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The Platonic Solid

TThe five regular solids—the cube, tetrahedron (i.e., pyramid), octahedron, icosahedron, and dodecahedron—were problably discovered by
the school of Pythagoras. They are generally termed “Platonic” solids because they feature prominently in Plato’s famous dialogue Timaeus. Many
of the theorems contained in this book—particularly those which pertain to the last two solids—are ascribed to Theaetetus of Athens.
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o.
‘Edav ebdeio ypauun dxpov xal péoov Aéyov tuniij,
0 Yeilov Tufjuo mpochaBov v Nuloewov Tfic 6Ang mev-
Tamhdotov d0vator Tl anod Tfig Nuoeiag TeETPAYWVOoUL.
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EoOeio yop ypopun f AB dxpov xal péocov Aéyov
tetpfoto xatd o I' onueiov, xol Eotw peilov tuijua 1o
AT, xal exBefriodw én” eddelac tff TA eddela | AA, xal
xeloVow tfic AB Nuioso § AA- Aéyw, 6t nevtanidoioy €0t
0 ano tiic IA 1ol ano tijic AA.

Avayeypdgdwoay yop and v AB, AL tetpdywva
o AE, AZ, xol xotayeypdpidn &v 16 AZ 10 oyijue, xal
oiydw M ZI' énl 1o H. xol énel i} AB dxpov xal péoov
Aoyov tétunton xatd 1o I', 10 dpa Unod tév ABI loov éotl
6 dno tiic AL xal éott T pev Uno v ABT 1o T'E, 10
d¢ ano tiic Al' 10 ZO- Toov dpa 160 I'E 16 Z0O. xal énel
oAy éotv 1} BA tfic AA, Ton 8¢ 7 pev BA tfj KA, 7 o8¢
AA 1] AO, dunAf] dpo xal ) KA tfic AO. b¢ 8¢ ) KA npoc
v AB, obtwe 10 I'K mpog 16 I'O- Simhdotov dpa 10 'K
ol I'O. €lol 8¢ xal & AO, OI dinhdora 1ol I'O. Toov dpa
0 KI' toic AO, OI'. ¢delydn d¢ xal w0 I'E & OZ loov:
6hov 8po 10 AE tetpdywvov Toov éoti 16 MNE yvduow.
xal €nel OumAf] éotiv 1) BA tfic AA, tetpanidoidy EoTt 10
ano tfic BA tob dnod tfic AA, toutéott 10 AE 100 AO.
{oov 8¢ 10 AE 16 MNE yvapove xai 6 MNE 8po yvoumy
tetpanidolde ot 100 AO- Shov dpa 10 AZ nevianAdoidv
g¢ot 100 AO. xaf €Tt o pev AZ 1o ano tiic AT, w0 8¢ AO
0 ano tfic AA- 10 dpa dno tfic A nevtanidoidy €éott 00
ano tfic AA.

"Edv Gpo ebdeta Sxpov %ol uécov Aéyov tundf], to yeilov
Tufjuo mpoohoov MY Nuloewav tfic 6Anc mevtanidolov
dUvartan Tob o tic Nwoeiog tetparydvou: Gmep Edel deTou.

Proposition 1

If a straight-line is cut in extreme and mean ratio
then the square on the greater piece, added to half of
the whole, is five times the square on the half.

L F
N
P M H,:
ol
C
D A B
K G E

For let the straight-line AB have been cut in extreme
and mean ratio at point C, and let AC be the greater
piece. And let the straight-line AD have been produced
in a straight-line with CA. And let AD be made (equal
to) half of AB. I say that the (square) on CD is five times
the (square) on DA.

For let the squares AE and DF have been described
on AB and DC (respectively). And let the figure in DF
have been drawn. And let F'C have been drawn across to
G. And since AB has been cut in extreme and mean ratio
at C, the (rectangle contained) by ABC is thus equal to
the (square) on AC [Def. 6.3, Prop. 6.17]. And CFE is
the (rectangle contained) by ABC, and F H the (square)
on AC. Thus, CFE (is) equal to FFH. And since BA is
double AD, and BA (is) equal to KA, and AD to AH,
K A (is) thus also double AH. And as K A (is) to AH, so
CK (is) to CH [Prop. 6.1]. Thus, CK (is) double C'H.
And LH plus HC is also double CH [Prop. 1.43]. Thus,
KC (is) equal to LH plus HC. And CE was also shown
(to be) equal to H F. Thus, the whole square AF is equal
to the gnomon M NO. And since BA is double AD, the
(square) on BA is four times the (square) on AD—that
is to say, AE (is four times) DH. And AFE (is) equal to
gnomon M NO. And, thus, gnomon M NO is also four
times AP. Thus, the whole of DF is five times AP. And
DF is the (square) on DC, and AP the (square) on DA.
Thus, the (square) on CD is five times the (square) on
DA.

Thus, if a straight-line is cut in extreme and mean ra-
tio then the square on the greater piece, added to half of
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B
‘Eav edlelor ypopun tuduoatoc €autfic mevtanAdoiov
duvnTan, tiic Bimhaoiog Tob elpnuévou tuiuatoc dxpov xal
uéoov Aoyov tepvopévng To peilov Tufiua o hoimov uépog
gotl Tiic €€ dpyfic evleioc.

A 7
N
M o
j B
A T A
K E H

EoOeio yap yeauun n AB tuuoartog eautiic tod AL nev-
tanAdotov Suvdolw, tfic 8¢ ALl BunAf] Eotw N TA. Aéyow,
ot tijc A dxpov xal péoov Adyov teuvopévog 1o Ueilov
Tufjud Eotwv A I'B.

Avaryeypdpdw yop dg’ Exatépac v AB, A tetpdywva
o AZ, TH, xol xatoyeypdpdw év w6 AZ 1o oyfjua, xal
diydw | BE. xal &énel nevtanAdoioy éott 10 and tfic BA
tol dno tfic AL', nevtanidoiév éott 10 AZ 1ol AO. te-
tpanidotog dpa 6 MNZE yvouwv tol AO. xol énel SLTAf
gonv N AL tijc T'A, tetpanidotov dpo éott 1 dno AL tob
ano I'A, toutéott 1o I'H 100 AO. €delydn d¢ xal 6 MNZE
YVOUWY tetpanidolog tob AO- Tooc dpa 6 MNE yvouwy
w6 I'H. xol énel dunAf] éotv i AL tfic T'A, Ton 8¢ 0 pev
AT i TK, 7 8¢ AT <fi I'O, [Sunhfj dpa xoid 7y KT tfic T'O],
dimhdotov dpa xoi 10 KB tol BO. eiol 8¢ xal ¢ AO, OB
tol OB duthdotar Toov dpa 10 KB toic AG, OB. £deiyin
0e xal 6hoc 6 MNE yvduwv 6hw ¢ I'H looc xal Aotndv
Gpa t0 ©Z 16 BH éotwv loov. xai ot 10 pyev BH 16 Ono
v AB- Ton yope 1 I'A tff AH- 6 8¢ ©Z 16 ano tfic I'B-
10 8po o v FAB Toov éotl 13 ano tiic I'B. €éotwv dpa
oc N A npoc v I'B, obtwe /| I'B mpoc v BA. peilov
de ) A" tfic I'B- pei€ov dpa xai | I'B tiic BA. tfic TA
Gpa eddelag dxpov xol yéoov Adyov tepuvouévng to Ueilov
Tufjud éotv /| I'B.

"Edv oo eddela yoopuun tuiuatoc Eautfic nevianidoiov
dovnta, Tiic dimhactiog tol elpnuévou Tunuatog dxpov xol
uéoov Aoyov tepvopévng To peilov Tufiua o hotmov uépog

the whole, is five times the square on the half. (Which is)
the very thing it was required to show.

Proposition 2

If the square on a straight-line is five times the
(square) on a piece of it, and double the aforementioned
piece is cut in extreme and mean ratio, then the greater
piece is the remaining part of the original straight-line.

L F
_JN
M,/ H
i
B
A = D
K E G

For let the square on the straight-line AB be five times
the (square) on the piece of it, AC. And let C'D be double
AC. 1 say that if C'D is cut in extreme and mean ratio
then the greater piece is C'B.

For let the squares AF and C'G have been described
on each of AB and CD (respectively). And let the figure
in AF have been drawn. And let BE have been drawn
across. And since the (square) on BA is five times the
(square) on AC, AF is five times AH. Thus, gnomon
MNO (is) four times AH. And since DC is double CA,
the (square) on DC is thus four times the (square) on
C A—that is to say, CG (is four times) AH. And the
gnomon M NO was also shown (to be) four times AH.
Thus, gnomon M NO (is) equal to CG. And since DC is
double C'A, and DC (is) equal to CK, and AC to CH,
[KC (is) thus also double CH], (and) K B (is) also dou-
ble BH [Prop. 6.1]. And LH plus HB is also double HB
[Prop. 1.43]. Thus, K B (is) equal to LH plus HB. And
the whole gnomon M NO was also shown (to be) equal
to the whole of CG. Thus, the remainder HF is also
equal to (the remainder) BG. And BG is the (rectangle
contained) by CDB. For C'D (is) equal to DG. And HF
(is) the square on C'B. Thus, the (rectangle contained)
by CDB is equal to the (square) on C'B. Thus, as DC
is to CB, so CB (is) to BD [Prop. 6.17]. And DC (is)
greater than C' B (see lemma). Thus, CB (is) also greater
than BD [Prop. 5.14]. Thus, if the straight-line C'D is cut
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gotl tiic €€ dpyfic eblelog dnep €del Bel&ou.

Afjuuo.

‘Ot 8¢ W dumhij tiic AL pellwv €oti tfic BI', obtwc
dewxtéov.

El yap u1, €otw, €l duvatdy, | BI' Sumhi] tfic TA. te-
TpanAdotov dpa t6 &no tiic BI' 1ol dno tfic A ntevtanidowa
Gpo t& amo tasv BIY, TA 10U dmo tiic TA. Undxerton 8¢ xal
10 dno tfic BA nevranhdolov tob dno tijc I'A- 10 dpo dno
tfic BA Toov éotl toic ano t&v BI', TA- dnep dd0vatov.
oux Gpo /) I'B dunhaota éotl tijc AT dpoiwe o delopev,
6t 00dE 1) ENdTTwv Tfic I'B dimhaoiwy éotl tfic TA- TohhE
yap [ueilov] to dromov.

‘H dpa tfic A" Sunthf] uellwv éoti tiic I'B- énep €de
Oct€ou.

Y.

‘Edav ebdeio ypauun dxpov xal péoov Aéyov tuniij,
0 Ehacoov Tufjuo Tpoohofov v fuicelay tot ueilovog
TUNpaTog mevtamhdolov dovatar tol dnd tfic Nwoelog to
petlovog TUAUATOC TETEAYMVOL.

A A T B
e

p—H L M
4B

o S N

> E

Eddeio yéo tic  AB dxpov xal péoov Adyov tetuodw
xatd 0 I' onuelov, xal €otw peilov tufjua to AL, ol
tetpfioto N AT Siya xotd 10 A+ Méyw, 6t nevianAdoidv
g¢ot 1o and tfic BA 1ol dno tfic AT

Avayeypdpdw yap dno tfic AB tetpdywvov 10 AE, xol

in extreme and mean ratio then the greater piece is CB.

Thus, if the square on a straight-line is five times
the (square) on a piece of itself, and double the afore-
mentioned piece is cut in extreme and mean ratio, then
the greater piece is the remaining part of the original
straight-line. (Which is) the very thing it was required
to show.

Lemma

And it can be shown that double AC (i.e., DC) is
greater than BC, as follows.

For if (double AC is) not (greater than BC), if possi-
ble, let BC be double C'A. Thus, the (square) on BC' (is)
four times the (square) on C'A. Thus, the (sum of) the
(squares) on BC and C A (is) five times the (square) on
CA. And the (square) on BA was assumed (to be) five
times the (square) on CA. Thus, the (square) on BA is
equal to the (sum of) the (squares) on BC and C'A. The
very thing (is) impossible [Prop. 2.4]. Thus, CB is not
double AC. So, similarly, we can show that a (straight-
line) less than C'B is not double AC either. For (in this
case) the absurdity is much [greater].

Thus, double AC is greater than C'B. (Which is) the
very thing it was required to show.

Proposition 3

If a straight-line is cut in extreme and mean ratio then
the square on the lesser piece added to half of the greater
piece is five times the square on half of the greater piece.

A D C B
|-p

R G M
AR

H = = N

L S E

For let some straight-line AB have been cut in ex-
treme and mean ratio at point C. And let AC be the
greater piece. And let AC have been cut in half at D. I
say that the (square) on BD is five times the (square) on
DcC.
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xatoryeypdpdew Sitholv 10 oyfjuc. €nel Simhi] éotv | AT
tfic AT, tetpanidoiov dpa t6 dno tfic Al tob ano tfic AL,
toutéott 10 PY 1ol ZH. xal énet 16 Ono v ABI loov
gotl @ and tiic AL, xal éot 10 Unod v ABIL 16 T'E, 10
Gpa I'E Toov éotl 16 PX. tetpanidoiov 8¢ 10 PX 1ot ZH:
tetpanidotov dpo xal o0 I'E 1ot ZH. ndAw énel Torn otiv
N AA tfj AT, Ton éotl xal 1} OK tfj KZ. dote xal 10 HZ
tetpdywvov loov ol 16 OA tetpaydve. Ton dpa  HK
] KA, toutéotv 1 MN tfj NE: dHote xol 10 MZ w6 ZE
gotwv Toov. i 10 MZ 16 I'H éotwv Toov: xal 0 I'H dpa
16 ZE éotwv loov. xowov mpooxeictw 10 I'N- 6 dpo =011
yvouwy ioog éotl 16 I'E. dAld 10 T'E tetpanhdoiov £delydn
100 HZ- xail 6 2011 Gpa yvouwy tetpanidotdc éot 1ob ZH
tetpaydvou. o ZEOII dpa yvoduwy xol 10 ZH tetpdywvoyv
nevtanidolog éott tob ZH. dddd 6 ZEOII yvouwy xol to
ZH tetpdywvéy ot T AN. xai éon 10 pev AN 10 dno
tfic AB, 16 8¢ HZ 10 ano tfic Al 16 dpa dno tiic AB
nevtanhdolov ot Tob ano tfic Al énep €del deiou.

0.

‘Edv ebieio ypauur 8xpov xal péoov héyov tundij, to
ano Tiic 6Ang xol 10D EAGGCOVOS TUARATOS, TG CUVAUPOTERN
TETPAY WV, TELTAGOL Eott Tol dnd tol peilovoe tuhuatog
TETPAYDOVOU.

A r B

A H E

"Eotw eddela /; AB, ol tetuiodw dxpov xal péoov
Aoyov xatd t0 I, xal €otw peilov tufjuo 1o Al Aéyow,
ot ta ano v AB, BI' tputAdoid éott tob dno tiic T'A.

Avayeypdpdw yap dno tfic AB tetpdywvov 10 AAEB,
xol xoToyeypdpdw to oyfjua. Emel olv | AB dxpov xai
péoov hoyov tétumran xatd to I', xal t6 yeilov tuijud oty
N AT, 16 dpa Onod t&v ABI {oov éotl 16 ano tfic AT xai
gotl to pév bmo v ABIN 10 AK, 16 8¢ dno tijc Al' to OH-

For let the square AF have been described on AB.
And let the figure have been drawn double. Since AC is
double DC, the (square) on AC (is) thus four times the
(square) on DC—that is to say, RS (is four times) FG.
And since the (rectangle contained) by ABC is equal to
the (square) on AC [Def. 6.3, Prop. 6.17], and CF is the
(rectangle contained) by ABC, CE is thus equal to RS.
And RS (is) four times F'G. Thus, CE (is) also four times
FG. Again, since AD is equal to DC, HK is also equal to
KF. Hence, square GF is also equal to square H L. Thus,
GK (is) equal to K L—that is to say, M N to NE. Hence,
MF is also equal to F'E. But, M F' is equal to CG. Thus,
CG is also equal to FE. Let CN have been added to
both. Thus, gnomon OPQ is equal to CE. But, CE was
shown (to be) equal to four times GF. Thus, gnomon
OPQ is also four times square F'G. Thus, gnomon OPQ
plus square F'G is five times F'G. But, gnomon O PQ plus
square F'G is (square) DN. And DN is the (square) on
DB, and GF the (square) on DC. Thus, the (square) on
DB is five times the (square) on DC'. (Which is) the very
thing it was required to show.

Proposition 4

If a straight-line is cut in extreme and mean ratio then
the sum of the squares on the whole and the lesser piece
is three times the square on the greater piece.

A C B

D G E

Let AB be a straight-line, and let it have been cut in
extreme and mean ratio at C, and let AC be the greater
piece. I say that the (sum of the squares) on AB and BC
is three times the (square) on C'A.

For let the square AD FE B have been described on AB,
and let the (remainder of the) figure have been drawn.
Therefore, since AB has been cut in extreme and mean
ratio at C, and AC is the greater piece, the (rectangle
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Toov dpa éotl 10 AK 6 OH. xal énel loov €01l 10 AZ 6
ZE, nowov npooxeicdw 10 I'K- élov dpa 10 AK 6hey 6
I'E éotwv Toov- ta dpa AK, I'E 100 AK €ot Simhdota. dAAG
o AK, T'E 6 AMN yvouov éott xal 10 'K tetpdywvov: 6
Gpo AMN yvouwy xat 1o K tetpdywvov dinidotd ot 1o
AK. daie uny xal 160 AK 16 ©H £0elydn loov- o dpa AMN
yvopoy xal [to TK tetpdywvov dinhdold ot tob OH-
&Hote & AMN yvopwy xoi] t& TK, OH tetpdywva tpithdod
¢ott 1ol OH tetpaydvou. xal éotv 6 [uev] AMN yvouwy
xai & 'K, OH tetpdywvo 6hov 1o AE xoi 16 T'K, dnep o1l
o dno v AB, BT tetpdywva, t6 8¢ HO 16 dno tijc AT
teTpdywvov. T dpa dno tév AB, B tetpdywva toinAdod
got ol and tfic AI' tetparydvou: dmep €del Belou.

o
‘Edv ebdela ypaupn dxpov xol péoov Adyov tunif, xol
npootedf] avtii lon 16 pellovt tpiuatt, H 6hn ebdeio dxpov
xal péoov Aoyov tétuntan, xol 1o peilov Ttufjud ot 7 €€
Gpyfic evdeia.

A A r B

E

EoOeio yop yeopun f AB dxpov xal péocov Aéyov
tetuiodn xotd 10 I' onpeiov, xol €otw peillov tufipa 7
AT, xoi tf] AT Ton [xelow] f AA. Myw, du ) AB eddela
Bxpov xal yéoov Adyov Tétuntan xotd o A, xal T ueilov
Tufjud oty 1 €€ dpyfic evdelo 1} AB.

Avayeypdpdw yop dno tiic AB tetpdywvov 10 AE, xol
xataryeypedpdw to oyfjua. érnel i AB dxpov xol yéoov Aoyov
tétunton xatd 1o I, 10 dpa Uno ABI loov éotl 16 dno AT
xaf €ott T pév bno ABI 6 I'E, 1o 8¢ dno tfic AI' 16 I'O-
Toov pa 10 I'E 6 OI. dhha 16 pev I'E Toov éoti 10 OF,
6 8¢ O Toov 10 AB®- xai 10 AO dpoa loov éotl 6 OF
[xowov npooxeicdw 10 OB]. dhov dpa 10 AK 8k 16 AE
gor Toov. xof éott 10 pev AK 10 Ono v BA, AA- {on

contained) by ABC is thus equal to the (square) on AC
[Def. 6.3, Prop. 6.17]. And AK is the (rectangle con-
tained) by ABC, and HG the (square) on AC. Thus,
AK is equal to HG. And since AF is equal to FE
[Prop. 1.43], let CK have been added to both. Thus,
the whole of AK is equal to the whole of CE. Thus, AK
plus CFE is double AK. But, AK plus CE is the gnomon
LMN plus the square CK. Thus, gnomon LM N plus
square C'K is double AK. But, indeed, AK was also
shown (to be) equal to HG. Thus, gnomon LM N plus
[square C'K is double HG. Hence, gnomon LM N plus]
the squares CK and HG is three times the square HG.
And gnomon LM N plus the squares CK and HG is the
whole of AF plus C K—which are the squares on AB
and BC (respectively)—and GH (is) the square on AC.
Thus, the (sum of the) squares on AB and BC is three
times the square on AC. (Which is) the very thing it was
required to show.

Proposition 5

If a straight-line is cut in extreme and mean ratio, and
a (straight-line) equal to the greater piece is added to it,
then the whole straight-line has been cut in extreme and
mean ratio, and the original straight-line is the greater
piece.

D A C B
L H K
E

For let the straight-line AB have been cut in extreme
and mean ratio at point C. And let AC be the greater
piece. And let AD be [made] equal to AC. I say that the
straight-line DB has been cut in extreme and mean ratio
at A, and that the original straight-line AB is the greater
piece.

For let the square AE have been described on AB,
and let the (remainder of the) figure have been drawn.
And since AB has been cut in extreme and mean ratio at
C, the (rectangle contained) by ABC'is thus equal to the
(square) on AC [Def. 6.3, Prop. 6.17]. And CF is the
(rectangle contained) by ABC, and C'H the (square) on
AC. But, HE is equal to CF [Prop. 1.43], and DH equal
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yvop f AA tfj AA- 6 8¢ AE 10 dno tiic AB* 10 dpa Uno
v BAA Toov éotl 13 ano tfic AB. €otwv dpa o  AB
npo¢ v BA, oltwe ) BA npoc v AA. pellwyv 8¢ 1 AB
tfic BA- peifov dpo xal ) BA tiic AA.

‘H dpa AB 8xpov xal yécov Aoyov tétunton xotd o A,
xal T0 peilov tufjud oty H) AB- dmep €del Beléan.

4

T .
‘Eav ebdela pnn dxpov xal yéoov Adyov Tuniii,
EXATEQOV TEV TUNUATWY dAoYOC ECTV 1) XAhOUPEYY dTo-

Tou.
A A I B

"Eotw ebdeia oy ) AB %ol tetpioto dxpov xal péoov
Aoyov xatd 10 I, %ol Eotw peilov tufjua f Al Aéyw, 6t
exatépo v AT', I'B 8hoydc oty 1) xohouvyévn dmotopt.

ExBeAfiovo yop 7 BA, xal xelodw tic BA Muioew
N AA. énel obv evleio | AB tétunton dxpov xol péoov
Aoyov xatd 1o I, xal t6 pellovt tunuartt 68 Al npbdoxeiton
N AA fuloewa oboa tfic AB, 10 8pa dno I'A tob dno AA
TEVTUTAAOLOV EoTv. TO dpa dnd A npoc 10 dnd AA Adyov
g€yeL, Ov dpriuoc Tpoc derdudy: clupetpov dpa o dno A
T3 Gro AA. fntov 8¢ 1o ano AA- pnt) Yép [Eotv] | AA
Nuioewa oboo tfic AB gntiic olong: gntov dpa ol to dmo
FA- ¢nt dpa éotl xal f TA. xol énel 10 ano I'A npoc
0 ano AA Aoyov obx Exel, Ov TeETEdYWVOS dptduos TEog
TeTEAYWVOV dpLiusdy, dodppeteoc doa prxet N IA tff AA- ol
TA, AA &po pnrad clot Suvdper uévov cluueTpol dmotoun)
Gpa €otlv ) AL. mdw, énel | AB dxpov xal pécov héyov
Tétunton, ol T0 peillov tufjud oty | AT, 10 dpa o AB,
BI' 3 ano AT Toov éotiv. 10 dpa dnod tiic AL dnotoyfic
napd v AB gniv nopofindey thdtoc moel v BI. 1o
0¢ and dmotopfic mopd ENTNY ToEABUANOUEVOY TAATOC TTOLET
AMOTOUNY TEOTNY* droTout) dpa medkdTn oty 1) I'B. €delydn
oe xal 1) A drotopn.

‘Edv dpa etdela pnr dxpov xol yécov Aéyov tundii,
EXATEQOV TEV TUNUATWY GAoYOC ECTIV 1) XAAOUPEYY dTo-
Topn émep €del delEan.

to HC. Thus, DH is also equal to HE. [Let HB have
been added to both.] Thus, the whole of DK is equal to
the whole of AE. And DK is the (rectangle contained)
by BD and DA. For AD (is) equal to DL. And AF (is)
the (square) on AB. Thus, the (rectangle contained) by
BDA is equal to the (square) on AB. Thus, as DB (is)
to BA, so BA (is) to AD [Prop. 6.17]. And DB (is)
greater than BA. Thus, BA (is) also greater than AD
[Prop. 5.14].

Thus, DB has been cut in extreme and mean ratio at
A, and the greater piece is AB. (Which is) the very thing
it was required to show.

Proposition 6

If a rational straight-line is cut in extreme and mean
ratio then each of the pieces is that irrational (straight-
line) called an apotome.

D A C B

Let AB be a rational straight-line cut in extreme and
mean ratio at C, and let AC be the greater piece. I say
that AC and CB is each that irrational (straight-line)
called an apotome.

For let BA have been produced, and let AD be made
(equal) to half of BA. Therefore, since the straight-
line AB has been cut in extreme and mean ratio at C,
and AD, which is half of AB, has been added to the
greater piece AC, the (square) on CD is thus five times
the (square) on DA [Prop. 13.1]. Thus, the (square) on
CD has to the (square) on D A the ratio which a number
(has) to a number. The (square) on C'D (is) thus com-
mensurable with the (square) on DA [Prop. 10.6]. And
the (square) on DA (is) rational. For DA [is] rational,
being half of AB, which is rational. Thus, the (square)
on CD (is) also rational [Def. 10.4]. Thus, C'D is also
rational. And since the (square) on C'D does not have
to the (square) on DA the ratio which a square num-
ber (has) to a square number, C'D (is) thus incommensu-
rable in length with DA [Prop. 10.9]. Thus, CD and DA
are rational (straight-lines which are) commensurable in
square only. Thus, AC is an apotome [Prop. 10.73].
Again, since AB has been cut in extreme and mean ratio,
and AC is the greater piece, the (rectangle contained) by
AB and BC is thus equal to the (square) on AC [Def. 6.3,
Prop. 6.17]. Thus, the (square) on the apotome AC, ap-
plied to the rational (straight-line) AB, makes BC as
width. And the (square) on an apotome, applied to a
rational (straight-line), makes a first apotome as width
[Prop. 10.97]. Thus, CB is a first apotome. And C'A was
also shown (to be) an apotome.
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Thus, if a rational straight-line is cut in extreme and
mean ratio then each of the pieces is that irrational
(straight-line) called an apotome.

Proposition 7
If three angles, either consecutive or not consecutive,

of an equilateral pentagon are equal then the pentagon
will be equiangular.

A

C D

For let three angles of the equilateral pentagon
ABC D E—first of all, the consecutive (angles) at A, B,
and C—-be equal to one another. I say that pentagon
ABCDE is equiangular.

For let AC, BE, and F'D have been joined. And since
the two (straight-lines) C'B and BA are equal to the two
(straight-lines) BA and AFE, respectively, and angle CBA
is equal to angle BAFE, base AC is thus equal to base
BE, and triangle ABC equal to triangle ABFE, and the
remaining angles will be equal to the remaining angles
which the equal sides subtend [Prop. 1.4], (thatis), BC A
(equal) to BEA, and ABE to CAB. And hence side AF
is also equal to side BF' [Prop. 1.6]. And the whole of AC
was also shown (to be) equal to the whole of BE. Thus,
the remainder F'C is also equal to the remainder FE.
And CD is also equal to DE. So, the two (straight-lines)
FC and CD are equal to the two (straight-lines) F'E and
ED (respectively). And F'D is their common base. Thus,
angle F'CD is equal to angle F'ED [Prop. 1.8]. And BC'A
was also shown (to be) equal to AEB. And thus the
whole of BCD (is) equal to the whole of AED. But,
(angle) BC'D was assumed (to be) equal to the angles at
A and B. Thus, (angle) AED is also equal to the angles
at A and B. So, similarly, we can show that angle CDFE
is also equal to the angles at A, B, C. Thus, pentagon
ABCDE is equiangular.

And so let consecutive angles not be equal, but let
the (angles) at points A, C, and D be equal. I say that
pentagon ABCDFE is also equiangular in this case.

For let BD have been joined. And since the two
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(straight-lines) BA and AE are equal to the (straight-
lines) BC and C'D, and they contain equal angles, base
BE is thus equal to base BD, and triangle ABF is equal
to triangle BC'D, and the remaining angles will be equal
to the remaining angles which the equal sides subtend
[Prop. 1.4]. Thus, angle AEB is equal to (angle) CDB.
And angle BED is also equal to (angle) BDFE, since side
BE is also equal to side BD [Prop. 1.5]. Thus, the whole
angle AED is also equal to the whole (angle) CDE. But,
(angle) CDFE was assumed (to be) equal to the angles at
A and C. Thus, angle AED is also equal to the (angles)
at A and C. So, for the same (reasons), (angle) ABC is
also equal to the angles at A, C, and D. Thus, pentagon
ABCDE is equiangular. (Which is) the very thing it was
required to show.

Proposition 8

If straight-lines subtend two consecutive angles of an
equilateral and equiangular pentagon then they cut one
another in extreme and mean ratio, and their greater
pieces are equal to the sides of the pentagon.

A

D C

For let the two straight-lines, AC and BFE, cutting one
another at point H, have subtended two consecutive an-
gles, at A and B (respectively), of the equilateral and
equiangular pentagon ABCDE. I say that each of them
has been cut in extreme and mean ratio at point H, and
that their greater pieces are equal to the sides of the pen-
tagon.

For let the circle ABCDE have been circumscribed
about pentagon ABC DE [Prop. 4.14]. And since the two
straight-lines £A and AB are equal to the two (straight-
lines) AB and BC (respectively), and they contain equal
angles, the base BF is thus equal to the base AC, and tri-
angle ABE is equal to triangle ABC, and the remaining
angles will be equal to the remaining angles, respectively,
which the equal sides subtend [Prop. 1.4]. Thus, angle
BAC is equal to (angle) ABE. Thus, (angle) AHE (is)
double (angle) BAH [Prop. 1.32]. And FAC is also dou-
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ble BAC, inasmuch as circumference EDC is also dou-
ble circumference C'B [Props. 3.28, 6.33]. Thus, angle
HAF (is) equal to (angle) AHFE. Hence, straight-line
HE is also equal to (straight-line) FA—that is to say,
to (straight-line) AB [Prop. 1.6]. And since straight-line
BA is equal to AFE, angle ABF is also equal to AEB
[Prop. 1.5]. But, ABFE was shown (to be) equal to BAH.
Thus, BE A is also equal to BAH. And (angle) ABF is
common to the two triangles ABFE and ABH. Thus, the
remaining angle BAF is equal to the remaining (angle)
AH B [Prop. 1.32]. Thus, triangle ABF is equiangular to
triangle ABH. Thus, proportionally, as £ B is to BA, so
AB (is) to BH [Prop. 6.4]. And BA (is) equal to EH.
Thus, as BE (is) to EH, so EH (is) to HB. And BE
(is) greater than FH. FEH (is) thus also greater than
H B [Prop. 5.14]. Thus, BE has been cut in extreme and
mean ratio at H, and the greater piece HF is equal to
the side of the pentagon. So, similarly, we can show that
AC has also been cut in extreme and mean ratio at H,
and that its greater piece CH is equal to the side of the
pentagon. (Which is) the very thing it was required to
show.

Proposition 9

If the side of a hexagon and of a decagon inscribed
in the same circle are added together then the whole
straight-line has been cut in extreme and mean ratio (at
the junction point), and its greater piece is the side of the
hexagon. '

D

Let ABC be a circle. And of the figures inscribed in
circle ABC, let BC be the side of a decagon, and C'D (the
side) of a hexagon. And let them be (laid down) straight-
on (to one another). I say that the whole straight-line
BD has been cut in extreme and mean ratio (at C), and
that CD is its greater piece.

For let the center of the circle, point F, have been
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found [Prop. 3.1], and let EB, EC, and ED have been
joined, and let BE have been drawn across to A. Since
BC is a side on an equilateral decagon, circumference
ACB (is) thus five times circumference BC. Thus, cir-
cumference AC (is) four times C'B. And as circumference
AC (is) to CB, so angle AEC (is) to CEB [Prop. 6.33].
Thus, (angle) AEC (is) four times C E'B. And since angle
EBC (is) equal to ECB [Prop. 1.5], angle AEC is thus
double ECB [Prop. 1.32]. And since straight-line EC is
equal to C D—for each of them is equal to the side of the
hexagon [inscribed] in circle ABC [Prop. 4.15 corr.]—
angle CED is also equal to angle CDFE [Prop. 1.5]. Thus,
angle ECB (is) double EDC [Prop. 1.32]. But, AEC
was shown (to be) double ECB. Thus, AEC (is) four
times EDC. And AEC was also shown (to be) four times
BEC. Thus, EDC (is) equal to BEC. And angle EBD
(is) common to the two triangles BEC and BED. Thus,
the remaining (angle) BED is equal to the (remaining
angle) EC B [Prop. 1.32]. Thus, triangle EBD is equian-
gular to triangle EBC. Thus, proportionally, as DB is to
BE, so EB (is) to BC [Prop. 6.4]. And EB (is) equal
to CD. Thus, as BD is to DC, so DC (is) to CB. And
BD (is) greater than DC. Thus, DC (is) also greater
than CB [Prop. 5.14]. Thus, the straight-line BD has
been cut in extreme and mean ratio [at C], and DC is its
greater piece. (Which is), the very thing it was required
to show.

T If the circle is of unit radius then the side of the hexagon is 1, whereas the side of the decagon is (1/2) (v/5 — 1).

’

L.
"Edv elc x0xhov nevtdywvov icdmieupov Eyypapf], 1) Tob
TEVTOY®OVOU TAELEd BUvortal TV te ol E€aydvou xal TNV
00 Bexarydvou @V Elg TOV a0TOV XUXAOV EYYPAUPOUEVLV.

Proposition 10

If an equilateral pentagon is inscribed in a circle then
the square on the side of the pentagon is (equal to) the
(sum of the squares) on the (sides) of the hexagon and of

the decagon inscribed in the same circle.
M _A

K L
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Let ABCDE be a circle. And let the equilateral pen-
tagon ABC DFE have been inscribed in circle ABCDE. [
say that the square on the side of pentagon ABCDEF is
the (sum of the squares) on the sides of the hexagon and
of the decagon inscribed in circle ABCDE.

For let the center of the circle, point F, have been
found [Prop. 3.1]. And, AF being joined, let it have been
drawn across to point G. And let F'B have been joined.
And let FH have been drawn from F perpendicular to
AB. And let it have been drawn across to K. And let AK
and K B have been joined. And, again, let F'L have been
drawn from F’ perpendicular to AK. And let it have been
drawn across to M. And let K N have been joined.

Since circumference ABCG is equal to circumference
AEDG, of which ABC' is equal to AED, the remain-
ing circumference CG is thus equal to the remaining
(circumference) GD. And CD (is the side) of the pen-
tagon. C'G (is) thus (the side) of the decagon. And since
FA is equal to FB, and F'H is perpendicular (to AB),
angle AFK (is) thus also equal to KF B [Props. 1.5,
1.26]. Hence, circumference AK is also equal to KB
[Prop. 3.26]. Thus, circumference AB (is) double cir-
cumference BK. Thus, straight-line AK is the side of
the decagon. So, for the same (reasons, circumference)
AK is also double KM. And since circumference AB
is double circumference BK, and circumference C'D (is)
equal to circumference AB, circumference C'D (is) thus
also double circumference BK. And circumference C D
is also double CG. Thus, circumference CG (is) equal
to circumference BK. But, BK is double KM, since
KA (is) also (double K M). Thus, (circumference) CG
is also double K'M. But, indeed, circumference CB is
also double circumference BK. For circumference C'B
(is) equal to BA. Thus, the whole circumference GB
is also double BM. Hence, angle GF' B [is] also dou-
ble angle BFM [Prop. 6.33]. And GF B (is) also dou-
ble FAB. For FAB (is) equal to ABF. Thus, BFN
is also equal to FAB. And angle ABF (is) common to
the two triangles ABF and BFN. Thus, the remain-
ing (angle) AF' B is equal to the remaining (angle) BN F’
[Prop. 1.32]. Thus, triangle ABF is equiangular to trian-
gle BFN. Thus, proportionally, as straight-line AB (is)
to BF, so F'B (is) to BN [Prop. 6.4]. Thus, the (rectan-
gle contained) by ABN is equal to the (square) on BF
[Prop. 6.17]. Again, since AL is equal to LK, and LN
is common and at right-angles (to K A), base KN is thus
equal to base AN [Prop. 1.4]. And, thus, angle LK N
is equal to angle LAN. But, LAN is equal to KBN
[Props. 3.29, 1.5]. Thus, LK N is also equal to KBN.
And the (angle) at A (is) common to the two triangles
AKB and AKN. Thus, the remaining (angle) AK B is
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gZorydvou ol ThHY ToD dexaryvou &V el Tov adtov xOxhov  equal to the remaining (angle) KN A [Prop. 1.32]. Thus,
Eyypapouévwy: 6mep Edet dSeilou. triangle K BA is equiangular to triangle K NA. Thus,
proportionally, as straight-line BA is to AK, so K A (is) to
AN [Prop. 6.4]. Thus, the (rectangle contained) by BAN
is equal to the (square) on AK [Prop. 6.17]. And the
(rectangle contained) by ABN was also shown (to be)
equal to the (square) on BF'. Thus, the (rectangle con-
tained) by ABN plus the (rectangle contained) by BAN,
which is the (square) on BA [Prop. 2.2], is equal to the
(square) on BF plus the (square) on AK. And BA is the
side of the pentagon, and BF (the side) of the hexagon
[Prop. 4.15 corr.], and AK (the side) of the decagon.
Thus, the square on the side of the pentagon (in-
scribed in a circle) is (equal to) the (sum of the squares)
on the (sides) of the hexagon and of the decagon in-
scribed in the same circle.

T If the circle is of unit radius then the side of the pentagon is (1/2) v/10 — 2 /5.

. Proposition 11
‘Eav eic xOxhov gy €yovta thv SIGUETEOV TEVTAY - If an equilateral pentagon is inscribed in a circle which
vov loémheupov ey ypopii, 1) ToD Tevtorydvou Theupd dhoyde  has a rational diameter then the side of the pentagon is
EOTV 1) XANOULUEVT ENLOTWV. that irrational (straight-line) called minor.
A A
B E B E
Z K F k
S) H
N N
A L
r A C D
H G

Eic yap x0xhov tov ABTAE pntiy €xovto thy dlopetpov For let the equilateral pentagon ABCDE have been
TEVIdywvoy ioémheupov eyyeypdpden 10 ABIAE- Méyw, inscribed in the circle ABCDE which has a rational di-
6t M) 10U [ABTAE] mevtoydvou mheupd dhoyde €otv 1) ameter. I say that the side of pentagon [ABCDE] is that
XANOUUEVT ENACOLV. irrational (straight-line) called minor.

EiMigde yap 10 xévtpov tob xOxhou 10 Z onuciov, For let the center of the circle, point F', have been
xol eneledydwooy ai AZ, ZB xai dujydwoav ént t& H, © found [Prop. 3.1]. And let AF and F'B have been joined.
onueia, xol enelevydo f AT, xal xelodw tfic AZ tétaptov  And let them have been drawn across to points G and H
uépoc N ZK. onth 8¢ ) AZ- pnn Spa xai 1) ZK. ot O (respectively). And let AC have been joined. And let F'K
xol 1) BZ ¢nth 8hn Gpa ) BK gt éomv. xai énel oy made (equal) to the fourth part of AF. And AF (is) ratio-
eotiv 1) ATH nepwpépera tff AAH mepupepeiar, &v ff ABI' nal. FK (is) thus also rational. And BF' is also rational.
] AEA €otwv Ton, houmn Spa iy IT'H howrfj tff HA éotwv  Thus, the whole of BK is rational. And since circum-
fon. xol €av emledopev v AA, ouvdyovtar 6pdal ai ference ACG is equal to circumference ADG, of which
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npo¢ 6 A yowvia, xol SumAf] § TA tfic TA. 8w ta adtd
on ol ol mpoc w6 M 6pdal elotv, xal BunAf i AL tiic I'M.
énel olv lon éotlv 7 Ond AAT yovia i Ono AMZ, xown
8¢ t@v Vo TpryWvey 1ol te ATA xal 10l AMZ 7 Ono
AAT, hown) dpa 1) Und ATA howrfj tfj Undo MZA éonwv Ton:
looymviov dpa gotl 0 ATA tplywvov 16 AMZ torydvey:
avéhoyov dpo éotiv @ N A" npog T'A, obtwe | MZ npoc
ZA- xol @V fyouuévev td BimAdotr &g dpa 1 thic A
O mpoc v TA, oltwe 1) tfic MZ dutAf] mpoc v ZA.
o¢ 8¢ 1) tfic MZ Sunhi] tpog ™y ZA, obtwe ) MZ npoc tyv
Nuioeway tiic ZA- xol c¢ dpa N tiic A Suthfj npog v T'A,
obtwe f) MZ npoc v Nuloetay tfic ZA: xal @V Enouévey
o Nuloeor ¢ dpa 1 tfic A" SunAf] tpog v Nuloeov Tiic
T'A; obtwwe | MZ mpoc 1o tétatpov tiic ZA. xai o Tiic
pev AT dumdj i AL, tfic 8¢ TA fuicewa 1 I'M, tijc 8¢ ZA
tétatpov Uépoc 1) ZK- éotv dpa e | A mpoc v I'M,
obtwe ) MZ npoc v ZK. cuvidévtl xol bg ouvaupdtepog
N AT'M mpog v I'M, obtwe ) MK npoc KZ- xal d¢ dpa 1o
ano cuvaugotégou tfic AI'M mpog 16 dno I'M, obtwe 10
and MK npdg 16 dno KZ. xal énel tfic Uno 8o mheupds Tob
TEVTaYvou Urotewvovaong, olov tiic AT, dxpov xai péoov
Aoyov tepvouévng to petlov tpfjua foov éotl tf] tol mev-
Taywvou mAevpd, Toutéott Tf] AL, 10 8¢ peilov tufjua tpo-
ohafov Ty fuloelay tfic OAfic mevtamidolov divaton To
ano tiic Nwoelog tfic 6Ane, xal Eotv Ang tfic Al Auloeia
N I'M, to dpa dno tfic AI'M d¢ wdc nevtanidoidy éott
toU ano tiic I'M. d¢ 8¢ 16 ano tiic AT'M d¢ wdic mpog o
ano tijc I'M, obtwe édelydn 10 dno tijc MK mpog 0 dno
tfic KZ- nevtanidotov dpa 10 dno tfic MK tob dno tiic
KZ. ¢ntov 8¢ 16 ano tiic KZ: onth yap 1 didpetpoc: entov
Gpar ol TO dro tiic MK fnuy) dpa éotiv ) MK [Suvdpet
uovov]. xoi enel tetpaniacio Eotiv 1) BZ tfic ZK, nevta-
nhaoio dpa éotlv ) BK tiic KZ- eixooinevtanidotov dpa 10
ano tfic BK 100 dno tfic KZ. nevtanidotov 8¢ 1o dno tiic
MK tob dno tijc KZ- mevtamidolov dpa 10 dno tfic BK
ol and tiic KM 10 dpa ano tfic BK npog 10 ano KM
AOYOV 00X ExEL, OV TETPAYWVOC GpLdUOC TEOC TETEAYWVOV
Sprdudv- dovppetpoc dpa éotly ) BK tff KM urxet. xol éott
ent exatépa adtasy. ol BK, KM &pa gntol eiot duvdpet
uovov cluuetpol. €av 8¢ ano pntiic PNt dponpedf] duvdpel
uévov cbupetpog otioa tfj 6AN, N Aowny) dhoydg EoTv dmo-
Topn dmotop) dea €otiv /) MB, npocapudélovoa 8¢ ol 1)
MK. Aévye 81, 6t xol tetdptn. & Of peildv €Tl TO o
tfic BK 10U dno tijic KM, éxelve ioov €otw 16 ano tfic N-
N BK &pa tfic KM peilov d0votar tfj N. xal €nel cOpuetpodc
¢otv | KZ fj ZB, xal cuviévtl obupetpds éott 1) KB i
ZB. axid ) BZ tff BO olupetpoc éotiv: xal 1} BK dpa tf
BO oclppetpdc EoTiv. xol EMEL MEVTUTALOLOV £0TL TO ATO
tfic BK 10U ano tfic KM, 10 dpa ano tfic BK npoc 10
ano tiic KM Adyov Exet, Ov € npog év. dvaoteédavtt dpa
10 ano tfic BK npoc 10 ano tiic N Aéyov €yet, 6v € npog

ABC is equal to AED, the remainder CG is thus equal
to the remainder GD. And if we join AD then the angles
at L are inferred (to be) right-angles, and C'D (is inferred
to be) double C'L [Prop. 1.4]. So, for the same (reasons),
the (angles) at M are also right-angles, and AC' (is) dou-
ble CM. Therefore, since angle ALC' (is) equal to AM F,
and (angle) LAC (is) common to the two triangles ACL
and AMF, the remaining (angle) ACL is thus equal to
the remaining (angle) M F' A [Prop. 1.32]. Thus, triangle
ACL is equiangular to triangle AM F'. Thus, proportion-
ally, as LC (is) to C'A, so M F (is) to F'A [Prop. 6.4]. And
(we can take) the doubles of the leading (magnitudes).
Thus, as double LC (is) to CA, so double MF (is) to
FA. And as double M F (is) to F'A, so M F' (is) to half of
FA. And, thus, as double LC (is) to CA, so M F (is) to
half of FA. And (we can take) the halves of the following
(magnitudes). Thus, as double LC (is) to half of C'A, so
MF (is) to the fourth of FA. And DC is double LC, and
CM half of CA, and FK the fourth part of F'A. Thus,
as DCisto CM, so M F (is) to F'K. Via composition, as
the sum of DCM (i.e., DC and CM) (is) to CM, so M K
(is) to K F [Prop. 5.18]. And, thus, as the (square) on the
sum of DC'M (is) to the (square) on C'M, so the (square)
on M K (is) to the (square) on K F'. And since the greater
piece of a (straight-line) subtending two sides of a pen-
tagon, such as AC, (which is) cut in extreme and mean
ratio is equal to the side of the pentagon [Prop. 13.8]—
that is to say, to DC'—-and the square on the greater piece
added to half of the whole is five times the (square) on
half of the whole [Prop. 13.1], and CM (is) half of the
whole, AC, thus the (square) on DC'M, (taken) as one,
is five times the (square) on CM. And the (square) on
DCM, (taken) as one, (is) to the (square) on C'M, so
the (square) on M K was shown (to be) to the (square)
on KF. Thus, the (square) on MK (is) five times the
(square) on KF. And the square on K F (is) rational.
For the diameter (is) rational. Thus, the (square) on
MK (is) also rational. Thus, M K is rational [in square
only]. And since BF' is four times F'K, BK is thus five
times K'F. Thus, the (square) on BK (is) twenty-five
times the (square) on KF. And the (square) on MK
(is) five times the square on KF. Thus, the (square)
on BK (is) five times the (square) on K M. Thus, the
(square) on BK does not have to the (square) on KM
the ratio which a square number (has) to a square num-
ber. Thus, BK is incommensurable in length with KM
[Prop. 10.9]. And each of them is a rational (straight-
line). Thus, BK and KM are rational (straight-lines
which are) commensurable in square only. And if from
a rational (straight-line) a rational (straight-line) is sub-
tracted, which is commensurable in square only with the
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B, oy OV TETPAYWVOC TPOC TETEAYWVOV ACUPUETEOC dpa
¢otlv ) BK tjj N*  BK épa tfic KM peilov 80vorton 6 dmo
douppéteou eautf]. énel obv 6An 1 BK tfic npocoppolotone
tfic KM peilov 80vatar 16 dnd douuuétpou Eouti], xal OAN
N BK oluuetpdc ot tff éxxcévy entfi tfj BO, dmotoud
Gpa TeTdptn Eotlv ) MB. 10 8¢ OO fntiic %ol dnotoyfic
TETRETNC TEPLEYOUEVOY OpVOYWVIOV BhoY6V EGTLY, xal 1) Bu-
voévr adto dhoydg Eotiy, xahelton 8¢ EAGTTWY. BOVaTOL
8¢ 16 V1o TSV OBM 7 AB 8w 10 émlevyvupévne tiic AG
looydviov yiveodar 10 ABO tpiywvov 1@ ABM tpiydhve
xail glvar &¢ v ©B npoc v BA, oltwe thv AB tpoc v
BM.

‘H dpa AB 100 nevtaydvou mhevpd dhoyog oty 1) xo-
Aouuévn ENdTTev: Omep el BETE L.

whole, then the remainder is that irrational (straight-line
called) an apotome [Prop. 10.73]. Thus, M B is an apo-
tome, and M K its attachment. So, I say that (it is) also
a fourth (apotome). So, let the (square) on N be (made)
equal to that (magnitude) by which the (square) on BK
is greater than the (square) on K M. Thus, the square on
BK is greater than the (square) on K M by the (square)
on N. And since K F' is commensurable (in length) with
F'B then, via composition, K B is also commensurable (in
length) with F'B [Prop. 10.15]. But, BF is commensu-
rable (in length) with BH. Thus, BK is also commen-
surable (in length) with BH [Prop. 10.12]. And since
the (square) on BK is five times the (square) on KM,
the (square) on BK thus has to the (square) on K M the
ratio which 5 (has) to one. Thus, via conversion, the
(square) on BK has to the (square) on N the ratio which
5 (has) to 4 [Prop. 5.19 corr.], which is not (that) of a
square (number) to a square (number). BK is thus in-
commensurable (in length) with N [Prop. 10.9]. Thus,
the square on BK is greater than the (square) on KM
by the (square) on (some straight-line which is) incom-
mensurable (in length) with (BK). Therefore, since the
square on the whole, BK, is greater than the (square) on
the attachment, K M, by the (square) on (some straight-
line which is) incommensurable (in length) with (BK),
and the whole, BK, is commensurable (in length) with
the (previously) laid down rational (straight-line) BH,
MB is thus a fourth apotome [Def. 10.14]. And the
rectangle contained by a rational (straight-line) and a
fourth apotome is irrational, and its square-root is that
irrational (straight-line) called minor [Prop. 10.94]. And
the square on AB is the rectangle contained by HBM,
on account of joining AH, (so that) triangle ABH be-
comes equiangular with triangle ABM [Prop. 6.8], and
(proportionally) as HB is to BA, so AB (is) to BM.

Thus, the side AB of the pentagon is that irrational
(straight-line) called minor.t (Which is) the very thing it
was required to show.

T If the circle has unit radius then the side of the pentagon is (1/2) v/10 — 2+/5. However, this length can be written in the “minor” form (see

Prop. 10.94) (p/v2)\/1 4+ k/vV14+ k2 — (p//2)

B

‘Edav eic xOxhov tplywvov iodmhevpov Eyypapii, 1 ToU
TELYOVOU TAELEd Buvduel TetmAacinv Eotl Tfic €x Tol
%x€VTEOL TOU HUXAOL.

Eotw xOxhog 6 ABI, xal gic adtov tpiywvoy iodmheup-
ov eyyeypdpdw 10 ABI™ Myw, &t 100 ABI tpiyddvou pia
TAgupd Buvdel Teimhaciwy €0l Tiic €x ToU xévtpou ToU
ABTI x0xhou.

1—k/vV1+ k2, withp=+/5/2and k = 2.

Proposition 12

If an equilateral triangle is inscribed in a circle then
the square on the side of the triangle is three times the
(square) on the radius of the circle.

Let there be a circle ABC, and let the equilateral tri-
angle ABC have been inscribed in it [Prop. 4.2]. I say
that the square on one side of triangle ABC is three times
the (square) on the radius of circle ABC.
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B

Eivigdo yap 10 xévtpov 10U ABI' x0xhou 10 A, xol
g¢mlevydeioa 1 AA diydw ént to E, xal éneledydw 7 BE.

Kot énel iodmhevpody éott 1o ABI tpiywvov, /) BEL dpa
nepipépeta tpitov pépoc éotl tfic 1ol ABI x0xhou mepl-
pepeloc. 1) dpo BE nepupépeta Extov Eotl pépog thic To
x0xhou mepLpepeiag E€aydvou dpa eotiv 1) BE edieior Ton
Gpa €oti i} Ex ToD ¥évtpou Tf] AE. xol énel Simhij éotv 7
AE tijc AE, tetpanidotov Eott 16 dno tfic AE tob dno tiic
EA, toutéott 100 dnod tfic BE. ioov 8¢ 16 ano tijc AE toic
ano tév AB, BE- td pa &no tév AB, BE tetpanidoid éott
toU dno tiic BE. diehévtt dpa 10 dno tiic AB tpimhdoidy
¢on ol and BE. Ton 8¢ ) BE tfj AE- 16 dpa ano tiic AB
TeLmAdoLov Eotl Tob dnd tfic AE.

‘H dpa 1ol tpry@dvou mheupd duvdpel tpimhacio ot Tfic
€x ToD xévtpou [10D xOxhov]- dnep Edel BeTEou.

y'.
TMupoplda cuotoacdar xol oaipa nepthafBely Tfj Sodelon
ot Bet€aun, OTL 1) Tiic opaipac Siduetpoc Suvdpel Hwohio €0t
Tfic mhevpdic Tijc mupouidoc.

E

For let the center, D, of circle ABC have been found
[Prop. 3.1]. And AD (being) joined, let it have been
drawn across to E. And let BE have been joined.

And since triangle ABC is equilateral, circumference
BEC is thus the third part of the circumference of cir-
cle ABC. Thus, circumference BFE is the sixth part of
the circumference of the circle. Thus, straight-line BE is
(the side) of a hexagon. Thus, it is equal to the radius
DE [Prop. 4.15 corr.]. And since AF is double DF, the
(square) on AFE is four times the (square) on £ D—that
is to say, of the (square) on BE. And the (square) on
AF (is) equal to the (sum of the squares) on AB and BE
[Props. 3.31, 1.47]. Thus, the (sum of the squares) on
AB and BEF is four times the (square) on BE. Thus,
via separation, the (square) on AB is three times the
(square) on BE. And BEFE (is) equal to DE. Thus, the
(square) on AB is three times the (square) on DE.

Thus, the square on the side of the triangle is three
times the (square) on the radius [of the circle]. (Which
is) the very thing it was required to show.

Proposition 13

To construct a (regular) pyramid (i.e., a tetrahedron),
and to enclose (it) in a given sphere, and to show that
the square on the diameter of the sphere is one and a
half times the (square) on the side of the pyramid.
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7 A
A r B
E
K
©
A

Z H
"Exxeloto 1 tiic Sodelone ogaipac dlopetpoc f AB, xol
tetuiodn xata to I' onueiov, dote Simhacioy etvan v A’
tfic I'B* xal yeypdgpdw énl tfic AB fuuxdxiiov 16 AAB,
xal Aydow ano tob I' onuelov tfj AB npoc épddc M T'A,
xoi eneletydw H AA- xal éxxelodw xOxhoc 6 EZH Tlony
Eyxov ™V €x 00 xévtpou tfj Al', xal eyyeypdpin cic OV
EZH »Oxhov tplywvov loémievpov 10 EZH: xal eiligpdw
0 xévtpov 100 xOxhou T0 O onueiov, xal éneledytwoay
o EO, ©Z, OH" xal dveotdtw dnd o O onuelov ¢ tob
EZH »0Oxhov émmédw mpog 6p0de ) OK, xol dgnerodw dno
tfic OK tfj A" ebdela Ton 1) OK, ol eéneledydwooy ai KE,
KZ, KH. xal énel ) KO 6p01 €0t mpog 10 1ot EZH xOxhou
éninedov, xol mpde ndooc dpa tg dntopévag atic eddelag
xal oboag év 16 tol EZH xbdxhov émnédew dpdac notioel
yovioc. drteton 8¢ adtfic éxdotn v OF, OZ, OH: f 0K
Gpa mpd¢ Exdotn eV OF, OZ, OH 6p01 €otv. ol Enel lon
gotiv N wev AT f) OK, 7 8¢ TA tfj OF, xol opdoc ywviog
nepéyovoty, Bdowc Bpo ) AA Bdoet tfj KE ot lon. 8
T avta M xal exatépa ey KZ, KH tff AA éouy lon: ai
teele dpa ol KE, KZ, KH {oou dhAAhoug eiotv. xol émel SLmAf
gonv N Al tfic I'B, toumAfj dpa ) AB tfic BI'. &¢ 8¢ 7} AB
npoc v BT, olUtwe 1o dno tiic AA mpoc 1o ano tiic AL,
o E&fic devydnoeton. tetmAdotov dpa To ano tfic AA tob
ano tiic AI'. €ott 8¢ xol 0 &no tfic ZE o dno tfic E©
Teimhdotoy, xol éoty Ton \ AL 1f] E©- Ton dpa xal 1) AA
tfj BEZ. ddha 1} AA éxdoty v KE, KZ, KH &detydn lon:
xol Exdotn oo ey EZ, ZH, HE éxdotn wev KE, KZ, KH
gotwv lom' iodmAevpa dpa €0l Ta Téoocapa Telywva to EZH,
KEZ, KZH, KEH. nupopic 3pa cuvéotaton éx TECOERMY
TELY VWY ioomhéupwy, fic Bdolc uév ot to EZH tplywvoy,

7 D

A C B
E
K
H
L

F G
Let the diameter AB of the given sphere be laid out,
and let it have been cut at point C such that AC' is double
CB [Prop. 6.10]. And let the semi-circle AD B have been
drawn on AB. And let C'D have been drawn from point C
at right-angles to AB. And let D A have been joined. And
let the circle EFG be laid down having a radius equal
to DC, and let the equilateral triangle FFG have been
inscribed in circle EFG [Prop. 4.2]. And let the center
of the circle, point H, have been found [Prop. 3.1]. And
let EH, HF, and HG have been joined. And let HK
have been set up, at point H, at right-angles to the plane
of circle EFG [Prop. 11.12]. And let HK, equal to the
straight-line AC, have been cut off from HK. And let
KE, KF, and KG have been joined. And since K H is at
right-angles to the plane of circle EF'G, it will thus also
make right-angles with all of the straight-lines joining it
(which are) also in the plane of circle EFG [Def. 11.3].
And HE, HF, and HG each join it. Thus, HK is at
right-angles to each of HE, HF, and HG. And since
AC is equal to HK, and CD to HF, and they contain
right-angles, the base DA is thus equal to the base KE
[Prop. 1.4]. So, for the same (reasons), KF' and KG is
each equal to DA. Thus, the three (straight-lines) K F,
KF, and KG are equal to one another. And since AC is
double C'B, AB (is) thus triple BC. And as AB (is) to
BC, so the (square) on AD (is) to the (square) on DC,
as will be shown later [see lemma]. Thus, the (square)
on AD (is) three times the (square) on DC. And the
(square) on F'FE is also three times the (square) on EH
[Prop. 13.12], and DC is equal to EH. Thus, DA (is)
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xopugn, 8¢ 0 K onueiov.

Acl o1 adtnv xol ogalpa nepthafely tf] dovelon xol
Oel€an, 6L 1) tfic opalpac dduetpoc HoAla Eotl Buvdpel
Tfic mhevpdic Tijc nupouidoc.

ExBefAfioto yap e’ eddelac tff KO ebdeia n OA, xol
xeloto tf] I'B Ton 1 OA. xol énel oty ¢ 1 AT npog v
T'A, obtwe i A npodg v I'B, Ton 8¢ 7 uev AT ff KO, 7 8¢
I'A i ©F, 7 8¢ I'B tf] OA, oty dpa g 1) KO npoc tyy OF,
oVtwe | EO npodc v OA- 10 pa Uno v KO, OA loov
gotl 16 and tiic EO. xal éotiv 6p0n Exatépa @V Uno KOE,
EOA yowdv: 1o dpa éml tiic KA ypagpduevov fuixdxiov
figer xol Su& 100 E [Enedhinep edv EmletEwpey thy EA, 6p0n
yivetaw 1 Ono AEK ywvia 8o 16 looyoviov yiveotor 1o
EAK tplywvov exatépe tév EAO, EOK torydvemy]. &av
o1 yevouong thic KA nepieveydev to fuxdxhov eic 16 adto
TdAw droxotactod{j, 6dev fplato @pépeoton, Hlel xol Bid
w6V Z, H onuelov émlevyvogévey tév ZA, AH xol dpdév
ouolwe yvouévwy &y npodg tolc Z, H yowdy: xal €otou
N mupaplc ogalpa mepleAnuuévn tij Sodelof]. N yidp KA
tfic ogaipag dduetpog lon €otl Tfj tijc dodelone opaipog
dapetpw T AB, énedinep tfj pev AT Ton xeiton 1§ KO, T
oe I'B 7 ©A.

Aéyw 0%, 611 N tfic ogalpac Siduetpoc MuloAla €otl
duvdpel Tiic mheupdic Tiic Tupauldoc.

‘Enel yop OumAfj éotwv | AT tfic I'B, toumf] dpa €otiv
N AB tijic BT dvaotpédavtt fwohio dpa éotiv 1 BA tiic
AT'. &¢ 8¢ 7y BA mpoc v AT, oltwe 0 dno tiic BA npoc
10 and tfic AA [EnedAnep Emlevyvuévne tfic AB éov
oc 1 BA mpoc v AA, obtwe 1 AA npoc v AT' 8
v opotdtnta v AAB, AAT tprydvemy, xal givat (¢ Ty
TEGTNV TEOC THY Teltny, 0ltwe 10 anod Tfic TpWTNE TEOS TO
anod Thic deutépac]. NuLONoOY dpo xal TO drd T BA 1ol
ano tic AA. xal €éotv M) uev BA 7 tijc Soldelong opalpac
dudpetpog, 1 66 AA Ton tij mhevpd tiic tupapldoc.

‘H dpa tfic opalpac Siduetpoc nutoiio éotl tiic Theupdic
Tfic mupauidoc: dmep €del BETEL.

T If the radius of the sphere is unity then the side of the pyramid (i.e., tetrahedron) is

also equal to EF. But, DA was shown (to be) equal to
each of KE, KF, and KG. Thus, EF, FFG, and GE are
equal to KFE, KF, and KG, respectively. Thus, the four
triangles FFG, KEF, KFG, and KEG are equilateral.
Thus, a pyramid, whose base is triangle FFG, and apex
the point K, has been constructed from four equilateral
triangles.

So, it is also necessary to enclose it in the given
sphere, and to show that the square on the diameter of
the sphere is one and a half times the (square) on the side
of the pyramid.

For let the straight-line HL have been produced in
a straight-line with K H, and let HL be made equal to
CB. And since as AC (is) to CD, so CD (is) to CB
[Prop. 6.8 corr.], and AC (is) equal to KH, and CD to
HE, and CB to HL, thus as KH is to HE, so EH (is)
to HL. Thus, the (rectangle contained) by K H and HL
is equal to the (square) on FH [Prop. 6.17]. And each
of the angles KHE and EHL is a right-angle. Thus,
the semi-circle drawn on KL will also pass through E
[inasmuch as if we join EL then the angle LEK be-
comes a right-angle, on account of triangle £ L K becom-
ing equiangular to each of the triangles FLH and FEHK
[Props. 6.8, 3.31]1]. So, if KL remains (fixed), and the
semi-circle is carried around, and again established at the
same (position) from which it began to be moved, it will
also pass through points F' and G, (because) if F'L and
LG are joined, the angles at F' and G will similarly be-
come right-angles. And the pyramid will have been en-
closed by the given sphere. For the diameter, K L, of the
sphere is equal to the diameter, AB, of the given sphere—
inasmuch as K H was made equal to AC, and HL to CB.

So, I say that the square on the diameter of the sphere
is one and a half times the (square) on the side of the
pyramid.

For since AC' is double C'B, AB is thus triple BC.
Thus, via conversion, BA is one and a half times AC.
And as BA (is) to AC, so the (square) on BA (is) to the
(square) on AD [inasmuch as if DB is joined then as BA
isto AD, so DA (is) to AC, on account of the similarity
of triangles DAB and DAC. And as the first is to the
third (of four proportional magnitudes), so the (square)
on the first (is) to the (square) on the second.] Thus,
the (square) on BA (is) also one and a half times the
(square) on AD. And BA is the diameter of the given
sphere, and AD (is) equal to the side of the pyramid.

Thus, the square on the diameter of the sphere is one
and a half times the (square) on the side of the pyramid. "
(Which is) the very thing it was required to show.

8/3.
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Afjupo.

Aewtéoyv, 6t oty &¢ | AB mpoc v BT, oltwe 1o
ano tfic AA npog 6 dnod tfic AT

‘Exxelodon yap N 1ol fuxuxiiov xotaypopy, ol
énelebdydn f AB, xai dvayeypdgpde dno tfic AL tetpdywvov
w0 EI', xol ocuunemhnpwote 1o ZB mopalhnidypouuoyv.
gnel olv dud t0 iooydvio givar 10 AAB tplywvov 16 AAT
TELYOVR €0ty O¢ ) BA mpoc tv AA, oVtwe | AA npoc
v AT, 10 dpa Ono v BA, AT foov éotl ¢ dno tiic
AA. xol énel éonwv ¢ 1) AB npoc v BI', obtwe 10 EB
npo¢ T0 BZ, %ol éott 16 yev EB 10 Uno t@v BA, Al 1o
yvop | EA tff AT 16 8¢ BZ 16 Uno v AT, I'B, é¢ dpa 1)
AB mpoc v B, obtwe 10 Uno v BA, Al npd 10 Ono
v AT, I'B. ol éott 16 pev bno w6y BA, AT {oov 16 dno
tfic AA, 16 8¢ Ono v AI'B Toov 16 ano tijic A" A yap
AT xdldetoc @V tfic Bdocwe tunudtwy t@v ALY, I'B yéon
dvdhoyov ot B TO 6pUfv Elvan Ty Und AAB. G¢ dpa 1)
AB npoc v BT, oltwe 10 dnd tfic AA mpoc to dno Tiic
AT Smep €det Seiou.

0.

‘Oxtdedpov cuothoactor xal ogalpa tepthofely, 1 xol
To TEOTERPA, Xol SEIEa, 6T 1) Tiic opalpac SidueTpog duvdpel
oumhaoia €Tl THig Theupdic ToD dxTadpou.

‘Exxelodo 1 tfic dodelong ogalpoag diduetpoc 1 AB,
xal tetpiote diya xatd to I', xol yeypdepiw ént tfic AB
NuxdxAlov 10 AAB, xal iyt dno tob I' 1] AB npoc dptac
N TA, xol éneledydn 7 AB, xol éxxeiodw tetpdywvov
w0 EZHO fonv €yov éxdotny t@v mheupdv tff AB, xal

D
C
A B
E F
Lemma

It must be shown that as AB is to BC, so the (square)
on AD (is) to the (square) on DC.

For, let the figure of the semi-circle have been set
out, and let DB have been joined. And let the square
EC have been described on AC. And let the parallel-
ogram F B have been completed. Therefore, since, on
account of triangle DAB being equiangular to triangle
DAC [Props. 6.8, 6.4], (proportionally) as BA is to AD,
so DA (is) to AC, the (rectangle contained) by BA and
AC is thus equal to the (square) on AD [Prop. 6.17].
And since as AB is to BC, so EB (is) to BF [Prop. 6.1].
And EB is the (rectangle contained) by BA and AC—for
FE A (is) equal to AC. And BF the (rectangle contained)
by AC and CB. Thus, as AB (is) to BC, so the (rectan-
gle contained) by BA and AC (is) to the (rectangle con-
tained) by AC and C'B. And the (rectangle contained)
by BA and AC is equal to the (square) on AD, and the
(rectangle contained) by AC'B (is) equal to the (square)
on DC. For the perpendicular DC' is the mean propor-
tional to the pieces of the base, AC' and C'B, on account
of ADB being a right-angle [Prop. 6.8 corr.]. Thus, as
AB (is) to BC, so the (square) on AD (is) to the (square)
on DC. (Which is) the very thing it was required to show.

Proposition 14

To construct an octahedron, and to enclose (it) in a
(given) sphere, like in the preceding (proposition), and
to show that the square on the diameter of the sphere is
double the (square) on the side of the octahedron.

Let the diameter AB of the given sphere be laid out,
and let it have been cut in half at C. And let the semi-
circle ADB have been drawn on AB. And let CD be
drawn from C' at right-angles to AB. And let DB have

923



YTOIXEIOQN wy”.

ELEMENTS BOOK 13

énelebdydwoay ol OZ, EH, xal dvectdte ano 1ot K onueiou
6 1ol EZHO tetpaydvou emnédew npoc dpdac edieio 7
KA xal 8uydw ént t& Etepa pépn 1ol emmnédou o f KM,
xail dpnerote dg’ exatépas v KA, KM wd tév EK, ZK,
HK, OK fon éxatépa v KA, KM, xal énelebydwoav ol
AE, AZ, AH, A©, ME, MZ, MH, M6.

@ r

M

Kot énel fon €otiv | KE tff KO, %ol éotiv p0 1 Ono
EKO yovia, 10 dpa and tiic OF Sinhdoidy ot tob ano tiic
EK. mdhw, énel Ton éotlv 1| AK tfj KE, xal éotv 6p01 7)
no AKE yovia, 10 dpo dno tic EA Sithdoldv éoti tob dno
EK. &delydr 8¢ xal 10 dno tijic OF dinhdoiov 1ol dno tiic
EK: 0 dpa ano tiic AE Toov ot 16 dnod tfic E©- Tor dpa
¢otiv | AE fj EO. & t& adtd 8 %ol 1) AO tfj OF éotwv
{on ioémhevpov dpa €oti 10 AEO tpiywvov. opolwe 9
del€opev, 6Tl xal ExaoTov TGV AOINEY TELY VKV, BV Bdoelc
uév elowv ol Tob EZHO tetparydvou mhevpal, xopugal de td
A, M onpeia, l06mAeupby EoTiv: OXTAEdPOY dpa cUVECTOTOU
OO OXT® TP OVWY (COTAEVEWY TEPLEYOUEVOV.

A€l 81 adTo xol oaipa nepthofely Tfj doveion xai Sei€ou,
ot 1 tfic ogalpog Siduetpog Suvdyet Bithasciwy EoTtl Tijg ToD
OXTUEDPOU TAELEELC.

‘Enel yap ol teeic ai AK, KM, KE {oaw @i eioty,
0 Gpa éml tfic AM ypapouevov fuxixhiov Hel xol Bl
ToU E. ol 8io té adtd, Edty pevolong thic AM mepleveydev
0 AxdxAov eig 10 adto dnoxatactoldf], élev Hplato
pépeodon, REel xal B @V Z, H, © onueiwyv, xal €ota
opalpy TEQLELANUUEVOY TO OXTdedpov. Aéyw O1), &TL xol Tfj
doleloy. €mel yop lon éotiv 1 AK tfj KM, xown 8¢ 1} KE,

been joined. And let the square EF'GH, having each of
its sides equal to DB, be laid out. And let HF and EG
have been joined. And let the straight-line K L have been
set up, at point K, at right-angles to the plane of square
EFGH [Prop. 11.12]. And let it have been drawn across
on the other side of the plane, like K M. And let KL and
KM, equal toone of EK, FK, GK, and H K, have been
cut off from K'L and K M, respectively. And let LE, LF,
LG, LH, ME, MF, MG, and M H have been joined.

D

F G

M

And since KF is equal to K H, and angle EK H is a
right-angle, the (square) on the HF is thus double the
(square) on EK [Prop. 1.47]. Again, since LK is equal
to K F, and angle LK F is a right-angle, the (square) on
E'L is thus double the (square) on FK [Prop. 1.47]. And
the (square) on HE was also shown (to be) double the
(square) on EK. Thus, the (square) on LFE is equal to
the (square) on FH. Thus, LF is equal to EH. So, for
the same (reasons), LH is also equal to HE. Triangle
LEH is thus equilateral. So, similarly, we can show that
each of the remaining triangles, whose bases are the sides
of the square EFGH, and apexes the points L and M,
are equilateral. Thus, an octahedron contained by eight
equilateral triangles has been constructed.

So, it is also necessary to enclose it by the given
sphere, and to show that the square on the diameter of
the sphere is double the (square) on the side of the octa-
hedron.

For since the three (straight-lines) LK, KM, and KFE
are equal to one another, the semi-circle drawn on LM
will thus also pass through E. And, for the same (rea-
sons), if LM remains (fixed), and the semi-circle is car-
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xal ywviag dptac mepéyouvaoty, Bdoic dpa /) AE Bdoel T
EM éotw Ton. xal énel 6p01) éotv 1) bno AEM yowvio év
MUl Ydp: T0 Gpa dno tiic AM BitAdoiéy ot Tob dmo
tfic AE. mdhw, énel on éotiv i AL tfj I'B, Sinhacio éotiv
N AB tfic BI'. &¢ 8¢ | AB mpoc v BT, oltwe 10 dno
tfic AB npoc 10 ano tiic BA- Sinhdolov dpa €oTl 1O dmo
tfic AB 100 dno tfic BA. &delydn 8¢ xol 16 dno tiic AM
dimAdotov oD ano tiic AE. xol éotv Toov 10 dnd tijc AB
6 and tiic AE- Ton ydp xeitw 1 EO tfj AB. Toov dpa xai
T ano tiic AB 1% anod tiic AM- lon dea ) AB tfj AM. xai
gonv 1 AB 1 tfic dodelone ogaipac Siduetpoc: ) AM dpa
lom éotl tfj Tijc Bodelone opaipac Sloapétew.

Iepletinmran dpa T0 6xTdedpov tf] dodelor opalpa. xal
ouvaTodEdE TN, OTL 1 THig opaipos BIAUETPOS BUVAUEL di-
mhaolwy €0t Tfic ToU OxTuédpou TAeLpl: Orep EdelL BETE L.

T If the radius of the sphere is unity then the side of octahedron is v/2.

i€’

KoBov cuotiooctar xol ogalpa tepthofely, i xal thy
mupop{Ba, xal 8et€on, 6t 1) Tfic opaipoc didueTPOS Buvduel
Tewmhaciov €otl tfic Tl x0Bou mheupdc.

‘Exxeicdw 1 tiic dodelone ogalpac diduetpoc 1 AB xal
tetpfoto xotd o I' dote Simhijv eivar v AL tfjc I'B, xai
veypdpdw €nl tfic AB fuxdxhiov 1o AAB, xal dno tob I'
tfj] AB npoc dptac Aydw 1 I'A, xal énelebydo f AB, xal
éxxelobw tetpdywvov 10 EZHO fonv Eyov tv mhevpay Ti]
AB, xol ano v E, Z, H, © 1@ 1ot EZHO tetpaydvou
Emnéde npog opdac fydwooav ai EK, ZA, HM, ON, xal
deneniodw dnd éxdotne v EK, ZA, HM, ON wa tév
EZ, ZH, HO, OF ion éxdotn t6v EK, ZA, HM, ON, xal
gneledydwoay ol KA, AM, MN, NK- x0Boc dpa cuvéototou
6 ZN 010 €€ tetpaydvwy lowv Teple) OUEVOC.

A€l 81 avtov xol ogaipa mepthafelv Tfj Sovelon xol
Bel€an, 6TL N Tiic ogaipoc Biduetpog duvdpel Tptmhaoia €0t
tfic Thevpdic tol xOPBovu.

ried around, and again established at the same (position)
from which it began to be moved, then it will also pass
through points F', G, and H, and the octahedron will
have been enclosed by a sphere. So, I say that (it is)
also (enclosed) by the given (sphere). For since LK is
equal to KM, and KF (is) common, and they contain
right-angles, the base LF is thus equal to the base EM
[Prop. 1.4]. And since angle LEM is a right-angle—for
(it is) in a semi-circle [Prop. 3.31]—the (square) on LM
is thus double the (square) on LE [Prop. 1.47]. Again,
since AC is equal to CB, AB is double BC. And as AB
(is) to BC, so the (square) on AB (is) to the (square)
on BD [Prop. 6.8, Def. 5.9]. Thus, the (square) on AB is
double the (square) on BD. And the (square) on LM was
also shown (to be) double the (square) on LE. And the
(square) on DB is equal to the (square) on LE. For EH
was made equal to DB. Thus, the (square) on AB (is)
also equal to the (square) on LM. Thus, AB (is) equal to
LM. And AB is the diameter of the given sphere. Thus,
LM is equal to the diameter of the given sphere.

Thus, the octahedron has been enclosed by the given
sphere, and it has been simultaneously proved that the
square on the diameter of the sphere is double the
(square) on the side of the octahedron.” (Which is) the
very thing it was required to show.

Proposition 15

To construct a cube, and to enclose (it) in a sphere,
like in the (case of the) pyramid, and to show that the
square on the diameter of the sphere is three times the
(square) on the side of the cube.

Let the diameter AB of the given sphere be laid out,
and let it have been cut at C such that AC is double
CB. And let the semi-circle ADB have been drawn on
AB. And let CD have been drawn from C at right-
angles to AB. And let DB have been joined. And let the
square K FGH, having (its) side equal to D B, be laid out.
And let EK, FL, GM, and HN have been drawn from
(points) E, F, G, and H, (respectively), at right-angles to
the plane of square FFGH. And let EK, FL, GM, and
HN, equal to one of EF, FG, GH, and HEF, have been
cut off from EK, F'L, GM, and HN, respectively. And let
KL, LM, MN, and N K have been joined. Thus, a cube
contained by six equal squares has been constructed.

So, it is also necessary to enclose it by the given
sphere, and to show that the square on the diameter of
the sphere is three times the (square) on the side of the
cube.
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A r B

‘Eneletydwoay yap oo KH, EH. xol énel 6ply ot
N o KEH ywvio 8t 10 xol v KE épdnv eivar npog
10 EH éninedov dnhadh xol mpdc v EH eddelay, 10 dpa
énl tiic KH ypoagoéuevov fuixdxhiov #€et xal i tob E
onpelov. ndhw, énel ) HZ 6p0v éotl npoc Exatépay tév ZA,
ZE, xol mpoc 10 ZK dpa eninedov 6pdn éotv | HZ: dote
xol ey emletEwpey v ZK, 1 HZ 6pdn €oton xal mpog
v ZK- xal dla tolto ndhwv 1o énl tfic HK ypagpduevov
NuxOxAlov fel xol S ToD Z. duoing xal dla &V hotnév
ol x0Pou onuelwv #gel. €dv BN pevolvone tfic KH ne-
plevey¥ev TO NuxOXAoY gic T0 adTo dnoxatactodf], 60ev
fie€ato @épecdan, €oton opalpa mepiethnuuévoc 6 nVBoq.
Ayw 01, 6t %ol tf) dovelon. énel yap Ton éotlv | HZ i
ZE, xaf éotv 6pU 1) mpog 16 Z yovio, T dpa dno tfic EH
BimAdotoy ot tod dno tfic EZ. Ton 8¢ 1) EZ tj] EK- 10 dpa
ano tfic EH SumAdoiéy ot tob ano tfic EK- dote ta ano
v HE, EK, toutéot 16 ano tijc HK, tpimidoidy éott o
ano tfic EK. xoi énel tpimhaciwy éotlv i} AB tiic BI', o¢
oe /) AB mpoc v BI', obtwe 16 dnd tfic AB npoc 16 dno
tfic BA, tpinidotov dpa 1o ano tfic AB tob dno tijc BA.
€detydn 8¢ xal t0 anod tfic HK 1ot and tfic KE tputAdoiov.
xal xetton Ton 1) KE tfj AB- Ton dpo xoi /) KH tfj AB. xoi
gorv 1) AB tfic Solelone ogaipoc Siduetpoc xai i KH dpa
lom éotl tfj Tijc Bodelone opaipac Sloapétew.

T1j Soldelon dpa ogaipo mepeidnmron 6 x0Bog xal ou-
vanodédewtan, 6Tl N tfic ogalpac SldueTtpog duvduel TEL-
mhaolwy €otl Thic To0 xUPBou mhevupdc: dnep Edel SeTou.

E H

L M

ﬂ\
A C B

For let KG and EG have been joined. And since an-
gle KEG is a right-angle—on account of K F also being
at right-angles to the plane EG, and manifestly also to
the straight-line EG [Def. 11.3]—the semi-circle drawn
on KG will thus also pass through point E. Again, since
GF is at right-angles to each of F'L and FE, GF is thus
also at right-angles to the plane F'K [Prop. 11.4]. Hence,
if we also join F'K then GF will also be at right-angles
to FK. And, again, on account of this, the semi-circle
drawn on GK will also pass through point F'. Similarly,
it will also pass through the remaining (angular) points of
the cube. So, if KG remains (fixed), and the semi-circle is
carried around, and again established at the same (posi-
tion) from which it began to be moved, then the cube will
have been enclosed by a sphere. So, I say that (it is) also
(enclosed) by the given (sphere). For since GF is equal
to FE, and the angle at F' is a right-angle, the (square)
on EG is thus double the (square) on EF [Prop. 1.47].
And EF (is) equal to FK. Thus, the (square) on EG
is double the (square) on EK. Hence, the (sum of the
squares) on GE and EK—that is to say, the (square) on
GK [Prop. 1.47]—is three times the (square) on FK.
And since AB is three times BC, and as AB (is) to
BC, so the (square) on AB (is) to the (square) on BD
[Prop. 6.8, Def. 5.9], the (square) on AB (is) thus three
times the (square) on BD. And the (square) on GK was
also shown (to be) three times the (square) on K E. And
K FE was made equal to DB. Thus, KG (is) also equal to
AB. And AB is the radius of the given sphere. Thus, KG
is also equal to the diameter of the given sphere.

Thus, the cube has been enclosed by the given sphere.
And it has simultaneously been shown that the square on
the diameter of the sphere is three times the (square) on

526



YTOIXEIOQN wy”.

ELEMENTS BOOK 13

T If the radius of the sphere is unity then the side of the cube is \/4/3.
15
Eixocdedpov cuotrioaclor xol opalpa nepthofely, 1) xal

TO TPOELENUEVD oy o, xol dei€at, 6Tt 1) ToU eixocuédpou
TAEUEA BAOYOC EOTIV 1) XUAOUUEVY) ENATTWY.

A

A r B

‘Exxeloto 1 tfic dolelone opalpac didueteog ) AB xol
tetpfoto xotd T I dote tetpanhifiv ebvan thv AT tijc I'B,
xol yeypdpdw eml tiic AB fuxdxhov 10 AAB, xol Aydw
ano tob I' tf] AB mpoc opldc ywviag eddelo ypouun 7 TA,
xai énelevydw | AB, xol éxxelodw xOxhoc 6 EZHOK,
ol 7N év 100 xévtpou lon Eotw tfj AB, %ol éyyeypdpdw
eic tov EZHOK xUxhov mevidywvov oémheupdy te %ol
iooywviov 10 EZHOK, xal tetpiodwoav ai EZ, ZH, HO,
OK, KE nepipépetan diya xata to A, M, N, =, O onueia, xal
gneledydwoay ai AM, MN, N=, 20, OA, EO. icémhevpov
Gpa €otl xal 0 AMNEO mevtdywvov, xol dexay®vou 1
EO edldcio.  xal dveotdtwoav dno v E, Z, H, ©, K
onpeiwy ¢ oD xUxhou ETEdy nEoc 6pdds Ywviag eddelon
ai EII, ZP, HY, ©T, KT loo oo tfj éx tol xévtpou to
EZHOK xixhov, xai éneletydwooy ol IIP, PX, ¥T, T,
TII, ITA, AP, PM, MX, ¥N, NT, Tz, ZY, TO, OII.

Kot énet exatépa t@sv EII, KT 16 adté émnéde npoc
6p0dc €oty, mopdAAnhoc dpa €otiv ) EIl tff KT. éot
0¢ avtf] xal Ton ai 8¢ tac oo te xol mopohhhAoug Emi-
Cevyviouoan émt tor adtat pépn evdeion Toou te 1ol TopdAAnAol
eiow. N\ IIT pa tfj EK lon te %ol nopdAAnidg Eotiv. mev-
Taywvou e loomhelpou 1) EK: nevtaywvou dpo icomhelpou
xal ) T tob eig tov EZHOK xbxhov &yypagpouévou.
o & abTa 8N xal Exdotn v IIP, PY, ¥T, TYT nev-
Tay®vou Eotly icomhepou Tob cic tov EZHOK xbxhov
gyypagouévou: icdmievpov dpa o IIPETT mevtdywvov.
xal émel E€ayvou uév oty 1 IIE, dexoydvou ¢ 1) EO,
xai Eotv 6pl 1) Ond ITEO, nevtaydvou dpo €otlv 1 11O 7)
yoe ol mevtay®vou TAevpd divaton TV te Tob E€arywvou
xol TNV ToD deXay®dVoU T&HV €ic TOV adTOV XOXAOV EYYpa-
Qougvewy. B t& adta N xol 1 O meviaywvou £oTtl

the side of the cube." (Which is) the very thing it was
required to show.

Proposition 16

To construct an icosahedron, and to enclose (it) in a
sphere, like the aforementioned figures, and to show that
the side of the icosahedron is that irrational (straight-
line) called minor.

D

A C B

Let the diameter AB of the given sphere be laid out,
and let it have been cut at C' such that AC is four times
CB [Prop. 6.10]. And let the semi-circle AD B have been
drawn on AB. And let the straight-line C' D have been
drawn from C' at right-angles to AB. And let DB have
been joined. And let the circle EFGHK be set down,
and let its radius be equal to DB. And let the equilat-
eral and equiangular pentagon EFGHK have been in-
scribed in circle EFGHK [Prop. 4.11]. And let the cir-
cumferences EF, FG, GH, HK, and K E have been cut
in half at points L, M, N, O, and P (respectively). And
let LM, MN, NO, OP, PL, and EP have been joined.
Thus, pentagon LM NOP is also equilateral, and EP (is)
the side of the decagon (inscribed in the circle). And let
the straight-lines EQ, FR, GS, HT, and KU, which are
equal to the radius of circle EFGH K, have been set up
at right-angles to the plane of the circle, at points E, F,
G, H, and K (respectively). And let QR, RS, ST, TU,
UQ,QL, LR, RM,MS,SN, NT, TO,OU, UP, and PQ
have been joined.

And since EQ and KU are each at right-angles to the
same plane, EQ is thus parallel to KU [Prop. 11.6]. And
it is also equal to it. And straight-lines joining equal and
parallel (straight-lines) on the same side are (themselves)
equal and parallel [Prop. 1.33]. Thus, QU is equal and
parallel to EK. And EK (is the side) of an equilateral
pentagon (inscribed in circle EFGHK). Thus, QU (is)
also the side of an equilateral pentagon inscribed in circle
EFGHK. So, for the same (reasons), QR, RS, ST, and
TU are also the sides of an equilateral pentagon inscribed
in circle FFGHK. Pentagon QRSTU (is) thus equilat-

927



YTOIXEIOQN wy”.

ELEMENTS BOOK 13

mhevpd. €ot 8¢ xal ) IIYT mevtaydvou: iodmhevpov dpa
g¢otl 10 IIOT tplywvov. Sud t& adtd 81 Xl ExacTov THY
ITAP, PMY, ¥NT, TEY iocénmievpdv Eotty. ol ETEl mev-
Taywvou €delydn exatépa tasv IIA, I1IO, Eon 8¢ xal f AO
TEVTOY(OVOU, iodmheupov dpa £oti to ITAO tplywvov. 8id
o adTd O xol Exoactov v APM, MYXN, NTE, ET0
TELYOVOY IGOTAEUPOY EGTV.

P II
A
7 E
N { 0]
X
o
d
H v K
PN T
N =
©
T

EiMpdw 16 xévtpov 100 EZHOK x0xhou 10 ® onuciov:
%ol 1o 00 P 16 Tol wxhov EmnEdw nedg 6p0dc dveoTdt
N ®Q, xal exBefriodw énl ta Etepa uéen bg N PV, xal
apnerode eZaydvou pev i) X, Sexorydvou 8¢ Exatépa TEBY
oW, XQ, xal éneledydwoay oi I12, IIX, TQ, E®, A, AV,
WM.

Kot énel exatépa tév X, IIE 6 10U nOxhov Emmnédw
Tpo¢ 6p0de Eoty, mapdhiniog dpa eotiv ) X tfj IIE. eiol
oe xol Toow xal ol E®, IIX dpa Toou te ol mopdhiniol
glow. e€aywvou B¢ 1) E®- é€aydvou dpa xai 7 IIX. xal
gnel €€aydvou pév eotv N IIX, dexaydvou 8¢ f X(, xal
6p0n Eotv 1) Umo IIXQ yovia, nevtaydvou dea Eotiv 1)
TI2. Bud T o tar /1) ol 1) T meviaywvou Eotly, Eneldnnep,

eral. And side QF is (the side) of a hexagon (inscribed
in circle FFGHK), and EP (the side) of a decagon, and
(angle) QEP is a right-angle, thus QP is (the side) of a
pentagon (inscribed in the same circle). For the square
on the side of a pentagon is (equal to the sum of) the
(squares) on (the sides of) a hexagon and a decagon in-
scribed in the same circle [Prop. 13.10]. So, for the same
(reasons), PU is also the side of a pentagon. And QU
is also (the side) of a pentagon. Thus, triangle QPU is
equilateral. So, for the same (reasons), (triangles) QLR,
RMS, SNT, and TOU are each also equilateral. And
since QL and QP were each shown (to be the sides) of a
pentagon, and LP is also (the side) of a pentagon, trian-
gle QLP is thus equilateral. So, for the same (reasons),
triangles LRM, MSN, NTO, and OUP are each also
equilateral.
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Let the center, point V, of circle EFGH K have been
found [Prop. 3.1]. And let VZ have been set up, at
(point) V, at right-angles to the plane of the circle. And
let it have been produced on the other side (of the cir-
cle), like VX. And let VW have been cut off (from X7
so as to be equal to the side) of a hexagon, and each of
VX and WZ (so as to be equal to the side) of a decagon.
AndletQZ,QW,UZ, EV, LV, LX, and X M have been
joined.

And since VW and QFE are each at right-angles
to the plane of the circle, VW is thus parallel to QF
[Prop. 11.6]. And they are also equal. EV and QW are
thus equal and parallel (to one another) [Prop. 1.33].
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And EV (is the side) of a hexagon. Thus, QW (is) also
(the side) of a hexagon. And since QW is (the side) of
a hexagon, and WZ (the side) of a decagon, and angle
QW Z is a right-angle [Def. 11.3, Prop. 1.29], QZ is thus
(the side) of a pentagon [Prop. 13.10]. So, for the same
(reasons), U Z is also (the side) of a pentagon—inasmuch
as, if we join VK and WU then they will be equal and
opposite. And V K, being (equal) to the radius (of the cir-
cle), is (the side) of a hexagon [Prop. 4.15 corr.]. Thus,
WU (is) also the side of a hexagon. And W Z (is the side)
of a decagon, and (angle) UW Z (is) a right-angle. Thus,
UZ (is the side) of a pentagon [Prop. 13.10]. And QU
is also (the side) of a pentagon. Triangle QU Z is thus
equilateral. So, for the same (reasons), each of the re-
maining triangles, whose bases are the straight-lines QR,
RS, ST, and TU, and apexes the point 7, are also equi-
lateral. Again, since V'L (is the side) of a hexagon, and
VX (the side) of a decagon, and angle LV X is a right-
angle, L X is thus (the side) of a pentagon [Prop. 13.10].
So, for the same (reasons), if we join MV, which is (the
side) of a hexagon, M X is also inferred (to be the side)
of a pentagon. And LM is also (the side) of a pentagon.
Thus, triangle LM X is equilateral. So, similarly, it can
be shown that each of the remaining triangles, whose
bases are the (straight-lines) M N, NO, OP, and PL,
and apexes the point X, are also equilateral. Thus, an
icosahedron contained by twenty equilateral triangles has
been constructed.

So, it is also necessary to enclose it in the given
sphere, and to show that the side of the icosahedron is
that irrational (straight-line) called minor.

For, since VW is (the side) of a hexagon, and WZ
(the side) of a decagon, VZ has thus been cut in ex-
treme and mean ratio at W, and VW is its greater piece
[Prop. 13.9]. Thus, as ZV isto VW, so VW (is) to W Z.
And VW (is) equal to VE, and WZ to VX. Thus, as
ZV isto VE, so EV (is) to VX. And angles ZV F and
EV X are right-angles. Thus, if we join straight-line FZ
then angle X £Z will be a right-angle, on account of the
similarity of triangles X EZ and VEZ. [Prop. 6.8]. So,
for the same (reasons), since as ZV is to VW, so VW
(is) to WZ, and ZV (is) equal to XW, and VW to WQ,
thus as XW is to W@, so QW (is) to WZ. And, again,
on account of this, if we join QX then the angle at @ will
be a right-angle [Prop. 6.8]. Thus, the semi-circle drawn
on X Z will also pass through @ [Prop. 3.31]. And if XZ
remains fixed, and the semi-circle is carried around, and
again established at the same (position) from which it
began to be moved, then it will also pass through (point)
@, and (through) the remaining (angular) points of the
icosahedron. And the icosahedron will have been en-
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closed by a sphere. So, I say that (it is) also (enclosed)
by the given (sphere). For let VW have been cut in half
at a. And since the straight-line V' Z has been cut in ex-
treme and mean ratio at W, and ZW is its lesser piece,
then the square on ZW added to half of the greater piece,
Wa, is five times the (square) on half of the greater piece
[Prop. 13.3]. Thus, the (square) on Za is five times the
(square) on aW. And Z X is double Za, and VW double
aW. Thus, the (square) on ZX is five times the (square)
on WV. And since AC is four times CB, AB is thus
five times BC. And as AB (is) to BC, so the (square)
on AB (is) to the (square) on BD [Prop. 6.8, Def. 5.9].
Thus, the (square) on AB is five times the (square) on
BD. And the (square) on ZX was also shown (to be)
five times the (square) on VWW. And DB is equal to VIV.
For each of them is equal to the radius of circle FEFGHK.
Thus, AB (is) also equal to X Z. And AB is the diameter
of the given sphere. Thus, X 7 is equal to the diameter
of the given sphere. Thus, the icosahedron has been en-
closed by the given sphere.

So, I say that the side of the icosahedron is that irra-
tional (straight-line) called minor. For since the diameter
of the sphere is rational, and the square on it is five times
the (square) on the radius of circle EFGH K, the radius
of circle FFGHK is thus also rational. Hence, its di-
ameter is also rational. And if an equilateral pentagon
is inscribed in a circle having a rational diameter then
the side of the pentagon is that irrational (straight-line)
called minor [Prop. 13.11]. And the side of pentagon
EFGHK is (the side) of the icosahedron. Thus, the side
of the icosahedron is that irrational (straight-line) called
minor.

Corollary

So, (it is) clear, from this, that the square on the di-
ameter of the sphere is five times the square on the ra-
dius of the circle from which the icosahedron has been
described, and that the the diameter of the sphere is the
sum of (the side) of the hexagon, and two of (the sides)
of the decagon, inscribed in the same circle.

T If the radius of the sphere is unity then the radius of the circle is 2//5, and the sides of the hexagon, decagon, and pentagon/icosahedron are

2/4/5,1 —1/+/5,and (1/v/5) /10 — 2/5, respectively.
L.

Awdexdedpov cuothoacon xol opaipa tepthoBely, f ol
TO TpOELPNUEVA Oy AT, xol Set€an, &TL 1 ToD Bwdexaédpou
TAeLEA BNOYOC EOTIV 1) XOUNOLPEVY] ATOTOUN.

Proposition 17

To construct a dodecahedron, and to enclose (it) in a
sphere, like the aforementioned figures, and to show that
the side of the dodecahedron is that irrational (straight-
line) called an apotome.
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Let two planes of the aforementioned cube [Prop.
13.15], ABCD and CBEF, (which are) at right-angles
to one another, be laid out. And let the sides AB, BC,
CD, DA, EF, EB, and FC have each been cut in half at
points G, H, K, L, M, N, and O (respectively). And let
GK, HL, MH, and NO have been joined. And let NP,
PO, and HQ have each been cut in extreme and mean
ratio at points R, S, and T (respectively). And let their
greater pieces be RP, PS, and T'Q (respectively). And
let RU, SV, and TW have been set up on the exterior
side of the cube, at points R, S, and T (respectively), at
right-angles to the planes of the cube. And let them be
made equal to RP, PS, and TQ. And let UB, BW, W(C,
CV, and VU have been joined.

I say that the pentagon U BWCYV is equilateral, and
in one plane, and, further, equiangular. For let RB, SB,
and V B have been joined. And since the straight-line N P
has been cut in extreme and mean ratio at R, and RP is
the greater piece, the (sum of the squares) on PN and
NR is thus three times the (square) on RP [Prop. 13.4].
And PN (is) equal to NB, and PR to RU. Thus, the
(sum of the squares) on BN and NR is three times the
(square) on RU. And the (square) on BR is equal to
the (sum of the squares) on BN and NR [Prop. 1.47].
Thus, the (square) on BR is three times the (square) on
RU. Hence, the (sum of the squares) on BR and RU
is four times the (square) on RU. And the (square) on
BU is equal to the (sum of the squares) on BR and RU
[Prop. 1.47]. Thus, the (square) on BU is four times the
(square) on UR. Thus, BU is double RU. And VU is also
double UR, inasmuch as SR is also double P R—that is
to say, RU. Thus, BU (is) equal to UV. So, similarly, it
can be shown that each of BW, W, CV is equal to each
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of BU and UV. Thus, pentagon BUV CW is equilateral.
So, I say that it is also in one plane. For let PX have
been drawn from P, parallel to each of RU and SV, on
the exterior side of the cube. And let X H and HW have
been joined. I say that X HW is a straight-line. For since
HQ has been cut in extreme and mean ratio at 7', and
QT is its greater piece, thus as HQ is to QT', so QT (is)
to TH. And HQ (is) equal to HP, and QT to each of
TW and PX. Thus, as HP is to PX, so WT (is) to
TH. And HP is parallel to TW. For of each of them is
at right-angles to the plane BD [Prop. 11.6]. And TH
(is parallel) to PX. For each of them is at right-angles
to the plane BF [Prop. 11.6]. And if two triangles, like
XPH and HTW, having two sides proportional to two
sides, are placed together at a single angle such that their
corresponding sides are also parallel then the remaining
sides will be straight-on (to one another) [Prop. 6.32].
Thus, X H is straight-on to HW. And every straight-line
is in one plane [Prop. 11.1]. Thus, pentagon UBW CV is
in one plane.

So, I say that it is also equiangular.

For since the straight-line N P has been cut in extreme
and mean ratio at R, and PR is the greater piece [thus as
the sum of NP and PR isto PN, so NP (is) to PR], and
PR (is) equal to PS [thus as SN is to NP, so NP (is) to
PS], NS has thus also been cut in extreme and mean
ratio at P, and NP is the greater piece [Prop. 13.5].
Thus, the (sum of the squares) on NS and SP is three
times the (square) on NP [Prop. 13.4]. And NP (is)
equal to NB, and PS to SV. Thus, the (sum of the)
squares on NS and SV is three times the (square) on
N B. Hence, the (sum of the squares) on V.S, SN, and
N B is four times the (square) on NB. And the (square)
on SB is equal to the (sum of the squares) on SN and
N B [Prop. 1.47]. Thus, the (sum of the squares) on BS
and SV—that is to say, the (square) on BV [for angle
VSB (is) a right-angle]—is four times the (square) on
NB [Def. 11.3, Prop. 1.47]. Thus, VB is double BN.
And BC (is) also double BN. Thus, BV is equal to BC.
And since the two (straight-lines) BU and UV are equal
to the two (straight-lines) BW and WC' (respectively),
and the base BV (is) equal to the base BC, angle BUV
is thus equal to angle BWC [Prop. 1.8]. So, similarly, we
can show that angle UV C is equal to angle BWC'. Thus,
the three angles BWC, BUV, and UV C are equal to one
another. And if three angles of an equilateral pentagon
are equal to one another then the pentagon is equiangu-
lar [Prop. 13.7]. Thus, pentagon BUV CW is equiangu-
lar. And it was also shown (to be) equilateral. Thus, pen-
tagon BUV CW is equilateral and equiangular, and it is
on one of the sides, BC, of the cube. Thus, if we make the

532



YTOIXEIOQN wy”.

ELEMENTS BOOK 13

o dpa dmo tév NX, YO tpinhdold ot tob dno tiic NO.
Ton 8¢ 1 pev NX tf] UQ, énednnep xol 1 pév NO tfj OQ
gorwv Tom, 1 6 YO 1§ OX. dhha uny xol ) OX fj U, énel
xol i PO- & dipa émo tésv Q¥ UY tpimhdoid éotl ol amo
tfic NO. 10i¢ 8¢ ano v Q¥, ¥Y {oov éotl 10 anod Tiic T
T0 dpa dno tfic T tpinhdoldy eott 10b anod tfic NO. ot
Be xal 1) €x ToD xévtpou Tijc ogalpas tfic tepthauBavolong
Tov xUBov duvduel Tpimhaciny Tiic Nwoelog tfic ToD xOBou
TAevpdic: TEodEdEXTAL Y xVBoV cuoTthoacBar xal opalpa
nepthoBely xal Sei&ou, 6Tl N Tfic opalpas Siduetpog Buvduet
TetmAaciev 0Tl Tij TAeupdc Tol x0Bou. €l 8¢ OAN Tiic OANg,
xoll ] Huloewa tic fuwoelog: xof éotv i) NO fuioeia thic tod
x0Bou mhevpdic: N dpa T2 Ton éotl Tf] €x 100 xévipou Tiic
ogalpoc tic mepthauPBavoiong tov x0Bov. xal ot 0
xévtpov Tfic ogalpoc Tiic mepthauPBavoiong Tov xOBov: To
T Gpo onueiov mpdg Tfj Empavela Eotl Tfic opalpag. ouolng
on deilouev, 6Tl xal ExAOTN TGV AOINESY YOGV TOU dw-
Bexaédpou Tpog T Empavela EoTl Tig opalpac: teplelAnmTon
Gpo TO Bwdexagdpov Tf] Sodelor opalpa.

Aéyo O, 611 1) ToD Bedexédpou mAeupd dhoYoE EoTI
1) XOAOLPEVT] ATOTOU.

"Enel ydp tijc NO dxpov xal y€oov Aoyov TETUNUEVNS TO
uetlov tufjud éotv 6 PO, tijc 8¢ OZ dxpov xal yécov hdyov
TeTUNUéVNC TO pellov tufjud oty 1) O, éAng dpo tfic N2
Gxpov %ol péoov Aoyov Teuvouévne To Uetlov Tufjud oty 1
PX. [olov énel éotv d¢ 1) NO npoc v OP, 7 OP npoc thv
PN, xal t& SimAdotar ta ydp péen tolg iodxic toAhaniaciolc
oV adTov Exel Aoyov: w¢ dpa ) NE npog v P, obtwe 1)
PY mpoc ouvaugdtepov v NP, XE. peilwv 6 ) N2 tiic
PY- pellwv dpo ol /i PY cuvaugotépou tiic NP, X2 7§ N2
Bpor Bxpov xal péoov Aoyov tétunton, ol to peillov adtiic
Tufiud oty 1 PX.] Ton 8¢ | PE tfi Y- tiic dpa NZ dxpov
xal péoov Aoyov tepvouévng to ueilov tufjud éotv | TO.
xal Enel ot oty Tiic ogalpac SidueTtpog xal EoTL Buvdpel
teimhaciov tic Tob x0Bou mhevpdic, Nty dpa Eotlv ) NE
Thevpd oboo Tob xUPBou. Edv B¢ ENTN yeouun dxpov xol
péoov Aoyov tundij, Exdtepov TEHV TUNUATWY GAOYOS E0TLY
dnotouy.

H TP dpa nhevpd oo t00 dwdexagdpou Ehoyog EaTiy
dnotouy.

same construction on each of the twelve sides of the cube
then some solid figure contained by twelve equilateral
and equiangular pentagons will have been constructed,
which is called a dodecahedron.

So, it is necessary to enclose it in the given sphere,
and to show that the side of the dodecahedron is that
irrational (straight-line) called an apotome.

For let X P have been produced, and let (the produced
straight-line) be X Z. Thus, PZ meets the diameter of the
cube, and they cut one another in half. For, this has been
proved in the penultimate theorem of the eleventh book
[Prop. 11.38]. Let them cut (one another) at Z. Thus,
Z is the center of the sphere enclosing the cube, and Z P
(is) half the side of the cube. So, let U Z have been joined.
And since the straight-line V.S has been cut in extreme
and mean ratio at P, and its greater piece is NP, the
(sum of the squares) on NS and SP is thus three times
the (square) on NP [Prop. 13.4]. And NS (is) equal to
X Z, inasmuch as NP is also equal to PZ, and XP to
PS. But, indeed, PS (is) also (equal) to XU, since (it
is) also (equal) to RP. Thus, the (sum of the squares)
on ZX and XU is three times the (square) on NP. And
the (square) on UZ is equal to the (sum of the squares)
on ZX and XU [Prop. 1.47]. Thus, the (square) on UZ
is three times the (square) on NP. And the square on
the radius of the sphere enclosing the cube is also three
times the (square) on half the side of the cube. For it
has previously been demonstrated (how to) construct the
cube, and to enclose (it) in a sphere, and to show that
the square on the diameter of the sphere is three times
the (square) on the side of the cube [Prop. 13.15]. And
if the (square on the) whole (is three times) the (square
on the) whole, then the (square on the) half (is) also
(three times) the (square on the) half. And NP is half
of the side of the cube. Thus, UZ is equal to the radius
of the sphere enclosing the cube. And Z is the center of
the sphere enclosing the cube. Thus, point U is on the
surface of the sphere. So, similarly, we can show that
each of the remaining angles of the dodecahedron is also
on the surface of the sphere. Thus, the dodecahedron has
been enclosed by the given sphere.

So, I say that the side of the dodecahedron is that
irrational straight-line called an apotome.

For since RP is the greater piece of NP, which has
been cut in extreme and mean ratio, and PS is the
greater piece of PO, which has been cut in extreme and
mean ratio, RS is thus the greater piece of the whole
of NO, which has been cut in extreme and mean ratio.
[Thus, since as NP is to PR, (so) PR (is) to RN, and
(the same is also true) of the doubles. For parts have the
same ratio as similar multiples (taken in corresponding
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order) [Prop. 5.15]. Thus, as NO (is) to RS, so RS (is)
to the sum of NR and SO. And NO (is) greater than
RS. Thus, RS (is) also greater than the sum of NR and
SO [Prop. 5.14]. Thus, NO has been cut in extreme and
mean ratio, and RS is its greater piece.] And RS (is)
equal to UV. Thus, UV is the greater piece of NO, which
has been cut in extreme and mean ratio. And since the
diameter of the sphere is rational, and the square on it
is three times the (square) on the side of the cube, NO,
which is the side of the cube, is thus rational. And if
a rational (straight)-line is cut in extreme and mean ra-
tio then each of the pieces is the irrational (straight-line
called) an apotome.

Thus, UV, which is the side of the dodecahedron,
is the irrational (straight-line called) an apotome [Prop.
13.6].

Corollary

So, (it is) clear, from this, that the side of the dodeca-
hedron is the greater piece of the side of the cube, when
it is cut in extreme and mean ratio.” (Which is) the very
thing it was required to show.

T If the radius of the circumscribed sphere is unity then the side of the cube is y/4/3, and the side of the dodecahedron is (1/3) (v/15 — v/3).

.

T thevpdc @V tévte oyNudtwy éxdéodar xol cuyxgiv-
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‘Exxeloto 1 tijc dovelong ogaipoc diduetpog f AB, xol
tetpfoto xatd 1o I' dote Tony eivan v AL ] I'B, xorta 8¢
0 A &ote dimhactova elvon v AA tfic AB, xol yeypdpdw
éni tfic AB fuucixhov 10 AEB, xol dno @y I', A tff AB
Tpoc 6pYdc Hydwoayv ol I'E, AZ, xai éneledydwoay ol AZ,
ZB, EB. xal énel OumAf] éotiv i AA tfic AB, teumhij Spo
gotlv 1} AB tijc BA. dvaoteédavtt fuoila dea oty /i BA
tfic AA. @¢ 8¢ ) BA npog v AA, obtwg to dno tijc BA

Proposition 18

To set out the sides of the five (aforementioned) fig-
ures, and to compare (them) with one another.?

G
E
N
A K C DL B

Let the diameter, AB, of the given sphere be laid out.
And let it have been cut at C, such that AC is equal to
CB, and at D, such that AD is double DB. And let the
semi-circle AEB have been drawn on AB. And let CE
and DF have been drawn from C and D (respectively),
at right-angles to AB. And let AF, F'B, and EB have
been joined. And since AD is double DB, AB is thus
triple BD. Thus, via conversion, BA is one and a half
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times AD. And as BA (is) to AD, so the (square) on
BA (is) to the (square) on AF' [Def. 5.9]. For triangle
AF B is equiangular to triangle AF' D [Prop. 6.8]. Thus,
the (square) on BA is one and a half times the (square)
on AF. And the square on the diameter of the sphere is
also one and a half times the (square) on the side of the
pyramid [Prop. 13.13]. And AB is the diameter of the
sphere. Thus, AF' is equal to the side of the pyramid.

Again, since AD is double DB, AB is thus triple BD.
And as AB (is) to BD, so the (square) on AB (is) to the
(square) on BF [Prop. 6.8, Def. 5.9]. Thus, the (square)
on AB is three times the (square) on BF. And the square
on the diameter of the sphere is also three times the
(square) on the side of the cube [Prop. 13.15]. And AB
is the diameter of the sphere. Thus, BF is the side of the
cube.

And since AC is equal to CB, AB is thus double BC.
And as AB (is) to BC, so the (square) on AB (is) to the
(square) on BE [Prop. 6.8, Def. 5.9]. Thus, the (square)
on AB is double the (square) on BE. And the square
on the diameter of the sphere is also double the (square)
on the side of the octagon [Prop. 13.14]. And AB is the
diameter of the given sphere. Thus, BE is the side of the
octagon.

So let AG have been drawn from point A at right-
angles to the straight-line AB. And let AG be made equal
to AB. And let GC have been joined. And let HK have
been drawn from H, perpendicular to AB. And since GA
is double AC. For GA (is) equal to AB. And as GA (is)
to AC, so HK (is) to KC [Prop. 6.4]. HK (is) thus also
double KC'. Thus, the (square) on H K is four times the
(square) on KC. Thus, the (sum of the squares) on HK
and KC, which is the (square) on HC [Prop. 1.47], is
five times the (square) on KC. And HC (is) equal to C'B.
Thus, the (square) on BC (is) five times the (square) on
CK. And since AB is double CB, of which AD is double
DB, the remainder BD is thus double the remainder DC.
BC (is) thus triple CD. The (square) on BC (is) thus
nine times the (square) on C'D. And the (square) on BC
(is) five times the (square) on CK. Thus, the (square)
on CK (is) greater than the (square) on CD. CK is thus
greater than C'D. Let CL be made equal to CK. And
let LM have been drawn from L at right-angles to AB.
And let M B have been joined. And since the (square) on
BC is five times the (square) on CK, and AB is double
BC, and KL double CK, the (square) on AB is thus five
times the (square) on K L. And the square on the diam-
eter of the sphere is also five times the (square) on the
radius of the circle from which the icosahedron has been
described [Prop. 13.16 corr.]. And AB is the diameter
of the sphere. Thus, KL is the radius of the circle from
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which the icosahedron has been described. Thus, KL is
(the side) of the hexagon (inscribed) in the aforemen-
tioned circle [Prop. 4.15 corr.]. And since the diameter of
the sphere is composed of (the side) of the hexagon, and
two of (the sides) of the decagon, inscribed in the afore-
mentioned circle, and AB is the diameter of the sphere,
and KL the side of the hexagon, and AK (is) equal to
LB, thus AK and LB are each sides of the decagon in-
scribed in the circle from which the icosahedron has been
described. And since LB is (the side) of the decagon.
And ML (is the side) of the hexagon—for (it is) equal to
KL, since (it is) also (equal) to H K, for they are equally
far from the center. And HK and KL are each double
KC. MB is thus (the side) of the pentagon (inscribed
in the circle) [Props. 13.10, 1.47]. And (the side) of the
pentagon is (the side) of the icosahedron [Prop. 13.16].
Thus, M B is (the side) of the icosahedron.

And since F'B is the side of the cube, let it have been
cut in extreme and mean ratio at /N, and let N B be the
greater piece. Thus, N B is the side of the dodecahedron
[Prop. 13.17 corr.].

And since the (square) on the diameter of the sphere
was shown (to be) one and a half times the square on the
side, AF, of the pyramid, and twice the square on (the
side), BE, of the octagon, and three times the square
on (the side), F'B, of the cube, thus, of whatever (parts)
the (square) on the diameter of the sphere (makes) six,
of such (parts) the (square) on (the side) of the pyramid
(makes) four, and (the square) on (the side) of the oc-
tagon three, and (the square) on (the side) of the cube
two. Thus, the (square) on the side of the pyramid is one
and a third times the square on the side of the octagon,
and double the square on (the side) of the cube. And the
(square) on (the side) of the octahedron is one and a half
times the square on (the side) of the cube. Therefore,
the aforementioned sides of the three figures—I mean, of
the pyramid, and of the octahedron, and of the cube—
are in rational ratios to one another. And (the sides
of) the remaining two (figures)—I mean, of the icosahe-
dron, and of the dodecahedron—are neither in rational
ratios to one another, nor to the (sides) of the aforemen-
tioned (three figures). For they are irrational (straight-
lines): (namely), a minor [Prop. 13.16], and an apotome
[Prop. 13.17].

(And), we can show that the side, M B, of the icosahe-
dron is greater that the (side), N B, or the dodecahedron,
as follows.

For, since triangle FDB is equiangular to triangle
F'AB [Prop. 6.8], proportionally, as DB is to BF, so BF
(is) to BA [Prop. 6.4]. And since three straight-lines are
(continually) proportional, as the first (is) to the third,
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so the (square) on the first (is) to the (square) on the
second [Def. 5.9, Prop. 6.20 corr.]. Thus, as DB is to
BA, so the (square) on DB (is) to the (square) on BF.
Thus, inversely, as AB (is) to BD, so the (square) on
F'B (is) to the (square) on BD. And AB (is) triple BD.
Thus, the (square) on F'B (is) three times the (square)
on BD. And the (square) on AD is also four times the
(square) on DB. For AD (is) double DB. Thus, the
(square) on AD (is) greater than the (square) on F'B.
Thus, AD (is) greater than F' B. Thus, AL is much greater
than FFB. And KL is the greater piece of AL, which is
cut in extreme and mean ratio—inasmuch as LK is (the
side) of the hexagon, and K A (the side) of the decagon
[Prop. 13.9]. And N B is the greater piece of F'B, which
is cut in extreme and mean ratio. Thus, K L (is) greater
than NB. And KL (is) equal to LM. Thus, LM (is)
greater than NB [and M B is greater than LM]. Thus,
M B, which is (the side) of the icosahedron, is much
greater than N B, which is (the side) of the dodecahe-
dron. (Which is) the very thing it was required to show.

1 If the radius of the given sphere is unity then the sides of the pyramid (i.e., tetrahedron), octahedron, cube, icosahedron, and dodecahedron,

respectively, satisfy the following inequality: 1/8/3 > v2 > \/4/3 > (1/v/5) V10 — 2/5 > (1/3) (V15 — v/3).
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So, I say that, beside the five aforementioned figures,
no other (solid) figure can be constructed (which is) con-
tained by equilateral and equiangular (planes), equal to
one another.

For a solid angle cannot be constructed from two tri-
angles, or indeed (two) planes (of any sort) [Def. 11.11].
And (the solid angle) of the pyramid (is constructed)
from three (equiangular) triangles, and (that) of the oc-
tahedron from four (triangles), and (that) of the icosahe-
dron from (five) triangles. And a solid angle cannot be
(made) from six equilateral and equiangular triangles set
up together at one point. For, since the angles of a equi-
lateral triangle are (each) two-thirds of a right-angle, the
(sum of the) six (plane) angles (containing the solid an-
gle) will be four right-angles. The very thing (is) impos-
sible. For every solid angle is contained by (plane angles
whose sum is) less than four right-angles [Prop. 11.21].
So, for the same (reasons), a solid angle cannot be con-
structed from more than six plane angles (equal to two-
thirds of a right-angle) either. And the (solid) angle of
a cube is contained by three squares. And (a solid angle
contained) by four (squares is) impossible. For, again, the
(sum of the plane angles containing the solid angle) will
be four right-angles. And (the solid angle) of a dodec-
ahedron (is contained) by three equilateral and equian-
gular pentagons. And (a solid angle contained) by four
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(equiangular pentagons is) impossible. For, the angle of
an equilateral pentagon being one and one-fifth of right-
angle, four (such) angles will be greater (in sum) than
four right-angles. The very thing (is) impossible. And,
on account of the same absurdity, a solid angle cannot
be constructed from any other (equiangular) polygonal
figures either.

Thus, beside the five aforementioned figures, no other
solid figure can be constructed (which is) contained by
equilateral and equiangular (planes). (Which is) the very
thing it was required to show.

A

Lemma

It can be shown that the angle of an equilateral and
equiangular pentagon is one and one-fifth of a right-
angle, as follows.

For let ABCDE be an equilateral and equiangular
pentagon, and let the circle ABC DFE have been circum-
scribed about it [Prop. 4.14]. And let its center, F', have
been found [Prop. 3.1]. And let FA, FB, FC, FD,
and FE have been joined. Thus, they cut the angles
of the pentagon in half at (points) A, B, C, D, and FE
[Prop. 1.4]. And since the five angles at F' are equal (in
sum) to four right-angles, and are also equal (to one an-
other), (any) one of them, like AF B, is thus one less a
fifth of a right-angle. Thus, the (sum of the) remaining
(angles in triangle ABF'), FAB and ABF, is one plus a
fifth of a right-angle [Prop. 1.32]. And F'AB (is) equal
to FBC. Thus, the whole angle, ABC, of the pentagon
is also one and one-fifth of a right-angle. (Which is) the
very thing it was required to show.
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