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Definitions
1. Any rectangular parallelogram is said to be con-
tained by the two straight-lines containing the right-
angle.
2. And in any parallelogrammic figure, let any one
whatsoever of the parallelograms about its diagonal,
(taken) with its two complements, be called a gnomon.

Proposition 17

If there are two straight-lines, and one of them is cut
into any number of pieces whatsoever, then the rectangle
contained by the two straight-lines is equal to the (sum
of the) rectangles contained by the uncut (straight-line),
and every one of the pieces (of the cut straight-line).

A

B D E C

G

K L H

F

Let A and BC be the two straight-lines, and let BC'
be cut, at random, at points D and F. I say that the rect-
angle contained by A and BC' is equal to the rectangle(s)
contained by A and BD, by A and DF, and, finally, by A
and EC.

For let BF' have been drawn from point B, at right-
angles to BC [Prop. 1.11], and let BG be made equal
to A [Prop. 1.3], and let GH have been drawn through
(point) G, parallel to BC [Prop. 1.31], and let DK, FL,
and C H have been drawn through (points) D, E, and C
(respectively), parallel to BG [Prop. 1.31].

So the (rectangle) BH is equal to the (rectangles)
BK, DL,and EH. And BH is the (rectangle contained)
by A and BC. For it is contained by GB and BC, and BG
(is) equal to A. And BK (is) the (rectangle contained) by
A and BD. For it is contained by GB and BD, and BG
(is) equal to A. And DL (is) the (rectangle contained) by
A and DE. For DK, that is to say BG [Prop. 1.34], (is)
equal to A. Similarly, EH (is) also the (rectangle con-
tained) by A and FC. Thus, the (rectangle contained)
by A and BC is equal to the (rectangles contained) by A
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€deL detlou. and BD, by A and DF, and, finally, by A and EC.

Thus, if there are two straight-lines, and one of them
is cut into any number of pieces whatsoever, then the
rectangle contained by the two straight-lines is equal
to the (sum of the) rectangles contained by the uncut
(straight-line), and every one of the pieces (of the cut
straight-line). (Which is) the very thing it was required
to show.

T This proposition is a geometric version of the algebraic identity: a (b +c+d+---) =ab+ac+ad+---.

B Proposition 21
"Eav ebdeta ypouun tundfi, Gg étuyeyv, 1o Uno tfic dhng If a straight-line is cut at random then the (sum of
%ol EXATEPOL TEV TUNUATOY Tepleyduevoy 6pdoymviov ioov  the) rectangle(s) contained by the whole (straight-line),
gotl 16 ano Tiic GANG TETRAYOVL. and each of the pieces (of the straight-line), is equal to

the square on the whole.

A T B A C B

A 7 E D F E

Eddeta yop | AB tetuiodw, o¢ €tuyev, xatd to I For let the straight-line AB have been cut, at random,
onueiov: Myw, otL t0 Lnd v AB, BI' nepieyduevov at point C. I say that the rectangle contained by AB and
opdoydviov petd tol Und BA, AT mepeyouévou 6pdo- BC, plus the rectangle contained by BA and AC, is equal

yoviou Toov €oti 16 dno tfic AB tetpaydve. to the square on AB.

Avayeypdpdo ydp ano tfic AB tetpdywvov 16 AAEB, For let the square ADFE B have been described on AB
xol Aydw Si1d 1ol I' omotépa v AA, BE nopdiinioc 7} [Prop. 1.46], and let CF' have been drawn through C,
VA parallel to either of AD or BE [Prop. 1.31].

Toov 8% €éoti 0 AE toic AZ, TE. xai éon w0 pev AE So the (square) AF is equal to the (rectangles) AF

10 and tfic AB tetpdywvov, 1o 8¢ AZ 1o Ono v BA, and CE. And AF is the square on AB. And AF (is) the

AT mepieyduevov dploydviov: epéyetor pev yap Lo tiv  rectangle contained by the (straight-lines) BA and AC.

AA, AT, lon 8¢ f} AA tfj AB* 10 8¢ I'E 10 Uno tév AB, For it is contained by DA and AC, and AD (is) equal to

BI'- ion yap f) BE tfj AB. 10 dpa Uno tev BA, AT petd AB. And CFE (is) the (rectangle contained) by AB and

0D Uno t&v AB, BT Toov éotl 16 and tfic AB tetpaydvew. BC. For BE (is) equal to AB. Thus, the (rectangle con-

"Edav dpo evdeior ypopun tundi, d¢ €tuyev, 16 Uno tfic  tained) by BA and AC, plus the (rectangle contained) by

SANG wall ExorTépou THV TUNUdTLY Tepieyduevoy opdoywviov  AB and BC, is equal to the square on AB.

{oov 0Tl 16 ano Tfic 6ANng TeTpay vy Onep EdeL BETE L. Thus, if a straight-line is cut at random then the (sum
of the) rectangle(s) contained by the whole (straight-
line), and each of the pieces (of the straight-line), is equal
to the square on the whole. (Which is) the very thing it
was required to show.

o1
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T This proposition is a geometric version of the algebraic identity: ab+ ac= a2 ifa =b+c.

Y.

‘Edv e00cia ypaupn tundfi, oc étuyey, T o T 6ANg
%ol EVOG TBY TUNUdTLY Tepleyduevoy 6pdoymvioy loov €Tl
T Te UMO TEV TUNPATWY TEQLEYOUEVY OpToywviey ol T&
4no 1ol MEOELENUEVOL TUARATOS TETEAY VY.

A I B

Z A E

Eodeio yap | AB tetuiodw, oc Etuyev, xatd to I
Myw, 6t 1o o v AB, BI' nepieyduevov dptoydviov
{oov €oti 16 1€ Uo v AT, I'B nepieyopéve dpdoywvin
petd tob and tiic BI' tetparyddvou.

Avayeypdpdw yap dno tiic I'B tetpdywvov 10 TAEB,
xal Sy dw N EA énl 10 Z, xal 61& 10D A omotépa tév I'A,
BE nogddinhoc Yiydw 1 AZ. ioov 87 éott 10 AE tolc AA,
I'E- xoi éott 160 pev AE 16 Ono t@v AB, BT nepieydpevov
opdoydviov: mepléyetan uev yap bro v AB, BE, Tor 8¢ 7)
BE tfj BI' 76 8¢ AA 10 Ono w@&v AL, I'B- Ton yap /| AT
tfj I'B- 0 8¢ AB 10 dno tfic I'B tetpdywvov: 10 oo U1o
v AB, BI' nepieydpevov 6pdoyiviov loov éotl 16 OTO
@v AT, I'B nepieyopéve oploynvie yetd tob dno tiic BI'
TETPAYDOVOU.

‘Edv dpa e0deia ypouun tundij, d¢ étuyev, 10 Ono tfic
OANC %ol EVOC TGV TUNUATLY TEPLEYOUEVOVY 6pdoydviov loov
€otl 16 e UNO TEBY TUNUATWY TEPLEYOUEVL 6pF0ymViey xal
T8 Amod Tol MEoEENUEVOU TUNUUTOS TETPAY MV 6Tep €0l
OeiEan.

Proposition 3f

If a straight-line is cut at random then the rectangle
contained by the whole (straight-line), and one of the
pieces (of the straight-line), is equal to the rectangle con-
tained by (both of) the pieces, and the square on the
aforementioned piece.

A C B

F D E

For let the straight-line AB have been cut, at random,
at (point) C. I say that the rectangle contained by AB
and BC is equal to the rectangle contained by AC and
CB, plus the square on BC.

For let the square C DE B have been described on CB
[Prop. 1.46], and let ED have been drawn through to
F, and let AF have been drawn through A, parallel to
either of CD or BE [Prop. 1.31]. So the (rectangle) AE
is equal to the (rectangle) AD and the (square) CE. And
AFE is the rectangle contained by AB and BC. For it is
contained by AB and BE, and BF (is) equal to BC. And
AD (is) the (rectangle contained) by AC and C'B. For
DC (is) equal to CB. And DB (is) the square on CB.
Thus, the rectangle contained by AB and BC is equal to
the rectangle contained by AC and CB, plus the square
on BC.

Thus, if a straight-line is cut at random then the rect-
angle contained by the whole (straight-line), and one of
the pieces (of the straight-line), is equal to the rectangle
contained by (both of) the pieces, and the square on the
aforementioned piece. (Which is) the very thing it was
required to show.

T This proposition is a geometric version of the algebraic identity: (a + b) a = a b + a®.

0.

‘Edav edtelo ypouur, tundfj, dg étuyev, 10 ano tfic
O\ne TeETEdYWVOY ooV EoTl TOlC TE Gno TEV TUNUATWY Te-
TEAYWVOLS X0l T8 Ol LTTO TEV TUNUATWY Tepleyopéve oplo-

Proposition 4

If a straight-line is cut at random then the square
on the whole (straight-line) is equal to the (sum of the)
squares on the pieces (of the straight-line), and twice the
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Eodeio yap yeouun f AB tetuiodw, ¢ Etuyev, xatd
0 I'. Méyw, 611 10 dno tfic AB tetpdywvov loov ol toic
te 4no v AT', I'B tetpaydvolc xai 16 Sl o tev AT,
I'B nepieyouévey 6p00ymvie.

Avayeypdpdw yap ano tfic AB tetpdywvov 10 AAEB,
xal éneletydw H BA, xai 8 ygv 100 I' onotépa t@v AA,
EB napdhinioc Yiydw 1 I'Z, 814 8¢ 1ot H onotépa tésv AB,
AE nopdhinioc iydw f OK. xai énel noapdhhnhoc oty 1
I'Z i AA, ol eic adtdg éunéntoxey ) BA, f éxtog ywvia
7 o T'HB Tom éotl tfj €vtog xol drevavtiov tf) Undo AAB.
AN 1 o AAB tf] Und ABA éotwy Tor, énel xal mheupd 1)
BA tfj AA éotwv lon® xal 7 Ono T'HB &po yewvid tfj bno HBI
goty Ton dote ol mhevpd N BI' mhevpd tfj I'H éotv Ton:
A\’ 1y pev I'B tff HK éotwv Ton. 7 8¢ I'H tfj KB* xai 1 HK
Gpa ] KB oty o iodmheupov dpa éott 10 I'HKB. AMéyw
oM, 6Tl xal 6pfoymviov. €mel yap mopdhAniéc oty 1} I'H
f] BK [xol eic adtdc eunéntoxey eddeio i I'B], ol dpo Untd
KBI', HI'B ywviaw 800 6ploic ciow foon. el 8¢ # Uno
KBTI 6p07 dpo xal 7 bno BI'H: &ote xal ol dmevavtiov
ai bmo 'HK, HKB épdal eiowv. éploywviov dpa €otl 10
I'HKB- belydn 8¢ xal iodmAcupov: teTpdywvov dpo EoTiv:
xai oty anod tfic I'B. dia 1o ad T 81 %ol 10 OZ teTtpdyvoy
gotv: xof éotwy dnod tiic OH, toutéotiv [Amd] tiic Al <&
Gpa OZ, KI' tetpdywva dno tév AL, I'B eiow. xal énel
loov €01l T0 AH 6 HE, xoi éott t0 AH t0 Ono tév AT,
I'B: Ton yap H HI' tfj I'B* xat 16 HE dpoa ioov éotl 16
ono Al I'B- <& dpo AH, HE Too éotl 16 dic Onod v
AT, I'B. got 8¢ xal & ©Z, I'K tetpdywva dno tév Al
I'B- <& dpa téooapa w0 ©Z, 'K, AH, HE oo éoti tolc T€
ano v ALY, I'B tetpaydvoig xal w6 Sl bno w@ésv AL, I'B
TEplE)OéVe Gploywviw. dAAd ta ©Z, I'K, AH, HE 8hov
¢otl 10 AAEB, ¢ éotwv ano tiic AB tetpdywvov: to dpa
ano tiic AB tetpdywvov loov éotl tolg te dnod @y Al
I'B tetpaydvole xal 16 dlc Und tév AL, I'B mepieyopéve
6p00Y0ViE.

‘Eav dpa e0deia ypouun tundij, d¢ €tuyev, 10 ano tfic
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rectangle contained by the pieces.

A C B
H G K
D F E

For let the straight-line AB have been cut, at random,
at (point) C. I say that the square on AB is equal to
the (sum of the) squares on AC' and C'B, and twice the
rectangle contained by AC and C'B.

For let the square ADFE B have been described on AB
[Prop. 1.46], and let BD have been joined, and let CF
have been drawn through C, parallel to either of AD or
EB [Prop. 1.31], and let HK have been drawn through
G, parallel to either of AB or DF [Prop. 1.31]. And since
CF is parallel to AD, and BD has fallen across them, the
external angle CGB is equal to the internal and opposite
(angle) ADB [Prop. 1.29]. But, ADB is equal to ABD,
since the side BA is also equal to AD [Prop. 1.5]. Thus,
angle CGB is also equal to GBC. So the side BC is
equal to the side CG [Prop. 1.6]. But, C'B is equal to
GK, and CG to K B [Prop. 1.34]. Thus, GK is also equal
to K B. Thus, CGK B is equilateral. So I say that (it is)
also right-angled. For since C'G is parallel to BK [and the
straight-line C'B has fallen across them], the angles K BC'
and GC B are thus equal to two right-angles [Prop. 1.29].
But K BC (is) a right-angle. Thus, BCG (is) also a right-
angle. So the opposite (angles) CGK and GK B are also
right-angles [Prop. 1.34]. Thus, CGK B is right-angled.
And it was also shown (to be) equilateral. Thus, it is a
square. And it is on CB. So, for the same (reasons),
HF is also a square. And it is on HG, that is to say [on]
AC [Prop. 1.34]. Thus, the squares HF' and KC are
on AC and CB (respectively). And the (rectangle) AG
is equal to the (rectangle) GE [Prop. 1.43]. And AG is
the (rectangle contained) by AC and C'B. For GC' (is)
equal to CB. Thus, GF is also equal to the (rectangle
contained) by AC and C'B. Thus, the (rectangles) AG
and GFE are equal to twice the (rectangle contained) by
AC and CB. And HF and CK are the squares on AC
and CB (respectively). Thus, the four (figures) HF, CK,
AG, and GEFE are equal to the (sum of the) squares on
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O\ne TeETEdYWVOY ooV EoTl TOlC Te dno TEV TUNUATWY Te-
TEAYWVOLS X0l T8 Ol LTTO TEV TUNUATWY Tepleyopéve opdo-
yoviw: énep Edel Oellou.

AC and BC, and twice the rectangle contained by AC
and CB. But, the (figures) HF, CK, AG, and GE are
(equivalent to) the whole of ADF B, which is the square
on AB. Thus, the square on AB is equal to the (sum
of the) squares on AC and C'B, and twice the rectangle
contained by AC and CB.

Thus, if a straight-line is cut at random then the
square on the whole (straight-line) is equal to the (sum
of the) squares on the pieces (of the straight-line), and
twice the rectangle contained by the pieces. (Which is)
the very thing it was required to show.

T This proposition is a geometric version of the algebraic identity: (a + b)2 = a? + b2 +2ab.

o
‘Edv e0deia ypouur tundij eic loa xol dvica, 16 OTo TV
aviowv tfic GANG TUNUATEVY TepleyOUEVOY OpTOYMVIOY YETA
ol dnd tiic uetadh @V Toudv TeTpAYOVOU loov éotl TE
ano tic Huloelog TeETEAYWVE.

A " A B

AP
E H Z

Eddeio ydp 1 f AB tetpiolo eig uyev foo xatd 1o
I, cic 8¢ dvica xatd T A* Aéyw, 6L o Uno v AA, AB
Tepley Opevov 6pdoydviov petd tob ano tiic IA tetpaydvou
loov éotl 18 anod tfic I'B tetpaydve.

Avayeypdpdw yap dno tfic I'B tetpdywvov 10 I'EZB,
xal éneledydo N BE, xol did pév 100 A onotépa t@v I'E,
BZ mapdhinroc Aydw 1 AH, dx 8¢ tol © onotépa iV
AB, EZ nopdiinhoc néhw ydo 7 KM, xail méhwy Sié tob A
onotépq tev I'A, BM nopdhinioc iydw f AK. xol énel ioov
¢otl 10 I'O nopoamhipwua 6 OZ mupamANeOUTL, XOWOV
npooxeloVw 10 AM:- dhov dpa 10 I'M éhw 6 AZ loov
gotlv. dAA& t0 I'M 13 AA Toov €otly, énel xol 7 A
I'B éouv Ton xai 10 AA 8po 16 AZ loov €otiv. xowov
npooxeiodw 10 'O dhov dpa 10 AO 16 MNET yvduow
{oov éotiv. A& T0 AO 16 Onod v AA, AB oty Tom
voo i AO tff AB: xat 6 MNE 8po yvouwy loog ot 6
0o AA, AB. xowov npooxeiodn to AH, 6 éotwv loov 6
ano tiic FA- 6 Gpo MNE yvouwv xol 10 AH loa éotl 16
Ono v AA, AB mepleyouéve dptoywvie xol 6 dno tiic

K M

Proposition 5

If a straight-line is cut into equal and unequal (pieces)
then the rectangle contained by the unequal pieces of the
whole (straight-line), plus the square on the (difference)
between the (equal and unequal) pieces, is equal to the
square on half (of the straight-line).

A C D B
19
I/H \\
A M
N g
K LN
E G F

For let any straight-line AB have been cut—equally at
C, and unequally at D. I say that the rectangle contained
by AD and DB, plus the square on CD, is equal to the
square on C'B.

For let the square C EF' B have been described on CB
[Prop. 1.46], and let BE have been joined, and let DG
have been drawn through D, parallel to either of CFE or
BF [Prop. 1.31], and again let KM have been drawn
through H, parallel to either of AB or EF [Prop. 1.31],
and again let AK have been drawn through A, parallel to
either of CL or BM [Prop. 1.31]. And since the comple-
ment C'H is equal to the complement HF [Prop. 1.43],
let the (square) DM have been added to both. Thus,
the whole (rectangle) CM is equal to the whole (rect-
angle) DF. But, (rectangle) C M is equal to (rectangle)
AL, since AC is also equal to CB [Prop. 1.36]. Thus,
(rectangle) AL is also equal to (rectangle) DF'. Let (rect-
angle) CH have been added to both. Thus, the whole
(rectangle) AH is equal to the gnomon NOP. But, AH

54
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A tetpayddve. dhie 6 MNZ yvouwy xat 1o AH éhov éotl
| ; g 3 NP N
10 I'EZB tetpdywvov, 6 €éottv ano tiic I'B- 10 dpa Ono té&v
AA, AB mnepieyduevov dptoymviov yetd tod ano tfic I'A

TeTPAYOVOL Toov £oTl T8 and tiic I'B tetparydve.

‘Edv oo ebdeio ypouun tundfj eic oo xal dvica, 16 o
6V dvicwv Tiic OAne TuNUdTeY TEpeydUuevoy dpltoymdvioy
HETA TOU Gmo Tiic YeTadh TEV TopdsY TeTpay®vou ooy €otl
6 anod tiic Nuloelag teTpay®ve. Onep Edet SelEou.

is the (rectangle contained) by AD and DB. For DH
(is) equal to DB. Thus, the gnomon NOP is also equal
to the (rectangle contained) by AD and DB. Let LG,
which is equal to the (square) on C'D, have been added to
both. Thus, the gnomon NOP and the (square) LG are
equal to the rectangle contained by AD and DB, and the
square on C'D. But, the gnomon NOP and the (square)
LG is (equivalent to) the whole square C EF B, which is
on C'B. Thus, the rectangle contained by AD and DB,
plus the square on C'D, is equal to the square on C'B.

Thus, if a straight-line is cut into equal and unequal
(pieces) then the rectangle contained by the unequal
pieces of the whole (straight-line), plus the square on the
(difference) between the (equal and unequal) pieces, is
equal to the square on half (of the straight-line). (Which
is) the very thing it was required to show.

 Note the (presumably mistaken) double use of the label M in the Greek text.

* This proposition is a geometric version of the algebraic identity: a b + [(a + b)/2 — b]? = [(a + b)/2]3.

7.

‘Edav eddelo yoopur tundf diya, npootedf] 6¢ tic adTi
ebdelo en” eblelag, 1O UnO Tiic OANg oLV Tfj Tpooxeévn xol
tfic npooxeévne nepleyduevov 6pB6yOVIOY YeTd ToD Ao
tfic Nuioelac tetpaydvou foov €Tl 16 dno tic cuyxewévne
&x Te tfic Noelag xol Tfic TPOOKEWEVNS TETPAYWVE.

A I B A

K M

E H Z

Eddeta ydp tic § AB teturiode diyo xatd 16 I' onucioy,
npooxeloVw 6¢ Tic adtf) eddela én’ edleloc | BA- Aéyow,
6t 10 OO v AA, AB mepieydupevov éptoydviov YeTd
tob ano tiic I'B tetpaydvou Toov éott 16 dno tiic TA te-
TEAY V.

Avayeypdpdw yap ano tiic IA tetpdywvov 10 TEZA,
xal éneledydow N AE, xol dd pév 1ol B onuelouv omotépa
v EI', AZ nogdAnhoc fiydw 7 BH, dua 8¢ o0 © onueiou
onotépa v AB, EZ nopddinhoc Yydw 7 KM, xal €t 8
ol A omotépy eV I'A, AM nopddinhoc Ayde 1 AK.

‘Enel obv Ton éotiv /| AT tfj I'B, Toov éott xai 16 AA
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Proposition 6

If a straight-line is cut in half, and any straight-line
added to it straight-on, then the rectangle contained by
the whole (straight-line) with the (straight-line) having
being added, and the (straight-line) having being added,
plus the square on half (of the original straight-line), is
equal to the square on the sum of half (of the original
straight-line) and the (straight-line) having been added.

A C B D

E G F

For let any straight-line AB have been cut in half at
point C, and let any straight-line B D have been added to
it straight-on. I say that the rectangle contained by AD
and DB, plus the square on CB, is equal to the square
on CD.

For let the square CEFD have been described on
CD [Prop. 1.46], and let DE have been joined, and
let BG have been drawn through point B, parallel to
either of EC or DF [Prop. 1.31], and let KM have
been drawn through point H, parallel to either of AB
or EF [Prop. 1.31], and finally let AK have been drawn
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6 I'O. @& 16 I'O 16 OZ Toov otlv. xal 10 AA Spa 16
OZ gotuv loov. xowov mpooxeioVw to I'M- dhov dpa to
AM 13 NEO yvouovi éotwy Toov. dAAd 10 AM éoti 10 OO
v AA, AB- Ton ydp éotv 1 AM tff AB: xai 6 NZO &pa
YVOPLY loog ¢otl 6 Und 6y AA, AB [nepieyouéve dpdo-
yoviw]. xowdv tpooxelotn 10 AH, & éotw Toov 18 dnod
tfic BI' tetpaytdve: 1o Gpo o tév AA, AB nepieyduevov
6pdoyoviov yeta 1ol dno tfic I'B tetpaydvou loov éotl
% NZO yvopow xal 6 AH. ddda 6 NEO yvoduwv ol
w0 AH 6hov éotl 10 TEZA tetpdywvoyv, 6 éotv dnd tiic
A 10 8pa Ono tév AA, AB rnepieydpevov optoydviov
petd tob ano tfic I'B tetpaydvou loov €otl 16 dno tfic A
TETPAYOVE).

‘Eav dpa e0deio yoopun tundf] diya, mpootedf] 8¢ Tic
aOTf] ebdelo én” ebldelog, T0 OO Tiic 6Ang obv Tfj mpo-
oxewévy) xal Tfic mpooxewévne nepleyduevoy opltdymvioy
petd tob ano tfic Huloelag tetpaywvou ioov €otl ¢ Ao
tfic ouyxeévne éx te tfic Nuoeloc xol Tfic Tpooxewwévne
TETPAY OV Omep E0eL BETCan.

through A, parallel to either of C'L or DM [Prop. 1.31].
Therefore, since AC' is equal to CB, (rectangle) AL is
also equal to (rectangle) CH [Prop. 1.36]. But, (rectan-
gle) CH is equal to (rectangle) HF [Prop. 1.43]. Thus,
(rectangle) AL is also equal to (rectangle) HF'. Let (rect-
angle) C'M have been added to both. Thus, the whole
(rectangle) AM is equal to the gnomon NOP. But, AM
is the (rectangle contained) by AD and DB. For DM is
equal to DB. Thus, gnomon NOP is also equal to the
[rectangle contained] by AD and DB. Let LG, which
is equal to the square on BC, have been added to both.
Thus, the rectangle contained by AD and DB, plus the
square on CB, is equal to the gnomon NOP and the
(square) LG. But the gnomon NOP and the (square)
LG is (equivalent to) the whole square C EF D, which is
on CD. Thus, the rectangle contained by AD and DB,
plus the square on CB, is equal to the square on C'D.
Thus, if a straight-line is cut in half, and any straight-
line added to it straight-on, then the rectangle contained
by the whole (straight-line) with the (straight-line) hav-
ing being added, and the (straight-line) having being
added, plus the square on half (of the original straight-
line), is equal to the square on the sum of half (of the
original straight-line) and the (straight-line) having been
added. (Which is) the very thing it was required to show.

T This proposition is a geometric version of the algebraic identity: (2 a + b) b+ a? = (a + b)2.

Z.

‘Edv e00cia ypaupn tundfi, dc étuyey, To ano tfig 6Ang
%ol TO G EVOC TEHV TUNUATOY TA CUVAUPOTEQO TETEA YWV
loa €otl 18 te Olg UTo Tfic 6Ang xol Tol eipnuévou TuRuaToC
TEPLEYOUEVR dpVoywViw xal T dno ol Aoimol turuotog
TETPAYOVE).

B

I

A N E

Eddeta ydp tic | AB tetpiodw, dc étuyey, xota to I
onueiov: Aéyw, 6t ta ano v AB, BI' tetpdywva loa €0l
16 te dlg Uno t@v AB, BI nepleyouéve opdoywviw xal té

56

Proposition 77

If a straight-line is cut at random then the sum of
the squares on the whole (straight-line), and one of the
pieces (of the straight-line), is equal to twice the rectan-
gle contained by the whole, and the said piece, and the
square on the remaining piece.

A C B
L.

H kA —1F

D N E

For let any straight-line AB have been cut, at random,
at point C. I say that the (sum of the) squares on AB and
BC is equal to twice the rectangle contained by AB and
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ano tfic I'A tetpay®ve.

Avayeypdpdw yap dno tfic AB tetpdywvov 10 AAEB-
xail xotayeypdpin o oyfjua.

‘Enel oliv loov o1l 10 AH 6 HE, xowov npooxeiotn
10 I'Z- 6hov dpa 10 AZ 6he 16 T'E Toov éotiv: td dpa
AZ, TE duthdotd ot tob AZ. dia to AZ, TE 6 KAM
goTl Yvouwy xol 1o I'Z tetpdywvov: 6 KAM 8pa yvouwmy
xoll 10 I'Z dimhdoid éott To AZ. Eott 8¢ ol AZ dinhdolov
xal to Slc Unod v AB, BI™ Torn yap | BZ tfj BI™ 6 dpa
KAM yvépwy xal 10 I'Z tetpdywvov Toov éotl 16 Sic U
v AB, BI'. xowov npooxeicdw 10 AH, 6 éotv dno tiic
AT tetpdywvov: 6 8pa KAM yvoduwyv xot t¢ BH, HA
tetpdywva too otl 16 e dig Uno ey AB, BI' nepieyopéve
opYoymvie xol w6 dno tiic AT tetpaydve. dis 6 KAM
yvoumy xol o BH, HA tetpdywvo 6hov éoti 16 AAEB xai
10 I'Z, & éotwv ano tév AB, BT tetpdywvar té dpa dnd tév
AB, BT tetpdywva loa éoti 16 [te] dic Unod tév AB, BT
TEPLEYOUEVR 6pdoywview uetd ol dnod tiic AL tetpaywvou.

‘Edav dpa evldela ypauun tundf], oc E€tuyev, 1o &no
tfic OANg xal TO P’ EVOC TEV TUNUATWY TA CUVOUPOTERX
tetpdywva foa €otl ¢ Te dlic LWO Thic 6Ang xol ToU
elpnuévou TuAuaToc mepleyouéve dptoywviw xal T Ao
toU hotnol tuAuaToC TeTpay Ve Onep Edel BETEaL.

BC, and the square on C'A.

For let the square ADE B have been described on AB
[Prop. 1.46], and let the (rest of) the figure have been
drawn.

Therefore, since (rectangle) AG is equal to (rectan-
gle) GE [Prop. 1.43], let the (square) C'F have been
added to both. Thus, the whole (rectangle) AF' is equal
to the whole (rectangle) CE. Thus, (rectangle) AF plus
(rectangle) C'FE is double (rectangle) AF. But, (rectan-
gle) AF plus (rectangle) C'F is the gnomon K LM, and
the square C'F. Thus, the gnomon K LM, and the square
CF, is double the (rectangle) AF. But double the (rect-
angle) AF is also twice the (rectangle contained) by AB
and BC. For BF (is) equal to BC. Thus, the gnomon
K LM, and the square C'F, are equal to twice the (rect-
angle contained) by AB and BC. Let DG, which is
the square on AC, have been added to both. Thus, the
gnomon K LM, and the squares BG and GD, are equal
to twice the rectangle contained by AB and BC, and the
square on AC. But, the gnomon K LM and the squares
BG and GD is (equivalent to) the whole of ADFEB and
CF, which are the squares on AB and BC' (respectively).
Thus, the (sum of the) squares on AB and BC is equal
to twice the rectangle contained by AB and BC, and the
square on AC.

Thus, if a straight-line is cut at random then the sum
of the squares on the whole (straight-line), and one of
the pieces (of the straight-line), is equal to twice the rect-
angle contained by the whole, and the said piece, and the
square on the remaining piece. (Which is) the very thing
it was required to show.

T This proposition is a geometric version of the algebraic identity: (a + b)? 4+ a? = 2 (a + b) a + b>.

n.

‘Edv e0dcta yoopuun tundf], og étuyey, to teTedNg UTo
tfic 6Ang %ol EVOC TEV TUNUATWY TEPLEYOUEVOY OpToymVIoY
petd tod dmo tol Aownol tuApatoc TeTpaydvou ooy ol
6 and te tfic 6Ang xal tob eipnuévou tuAuaTOC GO Ao
WLBIS VALY PAPEVTL TETPAY V.

Eddeta ydp tic § AB tetuiodw, dg Etuyev, xatd to
I' onuetov: Myw, 6t 10 tetpdne Ond v AB, BIN ne-
plexopevoy oploymviov petd tob dno tijic AN tetpaywvou
loov €oti 16 ano tfic AB, BI' &¢ ano wdc dvaypopévtt
TETPAYOVE).

Expefrioto yap en’ eddeloc [tfj AB e0dela] /) BA,
xal xeloVw tfj I'B Ton | BA, xol dvayeypdgdn dnod tiic
AA tetpdywvoy 10 AEZA, xol xatoryeypd@de dimholy 1o
oxfpo.

Proposition 8f

If a straight-line is cut at random then four times the
rectangle contained by the whole (straight-line), and one
of the pieces (of the straight-line), plus the square on the
remaining piece, is equal to the square described on the
whole and the former piece, as on one (complete straight-
line).

For let any straight-line AB have been cut, at random,
at point C. I say that four times the rectangle contained
by AB and BC, plus the square on AC, is equal to the
square described on AB and BC, as on one (complete
straight-line).

For let BD have been produced in a straight-line
[with the straight-line AB], and let BD be made equal
to C'B [Prop. 1.3], and let the square AEF'D have been
described on AD [Prop. 1.46], and let the (rest of the)
figure have been drawn double.

o7
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‘Enel obv Ton éotiv 7 I'B fj BA, d\Ad 7 pev I'B 1ff HK
gorwv Tom, N 8¢ BA tfj KN, xoi 7} HK dpa tfj KN éotwv Ton.
da T adta /1 xol M) IIP tf] PO &otwv Tom. xol énel Tom €otiv
n BI' ) BA, 7 8¢ HK <jj KN, loov dpa €otl xol t0 pev
'K 6 KA, 0 8¢ HP 1@ PN. &a 10 'K 16 PN oty
Toov' napamineduata yap ot I'O mapahAnhoypdupou: xol
0 KA dpa w6 HP Toov éotiv: ta téooapa dpa to AK, 'K,
HP, PN oo dAAnhoic éotlv. td téooupa dpa TeTpAmAdoLd
¢ot 100 I'K. ndhwv énel Torn éotlv /) I'B tff BA, dAha 7 pev
BA tfj BK, toutéot tfj I'H Tom, 7 8¢ I'B tj] HK, toutéott
tfj HII, éotwv Ton, xol ) I'H dpa fj HII Ton €otiv. xal émel
Ton éotiv 1y uev I'H <fj HII, 7 8¢ IIP tfj PO, ioov €01l ol 10
pev AH 6 MII, <0 8¢ ITA 16 PZ. d\ha to MII w63 ITA oty
loov- napanAnpeoduota ydp tol MA mapalhnioypduuou: xal
w0 AH 8pa 16 PZ Toov éotiv: ta téooopa dpa tao AH, MII,
ITA, PZ loa dAAhrowc €otiv: o téocapa dpo tol AH éott
tetpanidota. €delyUn B¢ xai t& téooapa o 'K, KA, HP,
PN 10% I'K tetpanidoiar té& dpa 6x16d, & neptéyet tov ETT
yvouova, tetpanidold éott 100 AK. xal énel 10 AK 10 Ono
v AB, BA éotwv Ton yap /) BK tfj BA* 16 dpa tetpdic
Ono v AB, BA tetpanhdowdy ot tol AK. €delydrn O
toU AK tetpanhdoiog xat 6 XTY yvduwy: t6 dpa tetpdnie
Ono v AB, BA Toov éotl 16 ETY yvduovt. xowov npo-
oxelodw 10 20, 6 ot loov 16 dno tiic Al tetpaydve: 10
Gpa TeTpdxic OO TEV AB, BA mepieydpevov 6pdoydviov
petd ol dno AL tetpaydvou loov éott 6 TY yvouow
xol t6 Z20. aAhd 6 TT yvouwy xol 10 20 6hov €oTl T0
AEZA tetpdywvoyv, 6 ot ano tiic AA" 1o dpa teTpdnie
ono v AB, BA peta o0 ano Al loov éoti 16 dno AA
tetpaywve lon 8¢ f) BA tfj BI'. 10 dpa tetpdnuc mo tév
AB, BI' nepieydpevov éploynviov petd tob dno AL te-
Tpay@vou foov éoTl ¢ ano Tiic AA, TouTtéoTt 6 Ao Tiic
AB xol BI' d¢ dmo widic dvory papévTt TETpory hve.

‘Edv Gpa evdelo ypaupt tundi, dg Etuyey, T0 TeTRdNIC
0o tic 6ANG 1ol EVOC TEBY TUNUETWY TEple Ouevoy 6pBoY -
VIOV UeTd ToD dno tol hotnol tufpatog TeTpaydvou ioou
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Therefore, since C'B is equal to BD, but CB is equal
to GK [Prop. 1.34], and BD to KN [Prop. 1.34], GK is
thus also equal to K'N. So, for the same (reasons), QR is
equal to RP. And since BC is equal to BD, and GK to
KN, (square) CK is thus also equal to (square) K D, and
(square) GR to (square) RN [Prop. 1.36]. But, (square)
CK is equal to (square) RN. For (they are) comple-
ments in the parallelogram CP [Prop. 1.43]. Thus,
(square) KD is also equal to (square) GR. Thus, the
four (squares) DK, CK, GR, and RN are equal to one
another. Thus, the four (taken together) are quadruple
(square) CK. Again, since CB is equal to BD, but BD
(is) equal to BK—that is to say, CG—and CB is equal
to G K—that is to say, GQ—CG is thus also equal to GQ.
And since CG is equal to GQ, and QR to RP, (rectan-
gle) AG is also equal to (rectangle) M@, and (rectangle)
QL to (rectangle) RF [Prop. 1.36]. But, (rectangle) MQ
is equal to (rectangle) QL. For (they are) complements
in the parallelogram M L [Prop. 1.43]. Thus, (rectangle)
AG is also equal to (rectangle) RF'. Thus, the four (rect-
angles) AG, M(Q, QL, and RF are equal to one another.
Thus, the four (taken together) are quadruple (rectan-
gle) AG. And it was also shown that the four (squares)
CK, KD, GR, and RN (taken together are) quadruple
(square) CK. Thus, the eight (figures taken together),
which comprise the gnomon STU, are quadruple (rect-
angle) AK. And since AK is the (rectangle contained)
by AB and BD, for BK (is) equal to BD, four times the
(rectangle contained) by AB and BD is quadruple (rect-
angle) AK. But the gnomon STU was also shown (to
be equal to) quadruple (rectangle) AK. Thus, four times
the (rectangle contained) by AB and BD is equal to the
gnomon STU. Let OH, which is equal to the square on
AC, have been added to both. Thus, four times the rect-
angle contained by AB and BD, plus the square on AC,
is equal to the gnomon ST'U, and the (square) OH. But,
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gotl 16 and te tfic OAng xal Tol elpnuévou TUAHATOS GOC
Amo WLlic GvorypaPEVTL TETEAY WV dnep Edel Betlot.

the gnomon STU and the (square) OH is (equivalent to)
the whole square AEF D, which is on AD. Thus, four
times the (rectangle contained) by AB and BD, plus the
(square) on AC, is equal to the square on AD. And BD
(is) equal to BC. Thus, four times the rectangle con-
tained by AB and BC, plus the square on AC, is equal to
the (square) on AD, that is to say the square described
on AB and BC, as on one (complete straight-line).

Thus, if a straight-line is cut at random then four times
the rectangle contained by the whole (straight-line), and
one of the pieces (of the straight-line), plus the square
on the remaining piece, is equal to the square described
on the whole and the former piece, as on one (complete
straight-line). (Which is) the very thing it was required
to show.

T This proposition is a geometric version of the algebraic identity: 4 (a + b) a + b% = [(a + b) + a]?.

V.

‘Edav ebdeio ypouun tundf] eic oo xal &vico, ta dmo
Y avicwv Tfic 6Anc TUNUTLY TETEdYwva BITAdoLd €0t
ToU Te dnod Tiic Nuoelog xal Tol dnd Tiic YeTadl TEHY ToUBV
TETPAYDOVOU.

E

H

A I A B

Eddeio ydp tc /| AB tetpiolo eig uyev foo xatd 1o
I, €ic 8¢ Gvioa xatd t0 A* Aéyw, 6Tt o ano 16y AA, AB
TETPAY VO AAGoLd 0Tt TGV And ey ALY, TA tetpaydvov.

"Hydw yap dnod b I' tfj AB npoc épdac | T'E, xoi
xeloVo Ton exatépa tév ALY, I'B, xal éneletydwoay ol EA,
EB, »oi 81& yev 100 A tfj EI' napdhiniog fiydw 1 AZ, di&
oe 100 Z tfj AB 7 ZH, xol énelevydw f AZ. xol énel {on
¢otiv | Al tfj I'E, Ton éoti xai 7 Uno EAT yovio tfj Ono
AET. xol émel 6p01) €éotv 1) mpog @ I', hourwod Gpor ol OO
EAT, AED wa 6p0f loaw eiolv: xai eiow loou Auloeia dpa
6p0fic Eotv Exatépa ey no 'EA, TAE. dla t& adtda o
xal exatépa ey o EB, EBI fuiceid éotv 6pdiic: 6An
Gpa 1) bno AEB 6p01 éottv. ol énel ) Uno HEZ fuloeid
gotwv 6p0ic, 6p0n 8¢ 1 bno EHZ: Ton ydp ot Tf] €vtog xol
anevavtiov tf] bno EI'B- Aounn Gpa 1 Uno EZH fuiceld oty
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Proposition 97

If a straight-line is cut into equal and unequal (pieces)
then the (sum of the) squares on the unequal pieces of the
whole (straight-line) is double the (sum of the) square
on half (the straight-line) and (the square) on the (dif-
ference) between the (equal and unequal) pieces.

E

A C D B

For let any straight-line AB have been cut—equally at
C, and unequally at D. I say that the (sum of the) squares
on AD and DB is double the (sum of the squares) on AC
and CD.

For let CE have been drawn from (point) C, at right-
angles to AB [Prop. 1.11], and let it be made equal to
each of AC and CB [Prop. 1.3], and let £A and EB
have been joined. And let DF have been drawn through
(point) D, parallel to EC [Prop. 1.31], and (let) FG
(have been drawn) through (point) F, (parallel) to AB
[Prop. 1.31]. And let AF have been joined. And since
AC is equal to C'E, the angle FAC is also equal to the
(angle) AEC [Prop. 1.5]. And since the (angle) at C' is
a right-angle, the (sum of the) remaining angles (of tri-
angle AEC), EAC and AFEC, is thus equal to one right-
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6pWic: Tom dpa [otiv] 1) Und HEZ yevia 1 bnd EZH: dote
xal mhevpd ) EH tff HZ ot Ton. ndhwv énel ) mpog w6 B
yovio Nuioeld oty dpific, opdn 8¢ 1) o ZAB- Ton yap
A €0l Tf] Evtog xol dnevavtiov tf] Uno EI'B- houny) dpa
7 Uno BZA fuloeid éotv 6pdfic: Ton dpa 1 mpoc 16 B ywvia
] Uno AZB- dote xal mhevpd 1} ZA mievpd tfj AB oty
Tom. xol énel lon éotlv ) AT <fj I'E, Toov éotl xal 10 ano AT’
16 ano I'E- ta dpa dno tév AL, I'E tetpdywva Sinidold
gott ToU ano AT toic 8¢ dno t&v AT, I'E Toov €otl 10 and
tfic EA tetpdywvov: 601 yop N bno ATE ywvie to dpa
ano tiic EA Sunhdoidv éoti tol ano tiic AL ndwy, énet {on
¢otlv ) EH ] HZ, Toov xol 10 dnd tijc EH 18 dno tfic HZ-
& Gpo ano tév EH, HZ tetpdywva dithdotd éott tol dnod
tfic HZ tetpayddvou. toic 8¢ ano tév EH, HZ tetpaydvolc
loov éotl 10 ano tfic EZ tetpdywvov: 16 dpo anod tiic EZ
teTpdywvov Binthdoldy Eotl tol ano tiic HZ. lon 8¢ 7 HZ
tfj FA* 16 8pa dno tfic EZ Sinhdoidv eoti 100 dno tfic TA.
got 8¢ xol 0 ano tijic EA dunhdotov tob dno tiic AT ta
Gpa amo eV AE, EZ tetpdywve SinAdold EoTt T&Y Ao TéV
AT, TA tetpaydvwy. tolc 8¢ dnd tév AE, EZ Toov éoti
T0 ano tiic AZ tetpdywvov 6pdN Ydp €otwv f o AEZ
yovior 10 dpa ano tfic AZ teTpdywvov BITAGoLOY EoTL TEY
ano wasv Al TA. 16 8¢ dno tfic AZ loa t& ano v AA,
A7 6p07 yap 1 teog 6 A ywviar T dpat o tév AA, AZ
dimhdotd Eott @V ano v AT, TA tetpoydvwy. on 8¢ 7
AZ fy AB- ta& 8po dno t@v AA, AB tetpdywva Simhdotd
got @V ano v AL, TA tetpdydvwy.

"Edv dpa e0deio ypouun tundf eic loo xal dvioa, to dno
BV dvicwv tfic 6ANe Tunudtey TeTEdywva BitAdod €T
ToU te dnod Tijc Nuioelog xal Tol dnd Tiic YeTall TEHY ToUBV
TETPAYVOU" ETER EDEL DETE L.

angle [Prop. 1.32]. And they are equal. Thus, (angles)
CEA and CAF are each half a right-angle. So, for the
same (reasons), (angles) CEB and EBC are also each
half a right-angle. Thus, the whole (angle) AEB is a
right-angle. And since GEF is half a right-angle, and
EGF (is) a right-angle—for it is equal to the internal and
opposite (angle) EC B [Prop. 1.29]—the remaining (an-
gle) EFG is thus half a right-angle [Prop. 1.32]. Thus,
angle GEF [is] equal to EFG. So the side EG is also
equal to the (side) GF [Prop. 1.6]. Again, since the an-
gle at B is half a right-angle, and (angle) FDB (is) a
right-angle—for again it is equal to the internal and op-
posite (angle) EC' B [Prop. 1.29]—the remaining (angle)
BF D is half a right-angle [Prop. 1.32]. Thus, the angle at
B (is) equal to DF B. So the side F'D is also equal to the
side DB [Prop. 1.6]. And since AC is equal to C'E, the
(square) on AC (is) also equal to the (square) on CFE.
Thus, the (sum of the) squares on AC and CF is dou-
ble the (square) on AC. And the square on F'A is equal
to the (sum of the) squares on AC and CE. For angle
ACE (is) a right-angle [Prop. 1.47]. Thus, the (square)
on FA is double the (square) on AC. Again, since EG
is equal to GF, the (square) on EG (is) also equal to
the (square) on GF. Thus, the (sum of the squares) on
EG and GF is double the square on GF'. And the square
on EF is equal to the (sum of the) squares on EG and
GF [Prop. 1.47]. Thus, the square on EF is double the
(square) on GF. And GF' (is) equal to CD [Prop. 1.34].
Thus, the (square) on E'F' is double the (square) on C'D.
And the (square) on E A is also double the (square) on
AC. Thus, the (sum of the) squares on AE and EF is
double the (sum of the) squares on AC and C'D. And
the square on AF is equal to the (sum of the squares)
on AE and EF. For the angle AFEF is a right-angle
[Prop. 1.47]. Thus, the square on AF' is double the (sum
of the squares) on AC and C'D. And the (sum of the
squares) on AD and DF (is) equal to the (square) on
AF. For the angle at D is a right-angle [Prop. 1.47].
Thus, the (sum of the squares) on AD and DF is double
the (sum of the) squares on AC and CD. And DF (is)
equal to DB. Thus, the (sum of the) squares on AD and
DB is double the (sum of the) squares on AC and CD.
Thus, if a straight-line is cut into equal and unequal
(pieces) then the (sum of the) squares on the unequal
pieces of the whole (straight-line) is double the (sum of
the) square on half (the straight-line) and (the square) on
the (difference) between the (equal and unequal) pieces.
(Which is) the very thing it was required to show.

T This proposition is a geometric version of the algebraic identity: a? + b2 = 2[([a + b]/2)2 + ([a + b]/2 — b)?].
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V.

‘Edv edtelo ypouun tundij diya, npootedf] 8¢ tig adti
evldela en” evdelag, T0 dno tfic 6Anc obv tfj mpooxewévn
%ol TO GmO THC MPOOUEWEVNC T CUVOHQPOTEQ TETEAYWVA
dunhdold ot Tob te Amo Tfic Huloelog xol Tol anod Tiic ouy-
xeWévne éx te Tiic Nuoelag xal Tiic TPooxEWEVNS OS Ao
ULBIC BVOLY PAPEVTOC TETEOLYVOL.

E Z
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Eodeio vdo tic 1 AB tetuhodw diyo xota to I, npo-
oxelodw 8¢ tic adtfj eVlela én’ eddeloc 1 BA- Myw, 6t &
ano v AA, AB tetpdywva Simhdotd ot @V And iV
AT, TA tetpaydvev.

"Hy 0w yap dnd tob I' onuelou i AB npoc dptac ) I'E,
xal xeloVw Ton éxatépa v Al', I'B, xol énelebydwoay
al EA, EB- xai 81& pev tob E tfj AA napdiinioc Aydo 7
EZ, 8 8¢ 100 A tfj I'E nopddinhoc fiydw | ZA. xai énel
elc mapariroug ebdeiog tag EI', ZA eddeld tic événeoey
N EZ, oi Ono I'EZ, EZA 8po ducly 6ploic loo eiolv: ai
Gpa Uno ZEB, EZA 800 6pd&v éNdocovée elowv: ol O
an’ Ehaco6vwy 1) dbo 6p¥ESY ExBoaihdueval cupninTouoty:
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Proposition 107

If a straight-line is cut in half, and any straight-line
added to it straight-on, then the sum of the square on
the whole (straight-line) with the (straight-line) having
been added, and the (square) on the (straight-line) hav-
ing been added, is double the (sum of the square) on half
(the straight-line), and the square described on the sum
of half (the straight-line) and (straight-line) having been
added, as on one (complete straight-line).

E F

C B D

G

For let any straight-line AB have been cut in half at
(point) C, and let any straight-line BD have been added
to it straight-on. I say that the (sum of the) squares on
AD and DB is double the (sum of the) squares on AC
and CD.

For let CFE have been drawn from point C, at right-
angles to AB [Prop. 1.11], and let it be made equal to
each of AC and CB [Prop. 1.3], and let FA and E'B have
been joined. And let EF have been drawn through F,
parallel to AD [Prop. 1.31], and let F'D have been drawn
through D, parallel to CE [Prop. 1.31]. And since some
straight-line E'F falls across the parallel straight-lines EC'
and FD, the (internal angles) CEF and EFD are thus
equal to two right-angles [Prop. 1.29]. Thus, FFEB and
EFD are less than two right-angles. And (straight-lines)
produced from (internal angles whose sum is) less than
two right-angles meet together [Post. 5]. Thus, being pro-
duced in the direction of B and D, the (straight-lines)
EB and FD will meet. Let them have been produced,
and let them meet together at GG, and let AG have been
joined. And since AC is equal to CE, angle EAC is also
equal to (angle) AEC [Prop. 1.5]. And the (angle) at
C (is) a right-angle. Thus, FAC and AEC [are] each
half a right-angle [Prop. 1.32]. So, for the same (rea-
sons), CEB and EBC are also each half a right-angle.
Thus, (angle) AEB is a right-angle. And since EBC
is half a right-angle, DBG (is) thus also half a right-
angle [Prop. 1.15]. And BDG is also a right-angle. For
it is equal to DCE. For (they are) alternate (angles)
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[Prop. 1.29]. Thus, the remaining (angle) DGB is half
a right-angle. Thus, DGB is equal to DBG. So side BD
is also equal to side GD [Prop. 1.6]. Again, since EGF is
half a right-angle, and the (angle) at F' (is) a right-angle,
for it is equal to the opposite (angle) at C' [Prop. 1.34],
the remaining (angle) FEG is thus half a right-angle.
Thus, angle EGF' (is) equal to FEG. So the side GF
is also equal to the side E'F' [Prop. 1.6]. And since [EC
is equal to C'A] the square on EC is [also] equal to the
square on C'A. Thus, the (sum of the) squares on EC
and CA is double the square on C'A. And the (square)
on FA is equal to the (sum of the squares) on FC and
CA [Prop. 1.47]. Thus, the square on F A is double the
square on AC. Again, since F'G is equal to EF, the
(square) on F'G is also equal to the (square) on FE.
Thus, the (sum of the squares) on GF and FF is dou-
ble the (square) on EF'. And the (square) on EG is equal
to the (sum of the squares) on GF' and F'E [Prop. 1.47].
Thus, the (square) on EG is double the (square) on FF.
And E'F (is) equal to C'D [Prop. 1.34]. Thus, the square
on EG is double the (square) on C'D. But it was also
shown that the (square) on F'A (is) double the (square)
on AC. Thus, the (sum of the) squares on AE and EG is
double the (sum of the) squares on AC and C'D. And the
square on AG is equal to the (sum of the) squares on AE
and EG [Prop. 1.47]. Thus, the (square) on AG is double
the (sum of the squares) on AC and C'D. And the (sum
of the squares) on AD and DG is equal to the (square)
on AG [Prop. 1.47]. Thus, the (sum of the) [squares] on
AD and DG is double the (sum of the) [squares] on AC
and CD. And DG (is) equal to DB. Thus, the (sum of
the) [squares] on AD and DB is double the (sum of the)
squares on AC and CD.

Thus, if a straight-line is cut in half, and any straight-
line added to it straight-on, then the sum of the square
on the whole (straight-line) with the (straight-line) hav-
ing been added, and the (square) on the (straight-line)
having been added, is double the (sum of the square) on
half (the straight-line), and the square described on the
sum of half (the straight-line) and (straight-line) having
been added, as on one (complete straight-line). (Which
is) the very thing it was required to show.

T This proposition is a geometric version of the algebraic identity: (2 a + b)? 4+ b2 = 2[a® + (a + b)?].

’
.

T7yv Sodclooav eddelay tepelv dote 16 Onod Tic GANG ol
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glvar T and Tob Aotmol TUAUATOS TETPAYWOVE.

Proposition 117

To cut a given straight-line such that the rectangle
contained by the whole (straight-line), and one of the
pieces (of the straight-line), is equal to the square on the
remaining piece.
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Let AB be the given straight-line. So it is required to
cut AB such that the rectangle contained by the whole
(straight-line), and one of the pieces (of the straight-
line), is equal to the square on the remaining piece.

For let the square ABDC have been described on AB
[Prop. 1.46], and let AC have been cut in half at point
E [Prop. 1.10], and let BE have been joined. And let
C A have been drawn through to (point) F, and let EF
be made equal to BE [Prop. 1.3]. And let the square
F'H have been described on AF' [Prop. 1.46], and let GH
have been drawn through to (point) K. I say that AB has
been cut at H such as to make the rectangle contained by
AB and BH equal to the square on AH.

For since the straight-line AC' has been cut in half at
E, and F'A has been added to it, the rectangle contained
by CF and F'A, plus the square on AFE, is thus equal to
the square on E'F [Prop. 2.6]. And EF (is) equal to EB.
Thus, the (rectangle contained) by CF and F A, plus the
(square) on AF, is equal to the (square) on FB. But,
the (sum of the squares) on BA and AFE is equal to the
(square) on E'B. For the angle at A (is) a right-angle
[Prop. 1.47]. Thus, the (rectangle contained) by C'F and
FA, plus the (square) on AFE, is equal to the (sum of
the squares) on BA and AFE. Let the square on AE have
been subtracted from both. Thus, the remaining rectan-
gle contained by CF and F A is equal to the square on
AB. And FK is the (rectangle contained) by CF and
FA. For AF (is) equal to F'G. And AD (is) the (square)
on AB. Thus, the (rectangle) F'K is equal to the (square)
AD. Let (rectangle) AK have been subtracted from both.
Thus, the remaining (square) F'H is equal to the (rectan-
gle) HD. And HD is the (rectangle contained) by AB
and BH. For AB (is) equal to BD. And FH (is) the
(square) on AH. Thus, the rectangle contained by AB
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and BH is equal to the square on H A.

Thus, the given straight-line AB has been cut at
(point) H such as to make the rectangle contained by
AB and BH equal to the square on HA. (Which is) the
very thing it was required to do.

T This manner of cutting a straight-line—so that the ratio of the whole to the larger piece is equal to the ratio of the larger to the smaller piece—is

sometimes called the “Golden Section”.
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Proposition 127

In obtuse-angled triangles, the square on the side sub-
tending the obtuse angle is greater than the (sum of the)
squares on the sides containing the obtuse angle by twice
the (rectangle) contained by one of the sides around the
obtuse angle, to which a perpendicular (straight-line)
falls, and the (straight-line) cut off outside (the triangle)
by the perpendicular (straight-line) towards the obtuse
angle.

B

D A C

Let ABC be an obtuse-angled triangle, having the an-
gle BAC obtuse. And let BD be drawn from point B,
perpendicular to C'A produced [Prop. 1.12]. I say that
the square on BC' is greater than the (sum of the) squares
on BA and AC, by twice the rectangle contained by C'A
and AD.

For since the straight-line C'D has been cut, at ran-
dom, at point A, the (square) on DC is thus equal to
the (sum of the) squares on CA and AD, and twice the
rectangle contained by CA and AD [Prop. 2.4]. Let the
(square) on D B have been added to both. Thus, the (sum
of the squares) on CD and DB is equal to the (sum of
the) squares on CA, AD, and DB, and twice the [rect-
angle contained] by C'A and AD. But, the (square) on
CB is equal to the (sum of the squares) on CD and DB.
For the angle at D (is) a right-angle [Prop. 1.47]. And
the (square) on AB (is) equal to the (sum of the squares)
on AD and DB [Prop. 1.47]. Thus, the square on C'B
is equal to the (sum of the) squares on CA and AB, and
twice the rectangle contained by CA and AD. So the
square on CB is greater than the (sum of the) squares on
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CA and AB by twice the rectangle contained by C' A and
AD.

Thus, in obtuse-angled triangles, the square on the
side subtending the obtuse angle is greater than the (sum
of the) squares on the sides containing the obtuse an-
gle by twice the (rectangle) contained by one of the
sides around the obtuse angle, to which a perpendicu-
lar (straight-line) falls, and the (straight-line) cut off out-
side (the triangle) by the perpendicular (straight-line) to-
wards the obtuse angle. (Which is) the very thing it was
required to show.

T This proposition is equivalent to the well-known cosine formula: BC'2 = AB2 + AC'2 — 2 AB AC cos BAC, since cos BAC = —AD/AB.
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Proposition 137

In acute-angled triangles, the square on the side sub-
tending the acute angle is less than the (sum of the)
squares on the sides containing the acute angle by twice
the (rectangle) contained by one of the sides around the
acute angle, to which a perpendicular (straight-line) falls,
and the (straight-line) cut off inside (the triangle) by the
perpendicular (straight-line) towards the acute angle.

A

B D C

Let ABC be an acute-angled triangle, having the an-
gle at (point) B acute. And let AD have been drawn from
point A, perpendicular to BC [Prop. 1.12]. I say that the
square on AC is less than the (sum of the) squares on
CB and BA, by twice the rectangle contained by C'B and
BD.

For since the straight-line C'B has been cut, at ran-
dom, at (point) D, the (sum of the) squares on C'B and
BD is thus equal to twice the rectangle contained by C'B
and BD, and the square on DC [Prop. 2.7]. Let the
square on D A have been added to both. Thus, the (sum
of the) squares on CB, BD, and DA is equal to twice
the rectangle contained by CB and BD, and the (sum of
the) squares on AD and DC. But, the (square) on AB
(is) equal to the (sum of the squares) on BD and DA.
For the angle at (point) D is a right-angle [Prop. 1.47].
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And the (square) on AC' (is) equal to the (sum of the
squares) on AD and DC [Prop. 1.47]. Thus, the (sum of
the squares) on C'B and BA is equal to the (square) on
AC, and twice the (rectangle contained) by CB and BD.
So the (square) on AC alone is less than the (sum of the)
squares on C'B and B A by twice the rectangle contained
by CB and BD.

Thus, in acute-angled triangles, the square on the side
subtending the acute angle is less than the (sum of the)
squares on the sides containing the acute angle by twice
the (rectangle) contained by one of the sides around the
acute angle, to which a perpendicular (straight-line) falls,
and the (straight-line) cut off inside (the triangle) by
the perpendicular (straight-line) towards the acute angle.
(Which is) the very thing it was required to show.

T This proposition is equivalent to the well-known cosine formula: AC2? = AB?2 4+ BC? — 2 AB BC cos ABC, since cos ABC = BD/AB.
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Proposition 14

To construct a square equal to a given rectilinear fig-
ure.

H
E

B & F

C D

Let A be the given rectilinear figure. So it is required
to construct a square equal to the rectilinear figure A.

For let the right-angled parallelogram BD, equal to
the rectilinear figure A, have been constructed [Prop.
1.45]. Therefore, if BE is equal to E D then that (which)
was prescribed has taken place. For the square BD, equal
to the rectilinear figure A, has been constructed. And if
not, then one of the (straight-lines) BE or ED is greater
(than the other). Let BE be greater, and let it have
been produced to F, and let EF be made equal to ED
[Prop. 1.3]. And let BF have been cut in half at (point)
G [Prop. 1.10]. And, with center G, and radius one of
the (straight-lines) GB or GF, let the semi-circle BHF
have been drawn. And let DFE have been produced to H,
and let GH have been joined.

Therefore, since the straight-line BF' has been cut—
equally at GG, and unequally at F—the rectangle con-
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tained by BE and EF, plus the square on EG, is thus
equal to the square on GF' [Prop. 2.5]. And GF' (is) equal
to GH. Thus, the (rectangle contained) by BE and F'F,
plus the (square) on GE, is equal to the (square) on GH.
And the (sum of the) squares on HE and EG is equal to
the (square) on GH [Prop. 1.47]. Thus, the (rectangle
contained) by BE and EF, plus the (square) on GF, is
equal to the (sum of the squares) on HE and EG. Let
the square on GE have been taken from both. Thus, the
remaining rectangle contained by BE and EF is equal to
the square on EFH. But, BD is the (rectangle contained)
by BE and EF. For EF (is) equal to ED. Thus, the par-
allelogram BD is equal to the square on HE. And BD
(is) equal to the rectilinear figure A. Thus, the rectilin-
ear figure A is also equal to the square (which) can be
described on FH.

Thus, a square—(namely), that (which) can be de-
scribed on £ H—has been constructed, equal to the given
rectilinear figure A. (Which is) the very thing it was re-
quired to do.
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