

Aol

Ebpelv 800 yéoog Buvduel povov CUUUETEOUS ONTOV
nepieyovoag, Gote v pellova tiic €Ndocovog ueilov
dUvaoBal ¢ And cuUUETEOU EqUTH UriXetL.

A B T A

"Exxeicfwoay 800 pntol duvdyel wdvov cbupeteot ol A,
B, dote v A peifova olioav tiic éAdocovoc tiic B ueilov
BUvaoYal T¢ dnd CUPUETEOL EqUT UAXEL. ol TE LTO TEY
A, B Toov €otw 10 dno tiic I'. yéoov 8¢ 16 Onod v A, B
péoov Jpa xal t6 ano tfic I' yéon dpa xol N I'. 16 8¢ amo
tfic B loov éotw 16 Und @y I', A+ pntov 8¢ 10 ano tijc B
eNTov dpa xol T Lo v Iy AL xal énel €0ty dg N A npoe
™y B, obtwe 10 Unod 1@V A, B npog 1o ano tiic B, dAAa 6
pev Omo tév A, B loov otl 10 dno tfic I', 1@ 8¢ dno tiic
B loov 10 Uno @&V I', A, d¢ dpa | A npog v B, obtec
T0 ano thic I' mpodg 1o Und v I') AL d¢ 8¢ 16 ano tiic I
Tpo¢ 10 Vo @V I', A} oltwe N T npodc thv A+ xal d¢ dpa
N A npoc v B, obtwe 7 T npoc v A. obupetpoc 8¢ 1 A
tfj B Suvduetr uévov- obupetpog dpa xal f I' tff A duvdpet
uovov. xol eoti uéon N I' péon dpa xol 1 A. ol Enel Eotiv
oc N A tpoc ™y B, f T' mpoc mv A, 7y 8¢ A tiic B peilov
dUvaTon T6 and cuppéteou Eoutdi, xal N I' dpa tiic A ueilov
BOvaTol TE MO CLPPETEOU EAUTT.

Ebpnvton dpa 800 yéoon duvdyel wdvov cpueteol ol T,

Proposition 31

To find two medial (straight-lines), commensurable in
square only, (and) containing a rational (area), such that
the square on the greater is larger than the (square on
the) lesser by the (square) on (some straight-line) com-
mensurable in length with the greater.

A B C D

Let two rational (straight-lines), A and B, commensu-
rable in square only, be laid out, such that the square on
the greater A is larger than the (square on the) lesser B
by the (square) on (some straight-line) commensurable
in length with (A) [Prop. 10.29]. And let the (square)
on C be equal to the (rectangle contained) by A and B.
And the (rectangle contained by) A and B (is) medial
[Prop. 10.21]. Thus, the (square) on C (is) also medial.
Thus, C (is) also medial [Prop. 10.21]. And let the (rect-
angle contained) by C' and D be equal to the (square)
on B. And the (square) on B (is) rational. Thus, the
(rectangle contained) by C and D (is) also rational. And
since as A is to B, so the (rectangle contained) by A and
B (is) to the (square) on B [Prop. 10.21 lem.], but the
(square) on C' is equal to the (rectangle contained) by
A and B, and the (rectangle contained) by C' and D to
the (square) on B, thus as A (is) to B, so the (square)
on C (is) to the (rectangle contained) by C and D. And
as the (square) on C (is) to the (rectangle contained) by
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C and D, so C (is) to D [Prop. 10.21 lem.]. And thus
as A (is) to B, so C (is) to D. And A is commensurable
in square only with B. Thus, C (is) also commensurable
in square only with D [Prop. 10.11]. And C is medial.
Thus, D (is) also medial [Prop. 10.23]. And since as A is
to B, (so) C (is) to D, and the square on A is greater than
(the square on) B by the (square) on (some straight-line)
commensurable (in length) with (A4), the square on C is
thus also greater than (the square on) D by the (square)
on (some straight-line) commensurable (in length) with
(C) [Prop. 10.14].

Thus, two medial (straight-lines), C' and D, commen-
surable in square only, (and) containing a rational (area),
have been found. And the square on C is greater than
(the square on) D by the (square) on (some straight-line)
commensurable in length with (C).f

So, similarly, (the proposition) can also be demon-
strated for (some straight-line) incommensurable (in
length with C), provided that the square on A is greater
than (the square on B) by the (square) on (some
straight-line) incommensurable (in length) with (A)
[Prop. 10.30].F

t C and D have lengths (1 — k2)!/4 and (1 — k2)3/4 times that of A, respectively, where k is defined in the footnote to Prop. 10.29.
t ¢ and D would have lengths 1/(1 4 k2)'/4 and 1/(1 + k2)3/4 times that of A, respectively, where k is defined in the footnote to Prop. 10.30.

A
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‘Exxelotwoay Tpeic pnrol duvduel pévov cOUUETEOL ol
A, B, T, dote v A tiic I' peilov dOvooda T dmo
CUMPETEOL E0UTH], xol T uev bmo &y A, B loov €otw 10
ano e A. yéoov dpa T0 dno thic A xol | A dpa yéon
gotlv. T 8¢ Lo BV B, T loov €otw to LN @V A, E.
xal €mel €0ty O¢ T Uno Y A, B npodg o Umo @V B, T,
obtwe N A mpoc v I, dAAd & pev Ono v A, B loov
gotl 10 ano tfic A, 1@ 8¢ Uno Wy B, I' Toov 16 Ono tév
A, E, Eotwv Gpa d¢ ) A mpog v I, obtwg 10 dnod tijc A
Tpo¢ TO Umo WV A, E. d¢ 8¢ 10 dno tfic A mpog t0 Uno
v A, E, oUtwe 1 A mpoc ™y E- xai éx¢ dpa ) A mpog v
I, obtwe | A npog v E. olupetpog 8¢ f A tfj I' Suvdper
[u6vov]. clupetpoc Bpa xol ) A 1fj E duvduer uévov. péon

Proposition 32

To find two medial (straight-lines), commensurable in
square only, (and) containing a medial (area), such that
the square on the greater is larger than the (square on
the) lesser by the (square) on (some straight-line) com-
mensurable (in length) with the greater.

Al i Dt !
Bt |
Cr—

Let three rational (straight-lines), A, B and C, com-
mensurable in square only, be laid out such that the
square on A is greater than (the square on C) by the
(square) on (some straight-line) commensurable (in
length) with (A) [Prop. 10.29]. And let the (square)
on D be equal to the (rectangle contained) by A and B.
Thus, the (square) on D (is) medial. Thus, D is also me-
dial [Prop. 10.21]. And let the (rectangle contained) by
D and E be equal to the (rectangle contained) by B and
C. And since as the (rectangle contained) by A and B
is to the (rectangle contained) by B and C, so A (is) to

C [Prop. 10.21 lem.], but the (square) on D is equal to
the (rectangle contained) by A and B, and the (rectangle

E+—
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contained) by D and E to the (rectangle contained) by
B and C, thus as A is to C, so the (square) on D (is)
to the (rectangle contained) by D and E. And as the
(square) on D (is) to the (rectangle contained) by D and
E, so D (is) to E [Prop. 10.21 lem.]. And thus as A
(is) to C, so D (is) to E. And A (is) commensurable in
square [only] with C. Thus, D (is) also commensurable
in square only with E [Prop. 10.11]. And D (is) me-
dial. Thus, E (is) also medial [Prop. 10.23]. And since
as Ais to C, (so) D (is) to E, and the square on A is
greater than (the square on) C' by the (square) on (some
straight-line) commensurable (in length) with (A4), the
square on D will thus also be greater than (the square
on) E by the (square) on (some straight-line) commen-
surable (in length) with (D) [Prop. 10.14]. So, I also
say that the (rectangle contained) by D and F is medial.
For since the (rectangle contained) by B and C' is equal
to the (rectangle contained) by D and F, and the (rect-
angle contained) by B and C (is) medial [for B and C
are rational (straight-lines which are) commensurable in
square only] [Prop. 10.21], the (rectangle contained) by
D and E (is) thus also medial.

Thus, two medial (straight-lines), D and E, commen-
surable in square only, (and) containing a medial (area),
have been found such that the square on the greater is
larger than the (square on the) lesser by the (square) on
(some straight-line) commensurable (in length) with the
greater..

So, similarly, (the proposition) can again also be
demonstrated for (some straight-line) incommensurable
(in length with the greater), provided that the square on
A is greater than (the square on) C by the (square) on
(some straight-line) incommensurable (in length) with
(A) [Prop. 10.30].1

T D and E have lengths k’*/4 and k’*/4+/1 — k2 times that of A, respectively, where the length of B is k’1/2 times that of A, and k is defined in

the footnote to Prop. 10.29.

t D and E would have lengths k/1/4 and k’1/4/\/1 + k2 times that of A, respectively, where the length of B is k’1/2 times that of A, and k is

defined in the footnote to Prop. 10.30.

Afjuuo.
"Eotw tplywvov épdoydviov 1o ABIN dpdny €yov v
A, vl Ay dw xddetog § AA- Aéyw, &TL 10 pev Ono tasv 'BA
{oov éotl 16 ano tfic BA, 16 8¢ Ond t@v BI'A Toov @ dmo
tfic T'A, xol t6 Uno v BA, AT Toov 8 dno tfic AA, xal
gt 10 Umo 6y BT, AA {oov [éotl] 16 Ono w6y BA, AT.
Kol np@stov, 8t 10 Ond t@v I'BA Toov [Eotl] 6 dnod

tfic BA.

Lemma

Let ABC be a right-angled triangle having the (an-
gle) A a right-angle. And let the perpendicular AD have
been drawn. I say that the (rectangle contained) by CBD
is equal to the (square) on BA, and the (rectangle con-
tained) by BCD (is) equal to the (square) on C'A, and
the (rectangle contained) by BD and DC (is) equal to the
(square) on AD, and, further, the (rectangle contained)
by BC and AD [is] equal to the (rectangle contained) by
BA and AC.
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And, first of all, (let us prove) that the (rectangle con-
tained) by C'BD [is] equal to the (square) on BA.

"Ernel yap év 6pfoywvie telydve dno tiic dpiiic yoviog
gnlt v Bdow xddetog Fixtoaw 1 AA, to ABA, AAT dpa
Telywva duold éott T8 te 6hw ¢ ABT xai dAMAhoic. xal
gnel 6potov eott 10 ABT tplywvov 16 ABA torydvew, oty
Gpa ¢ N I'B mpoc v BA, obtwe ) BA npog v BA: 10
Gpa bro tasv I'BA {oov ot 1 dno tfic AB.

Al ta o0te 81 xod to Uno ey BI'A Toov éoti 16 dnd
Tfic AT

Kol énel, edv év 6ploywviey terytdve ano tic opdfic
yoviog énl v Bdowv xdletoc dydfj, | dydeloo t@v Tiic
Bdoewe tunudtoy péon dvdioyov Eotiy, Eotv doa ¢ ) BA
npoc TV AA, obtwe ) AA mpog v Al" 16 dpa Uno BV
BA, AT Toov éoti 16 and tfic AA.

Aéyw, 6t xol 10 0o tév BIY, AA Toov €otl 16 Unod
v BA, AT. énel ydp, ¢ Epopev, duoldv ot 1o ABIN w6
ABA, Eotwv dpa db¢ M BI' npoc v T'A, obtwe 1) BA npoc
v AA. 10 dpa Uno v BI', AA Toov éotl ¢ Uno &V
BA, AT’ 6nep €det Oel€au.

AY'.

Ebpelv 800 ebdelag duvdpuel douuuétpoug molodoug T
HEV ouyxeluevoy éx T@V dn” adTEY TETPAYWVKY ONTdY, TO
8" U adhTEV Yéoov.

‘Exxelotonoay 800 ontal duvduet pévov cbuuetpol ol
AB, BI', dote ™)y pellova v AB tijc éAdocovoc tfic BI'
petlov dvaoiou 16 dnd dovupéteou Eaut, xol teTuRoln N
BT Siya xota 1o A, %ol w6 a4’ onotépac v BA, AT loov
napd v AB napafBefiriote mopolknhdypoupov EAAEITOV
€ldel TeTpay VW, xal €oTw T Lo TV AEB, %ol yeypdpdw
énl tfic AB nuixOxhiov 10 AZB, xol ¥ydw tifj AB npoc

For since AD has been drawn from the right-angle in
a right-angled triangle, perpendicular to the base, ABD
and ADC are thus triangles (which are) similar to the
whole, ABC, and to one another [Prop. 6.8]. And since
triangle ABC is similar to triangle ABD, thus as CB is
to BA, so BA (is) to BD [Prop. 6.4]. Thus, the (rectan-
gle contained) by CBD is equal to the (square) on AB
[Prop. 6.17].

So, for the same (reasons), the (rectangle contained)
by BCD is also equal to the (square) on AC.

And since if a (straight-line) is drawn from the right-
angle in a right-angled triangle, perpendicular to the
base, the (straight-line so) drawn is the mean propor-
tional to the pieces of the base [Prop. 6.8 corr.], thus as
BD is to DA, so AD (is) to DC. Thus, the (rectangle
contained) by BD and DC is equal to the (square) on
DA [Prop. 6.17].

I also say that the (rectangle contained) by BC and
AD is equal to the (rectangle contained) by BA and AC.
For since, as we said, ABC is similar to ABD, thus as BC'
isto CA, so BA (is) to AD [Prop. 6.4]. Thus, the (rectan-
gle contained) by BC and AD is equal to the (rectangle
contained) by BA and AC [Prop. 6.16]. (Which is) the
very thing it was required to show.

Proposition 33

To find two straight-lines (which are) incommensu-
rable in square, making the sum of the squares on them
rational, and the (rectangle contained) by them medial.

Let the two rational (straight-lines) AB and BC,
(which are) commensurable in square only, be laid out
such that the square on the greater, AB, is larger than
(the square on) the lesser, BC, by the (square) on (some
straight-line which is) incommensurable (in length) with
(AB) [Prop. 10.30]. And let BC have been cut in half at
D. And let a parallelogram equal to the (square) on ei-
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6pdc 1| BZ, xal énelebydwoay ol AZ, ZB.

! |
T -1

A E B A r

Kol £rel [dVo] ebdelon dvicol elow ai AB, BI', xai 7
AB tijc BI' peilov d0vaton 18 dnd dovypétpou vt
6 8¢ tetdptewy 10l ano tfic BIY, toutéot 1@ and tiic
nuoelac adtiic, loov mapd ™y AB nopaBéBinton mopah-
Anhéypopuov EAAEITOY €ldel TETEOYWVER ol TOLEl TO UTO
v AEB, dobppetpog dpa éotlv i AE tfj EB. xal éotiv éx¢
N AE mpo¢ EB, obtwe t0 Uno v BA, AE npoc 10 Uno
v AB, BE, loov 8¢ 10 yev Ono t@v BA, AE 16 dno tiic
AZ, 16 8¢ Onod v AB, BE & ano tfic BZ- dolpuetpov
Gpo éotl TO Anod tfic AZ 6 ano tiic ZB- ol AZ, ZB dpa
duvdet eloty dobupetpot. xol énel ) AB gnty €otwy, pnTov
Gpa €oTl xal TO dno tfic AB: dote xal 0 cuyxeluevov éx
BV ano v AZ, ZB ¢ntév Eotv. ol émel mdAy TO LT
v AE, EB Toov éotl 16 and tiic EZ, Undxertan 8¢ 10 U1
v AE, EB xol 16 dno tiic BA {oov, lon dpa éotiv | ZE
] BA: dumAfj dpo i BI' t¢ ZE- dHote xod 16 Uno tév AB,
BI' ocbypetpdy éott 16 Und @SV AB, EZ. pyéoov 8¢ 16 Ono
v AB, BI'" péoov pa xol 10 U0 v AB, EZ. Toov 8¢
70 OO &V AB, EZ 16 Uno tév AZ, ZB- yéoov dpa xal t0
Uno 1@V AZ, ZB. édelydn 8¢ xal pnTov T0 cuyxeluevoy éx
TV A’ AVTEY TETPUYOVWY.

Ebenvton dpa 0o ebdeion duvdpel dodupeteol ol AZ, ZB
nololoot TO PEV oLYXEPEVOY EX TEHV AT ADTEY TETEAYDOVKY
entdy, 10 O¢ LT AVTBY Yécov: Onep Edet Bel€a.

ther of BD or DC, (and) falling short by a square figure,
have been applied to AB [Prop. 6.28], and let it be the
(rectangle contained) by AEB. And let the semi-circle
AF B have been drawn on AB. And let EF have been
drawn at right-angles to AB. And let AF and F'B have
been joined.

F

! |
T -1

A E B D C

And since AB and BC are [two] unequal straight-
lines, and the square on AB is greater than (the square
on) BC by the (square) on (some straight-line which is)
incommensurable (in length) with (AB). And a paral-
lelogram, equal to one quarter of the (square) on BC—
that is to say, (equal) to the (square) on half of it—(and)
falling short by a square figure, has been applied to AB,
and makes the (rectangle contained) by AEB. AFE is thus
incommensurable (in length) with EFB [Prop. 10.18].
And as AF is to EB, so the (rectangle contained) by BA
and AF (is) to the (rectangle contained) by AB and BE.
And the (rectangle contained) by BA and AFE (is) equal
to the (square) on AF, and the (rectangle contained) by
AB and BE to the (square) on BF [Prop. 10.32 lem.].
The (square) on AF is thus incommensurable with the
(square) on F'B [Prop. 10.11]. Thus, AF and F'B are in-
commensurable in square. And since AB is rational, the
(square) on AB is also rational. Hence, the sum of the
(squares) on AF and F'B is also rational [Prop. 1.47].
And, again, since the (rectangle contained) by AF and
EB is equal to the (square) on EF, and the (rectangle
contained) by AF and F'B was assumed (to be) equal to
the (square) on BD, F'E is thus equal to BD. Thus, BC
is double F'E. And hence the (rectangle contained) by
AB and BC' is commensurable with the (rectangle con-
tained) by AB and E'F [Prop. 10.6]. And the (rectan-
gle contained) by AB and BC (is) medial [Prop. 10.21].
Thus, the (rectangle contained) by AB and E'F (is) also
medial [Prop. 10.23 corr.]. And the (rectangle contained)
by AB and EF (is) equal to the (rectangle contained) by
AF and F B [Prop. 10.32 lem.]. Thus, the (rectangle con-
tained) by AF and F'B (is) also medial. And the sum of
the squares on them was also shown (to be) rational.

Thus, the two straight-lines, AF and F'B, (which are)
incommensurable in square, have been found, making
the sum of the squares on them rational, and the (rectan-
gle contained) by them medial. (Which is) the very thing
it was required to show.
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T AF and F B have lengths \/[1 +k/(1+ k2)1/2]/2 and \/[1 — k/(1 + k2)1/2]/2 times that of AB, respectively, where k is defined in the

footnote to Prop. 10.30.
AO.

Ebpelv 800 edelog duvduel douupétpous motoloos To
MEV oLYXEPEVOY EX TGV AT’ adTEY TETPAYOVWY HECOV, TO
0" U abTEY ENTOV.

A

| |
T 1

A Z B E r

‘Exxelotwoay 800 yéoou duvduel wévov cbuuetpol ol
AB, BT ¢ntov mepiéyovoar 10 O adtéy, dote v AB
tfic BI' peilov dOvaocdou 16 dnd dovppétpou Eautf], xal
veypdpdw €nt tiic AB 10 AAB fuwixhiov, xal tetuhodw
N BI' diya xota 10 E, xol nopoPefirodw mopd v AB
16 ano tijc BE oov maparAnidypoppov EAAeinoy eidel te-
TEaYOVE TO OO &V AZB- dolppetpoc dpa [EoTiv] | AZ
] ZB prixel. xol Hiydw dno tob Z tij AB mpog épdac f ZA,
xol Enelelydwoay ol AA; AB.

‘Enel dolupetpdc éotv | AZ tfj ZB, doluuetpov dpa
goTl xal To Uno TV BA, AZ 6 Uno tév AB, BZ. loov 8¢
TO Yev Umo v BA, AZ 16 ano tiic AA, 1o 8¢ bno By
AB, BZ & ano tiic AB- dobypetpov dpa ot xal T Ao
tfic AA 18 ano tfic AB. xal énel péoov éotl 10 dnod Tiic
AB, péoov dpa xal TO ouyxelyevoy éx @V Ao TEV AA,
AB. xal €nel dumAfj éotwv 1 BI tiic AZ, dinhdotov dpa xal
0 Uno @V AB, BT 10D Uno tév AB, ZA. pntodv 8¢ 10 Uno
v AB, BI'" pntov dpa xal 1o Uno @y AB, ZA. 10 8¢ bno
v AB, ZA Toov 1 Uno tév AA, AB: dHote xol 10 Uno
v AA, AB pntdv éotv.

Ebpnvton dpa 800 edieion duvdyel dodupetpol ol AA,
AB rnowdoou t0 [uEv] ocuyxeipevov éx t@EV an’ adTtddv Te-
TEAYWOVOY PECOV, TO & U adTdY pNTdv: énep €deL delout.

Proposition 34

To find two straight-lines (which are) incommensu-
rable in square, making the sum of the squares on them
medial, and the (rectangle contained) by them rational.

D

A F B E C

Let the two medial (straight-lines) AB and BC,
(which are) commensurable in square only, be laid out
having the (rectangle contained) by them rational, (and)
such that the square on AB is greater than (the square
on) BC by the (square) on (some straight-line) incom-
mensurable (in length) with (AB) [Prop. 10.31]. And
let the semi-circle ADB have been drawn on AB. And
let BC have been cut in half at . And let a (rectangu-
lar) parallelogram equal to the (square) on BE, (and)
falling short by a square figure, have been applied to
AB, (and let it be) the (rectangle contained by) AFB
[Prop. 6.28]. Thus, AF [is] incommensurable in length
with F'B [Prop. 10.18]. And let F'D have been drawn
from F' at right-angles to AB. And let AD and DB have
been joined.

Since AF is incommensurable (in length) with FB,
the (rectangle contained) by BA and AF is thus also
incommensurable with the (rectangle contained) by AB
and BF [Prop. 10.11]. And the (rectangle contained) by
BA and AF (is) equal to the (square) on AD, and the
(rectangle contained) by AB and BF to the (square) on
DB [Prop. 10.32 lem.]. Thus, the (square) on AD is also
incommensurable with the (square) on DB. And since
the (square) on AB is medial, the sum of the (squares)
on AD and DB (is) thus also medial [Props. 3.31, 1.47].
And since BC is double DF' [see previous proposition],
the (rectangle contained) by AB and BC (is) thus also
double the (rectangle contained) by AB and FD. And
the (rectangle contained) by AB and BC (is) rational.
Thus, the (rectangle contained) by AB and F'D (is) also
rational [Prop. 10.6, Def. 10.4]. And the (rectangle con-
tained) by AB and F'D (is) equal to the (rectangle con-
tained) by AD and DB [Prop. 10.32 lem.]. And hence
the (rectangle contained) by AD and DB is rational.

Thus, two straight-lines, AD and DB, (which are) in-
commensurable in square, have been found, making the
sum of the squares on them medial, and the (rectangle
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contained) by them rational.! (Which is) the very thing it
was required to show.

t AD and DB have lengths \/[(1 +k2)1/2 £ k]/[2(1 + k2)] and \/[(1 + k2)1/2 — k]/[2 (1 + k2)] times that of AB, respectively, where k is

defined in the footnote to Prop. 10.29.
AE

Ebpelv 800 edelog duvduel dovupétpoug motoloos T
Te ouyxelyevov €x T@BV dn’ adTEY TETPAYOVWY UEGOV Xal
10 U aOTEBY Y€oov ol ETL ACUUUETEOV TE CUYXEWEVR EX
TV A’ AVTEY TETPAYOVE.

A

| |
T 1

A Z B E r

Exxeicdwoay 800 yéoon duvduel poévov odupetpol ol
AB, BI' yécov nepiéyouvo, dote thyv AB tijc BI' peilov
dOvaodon T8 and douuuéteou Eautf], xal yeypedpdw el tiic
AB fAuuxixiov 10 AAB, %ol T Aoud YeYovETw Tolc Endve
ouolwe.

Kol énel dotuuetpdc éotv ) AZ tf] ZB urixel, dobupete-
6¢ gott xal ) AA tfj AB duvdyel. xol émel péoov éotl 10
ano tfic AB, uéoov dpa xal T6 cuyxelyevov éx @V Ao
v AA, AB. %ol énel 10 Uno t@év AZ, ZB Toov éotl 16 ag’
exatépoc v BE, AZ, Ton dpa éotlv /) BE tfj AZ- St
Gpa 1 BT tfic ZA- dote xal 10 Ono t@v AB, BI' dinAdoiov
¢ott o0 Ono v AB, ZA. péoov 8¢ 10 Ono tév AB, BI™
péoov dpa xol t0 OO TV AB, ZA. xai oty loov 18 OO
v AA, AB- péoov dpa xal to Ond v AA, AB. xol énel
dovupetpde eotv N AB tfj BI' ufxet, obppetpoc 0¢ / I'B
1] BE, dobuuetpoc dpa xol ) AB fj BE prixer dote xol 1o
ano tfic AB 1@ Uno tév AB, BE dolypetpdv Eotiv. GG
6 uev ano tiic AB loa éotl t& dno v AA, AB, 13 o¢
Oro tév AB, BE {oov éotl T0 Uno tév AB, ZA, toutéoTt
10 Umo v AA, AB- doluyetpov dpa Eotl TO cuyxelyevoy
Ex TeV amo 1@V AA, AB 16 Ono tév AA, AB.

Ebpnvton dpo 800 eddeion ol AA, AB duvdyet dobuueteot
noolioo 6 T€ ouyxelpevoy Ex TBY T alTBY YEoov ol
70 U1 AOTEBY péoov ol ETL ACUPUETEOV TG CUYXEWEVR EX
TV AT aOTEBY TETPUYOVWY" Omep EdeL SETEa.

Proposition 35

To find two straight-lines (which are) incommensu-
rable in square, making the sum of the squares on them
medial, and the (rectangle contained) by them medial,
and, moreover, incommensurable with the sum of the
squares on them.

D

A F B E C

Let the two medial (straight-lines) AB and BC,
(which are) commensurable in square only, be laid out
containing a medial (area), such that the square on AB
is greater than (the square on) BC by the (square) on
(some straight-line) incommensurable (in length) with
(AB) [Prop. 10.32]. And let the semi-circle ADB have
been drawn on AB. And let the remainder (of the figure)
be generated similarly to the above (proposition).

And since AF is incommensurable in length with F'B
[Prop. 10.18], AD is also incommensurable in square
with DB [Prop. 10.11]. And since the (square) on AB
is medial, the sum of the (squares) on AD and DB (is)
thus also medial [Props. 3.31, 1.47]. And since the (rect-
angle contained) by AF and F'B is equal to the (square)
on each of BE and DF, BE is thus equal to DF'. Thus,
BC (is) double F'D. And hence the (rectangle contained)
by AB and BC is double the (rectangle) contained by
AB and F'D. And the (rectangle contained) by AB and
BC (is) medial. Thus, the (rectangle contained) by AB
and F'D (is) also medial. And it is equal to the (rectan-
gle contained) by AD and DB [Prop. 10.32 lem.]. Thus,
the (rectangle contained) by AD and DB (is) also me-
dial. And since AB is incommensurable in length with
BC, and CB (is) commensurable (in length) with BF,
AB (is) thus also incommensurable in length with BE
[Prop. 10.13]. And hence the (square) on AB is also
incommensurable with the (rectangle contained) by AB
and BE [Prop. 10.11]. But the (sum of the squares) on
AD and DB is equal to the (square) on AB [Prop. 1.47].
And the (rectangle contained) by AB and F'D—that is to
say, the (rectangle contained) by AD and D B—is equal
to the (rectangle contained) by AB and BE. Thus, the
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sum of the (squares) on AD and DB is incommensurable
with the (rectangle contained) by AD and DB.

Thus, two straight-lines, AD and DB, (which are) in-
commensurable in square, have been found, making the
sum of the (squares) on them medial, and the (rectangle
contained) by them medial, and, moreover, incommensu-
rable with the sum of the squares on them.’ (Which is)
the very thing it was required to show.

t AD and DB have lengths k’1/4\/[1 +k/(1 + k2)1/2]/2 and k’1/4\/[1 — k/(1 4 k2)1/2]/2 times that of AB, respectively, where k and k' are

defined in the footnote to Prop. 10.32.
AT

‘Edv 800 pntol duvdyel pévov cOuUeTeol ouvteddow, 1
Ol hoyog Eotiy, xahelotw B¢ Ex 800 dvoudTwy.

| | |
A B r

Yuyxelotwoay v 800 entol Buvduel uévov chUUETEOL
al AB, BI'™ Myw, 61t 6An 1) AT" dhoyoc eotuv.

‘Ernel yop dobypetpoc éotv i AB tf] BI' prixer Suvdpet
Yop wovov glot obupetpol G 8¢ | AB npoc v BT, obtwe
10 Uno v ABI npoc 0 ano tiic BI, dolpyetpov dpa éoti
0 Uno v AB, BI' 16 ano tijic BI'. A& t6 pev Ono tév
AB, BI" olpyetpdv ot 10 dic Uo @SV AB, BI', w6 0¢ dmo
tfic BI' obppetpd éotl ta dno wesv AB, BI' ol ydp AB, BI'
pnrat eiol Suvduel uévov cOUPETEOL AoOUUETEOV Bpa ETL TO
dlc Lo &V AB, BT toic éno t@év AB, BI'. xal cuvdévtt T
dlc Umo wav AB, BT peta tév and v AB, BT, toutéont
0 &no tiic AL, dolyuuetpdy 0Tl 16 CUYXEWEVY X TBY
ano tev AB, BI gntov 8¢ 10 ouyxelpevov éx @V dmo
v AB, BT &hoyov dpa [EoTl] t0 dnd thic AT dote xol 1)
AT 8hoyoc Eoty, xohelodw B¢ éx d0o dvopdtwy: Grep €5et
OetEan.

T Literally, “from two names”.

Proposition 36

If two rational (straight-lines which are) commensu-
rable in square only are added together then the whole
(straight-line) is irrational—let it be called a binomial
(straight-line)."

A B C

For let the two rational (straight-lines), AB and BC,
(which are) commensurable in square only, be laid down
together. I say that the whole (straight-line), AC, is irra-
tional. For since AB is incommensurable in length with
BC—for they are commensurable in square only—and as
AB (is) to BC, so the (rectangle contained) by ABC' (is)
to the (square) on BC, the (rectangle contained) by AB
and BC is thus incommensurable with the (square) on
BC [Prop. 10.11]. But, twice the (rectangle contained)
by AB and BC is commensurable with the (rectangle
contained) by AB and BC [Prop. 10.6]. And (the sum
of) the (squares) on AB and BC is commensurable with
the (square) on BC—for the rational (straight-lines) AB
and BC' are commensurable in square only [Prop. 10.15].
Thus, twice the (rectangle contained) by AB and BC is
incommensurable with (the sum of) the (squares) on AB
and BC [Prop. 10.13]. And, via composition, twice the
(rectangle contained) by AB and BC, plus (the sum of)
the (squares) on AB and BC—that is to say, the (square)
on AC [Prop. 2.4]—is incommensurable with the sum of
the (squares) on AB and BC' [Prop. 10.16]. And the sum
of the (squares) on AB and BC (is) rational. Thus, the
(square) on AC [is] irrational [Def. 10.4]. Hence, AC
is also irrational [Def. 10.4]—Iet it be called a binomial
(straight-line).* (Which is) the very thing it was required
to show.

t Thus, a binomial straight-line has a length expressible as 1 4+ k/2 [or, more generally, p (1 + k'/2), where p is rational—the same proviso

applies to the definitions in the following propositions]. The binomial and the corresponding apotome, whose length is expressible as 1 — k1/2
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(see Prop. 10.73), are the positive roots of the quartic z* — 2 (1 + k) 22 + (1 — k)2 = 0.

NG
Edv 800 péoor Suvdper povov clPUeTpol cuvteddol
pntov mepiéyouoat, 1 6An dhoyoc Eotiv, xaheloVw B¢ Ex
800 péowyv TEMTN.

A B r

SuyxeioVwoay yap 800 yéoo duvauel HOVOV COUPETEOL
ol AB, BI' ¢ntov nepiéyovoor Aéyw, 6t 6An 1 AL dhoydc
EOTWV.

‘Ernel yop dolypetpdc eéotiv ) AB tff BI' urxet, xol 1o
ano v AB, BT dpa dolppetpd €ott 16 dic o tév AB,
BI' xai cuviévt ta dmo t@sv AB, BI' petd tob Sic Ono tév
AB, BI', énep ol 10 dno tiic AT, dobuyetpdy Eott 16 LTO
v AB, BI'. pntov 8¢ 16 Uno v AB, BI' Ondxewvton yop
ait AB, BI' gntov nepiéyouvoon dhoyov dpa t6 dnod tiic AL
dhoyoc dpa N AL, xokelotw 8¢ €x 800 péowv mpwtn: énep
€0eL detou.

T Literally, “first from two medials”.

Proposition 37

If two medial (straight-lines), commensurable in
square only, which contain a rational (area), are added
together then the whole (straight-line) is irrational—let
it be called a first bimedial (straight-line)."

A B C

For let the two medial (straight-lines), AB and BC,
commensurable in square only, (and) containing a ratio-
nal (area), be laid down together. I say that the whole
(straight-line), AC, is irrational.

For since AB is incommensurable in length with BC,
(the sum of) the (squares) on AB and BC is thus also in-
commensurable with twice the (rectangle contained) by
AB and BC [see previous proposition]. And, via com-
position, (the sum of) the (squares) on AB and BC,
plus twice the (rectangle contained) by AB and BC—
that is, the (square) on AC [Prop. 2.4]—is incommen-
surable with the (rectangle contained) by AB and BC
[Prop. 10.16]. And the (rectangle contained) by AB and
BC (is) rational—for AB and BC were assumed to en-
close a rational (area). Thus, the (square) on AC (is)
irrational. Thus, AC (is) irrational [Def. 10.4]—let it be
called a first bimedial (straight-line).* (Which is) the very
thing it was required to show.

1 Thus, a first bimedial straight-line has a length expressible as k1/4 + k3/4. The first bimedial and the corresponding first apotome of a medial,
whose length is expressible as E1/4 — |3/4 (see Prop. 10.74), are the positive roots of the quartic z% — 2k A+k)z2+k(1-K2=0.

AN
‘Edv 800 péoon duvduel uévov cUPUETEOL cUVTEVEOL
péoov mepiéyovoat, 1 6An dhoyoc éoty, xohelofw 8¢ Ex
800 Péowv dueTépa.

E Z

Yuyxelotwoay yae 500 péoat duvduel LOVoV GOUUETEOL
ai AB, BI' péoov nepiéyovoor héyw, 6t hoyoc Eotv 1)

Proposition 38

If two medial (straight-lines), commensurable in square
only, which contain a medial (area), are added together
then the whole (straight-line) is irrational—let it be
called a second bimedial (straight-line).

A B ¢
D H G
E F

For let the two medial (straight-lines), AB and BC,
commensurable in square only, (and) containing a medial
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AT.

"Exxeloto yop oy | AE, xol t6 dno tiic AL {foov napda
v AE noapofefinodw 10 AZ nidtoc nowolv v AH. xal
gnel 1o ano tfic Al Toov €oti toic te dno tév AB, BT %ol w6
B¢ Umo tav AB, BT, nopafeBhiodw 81 toic ano tév AB,
BI' napd v AE loov 10 E©- Aownov dpa 10 OZ loov éotl
6 Sl¢ Umo v AB, BI'. xal énel péon éotlv éxatépa &Y
AB, BI', péoa dpo éoti xal t& dno tév AB, BI'. péoov ¢
Dndxertan xol T0 S Uno @V AB, BI'. ol €0t Toic pév dmo
t6v AB, BT Toov 10 EO, 16 bt dic uno tév AB, BI loov
10 ZO- yéoov dpa Exdtepov 6V EO, OZ. xal mapd entny
v AE nopdxettan pnt dpo €otiv exatépa v AO, OH
xal dobupetpog tff AE prxet. énel olv doluyetpdc Eotiv 1)
AB =i BI urxet, xal €otv o¢ ) AB npoc v BT, obtwe 10
ano tfic AB npog 10 bno @y AB, BI', dobupetpov dpa éotl
10 &no tiic AB 16 Ono t@v AB, BI'. dAAd 16 pév dno tiic
AB clpyetpév €oTL 10 ouyxelpevov €x @V dno tév AB,
BT tetpaydvwy, 16 8¢ bro tév AB, BT olpyetpdy Eot 10
dic bro t@v AB, BI'. dobuyetpov pa €oTl 1O cuyxelyevoy
&x tedv ano v AB, BT 16 dic Ono t@év AB, BI'. d\ia
Tolc pev ano tév AB, BI loov éoti 10 EO, 16 8¢ dic Ono
v AB, BI loov éotl 10 ©Z. dolupetpov dpa éotl 0 EO
6 O©Z° dote xol ) AO tfj OH éotv dobuuetpoc urxet. ol
A®, OH dpa pntal elol duvduel uévov cOPPETEOL. GBOTE 1
AH dhoyoc éotv. pnn 8¢ 1} AE- 16 8¢ Uno dhdyou xal
pntiic mepleyduevov dpdoydviov dhoyoy Eotiv: dhoyov dpa
g0l O AZ ywpiov, xal | duvopévn [adto] 8hoyoc Eotuv.
dUvatan 8¢ 10 AZ 7y AT dhoyog dpa éotiv ) AT, xokeiodw
0¢ éx B0 uéowv deutépa. Omep el BETE L.

t Literally, “second from two medials”.

(area), be laid down together [Prop. 10.28]. I say that
AC is irrational.

For let the rational (straight-line) DFE be laid down,
and let (the rectangle) DF, equal to the (square) on
AC, have been applied to DF, making DG as breadth
[Prop. 1.44]. And since the (square) on AC is equal to
(the sum of) the (squares) on AB and BC, plus twice
the (rectangle contained) by AB and BC' [Prop. 2.4], so
let (the rectangle) EH, equal to (the sum of) the squares
on AB and BC, have been applied to DE. The remain-
der HF is thus equal to twice the (rectangle contained)
by AB and BC. And since AB and BC are each me-
dial, (the sum of) the squares on AB and BC is thus also
medial.? And twice the (rectangle contained) by AB and
BC was also assumed (to be) medial. And EH is equal
to (the sum of) the squares on AB and BC, and FH (is)
equal to twice the (rectangle contained) by AB and BC.
Thus, FH and HF (are) each medial. And they were ap-
plied to the rational (straight-line) DE. Thus, DH and
HG are each rational, and incommensurable in length
with DE [Prop. 10.22]. Therefore, since AB is incom-
mensurable in length with BC, and as AB is to BC, so
the (square) on AB (is) to the (rectangle contained) by
AB and BC [Prop. 10.21 lem.], the (square) on AB is
thus incommensurable with the (rectangle contained) by
AB and BC [Prop. 10.11]. But, the sum of the squares
on AB and BC is commensurable with the (square) on
AB [Prop. 10.15], and twice the (rectangle contained) by
AB and BC is commensurable with the (rectangle con-
tained) by AB and BC [Prop. 10.6]. Thus, the sum of the
(squares) on AB and BC' is incommensurable with twice
the (rectangle contained) by AB and BC' [Prop. 10.13].
But, FH is equal to (the sum of) the squares on AB and
BC, and HF is equal to twice the (rectangle) contained
by AB and BC. Thus, EH is incommensurable with
HF. Hence, DH is also incommensurable in length with
HG [Props. 6.1, 10.11]. Thus, DH and HG are ratio-
nal (straight-lines which are) commensurable in square
only. Hence, DG is irrational [Prop. 10.36]. And DF (is)
rational. And the rectangle contained by irrational and
rational (straight-lines) is irrational [Prop. 10.20]. The
area DF is thus irrational, and (so) the square-root [of
it] is irrational [Def. 10.4]. And AC is the square-root
of DF. AC is thus irrational—let it be called a second
bimedial (straight-line).® (Which is) the very thing it was
required to show.

t Since, by hypothesis, the squares on AB and BC are commensurable—see Props. 10.15, 10.23.

§ Thus, a second bimedial straight-line has a length expressible as k'/4 4 k’1/2 /k1/4, The second bimedial and the corresponding second apotome
of a medial, whose length is expressible as k'/4 — k’1/2 /k1/4 (see Prop. 10.75), are the positive roots of the quartic z* — 2 [(k + k') /vVk] 22 +
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[(k—k")2/k] = 0.
XA
"Edv 800 etdelon duvdpel dodupetpol cuvtediol notobc-
oL TO YEV OLUYXEUEVOY EX TGV AT aOTEY TETEAYWVRY ENTOV,
10 & O adT&Y pé€oov, 1 O eddelo dhoyoc Eatiy, xohelodw
0¢ petlwv.

A B r

Yuyxeiodwoav yap 800 eddeion duvduel doLpUeTEoL ol
AB, BT nowboo t& npoxeipevar Aéyw, 6Tt hoyog Eotv 1)
AT

‘Enel yap t0 Ono v AB, BI' yéoov éotly, xal 10 dig
[8pa] OO tésv AB, BT péoov Eotiv. 10 8¢ cuyxelpevoy &x
v dno v AB, BI' pntév: dobypetpov dpa €otl 10 dlg
Ono v AB, BI' 18 ouyxewéve éx tév ano v AB, BI™
&ote xol té 6no v AB, BI' yeta 1ol Sic Uno tév AB, BT,
onep €otl 10 ano tiic AL, dobupetpdy €0TL TG CUYXEWEVE
Ex 6V ano v AB, BI' [prtov 8¢ 10 cuyueipyevov éx tév
&mo tév AB, BT dhovov 8pa éott 10 dnd tfic Al dote
xal ) AT dhoyde eoty, xaheloVw O¢ pellwv. 6mep €8e
OeiEan.

Proposition 39

If two straight-lines (which are) incommensurable in
square, making the sum of the squares on them rational,
and the (rectangle contained) by them medial, are added
together then the whole straight-line is irrational—let it
be called a major (straight-line).

A B C

For let the two straight-lines, AB and BC, incommen-
surable in square, and fulfilling the prescribed (condi-
tions), be laid down together [Prop. 10.33]. I say that
AC is irrational.

For since the (rectangle contained) by AB and BC'is
medial, twice the (rectangle contained) by AB and BC
is [thus] also medial [Props. 10.6, 10.23 corr.]. And the
sum of the (squares) on AB and BC (is) rational. Thus,
twice the (rectangle contained) by AB and BC' is incom-
mensurable with the sum of the (squares) on AB and
BC [Def. 10.4]. Hence, (the sum of) the squares on AB
and BC, plus twice the (rectangle contained) by AB and
BC—that is, the (square) on AC [Prop. 2.4]—is also in-
commensurable with the sum of the (squares) on AB and
BC [Prop. 10.16] [and the sum of the (squares) on AB
and BC (is) rational]. Thus, the (square) on AC is irra-
tional. Hence, AC is also irrational [Def. 10.4]—let it be
called a major (straight-line)." (Which is) the very thing
it was required to show.

 Thus, a major straight-line has a length expressible as \/[1 +k/(1+E2)1/2]/2 4 \/[1 — k/(1 + k2)1/2]/2. The major and the corresponding

minor, whose length is expressible as \/[1 +k/(1+k2)1/2]/2 — \/[1 — k/(1 + k2)1/2]/2 (see Prop. 10.76), are the positive roots of the quartic

ot — 222 + k2/(1+k?) =0.

,
P, .

Edv 800 eddeion duvdpel dolpuetpol ouvtediol mtotolc-
oL TO PEV GUYXE(UEVOY €X TEY AT AOTEY TETEUYOVWY HECOY,
T0 8" LT abTEV ENTOV, 1) OAN LVl GhoY o EaTLy, xaheloVw
Ot ENTOV ol HECOV DUVAUEVT).

A B r

YuyxeioVwoay yap 800 eddeion duvdpel dodpueTpol ol
AB BF o~ A 7 . z 4 7 7 2. 4

, nololoo & npoxelpevar Ayw, &tL FAoYOS EGTWY 1
AT

‘Emel yop t0 ovyxelyevov éx tév ano v AB, BI
péoov €otly, 10 8¢ B¢ Uno tév AB, BI' ¢ntév, dolbuuetpov
Bpa €oTl TO ouyxelyevov éx @V dno v AB, BI' 16 dig

Proposition 40

If two straight-lines (which are) incommensurable
in square, making the sum of the squares on them
medial, and the (rectangle contained) by them ratio-
nal, are added together then the whole straight-line is
irrational—let it be called the square-root of a rational
plus a medial (area).

A B C

For let the two straight-lines, AB and BC, incommen-
surable in square, (and) fulfilling the prescribed (condi-
tions), be laid down together [Prop. 10.34]. I say that
AC is irrational.

For since the sum of the (squares) on AB and BC is
medial, and twice the (rectangle contained) by AB and
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0o w6V AB, BI' dote %ol 10 ano tfic Al dobypetpdv €0t
6 dic bmo tesv AB, BI'. gntov 8¢ 10 dic uno tesv AB, BI™
&hoyov dpo t0 &no thic Al dhoyoc dpa ) AT, xakeloVw B¢
eNTOV %ol Yooy Suvouévn. 6mep Edel del€au.

T Thus, the square-root of a rational plus a medial (area) has a length expressible as \/[(1 +ED)Y2 4 k)21 + kz)}-i-\/[(l +k2)1/2 — K)/[2(1 + k2))].
This and the corresponding irrational with a minus sign, whose length is expressible as \/[(1 +E)V2 4 k)/[2(1 + k2)]- \/[(1 +k2)1/2 — k] /[2(1 + k2)]

BC (is) rational, the sum of the (squares) on AB and
BC is thus incommensurable with twice the (rectangle
contained) by AB and BC. Hence, the (square) on AC
is also incommensurable with twice the (rectangle con-
tained) by AB and BC [Prop. 10.16]. And twice the
(rectangle contained) by AB and BC' (is) rational. The
(square) on AC (is) thus irrational. Thus, AC (is) irra-
tional [Def. 10.4]—let it be called the square-root of a
rational plus a medial (area).! (Which is) the very thing
it was required to show.

(see Prop. 10.77), are the positive roots of the quartic * — (2/v/1 + k2) 22 + k2 /(1 + k2)2 = 0.

o',

Edv 800 eddeion duvdpel dolpuetpol ouvtediol totolc-
oL TO T OLYXEIPEVOY EX TEV A’ ADTEHY TETPAYDOVWY HECOV
xal TO U adTESY Y€oov xal ETL ACUUUETEOV TGS CUYXEWWEVY
Ex TGSV Am’ aUTEY TETPAYWVWY, N OAn eb¥ela dhoyoe EoTly,
xaheloVw Be 5o péoo Buvopév.
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YuyxeioVwoay yap 800 eddeion duvdpel dodpueTpol ol
AB, BI' nowbtoo & npoxeipevar Aéyw, étt 1} AL dhoyoc
EOTWV.

‘Exxeloto ontn A AE, xal napafefinodo topd v AE
Tolc pev ano v AB, BT Toov 10 AZ, 16 8¢ dic Ono 6y
AB, BI' Toov 10 HO" éhov dpa 10 A®O ioov éoti ¢ dno
tfic AT' tetpaydve. xol énel péoov €oti 10 ouyxelpevoy
éx eV ano v AB, BT, xai éotwv loov 16 AZ, yéocov dpa
gotl xol 10 AZ. xai mopd pntiv v AE napdxeiton ont)
Gpa éotiv ) AH xol dovppetpoc tf] AE urxel. dud to adtd
on xal ) HK o1t ot xal dobupetpog tf] HZ, toutéot T
AE, pyfxet. xol €nel dolypeted €otl & dnd v AB, BI'
6 Ol bno v AB, BT, doluuetpdv éot 10 AZ w3 HO-

Proposition 41

If two straight-lines (which are) incommensurable in
square, making the sum of the squares on them me-
dial, and the (rectangle contained) by them medial, and,
moreover, incommensurable with the sum of the squares
on them, are added together then the whole straight-line
is irrational—let it be called the square-root of (the sum
of) two medial (areas).

K H
A.-

G F
B.-
C- D E

For let the two straight-lines, AB and BC, incommen-
surable in square, (and) fulfilling the prescribed (condi-
tions), be laid down together [Prop. 10.35]. I say that
AC is irrational.

Let the rational (straight-line) DF be laid out, and let
(the rectangle) DF', equal to (the sum of) the (squares)
on AB and BC, and (the rectangle) GH, equal to twice
the (rectangle contained) by AB and BC, have been ap-
plied to DE. Thus, the whole of DH is equal to the
square on AC [Prop. 2.4]. And since the sum of the
(squares) on AB and BC is medial, and is equal to DF/,
DF is thus also medial. And it is applied to the rational
(straight-line) DE. Thus, DG is rational, and incommen-
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&ote xal | AH tf] HK dotpuetpdc éotiv. %ol eiot pntal- ai
AH, HK dpa pnral eiot duvdper pévov cbppetpol: dhoyog
Gpa eotiv /) AK 1) xahoupévn éx 800 Gvoudtwy. Nt 8¢ 1)
AE- &\oyov dpa éoti 106 AO ol 1 Suvapévn adtod dhoyoc
gotv. d0vaton 8¢ T OA f AL &hoyoc dpa éotiv N AT,
xahelofw B¢ S0 uéoo duvopévn. dnep €del delo.

surable in length with DF [Prop. 10.22]. So, for the same
(reasons), GK is also rational, and incommensurable in
length with GF—that is to say, DE. And since (the sum
of) the (squares) on AB and BC is incommensurable
with twice the (rectangle contained) by AB and BC,
DF is incommensurable with GH. Hence, DG is also in-
commensurable (in length) with GK [Props. 6.1, 10.11].
And they are rational. Thus, DG and GK are rational
(straight-lines which are) commensurable in square only.
Thus, DK is irrational, and that (straight-line which is)
called binomial [Prop. 10.36]. And DFE (is) rational.
Thus, DH is irrational, and its square-root is irrational
[Def. 10.4]. And AC (is) the square-root of HD. Thus,
AC is irrational—Ilet it be called the square-root of (the
sum of) two medial (areas)." (Which is) the very thing it
was required to show.

T Thus, the square-root of (the sum of) two medial (areas) has a length expressible as k/1/4 (\/[1 +k/(1+Kk2)1/2]/2 4+ \/[1 —k/(1+ k2)1/2}/2) .

This and the corresponding irrational with a minus sign, whose length is expressible as k’1/4 (\/[1 +k/(14E2)1/2]/2 — \/[1 —k/(1+ k2)1/2}/2)

(see Prop. 10.78), are the positive roots of the quartic z* — 2k/1/2 22 + k' k2/(1 + k2) = 0.

Afjupo.
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‘Exxeloto eddela § AB xol tetproto 1 6An eic dvioa
xad” Exdrepov v I', A, Onoxelodw 8¢ peilwv | AT tiic
AB- My, 6u ta ano v AT, I'B peilovd éot t@v dmo
v AA, AB.

Tetufodw yop H AB Siya xotd 16 E. xol énel pellwyv
gotlv ) AT tfic AB, xown dgnerode /| AL houtt) dpa /) AA
howniic tfic I'B pellwyv éotiv. Ton 8¢ ) AE tf] EB- éhdttov
Gpa ) AE tfic EI'" wa I'; A dpa onuela ovx foov dnéyouot
Tfic diyotoulac. xal énel to Uno v AL, I'B yetd tol dmo
tfic EI" Toov éotl 1 ano tiic EB, dAAd unv xail 10 Onod tév
AA, AB petd 100 dnd AE Tloov éotl 16 anod tfic EB, 10
Gpa Oo v AT, I'B peta tob ano tiic EI Toov éotl 3
Ono v AA, AB petd tob ano tiic AE- &v 10 dno tiic
AE &hacodv €ott 10U dnod tiic EI'" ol howndv dpo 6 U
t6v AT, I'B éhaccdyv éott Tob Uno t@év AA, AB. dote xol
70 dlc uno v AT, I'B éhaccdv eott tob dic Uno téY AA,
AB. xai howov pa 10 ouyxelpevov éx iy ano @SV AT,
I'B ueilov €oti 100 ouyxeévou éx t&v ano v AA, AB.
Omep Edel Bel€an.

Lemma

We will now demonstrate that the aforementioned
irrational (straight-lines) are uniquely divided into the
straight-lines of which they are the sum, and which pro-
duce the prescribed types, (after) setting forth the follow-
ing lemma.

A bDE ¢ B

Let the straight-line AB be laid out, and let the whole
(straight-line) have been cut into unequal parts at each
of the (points) C' and D. And let AC be assumed (to be)
greater than D B. I say that (the sum of) the (squares) on
AC and CB is greater than (the sum of) the (squares) on
AD and DB.

For let AB have been cut in half at F. And since AC is
greater than DB, let DC have been subtracted from both.
Thus, the remainder AD is greater than the remainder
CB. And AF (is) equal to EB. Thus, DF (is) less than
EC. Thus, points C' and D are not equally far from the
point of bisection. And since the (rectangle contained)
by AC and CB, plus the (square) on EC, is equal to the
(square) on E'B [Prop. 2.5], but, moreover, the (rectan-
gle contained) by AD and DB, plus the (square) on DF,
is also equal to the (square) on £ B [Prop. 2.5], the (rect-
angle contained) by AC and CB, plus the (square) on
EC, is thus equal to the (rectangle contained) by AD and
DB, plus the (square) on DE. And, of these, the (square)
on DF is less than the (square) on EC. And, thus, the
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remaining (rectangle contained) by AC and CB is less
than the (rectangle contained) by AD and DB. And,
hence, twice the (rectangle contained) by AC' and CB
is less than twice the (rectangle contained) by AD and
DB. And thus the remaining sum of the (squares) on AC
and CB is greater than the sum of the (squares) on AD
and DB." (Which is) the very thing it was required to
show.

t Since, AC2 + CB2 +2ACCB = AD?+ DB?+4+2ADDB = AB?2.

@/
‘H €x 500 6voudtwy xatd €v uévov ornueiov dloupeiton
elc T 6vopaTaL.

A A r B
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toU Sl¢ Uno v AL, I'B Swpéper ot péoa Svtar dmep
dtomov- yécov ydp péoou oly Lmepéyel ENTE.

Oty dpa 1) €x 800 6voudTwy xot dANO xal GANO onuciov
Sloupelton xad” Ev Gpo poévov- énep Edel BeTlou.

Proposition 42

A binomial (straight-line) can be divided into its (compo-
nent) terms at one point only.
C B

A D

Let AB be a binomial (straight-line) which has been
divided into its (component) terms at C. AC and C'B are
thus rational (straight-lines which are) commensurable
in square only [Prop. 10.36]. I say that AB cannot be
divided at another point into two rational (straight-lines
which are) commensurable in square only.

For, if possible, let it also have been divided at D, such
that AD and DB are also rational (straight-lines which
are) commensurable in square only. So, (it is) clear that
AC is not the same as DB. For, if possible, let it be (the
same). So, AD will also be the same as CB. And as
AC will be to CB, so BD (will be) to DA. And AB will
(thus) also be divided at D in the same (manner) as the
division at C'. The very opposite was assumed. Thus, AC
is not the same as DB. So, on account of this, points
C and D are not equally far from the point of bisection.
Thus, by whatever (amount the sum of) the (squares) on
AC and CB differs from (the sum of) the (squares) on
AD and DB, twice the (rectangle contained) by AD and
DB also differs from twice the (rectangle contained) by
AC and CB by this (same amount)—on account of both
(the sum of) the (squares) on AC and C B, plus twice the
(rectangle contained) by AC and CB, and (the sum of)
the (squares) on AD and DB, plus twice the (rectangle
contained) by AD and DB, being equal to the (square)
on AB [Prop. 2.4]. But, (the sum of) the (squares) on AC
and CB differs from (the sum of) the (squares) on AD
and DB by a rational (area). For (they are) both rational
(areas). Thus, twice the (rectangle contained) by AD
and DB also differs from twice the (rectangle contained)
by AC and CB by a rational (area, despite both) being
medial (areas) [Prop. 10.21]. The very thing is absurd.
For a medial (area) cannot exceed a medial (area) by a
rational (area) [Prop. 10.26].
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Thus, a binomial (straight-line) cannot be divided
(into its component terms) at different points. Thus, (it
can be so divided) at one point only. (Which is) the very
thing it was required to show.

T In other words, k + k'1/2 = k" + k’"’*/2 has only one solution: i.e., k" = k and k' = k'. Likewise, k'/2 + k'1/2 = k/"1/2 4 k//1/2 has only
one solution: i.e., k" = k and k"" = k' (or, equivalently, k" = k’ and k' = k).

7

MY

‘H €x 500 péowv mpdytn xod” Ev udvov ornueiov dlanpeltol.

A A r B

"Eotw éx 8o yéowv npotn 1) AB dinenuévn xatd to I,
&ote tac AN, I'B péoac €lvon duvdyel uévov cuuuétpoug
pnTov nepteyolous AMyw, 6Tt | AB xat’ dhho onueiov o
Bloupeiton.

El yop duvatov dineriode xol xatd 10 A, dGote xol Tae
AA, AB péoag elvon duvduel ubévov cUUUETEOUE PNTOV TE-
pleyovooc. Emel obv, ¢ dlagpépet 10 dl¢ bmo v AA, AB
toU di¢ Uno wav AT, I'B, 1001w dagpépel t& and tév AT,
I'B t&v anod v AA, AB, onté 8¢ Swpéper t0 dlc LTO
v AA, AB 100 dic Uno tev AL, I'B- pneat ydp dugpdtepar
ontdd oo dlapépel xal td dro t@sv AL, I'B @y dno tév
AA,; AB péoa évtar dnep dtomov.

Oux Gpa 1 €x 800 uéowv mpwTtn xat” Ao xol dAAo
onuelov dlaupeiton eic T 6vopatar xad” Ev dpa uévov: 6mep
€del deiou.

Proposition 43

A first bimedial (straight-line) can be divided (into its
component terms) at one point only."

A D C B

Let AB be a first bimedial (straight-line) which has
been divided at C, such that AC and CB are medial
(straight-lines), commensurable in square only, (and)
containing a rational (area) [Prop. 10.37]. I say that AB
cannot be (so) divided at another point.

For, if possible, let it also have been divided at D,
such that AD and DB are also medial (straight-lines),
commensurable in square only, (and) containing a ratio-
nal (area). Since, therefore, by whatever (amount) twice
the (rectangle contained) by AD and DB differs from
twice the (rectangle contained) by AC and C'B, (the sum
of) the (squares) on AC and CB differs from (the sum
of) the (squares) on AD and DB by this (same amount)
[Prop. 10.41 lem.]. And twice the (rectangle contained)
by AD and DB differs from twice the (rectangle con-
tained) by AC' and CB by a rational (area). For (they
are) both rational (areas). (The sum of) the (squares) on
AC and CB thus differs from (the sum of) the (squares)
on AD and DB by a rational (area, despite both) being
medial (areas). The very thing is absurd [Prop. 10.26].

Thus, a first bimedial (straight-line) cannot be divided
into its (component) terms at different points. Thus, (it
can be so divided) at one point only. (Which is) the very
thing it was required to show.

T In other words, k1/4 + k3/4 = k/1/4 4 k/3/4 has only one solution: i.e., k' = k.

uo’”.

‘H éx 80o péowv Seutépa xad” Ev ubdvov omueiov
Oloupeiton.

"Eotw éx 800 péowv deutépa 1) AB dinpnuévn xotd 1o
I, dote tac AT, I'B péoac givan duvdyel poévov cuuuéTpoug
péoov mepleyovoag: @avepov 81, 6Tt o I' obx ot xatd
tfic Buyotoplog, 6Tl oUX €lol uAxel cOUPETEOL. Aéyw, OTL 1)
AB xat’ dhho ornuelov ob Sroupeitou.

Proposition 44

A second bimedial (straight-line) can be divided (into
its component terms) at one point only."

Let AB be a second bimedial (straight-line) which
has been divided at C, so that AC and BC are medial
(straight-lines), commensurable in square only, (and)
containing a medial (area) [Prop. 10.38]. So, (it is) clear
that C is not (located) at the point of bisection, since (AC
and BC) are not commensurable in length. I say that AB
cannot be (so) divided at another point.
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El yap Suvatév, dinpRodn xol xatd to A, dote v
AT tfj AB pn glvou v adtiy, dAAa peilova xad” bnédeoty
v AT 8fjhov 8%, &L ol ta dnd v AA, AB, d¢ éndve
€det€apev, ENdooova @y ano tev A, I'B- xal tac AA, AB
péoag eivar SUVAUEL HOVOV CUUUETEOUS PHECOV TEPLEY0VTUG.
xai ExxeloVw pn N EZ, xai w6 pev ano tiic AB {oov noapd
v EZ nopohinidypoppov éptoyiviov napaBefAncdw to
EK, tol¢ 8¢ dno tésv AL, I'B Toov dgneriodw 1o EH- Aownov
Gpa t0 OK Toov éotl 16 dic bro tév AL, I'B. ndhwv 81 toic
ano v AA, AB, 8rep éNdocova €delydn t@v dno THY
AT, T'B, Toov dgpnerioden 10 EA- xol Aowmov dpa 1o MK
{oov 1 dic Uo v AA, AB. xoi énel péoo Eotl T& Ao
t&v AT, I'B, péoov dpa [xai] 10 EH. xai topd gnthv thy
EZ napdxeiton pnti) dpa €éotlv i EO ol dobupetpog tff EZ
ufxel. B ta odtd 81 xol ) ON pnT EoTL ol AoVUPETPOC
tfj EZ ufxel. xol émel ai AL, I'B péoau elol Suvdpel uévov
oUpPEeTEOL, dolupetpoc dpa Eotiv /) AT 11 I'B udxel. dc 8¢
N AT npoc v I'B, oltwe 16 dno tiic AL npoc to Onod tév
AT, I'B- dobuyetpov dpa €oti T0 dno tijc A’ 16 Uno tév
AT, I'B. d\Aa T8 pév ano tiic A" oOuuetpd €éott & dno tév
AT, I'B- duvdyet ydp eiol obupetpot ai ALY, I'B. 6 8¢ Uno
v AT, I'B olppetpdv ot 10 dig bro tév AT, I'B. xal &
ano v AL, I'B dpo dolppetpd €0t 6 dic Und @y AT,
I'B. d\\& toic pev éno w@v AL, I'B loov éotl 10 EH, 6 0¢
Olc Umo v AL, I'B Toov 10 OK: dobupetpov dpa 0Tl 10
EH 16 K- &ote xal } EO 1f] ON doluuetpdc Eotl unxeL.
xai eiow pntals ai EO, ON dpa ¢ntal ciot duvduer uévov
GUUUETEOL. €AV BE BUO ENTOl BUVAUEL UOVOV CUUHIETEOL CUV-
ted&oly, 1 6An EhoyYoC EOTV 1) XahoUPEVYY €x BUO dVOoUdTOV"
N EN dpa éx 500 dvoudtev ol Binenuévn xatd 16 ©. xatd
o a0t O Beydnroovtoan xal o EM, MN gnral Suvdpet
uévov olppetpol xal €otar ) EN éx 80o dvopdtwv xat’
Ghho xol Ghho Binenuévn T6 e O %ol 0 M, xol oUx EoTiv
N EO© tfi MN 7 adty}, &t t& ano wésv AL, I'B yeilovd éott
eV ano v AA, AB. dAA& t& &no @y AA, AB pellovd
gott 00 dlc o AA, AB- noAG dpo xol t& dno v Al
I'B, toutéon to EH, peilév éott 100 dic Uno tév AA, AB,
toutéott 100 MK dote xol ) E© tiic MN pellwv éotiv. 7
Gpo EO© tij MN oVx Eotiv 1} a0t Omep Edet SeTlou.

A D € B
E M _H N
F L G K

For, if possible, let it also have been (so) divided at
D, so that AC is not the same as DB, but AC (is),
by hypothesis, greater. So, (it is) clear that (the sum
of) the (squares) on AD and DB is also less than (the
sum of) the (squares) on AC and CB, as we showed
above [Prop. 10.41 lem.]. And AD and DB are medial
(straight-lines), commensurable in square only, (and)
containing a medial (area). And let the rational (straight-
line) EF be laid down. And let the rectangular paral-
lelogram E'K, equal to the (square) on AB, have been
applied to EF. And let EG, equal to (the sum of) the
(squares) on AC and CB, have been cut off (from FK).
Thus, the remainder, H K, is equal to twice the (rectan-
gle contained) by AC and CB [Prop. 2.4]. So, again,
let EL, equal to (the sum of) the (squares) on AD and
D B—which was shown (to be) less than (the sum of) the
(squares) on AC and C' B—have been cut off (from FK).
And, thus, the remainder, M K, (is) equal to twice the
(rectangle contained) by AD and DB. And since (the
sum of) the (squares) on AC and CB is medial, EG
(is) thus [also] medial. And it is applied to the ratio-
nal (straight-line) FF. Thus, FH is rational, and incom-
mensurable in length with EF [Prop. 10.22]. So, for the
same (reasons), HN is also rational, and incommensu-
rable in length with EF. And since AC and CB are me-
dial (straight-lines which are) commensurable in square
only, AC is thus incommensurable in length with CB.
And as AC (is) to CB, so the (square) on AC (is) to the
(rectangle contained) by AC and C'B [Prop. 10.21 lem.].
Thus, the (square) on AC is incommensurable with the
(rectangle contained) by AC and C'B [Prop. 10.11]. But,
(the sum of) the (squares) on AC and C'B is commensu-
rable with the (square) on AC. For, AC and C'B are com-
mensurable in square [Prop. 10.15]. And twice the (rect-
angle contained) by AC and C'B is commensurable with
the (rectangle contained) by AC and C'B [Prop. 10.6].
And thus (the sum of) the squares on AC and CB is in-
commensurable with twice the (rectangle contained) by
AC and CB [Prop. 10.13]. But, EG is equal to (the sum
of) the (squares) on AC and C'B, and H K equal to twice
the (rectangle contained) by AC and CB. Thus, EG is
incommensurable with HK. Hence, FH is also incom-
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mensurable in length with HN [Props. 6.1, 10.11]. And
(they are) rational (straight-lines). Thus, EH and HN
are rational (straight-lines which are) commensurable in
square only. And if two rational (straight-lines which
are) commensurable in square only are added together
then the whole (straight-line) is that irrational called bi-
nomial [Prop. 10.36]. Thus, EN is a binomial (straight-
line) which has been divided (into its component terms)
at H. So, according to the same (reasoning), FM and
M N can be shown (to be) rational (straight-lines which
are) commensurable in square only. And EN will (thus)
be a binomial (straight-line) which has been divided (into
its component terms) at the different (points) H and M
(which is absurd [Prop. 10.42]). And E'H is not the same
as M N, since (the sum of) the (squares) on AC and CB
is greater than (the sum of) the (squares) on AD and
DB. But, (the sum of) the (squares) on AD and DB is
greater than twice the (rectangle contained) by AD and
DB [Prop. 10.59 lem.]. Thus, (the sum of) the (squares)
on AC and C B—that is to say, EG—is also much greater
than twice the (rectangle contained) by AD and DB—
that is to say, M K. Hence, FH is also greater than M N
[Prop. 6.1]. Thus, FH is not the same as M N. (Which
is) the very thing it was required to show.

1 In other words, k1/4 4+ k/1/2 /k1/4 = //1/4 4 |/"1/2 //"1/4 has only one solution: i.e., k¥ = k and k" = k'.

7

ME .

‘H peilov xatd 10 adtd uévov onueiov dionpeltot.

A A r B

"Eoto yeilov 1) AB dupenpévn xota to I, dote tac AT,
I'B Suvdipet dovppéteous givat totodoas T0 UEV CUYXEUEVOY
&x 6y ano v Al I'B tetpaydvev gntdv, to & 0Ono
v AL, I'B péoov: Myw, 6t | AB xat” dhho onueiov
oV Blonpeitol.

El yop Suvotdy, dinpriodw xol xatd to A, dHote xol
tac AA, AB Suvdper dovupétpous eivan Tolovoas TO YEV
ouyxelpevov éx t@v ano v AA, AB gntdy, 10 § O’
a0TeY péoov. xol émel, & diagépet t& dno tév AL, I'B tév
ano v AA, AB, to0tw dupépel xal O dig o TEV AA,
AB 10b dic Uno v AT, I'B, dAh& & dno tév AT, T'B
TV ano v AA, AB Unepéyel pntéy pnta Yo Supotepar
%ol o Ol Umo v AA, AB dpa tod dlc Uno t@év AL, I'B
Unepéyel oNtd péoa dvtar Omep €0Tiv GBUVATOV. 0UX Jpot 1)
pellwyv xat” dhho xal dAho onuelov dlanpelton xotd TO o0TO
por uovov droupeitan: Omep Edet Sei&ou.

Proposition 45

A major (straight-line) can only be divided (into its
component terms) at the same point. T

A D C B

Let AB be a major (straight-line) which has been di-
vided at C, so that AC and C'B are incommensurable in
square, making the sum of the squares on AC and CB
rational, and the (rectangle contained) by AC and C'D
medial [Prop. 10.39]. I say that AB cannot be (so) di-
vided at another point.

For, if possible, let it also have been divided at D, such
that AD and DB are also incommensurable in square,
making the sum of the (squares) on AD and DB ratio-
nal, and the (rectangle contained) by them medial. And
since, by whatever (amount the sum of) the (squares) on
AC and CB differs from (the sum of) the (squares) on
AD and DB, twice the (rectangle contained) by AD and
DB also differs from twice the (rectangle contained) by
AC and CB by this (same amount). But, (the sum of)
the (squares) on AC and CB exceeds (the sum of) the
(squares) on AD and DB by a rational (area). For (they
are) both rational (areas). Thus, twice the (rectangle
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contained) by AD and DB also exceeds twice the (rect-
angle contained) by AC and C'B by a rational (area),
(despite both) being medial (areas). The very thing is
impossible [Prop. 10.26]. Thus, a major (straight-line)
cannot be divided (into its component terms) at differ-
ent points. Thus, it can only be (so) divided at the same
(point). (Which is) the very thing it was required to show.

 In other words, /[1+ /(1 +k2)1/2)/2 + /[ = k/(1 + k2)1/2]/2
solution: i.e., k' = k.

us.
‘H gnrov ol yéoov duvauévn xad” Ev udvov onueiov

Sloupeitat.
A A r B

"Eotw pntov xal yécov duvapévn | AB Binpnuévn xatd
10 I, dote tac AL, I'B duvdyer douuuétpoug elvar notoloog
TO UEv ouyxelyevov éx t@v ano v AL, I'B péoov, 10 8¢
dlc Umo v AL, I'B pntév: Myw, 6u | AB xat” dio
onueiov oL Blanpeltol.

El yap duvatdy, dineriodw xal xatd 10 A, dote xal
tac AA, AB Suvdpel dovypétpous eivan Tolovoag TO YEV
ouyxeipevov éx @y ano v AA, AB péoov, 1o 8¢ dic
Ono v AA, AB pntédv. émet obv, & Sagépet T dic Lo
v AT, I'B 10D dic Ono t@v AA, AB, toUtw Slopépet xal
Td 4o v AA, AB tév ano tédv AT, I'B, 10 8¢ dic Unto
v A", I'B 100 dic bno tédv AA, AB Unepéyel pntéd, xal
T 6no v AA, AB dpa @y ano t@v AT, I'B Unepéyet
eNtes oo Ovtor Omep €oTlv AdUVATOV. oLX Spa 1 ENTOV
xal p€oov duvauévn xat’ dAlo xal dAAo ornuelov BlatpelTol.
xatd v dpa onuelov droupeiton dmep Edel deléan.

= \/[L+ B/(U+R2)1/2]/2 + /[1 = &/(1 + k2)1/2] /2 has only one

Proposition 46

The square-root of a rational plus a medial (area) can be
divided (into its component terms) at one point only.

A D C B

Let AB be the square-root of a rational plus a medial
(area) which has been divided at C, so that AC and CB
are incommensurable in square, making the sum of the
(squares) on AC and C'B medial, and twice the (rectan-
gle contained) by AC and CB rational [Prop. 10.40]. I
say that AB cannot be (so) divided at another point.

For, if possible, let it also have been divided at D, so
that AD and DB are also incommensurable in square,
making the sum of the (squares) on AD and DB medial,
and twice the (rectangle contained) by AD and DB ra-
tional. Therefore, since by whatever (amount) twice the
(rectangle contained) by AC and CB differs from twice
the (rectangle contained) by AD and DB, (the sum of)
the (squares) on AD and DB also differs from (the sum
of) the (squares) on AC and CB by this (same amount).
And twice the (rectangle contained) by AC and CB ex-
ceeds twice the (rectangle contained) by AD and DB by
a rational (area). (The sum of) the (squares) on AD and
DB thus also exceeds (the sum of) the (squares) on AC
and C'B by a rational (area), (despite both) being medial
(areas). The very thing is impossible [Prop. 10.26]. Thus,
the square-root of a rational plus a medial (area) cannot
be divided (into its component terms) at different points.
Thus, it can be (so) divided at one point (only). (Which
is) the very thing it was required to show.

 In other words, \/[(1 + k2)1/2 + k]/[2 (1 + k2)] + \/[(1 + K2)1/2 — K]/[2(1 + B2)] = /[(1 + K2)1/2 + K)/[2 (1 + &'2)]

+\/[(1 + k/2)1/2 — k’]/[2 (1 + k’2)] has only one solution: ie., k' = k.

pe’

‘H 800 péoa Suvapévn xad” Ev poévov onuciov dlapeltol.

Proposition 47

The square-root of (the sum of) two medial (areas)
can be divided (into its component terms) at one point

only.f
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"Eotw [BVo yéoa Suvauévn] | AB Sinenuévn xatd to
I, dote tac AT, I'B Suvdpel dovupétpous elvon motoloog
6 1€ ovyxelpevov éx eV dno v AL, I'B péoov xol 10
Ono ey ALY, I'B péoov xal €Tt Go0UUETPOY T6 GUYXEWMEVE
Ex BV A’ adTdBy. Aéyw, 6t | AB xat” dAho onueiov od
Bloupeiton motoboo T& mpoxelueva.

El ydp duvatdy, dinpriodw xatd 1o A, dote ndhv 8-
hovot v AL tff AB pn elvon v adtiy, dhka pellova
xad” bnddeoty v AT, xal éxxelodw gnt) | EZ, xol nogo-
BePAotn mapd v EZ toic pév ano v AT, I'B ioov 10
EH, 1% 8¢ dlc Uno v AT, I'B Toov 16 ©K- élov dpa 10
EK Toov éotl 16 anod tfic AB tetpay®dve. mdhwv 8 mogo-
BePAotn nopd v EZ tolc and tév AA, AB ioov 160 EA-
ooy dpar T0 Blg Uo v AA, AB hownd 16 MK ioov
gotiv. xal £nel p€oov UTOXELTOL TO GUYXEINEVOY EX TGV ATO
v AT, I'B, yéoov dpa éott xol 0 EH. xai mopd gnthy myv
EZ noapdxeitar: onth Spa €otiv 1) OE xal aodupetpoc 1 EZ
urxel. B ta oot 81 xol ) ON oNTH E0TL ol AGVPUETEOC
tf] EZ pnxel. ol énel dobupetpdv €0t 1O ouyxelyevov
&x T@v ano v AT, I'B 16 dic bno tév AT, I'B, xal 1o
EH dpa 16 HN dobuuetpdy éotiv: dHote xal 1 EO tfj ON
aoluPETEOC EoTiv. xaf ciot prtal- ol EO, ON dpa pnrai cio
duvdpel wévov oclppeteor 1 EN doa €x 800 dvoudtev €oti
Binenuévn xatd o ©. opolwe o1 dellouev, 6Tl xal xotd O
M Bujenton. xol oOx €otv /i EO ] MN 1 adtyy" 1) dpat €x 800
6voudTwy %ot dhho xal dAlo ornuelov dijenton: émep Eotlv
dromov. obx dpa 1) 800 Yoo BuVOPEVN xaT  GAAO ol dANO
onueiov diaupeiton xad” Ev Bpa uévov [onueiov] doupeita.
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Let AB be [the square-root of (the sum of) two me-
dial (areas)] which has been divided at C, such that AC
and C'B are incommensurable in square, making the sum
of the (squares) on AC and C'B medial, and the (rect-
angle contained) by AC and C' B medial, and, moreover,
incommensurable with the sum of the (squares) on (AC
and CB) [Prop. 10.41]. I say that AB cannot be divided
at another point fulfilling the prescribed (conditions).

For, if possible, let it have been divided at D, such that
AC is again manifestly not the same as DB, but AC (is),
by hypothesis, greater. And let the rational (straight-line)
E'F be laid down. And let EG, equal to (the sum of) the
(squares) on AC and CB, and HK, equal to twice the
(rectangle contained) by AC and C B, have been applied
to EF. Thus, the whole of FK is equal to the square on
AB [Prop. 2.4]. So, again, let E'L, equal to (the sum of)
the (squares) on AD and DB, have been applied to E'F.
Thus, the remainder—twice the (rectangle contained) by
AD and D B—is equal to the remainder, M K. And since
the sum of the (squares) on AC and C'B was assumed
(to be) medial, EG is also medial. And it is applied to
the rational (straight-line) FF. HF is thus rational, and
incommensurable in length with £F [Prop. 10.22]. So,
for the same (reasons), HN is also rational, and incom-
mensurable in length with FF. And since the sum of
the (squares) on AC and CB is incommensurable with
twice the (rectangle contained) by AC and CB, EG is
thus also incommensurable with GN. Hence, FH is also
incommensurable with HN [Props. 6.1, 10.11]. And
they are (both) rational (straight-lines). Thus, EH and
HN are rational (straight-lines which are) commensu-
rable in square only. Thus, EN is a binomial (straight-
line) which has been divided (into its component terms)
at H [Prop. 10.36]. So, similarly, we can show that it has
also been (so) divided at M. And EH is not the same as
MN. Thus, a binomial (straight-line) has been divided
(into its component terms) at different points. The very
thing is absurd [Prop. 10.42]. Thus, the square-root of
(the sum of) two medial (areas) cannot be divided (into
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its component terms) at different points. Thus, it can be
(so) divided at one [point] only.

 In other words, K"/4y/[1+ k/(1 + k2)1/2]/2 + K4\ /1 — k/(1+ k2)1/2] /2 = k714 L4 k(14 K72)1/2) /2
+k”’1/4\/[1 — k' /(1 + k'"2)1/2]/2 has only one solution: i.e., k" = k and k"' = k'.

“Opot debTeQOL.

e. "Troxewévne ontiic xol tfic éx 800 Ovoudtwy
Ounenuévne eic & Ovouata, fic tO ueilov Gvopa Tol
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onTh, xoheloVw [ 6An] Ex dVo Gvopdtwy TedT.
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&xxeévy entii, xakelotw Ex dVo dvopdtwy deutépa.
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‘Exxelodwoav d0o deduol ol AT, I'B, dote tov
ouyxeipevov €€ avtidv tov AB mpoc uev tov BI' Aéyov
Exewv, OV TeETPdYWVOS GpLduoc mpog TteTpdywvov dotdudy,
npog 8¢ tov I'A Adyov un €xew, Ov tetpdywvoc dorduoc
TpOC TETEAYWVOV Gptdudy, xol exxelodw Tic NN N A, xal
] A obuyetpoc Eotw wixer | EZ. gnu dpa €otl %ol
EZ. xai yeyovétw cc 6 BA dpuduoc mpog tov AT, obtec
0 &no tiic EZ npoc 16 dnd tfic ZH. 6 8¢ AB npog tov
AT Xoyov €yet, &v Gpriuog mpog Gerduodv: xal 1o dnod Tiic
EZ Gpo mpog 10 and tiic ZH Adyov Eyel, 6v dprduog npoc
Spuiudv: dote oLPYeTEdV €0t 10 ano Tfic EZ 6 and tijc

Definitions II

5. Given a rational (straight-line), and a binomial
(straight-line) which has been divided into its (compo-
nent) terms, of which the square on the greater term is
larger than (the square on) the lesser by the (square)
on (some straight-line) commensurable in length with
(the greater) then, if the greater term is commensurable
in length with the rational (straight-line previously) laid
out, let [the whole] (straight-line) be called a first bino-
mial (straight-line).

6. And if the lesser term is commensurable in length
with the rational (straight-line previously) laid out then
let (the whole straight-line) be called a second binomial
(straight-line).

7. And if neither of the terms is commensurable in
length with the rational (straight-line previously) laid out
then let (the whole straight-line) be called a third bino-
mial (straight-line).

8. So, again, if the square on the greater term is
larger than (the square on) [the lesser] by the (square)
on (some straight-line) incommensurable in length with
(the greater) then, if the greater term is commensurable
in length with the rational (straight-line previously) laid
out, let (the whole straight-line) be called a fourth bino-
mial (straight-line).

9. And if the lesser (term is commensurable), a fifth
(binomial straight-line).

10. And if neither (term is commensurable), a sixth
(binomial straight-line).

Proposition 48

To find a first binomial (straight-line).

Let two numbers AC and C B be laid down such that
their sum AB has to BC the ratio which (some) square
number (has) to (some) square number, and does not
have to C'A the ratio which (some) square number (has)
to (some) square number [Prop. 10.28 lem. I]. And let
some rational (straight-line) D be laid down. And let EF
be commensurable in length with D. E'F is thus also ra-
tional [Def. 10.3]. And let it have been contrived that as
the number BA (is) to AC, so the (square) on EF (is)
to the (square) on F'G [Prop. 10.6 corr.]. And AB has to
AC the ratio which (some) number (has) to (some) num-
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ber. Thus, the (square) on EF' also has to the (square)
on F'G the ratio which (some) number (has) to (some)
number. Hence, the (square) on EF is commensurable
with the (square) on F'G [Prop. 10.6]. And EF is ra-
tional. Thus, F'G (is) also rational. And since BA does
not have to AC the ratio which (some) square number
(has) to (some) square number, thus the (square) on EF
does not have to the (square) on F'G the ratio which
(some) square number (has) to (some) square number
either. Thus, F'F is incommensurable in length with FFG
[Prop 10.9]. E'F and F'G are thus rational (straight-lines
which are) commensurable in square only. Thus, EG is
a binomial (straight-line) [Prop. 10.36]. I say that (it is)
also a first (binomial straight-line).
D————— H—

E F G

A C B

For since as the number BA is to AC, so the (square)
on EF (is) to the (square) on FG, and BA (is) greater
than AC, the (square) on EF (is) thus also greater than
the (square) on F'G [Prop. 5.14]. Therefore, let (the sum
of) the (squares) on F'G and H be equal to the (square)
on FF. And since as BA is to AC, so the (square)
on EF (is) to the (square) on F'G, thus, via conver-
sion, as AB is to BC, so the (square) on EF (is) to the
(square) on H [Prop. 5.19 corr.]. And AB has to BC
the ratio which (some) square number (has) to (some)
square number. Thus, the (square) on E'F also has to
the (square) on H the ratio which (some) square number
(has) to (some) square number. Thus, E'F is commensu-
rable in length with H [Prop. 10.9]. Thus, the square on
EF is greater than (the square on) F'G by the (square)
on (some straight-line) commensurable (in length) with
(EF). And EF and F@G are rational (straight-lines). And
EF (is) commensurable in length with D.

Thus, EG is a first binomial (straight-line) [Def. 10.5]."
(Which is) the very thing it was required to show.

TIf the rational straight-line has unit length then the length of a first binomial straight-line is k& + k+/1 — k&’ 2. This, and the first apotome, whose
length is k — k /1 — k’2 [Prop. 10.85], are the roots of 22 — 2k + k2 k’2 = 0.

uv”.

Ebpelv thv €x 800 6voudtwy deutépay.

Proposition 49

To find a second binomial (straight-line).
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A C B

Let the two numbers AC and CB be laid down such
that their sum AB has to BC the ratio which (some)
square number (has) to (some) square number, and does
not have to AC the ratio which (some) square number
(has) to (some) square number [Prop. 10.28 lem. I]. And
let the rational (straight-line) D be laid down. And let
EF be commensurable in length with D. EF is thus a
rational (straight-line). So, let it also have been contrived
that as the number C A (is) to AB, so the (square) on EF
(is) to the (square) on F'G [Prop. 10.6 corr.]. Thus, the
(square) on E'F is commensurable with the (square) on
FG [Prop. 10.6]. Thus, F'G is also a rational (straight-
line). And since the number C' A does not have to AB
the ratio which (some) square number (has) to (some)
square number, the (square) on E'F' does not have to the
(square) on F'G the ratio which (some) square number
(has) to (some) square number either. Thus, EF is in-
commensurable in length with F'G [Prop. 10.9]. EF and
F'@G are thus rational (straight-lines which are) commen-
surable in square only. Thus, FG is a binomial (straight-
line) [Prop. 10.36]. So, we must show that (it is) also a
second (binomial straight-line).

For since, inversely, as the number BA is to AC, so
the (square) on GF (is) to the (square) on F'E [Prop. 5.7
corr.], and BA (is) greater than AC, the (square) on
GF (is) thus [also] greater than the (square) on FE
[Prop. 5.14]. Let (the sum of) the (squares) on EF and
H be equal to the (square) on GF. Thus, via conver-
sion, as AB is to BC, so the (square) on F'G (is) to the
(square) on H [Prop. 5.19 corr.]. But, AB has to BC
the ratio which (some) square number (has) to (some)
square number. Thus, the (square) on F'G also has to
the (square) on H the ratio which (some) square number
(has) to (some) square number. Thus, F'G is commensu-
rable in length with H [Prop. 10.9]. Hence, the square on
F'@G is greater than (the square on) F'E by the (square) on
(some straight-line) commensurable in length with (FG).
And FG and FE are rational (straight-lines which are)
commensurable in square only. And the lesser term EF
is commensurable in length with the rational (straight-
line) D (previously) laid down.

Thus, EG is a second binomial (straight-line) [Def.
10.6].T (Which is) the very thing it was required to show.

T If the rational straight-line has unit length then the length of a second binomial straight-line is k/v/1 — k’2 + k. This, and the second apotome,
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whose length is k/+/1 — k’2 — k [Prop. 10.86], are the roots of 22 — (2k/vV1 — k'2)z + k2 [k'2 /(1 — k'2)] = 0.
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Proposition 50

To find a third binomial (straight-line).

A C B

F G H

Let the two numbers AC and CB be laid down such
that their sum AB has to BC the ratio which (some)
square number (has) to (some) square number, and does
not have to AC the ratio which (some) square number
(has) to (some) square number. And let some other non-
square number D also be laid down, and let it not have
to each of BA and AC the ratio which (some) square
number (has) to (some) square number. And let some ra-
tional straight-line E' be laid down, and let it have been
contrived that as D (is) to AB, so the (square) on E
(is) to the (square) on F'G [Prop. 10.6 corr.]. Thus, the
(square) on E is commensurable with the (square) on
FG [Prop. 10.6]. And F is a rational (straight-line).
Thus, FG is also a rational (straight-line). And since
D does not have to AB the ratio which (some) square
number has to (some) square number, the (square) on
E does not have to the (square) on FG the ratio which
(some) square number (has) to (some) square number
either. F is thus incommensurable in length with F'G
[Prop. 10.9]. So, again, let it have been contrived that
as the number BA (is) to AC, so the (square) on F'G
(is) to the (square) on GH [Prop. 10.6 corr.]. Thus, the
(square) on F'G is commensurable with the (square) on
GH [Prop. 10.6]. And F'G (is) a rational (straight-line).
Thus, GH (is) also a rational (straight-line). And since
BA does not have to AC the ratio which (some) square
number (has) to (some) square number, the (square) on
F'G does not have to the (square) on HG the ratio which
(some) square number (has) to (some) square number
either. Thus, F'G is incommensurable in length with GH
[Prop. 10.9]. FG and GH are thus rational (straight-
lines which are) commensurable in square only. Thus,
F'H is a binomial (straight-line) [Prop. 10.36]. So, I say
that (it is) also a third (binomial straight-line).

For since as D is to AB, so the (square) on E (is)
to the (square) on F'G, and as BA (is) to AC, so the
(square) on F'G (is) to the (square) on GH, thus, via
equality, as D (is) to AC, so the (square) on E (is)
to the (square) on GH [Prop. 5.22]. And D does not
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have to AC the ratio which (some) square number (has)
to (some) square number. Thus, the (square) on E
does not have to the (square) on GH the ratio which
(some) square number (has) to (some) square number
either. Thus, F is incommensurable in length with GH
[Prop. 10.9]. And since as BA is to AC, so the (square)
on F'G (is) to the (square) on GH, the (square) on F'G
(is) thus greater than the (square) on GH [Prop. 5.14].
Therefore, let (the sum of) the (squares) on GH and
K be equal to the (square) on F'G. Thus, via conver-
sion, as AB [is] to BC, so the (square) on F'G (is)
to the (square) on K [Prop. 5.19 corr.]. And AB has
to BC the ratio which (some) square number (has) to
(some) square number. Thus, the (square) on FG also
has to the (square) on K the ratio which (some) square
number (has) to (some) square number. Thus, F'G [is]
commensurable in length with K [Prop. 10.9]. Thus,
the square on F'G is greater than (the square on) GH
by the (square) on (some straight-line) commensurable
(in length) with (FG). And F'G and GH are rational
(straight-lines which are) commensurable in square only,
and neither of them is commensurable in length with E.

Thus, FH is a third binomial (straight-line) [Def.
10.7].7 (Which is) the very thing it was required to show.

T If the rational straight-line has unit length then the length of a third binomial straight-line is £'/2 (1 + /1 — k’ 2). This, and the third apotome,
whose length is /2 (1 — v/1 — k’2) [Prop. 10.87], are the roots of 22 — 2k'/2 2 + kk'2 = 0.
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Proposition 51

To find a fourth binomial (straight-line).

B E G
Dt i H {
A C B

Let the two numbers AC and CB be laid down
such that AB does not have to BC, or to AC either,
the ratio which (some) square number (has) to (some)
square number [Prop. 10.28 lem. I]. And let the rational
(straight-line) D be laid down. And let EF be com-
mensurable in length with D. Thus, EF is also a ratio-
nal (straight-line). And let it have been contrived that
as the number BA (is) to AC, so the (square) on EF
(is) to the (square) on F'G [Prop. 10.6 corr.]. Thus, the
(square) on E'F is commensurable with the (square) on
F'G [Prop. 10.6]. Thus, F'G is also a rational (straight-
line). And since BA does not have to AC the ratio which
(some) square number (has) to (some) square numbet,
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the (square) on EF' does not have to the (square) on F'G
the ratio which (some) square number (has) to (some)
square number either. Thus, EF is incommensurable
in length with FG [Prop. 10.9]. Thus, EF and FG
are rational (straight-lines which are) commensurable
in square only. Hence, EG is a binomial (straight-line)
[Prop. 10.36]. So, I say that (it is) also a fourth (binomial
straight-line).

For since as BA is to AC, so the (square) on E'F (is) to
the (square) on F'G [and BA (is) greater than AC], the
(square) on E'F (is) thus greater than the (square) on F'G
[Prop. 5.14]. Therefore, let (the sum of) the squares on
FG and H be equal to the (square) on F'F'. Thus, via con-
version, as the number AB (is) to BC, so the (square) on
EF (is) to the (square) on H [Prop. 5.19 corr.]. And AB
does not have to BC' the ratio which (some) square num-
ber (has) to (some) square number. Thus, the (square) on
EF does not have to the (square) on H the ratio which
(some) square number (has) to (some) square number
either. Thus, EF is incommensurable in length with H
[Prop. 10.9]. Thus, the square on EF is greater than (the
square on) G'F by the (square) on (some straight-line) in-
commensurable (in length) with (EF). And EF and FG
are rational (straight-lines which are) commensurable in
square only. And EF' is commensurable in length with D.

Thus, FG is a fourth binomial (straight-line) [Def.
10.8].7 (Which is) the very thing it was required to show.

T If the rational straight-line has unit length then the length of a fourth binomial straight-line is & (1 4+ 1/+/T + &/). This, and the fourth apotome,
whose length is k (1 — 1/+/T + k’) [Prop. 10.88], are the roots of 22 — 2kx + k2 k’/(1 + k') = 0.

V3

Ebpeilv v éx 800 6voudtwy néuntny.

A r B

Exxeicdwoav 8o derduol ot ALY, I'B, dote tov AB
TEOC ExdTEpoY aUTEY AGYOV Un EXEly, OV TETPAYWVOGQ
SpLiuOg TPOC TETEAYWVOVY dptduoy, xol exxclotw enTh Tic
eblela /) A, xol tf] A obupetpoc €otw [uixel] f EZ- pnn
Gpa ) EZ. %ol yeyovétw b¢ 0 T'A npoc tov AB, obtwg 10
ano tfic EZ npoc 1o dno tiic ZH. 6 8¢ T'A npoc tov AB
AOYOV 00X ExEL, OV TETPdYWVOC GpLdUOC TEOC TETEAYWVOV
Sprdudv: 00dE 10 and tiic BEZ dpa mpog t6 ano tiic ZH Adyov
€xEL, OV TETPAYWVOC AELIHOC TEOC TETEAYWVOV dELdu6Y. ol

Proposition 52
To find a fifth binomial straight-line.

E F G
D i Ht |
A C B

Let the two numbers AC and C'B be laid down such
that AB does not have to either of them the ratio which
(some) square number (has) to (some) square number
[Prop. 10.38 lem.]. And let some rational straight-line
D be laid down. And let EF be commensurable [in
length] with D. Thus, EF (is) a rational (straight-
line). And let it have been contrived that as C A (is) to
AB, so the (square) on EF (is) to the (square) on F'G
[Prop. 10.6 corr.]. And C'A does not have to AB the ra-
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EZ, ZH &pa ontal clol duvduet pévov obuyetpol €x dLo
Gpa ovopdtwy éotiv ) EH. Aéyw 81|, 6T xal néumty.

‘Enel ydp éotv &¢ 6 T'A npodg tov AB, oltwe to dmo
tfic EZ mpoc 6 ano tiic ZH, davdmodv dc 6 BA npoc tov
AT, oltwwe 10 ano tiic ZH npoc 10 dnd tiic ZE- yeilov
Gpa o ano tiic HZ 1ol dnd tiic ZE. €otw olv 1 dno
tfic HZ Toa t& dno t@év EZ, ©- dvacteédavtt doa Eotlv G¢
6 AB dpriuoc npoc tov BIY, obtwe 10 dno tijc HZ npoc
T0 and tiic ©. 6 8¢ AB npoc tov BI' Adyov olx Eyet, Ov
TeTEdYWVOC derduodc Tpodg TeETEdYwVOoV dptdudy: 008 dea TO
ano tiic ZH npdg 1o ano tijc © Adyov €xel, OV TETRdY®VOCQ
Gpriuoc Tpog teTpdywvov dpLiudy. doluuetpos dpa EoTly
N ZH tjj © prixer dote ) ZH tfic ZE peilov 8Ovaton @
anod douupéteou €autf]. xal eiow ol HZ, ZE ¢ntal duvdpet
uévov cbpueteol, xal 10 EZ Elattov dvopa obppetpdy €0t
] Exxeévn i T A pixet.

‘H EH dpo €x 800 évoudtwy éotl néuntn émep Edel
det€au.

tio which (some) square number (has) to (some) square
number. Thus, the (square) on F'F does not have to the
(square) on F'G the ratio which (some) square number
(has) to (some) square number either. Thus, FF and
FG are rational (straight-lines which are) commensu-
rable in square only [Prop. 10.9]. Thus, EG is a binomial
(straight-line) [Prop. 10.36]. So, I say that (it is) also a
fifth (binomial straight-line).

For since as CA is to AB, so the (square) on EF
(is) to the (square) on F'G, inversely, as BA (is) to
AC, so the (square) on F'G (is) to the (square) on F'E
[Prop. 5.7 corr.]. Thus, the (square) on GF' (is) greater
than the (square) on F'E [Prop. 5.14]. Therefore, let
(the sum of) the (squares) on EF and H be equal to
the (square) on GF. Thus, via conversion, as the number
AB is to BC, so the (square) on GF (is) to the (square)
on H [Prop. 5.19 corr.]. And AB does not have to BC
the ratio which (some) square number (has) to (some)
square number. Thus, the (square) on F'G does not have
to the (square) on H the ratio which (some) square num-
ber (has) to (some) square number either. Thus, FG is
incommensurable in length with H [Prop. 10.9]. Hence,
the square on F'G is greater than (the square on) F'E
by the (square) on (some straight-line) incommensurable
(in length) with (FG). And GF and FFE are rational
(straight-lines which are) commensurable in square only.
And the lesser term E'F is commensurable in length with
the rational (straight-line previously) laid down, D.

Thus, EG is a fifth binomial (straight-line).” (Which
is) the very thing it was required to show.

T If the rational straight-line has unit length then the length of a fifth binomial straight-line is k (v/T 4 &’ 4 1). This, and the fifth apotome, whose
length is k (v/1 + k/ — 1) [Prop. 10.89], are the roots of 22 —2kV1+ K xz+ k2K =0.

vy'.
Ebpelv thv €x 800 6voudtwy Extny.
BEr— K-
Z H G
A—— : : |

A r B

"Exxelodwoav dVo dprdpol ot Al', I'B, dote tov AB
TPOC ExdTepov aUT@BV Adyov un Eyely, Ov TETPAYWVOC
Gpriuoc mpoc TETPdYWVOY derdudy Eotw B¢ xal €tepog
Gerdpog 6 A un TETEdYwvVOg GV UNdE mpOg EXdTEPOV
v BA, AT Noyov €yowv, 6v tetpdywvoc dprdude mnpoc
TETPAYWVOV dprdudy: xal éxxelodw Tic Ny eddela 1 E,
xal YEYOVET® O 60 A mpog tov AB, oltwe 10 dno tfic E
TpO¢ 10 ano tfic ZH: obypetpov dpa 1o dno tfic E ¢ dno

Proposition 53
To find a sixth binomial (straight-line).

E— Kr—

F G H
Dt ! [ : !
A C B

Let the two numbers AC and CB be laid down such
that AB does not have to each of them the ratio which
(some) square number (has) to (some) square number.
And let D also be another number, which is not square,
and does not have to each of BA and AC the ratio which
(some) square number (has) to (some) square number ei-
ther [Prop. 10.28 lem. I]. And let some rational straight-
line E be laid down. And let it have been contrived that
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tfic ZH. ol ot gnn N E- gnn Spar xal ) ZH. xal émel
oUx &yet 6 A npodg tov AB Aoyov, 6v tetpdywvoc dorduoc
TPOC TETPAYWVOV dprdudy, o0de to dnd tiic E dpa npoc
0 ano tfic ZH Adyov Exel, Ov teTpdymvos dpuduog meog
TETPAYWVOV dprdudy: doluuetpog dpa 1) E tff ZH yrxet.
YEYOVET® Of Ay &g 6 BA mpog tov AT, oltwe 10 dno
tfic ZH npoc 1o dno tic HO. olypetpov dpo 10 ano tfic ZH
6 ano tiic OH. pntov dpa to ano tiic OH- gt dpa 1) OH.
xal énel 6 BA npoc tov AT Adyov ovx €xel, 6v teTpdywvog
Gpuiuog Tpog TeTEdYWVOV dptdudy, ovde To and tiic ZH
Tpoc T anod tfic HO Aoéyov €yel, Ov Ttetpdywvog dprduoc
TpO¢ TeTEdYWVOY dordudv: doduuetpog dpa éotiv N ZH
] HO prxe.. ol ZH, HO 8po ¢ntal eiot duvduer uévov
oUPUETEOL €x BUO dpo Gvoudtwy EoTlv 1 ZO. dewtéov o1,
OTL %ol ExT).

Enel ydp éotv dc 6 A mpog tov AB, oltwe 10 dno
tfic E mpog 16 dno tfic ZH, gou 8¢ xol dc 6 BA mpoc
tov AT, obtwe 10 dnd tfic ZH npog 6 anod tfic HO, &V
loou dpa €otly dc 6 A mpog tov AT, obtwg 10 dnd tfic E
Tpoc To and tiic HO. 6 8¢ A mpoc tov ALl Adyov olx
gxel, OV TETPAYWVOC dptdude TPOg TETEAYWVOV dotdudy:
o0d¢ To dno tfic E dpa mpoc 10 ano tfic HO Adéyov
Exel, OV TETEAYWVOS dptdudc TpOS TETEAYWVOV otdudy:
dolupetpoc oo oty 1} E tff HO urxel. €delydn 8¢ xal
tfj ZH dodypetpog: exatépa dpa tév ZH, HO dobuuetpdc
¢on tf] E phxel.. xol énel éotv d¢ 6 BA mpoc tov AT,
oVtwe to ano tfic ZH npoc 1o dnd tiic HO, ueilov dpa
10 &nod tfic ZH t0b énd tiic HO. €otw olv 16 &nod [tiic]
ZH Toa ta dno t@v HO, K- dvaoteédavtt dpo i 6 AB
npoc BIN, oVtwe 10 dnd ZH npoc to ano tiic K. 6 8¢ AB
npoc Tov BI' Aoyov o0x Exet, OV tetpdywvog dprduog npodg
TeTpdywvov dprdudy: dote oLde TO and ZH mpodc to amo
tfic K Aéyov Exet, Ov tetpdywvog dpiduog npog TeTpdywvoy
Gprdudv. dovupetpog dpa éotiv 1) ZH tf] K uixer | ZH dpa
tfic HO peilov dOvortar t¢ anod douuuéteou Eauti]. ol eiow
ol ZH, HO pnral duvduel pévov obuueteol, xal oldetépa
a0TEY oUPPETEOC EoTL uixel Tfj Exxeévy enty tfj E.

‘H Z0O dpa éx 500 dvopdtwy Eotlv Extr dmep €del delou.

as D (is) to AB, so the (square) on F (is) to the (square)
on F'G [Prop. 10.6 corr.]. Thus, the (square) on F (is)
commensurable with the (square) on F'G [Prop. 10.6].
And F is rational. Thus, F'G (is) also rational. And since
D does not have to AB the ratio which (some) square
number (has) to (some) square number, the (square) on
E thus does not have to the (square) on F'G the ra-
tio which (some) square number (has) to (some) square
number either. Thus, F (is) incommensurable in length
with F'G [Prop. 10.9]. So, again, let it have be contrived
that as BA (is) to AC, so the (square) on FG (is) to
the (square) on GH [Prop. 10.6 corr.]. The (square) on
FG (is) thus commensurable with the (square) on HG
[Prop. 10.6]. The (square) on HG (is) thus rational.
Thus, HG (is) rational. And since BA does not have
to AC the ratio which (some) square number (has) to
(some) square number, the (square) on F'G does not have
to the (square) on GH the ratio which (some) square
number (has) to (some) square number either. Thus,
FG is incommensurable in length with GH [Prop. 10.9].
Thus, F'G and GH are rational (straight-lines which are)
commensurable in square only. Thus, F'H is a binomial
(straight-line) [Prop. 10.36]. So, we must show that (it
is) also a sixth (binomial straight-line).

For since as D is to AB, so the (square) on E (is)
to the (square) on F'G, and also as BA is to AC, so
the (square) on F'G (is) to the (square) on GH, thus,
via equality, as D is to AC, so the (square) on FE (is)
to the (square) on GH [Prop. 5.22]. And D does not
have to AC the ratio which (some) square number (has)
to (some) square number. Thus, the (square) on E
does not have to the (square) on GH the ratio which
(some) square number (has) to (some) square number
either. F is thus incommensurable in length with GH
[Prop. 10.9]. And (E) was also shown (to be) incom-
mensurable (in length) with FG. Thus, FFG and GH
are each incommensurable in length with £. And since
as BA is to AC, so the (square) on FG (is) to the
(square) on GH, the (square) on F'G (is) thus greater
than the (square) on GH [Prop. 5.14]. Therefore, let
(the sum of) the (squares) on GH and K be equal to
the (square) on F'G. Thus, via conversion, as AB (is)
to BC, so the (square) on F'G (is) to the (square) on K
[Prop. 5.19 corr.]. And AB does not have to BC the ra-
tio which (some) square number (has) to (some) square
number. Hence, the (square) on F'G does not have to
the (square) on K the ratio which (some) square num-
ber (has) to (some) square number either. Thus, FG is
incommensurable in length with K [Prop. 10.9]. The
square on F'G is thus greater than (the square on) GH
by the (square) on (some straight-line which is) incom-
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mensurable (in length) with (F'G). And FG and GH
are rational (straight-lines which are) commensurable
in square only, and neither of them is commensurable
in length with the rational (straight-line) F (previously)
laid down.

Thus, FH is a sixth binomial (straight-line) [Def.
10.10].T (Which is) the very thing it was required to
show.

T If the rational straight-line has unit length then the length of a sixth binomial straight-line is vk + v/k/. This, and the sixth apotome, whose
length is vk — VK’ [Prop. 10.90], are the roots of 22 — 2k z + (k—FkK)=0.

Afjupo.

"Eotw 800 tetpdywva & AB, BIN' xai xeloVwoav dHote
g’ eVlelac eivan v AB tfj BE- én’ edleloc dpa éotl xal 1)
ZB i BH. xol cugneninpewodw 1o AT' napalknhéypapuov:
Aeyw, 6Tt teTpdywvéy Eott to AL, xol 6t tév AB, BI'
péoov avéhoyov éott 1o AH, xal én tév AL, I'B péoov
avédhoyéby éott to AT

K H T’
A B E
A Z O

‘Ernel yop lon éotiv 1y uév AB i BZ, 7 8¢ BE +fj BH,
Ohn Spa ) AE 6An tfj ZH éotwv Tom. dAR’ 1y uev AE exatépa
v AO, KT éotwv Ton, 1 8¢ ZH éxatépa v AK, OT éotv
Ton xal éxatépa dpa tasv AO, KI' éxatépa v AK, OI
got lon. lodmhevpov dpa €otl 10 AL mapalAnidypauuov:
got 8¢ xol dptoymviov: tetpdywvoy dpa €oti To AT

Kol émel éotv d¢ 1 ZB mpoc myv BH, oltwe | AB npog
v BE, &\ g pev M ZB mpoc v BH, obtwe 10 AB npoc
w0 AH, d¢ 8¢ 1 AB npog v BE, obtwe 10 AH npog 10
BT, xoi &¢ dipa 10 AB npoc 10 AH, obtwe 10 AH mpoc 10
BI'. w&v AB, BI &pa péoov avdroydv ot 10 AH.

Aéyo 89, &L ol 16y AT, I'B péoov avdhoydv [Eot] 0
AT.

‘Enel ydp éotv ¢ 1 AA npoc v AK, obtwe |} KH
Tpoc Ty HI™ Tor ydp [Eotwv] Exatépa Exatépy xol cuvidévtt
oc ) AK npoc KA, obtwe 1) KT tpog I'H, dAN g uev 7 AK
npoc KA, oltwe 10 AT npog 16 TA, éx 8¢ 7 KI' npoc T'H,
oVtwe 10 AL npdc I'B, xal ¢ dpa 10 AT mpog AT, obtwe
10 AT npoc 16 BIN. w@v AT, I'B 8po péoov avdhoydy ot
w0 AI'" & mpoéxeito del€ou.

Lemma

Let AB and BC be two squares, and let them be laid
down such that DB is straight-on to BE. FB is, thus,
also straight-on to BG. And let the parallelogram AC
have been completed. I say that AC is a square, and
that DG is the mean proportional to AB and BC, and,
moreover, DC is the mean proportional to AC and CB.

K G C
D B E
A F H

For since DB is equal to BF, and BE to BG, the
whole of DF is thus equal to the whole of FFG. But DE
is equal to each of AH and KC, and F( is equal to each
of AK and HC [Prop. 1.34]. Thus, AH and KC are also
equal to AK and HC, respectively. Thus, the parallel-
ogram AC is equilateral. And (it is) also right-angled.
Thus, AC is a square.

And since as FB is to BG, so DB (is) to BE, but
as I'B (is) to BG, so AB (is) to DG, and as DB (is) to
BE, so DG (is) to BC' [Prop. 6.1], thus also as AB (is)
to DG, so DG (is) to BC [Prop. 5.11]. Thus, DG is the
mean proportional to AB and BC.

So I also say that DC [is] the mean proportional to
AC and CB.

For since as AD isto DK, so KG (is) to GC. For [they
are] respectively equal. And, via composition, as AK (is)
to KD, so KC (is) to CG [Prop. 5.18]. But as AK (is)
to KD, so AC (is) to CD, and as KC (is) to CG, so DC
(is) to CB [Prop. 6.1]. Thus, also, as AC (is) to DC,
so DC (is) to BC [Prop. 5.11]. Thus, DC is the mean
proportional to AC' and C'B. Which (is the very thing) it
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vo'.
‘Edav yowplov mepéynton Ono ontfic ol tfic €x o
OVOUATOY TENOTNG, N TO Ywelov Suvauévn dhoyde €Ty
1 XAhOLPEVY EX BVO GVOUATWY.

A HE Z A P TII
M NE
B ® K A T
z O

Xoplov yap 10 AT nepleyéodew Uno pntiic tfic AB xal
tfic éx BVo dvopdtwv mEHOTNE Thic AA- Aéyw, 6Tl T TO
AT yowplov duvapévn dhoyodc Eotiv 1) xohovuévn €x BLO
6VOUATOV.

"Enel yop éx 800 ovopdtov €Tl mpdytn 1 AA, dinerode
gl T& Ovopata xatd O B, xal €otew 1o peillov Gvopa
w0 AE. gavepov o), 6t ot AE, EA ¢ntol elot Suvdpet
uévov oluueteol, xol | AE tfic EA peilov dOvarton w6 dmo
ouppéteou Eauty, xal | AE cOuuetpdc ot Tij Exxeluévn
entii tfi AB pixel. tetpfodw N f EA Biya xata 1o Z
onuelov. ol énel /) AE tfic EA peiCov d0vaton 6 dmo
CUPUETEOL EauUTH], EdV Bpa TG TETAPTL pépel Tol amo Tiic
géhdooovog, ToutéoTt 18 ano tiic EZ, loov napd v pellova
v AE nopofindi] EMkelnov eldel tetpaydve, eic obuuetea
a0tV Blonpel. moapaPeBAnodw obv napd v AE 16 dnd tiic
EZ toov w0 bno AH, HE- oOypetpoc dpa éotiv | AH <
EH p#xet. xol Aydwoay dnd w@év H, E, Z onotépa tév AB,
I'A nogddinhot oi HO, EK, ZA- xol 16 yev A© napain-
hoypdppw Toov tetpdywvov cuveotdtw 1o XN, 16 8¢ HK
loov 10 NII, xol xelotdw dote én” eddelug elvar v MN
] N=- én” eddelog dpa eotl xal ) PN tfj NO. xal ouy-
nemineddodw 16 X1 mapaAAnidypopuov: TeTpdywvoV dpa
¢otl 1o XII. xoi énet 10 Uno tédv AH, HE Toov €otl 16 dmo
tfic EZ, ot dpa o¢ ) AH mpog EZ, obtwg 1) ZE npoc
EH- xal &¢ Gpa 10 AO npoc EA, 16 EA npoc KH- té&v
A©, HK dpa péoov dvdhoyov ot 1o EA. dAha t6 puev AG
loov €otl 16 XN, 10 6¢ HK Toov 16 NII- tév XN, NII dpa
péoov avdhoyov éott 10 EA. €oti 8¢ 1@V adtdy @y XN,
NII péoov é&vdroyov xal 10 MP- Toov dpa éoti 10 EA 6
MP: &ote ol 16 O= loov gotiv. ot 8¢ xal & AO, HK
tolc N, NII ioo éhov dpa to AT Toov otlv dhe 16 X1,
TOUTESTL T8 Ao Tiic M= tetparydvey 10 AT dpa dhvortan 1)
ME. Ayow, étL ) ME éx 800 dvoudtwy Eotiv.

"Enel ydp obupetpoc éotv ) AH fj HE, oOppetpdc ot
xal ) AE éxatépa tév AH, HE. Undxertan 8¢ xol /) AE

was prescribed to show.

Proposition 54

If an area is contained by a rational (straight-line)
and a first binomial (straight-line) then the square-root
of the area is the irrational (straight-line which is) called
binomial.f

A GE F D R Q
M N 0)
B HK L C
S P

For let the area AC be contained by the rational
(straight-line) AB and by the first binomial (straight-
line) AD. 1 say that square-root of area AC is the ir-
rational (straight-line which is) called binomial.

For since AD is a first binomial (straight-line), let it
have been divided into its (component) terms at E, and
let AFE be the greater term. So, (it is) clear that AE and
ED are rational (straight-lines which are) commensu-
rable in square only, and that the square on AF is greater
than (the square on) ED by the (square) on (some
straight-line) commensurable (in length) with (AF), and
that AF is commensurable (in length) with the rational
(straight-line) AB (first) laid out [Def. 10.5]. So, let ED
have been cut in half at point F'. And since the square on
AFE is greater than (the square on) ED by the (square)
on (some straight-line) commensurable (in length) with
(AE), thus if a (rectangle) equal to the fourth part of the
(square) on the lesser (term)—that is to say, the (square)
on F F—falling short by a square figure, is applied to the
greater (term) AFE, then it divides it into (terms which
are) commensurable (in length) [Prop 10.17]. Therefore,
let the (rectangle contained) by AG and GF, equal to the
(square) on EF, have been applied to AE. AG is thus
commensurable in length with FG. And let GH, EK,
and F'L have been drawn from (points) G, E, and F' (re-
spectively), parallel to either of AB or C'D. And let the
square SN, equal to the parallelogram AH, have been
constructed, and (the square) NQ, equal to (the parallel-
ogram) GK [Prop. 2.14]. And let M N be laid down so
as to be straight-on to NO. RN is thus also straight-on
to NP. And let the parallelogram S@Q have been com-
pleted. SQ is thus a square [Prop. 10.53 lem.]. And since
the (rectangle contained) by AG and GF is equal to the
(square) on E'F, thus as AG isto EF, so FE (is) to EG
[Prop. 6.17]. And thus as AH (is) to EL, (so) EL (is)
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AB oclppetpoc xal ai AH, HE 8po tfj AB clypetpol eiow.
xaf €0l pNTA N AB- onn ipo ol xal Exartépa tésv AH, HE-
enTov dpa Eotly Exdrtepov @V AO, HK, xal éott obpuetpov
0 AO ¢ HK. d\\& to pev AO 16 XN foov éotly, 10 8¢
HK & NII* xoi t& XN, NII &pa, toutéott T ano tév MN,
NE, gntd ot xol olupetpa. xol €nel AoVUUETEOS EOTV 1)
AE tfj EA pnixer, AN 1 yev AE tjj AH €0t olpyetpoc,
N 6¢ AE tf] EZ oluyetpoc, dobupetpog dpa xol 1 AH i
EZ- Hote xal 1o AO 16 EA dolpuetpdy Eotiv. GAAGL TO pev
AO 13 XN éotw Toov, 16 8¢ EA 16 MP- %ol 10 XN dpa
6 MP do0upetpdy éotv. aAA” & 10 XN mpoc MP, 7 ON
npo¢ v NP dobupetpog dpa éotlv 1} ON tfj NP. {on 8¢ 7)
pev ON <fj MN, 7} 8¢ NP tfj NE- doluuetpoc dpa €otiv 1)
MN tfj NE. xai €0t 16 dnd tiic MN obupetpov 16 anod tiic
NE, xot pnrov exdtepov: ai MN, NZ dpa pnral eiol duvdpel
u6évov cOUPETEOL.

H MZE 8pa éx 800 évopdtwy gotl xai dOvaton to Al™
Omep €del del€ou.

to KG [Prop. 6.1]. Thus, F'L is the mean proportional to
AH and GK. But, AH is equal to SN, and GK (is) equal
to NQ. EL is thus the mean proportional to SN and NQ.
And MR is also the mean proportional to the same—
(namely), SN and NQ [Prop. 10.53 lem.]. EL is thus
equal to M R. Hence, it is also equal to PO [Prop. 1.43].
And AH plus GK is equal to SN plus N@Q. Thus, the
whole of AC is equal to the whole of SQ)—that is to say,
to the square on M O. Thus, MO (is) the square-root of
(area) AC. Isay that MO is a binomial (straight-line).

For since AG is commensurable (in length) with GFE,
AFE is also commensurable (in length) with each of AG
and GF [Prop. 10.15]. And AE was also assumed (to
be) commensurable (in length) with AB. Thus, AG
and GE are also commensurable (in length) with AB
[Prop. 10.12]. And AB is rational. AG and GE are
thus each also rational. Thus, AH and GK are each
rational (areas), and AH is commensurable with GK
[Prop. 10.19]. But, AH is equal to SN, and GK to NQ.
SN and NQ—that is to say, the (squares) on M N and
NO (respectively)—are thus also rational and commen-
surable. And since AF is incommensurable in length
with ED, but AF is commensurable (in length) with
AG, and DE (is) commensurable (in length) with EF,
AG (is) thus also incommensurable (in length) with EF
[Prop. 10.13]. Hence, AH is also incommensurable with
EL [Props. 6.1, 10.11]. But, AH is equal to SN, and
EL to MR. Thus, SN is also incommensurable with
MR. But, as SN (is) to MR, (so) PN (is) to NR
[Prop. 6.1]. PN is thus incommensurable (in length)
with NR [Prop. 10.11]. And PN (is) equal to M N, and
NR to NO. Thus, M N is incommensurable (in length)
with NO. And the (square) on M N is commensurable
with the (square) on NO, and each (is) rational. M N
and NO are thus rational (straight-lines which are) com-
mensurable in square only.

Thus, MO is (both) a binomial (straight-line) [Prop.
10.36], and the square-root of AC. (Which is) the very
thing it was required to show.

T If the rational straight-line has unit length then this proposition states that the square-root of a first binomial straight-line is a binomial straight-

line: i.e., a first binomial straight-line has a length k + k +/1 — k’2 whose square-root can be written p (1 + v/k'’), where p =

k(1+k")/2 and

k" = (1 —k')/(1 4+ k’). This is the length of a binomial straight-line (see Prop. 10.36), since p is rational.

ve'.

‘Edav yowplov mepéynton Ono ontfic ol tfic €x o
OvoudTwy deutépag, 1) TO Ywelov duvopévn dhoyoc €0ty
N XhOLPEVY EX BVO PUECLY TEMOT.

Proposition 55

If an area is contained by a rational (straight-line) and
a second binomial (straight-line) then the square-root of
the area is the irrational (straight-line which is) called
first bimedial."
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‘Enel yap éx 0o ovopdtwv Oeutépa Eotlv 1) AA,
duneriodw elc T ovépata xotd to E, dote 10 peilov
Gvopa elvan 0 AE- ol AE, EA dpa pntal eior Suvdpet
uévov olupetpol, xal 1} AE tfic EA peilov SOvarton w6 dmo
CUHUETEOL €aUTH], Xl TO €hattov Gvoua i EA cluuetpdvy
got tfj AB ufxel. tetpiode N EA 8lya xatd 10 Z, xal
6 ano tfic EZ loov nopd thv AE moapafefinotn ékeinov
eldel tetpay®ve to Uno v AHE: olppetpoc dpa f AH
tff HE prxer. xal 8w tev H, E, Z nopdrinhot fiydwoav
wic AB, T'A ol HO, EK, ZA, xol ¢ yev A© napadin-
hoypdppw Toov tetpdywvov cuveotdtw 1o XN, 16 8¢ HK
loov tetpdywvov T NII, xal xeloVw dote én’ eddelac elvou
v MN =fj NZ- en” eddeloc dpa [Eot] xoi ) PN ] NO. xoi
oupnemAne®odw to XlI tetpdywvov: @ovepoy 1 éx Tol
npodedetypévou, 6tL 10 MP pécov avdioydv éott @SV XN,
NII, xol ioov 16 EA, %ol 611 10 A" ywelov dOvaton | ME.
dewxctéov BY), &6tL ) ME éx 800 péowv Eotl T,

‘Ernel dotypetpde eotv | AE tff EA prixel, oluuetpog
o¢  EA tfj AB, dolupetpoc dpo  AE tfj AB. xol énel
obupetede oty /i AH tfj EH, obypetpdc éot xol i AE
exotépq v AH, HE. dhha ) AE dotpuetpoc 1] AB prxet
xai oi AH, HE dpa dotpyetpol eiol tff AB. oi BA, AH,
HE &po gnrtot glol duvduer wdvov clppetpol Hote péoov
gotlv Exdrtepov v AO, HK. dote xal exdtepov t@v XN,
NII péoov €otilv. xal of MN, NE 8pa uéoo eiolv. xol
énel obupetpoc | AH tfj HE prixet, obupetpdv éott xal
w0 AO ¢ HK, toutéott 10 XN 16 NII, toutéott 10 dnod
tfic MN 18 and tfic NE [dote duvduer elol olppetpor ol
MN, NE]. xoi £nel dolppetpdc totwv | AE tff EA pixe,
G N uev AE olppetpdc éou tff AH, n 8¢ EA <fj EZ
olupetpog, doluuetpog dpo | AH ff EZ- dote xal 1o
AO & EA dobypetpdy éoty, toutéotn 10 EN 1@ MP,
toutéoty 0 ON tfj NP, toutéotiv i} MN tfj NE dobppetpoc
gotL urxel. €delydnoav 8¢ al MN, NZ xal péoon oboon xol
duvdpel obuueteol ai MN, N= dpa péoo eiol duvduel uévov
GUUUETEOL. AEYw BY), &TL %ol PNTOV TEPIEYOUOLY. ETEL YAp 1)
AE Ondxeiton éxatépa t63v AB, EZ clupetpoc, oluuetpog
Gpa xai ) EZ tfj EK. %ol gnt éxatépa adtdsv: ontov dpa
10 EA, toutéott 10 MP: 10 8¢ MP éott 10 Ono tév MNEZ.
€av b€ 500 Y€oon BUVAUEL LOVOV CUPIETEOL GLUVTEVEOL ONTOV
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For let the area ABCD be contained by the rational
(straight-line) AB and by the second binomial (straight-
line) AD. I say that the square-root of area AC' is a first
bimedial (straight-line).

For since AD is a second binomial (straight-line), let it
have been divided into its (component) terms at E, such
that AF is the greater term. Thus, AE and ED are ratio-
nal (straight-lines which are) commensurable in square
only, and the square on AF is greater than (the square
on) ED by the (square) on (some straight-line) commen-
surable (in length) with (AE), and the lesser term ED
is commensurable in length with AB [Def. 10.6]. Let
ED have been cut in half at F. And let the (rectan-
gle contained) by AGFE, equal to the (square) on EF,
have been applied to AF, falling short by a square fig-
ure. AG (is) thus commensurable in length with GE
[Prop. 10.17]. And let GH, EK, and FL have been
drawn through (points) G, F, and F (respectively), par-
allel to AB and C'D. And let the square SN, equal to
the parallelogram AH, have been constructed, and the
square NQ, equal to GK. And let M N be laid down so
as to be straight-on to NO. Thus, RN [is] also straight-on
to NP. And let the square SQ have been completed. So,
(it is) clear from what has been previously demonstrated
[Prop. 10.53 lem.] that M R is the mean proportional to
SN and NQ, and (is) equal to F'L, and that MO is the
square-root of the area AC. So, we must show that MO
is a first bimedial (straight-line).

Since AFE is incommensurable in length with ED,
and ED (is) commensurable (in length) with AB,
AE (is) thus incommensurable (in length) with AB
[Prop. 10.13]. And since AG is commensurable (in
length) with EG, AFE is also commensurable (in length)
with each of AG and GE [Prop. 10.15]. But, AFE is in-
commensurable in length with AB. Thus, AG and GFE
are also (both) incommensurable (in length) with AB
[Prop. 10.13]. Thus, BA, AG, and (BA, and) GE are
(pairs of) rational (straight-lines which are) commensu-
rable in square only. And, hence, each of AH and GK
is a medial (area) [Prop. 10.21]. Hence, each of SN
and NQ is also a medial (area). Thus, M N and NO
are medial (straight-lines). And since AG (is) commen-
surable in length with GE, AH is also commensurable

344



YTOIXEIQN V.

ELEMENTS BOOK 10

nepéyovoal, 1) 6 dhoyoc oy, xoaheltal Oe €x BV Yéowy
TEWTY.
‘H oo MZ éx 800 yéowv €Tl npodtn dmep €del deléan.

with GK—that is to say, SN with N@—that is to say,
the (square) on M N with the (square) on NO [hence,
MN and NO are commensurable in square] [Props. 6.1,
10.11]. And since AF is incommensurable in length with
ED, but AFE is commensurable (in length) with AG, and
ED commensurable (in length) with EF, AG (is) thus
incommensurable (in length) with FF [Prop. 10.13].
Hence, AH is also incommensurable with EL—that is
to say, SN with M R—that is to say, PN with N R—that
is to say, M N is incommensurable in length with NO
[Props. 6.1, 10.11]. But M N and NO have also been
shown to be medial (straight-lines) which are commensu-
rable in square. Thus, M N and NO are medial (straight-
lines which are) commensurable in square only. So, I say
that they also contain a rational (area). For since DF was
assumed (to be) commensurable (in length) with each of
AB and EF, EF (is) thus also commensurable with EK
[Prop. 10.12]. And they (are) each rational. Thus, £L—
that is to say, M R—(is) rational [Prop. 10.19]. And M R
is the (rectangle contained) by M NO. And if two medial
(straight-lines), commensurable in square only, which
contain a rational (area), are added together, then the
whole is (that) irrational (straight-line which is) called
first bimedial [Prop. 10.37].

Thus, MO is a first bimedial (straight-line). (Which
is) the very thing it was required to show.

T If the rational straight-line has unit length then this proposition states that the square-root of a second binomial straight-line is a first bimedial
straight-line: i.e., a second binomial straight-line has a length k/v/1 — k' 2 + k whose square-root can be written p (k’/1/4 + k’/3/4), where
p=+/(k/2) (1 +k)/(1 — k') and k" = (1 — k’)/(1 + k'). This is the length of a first bimedial straight-line (see Prop. 10.37), since p is rational.

vs'.

‘Edv yowplov mepiéynton Omod pntfic xal tfic éx 8o
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ovopata xatd 0 B, &v peilov tott 10 AE- Ay, du 0
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péowv deuTépa.
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Proposition 56

If an area is contained by a rational (straight-line) and
a third binomial (straight-line) then the square-root of
the area is the irrational (straight-line which is) called
second bimedial.
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For let the area ABCD be contained by the rational
(straight-line) AB and by the third binomial (straight-
line) AD, which has been divided into its (component)
terms at F, of which AF is the greater. I say that the
square-root of area AC is the irrational (straight-line
which is) called second bimedial.
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&x dVo ovoudtwy gotl tpltn | AA, ai AE, EA &pa pnral
elol duvduer povov clppetpotl, xol | AE tfic EA yeilov
dUvoTaL TG Anod cLPPETEOL EauTH], xal oudetépa &V AE,
EA obypetpdc [Eoti] tff AB pfxet. opoine 81 toic npode-
deypévole Belopev, 6Tt § ME oty 1 10 AL ywplov du-
voévr, xol ol MN, NZ péoa eiol duvdpel poévov abuuetool
®ote | ME &x dlo péowv éotlv. Bdeixtéov b7, 6Tl xal
devutépa.

[Koi] €mel dolppetpde totv 7} AE ff AB uixe,
toutéott tf] EK, obupetpoc 8¢ | AE tfj EZ, dolppetpoc
Gpa eotiv ) EZ tf] EK pnxer. xol giow pnral- oi ZE, EK dpa
ool eiot duvdper pévov clppetpol. péoov dpa [EoTl TO
EA, toutéott 16 MP- xal neptéyeton 0o t6v MNE- péoov
Gpa €0l TO Lo eV MNE.

‘H ME dpo €x 800 yéowv €Tl deutépar dmep €det Bel€au.

For let the same construction be made as previously.
And since AD is a third binomial (straight-line), AF and
ED are thus rational (straight-lines which are) commen-
surable in square only, and the square on AF is greater
than (the square on) ED by the (square) on (some
straight-line) commensurable (in length) with (AF), and
neither of AF and E D [is] commensurable in length with
AB [Def. 10.7]. So, similarly to that which has been
previously demonstrated, we can show that MO is the
square-root of area AC, and M N and NO are medial
(straight-lines which are) commensurable in square only.
Hence, MO is bimedial. So, we must show that (it is)
also second (bimedial).

[And] since DFE is incommensurable in length with
AB—that is to say, with EK—and DE (is) commensu-
rable (in length) with EF, EF is thus incommensurable
in length with EK [Prop. 10.13]. And they are (both)
rational (straight-lines). Thus, F'/E and EK are rational
(straight-lines which are) commensurable in square only.
FE L—that is to say, M R—[is] thus medial [Prop. 10.21].
And it is contained by M NO. Thus, the (rectangle con-
tained) by M NO is medial.

Thus, MO is a second bimedial (straight-line) [Prop.
10.38]. (Which is) the very thing it was required to show.

T If the rational straight-line has unit length then this proposition states that the square-root of a third binomial straight-line is a second bimedial
straight-line: i.e., a third binomial straight-line has a length k%/2 (1 + v/1T — k’2) whose square-root can be written p (k1/4 + k’/1/2 /k1/4), where
p=+Q+k)/2and k" = k(1 —k")/(1 + k). This is the length of a second bimedial straight-line (see Prop. 10.38), since p is rational.

vC.
‘Edv yowplov nepiéynton Omo pntfic xal tfic éx 8o
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Proposition 57

If an area is contained by a rational (straight-line) and
a fourth binomial (straight-line) then the square-root of
the area is the irrational (straight-line which is) called

major. "
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For let the area AC be contained by the rational
(straight-line) AB and the fourth binomial (straight-line)
AD, which has been divided into its (component) terms
at F/, of which let AE be the greater. I say that the square-
root of AC is the irrational (straight-line which is) called
major.

For since AD is a fourth binomial (straight-line), AF
and ED are thus rational (straight-lines which are) com-
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‘Enel dotpuetedc éotv ) AH tfj EH prixet, dobupetpdy
gott xai 10 AO ¢ HK, toutéott 16 XN 16 NII- ai MN,
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tfj AB urxet, toutéon tfj EK, ddha /) AE clpuetpdc éott
tfj EZ, dolpuetpoc Gpo | EZ tff EK prixel. ol EK, EZ
Gipar prTald glot Suvduer uévov clppeTeol wécov dpa o AE,
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dUvarton t0 AT ywplov: dnep €del Sel€au.

mensurable in square only, and the square on AFE is
greater than (the square on) ED by the (square) on
(some straight-line) incommensurable (in length) with
(AE), and AFE [is] commensurable in length with AB
[Def. 10.8]. Let DE have been cut in half at I, and let
the parallelogram (contained by) AG and GE, equal to
the (square) on E'F', (and falling short by a square figure)
have been applied to AE. AG is thus incommensurable
in length with GE [Prop. 10.18]. Let GH, EK, and F'L
have been drawn parallel to AB, and let the rest (of the
construction) have been made the same as the (proposi-
tion) before this. So, it is clear that M O is the square-root
of area AC. So, we must show that MO is the irrational
(straight-line which is) called major.

Since AG is incommensurable in length with EG, AH
is also incommensurable with GK—that is to say, SN
with N@ [Props. 6.1, 10.11]. Thus, M N and NO are
incommensurable in square. And since AE is commensu-
rable in length with AB, AK is rational [Prop. 10.19].
And it is equal to the (sum of the squares) on M N
and NO. Thus, the sum of the (squares) on M N and
NO [is] also rational. And since DFE [is] incommensu-
rable in length with AB [Prop. 10.13]—that is to say,
with FK—but DE is commensurable (in length) with
EF, EF (is) thus incommensurable in length with FK
[Prop. 10.13]. Thus, FK and EF are rational (straight-
lines which are) commensurable in square only. LE—
that is to say, M R—(is) thus medial [Prop. 10.21]. And it
is contained by M N and NO. The (rectangle contained)
by MN and NO is thus medial. And the [sum] of the
(squares) on M N and NO (is) rational, and M N and
NO are incommensurable in square. And if two straight-
lines (which are) incommensurable in square, making the
sum of the squares on them rational, and the (rectangle
contained) by them medial, are added together, then the
whole is the irrational (straight-line which is) called ma-
jor [Prop. 10.39].

Thus, MO is the irrational (straight-line which is)
called major. And (it is) the square-root of area AC.
(Which is) the very thing it was required to show.

T If the rational straight-line has unit length then this proposition states that the square-root of a fourth binomial straight-line is a major straight-
line: ie., a fourth binomial straight-line has a length k(1 + 1/4/1 + k’) whose square-root can be written p \/[1 + R /(14 k72)1/2])2 +

p \/[1 — k" /(1 4+ K" 2)1/2] /2, where p = v/k and k"2 = k’. This is the length of a major straight-line (see Prop. 10.39), since p is rational.

v’

‘Edav yowplov mepéynton Ono ontfic ol tfic €x o
OVOUdTY TEUTTNG, N TO ywelov Suvauévn drhoyoc oty
) XONOLPEVY) ENTOV %Ol UEGOV BUVOUEVT.

Xoplov yap 10 AT nepleyéodew Uno pntiic tfic AB xal

Proposition 58

If an area is contained by a rational (straight-line) and
a fifth binomial (straight-line) then the square-root of the
area is the irrational (straight-line which is) called the
square-root of a rational plus a medial (area).f
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For let the area AC be contained by the rational
(straight-line) AB and the fifth binomial (straight-line)
AD, which has been divided into its (component) terms
at E, such that AE is the greater term. [So] I say that
the square-root of area AC is the irrational (straight-line
which is) called the square-root of a rational plus a me-
dial (area).
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For let the same construction be made as that shown
previously. So, (it is) clear that MO is the square-root of
area AC. So, we must show that MO is the square-root
of a rational plus a medial (area).

For since AG is incommensurable (in length) with
GE [Prop. 10.18], AH is thus also incommensurable
with H E—that is to say, the (square) on M N with the
(square) on NO [Props. 6.1, 10.11]. Thus, M N and
NO are incommensurable in square. And since AD is
a fifth binomial (straight-line), and ED [is] its lesser seg-
ment, ED (is) thus commensurable in length with AB
[Def. 10.9]. But, AE is incommensurable (in length)
with ED. Thus, AB is also incommensurable in length
with AE [BA and AFE are rational (straight-lines which
are) commensurable in square only] [Prop. 10.13]. Thus,
AK—that is to say, the sum of the (squares) on M N
and NO—is medial [Prop. 10.21]. And since DE is
commensurable in length with AB—that is to say, with
EK—but, DE is commensurable (in length) with EF,
EF is thus also commensurable (in length) with FK
[Prop. 10.12]. And E'K (is) rational. Thus, FL—that
is to say, M R—that is to say, the (rectangle contained)
by M N O—(is) also rational [Prop. 10.19]. M N and NO
are thus (straight-lines which are) incommensurable in
square, making the sum of the squares on them medial,
and the (rectangle contained) by them rational.

Thus, MO is the square-root of a rational plus a me-
dial (area) [Prop. 10.40]. And (it is) the square-root of
area AC. (Which is) the very thing it was required to
show.

T If the rational straight-line has unit length then this proposition states that the square-root of a fifth binomial straight-line is the square root of

a rational plus a medial area: i.e., a fifth binomial straight-line has a length &k (/1 + k’ + 1) whose square-root can be written

P \/[(1 FERI22 L R J[2(14+K72)] 4 p \/[(1 + k72)1/2 — g1 /[2 (1 4+ k''2)], where p = /k (1 + k”2) and k"2 = k’. This is the length of
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the square root of a rational plus a medial area (see Prop. 10.40), since p is rational.

v

‘Edav yowplov mepéynton Ono ontfic ol tfic €x o
OvVoUdTwY EXTNG, N TO Ywelov duvopévn dhoyde €oTv M
HAAOLUEVT] BUO UETOL BUVOUEVT.

A HE Z A P II
M Nd
B ® K A T
> O

Xoplov yap 10 ABI'A nepieyéodnw Ono pntiic tiic AB
xal Tfic €x 800 ovoudtwy Extne tfic AA Binenuévne eig ta
ovopata xatd to E, dote 10 peillov bvopa glvar 16 AE-
Ayw, 6t ) 0 AT duvopévn 1 80o péoa Buvauévn otiv.

Koteoxeudodw [yap] & adtd toic mpodederypévolc.
pavepoy o7, 6t [f] 1O AL Suvouévn éotiv i ME, xol
o6t doluuetede oty ) MN tff NE duvduel.  xol émel
doluuetedc €otv 1} EA tfj AB ufxel, oi EA, AB dpa
pnral elot Suvdyel ubévov obupetpol Yéoov dpa €oti 10 AK,
TOUTEOTL TO ouyxelpevoy éx &V ano T@v MN, NE. ndiw,
gnel doluueteog eotv /) EA tfj AB wixet, dodpuetpoc dpa
gotl xal M) ZE tff EK: ol ZE, EK &po pnrtal elol duvdpet
uévov cbupetpol péoov dpa €otl to EA, toutéott 10 MP,
TouTéoTL TO Lo TV MNE. xol énel doduyetpog | AE i
EZ, xol 16 AK 13 EA dolppetpdv Eottv. MRS TO MEV
AK ¢ot 10 ouyxelyevov éx t@v ano v MN, NE, 10
d¢ EA éot 10 Uno w@v MNE- dobupetpov 8po €oti 10
ouYXelueVoY Ex @V o tév MNZ 16 Und t@sv MNE. xod
gotl péoov éxdrtepov adTiy, xol oi MN, N= Suvdyel eioly
dobupETEOL.

‘H ME dpat 800 yéoo duvopévn éott xai d0vorton to AT
Omep Edel BelEan.

Proposition 59

If an area is contained by a rational (straight-line) and
a sixth binomial (straight-line) then the square-root of
the area is the irrational (straight-line which is) called
the square-root of (the sum of) two medial (areas)."

A GE F D R Q
M N 0]
B HK L C
S p

For let the area ABCD be contained by the rational
(straight-line) AB and the sixth binomial (straight-line)
AD, which has been divided into its (component) terms
at E, such that AF is the greater term. So, I say that the
square-root of AC' is the square-root of (the sum of) two
medial (areas).

[For] let the same construction be made as that shown
previously. So, (it is) clear that MO is the square-root of
AC, and that M N is incommensurable in square with
NO. And since EA is incommensurable in length with
AB [Def. 10.10], EA and AB are thus rational (straight-
lines which are) commensurable in square only. Thus,
AK—that is to say, the sum of the (squares) on M N
and NO—is medial [Prop. 10.21]. Again, since ED
is incommensurable in length with AB [Def. 10.10],
FFE is thus also incommensurable (in length) with FK
[Prop. 10.13]. Thus, F'E and EK are rational (straight-
lines which are) commensurable in square only. Thus,
EL—that is to say, M R—that is to say, the (rectangle
contained) by M N O—is medial [Prop. 10.21]. And since
AEF is incommensurable (in length) with EF, AK is also
incommensurable with EL [Props. 6.1, 10.11]. But, AK
is the sum of the (squares) on M N and NO, and EL is
the (rectangle contained) by M NO. Thus, the sum of the
(squares) on M NO is incommensurable with the (rect-
angle contained) by M NO. And each of them is medial.
And M N and NO are incommensurable in square.

Thus, MO is the square-root of (the sum of) two me-
dial (areas) [Prop. 10.41]. And (it is) the square-root of
AC. (Which is) the very thing it was required to show.

T If the rational straight-line has unit length then this proposition states that the square-root of a sixth binomial straight-line is the square root of

the sum of two medial areas: i.e., a sixth binomial straight-line has a length v/k + vk’ whose square-root can be written
E1/4 (\/[1 + k(1 + K72)1/2]) /2 + \/[1 —k"/(1+ k”2)1/2]/2), where k"2 = (k — k') /k’. This is the length of the square-root of the sum of
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two medial areas (see Prop. 10.41).

Afjuuo.
"Edv e0deio ypouur, Tundij eig dvioa, o dno tév dvicwy
tetpdywva pelovd éot tod Olg LMo @V dviocwyv meple-
youévou épdoymviou.

t t
A A T B

"Eote evldeio /i AB xol tetuiodn eic dvica xatd to
I, ol éotw peillov 7 AT Aéyw, 6t ta ano v AT', I'B
petlovd ot 1ol Sl bro wav AT, I'B.

Tetufodw yap | AB diya xoata 10 A. énel obv edleln
Yoaupn tétunton eic pev loo xatd 1o A, eig 8¢ dvioa xatd
o I', 10 dpo Uno tév AT, I'B peta tob ano A Toov éoti
% ano AA: dote 10 Unod v AL, T'B &hattév ot tob
and AA- 16 dpa dic Uno v ALY, I'B Elattov 1) dinhdoidy
gotL ToD Gno AA. dAA& T& dnd ey AT, I'B dinhdowd [Eoty
v ano v AA, Al td dea dno tév AL, I'B pellovd
gott 10D dic Ono t@v AT, I'B- énep €del delou.

E/
To6 amo tfic éx dVo Ovoudtwy mapd ENTHV  mopEo-
BoAkbpevov TAdToC TOLEL TV €x 800 GVOUATLY TEWTNV.

A KM N H
E ® A & Z
A I B

"Eote éx 800 dvoudtewv 1 AB dinpnuévn eig té ovopata
xatd 10 I, ddote 10 peilov Gvopa elvon 16 AT, xal Exxelodw
enty /) AE, xal w6 ano tfic AB Toov nopd v AE nogo-
BePotn o AEZH nmhdtoc nowobv v AH- Myw, 6t 1)
AH éx 800 6voudtwy ot TpdT.

IopoPeprfodw yap napd thv AE 186 yev dno tiic A’
foov 10 AB, 1% d¢ ano tijic BI' {oov 10 KA* Aowmov dpa
0 dl¢ Umo w@v AT, I'B Toov éotl 16 MZ. tetuhodw 7
MH 8{yo xatd 0 N, xol napdhinhoc Aydw f N2 [Exatépy

Lemma

If a straight-line is cut unequally then (the sum of) the
squares on the unequal (parts) is greater than twice the
rectangle contained by the unequal (parts).

A D C B
Let AB be a straight-line, and let it have been cut
unequally at C, and let AC be greater (than C'B). I say
that (the sum of) the (squares) on AC and CB is greater
than twice the (rectangle contained) by AC and CB.
For let AB have been cut in half at D. Therefore,
since a straight-line has been cut into equal (parts) at D,
and into unequal (parts) at C, the (rectangle contained)
by AC and CB, plus the (square) on C'D, is thus equal
to the (square) on AD [Prop. 2.5]. Hence, the (rectangle
contained) by AC and CB is less than the (square) on
AD. Thus, twice the (rectangle contained) by AC and
CB is less than double the (square) on AD. But, (the
sum of) the (squares) on AC and CB [is] double (the
sum of) the (squares) on AD and DC [Prop. 2.9]. Thus,
(the sum of) the (squares) on AC and CB is greater than
twice the (rectangle contained) by AC' and CB. (Which
is) the very thing it was required to show.

Proposition 60

The square on a binomial (straight-line) applied to a
rational (straight-line) produces as breadth a first bino-
mial (straight-line).f

D KM N G
E HL O F
A C B

Let AB be a binomial (straight-line), having been di-
vided into its (component) terms at C, such that AC is
the greater term. And let the rational (straight-line) DE
be laid down. And let the (rectangle) DEFG, equal to
the (square) on AB, have been applied to DFE, producing
DG as breadth. I say that DG is a first binomial (straight-
line).

For let DH, equal to the (square) on AC, and KL,
equal to the (square) on BC, have been applied to DFE.
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w3v MA, HZ]. éxdrepov dpa tév ME, NZ Toov éotl &
Gnag Ono v AI'B. xol énel €x dVo dvopdtwv éotiv /) AB
dinenuévn eic T dvopata xota to I, o ALY, I'B dpa pnral
elot Suvdpetl uévov clupetpol té dpa dnd tev AL, I'B pntd
€oTL xol obupeTea GAAAAOG" DoTE xal TO cuyXeluevoy €x
v ano v A, I'B. xal éotv loov 165 AA- gntov dpa
gotl 10 AA. xal mopd ety v AE mapdxeiton o dpa
gotlv | AM xai oppetpoc tf] AE prixet. ndhuy, énel ol AL,
I'B ¢ntal elol duvduel yévov olupetpol, uécov dpa €0Ti
10 di¢ bro v AT, I'B, toutéott 10 MZ. ol mopd pntnyv
™y MA napdxerton: gnon dpor xal ) MH xol dodupetpog
tff MA, toutéot tfj AE, uixet. €otl 8¢ xol ) MA gnt)
xal tf] AE urxel obypetpog dobypetpoc dpa oty fj AM
tf] MH prxer. xol elov gnral- ot AM, MH &pa gnrtod elot
BUVAUEL uOVoV CGUPUETEOL Ex BUO Bpa GVOUdTWY ECTLV 1)
AH. dewxtéov 81, 6Tt ol TEWT.

‘Enel w@v ano v Al', I'B péoov avdhoydv éotl 10
Ono tév AI'B, xat t@v AO, KA dpa yéoov dvdhoyov éott
w0 ME. gotv dpa i¢ 10 ABO 1podc 10 ME, oVtwe 10 ME
npoc 10 KA, toutéony ¢ ) AK mpoc tyv MN, /| MN npoc
v MK 16 dpa Ono v AK, KM foov éotl 16 dnd tiic
MN. xoal énel obypetpdv éott 10 dno tfic Al' ¢ ano tiic
I'B, olppetpoév éott xal 16 AO 16 KA dote xal  AK
tf] KM olypetpdc éotiv. xol énel yeilovd ot & no tév
AT, I'B 100 dic bno v AT, I'B, peilov dpa ol 10 AA
o MZ- dote xol § AM tijc MH pellwv éotiv. xol éotiv
foov 10 Vo wv AK, KM 13 and tfic MN, toutéon &
TetdpTe 1ol dno tfic MH, xal obupetpoc f AK tfj KM.
gav 8¢ Got dVo evVelon Gviool, T6 8¢ TeTdPTEL Uépel TOD Ao
Tfic éNdocovoc loov ogd v Yeillova TopafBAndi] EAAeinoy
eldel tetpayve xal elc olpueTpa aOTHY donpf], N peilwv
Tfic éhdocovog Yeilov divaton T GO CUPUETEOU EQUTH 7
AM Gpo tfic MH peilov dOvotal 16 nod cuYPETEOL EAUTH.
xai eiot pnral o AM, MH, xal 1 AM peilov 6voyua oboa
OUUPETEOC 0Tl T Exxelévn enth T AE urxet.

‘H AH dpa éx 800 ovopdtwv €oti mpdtn 6mep Edel
OeiEan.

Thus, the remaining twice the (rectangle contained) by
AC and CB is equal to M F [Prop. 2.4]. Let MG have
been cut in half at N, and let NO have been drawn par-
allel [to each of ML and GF]. MO and NF are thus
each equal to once the (rectangle contained) by ACB.
And since AB is a binomial (straight-line), having been
divided into its (component) terms at C, AC and C'B are
thus rational (straight-lines which are) commensurable
in square only [Prop. 10.36]. Thus, the (squares) on AC
and CB are rational, and commensurable with one an-
other. And hence the sum of the (squares) on AC and
CB (is rational) [Prop. 10.15], and is equal to D L. Thus,
DL is rational. And it is applied to the rational (straight-
line) DE. DM is thus rational, and commensurable in
length with DF [Prop. 10.20]. Again, since AC and C'B
are rational (straight-lines which are) commensurable in
square only, twice the (rectangle contained) by AC and
C B—that is to say, M F'—is thus medial [Prop. 10.21].
And it is applied to the rational (straight-line) M L. MG
is thus also rational, and incommensurable in length
with M L—that is to say, with DFE [Prop. 10.22]. And
M D is also rational, and commensurable in length with
DE. Thus, DM is incommensurable in length with MG
[Prop. 10.13]. And they are rational. DM and MG are
thus rational (straight-lines which are) commensurable
in square only. Thus, DG is a binomial (straight-line)
[Prop. 10.36]. So, we must show that (it is) also a first
(binomial straight-line).

Since the (rectangle contained) by ACB is the
mean proportional to the squares on AC and CB
[Prop. 10.53 lem.], MO is thus also the mean propor-
tional to DH and KL. Thus, as DH is to MO, so
MO (is) to KL—that is to say, as DK (is) to MN,
(s0) MN (is) to MK [Prop. 6.1]. Thus, the (rectan-
gle contained) by DK and KM is equal to the (square)
on M N [Prop. 6.17]. And since the (square) on AC is
commensurable with the (square) on CB, DH is also
commensurable with K L. Hence, DK is also commensu-
rable with KM [Props. 6.1, 10.11]. And since (the sum
of) the squares on AC and CB is greater than twice the
(rectangle contained) by AC and CB [Prop. 10.59 lem.],
DL (is) thus also greater than M F. Hence, DM is also
greater than MG [Props. 6.1, 5.14]. And the (rectan-
gle contained) by DK and K M is equal to the (square)
on M N—that is to say, to one quarter the (square) on
MG. And DK (is) commensurable (in length) with K M.
And if there are two unequal straight-lines, and a (rect-
angle) equal to the fourth part of the (square) on the
lesser, falling short by a square figure, is applied to the
greater, and divides it into (parts which are) commensu-
rable (in length), then the square on the greater is larger

351



YTOIXEIQN V.

ELEMENTS BOOK 10

than (the square on) the lesser by the (square) on (some
straight-line) commensurable (in length) with the greater
[Prop. 10.17]. Thus, the square on DM is greater than
(the square on) MG by the (square) on (some straight-
line) commensurable (in length) with (DM). And DM
and MG are rational. And DM, which is the greater
term, is commensurable in length with the (previously)
laid down rational (straight-line) DFE.

Thus, DG is a first binomial (straight-line) [Def.
10.5]. (Which is) the very thing it was required to show.

T In other words, the square of a binomial is a first binomial. See Prop. 10.54.

’
Eao.
To dno tiic éx 800 Yéowv mpWNE ToEd NNV Topa-
BoAhbpevov ThdTog ToLEl THY €x 800 GVOUATLY BEUTERAY.

A KM N H
E ® A = 7
A I B

"Eotw éx 8o péowv mpdtn | AB Sinenuévn eic tic
péoog xoatd o I, &v peilwv 1 ALY, xal éxxelodo onth 7
AE, xoi mopofefAfiotn napd v AE 16 anod tfic AB {oov
TapahAnAGypappov o AZ mhdtoc noodv v AH- Aéyw,
ot ) AH &x 800 dvopdtwv ot deutépa.

Kateoxevdodw yap ta adtd toic mpd toltou.  xoil
gnel ) AB €x 8o péowv €otl mpwtn dinenuévn xotd TO
I', ai AT, I'B &pa péoo elol duvduer pbévov clupeTpoL
pnTov mepEyovoor Gote xal Tt &no v ALY, I'B péoa
gotlv. uéoov dpa gotl T AA. xol mapd gntiy ™y AE no-
poPéBANTaL: enTN dpa Eotlv ) MA xal dolpyetpoc tff AE
ufxel. mdhwy, €nel pnTdy ol 10 dlg Umo tév AL, I'B, pntév
got xol 0 MZ. ot mopd enty v MA mopdxerton: ont)
Gpa [Eotl] xod ) MH xoi urixer obupetpoc 1] MA, toutéott
tfj AE- dolpuetpoc dpa oty i AM tfj MH prixet. xai eiot
pnrai- ol AM, MH dpa gntal eiot duvdpel pévov cOpueTeot:
& Blo dpa ovoudtwy otiv | AH. Seixtéov 8%, étu xal
deuTépa.

‘Enel yop to anod v ALY, I'B peiCovd ot tob dic Umo
v Al I'B, peilov po xat 1o AA o0 MZ- dote xal 1)
AM tijc MH. xol énel obypetpdv éott 10 ano tijc Al w6
ano tfic I'B, obuyetpdv ot xal 16 AO 16 KA- dote xal
N AK 1] KM olpuetpdc éotv. %ol éott 1o Und tédv AKM
{oov 16 and tiic MN- 1 AM Gpa tfic MH yeilov dOvorton T

Proposition 61

The square on a first bimedial (straight-line) applied
to a rational (straight-line) produces as breadth a second

binomial (straight-line).

D KM N G
E HL O F
A C B

Let AB be a first bimedial (straight-line) having been
divided into its (component) medial (straight-lines) at
C, of which AC (is) the greater. And let the rational
(straight-line) DE be laid down. And let the parallelo-
gram DF, equal to the (square) on AB, have been ap-
plied to DE, producing DG as breadth. I say that DG is
a second binomial (straight-line).

For let the same construction have been made as
in the (proposition) before this. And since AB is a
first bimedial (straight-line), having been divided at C,
AC and CB are thus medial (straight-lines) commen-
surable in square only, and containing a rational (area)
[Prop. 10.37]. Hence, the (squares) on AC and CB
are also medial [Prop. 10.21]. Thus, DL is medial
[Props. 10.15, 10.23 corr.]. And it has been applied to the
rational (straight-line) DE. M D is thus rational, and in-
commensurable in length with DFE [Prop. 10.22]. Again,
since twice the (rectangle contained) by AC and CB is
rational, M F is also rational. And it is applied to the
rational (straight-line) M L. Thus, MG [is] also ratio-
nal, and commensurable in length with M L—that is to
say, with DFE [Prop. 10.20]. DM is thus incommensu-
rable in length with MG [Prop. 10.13]. And they are
rational. DM and MG are thus rational, and commensu-
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anod ouypéteou Eautf]. xal éotv § MH olpyetpoc tff AE

urxeL.
‘H AH &pa éx 800 6voudtwy ot deutépoa.

rable in square only. DG is thus a binomial (straight-line)
[Prop. 10.36]. So, we must show that (it is) also a second
(binomial straight-line).

For since (the sum of) the squares on AC and CB is
greater than twice the (rectangle contained) by AC and
CB [Prop. 10.59], DL (is) thus also greater than MF'.
Hence, DM (is) also (greater) than MG [Prop. 6.1].
And since the (square) on AC is commensurable with
the (square) on CB, DH is also commensurable with
K L. Hence, DK is also commensurable (in length) with
KM [Props. 6.1, 10.11]. And the (rectangle contained)
by DKM is equal to the (square) on M N. Thus, the
square on DM is greater than (the square on) MG by
the (square) on (some straight-line) commensurable (in
length) with (DM) [Prop. 10.17]. And MG is commen-
surable in length with DFE.

Thus, DG is a second binomial (straight-line) [Def.
10.6].

tIn other words, the square of a first bimedial is a second binomial. See Prop. 10.55.

To anod tfic €éx dVo Yéowv Beutépag Tapd ENTNY ToEa-
BaAAéuevov mhdtog molel Thv Ex 800 Gvoudtwy Teltny.

A KM N _H
E ® N B 7
A I B

"Ecte €x d0o yéowv deutépa | AB Sinenuévn elc ticg
péoac xatd 1o I', dote 16 pellov tufjua eivar o AT, ont
8¢ g Eotw N AE, xol napd thv AE 16 dno tijc AB loov
napahAnAdypaupov topoPefAfodw o AZ mAdtoc moiodv
v AH- Aéyw, 6t  AH éx d0o dvopdtwyv €oti tpitn.

Kateoxeudodw ta adtd tolc mpodedetyyévols. ol Emel
&x 800 péowv deutépa éotlv 1} AB Binenuévn xatd o I,
ai AT, I'B &pa péoou eiol duvdpel pévov cOPPETEOL HECOVY
TEpLEY oVl OOTE Xal TO oLUYXE(PEVOY Ex TEV and ey Al
I'B péoov éotiv. xal éotwv Toov 1@ AA- yéoov dpa xol o
AA. xal mopdxertar nopd prThy v AE: onti) dpa ol xol
MA xai dodpyetpog tf AE urxet. dud té adtor o) xod fH MH
ent Eotl ol dovpueteos T MA, toutéott tff AE, unxer
ent dpa oty exatépa tév AM, MH xol dobuyetpog T
AE pfxer. xoi énel dobupetedc éotv | AL tff I'B urxer,
oc 8¢ N AT npoc v I'B, oVtwe 0 ano tfic AL npoc 1o

Proposition 62

The square on a second bimedial (straight-line) ap-
plied to a rational (straight-line) produces as breadth a
third binomial (straight-line).f

D KM N G
E HL O F
A C B

Let AB be a second bimedial (straight-line) having
been divided into its (component) medial (straight-lines)
at C, such that AC is the greater segment. And let DE be
some rational (straight-line). And let the parallelogram
DF, equal to the (square) on AB, have been applied to
DE, producing DG as breadth. I say that DG is a third
binomial (straight-line).

Let the same construction be made as that shown pre-
viously. And since AB is a second bimedial (straight-
line), having been divided at C, AC and C'B are thus
medial (straight-lines) commensurable in square only,
and containing a medial (area) [Prop. 10.38]. Hence,
the sum of the (squares) on AC and CB is also medial
[Props. 10.15, 10.23 corr.]. And it is equal to DL. Thus,
DL (is) also medial. And it is applied to the rational
(straight-line) DE. MD is thus also rational, and in-
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Ono v AI'B, dotuyetpov dpa xal 1o dno tiic AL ¢ bno
v AI'B. &ote ol 10 ouyxelyevov éx &y ano tiv Al
I'B 13 dic Ono t6v AI'B dodypetpdy Eotiy, toutéott 10
AN w3 MZ- Hote xoi 3 AM 16 MH dolpuetpde éotv. xai
elot pntod- €x 800 dpa dvoudtwy éotiv ) AH. dewtéov [6v),
ot xal tpltn.

‘Ouolwe 0N tolg npotépolg Emhoytobueda, 6t uellwy
gotlv } AM tfic MH, xal obypetpoc 1 AK tff KM. xaf éott
10 Uno v AKM {oov 6 ano tfic MN- ff AM dpa tfic MH
ueilov dOvorton 6 Gmd cUPPETEOU EUTH. ol OLBETEP TGV
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commensurable in length with DE [Prop. 10.22]. So,
for the same (reasons), MG is also rational, and incom-
mensurable in length with M L—that is to say, with DFE.
Thus, DM and MG are each rational, and incommen-
surable in length with DE. And since AC' is incommen-
surable in length with CB, and as AC (is) to CB, so
the (square) on AC (is) to the (rectangle contained) by
ACB [Prop. 10.21 lem.], the (square) on AC (is) also in-
commensurable with the (rectangle contained) by ACB
[Prop. 10.11]. And hence the sum of the (squares) on
AC and CB is incommensurable with twice the (rect-
angle contained) by AC B—that is to say, DL with M F
[Props. 10.12, 10.13]. Hence, DM is also incommen-
surable (in length) with MG [Props. 6.1, 10.11]. And
they are rational. DG is thus a binomial (straight-line)
[Prop. 10.36]. [So] we must show that (it is) also a third
(binomial straight-line).

So, similarly to the previous (propositions), we can
conclude that DM is greater than M G, and DK (is) com-
mensurable (in length) with KM. And the (rectangle
contained) by DK M is equal to the (square) on M N.
Thus, the square on DM is greater than (the square on)
MG by the (square) on (some straight-line) commensu-
rable (in length) with (DM) [Prop. 10.17]. And neither
of DM and MG is commensurable in length with DFE.

Thus, DG is a third binomial (straight-line) [Def.
10.7]. (Which is) the very thing it was required to show.

T In other words, the square of a second bimedial is a third binomial. See Prop. 10.56.
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"Eotw pellwv ) AB Sinenuévn xata to I', dote pellova
givar v AL tiic I'B, pntn) 8¢ | AE, xol 16 dnd tfic AB loov
napd v AE nopafBeBiiolw 10 AZ mopodAnhoypopuov
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gotl TeTdETY.
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Proposition 63

The square on a major (straight-line) applied to a ra-
tional (straight-line) produces as breadth a fourth bino-
mial (straight-line).f

D KM N G
E HL O F
A C B

Let AB be a major (straight-line) having been divided
at C, such that AC is greater than C'B, and (let) DFE
(be) a rational (straight-line). And let the parallelogram
DF, equal to the (square) on AB, have been applied to
DE, producing DG as breadth. I say that DG is a fourth
binomial (straight-line).

Let the same construction be made as that shown pre-
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viously. And since AB is a major (straight-line), hav-
ing been divided at C, AC and CB are incommensu-
rable in square, making the sum of the squares on them
rational, and the (rectangle contained) by them medial
[Prop. 10.39]. Therefore, since the sum of the (squares)
on AC and CB is rational, DL is thus rational. Thus,
DM (is) also rational, and commensurable in length with
DE [Prop. 10.20]. Again, since twice the (rectangle con-
tained) by AC and C B—that is to say, M F—is medial,
and is (applied to) the rational (straight-line) ML, MG
is thus also rational, and incommensurable in length with
DE [Prop. 10.22]. DM is thus also incommensurable
in length with MG [Prop. 10.13]. DM and MG are
thus rational (straight-lines which are) commensurable
in square only. Thus, DG is a binomial (straight-line)
[Prop. 10.36]. [So] we must show that (it is) also a fourth
(binomial straight-line).

So, similarly to the previous (propositions), we can
show that DM is greater than M G, and that the (rectan-
gle contained) by DK M is equal to the (square) on M N.
Therefore, since the (square) on AC is incommensurable
with the (square) on CB, DH is also incommensurable
with KL. Hence, DK is also incommensurable with
KM [Props. 6.1, 10.11]. And if there are two unequal
straight-lines, and a parallelogram equal to the fourth
part of the (square) on the lesser, falling short by a square
figure, is applied to the greater, and divides it into (parts
which are) incommensurable (in length), then the square
on the greater will be larger than (the square on) the
lesser by the (square) on (some straight-line) incommen-
surable in length with the greater [Prop. 10.18]. Thus,
the square on DM is greater than (the square on) MG
by the (square) on (some straight-line) incommensurable
(in length) with (DM). And DM and MG are rational
(straight-lines which are) commensurable in square only.
And DM is commensurable (in length) with the (previ-
ously) laid down rational (straight-line) DFE.

Thus, DG is a fourth binomial (straight-line) [Def.
10.8]. (Which is) the very thing it was required to show.

T In other words, the square of a major is a fourth binomial. See Prop. 10.57.
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Proposition 64

The square on the square-root of a rational plus a me-
dial (area) applied to a rational (straight-line) produces
as breadth a fifth binomial (straight-line)."

Let AB be the square-root of a rational plus a medial
(area) having been divided into its (component) straight-
lines at C, such that AC is greater. And let the rational
(straight-line) DE be laid down. And let the (parallelo-
gram) DF, equal to the (square) on AB, have been ap-
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plied to DE, producing DG as breadth. I say that DG is
a fifth binomial straight-line.

D KM N G
E HL O F
A C B

Let the same construction be made as in the (proposi-
tions) before this. Therefore, since AB is the square-root
of a rational plus a medial (area), having been divided
at C, AC and CB are thus incommensurable in square,
making the sum of the squares on them medial, and the
(rectangle contained) by them rational [Prop. 10.40].
Therefore, since the sum of the (squares) on AC and
CB is medial, DL is thus medial. Hence, DM is rational
and incommensurable in length with DE [Prop. 10.22].
Again, since twice the (rectangle contained) by AC B—
that is to say, M F—is rational, MG (is) thus rational
and commensurable (in length) with DE [Prop. 10.20].
DM (is) thus incommensurable (in length) with MG
[Prop. 10.13]. Thus, DM and MG are rational (straight-
lines which are) commensurable in square only. Thus,
DG is a binomial (straight-line) [Prop. 10.36]. So, I say
that (it is) also a fifth (binomial straight-line).

For, similarly (to the previous propositions), it can
be shown that the (rectangle contained) by DKM is
equal to the (square) on M N, and DK (is) incommen-
surable in length with K M. Thus, the square on DM
is greater than (the square on) MG by the (square) on
(some straight-line) incommensurable (in length) with
(DM) [Prop. 10.18]. And DM and MG are [rational]
(straight-lines which are) commensurable in square only,
and the lesser M G is commensurable in length with DFE.

Thus, DG is a fifth binomial (straight-line) [Def. 10.9].
(Which is) the very thing it was required to show.

T In other words, the square of the square-root of a rational plus medial is a fifth binomial. See Prop. 10.58.
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Proposition 65

The square on the square-root of (the sum of) two me-
dial (areas) applied to a rational (straight-line) produces
as breadth a sixth binomial (straight-line).f

Let AB be the square-root of (the sum of) two me-
dial (areas), having been divided at C. And let DFE be a
rational (straight-line). And let the (parallelogram) DF,
equal to the (square) on AB, have been applied to DF,
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producing DG as breadth. I say that DG is a sixth bino-
mial (straight-line).

D KM N G
E HL O F
A C B

For let the same construction be made as in the pre-
vious (propositions). And since AB is the square-root
of (the sum of) two medial (areas), having been divided
at C, AC and CB are thus incommensurable in square,
making the sum of the squares on them medial, and the
(rectangle contained) by them medial, and, moreover,
the sum of the squares on them incommensurable with
the (rectangle contained) by them [Prop. 10.41]. Hence,
according to what has been previously demonstrated, DL
and M F are each medial. And they are applied to the
rational (straight-line) DE. Thus, DM and MG are
each rational, and incommensurable in length with DE
[Prop. 10.22]. And since the sum of the (squares) on
AC and CB is incommensurable with twice the (rectan-
gle contained) by AC and CB, DL is thus incommensu-
rable with M F'. Thus, DM (is) also incommensurable (in
length) with MG [Props. 6.1, 10.11]. DM and MG are
thus rational (straight-lines which are) commensurable
in square only. Thus, DG is a binomial (straight-line)
[Prop. 10.36]. So, I say that (it is) also a sixth (binomial
straight-line).

So, similarly (to the previous propositions), we can
again show that the (rectangle contained) by DKM is
equal to the (square) on M N, and that DK is incom-
mensurable in length with KM. And so, for the same
(reasons), the square on DM is greater than (the square
on) MG by the (square) on (some straight-line) incom-
mensurable in length with (DM) [Prop. 10.18]. And nei-
ther of DM and MG is commensurable in length with the
(previously) laid down rational (straight-line) DE.

Thus, DG is a sixth binomial (straight-line) [Def.
10.10]. (Which is) the very thing it was required to show.

T In other words, the square of the square-root of two medials is a sixth binomial. See Prop. 10.59.

4
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Proposition 66

A (straight-line) commensurable in length with a bi-
nomial (straight-line) is itself also binomial, and the same
in order.
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Let AB be a binomial (straight-line), and let CD be
commensurable in length with AB. I say that C'D is a bi-
nomial (straight-line), and (is) the same in order as AB.

A E B

C F D

For since AB is a binomial (straight-line), let it have
been divided into its (component) terms at F, and let
AE be the greater term. AE and EB are thus rational
(straight-lines which are) commensurable in square only
[Prop. 10.36]. Let it have been contrived that as AB (is)
to CD, so AFE (is) to CF [Prop. 6.12]. Thus, the remain-
der EB is also to the remainder F D, as AB (is) to CD
[Props. 6.16, 5.19 corr.]. And AB (is) commensurable
in length with CD. Thus, AF is also commensurable
(in length) with CF, and EB with FD [Prop. 10.11].
And AF and EB are rational. Thus, CF and FD are
also rational. And as AFE is to CF, (so) EB (is) to F'D
[Prop. 5.11]. Thus, alternately, as AE is to EB, (so)
CF (is) to F'D [Prop. 5.16]. And AFE and EB [are]
commensurable in square only. Thus, CF and F'D are
also commensurable in square only [Prop. 10.11]. And
they are rational. CD is thus a binomial (straight-line)
[Prop. 10.36]. So, I say that it is the same in order as
AB.

For the square on AF is greater than (the square on)
EB by the (square) on (some straight-line) either com-
mensurable or incommensurable (in length) with (AE).
Therefore, if the square on AFE is greater than (the square
on) EB by the (square) on (some straight-line) com-
mensurable (in length) with (AE) then the square on
CF will also be greater than (the square on) F'D by
the (square) on (some straight-line) commensurable (in
length) with (CF) [Prop. 10.14]. And if AF is com-
mensurable (in length) with (some previously) laid down
rational (straight-line) then C'F will also be commensu-
rable (in length) with it [Prop. 10.12]. And, on account
of this, AB and CD are each first binomial (straight-
lines) [Def. 10.5]—that is to say, the same in order. And if
EB is commensurable (in length) with the (previously)
laid down rational (straight-line) then F'D is also com-
mensurable (in length) with it [Prop. 10.12], and, again,
on account of this, (CD) will be the same in order as
AB. For each of them will be second binomial (straight-
lines) [Def. 10.6]. And if neither of AF and EB is com-
mensurable (in length) with the (previously) laid down
rational (straight-line) then neither of CF and F'D will
be commensurable (in length) with it [Prop. 10.13], and
each (of AB and CD) is a third (binomial straight-line)
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[Def. 10.7]. And if the square on AFE is greater than
(the square on) E'B by the (square) on (some straight-
line) incommensurable (in length) with (AFE) then the
square on C'F is also greater than (the square on) F'D
by the (square) on (some straight-line) incommensurable
(in length) with (CF) [Prop. 10.14]. And if AF is com-
mensurable (in length) with the (previously) laid down
rational (straight-line) then C'F is also commensurable
(in length) with it [Prop. 10.12], and each (of AB and
CD) is a fourth (binomial straight-line) [Def. 10.8]. And
if EB (is commensurable in length with the previously
laid down rational straight-line) then F'D (is) also (com-
mensurable in length with it), and each (of AB and CD)
will be a fifth (binomial straight-line) [Def. 10.9]. And
if neither of AF and EB (is commensurable in length
with the previously laid down rational straight-line) then
also neither of CF' and F'D is commensurable (in length)
with the laid down rational (straight-line), and each (of
AB and CD) will be a sixth (binomial straight-line)
[Def. 10.10].

Hence, a (straight-line) commensurable in length
with a binomial (straight-line) is a binomial (straight-
line), and the same in order. (Which is) the very thing it
was required to show.

Proposition 67

A (straight-line) commensurable in length with a bi-
medial (straight-line) is itself also bimedial, and the same
in order.

A E B

C F D

Let AB be a bimedial (straight-line), and let CD be
commensurable in length with AB. I say that C'D is bi-
medial, and the same in order as AB.

For since AB is a bimedial (straight-line), let it have
been divided into its (component) medial (straight-lines)
at E. Thus, AE and EB are medial (straight-lines
which are) commensurable in square only [Props. 10.37,
10.38]. And let it have been contrived that as AB (is) to
CD, (so) AFE (is) to CF [Prop. 6.12]. And thus as the
remainder F'B is to the remainder F' D, so AB (is) to CD
[Props. 5.19 corr., 6.16]. And AB (is) commensurable
in length with CD. Thus, AE and EB are also com-
mensurable (in length) with CF and FD, respectively
[Prop. 10.11]. And AE and E B (are) medial. Thus, CF
and F'D (are) also medial [Prop. 10.23]. And since as
AFE isto EB, (so) CF (is) to F'D, and AE and EB are
commensurable in square only, CF' and F'D are [thus]
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also commensurable in square only [Prop. 10.11]. And
they were also shown (to be) medial. Thus, CD is a bi-
medial (straight-line). So, I say that it is also the same in
order as AB.

For since as AF is to EB, (so) CF (is) to F' D, thus
also as the (square) on AE (is) to the (rectangle con-
tained) by AE B, so the (square) on C'F' (is) to the (rect-
angle contained) by CFD [Prop. 10.21 lem.]. Alter-
nately, as the (square) on AFE (is) to the (square) on
CF, so the (rectangle contained) by AEB (is) to the
(rectangle contained) by CFD [Prop. 5.16]. And the
(square) on AE (is) commensurable with the (square)
on CF. Thus, the (rectangle contained) by AEB (is)
also commensurable with the (rectangle contained) by
CFD [Prop. 10.11]. Therefore, either the (rectangle
contained) by AEB is rational, and the (rectangle con-
tained) by CFD is rational [and, on account of this,
(AFE and CD) are first bimedial (straight-lines)], or (the
rectangle contained by AEB is) medial, and (the rect-
angle contained by CF D is) medial, and (AB and CD)
are each second (bimedial straight-lines) [Props. 10.23,
10.37, 10.38].

And, on account of this, C'D will be the same in order
as AB. (Which is) the very thing it was required to show.

Proposition 68

A (straight-line) commensurable (in length) with a
major (straight-line) is itself also major.

A E B

F D

Let AB be a major (straight-line), and let C'D be com-
mensurable (in length) with AB. I say that C'D is a major
(straight-line).

Let AB have been divided (into its component terms)
at E. AE and EB are thus incommensurable in square,
making the sum of the squares on them rational, and the
(rectangle contained) by them medial [Prop. 10.39]. And
let (the) same (things) have been contrived as in the pre-
vious (propositions). And since as AB is to CD, so AFE
(is) to CF and EB to F'D, thus also as AFE (is) to CF,
so EB (is) to F'D [Prop. 5.11]. And AB (is) commen-
surable (in length) with C'D. Thus, AE and EB (are)
also commensurable (in length) with CF and FD, re-
spectively [Prop. 10.11]. And since as AE is to C'F, so
EB (is) to F'D, also, alternately, as AF (is) to EB, so
CF (is) to FD [Prop. 5.16], and thus, via composition,
as ABisto BE, so CD (is) to DF [Prop. 5.18]. And thus
as the (square) on AB (is) to the (square) on BFE, so the
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(square) on C'D (is) to the (square) on DF' [Prop. 6.20].
So, similarly, we can also show that as the (square) on
AB (is) to the (square) on AE, so the (square) on C'D
(is) to the (square) on C'F. And thus as the (square) on
AB (is) to (the sum of) the (squares) on AE and EB, so
the (square) on C'D (is) to (the sum of) the (squares) on
CF and F D. And thus, alternately, as the (square) on AB
is to the (square) on C' D, so (the sum of) the (squares) on
AFE and EB (is) to (the sum of) the (squares) on C'F’ and
F'D [Prop. 5.16]. And the (square) on AB (is) commen-
surable with the (square) on C'D. Thus, (the sum of) the
(squares) on AE and EB (is) also commensurable with
(the sum of) the (squares) on CF and F'D [Prop. 10.11].
And the (squares) on AF and EB (added) together are
rational. The (squares) on C'F and F'D (added) together
(are) thus also rational. So, similarly, twice the (rect-
angle contained) by AFE and EB is also commensurable
with twice the (rectangle contained) by CF and F'D. And
twice the (rectangle contained) by AE and EB is me-
dial. Therefore, twice the (rectangle contained) by CF
and F'D (is) also medial [Prop. 10.23 corr.]. CF and F' D
are thus (straight-lines which are) incommensurable in
square [Prop 10.13], simultaneously making the sum of
the squares on them rational, and twice the (rectangle
contained) by them medial. The whole, C'D, is thus that
irrational (straight-line) called major [Prop. 10.39].

Thus, a (straight-line) commensurable (in length)
with a major (straight-line) is major. (Which is) the very
thing it was required to show.

Proposition 69

A (straight-line) commensurable (in length) with the
square-root of a rational plus a medial (area) is [itself
also] the square-root of a rational plus a medial (area).

A E B

C F D

Let AB be the square-root of a rational plus a medial
(area), and let CD be commensurable (in length) with
AB. We must show that C'D is also the square-root of a
rational plus a medial (area).

Let AB have been divided into its (component)
straight-lines at F. AFE and EB are thus incommensu-
rable in square, making the sum of the squares on them
medial, and the (rectangle contained) by them rational
[Prop. 10.40]. And let the same construction have been
made as in the previous (propositions). So, similarly, we
can show that CF and FD are also incommensurable
in square, and that the sum of the (squares) on AE and
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EB (is) commensurable with the sum of the (squares)
on CF and FD, and the (rectangle contained) by AF
and F B with the (rectangle contained) by CF and FD.
And hence the sum of the squares on C'F' and F'D is me-
dial, and the (rectangle contained) by CF and FD (is)
rational.

Thus, C'D is the square-root of a rational plus a medial
(area) [Prop. 10.40]. (Which is) the very thing it was
required to show.

Proposition 70

A (straight-line) commensurable (in length) with the
square-root of (the sum of) two medial (areas) is (itself
also) the square-root of (the sum of) two medial (areas).

A E B

F D

Let AB be the square-root of (the sum of) two medial
(areas), and (let) CD (be) commensurable (in length)
with AB. We must show that C'D is also the square-root
of (the sum of) two medial (areas).

For since AB is the square-root of (the sum of) two
medial (areas), let it have been divided into its (compo-
nent) straight-lines at £. Thus, AE and FB are incom-
mensurable in square, making the sum of the [squares]
on them medial, and the (rectangle contained) by them
medial, and, moreover, the sum of the (squares) on AFE
and F B incommensurable with the (rectangle) contained
by AE and E B [Prop. 10.41]. And let the same construc-
tion have been made as in the previous (propositions).
So, similarly, we can show that CF and F'D are also
incommensurable in square, and (that) the sum of the
(squares) on AE and EB (is) commensurable with the
sum of the (squares) on C'F and F' D, and the (rectangle
contained) by AE and E' B with the (rectangle contained)
by CF and FD. Hence, the sum of the squares on CF
and F'D is also medial, and the (rectangle contained) by
CF and FD (is) medial, and, moreover, the sum of the
squares on C'F and F'D (is) incommensurable with the
(rectangle contained) by CF and F'D.

Thus, CD is the square-root of (the sum of) two me-
dial (areas) [Prop. 10.41]. (Which is) the very thing it
was required to show.

Proposition 71

When a rational and a medial (area) are added to-
gether, four irrational (straight-lines) arise (as the square-
roots of the total area)—either a binomial, or a first bi-
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medial, or a major, or the square-root of a rational plus a
medial (area).

Let AB be a rational (area), and C'D a medial (area).
I say that the square-root of area AD is either binomial,
or first bimedial, or major, or the square-root of a rational
plus a medial (area).

A C E H K

B D

For AB is either greater or less than C'D. Let it, first
of all, be greater. And let the rational (straight-line) EF
be laid down. And let (the rectangle) EG, equal to AB,
have been applied to EF, producing FH as breadth. And
let (the recatangle) HI, equal to DC, have been ap-
plied to E'F, producing HK as breadth. And since AB
is rational, and is equal to EG, EG is thus also rational.
And it has been applied to the [rational] (straight-line)
EF, producing FH as breadth. F'H is thus rational, and
commensurable in length with EF [Prop. 10.20]. Again,
since C'D is medial, and is equal to HI, HI is thus also
medial. And it is applied to the rational (straight-line)
EF, producing HK as breadth. HK is thus rational,
and incommensurable in length with EF [Prop. 10.22].
And since C'D is medial, and AB rational, AB is thus
incommensurable with CD. Hence, EG is also incom-
mensurable with HI. And as EG (is) to HI, so EH is
to HK [Prop. 6.1]. Thus, FH is also incommensurable
in length with H K [Prop. 10.11]. And they are both ra-
tional. Thus, EH and HK are rational (straight-lines
which are) commensurable in square only. FK is thus
a binomial (straight-line), having been divided (into its
component terms) at H [Prop. 10.36]. And since AB
is greater than C'D, and AB (is) equal to FG, and CD
to HI, EG (is) thus also greater than HI. Thus, EH is
also greater than H K [Prop. 5.14]. Therefore, the square
on FH is greater than (the square on) HK either by
the (square) on (some straight-line) commensurable in
length with (EH), or by the (square) on (some straight-
line) incommensurable (in length with EH). Let it, first
of all, be greater by the (square) on (some straight-line)
commensurable (in length with £H). And the greater
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(of the two components of £FK) HE is commensurable
(in length) with the (previously) laid down (straight-
line) FF. EK is thus a first binomial (straight-line)
[Def. 10.5]. And EF (is) rational. And if an area is con-
tained by a rational (straight-line) and a first binomial
(straight-line) then the square-root of the area is a bino-
mial (straight-line) [Prop. 10.54]. Thus, the square-root
of EI is a binomial (straight-line). Hence the square-
root of AD is also a binomial (straight-line). And, so, let
the square on E'H be greater than (the square on) HK
by the (square) on (some straight-line) incommensurable
(in length) with (FH). And the greater (of the two com-
ponents of EK) FH is commensurable in length with the
(previously) laid down rational (straight-line) E'F. Thus,
FEK is a fourth binomial (straight-line) [Def. 10.8]. And
E'F (is) rational. And if an area is contained by a rational
(straight-line) and a fourth binomial (straight-line) then
the square-root of the area is the irrational (straight-line)
called major [Prop. 10.57]. Thus, the square-root of area
ET is a major (straight-line). Hence, the square-root of
AD is also major.

And so, let AB be less than C'D. Thus, EG is also less
than HI. Hence, FH is also less than HK [Props. 6.1,
5.14]. And the square on HK is greater than (the
square on) FH either by the (square) on (some straight-
line) commensurable (in length) with (HK), or by the
(square) on (some straight-line) incommensurable (in
length) with (H K). Let it, first of all, be greater by the
square on (some straight-line) commensurable in length
with (HK). And the lesser (of the two components of
EK) EH is commensurable in length with the (previ-
ously) laid down rational (straight-line) FF. Thus, EK
is a second binomial (straight-line) [Def. 10.6]. And EF
(is) rational. And if an area is contained by a rational
(straight-line) and a second binomial (straight-line) then
the square-root of the area is a first bimedial (straight-
line) [Prop. 10.55]. Thus, the square-root of area ET is
a first bimedial (straight-line). Hence, the square-root of
AD is also a first bimedial (straight-line). And so, let
the square on HK be greater than (the square on) HFE
by the (square) on (some straight-line) incommensurable
(in length) with (H K). And the lesser (of the two compo-
nents of EK) EH is commensurable (in length) with the
(previously) laid down rational (straight-line) E'F'. Thus,
EK is a fifth binomial (straight-line) [Def. 10.9]. And
EF (is) rational. And if an area is contained by a ratio-
nal (straight-line) and a fifth binomial (straight-line) then
the square-root of the area is the square-root of a rational
plus a medial (area) [Prop. 10.58]. Thus, the square-root
of area FI is the square-root of a rational plus a medial
(area). Hence, the square-root of area AD is also the
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square-root of a rational plus a medial (area).

Thus, when a rational and a medial area are added to-
gether, four irrational (straight-lines) arise (as the square-
roots of the total area)—either a binomial, or a first bi-
medial, or a major, or the square-root of a rational plus a
medial (area). (Which is) the very thing it was required
to show.

Proposition 72

When two medial (areas which are) incommensu-
rable with one another are added together, the remaining
two irrational (straight-lines) arise (as the square-roots of
the total area)—either a second bimedial, or the square-
root of (the sum of) two medial (areas).

A C E H K

B D

For let the two medial (areas) AB and C'D, (which
are) incommensurable with one another, have been
added together. I say that the square-root of area AD
is either a second bimedial, or the square-root of (the
sum of) two medial (areas).

For AB is either greater than or less than C'D. By
chance, let AB, first of all, be greater than C'D. And
let the rational (straight-line) F'F' be laid down. And let
EG, equal to AB, have been applied to E'F, producing
EH as breadth, and HI, equal to CD, producing HK
as breadth. And since AB and CD are each medial, EG
and HI (are) thus also each medial. And they are ap-
plied to the rational straight-line F'F, producing EH and
HK (respectively) as breadth. Thus, FH and HK are
each rational (straight-lines which are) incommensurable
in length with EF [Prop. 10.22]. And since AB is incom-
mensurable with CD, and AB is equal to FG, and CD
to HI, EG is thus also incommensurable with HI. And
as EG (is) to HI, so FH is to HK [Prop. 6.1]. EH is
thus incommensurable in length with H K [Prop. 10.11].
Thus, EH and H K are rational (straight-lines which are)
commensurable in square only. FK is thus a binomial
(straight-line) [Prop. 10.36]. And the square on EH is
greater than (the square on) H K either by the (square)
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on (some straight-line) commensurable (in length) with
(EH), or by the (square) on (some straight-line) incom-
mensurable (in length with EH). Let it, first of all, be
greater by the square on (some straight-line) commensu-
rable in length with (FH). And neither of EH or HK is
commensurable in length with the (previously) laid down
rational (straight-line) E'F. Thus, FK is a third binomial
(straight-line) [Def. 10.7]. And E'F (is) rational. And if
an area is contained by a rational (straight-line) and a
third binomial (straight-line) then the square-root of the
area is a second bimedial (straight-line) [Prop. 10.56].
Thus, the square-root of FI—that is to say, of AD—
is a second bimedial. And so, let the square on EH
be greater than (the square) on HK by the (square)
on (some straight-line) incommensurable in length with
(EH). And EH and HK are each incommensurable in
length with FF'. Thus, EK is a sixth binomial (straight-
line) [Def. 10.10]. And if an area is contained by a ra-
tional (straight-line) and a sixth binomial (straight-line)
then the square-root of the area is the square-root of (the
sum of) two medial (areas) [Prop. 10.59]. Hence, the
square-root of area AD is also the square-root of (the
sum of) two medial (areas).

[So, similarly, we can show that, even if AB is less
than C'D, the square-root of area AD is either a second
bimedial or the square-root of (the sum of) two medial
(areas).]

Thus, when two medial (areas which are) incommen-
surable with one another are added together, the remain-
ing two irrational (straight-lines) arise (as the square-
roots of the total area)—either a second bimedial, or the
square-root of (the sum of) two medial (areas).

A binomial (straight-line), and the (other) irrational
(straight-lines) after it, are neither the same as a medial
(straight-line) nor (the same) as one another. For the
(square) on a medial (straight-line), applied to a rational
(straight-line), produces as breadth a rational (straight-
line which is) also incommensurable in length with (the
straight-line) to which it is applied [Prop. 10.22]. And
the (square) on a binomial (straight-line), applied to a
rational (straight-line), produces as breadth a first bino-
mial [Prop. 10.60]. And the (square) on a first bimedial
(straight-line), applied to a rational (straight-line), pro-
duces as breadth a second binomial [Prop. 10.61]. And
the (square) on a second bimedial (straight-line), applied
to a rational (straight-line), produces as breadth a third
binomial [Prop. 10.62]. And the (square) on a major
(straight-line), applied to a rational (straight-line), pro-
duces as breadth a fourth binomial [Prop. 10.63]. And
the (square) on the square-root of a rational plus a medial
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(area), applied to a rational (straight-line), produces as
breadth a fifth binomial [Prop. 10.64]. And the (square)
on the square-root of (the sum of) two medial (areas),
applied to a rational (straight-line), produces as breadth
a sixth binomial [Prop. 10.65]. And the aforementioned
breadths differ from the first (breadth), and from one
another—from the first, because it is rational—and from
one another, because they are not the same in order.
Hence, the (previously mentioned) irrational (straight-
lines) themselves also differ from one another.

Proposition 73

If a rational (straight-line), which is commensu-
rable in square only with the whole, is subtracted from
a(nother) rational (straight-line) then the remainder is
an irrational (straight-line). Let it be called an apotome.

A C B

For let the rational (straight-line) BC, which com-
mensurable in square only with the whole, have been
subtracted from the rational (straight-line) AB. Isay that
the remainder AC is that irrational (straight-line) called
an apotome.

For since AB is incommensurable in length with BC,
and as AB is to BC, so the (square) on AB (is) to the
(rectangle contained) by AB and BC' [Prop. 10.21 lem.],
the (square) on AB is thus incommensurable with the
(rectangle contained) by AB and BC [Prop. 10.11]. But,
the (sum of the) squares on AB and BC is commen-
surable with the (square) on AB [Prop. 10.15], and
twice the (rectangle contained) by AB and BC is com-
mensurable with the (rectangle contained) by AB and
BC [Prop. 10.6]. And, inasmuch as the (sum of the
squares) on AB and BC is equal to twice the (rectan-
gle contained) by AB and BC plus the (square) on C'A
[Prop. 2.7], the (sum of the squares) on AB and BC is
thus also incommensurable with the remaining (square)
on AC [Props. 10.13, 10.16]. And the (sum of the
squares) on AB and BC is rational. AC is thus an ir-
rational (straight-line) [Def. 10.4]. And let it be called
an apotome.! (Which is) the very thing it was required to
show.

Proposition 74

If a medial (straight-line), which is commensurable in
square only with the whole, and which contains a ratio-
nal (area) with the whole, is subtracted from a(nother)
medial (straight-line) then the remainder is an irrational
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(straight-line). Let it be called a first apotome of a medial
(straight-line).

A C B

For let the medial (straight-line) BC, which is com-
mensurable in square only with AB, and which makes
with AB the rational (rectangle contained) by AB and
BC, have been subtracted from the medial (straight-line)
AB [Prop. 10.27]. I say that the remainder AC is an ir-
rational (straight-line). Let it be called the first apotome
of a medial (straight-line).

For since AB and BC are medial (straight-lines), the
(sum of the squares) on AB and BC is also medial. And
twice the (rectangle contained) by AB and BC (is) ratio-
nal. The (sum of the squares) on AB and BC (is) thus in-
commensurable with twice the (rectangle contained) by
AB and BC. Thus, twice the (rectangle contained) by
AB and BC is also incommensurable with the remain-
ing (square) on AC [Prop. 2.7], since if the whole is in-
commensurable with one of the (constituent magnitudes)
then the original magnitudes will also be incommensu-
rable (with one another) [Prop. 10.16]. And twice the
(rectangle contained) by AB and BC (is) rational. Thus,
the (square) on AC is irrational. Thus, AC is an irra-
tional (straight-line) [Def. 10.4]. Let it be called a first
apotome of a medial (straight-line).f

Proposition 75

If a medial (straight-line), which is commensurable in
square only with the whole, and which contains a me-
dial (area) with the whole, is subtracted from a(nother)
medial (straight-line) then the remainder is an irrational
(straight-line). Let it be called a second apotome of a
medial (straight-line).

For let the medial (straight-line) C'B, which is com-
mensurable in square only with the whole, AB, and
which contains with the whole, AB, the medial (rect-
angle contained) by AB and BC, have been subtracted
from the medial (straight-line) AB [Prop. 10.28]. I say
that the remainder AC is an irrational (straight-line). Let
it be called a second apotome of a medial (straight-line).
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D F G
I H E

For let the rational (straight-line) DI be laid down.
And let DE, equal to the (sum of the squares) on AB
and BC, have been applied to DI, producing DG as
breadth. And let DH, equal to twice the (rectangle con-
tained) by AB and BC, have been applied to DI, produc-
ing DF as breadth. The remainder F'FE is thus equal to
the (square) on AC [Prop. 2.7]. And since the (squares)
on AB and BC are medial and commensurable (with
one another), DFE (is) thus also medial [Props. 10.15,
10.23 corr.]. And it is applied to the rational (straight-
line) DI, producing DG as breadth. Thus, DG is rational,
and incommensurable in length with DI [Prop. 10.22].
Again, since the (rectangle contained) by AB and BC is
medial, twice the (rectangle contained) by AB and BC
is thus also medial [Prop. 10.23 corr.]. And it is equal
to DH. Thus, DH is also medial. And it has been ap-
plied to the rational (straight-line) DI, producing DF as
breadth. DF is thus rational, and incommensurable in
length with DI [Prop. 10.22]. And since AB and BC are
commensurable in square only, AB is thus incommensu-
rable in length with BC. Thus, the square on AB (is)
also incommensurable with the (rectangle contained) by
AB and BC [Props. 10.21 lem., 10.11]. But, the (sum
of the squares) on AB and BC is commensurable with
the (square) on AB [Prop. 10.15], and twice the (rectan-
gle contained) by AB and BC is commensurable with the
(rectangle contained) by AB and BC [Prop. 10.6]. Thus,
twice the (rectangle contained) by AB and BC is incom-
mensurable with the (sum of the squares) on AB and
BC [Prop. 10.13]. And DF is equal to the (sum of the
squares) on AB and BC, and DH to twice the (rectangle
contained) by AB and BC. Thus, DF [is] incommensu-
rable with DH. And as DE (is) to DH, so GD (is) to
DF [Prop. 6.1]. Thus, GD is incommensurable with DF’
[Prop. 10.11]. And they are both rational (straight-lines).
Thus, GD and DF are rational (straight-lines which are)
commensurable in square only. Thus, F'G is an apotome
[Prop. 10.73]. And DI (is) rational. And the (area) con-
tained by a rational and an irrational (straight-line) is
irrational [Prop. 10.20], and its square-root is irrational.
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And AC is the square-root of F'E. Thus, AC is an irra-
tional (straight-line) [Def. 10.4]. And let it be called the
second apotome of a medial (straight-line)." (Which is)
the very thing it was required to show.

Proposition 76

If a straight-line, which is incommensurable in square
with the whole, and with the whole makes the (squares)
on them (added) together rational, and the (rectangle
contained) by them medial, is subtracted from a(nother)
straight-line then the remainder is an irrational (straight-
line). Let it be called a minor (straight-line).

A C B

For let the straight-line BC, which is incommensu-
rable in square with the whole, and fulfils the (other)
prescribed (conditions), have been subtracted from the
straight-line AB [Prop. 10.33]. I say that the remainder
AC is that irrational (straight-line) called minor.

For since the sum of the squares on AB and BC is
rational, and twice the (rectangle contained) by AB and
BC (is) medial, the (sum of the squares) on AB and BC
is thus incommensurable with twice the (rectangle con-
tained) by AB and BC. And, via conversion, the (sum
of the squares) on AB and BC' is incommensurable with
the remaining (square) on AC [Props. 2.7, 10.16]. And
the (sum of the squares) on AB and BC' (is) rational.
The (square) on AC (is) thus irrational. Thus, AC (is)
an irrational (straight-line) [Def. 10.4]. Let it be called
a minor (straight-line)." (Which is) the very thing it was
required to show.

Proposition 77

If a straight-line, which is incommensurable in square
with the whole, and with the whole makes the sum of the
squares on them medial, and twice the (rectangle con-
tained) by them rational, is subtracted from a(nother)
straight-line then the remainder is an irrational (straight-
line). Let it be called that which makes with a rational
(area) a medial whole.

A C B

For let the straight-line BC, which is incommensu-
rable in square with AB, and fulfils the (other) prescribed
(conditions), have been subtracted from the straight-line
AB [Prop. 10.34]. I say that the remainder AC is the
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TETPAYWVOVY U€cov Eotly, T B¢ dic o v AB, BI' ontov,
o N T oo e s
dotupetpa dpa Eotl td dno ey AB, BI' w3 Sic Uno tév
AB, BI'" xal hownov dpa 10 dno tfic AI' dobupetedv éott
16 Bic Uno tév AB, BT xaf éott 10 dic Unod tév AB, BT
enTév: 1o dpa dmo thic AL dhoyov éotiv: dhoyog dpa EoTiv
. y s e g -

N AL xahelobo 8¢ 1) yeta pntod péoov 10 6hov notoboa.
Omep €del del€ou.

T See footnote to Prop. 10.40.
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A Z H
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Ano yop evldelac tfic AB eddela dgnerodw 7 BT
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Ayw, 6T ) howmn N AT" dhoydc Eotv 1) xahoupévn 1) petd
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‘Exxelodo yoap onty f AL xol toic yév dno v AB,
BT Toov mapd v Al nopoPefinodw 10 AE nidtog nolodv
v AH, 16 8¢ dic Ono v AB, BI ioov dgnenode 1o
AO [mNdtoc mowobv thv AZ]. ooy dpa T ZE loov éoti
6 anod tiic Al dote | AT SOvaton to ZE. xol énel 1o
ouyxeipevoy éx tev dno v AB, BI' tetpaydvwy péoov
¢oti xal éorv foov 16 AE, yéoov dpa [Eoti] 10 AE. xal nopd
ey v Al nopdxeitar thdtog noody v AH: gy dpa
gotlv ) AH ol dodupetpog i Al prixel. mdh, énel 16 dic
Ono v AB, BI' péoov éotl xai éotv Toov 16 AO, 10 dpa

aforementioned irrational (straight-line).

For since the sum of the squares on AB and BC is
medial, and twice the (rectangle contained) by AB and
BC rational, the (sum of the squares) on AB and BC
is thus incommensurable with twice the (rectangle con-
tained) by AB and BC. Thus, the remaining (square)
on AC is also incommensurable with twice the (rectan-
gle contained) by AB and BC [Props. 2.7, 10.16]. And
twice the (rectangle contained) by AB and BC is ratio-
nal. Thus, the (square) on AC is irrational. Thus, AC
is an irrational (straight-line) [Def. 10.4]. And let it be
called that which makes with a rational (area) a medial
whole." (Which is) the very thing it was required to show.

Proposition 78

If a straight-line, which is incommensurable in square
with the whole, and with the whole makes the sum of the
squares on them medial, and twice the (rectangle con-
tained) by them medial, and, moreover, the (sum of the)
squares on them incommensurable with twice the (rect-
angle contained) by them, is subtracted from a(nother)
straight-line then the remainder is an irrational (straight-
line). Let it be called that which makes with a medial
(area) a medial whole.

D F G
I H E
A C B

For let the straight-line BC, which is incommensu-
rable in square AB, and fulfils the (other) prescribed
(conditions), have been subtracted from the (straight-
line) AB [Prop. 10.35]. I say that the remainder AC is
the irrational (straight-line) called that which makes with
a medial (area) a medial whole.

For let the rational (straight-line) DI be laid down.
And let DFE, equal to the (sum of the squares) on AB and
BC, have been applied to DI, producing DG as breadth.
And let DH, equal to twice the (rectangle contained) by
AB and BC, have been subtracted (from DFE) [produc-
ing DF as breadth]. Thus, the remainder F'E is equal
to the (square) on AC [Prop. 2.7]. Hence, AC is the
square-root of F'E. And since the sum of the squares on
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A péoov éotiv. xol napd pntAv v Al napdxeiton TAdToC
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pnrai- i HA, AZ 8po pnrol elol duvdpel puévov cOUUETEOL.
dnotoyur, dpa €otiv 1) ZH- g 8¢ 1 ZO. 16 8¢ Onod pnriic
%ol drotopufic tepleyduevoy [6ploydviov] dhoydy Eotiy, xal
7 Suvapévn abto Bhoydc oty xal dovatan T0 ZE 7 AT 7
AT 8pa dhoyoe Eotiv: xaheloVw B¢ 1) YeTA Yéoou PEGOV TO
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T See footnote to Prop. 10.41.
oV
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A B
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AT, I'B, to0t0 Unepéyet [xad] To Sl Umo 16y AA, AB 1ol
dlc Umo v AT, T'B. & 8¢ dmo tédv AA, AB té&v dmo tév
AT, I'B Omepéyet pntés onta ydp dupdtepa. ol 1o dl¢ dpa
Ono v AA, AB 10D bic bno t@év AL, I'B Onepéyel pneds-
Omep €0Tlv ABUVATOV: UET YO SUPOTERY, UECOV BE UEGOU
oLy Umepéyel N, T dpa AB £tépa 00 mpocapudlel pnt
BuvapeL wovov clpPETEOC olioa Tf| 6AY.

Mio Gpo poévn tfj dnotopf] npocapudlel enty duvduel

AB and BC is medial, and is equal to DE, DE [is] thus
medial. And it is applied to the rational (straight-line)
DI, producing DG as breadth. Thus, DG is rational, and
incommensurable in length with DT [Prop 10.22]. Again,
since twice the (rectangle contained) by AB and BC is
medial, and is equal to DH, DH is thus medial. And it is
applied to the rational (straight-line) DI, producing DF
as breadth. Thus, DF is also rational, and incommen-
surable in length with DI [Prop. 10.22]. And since the
(sum of the squares) on AB and BC' is incommensurable
with twice the (rectangle contained) by AB and BC, DE
(is) also incommensurable with DH. And as DE (is) to
DH, so DG also is to DF' [Prop. 6.1]. Thus, DG (is) in-
commensurable (in length) with DF' [Prop. 10.11]. And
they are both rational. Thus, GD and DF are ratio-
nal (straight-lines which are) commensurable in square
only. Thus, F'G is an apotome [Prop. 10.73]. And FFH
(is) rational. And the [rectangle] contained by a rational
(straight-line) and an apotome is irrational [Prop. 10.20],
and its square-root is irrational. And AC is the square-
root of FE. Thus, AC is irrational. Let it be called
that which makes with a medial (area) a medial whole."
(Which is) the very thing it was required to show.

Proposition 79

[Only] one rational straight-line, which is commensu-
rable in square only with the whole, can be attached to
an apotome.

A B

. . C D

Let AB be an apotome, with BC' (so) attached to it.
AC and CB are thus rational (straight-lines which are)
commensurable in square only [Prop. 10.73]. I say that
another rational (straight-line), which is commensurable
in square only with the whole, cannot be attached to AB.

For, if possible, let BD be (so) attached (to AB).
Thus, AD and DB are also rational (straight-lines which
are) commensurable in square only [Prop. 10.73]. And
since by whatever (area) the (sum of the squares) on AD
and DB exceeds twice the (rectangle contained) by AD
and D B, the (sum of the squares) on AC and CB also ex-
ceeds twice the (rectangle contained) by AC and CB by
this (same area). For both exceed by the same (area)—
(namely), the (square) on AB [Prop. 2.7]. Thus, alter-
nately, by whatever (area) the (sum of the squares) on
AD and DB exceeds the (sum of the squares) on AC
and CB, twice the (rectangle contained) by AD and DB
[also] exceeds twice the (rectangle contained) by AC and
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uévov obupetpog oboa Tfj OAy Omep €del dellon.

C B by this (same area). And the (sum of the squares) on
AD and DB exceeds the (sum of the squares) on AC
and CB by a rational (area). For both (are) rational (ar-
eas). Thus, twice the (rectangle contained) by AD and
DB also exceeds twice the (rectangle contained) by AC
and CB by a rational (area). The very thing is impos-
sible. For both are medial (areas) [Prop. 10.21], and a
medial (area) cannot exceed a(nother) medial (area) by
a rational (area) [Prop. 10.26]. Thus, another rational
(straight-line), which is commensurable in square only
with the whole, cannot be attached to AB.

Thus, only one rational (straight-line), which is com-
mensurable in square only with the whole, can be at-
tached to an apotome. (Which is) the very thing it was
required to show.

T This proposition is equivalent to Prop. 10.42, with minus signs instead of plus signs.

.
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Proposition 80

Only one medial straight-line, which is commensu-
rable in square only with the whole, and contains a ra-
tional (area) with the whole, can be attached to a first
apotome of a medial (straight-line)."

A B

. . C D

For let AB be a first apotome of a medial (straight-
line), and let BC be (so) attached to AB. Thus, AC
and CB are medial (straight-lines which are) commen-
surable in square only, containing a rational (area)—
(namely, that contained) by AC and C'B [Prop. 10.74].
I say that a(nother) medial (straight-line), which is com-
mensurable in square only with the whole, and contains
a rational (area) with the whole, cannot be attached to
AB.

For, if possible, let DB also be (so) attached to
AB. Thus, AD and DB are medial (straight-lines which
are) commensurable in square only, containing a ratio-
nal (area)—(namely, that) contained by AD and DB
[Prop. 10.74]. And since by whatever (area) the (sum of
the squares) on AD and D B exceeds twice the (rectangle
contained) by AD and DB, the (sum of the squares) on
AC and CB also exceeds twice the (rectangle contained)
by AC and CB by this (same area). For [again] both ex-
ceed by the same (area)—(namely), the (square) on AB
[Prop. 2.7]. Thus, alternately, by whatever (area) the
(sum of the squares) on AD and DB exceeds the (sum
of the squares) on AC and C B, twice the (rectangle con-
tained) by AD and DB also exceeds twice the (rectangle
contained) by AC and C'B by this (same area). And twice
the (rectangle contained) by AD and DB exceeds twice
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the (rectangle contained) by AC' and C'B by a rational
(area). For both (are) rational (areas). Thus, the (sum
of the squares) on AD and DB also exceeds the (sum
of the) [squares] on AC and C'B by a rational (area).
The very thing is impossible. For both are medial (areas)
[Props. 10.15, 10.23 corr.], and a medial (area) can-
not exceed a(nother) medial (area) by a rational (area)
[Prop. 10.26].

Thus, only one medial (straight-line), which is com-
mensurable in square only with the whole, and contains
arational (area) with the whole, can be attached to a first
apotome of a medial (straight-line). (Which is) the very
thing it was required to show.

T This proposition is equivalent to Prop. 10.43, with minus signs instead of plus signs.

ol
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v AA, AB. xoi énel péoan glotv oi ALY, I'B, yéoa dpa ol
xat to dmo ey AL, I'B. xal éotwv Toa 165 EH- péoov dpa xai
w0 EH. xal mopd gty v EZ napdxeiton mhdtog nowodv

Proposition 81

Only one medial straight-line, which is commensu-
rable in square only with the whole, and contains a me-
dial (area) with the whole, can be attached to a second
apotome of a medial (straight-line).f

A B ¢ D
E H M N
F L G I

Let AB be a second apotome of a medial (straight-
line), with BC (so) attached to AB. Thus, AC and CB
are medial (straight-lines which are) commensurable in
square only, containing a medial (area)—(namely, that
contained) by AC and CB [Prop. 10.75]. I say that
a(nother) medial straight-line, which is commensurable
in square only with the whole, and contains a medial
(area) with the whole, cannot be attached to AB.

For, if possible, let BD be (so) attached. Thus, AD
and DB are also medial (straight-lines which are) com-
mensurable in square only, containing a medial (area)—
(namely, that contained) by AD and DB [Prop. 10.75].
And let the rational (straight-line) E'F be laid down. And
let EG, equal to the (sum of the squares) on AC and
C B, have been applied to E'F, producing EM as breadth.
And let HG, equal to twice the (rectangle contained) by
AC and CB, have been subtracted (from EG), produc-
ing HM as breadth. The remainder EL is thus equal
to the (square) on AB [Prop. 2.7]. Hence, AB is the
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square-root of EL. So, again, let FI, equal to the (sum
of the squares) on AD and DB have been applied to E'F,
producing EN as breadth. And FL is also equal to the
square on AB. Thus, the remainder H is equal to twice
the (rectangle contained) by AD and DB [Prop. 2.7].
And since AC and CB are (both) medial (straight-lines),
the (sum of the squares) on AC and CB is also me-
dial. And it is equal to EG. Thus, EG is also medial
[Props. 10.15, 10.23 corr.]. And it is applied to the ratio-
nal (straight-line) EF, producing EM as breadth. Thus,
EM is rational, and incommensurable in length with EF
[Prop. 10.22]. Again, since the (rectangle contained) by
AC and CB is medial, twice the (rectangle contained)
by AC and CB is also medial [Prop. 10.23 corr.]. And it
is equal to HG. Thus, HG is also medial. And it is ap-
plied to the rational (straight-line) E'F, producing H M
as breadth. Thus, HM is also rational, and incommen-
surable in length with EF' [Prop. 10.22]. And since AC
and CB are commensurable in square only, AC is thus
incommensurable in length with CB. And as AC (is)
to C'B, so the (square) on AC is to the (rectangle con-
tained) by AC and CB [Prop. 10.21 corr.]. Thus, the
(square) on AC is incommensurable with the (rectan-
gle contained) by AC and C'B [Prop. 10.11]. But, the
(sum of the squares) on AC and C'B is commensurable
with the (square) on AC, and twice the (rectangle con-
tained) by AC and CB is commensurable with the (rect-
angle contained) by AC and CB [Prop. 10.6]. Thus,
the (sum of the squares) on AC and CB is incommen-
surable with twice the (rectangle contained) by AC and
CB [Prop. 10.13]. And EG is equal to the (sum of the
squares) on AC and CB. And GH is equal to twice the
(rectangle contained) by AC' and C'B. Thus, EG is in-
commensurable with HG. And as EG (is) to HG, so EM
is to HM [Prop. 6.1]. Thus, EM is incommensurable
in length with M H [Prop. 10.11]. And they are both
rational (straight-lines). Thus, EM and M H are ratio-
nal (straight-lines which are) commensurable in square
only. Thus, EH is an apotome [Prop. 10.73], and HM
(is) attached to it. So, similarly, we can show that HN
(is) also (commensurable in square only with EN and is)
attached to (FH). Thus, different straight-lines, which
are commensurable in square only with the whole, are
attached to an apotome. The very thing is impossible
[Prop. 10.79].

Thus, only one medial straight-line, which is commen-
surable in square only with the whole, and contains a me-
dial (area) with the whole, can be attached to a second
apotome of a medial (straight-line). (Which is) the very
thing it was required to show.
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T This proposition is equivalent to Prop. 10.44, with minus signs instead of plus signs.
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dobupetpoc oboa Tfj 6An %ol mowoloo Ta PEV AT aUT&Y
TeTpdywva dua enTdy, To 8t Blg LN adTEY pécov: dnep EdeL
Oct€au.

Proposition 82

Only one straight-line, which is incommensurable in
square with the whole, and (together) with the whole
makes the (sum of the) squares on them rational, and
twice the (rectangle contained) by them medial, can be
attached to a minor (straight-line).

A B C D

Let AB be a minor (straight-line), and let BC be (so)
attached to AB. Thus, AC and CB are (straight-lines
which are) incommensurable in square, making the sum
of the squares on them rational, and twice the (rectan-
gle contained) by them medial [Prop. 10.76]. I say that
another another straight-line fulfilling the same (condi-
tions) cannot be attached to AB.

For, if possible, let BD be (so) attached (to AB).
Thus, AD and DB are also (straight-lines which are)
incommensurable in square, fulfilling the (other) afore-
mentioned (conditions) [Prop. 10.76]. And since by
whatever (area) the (sum of the squares) on AD and DB
exceeds the (sum of the squares) on AC and CB, twice
the (rectangle contained) by AD and DB also exceeds
twice the (rectangle contained) by AC and CB by this
(same area) [Prop. 2.7]. And the (sum of the) squares
on AD and DB exceeds the (sum of the) squares on AC
and C'B by a rational (area). For both are rational (ar-
eas). Thus, twice the (rectangle contained) by AD and
DB also exceeds twice the (rectangle contained) by AC
and C'B by a rational (area). The very thing is impossible.
For both are medial (areas) [Prop. 10.26].

Thus, only one straight-line, which is incommensu-
rable in square with the whole, and (with the whole)
makes the squares on them (added) together rational,
and twice the (rectangle contained) by them medial, can
be attached to a minor (straight-line). (Which is) the very
thing it was required to show.

T This proposition is equivalent to Prop. 10.45, with minus signs instead of plus signs.

Ty’

T} petd pntod yéocov 1o Ghov nolodaon pio pévov mpo-
capubdlet evVela Suvdpet dodpuetpog oloa Tfj AT, UeTd OE
tfic 6Ang mololica TO Yev cuyxelyevov €x TEV dn’ adTEY
TETPAYWVOVY PECoV, TO B¢ Blc U AdTEY pNTdV.

A B r A

Proposition 83

Only one straight-line, which is incommensurable in
square with the whole, and (together) with the whole
makes the sum of the squares on them medial, and twice
the (rectangle contained) by them rational, can be at-
tached to that (straight-line) which with a rational (area)
makes a medial whole.

A B

¢ D
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"Eotw 1 yeta pntol yéoov 16 6hov mooloa ) AB, xol
tfj AB npoocoppolétw 1 BI'" ai dpo AI', I'B duvdpet eioty
doluyeteol notoboal t& npoxeipevar Ayw, étL tfj AB etépa
oV TpocopUocEL Td aUTd Tollod.

El yap Suvatdv, mpooopuolétw 7 BA- xoi ai AA,
AB dpo eddcion Suvdper eioly dodupetpol mololoon T
npoxelyeva. Emel oy, ¢ Umepéyel T Gno v AA, AB
v ano wisv ALY, I'B, 100t Onepéyetl xol 10 Sic OO Tév
AA, AB 100 dic Uno v AL, I'B dxoholdwe toic mpod
avTol, To 8¢ dic UTo tév AA, AB 10D dic Uno tév AT, I'B
Omepéyel pNTE: ENTa Ydp €0TV Gu@dTERR ol TO GNO TEHV
AA, AB dpa t@v dno v A", I'B Unepéyer pntéy mep
gotlv dd0vatov: yéoa Ydp EoTv dupdTEQRAL.

Ovx Gpa tfi AB étépa mpooupudoer ebieior Suvdpuet
dobupetpoc oboa Tfj OAn, peta B¢ tiic OAnc mowoloa T
mpoelpnuévar pla Spa povov mpocapudoel drep Edel Bel€a.

Let AB be a (straight-line) which with a rational
(area) makes a medial whole, and let BC be (so) at-
tached to AB. Thus, AC and CB are (straight-lines
which are) incommensurable in square, fulfilling the
(other) proscribed (conditions) [Prop. 10.77]. I say that
another (straight-line) fulfilling the same (conditions)
cannot be attached to AB.

For, if possible, let BD be (so) attached (to AB).
Thus, AD and DB are also straight-lines (which are)
incommensurable in square, fulfilling the (other) pre-
scribed (conditions) [Prop. 10.77]. Therefore, analo-
gously to the (propositions) before this, since by what-
ever (area) the (sum of the squares) on AD and DB ex-
ceeds the (sum of the squares) on AC and C B, twice the
(rectangle contained) by AD and DB also exceeds twice
the (rectangle contained) by AC' and C'B by this (same
area). And twice the (rectangle contained) by AD and
DB exceeds twice the (rectangle contained) by AC and
CB by a rational (area). For they are (both) rational (ar-
eas). Thus, the (sum of the squares) on AD and DB also
exceeds the (sum of the squares) on AC and C'B by a ra-
tional (area). The very thing is impossible. For both are
medial (areas) [Prop. 10.26].

Thus, another straight-line cannot be attached to AB,
which is incommensurable in square with the whole, and
fulfills the (other) aforementioned (conditions) with the
whole. Thus, only one (such straight-line) can be (so)
attached. (Which is) the very thing it was required to
show.

T This proposition is equivalent to Prop. 10.46, with minus signs instead of plus signs.

mo'.

Tfj uetd péoou péoov t6 Ghov mowovoy ula uévr Tpo-
capudlet evVela Suvdpet dodppetpog oloa Tfj OAT), UeTd OE
tfic OAnc mowoloa Té te cuyxelyevov €x TEV AT AUTEY
TETPAYOVOY péoov To Te Bl LT adtdv péoov xol Eét
GOOUPUETEOY TE CUYXEWEVE EX TEY G’ adTHV.

"Eotw 1) petd péoou péoov to dhov nowoboa 1} AB, npo-
coppolovoa de avtfj | BI'" ol dpa AL, I'B Suvduel eiotv
doluyetpol mowloo & mposlenuéva.  Aéyw, 6t Tfj AB
gTépa 00 mpocupUdoEL ToLDOoA TREOELENUEVAL.

Proposition 84

Only one straight-line, which is incommensurable in
square with the whole, and (together) with the whole
makes the sum of the squares on them medial, and twice
the (rectangle contained) by them medial, and, more-
over, incommensurable with the sum of the (squares) on
them, can be attached to that (straight-line) which with
a medial (area) makes a medial whole.T

Let AB be a (straight-line) which with a medial
(area) makes a medial whole, BC being (so) attached
to it. Thus, AC and CB are incommensurable in
square, fulfilling the (other) aforementioned (conditions)
[Prop. 10.78]. I say that a(nother) (straight-line) fulfill-
ing the aforementioned (conditions) cannot be attached
to AB.
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El yap duvatdv, mpoooppolétw ) BA, dote xal Tt
AA, AB duvduel douppétpoug eivan motodoog Té TE dmo
v AA, AB tetpdywva Gua péoov xol O Sl OnO TEHV
AA,; AB péoov xal €t t& &no tév AA, AB dodupetea 6
dlc Umo v AA, AB* xal éxxelodw gy | EZ, xol toic
pev and v AT, I'B Toov nopd v EZ nopoBefiiodnw to
EH m\dtoc mowlv v EM, & 8¢ dic uno v AL, I'B
loov mapd v EZ nopafelfifodw 10 OH nAdtoc moiodv
My OM:- hoindv dpa t6 dno tfic AB Toov éotl ¢ EA- 7
Gpa AB d0vaton 0 EA. ndhwv toic dno tév AA, AB ioov
napd v EZ nopaPBefriodw 10 EI nAdtog noolv v EN.
go 8¢ xal 0 and tfic AB Toov 1@ EA- howmov dpa to Sic
Uno v AA, AB Toov [¢otl] 1@ OI. xol érel péoov éoti
0 ouyxelpevov éx v ano v A, I'B xol éotwv loov
6 EH, péoov dpa éotl ol 16 EH. ol moapd pntnyv v EZ
Tapdxetton TAdtog Totoby thv EM: onty dea Eotiv ) EM ol
aoluueteoc tf EZ urxel. ndw, énel péoov ol 16 dic LTO
v AT', I'B xai éotwv Toov 16 OH, yéoov dpa xai 1o OH.
xal mopd oty v EZ napdxeiton thdtog ool thy OM-
ent dpa oty ) OM xal dobupetpog i) EZ pnxel. xol énel
dolpueTed €ott o and v AL, I'B 16 Sic Uno tédv AT,
I'B, aoluyetpdy ot xal 10 EH ¢ OH: doluyetpoc dpa
¢otl xal ) EM 11§ MO prxet. xol eiowv dupdtepan pntal: ol
Gpo EM, MO gntal elol duvdpel pévov cOuuetool dnotoun
Gpa gotlv 1) EO, mpocapuélovoa 8¢ adtf] j @M. duoiwe o7
del€opev, 61t | EO mdAw drotopn éotiv, npocapudélovoa
d¢ avtij ) ON. 1] dpa dmotouf] dAAN xaoil 8AAn TeooupuolEel
enTY duvduet pévov clupetpog oboa tff 6AN dmep Edelydn
ad0vatov. olx po 1f] AB étépa npocapudoel eddela.

Ti Gea AB plo puévov mpoocopudler etdela duvdyuel
doluyetpoc oboa Tfj 6AN, ueta 8¢ tfic 6Anc moloboa Té
Te an’ abTEV TETPAYWVA Gua YEcov ol TO B¢ LT AVTEY
pécov xol €Tt Ta an’ ATV TETPAYWVA GCUUUETEA TE dig
O adtév: émep €deL delou.

A B ¢ D
E H M N
F L G I

For, if possible, let BD be (so) attached. Hence,
AD and DB are also (straight-lines which are) incom-
mensurable in square, making the squares on AD and
DB (added) together medial, and twice the (rectangle
contained) by AD and DB medial, and, moreover, the
(sum of the squares) on AD and DB incommensurable
with twice the (rectangle contained) by AD and DB
[Prop. 10.78]. And let the rational (straight-line) EFF be
laid down. And let EG, equal to the (sum of the squares)
on AC and C B, have been applied to E'F, producing EM
as breadth. And let HG, equal to twice the (rectangle
contained) by AC' and CB, have been applied to EF,
producing HM as breadth. Thus, the remaining (square)
on ABisequal to EL [Prop. 2.7]. Thus, AB is the square-
root of FL. Again, let FI, equal to the (sum of the
squares) on AD and DB, have been applied to EF, pro-
ducing EN as breadth. And the (square) on AB is also
equal to EL. Thus, the remaining twice the (rectangle
contained) by AD and DB [is] equal to HI [Prop. 2.7].
And since the sum of the (squares) on AC and C'B is me-
dial, and is equal to EG, EG is thus also medial. And
it is applied to the rational (straight-line) E'F, producing
EM as breadth. EM is thus rational, and incommen-
surable in length with FF [Prop. 10.22]. Again, since
twice the (rectangle contained) by AC and CB is me-
dial, and is equal to HG, HG is thus also medial. And
it is applied to the rational (straight-line) EF, produc-
ing HM as breadth. HM is thus rational, and incom-
mensurable in length with EF [Prop. 10.22]. And since
the (sum of the squares) on AC and CB is incommen-
surable with twice the (rectangle contained) by AC and
CB, EG is also incommensurable with HG. Thus, EM
is also incommensurable in length with M H [Props. 6.1,
10.11]. And they are both rational (straight-lines). Thus,
EM and M H are rational (straight-lines which are) com-
mensurable in square only. Thus, FH is an apotome
[Prop. 10.73], with HM attached to it. So, similarly,
we can show that FH is again an apotome, with HN
attached to it. Thus, different rational (straight-lines),
which are commensurable in square only with the whole,
are attached to an apotome. The very thing was shown
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(to be) impossible [Prop. 10.79]. Thus, another straight-
line cannot be (so) attached to AB.

Thus, only one straight-line, which is incommensu-
rable in square with the whole, and (together) with the
whole makes the squares on them (added) together me-
dial, and twice the (rectangle contained) by them medial,
and, moreover, the (sum of the) squares on them incom-
mensurable with the (rectangle contained) by them, can
be attached to AB. (Which is) the very thing it was re-
quired to show.

T This proposition is equivalent to Prop. 10.47, with minus signs instead of plus signs.

"Opot Tpitol.

. “Yroxewwévne pntiic xol drnotoyfic, €&v yev 1 6AN Tijg
npocappololone uellov dovnTal 6 And CUPUETEOU EXUTH
uixel, xal N OAn obupetpog 1 TH Exxewwévy enTi] Unxe,
xaheloBw amoTtout| TEdTY.

3", "Eav 8¢ 1 npocapuélovca cUUUETEOC 1) Tf] EXXEWEVT
entii wixet, xol H 6An tfic npocappololong peilov dhvnto
T8 and cuppéteou Eauth], xokelobw drotour deutépa.

. Edv 8¢ undetépo olpuetpoc 1 Tij exxeipévy onti
ufxel, N 8¢ 6hn tiic mpoooppolobone peilov duvnton @
anod ouvypéteou £autl], xaieloVw drotour Telty.

W IIdv, €dv 1 6hn tfic npoocapuolobone ueilov
dovnTon 16 Gnd doupuétpou Eauthi [Uixel, Edv pEv | EAn
oUPPETPOC 1] Ti] Exxeévn Nt unxel, xakelodw dmotoun
TETAET.

i€”. "Eav 8¢ 1) npocapuélovoa, TéumT.

&' Eay 8¢ undetépa, Ext.

7

TE .

Ebpelv v npddtny dnotouny.

Definitions III

11. Given a rational (straight-line) and an apotome, if
the square on the whole is greater than the (square on a
straight-line) attached (to the apotome) by the (square)
on (some straight-line) commensurable in length with
(the whole), and the whole is commensurable in length
with the (previously) laid down rational (straight-line),
then let the (apotome) be called a first apotome.

12. And if the attached (straight-line) is commen-
surable in length with the (previously) laid down ra-
tional (straight-line), and the square on the whole is
greater than (the square on) the attached (straight-line)
by the (square) on (some straight-line) commensurable
(in length) with (the whole), then let the (apotome) be
called a second apotome.

13. And if neither of (the whole or the attached
straight-line) is commensurable in length with the (previ-
ously) laid down rational (straight-line), and the square
on the whole is greater than (the square on) the attached
(straight-line) by the (square) on (some straight-line)
commensurable (in length) with (the whole), then let the
(apotome) be called a third apotome.

14. Again, if the square on the whole is greater
than (the square on) the attached (straight-line) by the
(square) on (some straight-line) incommensurable [in
length] with (the whole), and the whole is commensu-
rable in length with the (previously) laid down rational
(straight-line), then let the (apotome) be called a fourth
apotome.

15. And if the attached (straight-line is commensu-
rable), a fifth (apotome).

16. And if neither (the whole nor the attached
straight-line is commensurable), a sixth (apotome).

Proposition 85

To find a first apotome.
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‘Exxelodo ent) | A, xol ] A phxer obypetpoc ot
N BH' ont) Gpo €otl xal ) BH. xal éxxelodwoav 800
tetpdywvol dorduol ol AE, EZ, &v 1 Onepoyh) 6 ZA un
gotw teTPdYwVOS 008 dpa 0 EA mpoc tov AZ Noyov Eyel,
OV TeTEdYWVOC dpLIHoS TEOC TETPAYWVOVY GELdUdY. Xol me-
noodw Gc 6 EA mpoc tov AZ, oltwe 10 dnd tfic BH
teTpdywvov poc T and e HI' tetpdywvov: obypetpov
Gpa €otl 10 ano tiic BH & dno tijic HI'. ¢ntov 8¢ 16 dno
tfic BH- ¢ntov dpa xal 16 dno tiic HI ¢ntn dpa €otl xal
N HI'. xal énel 6 EA mpog tov AZ Adyov olx Eyet, Ov
TeTEdYwvog derduodc Tpodg TeTEdywvoy dptdudy, 008 dpa TO
ano tiic BH npdg 10 and tijc HI' Adyov Exet, Ov tetpdywvog
Gpriuoc meodg TETEdYWVOY Gpdudy doluueTPoc Bpa E0TlV
N BH <jj HI' pnixel. xof eiow dugpdtepar pntal- oi BH, HI'
Gpa pnral eiot duvduet uévov cbuueteol: 1) dpo BI' drotoun
goTiv. Aéyw 07, 6Tl xol TEdT.

" yop peilov o to and tiic BH tob ano tiic HI,
gotw O ano Tiic ©. ol énel oy o 6 EA mpoc tov
ZA, oVtwe 1o anod tfic BH npoc 16 dno tic HI', xal dva-
otpédavtt dpa éotiv O 6 AE npoc tov EZ, oltwe 1o dno
tfic HB mpoc 10 dnod tiic ©. 6 3¢ AE npoc tov EZ héyov
gxel, OV TETPAYWVOC dptdudc TPOg TETEAYWVOV dotdudy:
Exdtepog YA TETPAYWVOS EoTv: ol 10 and tiic HB dpa
TpOC TO Amo Tijic © Adyov Exel, OV TeTEdyYwvoC dptduocg
TpOC TeTPdywvov dpldudy: clyuetpoc dpa éotiv 1) BH i
O uhxet. xol dOvatan /) BH tfic HI' peilov 16 ano tfic ©-
1 BH dpa tiic HI' peiCov dvarton 6 dnd cuypétpou €auti
urxel. xol €éotwv 1 6An 1) BH obypetpog 1 éxxewévny onti
ufxel tf] A. 1) BI' dpa drnotour) €éott npwd.

Ebpnran dpa ) mpwtr drnotour) 1) BI'- émep €del ebpelv.

T See footnote to Prop. 10.48.

.

Ebpetv v deutépav anotounyv.
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Let the rational (straight-line) A be laid down. And
let BG be commensurable in length with A. BG is thus
also a rational (straight-line). And let two square num-
bers DE and E'F be laid down, and let their difference
FD be not square [Prop. 10.28 lem. I]. Thus, ED does
not have to DF the ratio which (some) square number
(has) to (some) square number. And let it have been
contrived that as ED (is) to DF, so the square on BG
(is) to the square on GC' [Prop. 10.6. corr.]. Thus, the
(square) on BG is commensurable with the (square) on
GC [Prop. 10.6]. And the (square) on BG (is) ratio-
nal. Thus, the (square) on GC (is) also rational. Thus,
GC is also rational. And since ED does not have to DF
the ratio which (some) square number (has) to (some)
square number, the (square) on BG thus does not have to
the (square) on GC the ratio which (some) square num-
ber (has) to (some) square number either. Thus, BG is
incommensurable in length with GC [Prop. 10.9]. And
they are both rational (straight-lines). Thus, BG and GC
are rational (straight-lines which are) commensurable in
square only. Thus, BC is an apotome [Prop. 10.73]. So,
I say that (it is) also a first (apotome).

Let the (square) on H be that (area) by which the
(square) on BG is greater than the (square) on GC
[Prop. 10.13 lem.]. And since as ED is to F'D, so the
(square) on BG (is) to the (square) on GC, thus, via con-
version, as DFE is to EF, so the (square) on GB (is) to
the (square) on H [Prop. 5.19 corr.]. And DFE has to EF
the ratio which (some) square-number (has) to (some)
square-number. For each is a square (number). Thus, the
(square) on GB also has to the (square) on H the ra-
tio which (some) square number (has) to (some) square
number. Thus, BG is commensurable in length with H
[Prop. 10.9]. And the square on BG is greater than (the
square on) GC by the (square) on H. Thus, the square on
BG is greater than (the square on) GC' by the (square)
on (some straight-line) commensurable in length with
(B@G). And the whole, BG, is commensurable in length
with the (previously) laid down rational (straight-line) A.
Thus, BC is a first apotome [Def. 10.11].

Thus, the first apotome BC' has been found. (Which
is) the very thing it was required to find.

Proposition 86

To find a second apotome.
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‘Exxelodon ontn 1 A xal tfj A obppetpog urxel | HI'.
ent 8pa éotlv ) HI'. xal éxxelodwooav dVo tetpdywvol

derduol ol AE, EZ, &v 1) bnepoyh) 6 AZ ui Eote TeTpdywvoc.

xal memoiodw e 6 ZA mpoc tov AE, oltwe o dmo
tfic I'H tetpdywvov mpog 1o and tiic HB tetpdywvov.
olppetpov dpo €oti T dno tfic I'H tetpdywvov 16 dno
tfic HB tetpay®dve. gntov 8¢ 16 ano tijic I'H. gntov dpa
[eoTl] %ol t6 dnd thic HB- fnt) Spa éotiv /) BH. xoi énel 1o
ano tiic HI' tetpdywvov npog 1o ano tiic HB Adyov odx
gxel, Ov TETPdYWVOC dpLdude Tpog TETPdYwVOV dotdudy,
aobupeteoc oty | I'H tf] HB prxet. xol ciow dupdtepou
pnrai- of I'H, HB &po pntal eiot Suvdyel udvov cdpueteor:
7N B dpa dnotouy| éotv. Aéyw 01, 6Tl xal deutépa.
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" yop peilov o 1o anod tfic BH tob ano tiic HI,
gotw TO amo Tiic ©. émel olv éoTv ¢ TO amo tiic BH
npo¢ 1o ano tfic HI', oltwe 6 EA dpuduoc mpoc tov AZ
Gpriudy, dvaocteédoavtt Spo €otiv Mg T dno tiic BH npoc
T0 4no tiic O, obtwe 6 AE npodc tov EZ. xal éotiv Exdtepog
v AE, EZ tetpdywvoc 1o dpa dno tfic BH npog 1o dno
tfic © Aoyov Exel, OV TeTEdYwVOC dpLtuog TEOC TETEAYWVOVY
dprdudv: olpuetpog dpa éotiv ) BH tf] © prxet. xol dOvorton
N BH <iic HI' peilov & dnod tiic © | BH dpa tfic HI
petlov d0vaton ¢ Ao cupuéteou Eautf] unixel. xal EoTwv 7
npocapudlouvco ) I'H tfj éxxewévy gntf] oduuetpog tf A.
N B dpa dnotouy| éott Seutéta.
Ebenton dpa Seutépa dmotoun 1 B+ 6nep €del det€ou.

t See footnote to Prop. 10.49.

nl.

Ebpelv v tpltnv dnotounyv.

Let the rational (straight-line) A, and GC (which is)
commensurable in length with A, be laid down. Thus,
GC is a rational (straight-line). And let the two square
numbers DE and EF be laid down, and let their differ-
ence DF be not square [Prop. 10.28 lem. I]. And let it
have been contrived that as F'D (is) to DFE, so the square
on CG (is) to the square on GB [Prop. 10.6 corr.]. Thus,
the square on CG is commensurable with the square on
GB [Prop. 10.6]. And the (square) on CG (is) rational.
Thus, the (square) on G B [is] also rational. Thus, BG is a
rational (straight-line). And since the square on GC does
not have to the (square) on GB the ratio which (some)
square number (has) to (some) square number, C'G is
incommensurable in length with GB [Prop. 10.9]. And
they are both rational (straight-lines). Thus, CG and GB
are rational (straight-lines which are) commensurable in
square only. Thus, BC is an apotome [Prop. 10.73]. So,
I say that it is also a second (apotome).

B C G

Ar———— [ f f
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For let the (square) on H be that (area) by which
the (square) on BG@ is greater than the (square) on GC
[Prop. 10.13 lem.]. Therefore, since as the (square) on
BG@ is to the (square) on GC, so the number ED (is)
to the number DF, thus, also, via conversion, as the
(square) on BG is to the (square) on H, so DFE (is)
to EF [Prop. 5.19 corr.]. And DFE and EF are each
square (numbers). Thus, the (square) on BG has to the
(square) on H the ratio which (some) square number
(has) to (some) square number. Thus, BG is commen-
surable in length with H [Prop. 10.9]. And the square on
BG is greater than (the square on) GC' by the (square)
on H. Thus, the square on BG is greater than (the square
on) GC by the (square) on (some straight-line) commen-
surable in length with (BG). And the attachment CG
is commensurable (in length) with the (prevously) laid
down rational (straight-line) A. Thus, BC is a second
apotome [Def. 10.12]."

Thus, the second apotome BC has been found.
(Which is) the very thing it was required to show.

Proposition 87
To find a third apotome.
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Exxelodo onm | A, xol éxxelodwoav tpeic dprdyol
ol E, BI', TA Aéyov un Eyoviec mpoc dhAhloug, OV
teTpdywvoc derduoc meoc TeETPdyYwvov dpwdudy, 6 8¢ I'B
npoc Tov BA Aoyov éxétw, Ov tetpdywvoc dpuduoc npog
tetpdywvov dprdudy, xol nenotiodw dO¢ pev 6 E mpog tov
BT, oltwe 10 dno tiic A tetpdywvov mpoc TO dnd Tiic
ZH <etpdywvov, ¢ 8¢ 6 B mpoc tov I'A, oltwe 0 dno
tfic ZH tetpdywvov npoc 16 dno e HO. éncel obv oty
oc 6 E npoc tov BT, obtwg 10 dno tfic A tetpdywvov
Tpo¢ T0 dno tfic ZH tetpdywvov, olpupetpov 8po €otl
TO ano tiic A tetpdywvov & anod tiic ZH tetpaydve.
pnTov B¢ 1O And tfic A teTpdywvoyv. pNTov Bpo xol TO Ao
tfic ZH- gnt Gpa éotlv 1 ZH. xal énel 6 E mpog tov B
AOYOV 00X ExEL, OV TeETPdYWVOC GpLdUOC TEOC TETPEYWVOVY
Gprdudv, oud’ oo TO dno Tfic A TETPdYWVOV TEOC TO Ao
tfic ZH [tetpdywvov] Aoyov Eyel, 8v teTpdywvoc dprduoc
TpOC TETRAYWVOV detdudy: dolppeTpoc dpa €oTiv 1) A T
ZH pixer. mdhw, énel éotv e 6 BT npog tov A, oltwe o
ano tijc ZH tetpdywvov mpog 16 dno tfic HO, cbuuetpov
Gpa €otl 10 ano tiic ZH 18 dno tfic HO. ¢ntov 8¢ 1o dno
tfic ZH- entov dpa xal t0 and tiic HO- ot dpa €otiv ) HO.
xai €nel 0 BT mpog tov TA Adyov obx éyet, 6v tetpdymvog
SpLiuog TPOg TeETEAYWVOV dpldudy, 008" deo T and tiic ZH
Tpo¢ 10 dnod tfic HO Aoyov Eyel, Ov tetpdywvog dorduoc
TpOC TETEAYWVOV dpldudy: doluuetpoc dpa eotiv 1) ZH T
HO pnxel. xai clow duepdtepon pnrai- ai ZH, HO 8po pnral
giol Buvduel poévov clppeTpol dmotoun) dpo EoTlv 1) ZO.
Aeyw B, 6TL ol TelTn.

‘Enel yép oty tx¢ pev 6 E npoc tov BT, oltwe 1o dmo
tfic A tetpdywvov mpog 10 ano tfic ZH, d¢ 8¢ 6 BI' npoc
tov I'A, oltwg 10 dno tiic ZH mpog 10 dnd tijic ©H, 8" loou
Gpa otiv Gc 0 E mpoc tov T'A, oltwe 10 dnd tfic A npoc
0 and tiic OH. 6 8¢ E npoc tov I'A Adyov olx Eyet, Ov
TeTEdYWVOC derduodc Tpodg TeETEdYwVOoY Gptdudy: 008 dpa TO
ano tiic A npog 16 dno tfic HO Aéyov Eyet, bv tetpdywvo
Gprduoc mpoc tetpdywvov dpltdudy: dobupeteog doo i A T
HO yrxet. obdetépa dpa tedv ZH, HO oluuetpdc ot T
Exxelévy onth i A urxel. & obv Yeildy €ott TO amo Tiic
ZH 7o ano tfic HO, €otw 10 dnd tfic K. énel obv oty
o¢ 0 BI' mpog tov I'A, obtwe 16 dno tfic ZH npdc 16 dno
tfic HO, dvaoteédoavtt dpo éotlv o¢ 6 BI' mpog tov BA,
obtwe 10 ano tfic ZH tetpdywvov npog 1o ano tiic K. o 8¢
BT mpoc tov BA Aéyov Eyel, Ov tetpdywvos Sptduoc npoc
TeTpdywvov derdudy. xal o and tiic ZH dpa mpdg T0 amo
tfic K Xoéyov Exet, Ov tetpdywvog dpiduog npog TeTpdywvoy

ArH——

Er——

K———

Let the rational (straight-line) A be laid down. And
let the three numbers, F, BC, and C' D, not having to one
another the ratio which (some) square number (has) to
(some) square number, be laid down. And let C'B have
to BD the ratio which (some) square number (has) to
(some) square number. And let it have been contrived
that as F (is) to BC, so the square on A (is) to the
square on F'G, and as BC' (is) to CD, so the square on
F@G (is) to the (square) on GH [Prop. 10.6 corr.]. There-
fore, since as F is to BC, so the square on A (is) to the
square on F'G, the square on A is thus commensurable
with the square on F'G [Prop. 10.6]. And the square on
A (is) rational. Thus, the (square) on F'G (is) also ra-
tional. Thus, F'G is a rational (straight-line). And since
E does not have to BC the ratio which (some) square
number (has) to (some) square number, the square on A
thus does not have to the [square] on F'G the ratio which
(some) square number (has) to (some) square number
either. Thus, A is incommensurable in length with F'G
[Prop. 10.9]. Again, since as BC is to C'D, so the square
on FG is to the (square) on GH, the square on F'G is thus
commensurable with the (square) on GH [Prop. 10.6].
And the (square) on F'G (is) rational. Thus, the (square)
on GH (is) also rational. Thus, GH is a rational (straight-
line). And since BC does not have to C' D the ratio which
(some) square number (has) to (some) square number,
the (square) on F'G thus does not have to the (square)
on GH the ratio which (some) square number (has) to
(some) square number either. Thus, F'G is incommen-
surable in length with GH [Prop. 10.9]. And both are
rational (straight-lines). F'G and GH are thus rational
(straight-lines which are) commensurable in square only.
Thus, FH is an apotome [Prop. 10.73]. So, I say that (it
is) also a third (apotome).

For since as E is to BC, so the square on A (is) to the
(square) on F'G, and as BC (is) to C'D, so the (square)
on F'G (is) to the (square) on HG, thus, via equality, as
FE is to CD, so the (square) on A (is) to the (square) on
HG [Prop. 5.22]. And E does not have to C'D the ra-
tio which (some) square number (has) to (some) square
number. Thus, the (square) on A does not have to the
(square) on GH the ratio which (some) square number
(has) to (some) square number either. A (is) thus incom-
mensurable in length with GH [Prop. 10.9]. Thus, nei-
ther of F'G and GH is commensurable in length with the
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Gprdudv. obuuetpde dpa éotiv /) ZH tfj K unxet, xal 8Ovoton
1 ZH <ijc HO peilov 16 dnod cupuétpou gautf]. %ol oldetépa
w6v ZH, HO cbypetpoc eott tfj éxxelévn enti tij A unxet
N 2O Jpo dnotour| €0t TelTN.

Ebenton dpa 1 tpltn dmotoun 1 ZO- émep Edet deiou.

T See footnote to Prop. 10.50.

.
Ebpeilv v tetdptny dnotouny.
B I H
Ar— [ : |
A 7 E

O [
‘Exxeloto ontn | A xol tff A urxel obypetpoc H BH-
ent dea €otl ol ) BH. xol éxxeloVwoav 80o derduol ol
AZ, ZE, dHote tov AE dhov mpoc éxdtepov v AZ, EZ
Aoyov ur Exewy, OV TeTpdywvog Gorduog Teog TETEAY VOV
Gprdudv. xal memotiotow o¢ 0 AE mpo¢ tov EZ, obtwg 10
ano tiic BH tetpdywvov npog 16 dno tfic HI' cbpuetpov
Gpa ol 10 amo tiic BH 16 ano tiic HI'. ¢ntodv 8¢ 10 amo
tfic BH' ontov dpa xol 10 and tijc HI' o dpa éotiv 1 HI.
xal énel 0 AE npoc tov EZ hdyov ovx Eyel, bv tetpdymvog
Sprduoc mpog TeTpdywvoy dpltidudy, ovd” dpa o ano tfic BH
Tpo¢ 1o &no tijc HI' Aéyov Exel, 6v tetpdywvog dorduoc
TROC TETEAYWVOV GpLdudy: dolpuetpoc doa oty ) BH i
HI' uhxet. xai elow dugpdtepan pntal- of BH, HI' dpa pnral
giol Buvduel poévov cluueteol dmotoun dpa éotiv 1) BI.
[Néye B, dTL %ol TeTdpTn]

" obv ueildy ot 10 ano tfic BH tob ano tiic HI,
gotw 10 Gno tfic ©. énel olv éowv e 6 AE mpog tov
EZ, obtwe 10 ano tijc BH npoc 16 ano tiic HI', xal dvo-
otpédavtt Gpa Eotv &g 0 EA mpoc tov AZ, oltwe 10
ano tfic HB npoc 10 anod tiic ©. 6 8¢ EA npoc tov AZ
AOYOV 00X ExeL, OV TeTPdYWVOC GpLdUOC TEOC TETPEYWVOV

(previously) laid down rational (straight-line) A. There-
fore, let the (square) on K be that (area) by which the
(square) on F'G is greater than the (square) on GH
[Prop. 10.13 lem.]. Therefore, since as BC' is to C'D, so
the (square) on F'G (is) to the (square) on GH, thus, via
conversion, as BC' is to BD, so the square on F'G (is) to
the square on K [Prop. 5.19 corr.]. And BC has to BD
the ratio which (some) square number (has) to (some)
square number. Thus, the (square) on F'G also has to
the (square) on K the ratio which (some) square number
(has) to (some) square number. F'G is thus commen-
surable in length with K [Prop. 10.9]. And the square
on FG is (thus) greater than (the square on) GH by
the (square) on (some straight-line) commensurable (in
length) with (FG). And neither of FG and GH is com-
mensurable in length with the (previously) laid down ra-
tional (straight-line) A. Thus, F'H is a third apotome
[Def. 10.13].

Thus, the third apotome F'H has been found. (Which
is) very thing it was required to show.

Proposition 88

To find a fourth apotome.

B C G

Ar——— [

E F D
H— [ f f

Let the rational (straight-line) A, and BG (which is)
commensurable in length with A, be laid down. Thus,
BG@ is also a rational (straight-line). And let the two
numbers DF and FFE be laid down such that the whole,
DE, does not have to each of DF and EF the ratio
which (some) square number (has) to (some) square
number. And let it have been contrived that as DE (is) to
EF, so the square on BG (is) to the (square) on GC
[Prop. 10.6 corr.]. The (square) on BG is thus com-
mensurable with the (square) on GC [Prop. 10.6]. And
the (square) on BG (is) rational. Thus, the (square) on
GC (is) also rational. Thus, GC (is) a rational (straight-
line). And since DFE does not have to E'F' the ratio which
(some) square number (has) to (some) square numbet,
the (square) on BG thus does not have to the (square)
on GC the ratio which (some) square number (has) to
(some) square number either. Thus, BG is incommensu-
rable in length with GC [Prop. 10.9]. And they are both
rational (straight-lines). Thus, BG and GC are rational
(straight-lines which are) commensurable in square only.
Thus, BC is an apotome [Prop. 10.73]. [So, I say that (it
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Gprdudv: oud’ dpa t6 dno tfic HB mpog 16 dno tfic © Adyov
Exel, OV TETEAYWVOS detdudc TpOS TETEAYWVOV dotdudy:
dolpuetpoc dpa éotly ) BH tf] © urxet. xol SOvaton 7)
BH +fic HI" yeiov 16 ano tiic O 1 dpo BH tijc HI' peilov
Blvatol ¢ And doupuéteou gautf. xol ot 6An 1 BH
oUPPETEOC T Exxeluévy entii wixet tfj A. 1 dea BI' dno-
Topn E0TL TETdETY.
Ebpnran dpa 1 tetdptn dnotour énep €del delou.

t See footnote to Prop. 10.51.

nd.
EOpelv v néuntnv dnotounyv.
B I H
At 4 ——

A 7 E

Or— ;

ExxeicVw onth N A, xol tfj A prixet obppetpog €oto M
TH- pnt) dpo [otiv] i) TH. xal éxxeloVwoay 800 derdyuol ol
AZ, ZE, &ote tov AE npoc exdepov tév AZ, ZE Noyov
TOAWY U Exety, OV TETPAYOVOS Gorduog Tpog TETEAY VOV
Gpriudv: xol menootow o¢ 6 ZE npoc tov EA, obtwe 10
ano tfic I'H mpog 0 ano tiic HB. pntov dpa xol t6 anod tiic
HB- ¢nt) dpa éoti xol ) BH. xai énel €éotiv g 6 AE npog
twov EZ, oVtwe 16 anod tiic BH npoc 10 ano tiic HI', 0 8¢
AE npoc tov EZ Aoyov odx Eyel, Ov tetpdymvos dprduoc
TpOC TeTPdywvov dptdudy, obd” dpa to anod tiic BH npoc
0 ano tfic HI' Adyov Eyel, Ov tetpdymwvog apuduog npog
tetpdywvov dprdudy: dodupetpoc dpa éotiv 1) BH tff HI'
unxel. xol elow dupdtepan pntoal: of BH, HI' dpa pntal ciol
duvdpel povov olppetpor 1 BI' dpa drotoun Eotv. Aéyw
o1, 6Tl xol MEUTTY.

" yop peilov ot 1o anod tfic BH tob ano tiic HI,
g€otw T0 Ao Tiic ©. énel olv EoTiv B¢ T and the BH npog
10 and tiic HI', obtwe 6 AE mpoc tov EZ, dvactpédoavtt
Gpa éotiv g 6 EA npoc tov AZ, obtwe 1o dno tijic BH npoc
T0 ano Tijc ©, 6 8¢ EA mpoc tov AZ Aéyov oOx Eyel, Ov

is) also a fourth (apotome).]

Now, let the (square) on H be that (area) by which
the (square) on BG is greater than the (square) on GC
[Prop. 10.13 lem.]. Therefore, since as DF is to EF,
so the (square) on BG (is) to the (square) on GC, thus,
also, via conversion, as ED is to DF, so the (square) on
G B (is) to the (square) on H [Prop. 5.19 corr.]. And ED
does not have to DF’ the ratio which (some) square num-
ber (has) to (some) square number. Thus, the (square) on
G B does not have to the (square) on H the ratio which
(some) square number (has) to (some) square number
either. Thus, BG is incommensurable in length with H
[Prop. 10.9]. And the square on BG is greater than (the
square on) GC by the (square) on H. Thus, the square on
B(G is greater than (the square) on GC by the (square) on
(some straight-line) incommensurable (in length) with
(B@G). And the whole, BG, is commensurable in length
with the the (previously) laid down rational (straight-
line) A. Thus, BC is a fourth apotome [Def. 10.14]."

Thus, a fourth apotome has been found. (Which is)
the very thing it was required to show.

Proposition 89

To find a fifth apotome.

B cC G
A 4 —
D F E
Hr— % : i

Let the rational (straight-line) A be laid down, and let
CG be commensurable in length with A. Thus, CG [is]
a rational (straight-line). And let the two numbers DF
and F'E be laid down such that DF again does not have
to each of DF and F'E the ratio which (some) square
number (has) to (some) square number. And let it have
been contrived that as F'E (is) to ED, so the (square) on
CG (is) to the (square) on GB. Thus, the (square) on GB
(is) also rational [Prop. 10.6]. Thus, BG is also rational.
And since as DFE is to E'F, so the (square) on BG (is) to
the (square) on GC. And DFE does not have to EF the ra-
tio which (some) square number (has) to (some) square
number. The (square) on BG thus does not have to the
(square) on GC the ratio which (some) square number
(has) to (some) square number either. Thus, BG is in-
commensurable in length with GC [Prop. 10.9]. And
they are both rational (straight-lines). BG and GC are
thus rational (straight-lines which are) commensurable
in square only. Thus, BC is an apotome [Prop. 10.73].
So, I say that (it is) also a fifth (apotome).
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TeTEAYWVOC Getduog TEoOg TETEdYWVOY dptdudy: 008 dpa TO
ano tiic BH mpog 16 ano tijc © Adyov Eyet, Ov teTpdywvoc
Sprduodc mpog TeTEdywvoV dortudv: doluueTEOC dpo 0TIV 1)
BH tfj © prixet. xol d0vaton /) BH tijc HI' peilov 6 amo
tfic ©- 1 HB 8po tiic HI' yeiCov dOvorton 16 dmod dovupéteou
gautii uixel. xal Eotv 1 npoocapudlovoa ) I'H cbpuetpoc
] &xxewévy enti ff A pixer W) dpa BI' dnotouy| ot
TEUTTY.

Ebenton dpa 1) méunty dmotoun 1 B 6nep €del det€ou.

t See footnote to Prop. 10.52.

L,

Ebpetv v €xtny anotounyv.

‘Exxelodo o) f A xal tpeic dprdpol ol E, BI', TA
AOYOV N ExovTec Teodc GAARAOUG, OV TETEAYWVOS dprduocg
TPOC TETEAYWVOV Gpududyv: Ett 8¢ xol 6 I'B mpoc tov BA
AOYOV un) EYETR, OV TETPAYWVOS GpLdHos TEOC TETEAYWVOVY
Sprdudv: xal menofodw ¢ yev 6 E mpog tov BT, obtec
TO 4no tiic A mpoc T anod tiic ZH, d¢ 8¢ 6 BT mpoc tov
T'A, obtwe 0 ano tiic ZH mpoc to dno tiic HO.

‘Ernel obv éotv &g 0 E npoc tov BT, obtwe 10 dno tfic
A mpog 10 ano tijc ZH, obypetpov oo 6 and tiic A 8
ano tfic ZH. entov 8¢ 1o dmo thic A- enTov dpa xal T Ao
tfic ZH pn) dpo ol xol 1 ZH. %ol énel 6 E npog tov BI
AOYOV 00X EYEL, OV TeETPdYWVOC GpLdOC TEOC TETEEYWVOV
Gprdudv, oud’ Gpa 6 ano tiic A mpodc o dno tfic ZH Aéyov
Exel, OV TETEAYWVOS dptdudc TpOS TETEAYWVOV dotdudy:
dovupetpoc dpa €otiv N A Ti] ZH urxel. néhw, énel éotv o
6 BI' npoc tov A, oltwe t6 dno tiic ZH npodc 16 dnod tiic
HO, olupetpov dpo 10 anod tfic ZH ¢ ano tiic HO. gntov

For, let the (square) on H be that (area) by which
the (square) on BG is greater than the (square) on GC
[Prop. 10.13 lem.]. Therefore, since as the (square) on
BG@ (is) to the (square) on GC, so DE (is) to EF, thus,
via conversion, as ED is to DF, so the (square) on BG
(is) to the (square) on H [Prop. 5.19 corr.]. And ED does
not have to DF the ratio which (some) square number
(has) to (some) square number. Thus, the (square) on
BG@G does not have to the (square) on H the ratio which
(some) square number (has) to (some) square number
either. Thus, BG is incommensurable in length with H
[Prop. 10.9]. And the square on BG is greater than (the
square on) GC by the (square) on H. Thus, the square on
GB is greater than (the square on) GC by the (square)
on (some straight-line) incommensurable in length with
(GB). And the attachment CG is commensurable in
length with the (previously) laid down rational (straight-
line) A. Thus, BC is a fifth apotome [Def. 10.15].f

Thus, the fifth apotome BC has been found. (Which
is) the very thing it was required to show.

Proposition 90

To find a sixth apotome.

Let the rational (straight-line) A, and the three num-
bers E, BC, and C'D, not having to one another the ra-
tio which (some) square number (has) to (some) square
number, be laid down. Furthermore, let C' B also not have
to BD the ratio which (some) square number (has) to
(some) square number. And let it have been contrived
that as E (is) to BC, so the (square) on A (is) to the
(square) on F'G, and as BC (is) to C'D, so the (square)
on F'G (is) to the (square) on GH [Prop. 10.6 corr.].

B D C

Ar———— [ : |

F H G

E ———

K——

Therefore, since as F is to BC, so the (square) on A
(is) to the (square) on F'G, the (square) on A (is) thus
commensurable with the (square) on F'G [Prop. 10.6].
And the (square) on A (is) rational. Thus, the (square)
on FG (is) also rational. Thus, F'G is also a rational
(straight-line). And since E does not have to BC the ra-
tio which (some) square number (has) to (some) square
number, the (square) on A thus does not have to the
(square) on F'G the ratio which (some) square number
(has) to (some) square number either. Thus, A is in-
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0e 0 ano tfic ZH: gntov dpa ol t0 dno tiic HO- ot dpa
xal ) HO. xol énel 6 BI' npdc tov I'A Adyov odx Eyel, Ov
TeTEAYWVOC detduog TEoOg TeETEdYWVOoY dptdudy, 008 dpa TO
ano tiic ZH npodc 1o ano tfic HO Adyov Exetl, Ov teTpdywvog
dpriuog mEdg TETEdYWVOY apLiudyV: AcUUPETEOC Bpa £0TLV
N ZH tfj HO urxel. xaf eiow duepdtepon pnrol- ol ZH, HO
Gpa pnal elot Buvdpel uévov clpueTeol 1) dpa ZO drotoun
gotv. Aéyw On, 6TL xal Exn.

‘Emel ydp €éotv ¢ pév 0 E npog tov BI', obtwe 10 dno
tfic A npoc To amo tiic ZH, dx¢ 8¢ 6 BIN npoc tov I'A, obtee
t0 ano tfic ZH npdg 16 ano tijc HO, 61" loou pa €atlv b 6
E npoc tov I'A, obtwe 10 dnd tfic A npoc to ano tfic HO. o
0¢ E npoc tov A Adyov odx Eyel, Ov tetpdywvoc dorduoc
TPOC TETPAYWVOV dpidpdy: old Bpo To anod tiic A npoc
0 ano tiic HO Adyov Exel, Ov tetpdywvog dpuduoc npodg
TETPAYWVOV Gptdudy: dovupetpoc pa éotiv | A tfj HO
ufxel oLdetépa dpa tév ZH, HO obupetpdc éot tff A ontij
ufxel. & olv uelloy éott 10 ano tiic ZH o ano tfic HO,
gotw 10 dno tijc K. énel olv éotv dd¢ 6 BI' npog tov I'A,
oVtwe To ano tiic ZH npoc 16 dno tiic HO, dvactpédoavtt
Gpa gotiv Oc 6 I'B mpode tov BA, obtwe 16 dnd tiic ZH npoc
0 dnod tiic K. 6 8¢ I'B npog tov BA Adyov ox Exet, ov
TeTEAYWVOC Getduog TEodg TeETEdYWVOoY dptdudy: 008 dpa TO
ano tfic ZH npog 1o dno tfic K Adyov Eyet, 6v tetpdywvoc
ApLiuOC TPOS TETEAYWVOV dpLdudV: AoVUUETEPOS dpa EGTIV N
ZH +fj K prxet. xol d0vaton ) ZH tijc HO ueilov 6 dnod
tfic K+ ) ZH 8po tfic HO peilov dhvortan 6 dmod douupéteou
gauTij unret. xol ovdetépa t@sv ZH, HO obupetpoc éott T
&xxeévy entii uixel tf] A. 1) dpa ZO dmotopn Eotiv Exn.

Ebenton dpa 1) Extn dmotoun N ZO- émep €del Seilou.

T See footnote to Prop. 10.53.

commensurable in length with FG [Prop. 10.9]. Again,
since as BC is to CD, so the (square) on F'G (is) to the
(square) on GH, the (square) on F'G (is) thus commen-
surable with the (square) on GH [Prop. 10.6]. And the
(square) on F'G (is) rational. Thus, the (square) on GH
(is) also rational. Thus, GH (is) also rational. And since
BC does not have to C'D the ratio which (some) square
number (has) to (some) square number, the (square) on
FG thus does not have to the (square) on GH the ra-
tio which (some) square (number) has to (some) square
(number) either. Thus, F'G is incommensurable in length
with GH [Prop. 10.9]. And both are rational (straight-
lines). Thus, FG and GH are rational (straight-lines
which are) commensurable in square only. Thus, FH is
an apotome [Prop. 10.73]. So, I say that (it is) also a
sixth (apotome).

For since as E is to BC, so the (square) on A (is)
to the (square) on F'G, and as BC (is) to CD, so the
(square) on F'G (is) to the (square) on GH, thus, via
equality, as F is to CD, so the (square) on A (is) to
the (square) on GH [Prop. 5.22]. And E does not have
to C'D the ratio which (some) square number (has) to
(some) square number. Thus, the (square) on A does not
have to the (square) GH the ratio which (some) square
number (has) to (some) square number either. A is thus
incommensurable in length with GH [Prop. 10.9]. Thus,
neither of FG and GH is commensurable in length with
the rational (straight-line) A. Therefore, let the (square)
on K be that (area) by which the (square) on FG is
greater than the (square) on GH [Prop. 10.13 lem.].
Therefore, since as BC' is to CD, so the (square) on F'G
(is) to the (square) on GH, thus, via conversion, as C'B is
to BD, so the (square) on F'G (is) to the (square) on K
[Prop. 5.19 corr.]. And C'B does not have to BD the ra-
tio which (some) square number (has) to (some) square
number. Thus, the (square) on F'G does not have to the
(square) on K the ratio which (some) square number
(has) to (some) square number either. F'G is thus in-
commensurable in length with K [Prop. 10.9]. And the
square on F'G is greater than (the square on) GH by the
(square) on K. Thus, the square on F'G is greater than
(the square on) GH by the (square) on (some straight-
line) incommensurable in length with (F'G). And neither
of FG and GH is commensurable in length with the (pre-
viously) laid down rational (straight-line) A. Thus, FFH
is a sixth apotome [Def. 10.16].

Thus, the sixth apotome F'H has been found. (Which
is) the very thing it was required to show.
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AN G¢ pev 1y AZ mpog v EH, obtwe to Al npog 10 EK,
oc 68 | EH npog ™y ZH, obtwe éotl 10 EK npog 1o KZ:
v Gpa AL, KZ péoov dvdhoyov éot 10 EK. €ot 8¢ xal
v AM, NZ yéoov dvdroyov 10 MN, ¢ év toic éunpo-
odev &dely O, xai tott to [pev] AT w6 AM tetpaydve ooy,
70 8¢ KZ 16 NE- xoi 1o MN édpa 16 EK Toov éotiv. dhha
0 pev EK 13 A© ot Toov, 10 8¢ MN 16 AZ- 10 dpa

Proposition 91

If an area is contained by a rational (straight-line) and
a first apotome then the square-root of the area is an apo-
tome.

For let the area AB have been contained by the ratio-
nal (straight-line) AC and the first apotome AD. I say
that the square-root of area AB is an apotome.

A D E FG N .
Ly
S o0
W_,
C B H I K
R M

For since AD is a first apotome, let DG be its at-
tachment. Thus, AG and DG are rational (straight-lines
which are) commensurable in square only [Prop. 10.73].
And the whole, AG, is commensurable (in length) with
the (previously) laid down rational (straight-line) AC,
and the square on AG is greater than (the square on)
GD by the (square) on (some straight-line) commensu-
rable in length with (AG) [Def. 10.11]. Thus, if (an area)
equal to the fourth part of the (square) on DG is applied
to AG, falling short by a square figure, then it divides
(AG) into (parts which are) commensurable (in length)
[Prop. 10.17]. Let DG have been cut in half at £. And
let (an area) equal to the (square) on FG have been ap-
plied to AG, falling short by a square figure. And let it
be the (rectangle contained) by AF and FG. AF is thus
commensurable (in length) with FG. And let FH, F1I,
and GK have been drawn through points E, F, and G
(respectively), parallel to AC.

And since AF is commensurable in length with F'G,
AG is thus also commensurable in length with each of
AF and FG [Prop. 10.15]. But AG is commensurable
(in length) with AC. Thus, each of AF and F'G is also
commensurable in length with AC' [Prop. 10.12]. And
AC is a rational (straight-line). Thus, AF and F'G (are)
each also rational (straight-lines). Hence, Al and FK
are also each rational (areas) [Prop. 10.19]. And since
DE is commensurable in length with EG, DG is thus
also commensurable in length with each of DE and EG
[Prop. 10.15]. And DG (is) rational, and incommen-
surable in length with AC. DFE and EG (are) thus
each rational, and incommensurable in length with AC
[Prop. 10.13]. Thus, DH and FK are each medial (ar-
eas) [Prop. 10.21].

So let the square LM, equal to Al, be laid down.
And let the square NO, equal to FK, have been sub-
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tracted (from LM), having with it the common angle
LPM. Thus, the squares LM and NO are about the
same diagonal [Prop. 6.26]. Let PR be their (com-
mon) diagonal, and let the (rest of the) figure have been
drawn. Therefore, since the rectangle contained by AF
and FG is equal to the square EG, thus as AF is to
EG, so EG (is) to FG [Prop. 6.17]. But, as AF (is)
to EG, so Al (is) to FK, and as EG (is) to FG, so
EK is to KF [Prop. 6.1]. Thus, EK is the mean pro-
portional to AI and KF [Prop. 5.11]. And M N is also
the mean proportional to LM and NO, as shown before
[Prop. 10.53 lem.]. And AI is equal to the square LM,
and K F'to NO. Thus, M N is also equal to FK. But, EK
is equal to DH, and M N to LO [Prop. 1.43]. Thus, DK
is equal to the gnomon UVW and NO. And AK is also
equal to (the sum of) the squares LM and NO. Thus, the
remainder AB is equal to ST. And ST is the square on
LN. Thus, the square on LN is equal to AB. Thus, LN is
the square-root of AB. So, I say that LN is an apotome.

For since Al and FK are each rational (areas), and
are equal to LM and NO (respectively), thus LM and
NO—that is to say, the (squares) on each of LP and PN
(respectively)—are also each rational (areas). Thus, LP
and PN are also each rational (straight-lines). Again,
since DH is a medial (area), and is equal to LO, LO
is thus also a medial (area). Therefore, since LO is
medial, and NO rational, LO is thus incommensurable
with NO. And as LO (is) to NO, so LP is to PN
[Prop. 6.1]. LP is thus incommensurable in length with
PN [Prop. 10.11]. And they are both rational (straight-
lines). Thus, LP and PN are rational (straight-lines
which are) commensurable in square only. Thus, LN is
an apotome [Prop. 10.73]. And it is the square-root of
area AB. Thus, the square-root of area AB is an apo-
tome.

Thus, if an area is contained by a rational (straight-
line), and soon....

Proposition 92

If an area is contained by a rational (straight-line) and
a second apotome then the square-root of the area is a
first apotome of a medial (straight-line).

A D E F G L N 0
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For let the area AB have been contained by the ratio-
nal (straight-line) AC and the second apotome AD. I say
that the square-root of area AB is the first apotome of a
medial (straight-line).

For let DG be an attachment to AD. Thus, AG and
GD are rational (straight-lines which are) commensu-
rable in square only [Prop. 10.73], and the attachment
DG is commensurable (in length) with the (previously)
laid down rational (straight-line) AC, and the square on
the whole, AG, is greater than (the square on) the at-
tachment, GD, by the (square) on (some straight-line)
commensurable in length with (AG) [Def. 10.12]. There-
fore, since the square on AG is greater than (the square
on) GD by the (square) on (some straight-line) commen-
surable (in length) with (AG), thus if (an area) equal
to the fourth part of the (square) on GD is applied
to AG, falling short by a square figure, then it divides
(AG) into (parts which are) commensurable (in length)
[Prop. 10.17]. Therefore, let DG have been cut in half at
E. And let (an area) equal to the (square) on EG have
been applied to AG, falling short by a square figure. And
let it be the (rectangle contained) by AF' and F'G. Thus,
AF is commensurable in length with F'G. AG is thus
also commensurable in length with each of AF and FG
[Prop. 10.15]. And AG (is) a rational (straight-line), and
incommensurable in length with AC. AF and FG are
thus also each rational (straight-lines), and incommen-
surable in length with AC' [Prop. 10.13]. Thus, Al and
FK are each medial (areas) [Prop. 10.21]. Again, since
DE is commensurable (in length) with EG, thus DG is
also commensurable (in length) with each of DE and EG
[Prop. 10.15]. But, DG is commensurable in length with
AC [thus, DE and EG are also each rational, and com-
mensurable in length with AC]. Thus, DH and EK are
each rational (areas) [Prop. 10.19].

Therefore, let the square LM, equal to AI, have
been constructed. And let NO, equal to F'K, which is
about the same angle LPM as LM, have been subtracted
(from LM). Thus, the squares LM and NO are about
the same diagonal [Prop. 6.26]. Let PR be their (com-
mon) diagonal, and let the (rest of the) figure have been
drawn. Therefore, since AI and 'K are medial (areas),
and are equal to the (squares) on LP and PN (respec-
tively), [thus] the (squares) on LP and PN are also me-
dial. Thus, LP and PN are also medial (straight-lines
which are) commensurable in square only.! And since
the (rectangle contained) by AF and F'G is equal to
the (square) on EG, thus as AF is to EG, so EG (is)
to FG [Prop. 10.17]. But, as AF (is) to FEG, so Al
(is) to EK. And as EG (is) to F'G, so EK [is] to FK
[Prop. 6.1]. Thus, EK is the mean proportional to A
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and FK [Prop. 5.11]. And MN is also the mean pro-
portional to the squares LM and NO [Prop. 10.53 lem.].
And Al is equal to LM, and FFK to NO. Thus, M N is
also equal to EK. But, DH [is] equal to EK, and LO
equal to M N [Prop. 1.43]. Thus, the whole (of) DK is
equal to the gnomon UVW and NO. Therefore, since the
whole (of) AK is equal to LM and NO, of which DK is
equal to the gnomon UVW and NO, the remainder AB
is thusequal to 7'S. And T'S is the (square) on LN. Thus,
the (square) on LN is equal to the area AB. LN is thus
the square-root of area AB. [So], I say that LN is the
first apotome of a medial (straight-line).

For since FK is a rational (area), and is equal to
LO, LO—that is to say, the (rectangle contained) by LP
and PN—is thus a rational (area). And NO was shown
(to be) a medial (area). Thus, LO is incommensurable
with NO. And as LO (is) to NO, so LP is to PN
[Prop. 6.1]. Thus, LP and PN are incommensurable
in length [Prop. 10.11]. LP and PN are thus medial
(straight-lines which are) commensurable in square only,
and which contain a rational (area). Thus, LN is the first
apotome of a medial (straight-line) [Prop. 10.74]. And it
is the square-root of area AB.

Thus, the square root of area AB is the first apotome
of a medial (straight-line). (Which is) the very thing it
was required to show.

T There is an error in the argument here. It should just say that LP and PN are commensurable in square, rather than in square only, since LP

and PN are only shown to be incommensurable in length later on.

7
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Proposition 93

If an area is contained by a rational (straight-line) and
a third apotome then the square-root of the area is a sec-
ond apotome of a medial (straight-line).

A D E F G L N o
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S [’JQ,P
C B H I K W
R T M

For let the area AB have been contained by the ratio-
nal (straight-line) AC and the third apotome AD. I say
that the square-root of area AB is the second apotome of
a medial (straight-line).

For let DG be an attachment to AD. Thus, AG and
GD are rational (straight-lines which are) commensu-
rable in square only [Prop. 10.73], and neither of AG
and GD is commensurable in length with the (previ-
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ously) laid down rational (straight-line) AC, and the
square on the whole, AG, is greater than (the square on)
the attachment, DG, by the (square) on (some straight-
line) commensurable (in length) with (AG) [Def. 10.13].
Therefore, since the square on AG is greater than (the
square on) GD by the (square) on (some straight-line)
commensurable (in length) with (AG), thus if (an area)
equal to the fourth part of the square on DG is applied
to AG, falling short by a square figure, then it divides
(AG) into (parts which are) commensurable (in length)
[Prop. 10.17]. Therefore, let DG have been cut in half
at F. And let (an area) equal to the (square) on EG
have been applied to AG, falling short by a square fig-
ure. And let it be the (rectangle contained) by AF and
FG. And let EH, FI, and GK have been drawn through
points F, F, and G (respectively), parallel to AC. Thus,
AF and F'G are commensurable (in length). AT (is) thus
also commensurable with FK [Props. 6.1, 10.11]. And
since AF and F'G are commensurable in length, AG is
thus also commensurable in length with each of AF and
FG [Prop. 10.15]. And AG (is) rational, and incommen-
surable in length with AC. Hence, AF and F'G (are)
also (rational, and incommensurable in length with AC)
[Prop. 10.13]. Thus, Al and FK are each medial (ar-
eas) [Prop. 10.21]. Again, since DE is commensurable
in length with EG, DG is also commensurable in length
with each of DE and EG [Prop. 10.15]. And GD (is)
rational, and incommensurable in length with AC. Thus,
DE and EG (are) each also rational, and incommensu-
rable in length with AC [Prop. 10.13]. DH and EK are
thus each medial (areas) [Prop. 10.21]. And since AG
and GD are commensurable in square only, AG is thus
incommensurable in length with GD. But, AG is com-
mensurable in length with AF', and DG with EG. Thus,
AF is incommensurable in length with EG [Prop. 10.13].
And as AF (is) to EG, so Al is to EK [Prop. 6.1]. Thus,
Al is incommensurable with K [Prop. 10.11].
Therefore, let the square LM, equal to Al, have
been constructed. And let NO, equal to F'K, which is
about the same angle as LM, have been subtracted (from
LM). Thus, LM and NO are about the same diagonal
[Prop. 6.26]. Let PR be their (common) diagonal, and
let the (rest of the) figure have been drawn. Therefore,
since the (rectangle contained) by AF and F'G is equal
to the (square) on EG, thus as AF is to EG, so EG (is)
to F'G [Prop. 6.17]. But, as AF (is) to EG, so Al is to
EK [Prop. 6.1]. And as EG (is) to FG, so EK isto FK
[Prop. 6.1]. And thus as AT (is) to EK, so EK (is) to
FK [Prop. 5.11]. Thus, EK is the mean proportional to
Al and FK. And M N is also the mean proportional to
the squares LM and NO [Prop. 10.53 lem.]. And AJ is
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Xoplov ydp 10 AB nepieyéodw bmo pnrfic thic AL xal
dnotoufic tetdpne tiic AA- Myw, dt 1| 10 AB ywplov
duvopévn ENdoowY EoTiv.

equal to LM, and FK to NO. Thus, EK is also equal to
MN. But, M N is equal to LO, and EK [is] equal to DH
[Prop. 1.43]. And thus the whole of DK is equal to the
gnomon UVW and NO. And AK (is) also equal to LM
and NO. Thus, the remainder AB is equal to ST—that is
to say, to the square on LN. Thus, LN is the square-root
of area AB. 1 say that LN is the second apotome of a
medial (straight-line).

For since AI and F K were shown (to be) medial (ar-
eas), and are equal to the (squares) on LP and PN (re-
spectively), the (squares) on each of LP and PN (are)
thus also medial. Thus, LP and PN (are) each medial
(straight-lines). And since Al is commensurable with
FK [Props. 6.1, 10.11], the (square) on LP (is) thus
also commensurable with the (square) on PN. Again,
since Al was shown (to be) incommensurable with FK,
LM is thus also incommensurable with M N—that is to
say, the (square) on LP with the (rectangle contained)
by LP and PN. Hence, LP is also incommensurable in
length with PN [Props. 6.1, 10.11]. Thus, LP and PN
are medial (straight-lines which are) commensurable in
square only. So, I say that they also contain a medial
(area).

For since E K was shown (to be) a medial (area), and
is equal to the (rectangle contained) by LP and PN, the
(rectangle contained) by LP and PN is thus also medial.
Hence, LP and PN are medial (straight-lines which are)
commensurable in square only, and which contain a me-
dial (area). Thus, LN is the second apotome of a medial
(straight-line) [Prop. 10.75]. And it is the square-root of
area AB.

Thus, the square-root of area AB is the second apo-
tome of a medial (straight-line). (Which is) the very thing
it was required to show.

Proposition 94

If an area is contained by a rational (straight-line) and
a fourth apotome then the square-root of the area is a
minor (straight-line).

A D E F G L N o
1y
S I’JQ,P
C B H I K w
R T M

For let the area AB have been contained by the ra-
tional (straight-line) AC and the fourth apotome AD. I
say that the square-root of area AB is a minor (straight-
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line). For let DG be an attachment to AD. Thus, AG
and DG are rational (straight-lines which are) commen-
surable in square only [Prop. 10.73], and AG is com-
mensurable in length with the (previously) laid down ra-
tional (straight-line) AC, and the square on the whole,
AG, is greater than (the square on) the attachment, DG,
by the square on (some straight-line) incommensurable
in length with (AG) [Def. 10.14]. Therefore, since the
square on AG is greater than (the square on) GD by
the (square) on (some straight-line) incommensurable in
length with (AG), thus if (some area), equal to the fourth
part of the (square) on DG, is applied to AG, falling short
by a square figure, then it divides (AG) into (parts which
are) incommensurable (in length) [Prop. 10.18]. There-
fore, let DG have been cut in half at F, and let (some
area), equal to the (square) on EG, have been applied
to AG, falling short by a square figure, and let it be the
(rectangle contained) by AF' and F'G. Thus, AF is in-
commensurable in length with F'G. Therefore, let EH,
FI, and GK have been drawn through E, F, and G (re-
spectively), parallel to AC and BD. Therefore, since AG
is rational, and commensurable in length with AC, the
whole (area) AK is thus rational [Prop. 10.19]. Again,
since DG is incommensurable in length with AC, and
both are rational (straight-lines), DK is thus a medial
(area) [Prop. 10.21]. Again, since AF' is incommensu-
rable in length with F'G, AI (is) thus also incommensu-
rable with F'K [Props. 6.1, 10.11].

Therefore, let the square LM, equal to AI, have been
constructed. And let NO, equal to FK, (and) about the
same angle, LPM, have been subtracted (from LM).
Thus, the squares LM and NO are about the same diag-
onal [Prop. 6.26]. Let PR be their (common) diagonal,
and let the (rest of the) figure have been drawn. There-
fore, since the (rectangle contained) by AF' and FG is
equal to the (square) on EG, thus, proportionally, as AF
isto EG, so EG (is) to F'G [Prop. 6.17]. But, as AF' (is)
to EG, so Al is to EFK, and as EG (is) to FG, so EK is
to F'K [Prop. 6.1]. Thus, FK is the mean proportional to
Al and FK [Prop. 5.11]. And M N is also the mean pro-
portional to the squares LM and NO [Prop. 10.13 lem.],
and AI is equal to LM, and FK to NO. FEK is thus
also equal to M N. But, DH is equal to EK, and LO is
equal to M N [Prop. 1.43]. Thus, the whole of DK is
equal to the gnomon UVW and NO. Therefore, since
the whole of AK is equal to the (sum of the) squares LM
and NO, of which DK is equal to the gnomon UVW
and the square NO, the remainder AB is thus equal to
ST—that is to say, to the square on LN. Thus, LN is the
square-root of area AB. I say that LN is the irrational
(straight-line which is) called minor.
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For since AK is rational, and is equal to the (sum of
the) squares LP and PN, the sum of the (squares) on
LP and PN is thus rational. Again, since DK is me-
dial, and DK is equal to twice the (rectangle contained)
by LP and PN, thus twice the (rectangle contained) by
LP and PN is medial. And since AI was shown (to be)
incommensurable with F'K, the square on LP (is) thus
also incommensurable with the square on PN. Thus, LP
and PN are (straight-lines which are) incommensurable
in square, making the sum of the squares on them ra-
tional, and twice the (rectangle contained) by them me-
dial. LN is thus the irrational (straight-line) called minor
[Prop. 10.76]. And it is the square-root of area AB.

Thus, the square-root of area AB is a minor (straight-
line). (Which is) the very thing it was required to show.

Proposition 95

If an area is contained by a rational (straight-line) and
a fifth apotome then the square-root of the area is that
(straight-line) which with a rational (area) makes a me-
dial whole.
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For let the area AB have been contained by the ra-
tional (straight-line) AC and the fifth apotome AD. I
say that the square-root of area AB is that (straight-line)
which with a rational (area) makes a medial whole.

For let DG be an attachment to AD. Thus, AG and
DG are rational (straight-lines which are) commensu-
rable in square only [Prop. 10.73], and the attachment
GD is commensurable in length the the (previously) laid
down rational (straight-line) AC, and the square on the
whole, AG, is greater than (the square on) the attach-
ment, DG, by the (square) on (some straight-line) incom-
mensurable (in length) with (AG) [Def. 10.15]. Thus, if
(some area), equal to the fourth part of the (square) on
DG, is applied to AG, falling short by a square figure,
then it divides (AG) into (parts which are) incommensu-
rable (in length) [Prop. 10.18]. Therefore, let DG have
been divided in half at point F, and let (some area), equal
to the (square) on FEG, have been applied to AG, falling
short by a square figure, and let it be the (rectangle con-
tained) by AF and FG. Thus, AF is incommensurable
in length with FG. And since AG is incommensurable
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Xoplov yap 10 AB nepieyéodw Ono pnrfic thic AL xal
dnotoyfic éxtne tfic AA- Aéyw, 6t | 10 AB yowplov du-
vopévn [1] petd yéoou péoov 1o Shov nololod EoTiv.

"Eotw yop ] AA npocopudlovoa i AH- ai dpo AH,
HA pntal elor duvdper povov oluuetpor, %ol oLudetépa

in length with C'A, and both are rational (straight-lines),
AK is thus a medial (area) [Prop. 10.21]. Again, since
DG is rational, and commensurable in length with AC,
DK is a rational (area) [Prop. 10.19].

Therefore, let the square LM, equal to AI, have been
constructed. And let the square NO, equal to F'K, (and)
about the same angle, L PM, have been subtracted (from
NO). Thus, the squares LM and NO are about the same
diagonal [Prop. 6.26]. Let PR be their (common) diag-
onal, and let (the rest of) the figure have been drawn.
So, similarly (to the previous propositions), we can show
that LN is the square-root of area AB. I say that LN is
that (straight-line) which with a rational (area) makes a
medial whole.

For since AK was shown (to be) a medial (area), and
is equal to (the sum of) the squares on LP and PN,
the sum of the (squares) on LP and PN is thus medial.
Again, since DK is rational, and is equal to twice the
(rectangle contained) by LP and PN, (the latter) is also
rational. And since AI is incommensurable with F K, the
(square) on LP is thus also incommensurable with the
(square) on PN. Thus, LP and PN are (straight-lines
which are) incommensurable in square, making the sum
of the squares on them medial, and twice the (rectangle
contained) by them rational. Thus, the remainder LN is
the irrational (straight-line) called that which with a ra-
tional (area) makes a medial whole [Prop. 10.77]. And it
is the square-root of area AB.

Thus, the square-root of area AB is that (straight-
line) which with a rational (area) makes a medial whole.
(Which is) the very thing it was required to show.

Proposition 96

If an area is contained by a rational (straight-line) and
a sixth apotome then the square-root of the area is that
(straight-line) which with a medial (area) makes a medial
whole.
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For let the area AB have been contained by the ra-
tional (straight-line) AC' and the sixth apotome AD. I
say that the square-root of area AB is that (straight-line)
which with a medial (area) makes a medial whole.

For let DG be an attachment to AD. Thus, AG and

395



YTOIXEIQN V.

ELEMENTS BOOK 10

a0TEY olUpETEOS Eott Tf] Exxeévn onth tff AL urxet, 7
oe 6An N AH tfic npoocoppolotone tijc AH peilov 80vaton
T8 Gno douvuuétoou Eauti] uixel. énel obv | AH tfic HA
ueilov dUvaTaL 6 AnO ACULUPETEOU EaUTH Urxel, €dv dpa
6 tetdpTe pépetl tol dnod tfic AH loov napd thv AH no-
eofAn0f] EMAelnov eldel teTpaydvw, cic doluuetpa adTNyY
dehel. tetuode olv /| AH diya xotd 10 E [onueiov], xol
16 &no tiic EH Toov nopd tv AH napafBefriode éNkeinov
eldet TETPAY OV, Xl EoTw TO UNO &Y AZ, ZH" dobupetpog
Gpo eotiv 1) AZ tff ZH phxer. dc 8¢ \ AZ mpoc tyv ZH,
oVtwe gotl 10 Al mpoc 10 ZK- doldyupetpov dpa €oti 1o
Al 16 ZK. xol énel oi AH, AT onral cior Suvdyel uévov
olppeTeol, Yéoov éott 10 AK. ndhw, énel ai ALY, AH gnral
elot xol dovppeTpot uhxet, uéoov éotl xal o AK. énel obv
ol AH, HA Suvdpel uévov cbupetpeol gioty, doduuetpog dpa
¢otiv ) AH tfj HA pAxer. oc 8¢ ) AH npoc v HA, obtec
¢otl 10 AK npoc 10 KA dolppetpov dpa éotl 10 AK 6
KA.

Yuveotdtw obv @ pev Al loov tetpdywvov 10 AM,
6 0 ZK loov dgnenode mepl v adthy yovioy 10 N=-
nepl TV ATV dpa Siduetpdy ot o AM, N= tetpdymva.
gotw abTdy dduetpog 1 OP, xol xatayeypdpidn to oyfjua.
ouolwe of tolg éndve delloueyv, &1t 1 AN d0vaton 10 AB
ywelov. Myw, &t fj AN [f)] petd péoov péoov t0 Shov
Tolo0Gd ECTLV.

"Enel yop péoov edelydn 1o AK xai éotv {oov toic dno
v AO, ON, 10 dpa ouyxeipevoy éx t@v ano v AO, ON
péoov éotlv. mdAw, énel péoov €delydn 1o AK xol éotv
loov 16 dic Uno v AO, ON, %ol 10 di¢ Uno v AO, ON
uéoov eotiv. xol €mel doduyetpov edelydn 1o AK ¢ AK,
Govppetpa [Bpa] Eotl xal t& dnd tév AO, ON tetpdywva
6 Oig Lo @V AO, ON. xal énel dodupetpdy éot to Al w6
ZK, dobypetpov oo xol to dno tfic AO 16 dno tfic ON-
ai AO, ON Gpo duvdper gioly dobupetpol mowoboot 6 T€
OUYXEIUEVOY €X TGSV A" oD TEY TETEAYDOVKY HEGOV X0l TO dig
O abTEV péoov €Tl Te Td A’ abTEY TETEAY WV ACOUUETEN
6 Olg U avt@v. 1 dpar AN 8hoyoc EoTiv 1) xahouuéun petd
péoou pécov 1o Bhov nololicor xol duvaton T AB ywplov.

‘H dpa 10 ywplov duvapévn petd péoou yécov to 6hov
nololiod éotiv: mep €deL SETCan.

GD are rational (straight-lines which are) commensu-
rable in square only [Prop. 10.73], and neither of them is
commensurable in length with the (previously) laid down
rational (straight-line) AC, and the square on the whole,
AG, is greater than (the square on) the attachment, DG,
by the (square) on (some straight-line) incommensurable
in length with (AG) [Def. 10.16]. Therefore, since the
square on AG is greater than (the square on) GD by
the (square) on (some straight-line) incommensurable in
length with (AG), thus if (some area), equal to the fourth
part of square on DG, is applied to AG, falling short by
a square figure, then it divides (AG) into (parts which
are) incommensurable (in length) [Prop. 10.18]. There-
fore, let DG have been cut in half at [point] £. And let
(some area), equal to the (square) on EG, have been ap-
plied to AG, falling short by a square figure. And let it
be the (rectangle contained) by AF and FG. AF is thus
incommensurable in length with FG. And as AF (is) to
F@G, so Al is to FK [Prop. 6.1]. Thus, Al is incommen-
surable with FK [Prop. 10.11]. And since AG and AC
are rational (straight-lines which are) commensurable in
square only, AK is a medial (area) [Prop. 10.21]. Again,
since AC' and DG are rational (straight-lines which are)
incommensurable in length, DK is also a medial (area)
[Prop. 10.21]. Therefore, since AG and GD are com-
mensurable in square only, AG is thus incommensurable
in length with GD. And as AG (is) to GD, so AK is to
KD [Prop. 6.1]. Thus, AK is incommensurable with K D
[Prop. 10.11].

Therefore, let the square LM, equal to AI, have been
constructed. And let NO, equal to FK, (and) about the
same angle, have been subtracted (from LM). Thus,
the squares LM and NO are about the same diagonal
[Prop. 6.26]. Let PR be their (common) diagonal, and
let (the rest of) the figure have been drawn. So, similarly
to the above, we can show that LN is the square-root of
area AB. Isay that LN is that (straight-line) which with
a medial (area) makes a medial whole.

For since AK was shown (to be) a medial (area), and
is equal to the (sum of the) squares on LP and PN, the
sum of the (squares) on LP and PN is medial. Again,
since DK was shown (to be) a medial (area), and is
equal to twice the (rectangle contained) by LP and PN,
twice the (rectangle contained) by LP and PN is also
medial. And since AK was shown (to be) incommensu-
rable with DK, [thus] the (sum of the) squares on LP
and PN is also incommensurable with twice the (rect-
angle contained) by LP and PN. And since Al is in-
commensurable with F K, the (square) on LP (is) thus
also incommensurable with the (square) on PN. Thus,
LP and PN are (straight-lines which are) incommensu-
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Ono tév AH, HB. xal énel t& dno tév AH, HB gntd éotw,
xal €0t tolg dno t@v AH, HB foov 16 AM, ¢ntov dpa
gotl 10 AM. xol mapd oy ™y TA napaféBinton TAdtog
nowodv thv I'M- gney dpa €otiv ) I'M xat obppetpoc tff A
urixet. mdh, énel yéoov €otl 1o Sl Und tév AH, HB, xai
6 dic Ono ey AH, HB Toov 10 ZA, péoov dpa 10 ZA. xol
napd ey TV A mapdxeiton mhdtog nowody thy ZM: ont
Gpa €otlv 1} ZM xol doluyetpoc tf A prxel. xol énel ta
pev ano v AH, HB gntd éotv, 10 8¢ Sic Unod tév AH,
HB péoov, dobupetpa dpa €oti té dnd tév AH, HB 18 dic
ono v AH, HB. xai toic pev ano w@sv AH, HB ioov éotl
o I'A, 16 8¢ di¢ Uno wav AH, HB 10 ZA- dolpyetpov dpa
gotl 0 AM 18 ZA. éc 8¢ 10 AM npog 10 ZA, obtwe Eotly
N I'M mpog v ZM. dobpuetpog dpa éotiv /) I'M tf] ZM
urxel. xai eiow dugotepon pntal ob dpa I'M, MZ onrai cio

rable in square, making the sum of the squares on them
medial, and twice the (rectangle contained) by medial,
and, furthermore, the (sum of the) squares on them in-
commensurable with twice the (rectangle contained) by
them. Thus, LN is the irrational (straight-line) called
that which with a medial (area) makes a medial whole
[Prop. 10.78]. And it is the square-root of area AB.
Thus, the square-root of area (AB) is that (straight-
line) which with a medial (area) makes a medial whole.
(Which is) the very thing it was required to show.

Proposition 97

The (square) on an apotome, applied to a rational
(straight-line), produces a first apotome as breadth.

A B G

I | y
k T 1

C F N K M

D E O H L

Let AB be an apotome, and C'D a rational (straight-
line). And let CE, equal to the (square) on AB, have
been applied to C'D, producing C'F' as breadth. I say that
C'F is a first apotome.

For let BG be an attachment to AB. Thus, AG and
GB are rational (straight-lines which are) commensu-
rable in square only [Prop. 10.73]. And let CH, equal
to the (square) on AG, and K L, (equal) to the (square)
on B@, have been applied to CD. Thus, the whole of
CL is equal to the (sum of the squares) on AG and GB,
of which C'E is equal to the (square) on AB. The re-
mainder F'L is thus equal to twice the (rectangle con-
tained) by AG and GB [Prop. 2.7]. Let F'M have been
cut in half at point N. And let NO have been drawn
through N, parallel to CD. Thus, FO and LN are each
equal to the (rectangle contained) by AG and GB. And
since the (sum of the squares) on AG and GB is rational,
and DM is equal to the (sum of the squares) on AG and
GB, DM is thus rational. And it has been applied to the
rational (straight-line) C'D, producing CM as breadth.
Thus, C'M is rational, and commensurable in length with
CD [Prop. 10.20]. Again, since twice the (rectangle con-
tained) by AG and GB is medial, and FL (is) equal to
twice the (rectangle contained) by AG and GB, FL (is)
thus a medial (area). And it is applied to the rational
(straight-line) C'D, producing FM as breadth. FM is
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thus rational, and incommensurable in length with C'D
[Prop. 10.22]. And since the (sum of the squares) on AG
and GB is rational, and twice the (rectangle contained)
by AG and G B medial, the (sum of the squares) on AG
and G B is thus incommensurable with twice the (rectan-
gle contained) by AG and GB. And CL is equal to the
(sum of the squares) on AG and GB, and F'L to twice the
(rectangle contained) by AG and GB. DM is thus incom-
mensurable with F'L. And as DM (is) to F'L, so CM is to
FM [Prop. 6.1]. CM is thus incommensurable in length
with FM [Prop. 10.11]. And both are rational (straight-
lines). Thus, CM and MF are rational (straight-lines
which are) commensurable in square only. C'F' is thus an
apotome [Prop. 10.73]. So, I say that (it is) also a first
(apotome).

For since the (rectangle contained) by AG and GB is
the mean proportional to the (squares) on AG and GB
[Prop. 10.21 lem.], and C'H is equal to the (square) on
AG, and KL equal to the (square) on BG, and NL to
the (rectangle contained) by AG and GB, NL is thus
also the mean proportional to CH and KL. Thus, as
CH isto NL, so NL (is) to KL. But, as CH (is) to
NL, so CK isto NM, and as NL (is) to KL, so NM
is to KM [Prop. 6.1]. Thus, the (rectangle contained)
by CK and KM is equal to the (square) on NM—
that is to say, to the fourth part of the (square) on F'M
[Prop. 6.17]. And since the (square) on AG is commen-
surable with the (square) on GB, CH [is] also commen-
surable with K L. And as CH (is) to KL, so CK (is) to
KM [Prop. 6.1]. CK is thus commensurable (in length)
with KM [Prop. 10.11]. Therefore, since CM and M F
are two unequal straight-lines, and the (rectangle con-
tained) by CK and KM, equal to the fourth part of the
(square) on F'M, has been applied to CM, falling short
by a square figure, and C K is commensurable (in length)
with KM, the square on C'M is thus greater than (the
square on) M F by the (square) on (some straight-line)
commensurable in length with (C M) [Prop. 10.17]. And
CM is commensurable in length with the (previously)
laid down rational (straight-line) C'D. Thus, CF is a first
apotome [Def. 10.15].

Thus, the (square) on an apotome, applied to a ratio-
nal (straight-line), produces a first apotome as breadth.
(Which is) the very thing it was required to show.

Proposition 98

The (square) on a first apotome of a medial (straight-
line), applied to a rational (straight-line), produces a sec-
ond apotome as breadth.

Let AB be a first apotome of a medial (straight-line),
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and C'D a rational (straight-line). And let CF, equal to
the (square) on AB, have been applied to C'D, producing
CF as breadth. I say that C'F' is a second apotome.

For let BG be an attachment to AB. Thus, AG and
G B are medial (straight-lines which are) commensurable
in square only, containing a rational (area) [Prop. 10.74].
And let CH, equal to the (square) on AG, have been ap-
plied to CD, producing CK as breadth, and K L, equal
to the (square) on GB, producing K M as breadth. Thus,
the whole of CL is equal to the (sum of the squares)
on AG and GB. Thus, CL (is) also a medial (area)
[Props. 10.15, 10.23 corr.]. And it is applied to the ratio-
nal (straight-line) C'D, producing CM as breadth. CM
is thus rational, and incommensurable in length with CD
[Prop. 10.22]. And since CL is equal to the (sum of the
squares) on AG and GB, of which the (square) on AB
is equal to C'E, the remainder, twice the (rectangle con-
tained) by AG and GB, is thus equal to F'L [Prop. 2.7].
And twice the (rectangle contained) by AG and GB [is]
rational. Thus, F'L (is) rational. And it is applied to the
rational (straight-line) FE, producing FM as breadth.
F'M is thus also rational, and commensurable in length
with C'D [Prop. 10.20]. Therefore, since the (sum of the
squares) on AG and GB—that is to say, C'L—is medial,
and twice the (rectangle contained) by AG and GB—
that is to say, F'L—(is) rational, C'L is thus incommen-
surable with FL. And as CL (is) to FL, so CM is to
FM [Prop. 6.1]. Thus, CM (is) incommensurable in
length with FM [Prop. 10.11]. And they are both ra-
tional (straight-lines). Thus, CM and M F are rational
(straight-lines which are) commensurable in square only.
CF is thus an apotome [Prop. 10.73]. So, I say that (it
is) also a second (apotome).

A B G

I y J
L 1 1

D E O H L

For let FM have been cut in half at N. And let
NO have been drawn through (point) N, parallel to
CD. Thus, FO and NL are each equal to the (rectan-
gle contained) by AG and GB. And since the (rectan-
gle contained) by AG and G B is the mean proportional
to the squares on AG and GB [Prop. 10.21 lem.], and
the (square) on AG is equal to CH, and the (rectangle
contained) by AG and GB to NL, and the (square) on
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BG to KL, NL is thus also the mean proportional to
CH and KL. Thus, as CH isto NL, so NL (is) to KL
[Prop. 5.11]. But, as CH (is) to NL, so CK is to NM,
and as NL (is) to KL, so NM is to MK [Prop. 6.1].
Thus, as CK (is) to NM, so NM is to K M [Prop. 5.11].
The (rectangle contained) by CK and K M is thus equal
to the (square) on NM [Prop. 6.17]—that is to say, to
the fourth part of the (square) on F'M [and since the
(square) on AG is commensurable with the (square) on
BG@, CH is also commensurable with K L—that is to say,
CK with KM]. Therefore, since CM and M F are two
unequal straight-lines, and the (rectangle contained) by
CK and KM, equal to the fourth part of the (square)
on MF, has been applied to the greater CM, falling
short by a square figure, and divides it into commensu-
rable (parts), the square on C'M is thus greater than (the
square on) M F by the (square) on (some straight-line)
commensurable in length with (CM) [Prop. 10.17]. The
attachment F'M is also commensurable in length with the
(previously) laid down rational (straight-line) CD. CF is
thus a second apotome [Def. 10.16].

Thus, the (square) on a first apotome of a medial
(straight-line), applied to a rational (straight-line), pro-
duces a second apotome as breadth. (Which is) the very
thing it was required to show.

Proposition 99

The (square) on a second apotome of a medial
(straight-line), applied to a rational (straight-line), pro-
duces a third apotome as breadth.

A B G
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Let AB be the second apotome of a medial (straight-
line), and CD a rational (straight-line). And let CF,
equal to the (square) on AB, have been applied to CD,
producing C'F as breadth. I say that C'F' is a third apo-
tome.

For let BG be an attachment to AB. Thus, AG and
G B are medial (straight-lines which are) commensurable
in square only, containing a medial (area) [Prop. 10.75].
And let CH, equal to the (square) on AG, have been
applied to C'D, producing CK as breadth. And let KL,
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equal to the (square) on BG, have been applied to K H,
producing KM as breadth. Thus, the whole of CL is
equal to the (sum of the squares) on AG and GB [and
the (sum of the squares) on AG and GB is medial]. CL
(is) thus also medial [Props. 10.15, 10.23 corr.]. And it
has been applied to the rational (straight-line) C'D, pro-
ducing C M as breadth. Thus, C M is rational, and incom-
mensurable in length with CD [Prop. 10.22]. And since
the whole of C'L is equal to the (sum of the squares) on
AG and GB, of which CE is equal to the (square) on
AB, the remainder LF is thus equal to twice the (rect-
angle contained) by AG and GB [Prop. 2.7]. Therefore,
let FM have been cut in half at point N. And let NO
have been drawn parallel to CD. Thus, FFO and NL are
each equal to the (rectangle contained) by AG and GB.
And the (rectangle contained) by AG and GB (is) me-
dial. Thus, F'L is also medial. And it is applied to the
rational (straight-line) F'F, producing F'M as breadth.
F'M is thus rational, and incommensurable in length with
CD [Prop. 10.22]. And since AG and GB are commen-
surable in square only, AG [is] thus incommensurable in
length with GB. Thus, the (square) on AG is also incom-
mensurable with the (rectangle contained) by AG and
GB [Props. 6.1, 10.11]. But, the (sum of the squares)
on AG and GB is commensurable with the (square) on
AG, and twice the (rectangle contained) by AG and GB
with the (rectangle contained) by AG and GB. The
(sum of the squares) on AG and GB is thus incommen-
surable with twice the (rectangle contained) by AG and
GB [Prop. 10.13]. But, C'L is equal to the (sum of the
squares) on AG and GB, and F'L is equal to twice the
(rectangle contained) by AG and GB. Thus, CL is in-
commensurable with F'L. And as CL (is) to F'L, so CM
is to F'M [Prop. 6.1]. CM is thus incommensurable in
length with FM [Prop. 10.11]. And they are both ra-
tional (straight-lines). Thus, CM and M F are rational
(straight-lines which are) commensurable in square only.
CF is thus an apotome [Prop. 10.73]. So, I say that (it
is) also a third (apotome).

For since the (square) on AG is commensurable with
the (square) on GB, CH (is) thus also commensu-
rable with K L. Hence, CK (is) also (commensurable
in length) with KM [Props. 6.1, 10.11]. And since the
(rectangle contained) by AG and G B is the mean propor-
tional to the (squares) on AG and G B [Prop. 10.21 lem.],
and CH is equal to the (square) on AG, and KL equal
to the (square) on GB, and NL equal to the (rectangle
contained) by AG and GB, NL is thus also the mean
proportional to CH and K L. Thus, as CH is to NL, so
NL (is) to KL. But,as CH (is) to NL,so CK isto NM,
and as NL (is) to KL, so NM (is) to KM [Prop. 6.1].
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Thus, as CK (is) to M N, so M N is to KM [Prop. 5.11].
Thus, the (rectangle contained) by CK and K M is equal
to the [(square) on M N—that is to say, to the] fourth
part of the (square) on F'M [Prop. 6.17]. Therefore,
since CM and MF are two unequal straight-lines, and
(some area), equal to the fourth part of the (square) on
F'M, has been applied to C'M, falling short by a square
figure, and divides it into commensurable (parts), the
square on C'M is thus greater than (the square on) M F
by the (square) on (some straight-line) commensurable
(in length) with (C'M) [Prop. 10.17]. And neither of
CM and MF is commensurable in length with the (pre-
viously) laid down rational (straight-line) CD. CF is
thus a third apotome [Def. 10.13].

Thus, the (square) on a second apotome of a medial
(straight-line), applied to a rational (straight-line), pro-
duces a third apotome as breadth. (Which is) the very
thing it was required to show.

Proposition 100

The (square) on a minor (straight-line), applied to
a rational (straight-line), produces a fourth apotome as
breadth.

D E O H L

Let AB be a minor (straight-line), and C'D a rational
(straight-line). And let C'F, equal to the (square) on AB,
have been applied to the rational (straight-line) C'D, pro-
ducing CF as breadth. I say that C'F is a fourth apotome.

For let BG be an attachment to AB. Thus, AG and
GB are incommensurable in square, making the sum of
the squares on AG and G'B rational, and twice the (rect-
angle contained) by AG and GB medial [Prop. 10.76].
And let CH, equal to the (square) on AG, have been ap-
plied to CD, producing CK as breadth, and K L, equal
to the (square) on BG, producing K M as breadth. Thus,
the whole of C'L is equal to the (sum of the squares) on
AG and GB. And the sum of the (squares) on AG and
GB is rational. CL is thus also rational. And it is ap-
plied to the rational (straight-line) C'D, producing CM
as breadth. Thus, CM (is) also rational, and commen-
surable in length with C'D [Prop. 10.20]. And since the
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whole of CL is equal to the (sum of the squares) on AG
and GB, of which CE is equal to the (square) on AB,
the remainder F'L is thus equal to twice the (rectangle
contained) by AG and GB [Prop. 2.7]. Therefore, let
F M have been cut in half at point N. And let NO have
been drawn through N, parallel to either of CD or M L.
Thus, FO and N L are each equal to the (rectangle con-
tained) by AG and GB. And since twice the (rectangle
contained) by AG and G B is medial, and is equal to F'L,
FL is thus also medial. And it is applied to the ratio-
nal (straight-line) F'E, producing F'M as breadth. Thus,
F'M is rational, and incommensurable in length with CD
[Prop. 10.22]. And since the sum of the (squares) on AG
and GB is rational, and twice the (rectangle contained)
by AG and G B medial, the (sum of the squares) on AG
and GB is [thus] incommensurable with twice the (rect-
angle contained) by AG and GB. And CL (is) equal to
the (sum of the squares) on AG and GB, and F'L equal
to twice the (rectangle contained) by AG and GB. CL
[is] thus incommensurable with F'L. And as CL (is) to
FL,soCM isto MF [Prop. 6.1]. CM is thus incommen-
surable in length with M F' [Prop. 10.11]. And both are
rational (straight-lines). Thus, CM and M F' are rational
(straight-lines which are) commensurable in square only.
CF is thus an apotome [Prop. 10.73]. [So], I say that (it
is) also a fourth (apotome).

For since AG and G B are incommensurable in square,
the (square) on AG (is) thus also incommensurable with
the (square) on GB. And C'H is equal to the (square) on
AG, and KL equal to the (square) on GB. Thus, CH is
incommensurable with K L. And as CH (is) to KL, so
CK is to KM [Prop. 6.1]. CK is thus incommensurable
in length with KM [Prop. 10.11]. And since the (rectan-
gle contained) by AG and GB is the mean proportional
to the (squares) on AG and GB [Prop. 10.21 lem.], and
the (square) on AG is equal to CH, and the (square)
on GB to KL, and the (rectangle contained) by AG and
GB to NL, NL is thus the mean proportional to CH and
KL. Thus, as CH is to NL, so NL (is) to KL. But,
as CH (is) to NL, so CK is to NM, and as NL (is) to
KL,so NM is to KM [Prop. 6.1]. Thus, as CK (is) to
MN,so MN isto KM [Prop. 5.11]. The (rectangle con-
tained) by CK and K M is thus equal to the (square) on
M N—that is to say, to the fourth part of the (square) on
F'M [Prop. 6.17]. Therefore, since CM and M F' are two
unequal straight-lines, and the (rectangle contained) by
CK and KM, equal to the fourth part of the (square) on
MF, has been applied to C'M, falling short by a square
figure, and divides it into incommensurable (parts), the
square on C'M is thus greater than (the square on) M F
by the (square) on (some straight-line) incommensurable
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(in length) with (CM) [Prop. 10.18]. And the whole of
CM is commensurable in length with the (previously)
laid down rational (straight-line) CD. Thus, CF is a
fourth apotome [Def. 10.14].

Thus, the (square) on a minor, and so on ...

Proposition 101

The (square) on that (straight-line) which with a ra-
tional (area) makes a medial whole, applied to a rational
(straight-line), produces a fifth apotome as breadth.

A B G

k t 1

C F N K M

D E O H L

Let AB be that (straight-line) which with a ratio-
nal (area) makes a medial whole, and CD a rational
(straight-line). And let C'F, equal to the (square) on AB,
have been applied to C'D, producing CF as breadth. I
say that C'F is a fifth apotome.

Let BG be an attachment to AB. Thus, the straight-
lines AG and G B are incommensurable in square, mak-
ing the sum of the squares on them medial, and twice
the (rectangle contained) by them rational [Prop. 10.77].
And let CH, equal to the (square) on AG, have been ap-
plied to CD, and KL, equal to the (square) on GB. The
whole of C'L is thus equal to the (sum of the squares) on
AG and GB. And the sum of the (squares) on AG and
GB together is medial. Thus, C'L is medial. And it has
been applied to the rational (straight-line) C'D, produc-
ing C M as breadth. C'M is thus rational, and incommen-
surable (in length) with C'D [Prop. 10.22]. And since
the whole of C'L is equal to the (sum of the squares) on
AG and GB, of which CE is equal to the (square) on
AB, the remainder F'L is thus equal to twice the (rect-
angle contained) by AG and GB [Prop. 2.7]. Therefore,
let FM have been cut in half at N. And let NO have
been drawn through N, parallel to either of CD or M L.
Thus, FO and NL are each equal to the (rectangle con-
tained) by AG and GB. And since twice the (rectangle
contained) by AG and GB is rational, and [is] equal to
FL, FL is thus rational. And it is applied to the ratio-
nal (straight-line) EF, producing F'M as breadth. Thus,
FM is rational, and commensurable in length with CD
[Prop. 10.20]. And since C'L is medial, and F'L rational,
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CL is thus incommensurable with F'L. And as CL (is) to
FL,so CM (is) to M F [Prop. 6.1]. CM is thus incom-
mensurable in length with M F [Prop. 10.11]. And both
are rational. Thus, CM and M F are rational (straight-
lines which are) commensurable in square only. CF is
thus an apotome [Prop. 10.73]. So, I say that (it is) also
a fifth (apotome).

For, similarly (to the previous propositions), we can
show that the (rectangle contained) by CK M is equal to
the (square) on NM—that is to say, to the fourth part
of the (square) on FM. And since the (square) on AG
is incommensurable with the (square) on GB, and the
(square) on AG (is) equal to CH, and the (square) on
GB to KL, CH (is) thus incommensurable with K L.
And as CH (is) to KL, so CK (is) to KM [Prop. 6.1].
Thus, CK (is) incommensurable in length with KM
[Prop. 10.11]. Therefore, since CM and M F are two un-
equal straight-lines, and (some area), equal to the fourth
part of the (square) on F'M, has been applied to CM,
falling short by a square figure, and divides it into incom-
mensurable (parts), the square on CM is thus greater
than (the square on) MF by the (square) on (some
straight-line) incommensurable (in length) with (CM)
[Prop. 10.18]. And the attachment F'M is commensu-
rable with the (previously) laid down rational (straight-
line) CD. Thus, CF is a fifth apotome [Def. 10.15].
(Which is) the very thing it was required to show.

Proposition 102

The (square) on that (straight-line) which with a me-
dial (area) makes a medial whole, applied to a rational
(straight-line), produces a sixth apotome as breadth.

A B G

I | y
k T 1

C F N K M

D E O H L

Let AB be that (straight-line) which with a me-
dial (area) makes a medial whole, and CD a rational
(straight-line). And let C'E, equal to the (square) on AB,
have been applied to C'D, producing CF as breadth. I
say that C'F is a sixth apotome.

For let BG be an attachment to AB. Thus, AG and
GB are incommensurable in square, making the sum of
the squares on them medial, and twice the (rectangle
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contained) by AG and GB medial, and the (sum of the
squares) on AG and GB incommensurable with twice
the (rectangle contained) by AG and GB [Prop. 10.78].
Therefore, let CH, equal to the (square) on AG, have
been applied to C'D, producing CK as breadth, and KL,
equal to the (square) on BG. Thus, the whole of CL
is equal to the (sum of the squares) on AG and GB.
CL [is] thus also medial. And it is applied to the ratio-
nal (straight-line) C'D, producing C M as breadth. Thus,
CM is rational, and incommensurable in length with
CD [Prop. 10.22]. Therefore, since CL is equal to the
(sum of the squares) on AG and GB, of which CE (is)
equal to the (square) on AB, the remainder F'L is thus
equal to twice the (rectangle contained) by AG and GB
[Prop. 2.7]. And twice the (rectangle contained) by AG
and GB (is) medial. Thus, F'L is also medial. And it is
applied to the rational (straight-line) F'E, producing F'M
as breadth. FM is thus rational, and incommensurable
in length with C'D [Prop. 10.22]. And since the (sum
of the squares) on AG and G'B is incommensurable with
twice the (rectangle contained) by AG and GB, and CL
equal to the (sum of the squares) on AG and GB, and
FL equal to twice the (rectangle contained) by AG and
GB, CL [is] thus incommensurable with FL. And as CL
(is) to FIL, so CM is to M F [Prop. 6.1]. Thus, CM is
incommensurable in length with M F' [Prop. 10.11]. And
they are both rational. Thus, CM and M F are rational
(straight-lines which are) commensurable in square only.
CF is thus an apotome [Prop. 10.73]. So, I say that (it
is) also a sixth (apotome).

For since F'L is equal to twice the (rectangle con-
tained) by AG and GB, let FM have been cut in half
at N, and let NO have been drawn through N, parallel
to CD. Thus, FO and NL are each equal to the (rect-
angle contained) by AG and GB. And since AG and GB
are incommensurable in square, the (square) on AG is
thus incommensurable with the (square) on GB. But,
CH is equal to the (square) on AG, and KL is equal
to the (square) on GB. Thus, CH is incommensurable
with KL. And as CH (is) to KL, so CK is to KM
[Prop. 6.1]. Thus, CK is incommensurable (in length)
with KM [Prop. 10.11]. And since the (rectangle con-
tained) by AG and GB is the mean proportional to the
(squares) on AG and GB [Prop. 10.21 lem.], and CH
is equal to the (square) on AG, and KL equal to the
(square) on GB, and NL equal to the (rectangle con-
tained) by AG and GB, NL is thus also the mean pro-
portional to CH and K L. Thus, as CH isto NL,so NL
(is) to KL. And for the same (reasons as the preced-
ing propositions), the square on C'M is greater than (the
square on) M F by the (square) on (some straight-line)
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incommensurable (in length) with (CM) [Prop. 10.18].
And neither of them is commensurable with the (previ-
ously) laid down rational (straight-line) C'D. Thus, CF
is a sixth apotome [Def. 10.16]. (Which is) the very thing
it was required to show.

Proposition 103

A (straight-line) commensurable in length with an
apotome is an apotome, and (is) the same in order.

A B E

C D F

Let AB be an apotome, and let CD be commensu-
rable in length with AB. 1 say that C'D is also an apo-
tome, and (is) the same in order as AB.

For since AB is an apotome, let BE be an attachment
to it. Thus, AE and E B are rational (straight-lines which
are) commensurable in square only [Prop. 10.73]. And
let it have been contrived that the (ratio) of BE to DF
is the same as the ratio of AB to C'D [Prop. 6.12]. Thus,
also, as one is to one, (so) all [are] to all [Prop. 5.12].
And thus as the whole AF is to the whole CF, so AB
(is) to CD. And AB (is) commensurable in length with
CD. AF (is) thus also commensurable (in length) with
CF, and BE with DF [Prop. 10.11]. And AF and
BE are rational (straight-lines which are) commensu-
rable in square only. Thus, CF and F'D are also rational
(straight-lines which are) commensurable in square only
[Prop. 10.13]. [C'D is thus an apotome. So, I say that (it
is) also the same in order as AB.]

Therefore, since as AFE is to CF, so BE (is) to
DF, thus, alternately, as AF is to EB, so CF (is) to
FD [Prop. 5.16]. So, the square on AFE is greater
than (the square on) EB either by the (square) on
(some straight-line) commensurable, or by the (square)
on (some straight-line) incommensurable, (in length)
with (AFE). Therefore, if the (square) on AFE is greater
than (the square on) EB by the (square) on (some
straight-line) commensurable (in length) with (AE) then
the square on C'F' will also be greater than (the square
on) F'D by the (square) on (some straight-line) commen-
surable (in length) with (CF) [Prop. 10.14]. And if AE
is commensurable in length with a (previously) laid down
rational (straight-line) then so (is) C'F' [Prop. 10.12],
and if BE (is commensurable), so (is) DF, and if nei-
ther of AE or EB (are commensurable), neither (are)
either of CF or F'D [Prop. 10.13]. And if the (square)
on AFE is greater [than (the square on) EFB] by the
(square) on (some straight-line) incommensurable (in
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length) with (AFE) then the (square) on CF will also
be greater than (the square on) F'D by the (square) on
(some straight-line) incommensurable (in length) with
(CF) [Prop. 10.14]. And if AF is commensurable in
length with a (previously) laid down rational (straight-
line), so (is) CF [Prop. 10.12], and if BFE (is com-
mensurable), so (is) DF, and if neither of AFE or EB
(are commensurable), neither (are) either of CF or F'D
[Prop. 10.13].

Thus, C'D is an apotome, and (is) the same in order
as AB [Defs. 10.11—10.16]. (Which is) the very thing it
was required to show.

Proposition 104

A (straight-line) commensurable (in length) with an
apotome of a medial (straight-line) is an apotome of a
medial (straight-line), and (is) the same in order.

A B E

C D F

Let AB be an apotome of a medial (straight-line), and
let CD be commensurable in length with AB. I say that
CD is also an apotome of a medial (straight-line), and
(is) the same in order as AB.

For since AB is an apotome of a medial (straight-
line), let EB be an attachment to it. Thus, AEF and
E' B are medial (straight-lines which are) commensurable
in square only [Props. 10.74, 10.75]. And let it have
been contrived that as AB is to CD, so BE (is) to DF
[Prop. 6.12]. Thus, AE [is] also commensurable (in
length) with CF, and BE with DF [Props. 5.12, 10.11].
And AF and EB are medial (straight-lines which are)
commensurable in square only. CF and F'D are thus
also medial (straight-lines which are) commensurable in
square only [Props. 10.23, 10.13]. Thus, C'D is an apo-
tome of a medial (straight-line) [Props. 10.74, 10.75].
So, I say that it is also the same in order as AB.

[For] since as AF is to EB, so CF (is) to F'D
[Props. 5.12, 5.16] [but as AFE (is) to E'B, so the (square)
on AF (is) to the (rectangle contained) by AE and EB,
and as C'F (is) to F'D, so the (square) on C'F (is) to
the (rectangle contained) by CF and F D], thus as the
(square) on AF is to the (rectangle contained) by AF
and EB, so the (square) on C'F also (is) to the (rectan-
gle contained) by C'F and F'D [Prop. 10.21 lem.] [and,
alternately, as the (square) on AFE (is) to the (square)
on C'F, so the (rectangle contained) by AE and EB (is)
to the (rectangle contained) by CF and FD]. And the
(square) on AFE (is) commensurable with the (square)
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on CF. Thus, the (rectangle contained) by AE and EB
is also commensurable with the (rectangle contained) by
CF and F'D [Props. 5.16, 10.11]. Therefore, either the
(rectangle contained) by AE and E'B is rational, and the
(rectangle contained) by CF and F'D will also be ratio-
nal [Def. 10.4], or the (rectangle contained) by AE and
E'B [is] medial, and the (rectangle contained) by C'F' and
F'D [is] also medial [Prop. 10.23 corr.].

Therefore, C'D is the apotome of a medial (straight-
line), and is the same in order as AB [Props. 10.74,
10.75]. (Which is) the very thing it was required to show.

Proposition 105

A (straight-line) commensurable (in length) with a
minor (straight-line) is a minor (straight-line).

A B E

C D F

For let AB be a minor (straight-line), and (let) CD
(be) commensurable (in length) with AB. I say that CD
is also a minor (straight-line).

For let the same things have been contrived (as in
the former proposition). And since AE and EB are
(straight-lines which are) incommensurable in square
[Prop. 10.76], CF and F'D are thus also (straight-lines
which are) incommensurable in square [Prop. 10.13].
Therefore, since as AE is to EB, so CF (is) to F'D
[Props. 5.12, 5.16], thus also as the (square) on AFE is
to the (square) on E B, so the (square) on C'F (is) to the
(square) on F'D [Prop. 6.22]. Thus, via composition, as
the (sum of the squares) on AF and E B is to the (square)
on E'B, so the (sum of the squares) on C'F and F'D (is) to
the (square) on F'D [Prop. 5.18], [also alternately]. And
the (square) on BF is commensurable with the (square)
on DF [Prop. 10.104]. The sum of the squares on AF
and E B (is) thus also commensurable with the sum of the
squares on C'F and F'D [Prop. 5.16, 10.11]. And the sum
of the (squares) on AE and E B is rational [Prop. 10.76].
Thus, the sum of the (squares) on CF and F'D is also
rational [Def. 10.4]. Again, since as the (square) on
AFE is to the (rectangle contained) by AE and EB, so
the (square) on C'F (is) to the (rectangle contained) by
CF and FD [Prop. 10.21 lem.], and the square on AFE
(is) commensurable with the square on CF, the (rect-
angle contained) by AF and EB is thus also commen-
surable with the (rectangle contained) by CF and FD.
And the (rectangle contained) by AE and EB (is) me-
dial [Prop. 10.76]. Thus, the (rectangle contained) by
CF and F D (is) also medial [Prop. 10.23 corr.]. C'F and
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F'D are thus (straight-lines which are) incommensurable
in square, making the sum of the squares on them ratio-
nal, and the (rectangle contained) by them medial.
Thus, CD is a minor (straight-line) [Prop. 10.76].
(Which is) the very thing it was required to show.

Proposition 106

A (straight-line) commensurable (in length) with a
(straight-line) which with a rational (area) makes a me-
dial whole is a (straight-line) which with a rational (area)
makes a medial whole.

A B E

C D F

Let AB be a (straight-line) which with a rational
(area) makes a medial whole, and (let) CD (be) com-
mensurable (in length) with AB. I say that CD is also a
(straight-line) which with a rational (area) makes a me-
dial (whole).

For let BE be an attachment to AB. Thus, AF and
EB are (straight-lines which are) incommensurable in
square, making the sum of the squares on AF and EB
medial, and the (rectangle contained) by them rational
[Prop. 10.77]. And let the same construction have been
made (as in the previous propositions). So, similarly to
the previous (propositions), we can show that CF and
F'D are in the same ratio as AF and E B, and the sum of
the squares on AF and EB is commensurable with the
sum of the squares on C'F' and F'D, and the (rectangle
contained) by AE and E' B with the (rectangle contained)
by CF and FD. Hence, CF and FD are also (straight-
lines which are) incommensurable in square, making the
sum of the squares on C'F’ and F'D medial, and the (rect-
angle contained) by them rational.

CD is thus a (straight-line) which with a rational
(area) makes a medial whole [Prop. 10.77]. (Which is)
the very thing it was required to show.

Proposition 107

A (straight-line) commensurable (in length) with a
(straight-line) which with a medial (area) makes a me-
dial whole is itself also a (straight-line) which with a me-
dial (area) makes a medial whole.

A B E

C D F

Let AB be a (straight-line) which with a medial (area)
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makes a medial whole, and let C'D be commensurable (in
length) with AB. 1 say that CD is also a (straight-line)
which with a medial (area) makes a medial whole.

For let BE be an attachment to AB. And let the same
construction have been made (as in the previous propo-
sitions). Thus, AE and EB are (straight-lines which
are) incommensurable in square, making the sum of the
squares on them medial, and the (rectangle contained)
by them medial, and, further, the sum of the squares on
them incommensurable with the (rectangle contained) by
them [Prop. 10.78]. And, as was shown (previously), AE
and F B are commensurable (in length) with CF and F D
(respectively), and the sum of the squares on AE and
EB with the sum of the squares on CF and FD, and
the (rectangle contained) by AF and E B with the (rect-
angle contained) by CF and F'D. Thus, CF and FD
are also (straight-lines which are) incommensurable in
square, making the sum of the squares on them medial,
and the (rectangle contained) by them medial, and, fur-
ther, the sum of the [squares] on them incommensurable
with the (rectangle contained) by them.

Thus, C'D is a (straight-line) which with a medial
(area) makes a medial whole [Prop. 10.78]. (Which is)
the very thing it was required to show.

Proposition 108

A medial (area) being subtracted from a rational
(area), one of two irrational (straight-lines) arise (as) the
square-root of the remaining area—either an apotome, or
a minor (straight-line).

A E B

C D

For let the medial (area) BD have been subtracted
from the rational (area) BC. I say that one of two ir-
rational (straight-lines) arise (as) the square-root of the
remaining (area), FC—either an apotome, or a minor
(straight-line).

For let the rational (straight-line) F'G have been laid
out, and let the right-angled parallelogram GH, equal to
BC, have been applied to F'G, and let GK, equal to DB,
have been subtracted (from GH). Thus, the remainder
EC is equal to LH. Therefore, since BC is a rational
(area), and BD a medial (area), and BC' (is) equal to
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GH, and BD to GK, GH is thus a rational (area), and
GK amedial (area). And they are applied to the rational
(straight-line) F'G. Thus, F'H (is) rational, and commen-
surable in length with FG [Prop. 10.20], and FK (is)
also rational, and incommensurable in length with FFG
[Prop. 10.22]. Thus, F'H is incommensurable in length
with FK [Prop. 10.13]. F'H and FK are thus rational
(straight-lines which are) commensurable in square only.
Thus, K H is an apotome [Prop. 10.73], and K F an at-
tachment to it. So, the square on HF is greater than
(the square on) F'K by the (square) on (some straight-
line which is) either commensurable, or not (commensu-
rable), (in length with H F).

First, let the square (on it) be (greater) by the
(square) on (some straight-line which is) commensurable
(in length with HF). And the whole of HF is com-
mensurable in length with the (previously) laid down
rational (straight-line) F'G. Thus, K H is a first apotome
[Def. 10.1]. And the square-root of an (area) contained
by a rational (straight-line) and a first apotome is an apo-
tome [Prop. 10.91]. Thus, the square-root of L H—that
is to say, (of) FC'—is an apotome.

And if the square on HF is greater than (the square
on) F'K by the (square) on (some straight-line which is)
incommensurable (in length) with (H F'), and (since) the
whole of F'H is commensurable in length with the (pre-
viously) laid down rational (straight-line) F'G, KH is a
fourth apotome [Prop. 10.14]. And the square-root of an
(area) contained by a rational (straight-line) and a fourth
apotome is a minor (straight-line) [Prop. 10.94]. (Which
is) the very thing it was required to show.

Proposition 109

A rational (area) being subtracted from a medial
(area), two other irrational (straight-lines) arise (as the
square-root of the remaining area)—either a first apo-
tome of a medial (straight-line), or that (straight-line)
which with a rational (area) makes a medial whole.

For let the rational (area) BD have been subtracted
from the medial (area) BC. 1 say that one of two ir-
rational (straight-lines) arise (as) the square-root of the
remaining (area), FC'—either a first apotome of a medial
(straight-line), or that (straight-line) which with a ratio-
nal (area) makes a medial whole.

For let the rational (straight-line) F'G be laid down,
and let similar areas (to the preceding proposition) have
been applied (to it). So, accordingly, F'H is rational, and
incommensurable in length with F'G, and KF (is) also
rational, and commensurable in length with F'G. Thus,
FH and FK are rational (straight-lines which are) com-
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mensurable in square only [Prop. 10.13]. KH is thus
an apotome [Prop. 10.73], and F'K an attachment to it.
So, the square on H F is greater than (the square on) FFK
either by the (square) on (some straight-line) commensu-
rable (in length) with (H F), or by the (square) on (some
straight-line) incommensurable (in length with H F).

B E F K H

G L

Therefore, if the square on HF is greater than (the
square on) F'K by the (square) on (some straight-line)
commensurable (in length) with (HF), and (since) the
attachment FK is commensurable in length with the
(previously) laid down rational (straight-line) FG, KH
is a second apotome [Def. 10.12]. And F'G (is) rational.
Hence, the square-root of L H—that is to say, (of) EC—is
a first apotome of a medial (straight-line) [Prop. 10.92].

And if the square on HF is greater than (the square
on) FK by the (square) on (some straight-line) incom-
mensurable (in length with H F"), and (since) the attach-
ment F'K is commensurable in length with the (previ-
ously) laid down rational (straight-line) F'G, KH is a
fifth apotome [Def. 10.15]. Hence, the square-root of EC
is that (straight-line) which with a rational (area) makes
a medial whole [Prop. 10.95]. (Which is) the very thing
it was required to show.

Proposition 110

A medial (area), incommensurable with the whole,
being subtracted from a medial (area), the two remaining
irrational (straight-lines) arise (as) the (square-root of
the area)—either a second apotome of a medial (straight-
line), or that (straight-line) which with a medial (area)
makes a medial whole.

For, as in the previous figures, let the medial (area)
BD, incommensurable with the whole, have been sub-
tracted from the medial (area) BC. I say that the square-
root of EC is one of two irrational (straight-lines)—
either a second apotome of a medial (straight-line), or
that (straight-line) which with a medial (area) makes a
medial whole.
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For since BC and BD are each medial (areas), and
BC (is) incommensurable with BD, accordingly, F'H and
F K will each be rational (straight-lines), and incommen-
surable in length with F'G [Prop. 10.22]. And since BC
is incommensurable with BD—that is to say, GH with
GK—HF (is) also incommensurable (in length) with
FK [Props. 6.1, 10.11]. Thus, FH and FK are ratio-
nal (straight-lines which are) commensurable in square
only. K H is thus as apotome [Prop. 10.73], [and F K
an attachment (to it). So, the square on F'H is greater
than (the square on) FK either by the (square) on
(some straight-line) commensurable, or by the (square)
on (some straight-line) incommensurable, (in length)
with (FH).]

So, if the square on F'H is greater than (the square
on) FK by the (square) on (some straight-line) com-
mensurable (in length) with (F H), and (since) neither of
FH and FK is commensurable in length with the (pre-
viously) laid down rational (straight-line) F'G, KH is a
third apotome [Def. 10.3]. And KL (is) rational. And
the rectangle contained by a rational (straight-line) and
a third apotome is irrational, and the square-root of it is
that irrational (straight-line) called a second apotome of
a medial (straight-line) [Prop. 10.93]. Hence, the square-
root of L H—that is to say, (of) EC—is a second apotome
of a medial (straight-line).

And if the square on F H is greater than (the square
on) FK by the (square) on (some straight-line) incom-
mensurable [in length] with (F H), and (since) neither of
HF and FK is commensurable in length with F'G, KH
is a sixth apotome [Def. 10.16]. And the square-root of
the (rectangle contained) by a rational (straight-line) and
a sixth apotome is that (straight-line) which with a me-
dial (area) makes a medial whole [Prop. 10.96]. Thus,
the square-root of LH—that is to say, (of) EC—is that
(straight-line) which with a medial (area) makes a me-
dial whole. (Which is) the very thing it was required to
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show.

Proposition 111

An apotome is not the same as a binomial.

A B

I y
k 1

D G E F

y
1

C

Let AB be an apotome. I say that AB is not the same
as a binomial.

For, if possible, let it be (the same). And let a rational
(straight-line) DC' be laid down. And let the rectangle
CE, equal to the (square) on AB, have been applied to
CD, producing DF as breadth. Therefore, since AB is an
apotome, DF is a first apotome [Prop. 10.97]. Let EF
be an attachment to it. Thus, DF and F'E are rational
(straight-lines which are) commensurable in square only,
and the square on DF is greater than (the square on) F'E
by the (square) on (some straight-line) commensurable
(in length) with (DF), and DF is commensurable in
length with the (previously) laid down rational (straight-
line) DC [Def. 10.10]. Again, since AB is a binomial,
DE is thus a first binomial [Prop. 10.60]. Let (DE) have
been divided into its (component) terms at G, and let
DG be the greater term. Thus, DG and GE are rational
(straight-lines which are) commensurable in square only,
and the square on DG is greater than (the square on)
GE by the (square) on (some straight-line) commensu-
rable (in length) with (DG), and the greater (term) DG
is commensurable in length with the (previously) laid
down rational (straight-line) DC' [Def. 10.5]. Thus, DF
is also commensurable in length with DG [Prop. 10.12].
The remainder GF is thus commensurable in length with
DF [Prop. 10.15]. [Therefore, since DF is commensu-
rable with GF, and DF is rational, GF is thus also ra-
tional. Therefore, since DF' is commensurable in length
with GF,] DF (is) incommensurable in length with EF.
Thus, FG is also incommensurable in length with EF
[Prop. 10.13]. GF and FE [are] thus rational (straight-
lines which are) commensurable in square only. Thus,
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EG is an apotome [Prop. 10.73]. But, (it is) also ratio-
nal. The very thing is impossible.

Thus, an apotome is not the same as a binomial.
(Which is) the very thing it was required to show.

[Corollary]

The apotome and the irrational (straight-lines) after it
are neither the same as a medial (straight-line) nor (the
same) as one another.

For the (square) on a medial (straight-line), applied
to a rational (straight-line), produces as breadth a ratio-
nal (straight-line which is) incommensurable in length
with the (straight-line) to which (the area) is applied
[Prop. 10.22]. And the (square) on an apotome, ap-
plied to a rational (straight-line), produces as breadth a
first apotome [Prop. 10.97]. And the (square) on a first
apotome of a medial (straight-line), applied to a ratio-
nal (straight-line), produces as breadth a second apotome
[Prop. 10.98]. And the (square) on a second apotome of
a medial (straight-line), applied to a rational (straight-
line), produces as breadth a third apotome [Prop. 10.99].
And (square) on a minor (straight-line), applied to a ra-
tional (straight-line), produces as breadth a fourth apo-
tome [Prop. 10.100]. And (square) on that (straight-line)
which with a rational (area) produces a medial whole,
applied to a rational (straight-line), produces as breadth
a fifth apotome [Prop. 10.101]. And (square) on that
(straight-line) which with a medial (area) produces a
medial whole, applied to a rational (straight-line), pro-
duces as breadth a sixth apotome [Prop. 10.102]. There-
fore, since the aforementioned breadths differ from the
first (breadth), and from one another—from the first, be-
cause it is rational, and from one another since they are
not the same in order—clearly, the irrational (straight-
lines) themselves also differ from one another. And since
it has been shown that an apotome is not the same
as a binomial [Prop. 10.111], and (that) the (irrational
straight-lines) after the apotome, being applied to a ra-
tional (straight-line), produce as breadth, each according
to its own (order), apotomes, and (that) the (irrational
straight-lines) after the binomial themselves also (pro-
duce as breadth), according (to their) order, binomials,
the (irrational straight-lines) after the apotome are thus
different, and the (irrational straight-lines) after the bi-
nomial (are also) different, so that there are, in order, 13
irrational (straight-lines) in all:
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Medial,

Binomial,

First bimedial,

Second bimedial,

Major,

Square-root of a rational plus a medial (area),
Square-root of (the sum of) two medial (areas),
Apotome,

First apotome of a medial,

Second apotome of a medial,

Minor,

That which with a rational (area) produces a medial
whole,

That which with a medial (area) produces a medial
whole.

Proposition 1127

The (square) on a rational (straight-line), applied to
a binomial (straight-line), produces as breadth an apo-
tome whose terms are commensurable (in length) with
the terms of the binomial, and, furthermore, in the same
ratio. Moreover, the created apotome will have the same
order as the binomial.

A—

B D Cq =

K E F H

Let A be a rational (straight-line), and BC a binomial
(straight-line), of which let DC be the greater term. And
let the (rectangle contained) by BC and E'F be equal to
the (square) on A. I say that EF is an apotome whose
terms are commensurable (in length) with CD and DB,
and in the same ratio, and, moreover, that £ F will have
the same order as BC.

For, again, let the (rectangle contained) by BD and G
be equal to the (square) on A. Therefore, since the (rect-
angle contained) by BC and E'F is equal to the (rectan-
gle contained) by BD and G, thus as CB is to BD, so G
(is) to E'F [Prop. 6.16]. And CB (is) greater than BD.
Thus, G is also greater than E'F' [Props. 5.16, 5.14]. Let
EH be equal to G. Thus, as CB is to BD, so HE (is) to
EF. Thus, via separation, as C'D is to BD, so HF' (is)
to F'E [Prop. 5.17]. Let it have been contrived that as
HF (is) to FE, so FK (is) to K E. And, thus, the whole
HK is to the whole KF, as FK (is) to KE. For as one
of the leading (proportional magnitudes is) to one of the
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following, so all of the leading (magnitudes) are to all of
the following [Prop. 5.12]. And as F'K (is) to K E, so CD
is to DB [Prop. 5.11]. And, thus, as HK (is) to KF, so
CD is to DB [Prop. 5.11]. And the (square) on C'D (is)
commensurable with the (square) on DB [Prop. 10.36].
The (square) on HK is thus also commensurable with
the (square) on KF [Props. 6.22, 10.11]. And as the
(square) on H K is to the (square) on K'F', so HK (is) to
KE, since the three (straight-lines) HK, KF, and KE
are proportional [Def. 5.9]. HK is thus commensurable
in length with K F [Prop. 10.11]. Hence, H E is also com-
mensurable in length with £K [Prop. 10.15]. And since
the (square) on A is equal to the (rectangle contained) by
FEH and BD, and the (square) on A is rational, the (rect-
angle contained) by FH and BD is thus also rational.
And it is applied to the rational (straight-line) BD. Thus,
EH is rational, and commensurable in length with BD
[Prop. 10.20]. And, hence, the (straight-line) commensu-
rable (in length) with it, F K, is also rational [Def. 10.3],
and commensurable in length with BD [Prop. 10.12].
Therefore, since as CD is to DB, so FK (is) to KE, and
CD and DB are (straight-lines which are) commensu-
rable in square only, FK and KF are also commensu-
rable in square only [Prop. 10.11]. And K E is rational.
Thus, FK is also rational. 'K and K F are thus rational
(straight-lines which are) commensurable in square only.
Thus, E'F is an apotome [Prop. 10.73].

And the square on C'D is greater than (the square on)
DB either by the (square) on (some straight-line) com-
mensurable, or by the (square) on (some straight-line)
incommensurable, (in length) with (C'D).

Therefore, if the square on CD is greater than (the
square on) DB by the (square) on (some straight-line)
commensurable (in length) with [C'D] then the square
on FK will also be greater than (the square on) K E by
the (square) on (some straight-line) commensurable (in
length) with (FK) [Prop. 10.14]. And if CD is com-
mensurable in length with a (previously) laid down ra-
tional (straight-line), (so) also (is) F'K [Props. 10.11,
10.12]. And if BD (is commensurable), (so) also (is)
KEFE [Prop. 10.12]. And if neither of CD or DB (is com-
mensurable), neither also (are) either of 'K or KE.

And if the square on C'D is greater than (the square
on) DB by the (square) on (some straight-line) incom-
mensurable (in length) with (C'D) then the square on
FK will also be greater than (the square on) KFE by
the (square) on (some straight-line) incommensurable
(in length) with (FK) [Prop. 10.14]. And if CD is com-
mensurable in length with a (previously) laid down ra-
tional (straight-line), (so) also (is) F'K [Props. 10.11,
10.12]. And if BD (is commensurable), (so) also (is) K FE
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[Prop. 10.12]. And if neither of C'D or DB (is commen-
surable), neither also (are) either of 'K or K E. Hence,
FFE is an apotome whose terms, 'K and K E, are com-
mensurable (in length) with the terms, CD and DB, of
the binomial, and in the same ratio. And (F'E) has the
same order as BC [Defs. 10.5—10.10]. (Which is) the
very thing it was required to show.

 Heiberg considers this proposition, and the succeeding ones, to be relatively early interpolations into the original text.
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Proposition 113

The (square) on a rational (straight-line), applied to
an apotome, produces as breadth a binomial whose terms
are commensurable with the terms of the apotome, and
in the same ratio. Moreover, the created binomial has the
same order as the apotome.

Ar—

Gi i
K E F H

Let A be a rational (straight-line), and BD an apo-
tome. And let the (rectangle contained) by BD and K H
be equal to the (square) on A, such that the square on the
rational (straight-line) A, applied to the apotome BD,
produces K H as breadth. I say that K H is a binomial
whose terms are commensurable with the terms of BD,
and in the same ratio, and, moreover, that K H has the
same order as BD.

For let DC be an attachment to BD. Thus, BC and
CD are rational (straight-lines which are) commensu-
rable in square only [Prop. 10.73]. And let the (rectangle
contained) by BC and G also be equal to the (square)
on A. And the (square) on A (is) rational. The (rect-
angle contained) by BC and G (is) thus also rational.
And it has been applied to the rational (straight-line)
BC. Thus, G is rational, and commensurable in length
with BC [Prop. 10.20]. Therefore, since the (rectangle
contained) by BC and G is equal to the (rectangle con-
tained) by BD and K H, thus, proportionally, as C'B is to
BD, so KH (is) to G [Prop. 6.16]. And BC' (is) greater
than BD. Thus, K H (is) also greater than G [Prop. 5.16,
5.14]. Let KFE be made equal to G. KFE is thus com-
mensurable in length with BC. And since as CB is to
BD, so HK (is) to K E, thus, via conversion, as BC' (is)
to CD, so KH (is) to HE [Prop. 5.19 corr.]. Let it have
been contrived that as KH (is) to HE, so HF (is) to
FE. And thus the remainder KF is to FFH, as KH (is)
to H E—that is to say, [as] BC (is) to C'D [Prop. 5.19].
And BC and CD [are] commensurable in square only.
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KF and FH are thus also commensurable in square only
[Prop. 10.11]. And since as K H is to HE, (so) KF (is)
to FH, but as KH (is) to HE, (so) HF (is) to F'E, thus,
also as KF (is) to F'H, (so) HF (is) to FE [Prop. 5.11].
And hence as the first (is) to the third, so the (square) on
the first (is) to the (square) on the second [Def. 5.9]. And
thus as K F' (is) to F'E, so the (square) on K F' (is) to the
(square) on F'H. And the (square) on KF' is commen-
surable with the (square) on FH. For KF and FH are
commensurable in square. Thus, K F is also commensu-
rable in length with FE [Prop. 10.11]. Hence, K F' [is]
also commensurable in length with KE [Prop. 10.15].
And K F is rational, and commensurable in length with
BC. Thus, KF (is) also rational, and commensurable in
length with BC' [Prop. 10.12]. And since as BC is to
CD, (so) KF (is) to FH, alternately, as BC (is) to K F,
so DC (is) to FFH [Prop. 5.16]. And BC (is) commen-
surable (in length) with KF. Thus, F'H (is) also com-
mensurable in length with CD [Prop. 10.11]. And BC
and CD are rational (straight-lines which are) commen-
surable in square only. KF and F'H are thus also ratio-
nal (straight-lines which are) commensurable in square
only [Def. 10.3, Prop. 10.13]. Thus, K H is a binomial
[Prop. 10.36].

Therefore, if the square on BC' is greater than (the
square on) C'D by the (square) on (some straight-line)
commensurable (in length) with (BC), then the square
on K F will also be greater than (the square on) F'H by
the (square) on (some straight-line) commensurable (in
length) with (KF) [Prop. 10.14]. And if BC is com-
mensurable in length with a (previously) laid down ra-
tional (straight-line), (so) also (is) KF [Prop. 10.12].
And if CD is commensurable in length with a (previ-
ously) laid down rational (straight-line), (so) also (is)
FH [Prop. 10.12]. And if neither of BC or CD (are
commensurable), neither also (are) either of KF or FH
[Prop. 10.13].

And if the square on BC is greater than (the square
on) CD by the (square) on (some straight-line) incom-
mensurable (in length) with (BC) then the square on
KF will also be greater than (the square on) FH by
the (square) on (some straight-line) incommensurable
(in length) with (K F) [Prop. 10.14]. And if BC' is com-
mensurable in length with a (previously) laid down ratio-
nal (straight-line), (so) also (is) K F' [Prop. 10.12]. And
if CD is commensurable, (so) also (is) F'H [Prop. 10.12].
And if neither of BC or CD (are commensurable), nei-
ther also (are) either of K F or F'H [Prop. 10.13].

K H is thus a binomial whose terms, K F' and FH,
[are] commensurable (in length) with the terms, BC and
CD, of the apotome, and in the same ratio. Moreover,
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K H will have the same order as BC [Defs. 10.5—10.10].
(Which is) the very thing it was required to show.

Proposition 114

If an area is contained by an apotome, and a binomial
whose terms are commensurable with, and in the same
ratio as, the terms of the apotome then the square-root of
the area is a rational (straight-line).

A B F
G E D
G |

H. i
K L M

For let an area, the (rectangle contained) by AB and
CD, have been contained by the apotome AB, and the
binomial C'D, of which let the greater term be CE. And
let the terms of the binomial, CE and ED, be commen-
surable with the terms of the apotome, AF and F'B (re-
spectively), and in the same ratio. And let the square-root
of the (rectangle contained) by AB and C'D be G. I say
that G is a rational (straight-line).

For let the rational (straight-line) H be laid down.
And let (some rectangle), equal to the (square) on H,
have been applied to CD, producing KL as breadth.
Thus, KL is an apotome, of which let the terms, KM
and M L, be commensurable with the terms of the bino-
mial, CE and ED (respectively), and in the same ratio
[Prop. 10.112]. But, CE and ED are also commensu-
rable with AF and F' B (respectively), and in the same ra-
tio. Thus, as AF isto F'B, so KM (is) to M L. Thus, alter-
nately, as AF' is to KM, so BF' (is) to LM [Prop. 5.16].
Thus, the remainder AB is also to the remainder K L as
AF (is) to KM [Prop. 5.19]. And AF (is) commensu-
rable with KM [Prop. 10.12]. AB is thus also commen-
surable with KL [Prop. 10.11]. And as AB is to KL,
so the (rectangle contained) by C'D and AB (is) to the
(rectangle contained) by C'D and K L [Prop. 6.1]. Thus,
the (rectangle contained) by CD and AB is also com-
mensurable with the (rectangle contained) by C'D and
KL [Prop. 10.11]. And the (rectangle contained) by CD
and KL (is) equal to the (square) on H. Thus, the (rect-
angle contained) by CD and AB is commensurable with
the (square) on H. And the (square) on G is equal to the
(rectangle contained) by CD and AB. The (square) on G
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is thus commensurable with the (square) on H. And the
(square) on H (is) rational. Thus, the (square) on G is
also rational. G is thus rational. And it is the square-root
of the (rectangle contained) by CD and AB.

Thus, if an area is contained by an apotome, and a
binomial whose terms are commensurable with, and in
the same ratio as, the terms of the apotome, then the
square-root of the area is a rational (straight-line).

Corollary

And it has also been made clear to us, through this,
that it is possible for a rational area to be contained by
irrational straight-lines. (Which is) the very thing it was
required to show.

Proposition 115

An infinite (series) of irrational (straight-lines) can be
created from a medial (straight-line), and none of them
is the same as any of the preceding (straight-lines).

Ar——

B! |
Ct |
DX |

Let A be a medial (straight-line). I say that an infi-
nite (series) of irrational (straight-lines) can be created
from A, and that none of them is the same as any of the
preceding (straight-lines).

Let the rational (straight-line) B be laid down. And
let the (square) on C' be equal to the (rectangle con-
tained) by B and A. Thus, C is irrational [Def. 10.4].
For an (area contained) by an irrational and a rational
(straight-line) is irrational [Prop. 10.20]. And (C is) not
the same as any of the preceding (straight-lines). For
the (square) on none of the preceding (straight-lines),
applied to a rational (straight-line), produces a medial
(straight-line) as breadth. So, again, let the (square) on
D be equal to the (rectangle contained) by B and C.
Thus, the (square) on D is irrational [Prop. 10.20]. D
is thus irrational [Def. 10.4]. And (D is) not the same as
any of the preceding (straight-lines). For the (square) on
none of the preceding (straight-lines), applied to a ratio-
nal (straight-line), produces C' as breadth. So, similarly,
this arrangement being advanced to infinity, it is clear
that an infinite (series) of irrational (straight-lines) can
be created from a medial (straight-line), and that none of
them is the same as any of the preceding (straight-lines).
(Which is) the very thing it was required to show.
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