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Definitions

1. Equal circles are (circles) whose diameters are
equal, or whose (distances) from the centers (to the cir-
cumferences) are equal (i.e., whose radii are equal).

2. A straight-line said to touch a circle is any (straight-
line) which, meeting the circle and being produced, does
not cut the circle.

3. Circles said to touch one another are any (circles)
which, meeting one another, do not cut one another.

4. In a circle, straight-lines are said to be equally far
from the center when the perpendiculars drawn to them
from the center are equal.

5. And (that straight-line) is said to be further (from
the center) on which the greater perpendicular falls
(from the center).

6. A segment of a circle is the figure contained by a
straight-line and a circumference of a circle.

7. And the angle of a segment is that contained by a
straight-line and a circumference of a circle.

8. And the angle in a segment is the angle contained
by the joined straight-lines, when any point is taken on
the circumference of a segment, and straight-lines are
joined from it to the ends of the straight-line which is
the base of the segment.

9. And when the straight-lines containing an angle
cut off some circumference, the angle is said to stand
upon that (circumference).

10. And a sector of a circle is the figure contained by
the straight-lines surrounding an angle, and the circum-
ference cut off by them, when the angle is constructed at
the center of a circle.

11. Similar segments of circles are those accepting
equal angles, or in which the angles are equal to one an-
other.

Proposition 1

To find the center of a given circle.

Let ABC be the given circle. So it is required to find
the center of circle ABC.

Let some straight-line AB have been drawn through
(ABC), at random, and let (AB) have been cut in half at
point D [Prop. 1.9]. And let DC have been drawn from
D, at right-angles to AB [Prop. 1.11]. And let (C'D) have
been drawn through to E. And let CF have been cut in
half at F' [Prop. 1.9]. I say that (point) F is the center of
the [circle] ABC.

For (if) not then, if possible, let G (be the center of the
circle), and let GA, GD, and G B have been joined. And
since AD is equal to DB, and DG (is) common, the two
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(straight-lines) AD, DG are equal to the two (straight-
lines) BD, DG, respectively. And the base G A is equal
to the base GB. For (they are both) radii. Thus, angle
ADG is equal to angle GDB [Prop. 1.8]. And when a
straight-line stood upon (another) straight-line make ad-
jacent angles (which are) equal to one another, each of
the equal angles is a right-angle [Def. 1.10]. Thus, GDB
is a right-angle. And F DB is also a right-angle. Thus,
FDB (is) equal to GDB, the greater to the lesser. The
very thing is impossible. Thus, (point) G is not the center
of the circle ABC'. So, similarly, we can show that neither
is any other (point) except F.

C

D

E
Thus, point F is the center of the [circle] ABC.

Corollary

So, from this, (it is) manifest that if any straight-line
in a circle cuts any (other) straight-line in half, and at
right-angles, then the center of the circle is on the for-
mer (straight-line). — (Which is) the very thing it was
required to do.

Proposition 2

If two points are taken at random on the circumfer-
ence of a circle then the straight-line joining the points
will fall inside the circle.

Let ABC be a circle, and let two points A and B have
been taken at random on its circumference. I say that the
straight-line joining A to B will fall inside the circle.

For (if) not then, if possible, let it fall outside (the
circle), like AEB (in the figure). And let the center of
the circle ABC have been found [Prop. 3.1], and let it be
(at point) D. And let DA and DB have been joined, and
let DFE have been drawn through.

Therefore, since DA is equal to DB, the angle DAFE
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(is) thus also equal to DBFE [Prop. 1.5]. And since in tri-
angle DAE the one side, AEB, has been produced, an-
gle DEB (is) thus greater than DAF [Prop. 1.16]. And
DAEFE (is) equal to DBE [Prop. 1.5]. Thus, DEB (is)
greater than DBE. And the greater angle is subtended
by the greater side [Prop. 1.19]. Thus, DB (is) greater
than DE. And DB (is) equal to DF. Thus, DF (is)
greater than DF, the lesser than the greater. The very
thing is impossible. Thus, the straight-line joining A to
B will not fall outside the circle. So, similarly, we can
show that neither (will it fall) on the circumference itself.
Thus, (it will fall) inside (the circle).

E B
Thus, if two points are taken at random on the cir-
cumference of a circle then the straight-line joining the
points will fall inside the circle. (Which is) the very thing
it was required to show.

Proposition 3

In a circle, if any straight-line through the center cuts
in half any straight-line not through the center then it
also cuts it at right-angles. And (conversely) if it cuts it
at right-angles then it also cuts it in half.

Let ABC be a circle, and, within it, let some straight-
line through the center, C'D, cut in half some straight-line
not through the center, AB, at the point F. I say that
(C'D) also cuts (AB) at right-angles.

For let the center of the circle ABC have been found
[Prop. 3.1], and let it be (at point) F, and let FA and
E'B have been joined.

And since AF is equal to F'B, and F'F (is) common,
two (sides of triangle AF'FE) [are] equal to two (sides of
triangle BF'E). And the base E A (is) equal to the base
EB. Thus, angle AF'E is equal to angle BF'E [Prop. 1.8].
And when a straight-line stood upon (another) straight-
line makes adjacent angles (which are) equal to one an-
other, each of the equal angles is a right-angle [Def. 1.10].
Thus, AFE and BFE are each right-angles. Thus, the
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(straight-line) C'D, which is through the center and cuts
in half the (straight-line) AB, which is not through the
center, also cuts (AB) at right-angles.

C

D

And so let CD cut AB at right-angles. I say that it
also cuts (AB) in half. That is to say, that AF is equal to
FB.

For, with the same construction, since FA is equal
to EB, angle FAF is also equal to EBF [Prop. 1.5].
And the right-angle AF'E is also equal to the right-angle
BFE. Thus, EAF and EF B are two triangles having
two angles equal to two angles, and one side equal to
one side—(namely), their common (side) E'F, subtend-
ing one of the equal angles. Thus, they will also have the
remaining sides equal to the (corresponding) remaining
sides [Prop. 1.26]. Thus, AF (is) equal to F'B.

Thus, in a circle, if any straight-line through the cen-
ter cuts in half any straight-line not through the center
then it also cuts it at right-angles. And (conversely) if it
cuts it at right-angles then it also cuts it in half. (Which
is) the very thing it was required to show.

Proposition 4

In a circle, if two straight-lines, which are not through
the center, cut one another then they do not cut one an-
other in half.

Let ABCD be a circle, and within it, let two straight-
lines, AC and BD, which are not through the center, cut
one another at (point) E. I say that they do not cut one
another in half.

For, if possible, let them cut one another in half, such
that AF is equal to EC, and BFE to ED. And let the
center of the circle ABC'D have been found [Prop. 3.1],
and let it be (at point) F', and let F'E have been joined.

Therefore, since some straight-line through the center,
FE, cuts in half some straight-line not through the cen-
ter, AC, it also cuts it at right-angles [Prop. 3.3]. Thus,
FFEAis aright-angle. Again, since some straight-line F'E
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cuts in half some straight-line BD, it also cuts it at right-
angles [Prop. 3.3]. Thus, FEB (is) a right-angle. But
FEA was also shown (to be) a right-angle. Thus, FFA
(is) equal to FEB, the lesser to the greater. The very
thing is impossible. Thus, AC and BD do not cut one
another in half.

A
B

Thus, in a circle, if two straight-lines, which are not
through the center, cut one another then they do not cut
one another in half. (Which is) the very thing it was re-
quired to show.

Proposition 5

If two circles cut one another then they will not have
the same center.

For let the two circles ABC and C DG cut one another
at points B and C. I say that they will not have the same
center.

For, if possible, let E be (the common center), and
let EC have been joined, and let EF'G have been drawn
through (the two circles), at random. And since point
E is the center of the circle ABC, EC is equal to EF.
Again, since point F is the center of the circle CDG, EC
is equal to EG. But EC was also shown (to be) equal
to EF. Thus, EF is also equal to EG, the lesser to the
greater. The very thing is impossible. Thus, point E is not
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the (common) center of the circles ABC and CDG.

Thus, if two circles cut one another then they will not
have the same center. (Which is) the very thing it was
required to show.

Proposition 6

If two circles touch one another then they will not
have the same center.
C

A

For let the two circles ABC and C DFE touch one an-
other at point C. I say that they will not have the same
center.

For, if possible, let F' be (the common center), and
let F'C have been joined, and let F £ B have been drawn
through (the two circles), at random.

Therefore, since point F' is the center of the circle
ABC, FC is equal to FB. Again, since point F is the
center of the circle CDE, FC is equal to FE. But FC
was shown (to be) equal to F'B. Thus, F'E is also equal
to F'B, the lesser to the greater. The very thing is impos-
sible. Thus, point F' is not the (common) center of the
circles ABC and CDE.

Thus, if two circles touch one another then they will
not have the same center. (Which is) the very thing it was
required to show.

Proposition 7

If some point, which is not the center of the circle,
is taken on the diameter of a circle, and some straight-
lines radiate from the point towards the (circumference
of the) circle, then the greatest (straight-line) will be that
on which the center (lies), and the least the remainder
(of the same diameter). And for the others, a (straight-
line) nearer’ to the (straight-line) through the center is
always greater than a (straight-line) further away. And
only two equal (straight-lines) will radiate from the point
towards the (circumference of the) circle, (one) on each
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(side) of the least (straight-line).

C G

Let ABCD be a circle, and let AD be its diameter, and
let some point F', which is not the center of the circle,
have been taken on AD. Let E be the center of the circle.
And let some straight-lines, F'B, F'C, and FG, radiate
from F towards (the circumference of) circle ABCD. 1
say that F'A is the greatest (straight-line), F'D the least,
and of the others, F'B (is) greater than F'C, and F'C than
FG.

For let BE, CFE, and GE have been joined. And since
for every triangle (any) two sides are greater than the
remaining (side) [Prop. 1.20], EB and EF is thus greater
than BF'. And AF (is) equal to BFE [thus, BE and EF
is equal to AF]. Thus, AF (is) greater than BF'. Again,
since BF is equal to CF, and F'F (is) common, the two
(straight-lines) BE, EF are equal to the two (straight-
lines) CE, EF (respectively). But, angle BEF (is) also
greater than angle CEF.} Thus, the base BF is greater
than the base C'F. Thus, the base BF is greater than the
base C'F' [Prop. 1.24]. So, for the same (reasons), CF is
also greater than F'G.

Again, since GF and FFE are greater than EG
[Prop. 1.20], and EG (is) equal to ED, GF and FFE
are thus greater than ED. Let EF have been taken from
both. Thus, the remainder GF is greater than the re-
mainder F'D. Thus, F'A (is) the greatest (straight-line),
F'D the least, and F'B (is) greater than F'C, and F'C than
FG.

I also say that from point F’ only two equal (straight-
lines) will radiate towards (the circumference of) circle
ABCD, (one) on each (side) of the least (straight-line)
F'D. For let the (angle) FEH, equal to angle GEF, have
been constructed on the straight-line EF, at the point £
on it [Prop. 1.23], and let F'H have been joined. There-
fore, since GE is equal to EH, and EF (is) common,
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the two (straight-lines) GE, EF are equal to the two
(straight-lines) HE, EF (respectively). And angle GEF
(is) equal to angle HEF. Thus, the base F'G is equal to
the base FFH [Prop. 1.4]. So I say that another (straight-
line) equal to F'G will not radiate towards (the circumfer-
ence of) the circle from point F'. For, if possible, let F'K
(so) radiate. And since F'K is equal to F'G, but F'H [is
equal] to F'G, FK is thus also equal to F'H, the nearer
to the (straight-line) through the center equal to the fur-
ther away. The very thing (is) impossible. Thus, another
(straight-line) equal to GF will not radiate from the point
F towards (the circumference of) the circle. Thus, (there
is) only one (such straight-line).

Thus, if some point, which is not the center of the
circle, is taken on the diameter of a circle, and some
straight-lines radiate from the point towards the (circum-
ference of the) circle, then the greatest (straight-line)
will be that on which the center (lies), and the least
the remainder (of the same diameter). And for the oth-
ers, a (straight-line) nearer to the (straight-line) through
the center is always greater than a (straight-line) further
away. And only two equal (straight-lines) will radiate
from the same point towards the (circumference of the)
circle, (one) on each (side) of the least (straight-line).
(Which is) the very thing it was required to show.

Proposition 8

If some point is taken outside a circle, and some
straight-lines are drawn from the point to the (circum-
ference of the) circle, one of which (passes) through
the center, the remainder (being) random, then for the
straight-lines radiating towards the concave (part of the)
circumference, the greatest is that (passing) through the
center. For the others, a (straight-line) nearer’ to the
(straight-line) through the center is always greater than
one further away. For the straight-lines radiating towards
the convex (part of the) circumference, the least is that
between the point and the diameter. For the others, a
(straight-line) nearer to the least (straight-line) is always
less than one further away. And only two equal (straight-
lines) will radiate from the point towards the (circum-
ference of the) circle, (one) on each (side) of the least
(straight-line).

Let ABC be a circle, and let some point D have been
taken outside ABC, and from it let some straight-lines,
DA, DE, DF, and DC, have been drawn through (the
circle), and let DA be through the center. I say that for
the straight-lines radiating towards the concave (part of
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For let the center of the circle have been found
[Prop. 3.1], and let it be (at point) M [Prop. 3.1]. And let
ME, MF, MC, MK, ML, and M H have been joined.

And since AM is equal to EM, let M D have been
added to both. Thus, AD is equal to EM and M D. But,
EM and MD is greater than ED [Prop. 1.20]. Thus,
AD is also greater than E'D. Again, since M E is equal
to MF, and M D (is) common, the (straight-lines) EM,
M D are thus equal to FM, MD. And angle EMD is
greater than angle F'M D.* Thus, the base ED is greater
than the base F'D [Prop. 1.24]. So, similarly, we can
show that F'D is also greater than C'D. Thus, AD (is) the
greatest (straight-line), and DF (is) greater than DF,
and DF than DC.

And since M K and KD is greater than M D [Prop.
1.20], and MG (is) equal to MK, the remainder KD
is thus greater than the remainder GD. So GD is less
than K'D. And since in triangle M LD, the two inter-
nal straight-lines M K and K D were constructed on one
of the sides, M D, then M K and KD are thus less than
ML and LD [Prop. 1.21]. And MK (is) equal to M L.
Thus, the remainder DK is less than the remainder DL.
So, similarly, we can show that DL is also less than DH.
Thus, DG (is) the least (straight-line), and DK (is) less
than DL, and DL than DH.

I also say that only two equal (straight-lines) will radi-
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ate from point D towards (the circumference of) the cir-
cle, (one) on each (side) on the least (straight-line), DG.
Let the angle DM B, equal to angle KM D, have been
constructed on the straight-line M D, at the point M on
it [Prop. 1.23], and let DB have been joined. And since
MK is equal to M B, and M D (is) common, the two
(straight-lines) K M, M D are equal to the two (straight-
lines) BM, MD, respectively. And angle KM D (is)
equal to angle BM D. Thus, the base DK is equal to the
base DB [Prop. 1.4]. [So] I say that another (straight-
line) equal to DK will not radiate towards the (circum-
ference of the) circle from point D. For, if possible, let
(such a straight-line) radiate, and let it be DN. There-
fore, since DK is equal to DN, but DK is equal to DB,
then DB is thus also equal to DN, (so that) a (straight-
line) nearer to the least (straight-line) DG [is] equal to
one further away. The very thing was shown (to be) im-
possible. Thus, not more than two equal (straight-lines)
will radiate towards (the circumference of) circle ABC
from point D, (one) on each side of the least (straight-
line) DG.

Thus, if some point is taken outside a circle, and some
straight-lines are drawn from the point to the (circumfer-
ence of the) circle, one of which (passes) through the cen-
ter, the remainder (being) random, then for the straight-
lines radiating towards the concave (part of the) circum-
ference, the greatest is that (passing) through the center.
For the others, a (straight-line) nearer to the (straight-
line) through the center is always greater than one fur-
ther away. For the straight-lines radiating towards the
convex (part of the) circumference, the least is that be-
tween the point and the diameter. For the others, a
(straight-line) nearer to the least (straight-line) is always
less than one further away. And only two equal (straight-
lines) will radiate from the point towards the (circum-
ference of the) circle, (one) on each (side) of the least
(straight-line). (Which is) the very thing it was required
to show.

Proposition 9

If some point is taken inside a circle, and more than
two equal straight-lines radiate from the point towards
the (circumference of the) circle, then the point taken is
the center of the circle.

Let ABC be a circle, and D a point inside it, and let
more than two equal straight-lines, DA, DB, and DC, ra-
diate from D towards (the circumference of) circle ABC.
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I say that point D is the center of circle ABC.
L
‘L C
II G

A

K

H

For let AB and BC have been joined, and (then)
have been cut in half at points F and F' (respectively)
[Prop. 1.10]. And ED and F'D being joined, let them
have been drawn through to points G, K, H, and L.

Therefore, since AF is equal to EB, and E D (is) com-
mon, the two (straight-lines) AF, ED are equal to the
two (straight-lines) BE, ED (respectively). And the base
DA (is) equal to the base DB. Thus, angle AED is equal
to angle BED [Prop. 1.8]. Thus, angles AED and BED
(are) each right-angles [Def. 1.10]. Thus, GK cuts AB in
half, and at right-angles. And since, if some straight-line
in a circle cuts some (other) straight-line in half, and at
right-angles, then the center of the circle is on the former
(straight-line) [Prop. 3.1 corr.], the center of the circle is
thus on GK. So, for the same (reasons), the center of
circle ABC is also on H L. And the straight-lines GK and
H L have no common (point) other than point D. Thus,
point D is the center of circle ABC.

Thus, if some point is taken inside a circle, and more
than two equal straight-lines radiate from the point to-
wards the (circumference of the) circle, then the point
taken is the center of the circle. (Which is) the very thing
it was required to show.

Proposition 10

A circle does not cut a(nother) circle at more than two
points.

For, if possible, let the circle ABC cut the circle DEF
at more than two points, B, G, F, and H. And BH and
BG being joined, let them (then) have been cut in half
at points K and L (respectively). And KC and LM be-
ing drawn at right-angles to BH and BG from K and
L (respectively) [Prop. 1.11], let them (then) have been
drawn through to points A and E (respectively).
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Therefore, since in circle ABC some straight-line
AC cuts some (other) straight-line BH in half, and at
right-angles, the center of circle ABC is thus on AC
[Prop. 3.1 corr.]. Again, since in the same circle ABC
some straight-line NO cuts some (other straight-line) BG
in half, and at right-angles, the center of circle ABC is
thus on NO [Prop. 3.1 corr.]. And it was also shown (to
be) on AC. And the straight-lines AC and NO meet at
no other (point) than P. Thus, point P is the center of
circle ABC. So, similarly, we can show that P is also the
center of circle DEF. Thus, two circles cutting one an-
other, ABC and DEF, have the same center P. The very
thing is impossible [Prop. 3.5].

Thus, a circle does not cut a(nother) circle at more
than two points. (Which is) the very thing it was required
to show.

Proposition 11

If two circles touch one another internally, and their
centers are found, then the straight-line joining their cen-
ters, being produced, will fall upon the point of union of
the circles.

For let two circles, ABC and ADE, touch one another
internally at point A, and let the center F' of circle ABC
have been found [Prop. 3.1], and (the center) G of (cir-
cle) ADE [Prop. 3.1]. I say that the straight-line joining
G to F, being produced, will fall on A.

For (if) not then, if possible, let it fall like FGH (in
the figure), and let AF' and AG have been joined.

Therefore, since AG and GF is greater than F'A, that
is to say F'H [Prop. 1.20], let F'G have been taken from
both. Thus, the remainder AG is greater than the re-
mainder GH. And AG (is) equal to GD. Thus, GD is
also greater than GH, the lesser than the greater. The
very thing is impossible. Thus, the straight-line joining F’
to G will not fall outside (one circle but inside the other).
Thus, it will fall upon the point of union (of the circles)
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gheboeTal.

M7 ydp, GAN €l Suvatdv, épyéotn ©¢ ) ZI'AH, xal
éneledydwoay ol AZ, AH.

‘Ernel olv 10 Z onpeiov xévtpov goti ol ABI' x0xhov,
fon eotiv | ZA tfj ZT. ndhw, énel o H onueiov xévtpov
¢otl 1ol AAE x0xhov, lon éotlv § HA tfj HA. &delydn
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at point A.

H

<

C

Thus, if two circles touch one another internally, [and
their centers are found], then the straight-line joining
their centers, [being produced], will fall upon the point
of union of the circles. (Which is) the very thing it was
required to show.

Proposition 12

If two circles touch one another externally then the
(straight-line) joining their centers will go through the
point of union.

B

N

E

For let two circles, ABC and ADZFE, touch one an-
other externally at point A, and let the center F' of ABC
have been found [Prop. 3.1], and (the center) G of ADE
[Prop. 3.1]. I say that the straight-line joining F' to G will
go through the point of union at A.

For (if) not then, if possible, let it go like FCDG (in
the figure), and let AF' and AG have been joined.

Therefore, since point F is the center of circle ABC,
F A is equal to FFC. Again, since point G is the center of
circle ADE, GA is equal to GD. And F'A was also shown
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oe xal 1) ZA tfj Z1" Ton ol dpa ZA, AH tdiic ZT", HA loa
elotv: dote 6 ) ZH t6v ZA, AH pellwv éotlv: dhha xal
ENdTTOV Omep €oTlv dBUVaTov. 00X dpo 1) dno ol Z éni
10 H émlevyvuuévn ebielo did Tijc xatd 10 A énagpiic odx
gheboetan O adthic dpa.

"Edv dpa 800 x0xAol EpdmntwvTton GAAAALY EXTOC, 1) €l
& xévipa adt@v Emleuyvupévn [e0lela] By Thic énagpfic
gheboetan 6rep Edel Belou.

y'.
Kbxhoc xOxhouv obx épdmteton xatd mAelova onueia
xod” Ev, EQV TE EVTOC €4V TE EXTOC EQATTNTAL.

El yap duvatév, xOxhoc 6 ABI'A xiOxhou 1ot EBZA
gpantéodw TpdTepoV EVTog xotd TAelova onueia 1} Ev o A,
B.

Kot eidpdo 1ol uev ABT'A xdxhou xévipov 16 H, 10l
oe EBZA 16 ©.

‘H dpa dnd 1ol H énl 16 © émlevyvupévn ént & B,
A rmeogiton. mnTétw O¢ § BHOA. xal énel 10 H onueiov
xévtpov €otl 100 ABI'A xOxdou, Ton éotiv } BH tff HA-
uellwv dpa ) BH tiic ©A- noAAG dpa peilwv 1 BO tfic OA.
TaAW, €nel 10 O onuelov xévtpov €otl 100 EBZA x0xhov,
{on éotlv 1} BO ] © A+ €delydn 6¢ adtiic xal mohhE pellov:
omep GdOVATOV' 0UX dpo xOUXAOC XOXAOU EQPATTETAUL EVTOC
xotd mAelovo onuela 1) €v.

Aéyw 81, &1L 00BE Extoc.

El vap Suvatdv, xdxhoc 6 AT'K xOxhou toh ABI'A
gpantéodw Extog xatd mAelova onuelo 1} v & A, T', xal
énelelydw 7 AL

"Enel obv x0dwv tdv ABI'A; ATK elhnnton énl tfic
neplpepeiag exatépou 800 TuyovTa onueio Tt A, I', f énl
T onuela emleuyvupévn eddela Eviog Exatépou necelton
A tol pev ABTA évtog Enecev, tob de AI'K éxtéde:
omep dronov: 00X dpa xOuAog xOXAOL EQdmTETOL EXTOC XATA
mAelova onuelo 1) €v. €delydrn 8¢, 6Tl 0LBE EvTdc.

(to be) equal to FC. Thus, the (straight-lines) F'A and
AG are equal to the (straight-lines) F'C' and GD. So the
whole of F'G is greater than F'A and AG. But, (it is) also
less [Prop. 1.20]. The very thing is impossible. Thus, the
straight-line joining F' to G cannot not go through the
point of union at A. Thus, (it will go) through it.

Thus, if two circles touch one another externally then
the [straight-line] joining their centers will go through
the point of union. (Which is) the very thing it was re-
quired to show.

Proposition 13

A circle does not touch a(nother) circle at more than
one point, whether they touch internally or externally.

For, if possible, let circle ABDC'T touch circle EBF D—
first of all, internally—at more than one point, D and B.

And let the center G of circle ABDC have been found
[Prop. 3.1], and (the center) H of EBF D [Prop. 3.1].

Thus, the (straight-line) joining G and H will fall on
B and D [Prop. 3.11]. Let it fall like BGHD (in the
figure). And since point G is the center of circle ABDC,
BG is equal to GD. Thus, BG (is) greater than HD.
Thus, BH (is) much greater than H D. Again, since point
H is the center of circle EBF'D, BH is equal to HD.
But it was also shown (to be) much greater than it. The
very thing (is) impossible. Thus, a circle does not touch
a(nother) circle internally at more than one point.

So, I say that neither (does it touch) externally (at
more than one point).

For, if possible, let circle ACK touch circle ABDC
externally at more than one point, A and C. And let AC
have been joined.

Therefore, since two points, A and C, have been taken
at random on the circumference of each of the circles
ABDC and ACK, the straight-line joining the points will
fall inside each (circle) [Prop. 3.2]. But, it fell inside
ABDC, and outside ACK [Def. 3.3]. The very thing
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KOxhog dpa x0xhou obx Epdmteton xortd TAelova onpeia
7 [xod] &v, €&V e Evtdg Edv te ExTOC EdmtnTon: dmep EdeL
Oet€ou.

 The Greek text has “ABC D", which is obviously a mistake.
10’

Ev wixhe ol oo e0deton Toov dméyovoty dmd tob
x€vtpou, xol ol loov dméyouvcon and 100 xévipou loou

SAAAhaue elolv.
A

r
A

"Eotw xOxhoc 6 ABTA| xal &v a0t Toow edieion Eoto-
oav ol AB, TA- Méyw, 6t ol AB, T'A loov dnéyouoty anod
00 xévtpou.

EiMigdo yop 10 xévtov 100 ABI'A x0xhou xal é6tw 10
E, xai dno o0 E énl tac AB, I'A xddetol Aydwoay ai EZ,
EH, xal éneletydwoay ai AE, ET'.

"Enel obv e00€id ti¢ Sla tob xévtpou f EZ edieidy tiva
un S tob xévtpou v AB mpog opldc téuvel, xol diya
a0tV Tépvel. fon dpa N AZ tfj ZB- duthf dpa | AB tiic
AZ. 810 ta avtd 81 ol ) A tfic I'H ot Sumhf} xal €otiv
Ton 1 AB tfj A" Ton dpa xal ) AZ tfj I'H. ol énel {om €otiv
N AE tfj EI', loov xal 10 dno tfic AE & dno tfic EI'. dhha
6 uyev anod tiic AE oo ta ano w@v AZ, EZ- 6p0n yap 7
Tpo¢ T8 Z ywvior t6 8¢ anod tijc EI loo ta dno tév EH, HI™
6p01) Yap N mpoc 1@ H yovio to dpa dno tév AZ, ZE oo
¢otl toic ano tév I'H, HE, &v 10 dnd tfic AZ loov éotl 18
ano tiic I'H- Ton ydp oty /) AZ <fj TH: Aownov dpa 10 dmo
tfic ZE 16 ano tfic EH loov éotiv: Ton dpa 1) EZ <fj EH. év
8¢ wOxAw Toov anéyew anod tol xévipou evieion Aéyovta,
oty ol and tob xévtpou én” avtdc xddeTol dyduevan oo
&owv: ai dpot AB, T'A Toov dnéyovoty dnod 1ol xévtpou.

AXha on ol AB, TA edldelon loov dneyétwooy dnd tob
%x€vtpou, ToutéoTtv lon éotw N EZ tff EH. Myw, 6t Ton
goti xol ) AB tfj TA.

(is) absurd. Thus, a circle does not touch a(nother) circle
externally at more than one point. And it was shown that
neither (does it) internally.

Thus, a circle does not touch a(nother) circle at more
than one point, whether they touch internally or exter-
nally. (Which is) the very thing it was required to show.

Proposition 14

In a circle, equal straight-lines are equally far from the
center, and (straight-lines) which are equally far from the
center are equal to one another.

D

C

A

Let ABDCT be a circle, and let AB and C'D be equal
straight-lines within it. I say that AB and C D are equally
far from the center.

For let the center of circle ABDC have been found
[Prop. 3.1], and let it be (at) F. And let EF and EG
have been drawn from (point) E, perpendicular to AB
and CD (respectively) [Prop. 1.12]. And let AE and EC
have been joined.

Therefore, since some straight-line, E'F, through the
center (of the circle), cuts some (other) straight-line, AB,
not through the center, at right-angles, it also cuts it in
half [Prop. 3.3]. Thus, AF (is) equal to F'B. Thus, AB
(is) double AF'. So, for the same (reasons), C'D is also
double CG. And AB is equal to CD. Thus, AF (is)
also equal to CG. And since AFE is equal to EC, the
(square) on AFE (is) also equal to the (square) on EC.
But, the (sum of the squares) on AF and EF (is) equal
to the (square) on AE. For the angle at F' (is) a right-
angle [Prop. 1.47]. And the (sum of the squares) on EG
and GC (is) equal to the (square) on EC. For the angle
at G (is) a right-angle [Prop. 1.47]. Thus, the (sum of
the squares) on AF' and F'E is equal to the (sum of the
squares) on CG and GE, of which the (square) on AF
is equal to the (square) on C'G. For AF is equal to CG.
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T&Ev ydp adt@Bv xotaoxevocléviny opolwe dellouey,
ot Sumhi] Eory 1 pev AB tiic AZ, 1) 8¢ T'A tijc 'H" xol émel
ion éotiv | AE 1f] I'E, Toov éoti 10 dno tijic AE <8 dno
tfic TE: A& t6 pev anod tfic AE oo éoti ta dno tév EZ,
ZA, <5 8¢ ano tiic I'E oo ta ano v EH, HI'. & dpa dmo
v EZ, ZA Too éotl tolc dno tév EH, HI'- &v 16 ano tiic
EZ <& éno tfic EH éotwv loov- Ton yap 7 EZ tfj EH- Aownov
Bpa t0 Ao tiic AZ loov éotl ¢ dno tiic I'H- Ton dpa 1y AZ
tf TH- xai éotu tfic uév AZ dunhij | AB, tfic 8¢ T'H dunhd
N TA- Ton dpo  AB fj TA.

‘Ev x0xhe oo ol Toow ebdeion loov dméyouoty dmo
00 xévtpov, xal ol loov dnéyovoo dnd tol xévtpou loo
SdAAhoug elotv: Omep Edet BeTEau.

T The Greek text has “ABC D", which is obviously a mistake.

i€

‘Ev x0xho peylotn yev 1 diduetpog, t@v 8¢ SAAwY del
7 €yylov 10D xévtpou tiic dncdtepov yellwy éotiv.

"Eote x0xhog 6 ABI'A, diduetpog 8¢ avtol Eotw N AA,
xévtpov O¢ 10 E, xal Eyyiov pev tiic AA Swopétpou éotw N
BT, andtepov 8¢ ) ZH: Aéyw, 6t peylotn puév éotv 1 AA,
petlwv 8¢ M BT tfic ZH.

"Hydwoav ydp anod ol E xévipou éml tac BI', ZH
x&etol ai EO, EK. xol énel Eyylov pev 100 xévtpou €otly
N BI, dnodtepov 8¢ 1 ZH, peilov dpa ) EK tfic EO. xelodw
tff EO Ton 1 EA, xal & 1ol A tf] EK npocg épdac dydelon
N AM duiydw €nt t0 N, xol éneledydwoav oi ME, EN, ZE,
EH.

Kal énel lon éotiv /) EO i EA, Ton éotl xat 7 BL tfj
MN. ndAw, énel Ton éotlv 7 uev AE tff EM, 7 8¢ EA =
EN, 7 dpa AA taic ME, EN Ton éotiv. AN ol yev ME, EN
tfic MN peifovéc eiow [xol ) AA tfic MN pellwv éotiv],
fon 8¢ 1 MN tfj BI'* 7 AA Gpa tfic BI' peiCwv éotiv. xai
enel dvo ai ME, EN 800 tiic ZE, EH lowu elolv, xol ywvia
Um0 MEN yowviog tfic bnd ZEH peilov [Eotiv], Bdowc dpu
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Thus, the remaining (square) on F'E is equal to the (re-
maining square) on FG. Thus, EF (is) equal to FG. And
straight-lines in a circle are said to be equally far from
the center when perpendicular (straight-lines) which are
drawn to them from the center are equal [Def. 3.4]. Thus,
AB and CD are equally far from the center.

So, let the straight-lines AB and C'D be equally far
from the center. That is to say, let E'F’ be equal to EG. I
say that AB is also equal to C'D.

For, with the same construction, we can, similarly,
show that AB is double AF, and CD (double) CG. And
since AF is equal to C'F, the (square) on AFE is equal to
the (square) on CE. But, the (sum of the squares) on
EF and F A is equal to the (square) on AFE [Prop. 1.47].
And the (sum of the squares) on EG and GC (is) equal
to the (square) on CE [Prop. 1.47]. Thus, the (sum of
the squares) on E'F and F A is equal to the (sum of the
squares) on EG and GC, of which the (square) on EF is
equal to the (square) on EG. For EF (is) equal to EG.
Thus, the remaining (square) on AF is equal to the (re-
maining square) on C'G. Thus, AF (is) equal to CG. And
AB is double AF, and CD double CG. Thus, AB (is)
equal to C'D.

Thus, in a circle, equal straight-lines are equally far
from the center, and (straight-lines) which are equally far
from the center are equal to one another. (Which is) the
very thing it was required to show.

Proposition 15

In a circle, a diameter (is) the greatest (straight-line),
and for the others, a (straight-line) nearer to the center
is always greater than one further away.

Let ABCD be a circle, and let AD be its diameter,
and E (its) center. And let BC be nearer to the diameter
AD," and FG further away. I say that AD is the greatest
(straight-line), and BC' (is) greater than F'G.

For let FH and EK have been drawn from the cen-
ter E, at right-angles to BC' and F'G (respectively)
[Prop. 1.12]. And since BC is nearer to the center,
and FG further away, FK (is) thus greater than EH
[Def. 3.5]. Let EL be made equal to EH [Prop. 1.3].
And LM being drawn through L, at right-angles to EK
[Prop. 1.11], let it have been drawn through to N. And
let ME, EN, FE, and EG have been joined.

And since EH is equal to EL, BC is also equal to
MN [Prop. 3.14]. Again, since AFE is equal to FM, and
ED to EN, AD is thus equal to ME and EN. But, ME
and EN is greater than M N [Prop. 1.20] [also AD is
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N MN Bdoewe tfic ZH peilwv éotiv. @i f; MN tfj BI' greater than M N], and M N (is) equal to BC. Thus, AD
€delyOn Tomn [xod /) BT tfic ZH pellwv éotiv]. peylotn uév is greater than BC. And since the two (straight-lines)
Gpo 1) AA dudpetpoc, pelwv 8¢ f BT tfic ZH. ME, EN are equal to the two (straight-lines) FE, EG
(respectively), and angle M EN [is] greater than angle
FEG,* the base M N is thus greater than the base FG
[Prop. 1.24]. But, M N was shown (to be) equal to BC
[(so) BC is also greater than F'G]. Thus, the diameter
AD (is) the greatest (straight-line), and BC' (is) greater

than FG.
Y M4
B B
Z F
K Al E K L E
(S} H
H G
N ry r N D C
Ev x0xhe dpo peyiotn yév éotv 1 diduetpos, @y 8¢ Thus, in a circle, a diameter (is) the greatest (straight-
AV Gel 1) Eyyiov Tol xévtpou Tiic dnwtepov yellwy éotiv:  line), and for the others, a (straight-line) nearer to the
Omep Edel BeT€an. center is always greater than one further away. (Which

is) the very thing it was required to show.

T Euclid should have said “to the center”, rather than "to the diameter AD”, since BC, AD and F'G are not necessarily parallel.
¥ This is not proved, except by reference to the figure.

15 Proposition 16

H fj Swopétpe 100 xdxhou mpoc 6p0dc an’ Sxpoc A (straight-line) drawn at right-angles to the diameter
Gryopévn Extoc meoeiton toU xOxhou, xol eic tov petadl of a circle, from its end, will fall outside the circle. And
témov Tiic te eblelug xal tfic mepipepeiag Etépa ebdela ob  another straight-line cannot be inserted into the space be-
TOpEUTESETTOL, Xal N pEv Tob Auxuxiiou yovia andone tween the (aforementioned) straight-line and the circum-
yoviog oZeloag ebduypdupou pellwv éotly, 7 8¢ Aouryy ference. And the angle of the semi-circle is greater than

ENGTTOV. any acute rectilinear angle whatsoever, and the remain-
"Eotw xixhog 6 ABT' nepl xévtpov 10 A xol diduetpov  ing (angle is) less (than any acute rectilinear angle).

™y AB* My, 6t A dnd ol A tfj AB mpog oplac dn’ Let ABC be a circle around the center D and the di-

Bxpog dryouévn Extog meceiton ToD XUXAOU. ameter AB. I say that the (straight-line) drawn from A,
M yép, dAN" €l duvatody, muntéten eviog ¢ N TA, xol  at right-angles to AB [Prop 1.11], from its end, will fall

eneledydm f AT outside the circle.

‘Enel Ton eotiv 1 AA tfj AT, Ton €oti xal ywvia o For (if) not then, if possible, let it fall inside, like C'A

AAT ywvig tfj Uno ATA. 6pdn 8¢ ) Uno AAT 6pOn dpo  (in the figure), and let DC have been joined.
xal 1) Omo ATA- tpiyddvou 81 100 AT'A ob 800 yowviaw ol Since DA is equal to DC, angle DAC is also equal
Uno AAT, ATA 8o 6piaic loou eiolv: nep éotiv ddOvatov. to angle ACD [Prop. 1.5]. And DAC (is) a right-angle.
oUx Gpo 1) amo To0 A onuelou i BA mpodc 6p0dc dyouévn Thus, ACD (is) also a right-angle. So, in triangle AC'D,
gvtoc neoeitar oD xUxhou. oOpoiwe 37 Bei€ouev, 6t oY’  the two angles DAC and ACD are equal to two right-
gl tfic mepipepeiog: ExToC dpa. angles. The very thing is impossible [Prop. 1.17]. Thus,
the (straight-line) drawn from point A, at right-angles
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E A

IMintétw oc N AE Myow 8%, 61 elc tov yetoll témoV
tfic ¢ AE ebeiog xol tfic T'OA nepipepeioc Etépa ebieia
0V TOPEUTETELTAL.

El yap duvatdy, mapeumntétw o¢ 1) ZA, xal fydw dno
ol A onuelou énl tijv ZA xddetoc 7} AH. xol émel 6001
gorv N o AHA, éhdttov 8¢ opdiic 1) Undo AAH, peilwv
Gpa 1 AA tiic AH. Ton 8¢  AA fj AO- pellwv dpa 1 AO
tfic AH, 7 éAdtrwv tiic peillovoc: énep €otiv ad0vVaTOv. 00X
Gipa elc TOv Yetob tonov i te eblelog xal Tiic neplpepelac
gTépa eVUEla TUPEUTECELTAL.

Aéyw, 6TL %ol 1 uev tol nuixuxhiov ywvia 1 nepieyouévn
On6 te tiic BA edlelac xol tiic [OA nepupepeiac andong
yowviag 6Zelog edfuypdupov yellwy éotiv, 1) 8¢ Aot 1 ne-
pieyouévn Onéd te tiic I'OA nepipepeiac xal tiic AE ebdeloc
andone yoviog 6&elog evduypdupou ENdTTwy Eotiv.

El yvap éotl tg yovia e0d0ypaypoc uellwv pev tiic
nepleyouévne Onéd te tfic BA eddeloc xal tfic T'OA mep-
pepeloc, ENdTTwV B¢ tic mepleyopévne Umd te tiic ['OA
neppepeioc xol e AE evdelag, eic tov yetadb témov tiic
e I'OA nepipepelac ol tfic AE eblelag eddela nopey-
neoeltan, Nt mowoel yellova yev tiic mepleyouévng LTO
te tfic BA eddelag xal tfic I'OA nepipepelac Ono eddeldv
Tepleyouévny, EANdTTova BE Tfic mepleyopévng Umé te Tijc
I'OA nepwpepeioc xal tiic AE eddeloc. ol mapeunintel dé-
oux dpo Tiic mepleyouévne Ywviag Utd te tfic BA eddeloc
xal tfic 'OA mepipepeioc Eoton peilwv 6&ela o edleldv
TEPLEYOUEVT], 00BE PNV ENdTTWV Tfic Tepieyouévng Und te
tfic 'OA nepipepeloc xal tfic AE edvdeiog.

to BA, will not fall inside the circle. So, similarly, we
can show that neither (will it fall) on the circumference.
Thus, (it will fall) outside (the circle).

B
C
D
H
F G
E A

Let it fall like AF (in the figure). So, I say that another
straight-line cannot be inserted into the space between
the straight-line AF and the circumference CH A.

For, if possible, let it be inserted like FF'A (in the fig-
ure), and let DG have been drawn from point D, perpen-
dicular to FA [Prop. 1.12]. And since AGD is a right-
angle, and DAG (is) less than a right-angle, AD (is)
thus greater than DG [Prop. 1.19]. And DA (is) equal
to DH. Thus, DH (is) greater than DG, the lesser than
the greater. The very thing is impossible. Thus, another
straight-line cannot be inserted into the space between
the straight-line (AFE) and the circumference.

And T also say that the semi-circular angle contained
by the straight-line BA and the circumference CHA is
greater than any acute rectilinear angle whatsoever, and
the remaining (angle) contained by the circumference
CH A and the straight-line AF is less than any acute rec-
tilinear angle whatsoever.

For if any rectilinear angle is greater than the (an-
gle) contained by the straight-line BA and the circum-
ference C'H A, or less than the (angle) contained by the
circumference CHA and the straight-line AF, then a
straight-line can be inserted into the space between the
circumference CH A and the straight-line AF—anything
which will make (an angle) contained by straight-lines
greater than the angle contained by the straight-line BA
and the circumference CH A, or less than the (angle)
contained by the circumference CH A and the straight-
line AE. But (such a straight-line) cannot be inserted.
Thus, an acute (angle) contained by straight-lines cannot
be greater than the angle contained by the straight-line
BA and the circumference C H A, neither (can it be) less
than the (angle) contained by the circumference CH A
and the straight-line AF.
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[I6pioua.

‘Ex 61 to0tou gavepdy, 6Tl 1} Tf] Slopétew ToD %0hxhou
Tpog 6pldc dm’ dxpog dyouévn Egdmtetar ToD x0OxAou
[xol &L e0Velor xOxhov xod” Ev pbvov EpdmteTon onueioy,
gneldnmep ol 1) xatd Vo adTE cuuBdilovoa Evioc adtol
nintouca edely ] dnep Edel dellou.

148
Ao 10D Bovévtog onpeiov T0U Sodévtoc xixhou Epa-
ntopévny e0eloy Yooy dyayeiv.

"Eotw 16 pév dodev onueiov 10 A, 6 8¢ dodelc xOxhog
6 BI'A- 8¢t o1 ano 100 A onpelov 100 BI'A xbxhou éqo-
ntopévny e0leloy Yeauuny dyayeiv.

Evpde yap 10 xévipov tol xixhou 10 E, xal
gneletydo N AE, xol xévtpw yév 16 E Sothpatt 8¢ 16
EA x0Oxhog yeypdpdw 6 AZH, xal dnd 100 A tfj EA npoc
opdac fydw f AZ, xol éncletydwooav o EZ, AB- Aéyw,
6t ano o0 A onuelouv tob BI'A x0xhou éqantouévn fixton
n AB.

‘Enel yap 10 E xévtpov éoti v BI'A, AZH xhdwy,
fon dea éotiv ) uev EA fj EZ, 7 8¢ EA tff EB- 8o o9
ai AE, EB 800 tdic ZE, EA oo eiotv: xol yowviay xowny
nepéyovol Ty mpog 6 E- Bdow dpa i AZ Bdoel ] AB
lon éotly, xal 16 AEZ tpiywvov 16 EBA tpiydve loov
gotlv, xol ol Aoimal ywviow Taic Aowmaic ywviae: Ton dpa M
Ono EAZ 11} bno EBA. 6p07) 8¢ 1 bno EAZ- 6p01) Spot %ol 1)
Ono EBA. xai oty 1} EB éx 100 xévtpou: 1) 8¢ 1f] Slouétow
ol x0Oxhou mpog oplac dn’ dxpog dyouévn EpdmteTton TOD
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Corollary

So, from this, (it is) manifest that a (straight-line)
drawn at right-angles to the diameter of a circle, from
its extremity, touches the circle [and that the straight-line
touches the circle at a single point, inasmuch as it was
also shown that a (straight-line) meeting (the circle) at
two (points) falls inside it [Prop. 3.2]]. (Which is) the
very thing it was required to show.

Proposition 17

To draw a straight-line touching a given circle from a
given point.

Let A be the given point, and BCD the given circle.
So it is required to draw a straight-line touching circle
BCD from point A.

For let the center E of the circle have been found
[Prop. 3.1], and let AF have been joined. And let (the
circle) AFG have been drawn with center E and radius
EA. And let DF have been drawn from from (point) D,
at right-angles to F A [Prop. 1.11]. And let EF and AB
have been joined. I say that the (straight-line) AB has
been drawn from point A touching circle BCD.

For since F is the center of circles BCD and AFG,
FEA is thus equal to EF, and ED to EB. So the two
(straight-lines) AF, EB are equal to the two (straight-
lines) F'E, ED (respectively). And they contain a com-
mon angle at E. Thus, the base DF is equal to the
base AB, and triangle DEF is equal to triangle FBA,
and the remaining angles (are equal) to the (corre-
sponding) remaining angles [Prop. 1.4]. Thus, (angle)
EDF (is) equal to EBA. And EDF (is) a right-angle.
Thus, EBA (is) also a right-angle. And EB is a ra-
dius. And a (straight-line) drawn at right-angles to the
diameter of a circle, from its extremity, touches the circle
[Prop. 3.16 corr.]. Thus, AB touches circle BCD.

Thus, the straight-line AB has been drawn touching
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the given circle BC'D from the given point A. (Which is)
the very thing it was required to do.

Proposition 18

If some straight-line touches a circle, and some
(other) straight-line is joined from the center (of the cir-
cle) to the point of contact, then the (straight-line) so
joined will be perpendicular to the tangent.

E

For let some straight-line DE touch the circle ABC at
point C, and let the center F' of circle ABC have been
found [Prop. 3.1], and let F'C have been joined from F
to C. I say that F'C is perpendicular to DE.

For if not, let F'G have been drawn from F, perpen-
dicular to DFE [Prop. 1.12].

Therefore, since angle F'GC is a right-angle, (angle)
FCQG is thus acute [Prop. 1.17]. And the greater angle is
subtended by the greater side [Prop. 1.19]. Thus, F'C (is)
greater than FF'G. And FC (is) equal to FB. Thus, FB
(is) also greater than F'G, the lesser than the greater. The
very thing is impossible. Thus, F'G is not perpendicular to
DE. So, similarly, we can show that neither (is) any other
(straight-line) except F'C. Thus, F'C is perpendicular to
DE.

Thus, if some straight-line touches a circle, and some
(other) straight-line is joined from the center (of the cir-
cle) to the point of contact, then the (straight-line) so
joined will be perpendicular to the tangent. (Which is)
the very thing it was required to show.

Proposition 19

If some straight-line touches a circle, and a straight-
line is drawn from the point of contact, at right-[angles]
to the tangent, then the center (of the circle) will be on
the (straight-line) so drawn.

For let some straight-line DE touch the circle ABC at
point C. And let C'A have been drawn from C, at right-
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angles to DFE [Prop. 1.11]. I say that the center of the
circle is on AC.

A

D C E

For (if) not, if possible, let F' be (the center of the
circle), and let C'F have been joined.

[Therefore], since some straight-line DE touches the
circle ABC, and F'C has been joined from the center to
the point of contact, F'C' is thus perpendicular to DFE
[Prop. 3.18]. Thus, FFCFE is a right-angle. And ACFE
is also a right-angle. Thus, FCFE is equal to ACE, the
lesser to the greater. The very thing is impossible. Thus,
F is not the center of circle ABC. So, similarly, we can
show that neither is any (point) other (than one) on AC.

Thus, if some straight-line touches a circle, and a straight-
line is drawn from the point of contact, at right-angles to
the tangent, then the center (of the circle) will be on the
(straight-line) so drawn. (Which is) the very thing it was
required to show.

Proposition 20

In a circle, the angle at the center is double that at the
circumference, when the angles have the same circumfer-
ence base.

Let ABC be a circle, and let BEC be an angle at its
center, and BAC (one) at (its) circumference. And let
them have the same circumference base BC. I say that
angle BEC is double (angle) BAC.

For being joined, let AF have been drawn through to
F.

Therefore, since EA is equal to EB, angle FAB (is)
also equal to EBA [Prop. 1.5]. Thus, angle EAB and
EBA is double (angle) EAB. And BEF (is) equal to
EAB and EBA [Prop. 1.32]. Thus, BEF is also double
EAB. So, for the same (reasons), FFEC is also double
EAC. Thus, the whole (angle) BEC is double the whole
(angle) BAC.
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B

So let another (straight-line) have been inflected, and
let there be another angle, BDC. And DFE being joined,
let it have been produced to G. So, similarly, we can show
that angle GEC is double EDC, of which GE B is double
EDB. Thus, the remaining (angle) BEC is double the
(remaining angle) BDC.

Thus, in a circle, the angle at the center is double that
at the circumference, when [the angles] have the same
circumference base. (Which is) the very thing it was re-
quired to show.

Proposition 21

In a circle, angles in the same segment are equal to
one another.

A

C

Let ABCD be a circle, and let BAD and BED be
angles in the same segment BAED. 1 say that angles
BAD and BED are equal to one another.

For let the center of circle ABC'D have been found
[Prop. 3.1], and let it be (at point) F'. And let BF' and
F'D have been joined.

And since angle BF'D is at the center, and BAD at
the circumference, and they have the same circumference
base BCD, angle BF' D is thus double BAD [Prop. 3.20].
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So, for the same (reasons), BF D is also double BED.
Thus, BAD (is) equal to BED.

Thus, in a circle, angles in the same segment are equal
to one another. (Which is) the very thing it was required
to show.

Proposition 22

For quadrilaterals within circles, the (sum of the) op-
posite angles is equal to two right-angles.

B

D

Let ABCD be a circle, and let ABC'D be a quadrilat-
eral within it. I say that the (sum of the) opposite angles
is equal to two right-angles.

Let AC and BD have been joined.

Therefore, since the three angles of any triangle are
equal to two right-angles [Prop. 1.32], the three angles
CAB, ABC, and BCA of triangle ABC are thus equal
to two right-angles. And CAB (is) equal to BDC'. For
they are in the same segment BADC' [Prop. 3.21]. And
ACB (is equal) to ADB. For they are in the same seg-
ment ADCB [Prop. 3.21]. Thus, the whole of ADC is
equal to BAC and ACB. Let ABC have been added to
both. Thus, ABC, BAC, and ACB are equal to ABC
and ADC. But, ABC, BAC, and ACB are equal to two
right-angles. Thus, ABC and ADC are also equal to two
right-angles. Similarly, we can show that angles BAD
and DCB are also equal to two right-angles.

Thus, for quadrilaterals within circles, the (sum of
the) opposite angles is equal to two right-angles. (Which
is) the very thing it was required to show.

Proposition 23

Two similar and unequal segments of circles cannot be
constructed on the same side of the same straight-line.

For, if possible, let the two similar and unequal seg-
ments of circles, ACB and ADB, have been constructed
on the same side of the same straight-line AB. And let
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B

Therefore, since segment ACB is similar to segment
ADB, and similar segments of circles are those accept-
ing equal angles [Def. 3.11], angle ACB is thus equal
to ADB, the external to the internal. The very thing is
impossible [Prop. 1.16].

Thus, two similar and unequal segments of circles
cannot be constructed on the same side of the same
straight-line.

Proposition 24

Similar segments of circles on equal straight-lines are
equal to one another.

E

C D

For let AEB and CF D be similar segments of circles
on the equal straight-lines AB and C'D (respectively). I
say that segment AE'B is equal to segment CF D.

For if the segment AEB is applied to the segment
CFD, and point A is placed on (point) C, and the
straight-line AB on C'D, then point B will also coincide
with point D, on account of AB being equal to CD. And
if AB coincides with C'D then the segment AE B will also
coincide with C'F'D. For if the straight-line AB coincides
with CD, and the segment AF B does not coincide with
CF D, then it will surely either fall inside it, outside (it),"
or it will miss like CG D (in the figure), and a circle (will)
cut (another) circle at more than two points. The very
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thing is impossible [Prop. 3.10]. Thus, if the straight-line
AB is applied to CD, the segment AE B cannot not also
coincide with CFD. Thus, it will coincide, and will be
equal to it [C.N. 4].

Thus, similar segments of circles on equal straight-
lines are equal to one another. (Which is) the very thing
it was required to show.

Proposition 25

For a given segment of a circle, to complete the circle,
the very one of which it is a segment.

A A A

B D E B D B D
E

C C C

Let ABC be the given segment of a circle. So it is re-
quired to complete the circle for segment ABC, the very
one of which it is a segment.

For let AC have been cut in half at (point) D
[Prop. 1.10], and let DB have been drawn from point
D, at right-angles to AC [Prop. 1.11]. And let AB have
been joined. Thus, angle ABD is surely either greater
than, equal to, or less than (angle) BAD.

First of all, let it be greater. And let (angle) BAF,
equal to angle ABD, have been constructed on the
straight-line BA, at the point A on it [Prop. 1.23]. And
let DB have been drawn through to F, and let EC have
been joined. Therefore, since angle ABFE is equal to
BAE, the straight-line EB is thus also equal to FA
[Prop. 1.6]. And since AD is equal to DC, and DE (is)
common, the two (straight-lines) AD, DFE are equal to
the two (straight-lines) CD, DE, respectively. And angle
ADE is equal to angle CDE. For each (is) a right-angle.
Thus, the base AF is equal to the base C'E [Prop. 1.4].
But, AF was shown (to be) equal to BE. Thus, BF is
also equal to CE. Thus, the three (straight-lines) AFE,
EB, and EC are equal to one another. Thus, if a cir-
cle is drawn with center E, and radius one of AE, EB,
or EC, it will also go through the remaining points (of
the segment), and the (associated circle) will have been
completed [Prop. 3.9]. Thus, a circle has been completed
from the given segment of a circle. And (it is) clear that
the segment ABC is less than a semi-circle, because the
center E happens to lie outside it.
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[And], similarly, even if angle ABD is equal to BAD,
(since) AD becomes equal to each of BD [Prop. 1.6] and
DC, the three (straight-lines) DA, DB, and DC will be
equal to one another. And point D will be the center
of the completed circle. And ABC will manifestly be a
semi-circle.

And if ABD is less than BAD, and we construct (an-
gle BAFE), equal to angle ABD, on the straight-line BA,
at the point A on it [Prop. 1.23], then the center will fall
on DB, inside the segment ABC'. And segment ABC will
manifestly be greater than a semi-circle.

Thus, a circle has been completed from the given seg-
ment of a circle. (Which is) the very thing it was required
to do.

Proposition 26

In equal circles, equal angles stand upon equal cir-
cumferences whether they are standing at the center or
at the circumference.

A

K L

Let ABC and DEF be equal circles, and within them
let BGC and EHF be equal angles at the center, and
BAC and EDF (equal angles) at the circumference. I
say that circumference BKC is equal to circumference
ELF.

For let BC and EF have been joined.

And since circles ABC and DEF are equal, their radii
are equal. So the two (straight-lines) BG, GC (are) equal
to the two (straight-lines) EH, HF' (respectively). And
the angle at G (is) equal to the angle at H. Thus, the base
BC is equal to the base FF [Prop. 1.4]. And since the
angle at A is equal to the (angle) at D, the segment BAC
is thus similar to the segment EDF [Def. 3.11]. And
they are on equal straight-lines [BC and FF']. And simi-
lar segments of circles on equal straight-lines are equal to
one another [Prop. 3.24]. Thus, segment BAC is equal to
(segment) EDF. And the whole circle ABC is also equal
to the whole circle DEF. Thus, the remaining circum-
ference BKC is equal to the (remaining) circumference
ELF.

Thus, in equal circles, equal angles stand upon equal
circumferences, whether they are standing at the center
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or at the circumference. (Which is) the very thing which
it was required to show.

Proposition 27

In equal circles, angles standing upon equal circum-
ferences are equal to one another, whether they are
standing at the center or at the circumference.

A D

C
K

For let the angles BGC and EHF at the centers G
and H, and the (angles) BAC and EDF at the circum-
ferences, stand upon the equal circumferences BC and
EF, in the equal circles ABC and DEF (respectively). I
say that angle BGC is equal to (angle) EHF, and BAC
is equal to EDF.

Forif BGC is unequal to FH F, one of them is greater.
Let BGC be greater, and let the (angle) BGK, equal to
angle FHF, have been constructed on the straight-line
BG@, at the point G on it [Prop. 1.23]. But equal angles
(in equal circles) stand upon equal circumferences, when
they are at the centers [Prop. 3.26]. Thus, circumference
BK (is) equal to circumference EF. But, E'F is equal
to BC. Thus, BK is also equal to BC, the lesser to the
greater. The very thing is impossible. Thus, angle BGC
is not unequal to EHF. Thus, (it is) equal. And the
(angle) at A is half BGC, and the (angle) at D half EHF
[Prop. 3.20]. Thus, the angle at A (is) also equal to the
(angle) at D.

Thus, in equal circles, angles standing upon equal cir-
cumferences are equal to one another, whether they are
standing at the center or at the circumference. (Which is)
the very thing it was required to show.

Proposition 28

In equal circles, equal straight-lines cut off equal cir-
cumferences, the greater (circumference being equal) to
the greater, and the lesser to the lesser.

Let ABC and DEF be equal circles, and let AB
and DFE be equal straight-lines in these circles, cutting
off the greater circumferences ACB and DFFE, and the
lesser (circumferences) AGB and DHE (respectively). I
say that the greater circumference ACB is equal to the
greater circumference DFE, and the lesser circumfer-
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For let the centers of the circles, K and L, have been
found [Prop. 3.1], and let AK, KB, DL, and LE have
been joined.

And since (ABC and DEF) are equal circles, their
radii are also equal [Def. 3.1]. So the two (straight-
lines) AK, K B are equal to the two (straight-lines) DL,
LE (respectively). And the base AB (is) equal to the
base DE. Thus, angle AKB is equal to angle DLE
[Prop. 1.8]. And equal angles stand upon equal circum-
ferences, when they are at the centers [Prop. 3.26]. Thus,
circumference AGB (is) equal to DHE. And the whole
circle ABC is also equal to the whole circle DEF. Thus,
the remaining circumference AC'B is also equal to the
remaining circumference DFE.

Thus, in equal circles, equal straight-lines cut off
equal circumferences, the greater (circumference being
equal) to the greater, and the lesser to the lesser. (Which
is) the very thing it was required to show.

Proposition 29

In equal circles, equal straight-lines subtend equal cir-
cumferences.
A D

G H
Let ABC and DEF be equal circles, and within them
let the equal circumferences BGC and FH F' have been
cut off. And let the straight-lines BC' and E'F have been

joined. I say that BC' is equal to E'F.

For let the centers of the circles have been found
[Prop. 3.1], and let them be (at) K and L. And let BK,
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KC, EL, and LF have been joined.

And since the circumference BGC is equal to the cir-
cumference FHF, the angle BKC is also equal to (an-
gle) ELF [Prop. 3.27]. And since the circles ABC and
DEF are equal, their radii are also equal [Def. 3.1]. So
the two (straight-lines) BK, KC are equal to the two
(straight-lines) E'L, LF (respectively). And they contain
equal angles. Thus, the base BC is equal to the base E'F
[Prop. 1.4].

Thus, in equal circles, equal straight-lines subtend
equal circumferences. (Which is) the very thing it was
required to show.

Proposition 30

To cut a given circumference in half.

D

A C B

Let AD B be the given circumference. So it is required
to cut circumference ADB in half.

Let AB have been joined, and let it have been cut in
half at (point) C [Prop. 1.10]. And let CD have been
drawn from point C, at right-angles to AB [Prop. 1.11].
And let AD, and DB have been joined.

And since AC is equal to CB, and C'D (is) com-
mon, the two (straight-lines) AC, CD are equal to the
two (straight-lines) BC, CD (respectively). And angle
ACD (is) equal to angle BCD. For (they are) each right-
angles. Thus, the base AD is equal to the base DB
[Prop. 1.4]. And equal straight-lines cut off equal circum-
ferences, the greater (circumference being equal) to the
greater, and the lesser to the lesser [Prop. 1.28]. And the
circumferences AD and DB are each less than a semi-
circle. Thus, circumference AD (is) equal to circumfer-
ence DB.

Thus, the given circumference has been cut in half at
point D. (Which is) the very thing it was required to do.

Proposition 31

In a circle, the angle in a semi-circle is a right-angle,
and that in a greater segment (is) less than a right-angle,
and that in a lesser segment (is) greater than a right-
angle. And, further, the angle of a segment greater (than
a semi-circle) is greater than a right-angle, and the an-
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gle of a segment less (than a semi-circle) is less than a
right-angle.
F

B

Let ABCD be a circle, and let BC be its diameter, and
E its center. And let BA, AC, AD, and DC have been
joined. I say that the angle BAC in the semi-circle BAC
is a right-angle, and the angle ABC in the segment ABC,
(which is) greater than a semi-circle, is less than a right-
angle, and the angle ADC in the segment ADC, (which
is) less than a semi-circle, is greater than a right-angle.

Let AE have been joined, and let BA have been
drawn through to F.

And since BE is equal to FA, angle ABE is also
equal to BAFE [Prop. 1.5]. Again, since CE is equal to
EA, ACE is also equal to CAF [Prop. 1.5]. Thus, the
whole (angle) BAC is equal to the two (angles) ABC
and ACB. And FAC, (which is) external to triangle
ABC, is also equal to the two angles ABC and ACB
[Prop. 1.32]. Thus, angle BAC (is) also equal to FAC.
Thus, (they are) each right-angles. [Def. 1.10]. Thus, the
angle BAC in the semi-circle BAC is a right-angle.

And since the two angles ABC and BAC of trian-
gle ABC are less than two right-angles [Prop. 1.17], and
BAC is aright-angle, angle ABC is thus less than a right-
angle. And it is in segment ABC, (which is) greater than
a semi-circle.

And since ABCD is a quadrilateral within a circle,
and for quadrilaterals within circles the (sum of the) op-
posite angles is equal to two right-angles [Prop. 3.22]
[angles ABC and ADC are thus equal to two right-
angles], and (angle) ABC is less than a right-angle. The
remaining angle ADC is thus greater than a right-angle.
And it is in segment ADC, (which is) less than a semi-
circle.

I also say that the angle of the greater segment,
(namely) that contained by the circumference ABC and
the straight-line AC, is greater than a right-angle. And
the angle of the lesser segment, (namely) that contained
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by the circumference AD[C] and the straight-line AC, is
less than a right-angle. And this is immediately apparent.
For since the (angle contained by) the two straight-lines
BA and AC is a right-angle, the (angle) contained by
the circumference ABC and the straight-line AC' is thus
greater than a right-angle. Again, since the (angle con-
tained by) the straight-lines AC and AF is a right-angle,
the (angle) contained by the circumference AD[C] and
the straight-line C' A is thus less than a right-angle.

Thus, in a circle, the angle in a semi-circle is a right-
angle, and that in a greater segment (is) less than a
right-angle, and that in a lesser [segment] (is) greater
than a right-angle. And, further, the [angle] of a seg-
ment greater (than a semi-circle) [is] greater than a right-
angle, and the [angle] of a segment less (than a semi-
circle) is less than a right-angle. (Which is) the very thing
it was required to show.

Proposition 32

If some straight-line touches a circle, and some
(other) straight-line is drawn across, from the point of
contact into the circle, cutting the circle (in two), then
those angles the (straight-line) makes with the tangent
will be equal to the angles in the alternate segments of
the circle.

A

E F
B

For let some straight-line E'F' touch the circle ABCD
at the point B, and let some (other) straight-line BD
have been drawn from point B into the circle ABCD,
cutting it (in two). I say that the angles BD makes with
the tangent F'F will be equal to the angles in the alter-
nate segments of the circle. That is to say, that angle
F'BD is equal to the angle constructed in segment BAD,
and angle EBD is equal to the angle constructed in seg-
ment DCB.

For let BA have been drawn from B, at right-angles
to E'F [Prop. 1.11]. And let the point C' have been taken
at random on the circumference BD. And let AD, DC,
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and C'B have been joined.

And since some straight-line FF' touches the circle
ABCD at point B, and BA has been drawn from the
point of contact, at right-angles to the tangent, the center
of circle ABCD is thus on BA [Prop. 3.19]. Thus, BA
is a diameter of circle ABCD. Thus, angle ADB, being
in a semi-circle, is a right-angle [Prop. 3.31]. Thus, the
remaining angles (of triangle ADB) BAD and ABD are
equal to one right-angle [Prop. 1.32]. And ABF is also a
right-angle. Thus, ABF is equal to BAD and ABD. Let
ABD have been subtracted from both. Thus, the remain-
ing angle DBF is equal to the angle BAD in the alternate
segment of the circle. And since ABCD is a quadrilateral
in a circle, (the sum of) its opposite angles is equal to
two right-angles [Prop. 3.22]. And DBF and DBE is
also equal to two right-angles [Prop. 1.13]. Thus, DBF
and DBE is equal to BAD and BCD, of which BAD
was shown (to be) equal to DBF. Thus, the remaining
(angle) DBE is equal to the angle DCB in the alternate
segment DCB of the circle.

Thus, if some straight-line touches a circle, and some
(other) straight-line is drawn across, from the point of
contact into the circle, cutting the circle (in two), then
those angles the (straight-line) makes with the tangent
will be equal to the angles in the alternate segments of
the circle. (Which is) the very thing it was required to
show.

Proposition 33

To draw a segment of a circle, accepting an angle
equal to a given rectilinear angle, on a given straight-line.

L

A\ N
A D A A D
H
E F
B
@ @
E B E

Let AB be the given straight-line, and C the given
rectilinear angle. So it is required to draw a segment
of a circle, accepting an angle equal to C, on the given
straight-line AB.

So the [angle] C is surely either acute, a right-angle,
or obtuse. First of all, let it be acute. And, as in the first
diagram (from the left), let (angle) BAD, equal to angle
C, have been constructed on the straight-line AB, at the

point A (on it) [Prop. 1.23]. Thus, BAD is also acute. Let
AFE have been drawn, at right-angles to DA [Prop. 1.11].
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npog 6pBdac N ZH, xal éneledydw 7 HB.

Kot énel lon éotlv | AZ ] ZB, xown 8¢ 1 ZH, 80o o7
ol AZ, ZH d%o tdic BZ, ZH Too eiotv: xol yovio f OO
AZH [ywviy] tfj Uno BZH Ton Bdowc dea | AH Bdoet 1
BH forn eotiv. 6 dpa xévtpw uev ¢ H Soothpatt de 16
HA x0xhog ypagpduevoe ¥i€et xal dia tob B. yeypdepdeo xal
g€otw 6 ABE, xal éneletydw 1 EB. énel obv an” dxpog tiic
AE Swpétpou ano ot A tfj AE mpog épddc eotiv i AA,
N AA dpa épdnteton T00 ABE x0xhou énel olv xdxhou
ol ABE é@dntetal tic e0deio § AA, xol dno tiic xotd 1o
A agfic eic tov ABE x0xdov Sifixtal tig ebdelor ) AB, 7
Gpa Uo AAB ywvia Ton éotl Tfj v 16 Evarhag tob x0Oxhou
Tunpatt ywvia T bno AEB. AN 7 Ond AAB tfj tpog @ I'
gor Ton xol 1 mpog w6 I dpa yovio Ton éotl tf) Uno AEB.

‘Enl tfic doldelone dpa edleiog tiic AB tufjuc x0xhou
vévpantor 0 AEB deyduevov ywviav ty bno AEB iony
] dodelon 1) npoc @ I

AXha 01 6pt) Eotw 1) Tpog 6 I xal Séov ndAy Eotw
éml tfic AB ypddan tufipo x0xhou deyduevoy ywviay lony Tf
npoc 16 I' 6p0i [Ywvig]. cuvestdto [téhw] tfj mpog & T
6p0f] ywvia Ton ) bno BAA, d¢ €yel énl tic devtépac xoto-
yeaptic, xal Tetuodw f AB Slyo xatd 6 Z, ol xévtpw 6
Z, Swothyott 8¢ omotépw iV ZA, ZB, xixhog yeypdpiw
6 AEB.

‘Egdnteton dpo /i AA eddela 1ol ABE x0xhou S 16
6p0NV €lvar ™Y TpOC T A yoviov. xol lon €otiv | OO
BAA yovia 1 év 16 AEB tufpate 6p01) yop xol adty év
NuLUxAle oboa. GAha xol 1) bno BAA 1] npoc 6 I Ton
gotlv. xal N év 16 AEB dpa o éotl tfj npog 6 I

Iéypamton dpa ndhw el tiic AB tufjuca x0xiov 1o AEB
deyouevov yoviay Tony Tfj tpog @ T

ANa 8 1) mede 6 I' duPheio Eotw: ol cuVESTTR
a0t lon neodc i AB ebdeiq xal 16 A onuele 7 Ond BAA,
o €yel éml Tijc tpltne xotaypapfic, xol tfjf AA npoc dpdac
Aydw f AE, xol tetuodew ndiw /| AB dlyo xatd 10 Z, xal
T} AB mpoc opddc fiydw 1 ZH, xai énelebydw f HB.

Kol énel mdhw Ton éotiv 1) AZ tfj ZB, xol xown 1 ZH,
dvo o1 ai AZ, ZH 8o tdiic BZ, ZH oo eiotv: xal ywvia 7)
Ono AZH ywvia tfj bno BZH fon Bdow dpa 1 AH Bdoel
tfj BH Ton éotiv: 6 Spa xévtpw pév 16 H Swwotiyott 8¢ w6
HA xdhog ypagpduevog fel xol did tol B. épyéodw de 6
AEB. xai énel tf] AE Siapétpw dn’ dxpac npog 6p0dc oty
N AA,  AA 8po epdnteton T00 AEB x0xhou. xol dno tiic
xatd 0 A énagfic Sifixton | AB- 7 dpa Uno BAA yovia
Ton €otl Tf] &v 16 EVoANAE 1ol xOxhou turuott ¢ AGB
ocuvioTaéVy Ywvia. dAN 7 o BAA ywvia tfj npoc w6 T
{on gotiv. %ol M v 16 AOB dpa turApatt yovia lon éoti tf
npoc 6 I

‘Enl tijc dpa dodelone ebieiog tfic AB yéypomton tufjua
x0xhov 10 AOB deyduevov ywviay Tony tf] tpog w6 I' énep
€deL moLfjoou.

And let AB have been cut in half at F' [Prop. 1.10]. And
let FG have been drawn from point F', at right-angles to
AB [Prop. 1.11]. And let GB have been joined.

And since AF is equal to F'B, and F'G (is) common,
the two (straight-lines) AF, FG are equal to the two
(straight-lines) BF, F'G (respectively). And angle AF'G
(is) equal to [angle] BF'G. Thus, the base AG is equal to
the base BG [Prop. 1.4]. Thus, the circle drawn with
center GG, and radius GA, will also go through B (as
well as A). Let it have been drawn, and let it be (de-
noted) ABE. And let EB have been joined. Therefore,
since AD is at the extremity of diameter AE, (namely,
point) A, at right-angles to AF, the (straight-line) AD
thus touches the circle ABE [Prop. 3.16 corr.]. There-
fore, since some straight-line AD touches the circle ABF,
and some (other) straight-line AB has been drawn across
from the point of contact A into circle ABFE, angle DAB
is thus equal to the angle AE B in the alternate segment
of the circle [Prop. 3.32]. But, DAB is equal to C. Thus,
angle C' is also equal to AEB.

Thus, a segment AE B of a circle, accepting the angle
AEB (which is) equal to the given (angle) C, has been
drawn on the given straight-line AB.

And so let C' be a right-angle. And let it again be
necessary to draw a segment of a circle on AB, accepting
an angle equal to the right-[angle] C. Let the (angle)
BAD [again] have been constructed, equal to the right-
angle C [Prop. 1.23], as in the second diagram (from the
left). And let AB have been cut in half at ' [Prop. 1.10].
And let the circle AEB have been drawn with center F',
and radius either F'A or F'B.

Thus, the straight-line AD touches the circle ABE, on
account of the angle at A being a right-angle [Prop. 3.16
corr.]. And angle BAD is equal to the angle in segment
AEB. For (the latter angle), being in a semi-circle, is also
a right-angle [Prop. 3.31]. But, BAD is also equal to C.
Thus, the (angle) in (segment) AEB is also equal to C.

Thus, a segment AE B of a circle, accepting an angle
equal to C, has again been drawn on AB.

And so let (angle) C be obtuse. And let (angle) BAD,
equal to (C), have been constructed on the straight-line
AB, at the point A (on it) [Prop. 1.23], as in the third
diagram (from the left). And let AF have been drawn, at
right-angles to AD [Prop. 1.11]. And let AB have again
been cut in half at F' [Prop. 1.10]. And let F'G have been
drawn, at right-angles to AB [Prop. 1.10]. And let GB
have been joined.

And again, since AF is equal to F'B, and FG (is)
common, the two (straight-lines) AF, F'G are equal to
the two (straight-lines) BF, F'G (respectively). And an-
gle AFG (is) equal to angle BF'G. Thus, the base AG is
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AD.

Ano tob Bdolévtog xixhou Tufjua dpeAely deyduevoyv
yoviov Tony tf] Sodelon ywvia edduypduue.

I
Z

A

E A

"Eotw 6 Sodelc xOxhoc 6 ABI, 1) 8¢ dodeloa ywvia
evd0ypaupoc N mede ¢ A del 81 dnd tol ABIT xixlou
Tufjua dpelelv Beyoduevov ywviay lony tfj dodelon ywvia
ebduypduue Tfi tpog @ A.

"Hy 9 100 ABI égantopévn 1 EZ xoatd 1o B onueioy,
%ol GUVECTATK TEOC Tf] ZB evleiq xal 16 mpog adTH onpelw
6 B 1] tpdc 16 A ywvia Ton 1) bno ZBI.

‘Enel olv xOxhou 1ol ABI épdntetal tg eddeia 1 EZ,
ol &mo tfic xatd 10 B énagijc Sifixton f BI, 1 o ZBI dpa
yovio fon €ott tfj €v 16 BAT évadlha TUAHaTL CUVIGTUUEVT
yovia. @A\ 7 Onod ZBI tfj npoc @ A éotwv Ton xol 0 v
16 BAT dpa tufuatt Ton éoti 1§ npoc 16 A [ywviy].

Ano tob dodévtog dpo xdxhou oD ABI tufjua dprenton
0 BAT beyduevov ywviay iony tfj bodelon ywvia ebduypdy-
g Tf] Teoc 6 A émep €del motfjoou.

equal to the base BG [Prop. 1.4]. Thus, a circle of center
G, and radius GA, being drawn, will also go through B
(as well as A). Let it go like AEB (in the third diagram
from the left). And since AD is at right-angles to the di-
ameter AF, at its extremity, AD thus touches circle AEB
[Prop. 3.16 corr.]. And AB has been drawn across (the
circle) from the point of contact A. Thus, angle BAD is
equal to the angle constructed in the alternate segment
AH B of the circle [Prop. 3.32]. But, angle BAD is equal
to C. Thus, the angle in segment AH B is also equal to
C.

Thus, a segment AH B of a circle, accepting an angle
equal to C, has been drawn on the given straight-line AB.
(Which is) the very thing it was required to do.

Proposition 34

To cut off a segment, accepting an angle equal to a
given rectilinear angle, from a given circle.
C
F

F A

Let ABC be the given circle, and D the given rectilin-
ear angle. So it is required to cut off a segment, accepting
an angle equal to the given rectilinear angle D, from the
given circle ABC.

Let EF have been drawn touching ABC at point B.T
And let (angle) F'BC, equal to angle D, have been con-
structed on the straight-line F'B, at the point B on it
[Prop. 1.23].

Therefore, since some straight-line E'F' touches the
circle ABC, and BC has been drawn across (the circle)
from the point of contact B, angle FFBC is thus equal
to the angle constructed in the alternate segment BAC
[Prop. 1.32]. But, F'BC is equal to D. Thus, the (angle)
in the segment BAC is also equal to [angle] D.

Thus, the segment BAC, accepting an angle equal to
the given rectilinear angle D, has been cut off from the
given circle ABC. (Which is) the very thing it was re-
quired to do.

t Presumably, by finding the center of ABC' [Prop. 3.1], drawing a straight-line between the center and point B, and then drawing EF through
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point B, at right-angles to the aforementioned straight-line [Prop. 1.11].
AE'.

Edav év xOxhe dVo ebdeion téuvwoty dAAAAag, tO LTO
BV Tiic Wil TUNUdTLY Tepleyduevov 6pdoydvioy loov €Tl
T UTO TRV TiC ET€PUC TUNUATOY TEPLEYOUEVEL dploywViw.

A

>

r

Ev vap x0xhe 16 ABI'A 0o eddetan ai A, BA
tepvétwoay dAARAac xotd o B onueiov: AMéyw, 6Tt 10 Uno
v AE, EI' nepieyduevov épdoydviov loov €oti 16 UTO
v AE, EB nepieyouéve épdoywvie.

El pev obv ot AT, BA 813 toU xévtpou elotv dote 10 E
xévtpov eivan Tob ABT'A xOxhov, gavepdy, 61l lowv odo&v
v AE, EI', AE, EB xat 16 010 t6v AE, EI nepieybuevov
opdoymviov loov éoti t6 Ono v AE, EB mepieyopéve
6p00Y0ViE.

My Eotwwoav df ai AN, AB 8 o0 xévtpou, xal
eiMpde 1o xévipov 1ol ABI'A, xal Eotw 10 Z, xal dno
ol Z énl td¢ AL, AB eddeloc xddetol Aydwoav ol ZH,
70, xal éneledydwooy ai ZB, ZI', ZE.

Kol enel e0ieid tig 81d tol xévtpou f HZ €0deiav tiva
un B tol xévtpou v Al mpoc opddc téuver, xol diya
oty tépver Ton dea ) AH tfj HI'. énetl obv eddeia | Al
tétunton eig pév Too xota o H, eic 8¢ dvioa xata 10 E, 10
Gpa o v AE, EI' nepleyduevov dpoydviov petd tod
ano tfic EH tetpaydvou loov goti 16 anod tfic HI™ [xowvov)
npooxelolw to dno tfic HZ: 1o dpa Uno tév AE, EIN petd
w6y ano v HE, HZ Toov €07l toic ano tédv 'H, HZ. s
tolg pév ano v EH, HZ loov éotl 10 dnod tfic ZE, tolc
oe ano wav I'H, HZ Toov éotl 10 dno tiic ZI'" 16 dpa UTO
v AE, EI' pyetd o0 dno tfic ZE loov éotl 16 ano tiic
ZI. {on 8¢ N ZI <fj ZB- 16 dpa Uno tév AE, EI' yeta ol
ano tfic EZ loov éoti 16 and tfic ZB. du & adtd 81 %ol
10 Uno @V AE, EB petd 100 dno tijc ZE icov éoti 18 dno
tfic ZB. &delydn 8¢ xal t6 Uno tév AE, EI' yetd tob dno
tfic ZE Toov 18 ano tiic ZB* 16 dpa Uno tev AE, EI' petd
ol dno tiic ZE loov éotl 16 bno v AE, EB petd tob
ano tiic ZE. xowov dgfieode o dno tiic ZE- Aowndyv dpa
0 Uno v AE, EI nepieydpevov épdoydviov Toov éott 6
ono v AE, EB nepieyouéve dptoywvie.

‘Edav dpa év x0xhe ebldeion dVo téuvwoty dhAhAog, TO
Omo AV Thig bl TUNUATWY TepleyOUeEVOY 6ptoyhvio loov

Proposition 35

If two straight-lines in a circle cut one another then
the rectangle contained by the pieces of one is equal to
the rectangle contained by the pieces of the other.

A

A

W

For let the two straight-lines AC' and BD, in the circle
ABCD, cut one another at point E. I say that the rect-
angle contained by AE and EC is equal to the rectangle
contained by DFE and EB.

In fact, if AC and BD are through the center (as in
the first diagram from the left), so that E is the center of
circle ABCD, then (it is) clear that, AE, EC, DFE, and
E' B being equal, the rectangle contained by AFE and EC
is also equal to the rectangle contained by DF and EB.

So let AC' and DB not be though the center (as in
the second diagram from the left), and let the center of
ABCD have been found [Prop. 3.1], and let it be (at) F.
And let FG and FH have been drawn from F, perpen-
dicular to the straight-lines AC and DB (respectively)
[Prop. 1.12]. And let F B, F'C, and F'E have been joined.

And since some straight-line, GF', through the center,
cuts at right-angles some (other) straight-line, AC, not
through the center, then it also cuts it in half [Prop. 3.3].
Thus, AG (is) equal to GC. Therefore, since the straight-
line AC is cut equally at GG, and unequally at E, the
rectangle contained by AF and EC plus the square on
EG is thus equal to the (square) on GC' [Prop. 2.5]. Let
the (square) on GF' have been added [to both]. Thus,
the (rectangle contained) by AE and EC plus the (sum
of the squares) on GE and GF is equal to the (sum of
the squares) on CG and GF. But, the (square) on F'E
is equal to the (sum of the squares) on FG and GF
[Prop. 1.47], and the (square) on F'C is equal to the (sum
of the squares) on CG and GF [Prop. 1.47]. Thus, the
(rectangle contained) by AF and EC plus the (square)
on F'E is equal to the (square) on F'C. And FC (is)
equal to FF'B. Thus, the (rectangle contained) by AFE
and EC plus the (square) on F'F is equal to the (square)
on F'B. So, for the same (reasons), the (rectangle con-
tained) by DE and E B plus the (square) on F'FE is equal
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gotl 16 Lo TEV Tiic ETépoc TUNUATWY TEPLEYOPEVY 6plo-
yoviw: énep Edel Oelo.
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‘Edav x0xhov Angdfj Tv onueiov éxtég, xol an’ abtod
TROC TOV xUXAoV pooTintwot Vo evdelon, xol 1 Yev ad &V
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Tepvolone xal Thg ExTog dmohauBavouévne LeTall Tol Te
onuelov xol Tijc xvpTiic neplpepeiog foov 16 anod tiic Epa-
TTOUEVNC TETPAY V.
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KiOxhou yap 100 ABI eidigdw Tt onuelov éxtog 10 A,
%ol &no ol A npog tov ABIT xOxhov npoomintétwooay dvo
ebleton ai AT[A], AB* xai 1) u¢v ATA tepuvétw tov ABT
x0xhov, 1 8¢ BA égontéotn’ hAéyw, 6t 10 OO TV AA,
AT rmepieybpevov optoydviov loov €oti 16 anod tfic AB
TETPAYOVE).

H 8pa [AJTA #tor 81& to0 xévtpou éotiv 7 00. Eotw
TpoTEPOV BLd ToD *EVTEOL, Xl EoTw TO Z xévtpov tol ABIP
x0xhou, xol eneletydw | ZB- 601 dpa éotlv 1 Und ZBA.
xal €mel evdela /) A Blya tétunton xatd t0 Z, mpdoxeiton
oe a0tfi N I'A, 10 oo Uno @y AA, AT peta 1ol dno tiic
ZI' loov éotl 16 ano tfic ZA. Ton 8¢ ) ZI' 1f] ZB- 10 8pa
Ono t@v AA, AT peta 100 dnd tiic ZB loov éotl 8 dno
e ZA. 1% 8¢ dno tiic ZA oo €oti & dno tév ZB, BA-
T0 Gpo U v AA, AT petd tob dnod tiic ZB Toov éoti
Tolg ano v ZB, BA. xowov dgneriotde to dno tiic ZB-
hownov dpar to Vo TV AA, AT Toov éotl 16 ano tfic AB

to the (square) on FB. And the (rectangle contained)
by AE and EC plus the (square) on F'E was also shown
(to be) equal to the (square) on F'B. Thus, the (rect-
angle contained) by AE and EC plus the (square) on
FFE is equal to the (rectangle contained) by DE and EB
plus the (square) on F'E. Let the (square) on F'E have
been taken from both. Thus, the remaining rectangle con-
tained by AF and EC is equal to the rectangle contained
by DE and EB.

Thus, if two straight-lines in a circle cut one another
then the rectangle contained by the pieces of one is equal
to the rectangle contained by the pieces of the other.
(Which is) the very thing it was required to show.

Proposition 36

If some point is taken outside a circle, and two
straight-lines radiate from it towards the circle, and (one)
of them cuts the circle, and the (other) touches (it), then
the (rectangle contained) by the whole (straight-line)
cutting (the circle), and the (part of it) cut off outside
(the circle), between the point and the convex circumfer-
ence, will be equal to the square on the tangent (line).

A

s}

D

For let some point D have been taken outside circle
ABC, and let two straight-lines, DC[A] and DB, radi-
ate from D towards circle ABC. And let DC A cut circle
ABC, and let BD touch (it). I say that the rectangle
contained by AD and DC is equal to the square on DB.

[D]C A is surely either through the center, or not. Let
it first of all be through the center, and let F' be the cen-
ter of circle ABC, and let F'B have been joined. Thus,
(angle) F'BD is a right-angle [Prop. 3.18]. And since
straight-line AC is cut in half at F, let CD have been
added to it. Thus, the (rectangle contained) by AD and
DC plus the (square) on FC is equal to the (square) on
F'D [Prop. 2.6]. And FC (is) equal to F'B. Thus, the
(rectangle contained) by AD and DC plus the (square)
on F'B is equal to the (square) on F'D. And the (square)
on F'D is equal to the (sum of the squares) on F'B and
BD [Prop. 1.47]. Thus, the (rectangle contained) by AD
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EQPATTOUEVTG.

AXha on f ATA un €otw 81d tob xévipou tob ABT
x0xhov, xaol eihfgdw t6 xévipov 10 E, xal dno tob E ént
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T0 6o tiic ZE- 16 dpa 1o v AA, AT petd @y ano tév
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gotl @ anod tiic EA. Ton 8¢ /) EI" ) EB* 10 dpa Uno tév
AA, AT yeta tob ano tijic EB loov éotl 16 dno tiic EA.
6 8¢ ano tfic EA loa éotl 14 dno tév EB, BA- ép0n yap
N o EBA ywvia 16 dpo o tesv AA, AT yetd ol dno
tfic EB Toov éotl toic ano v EB, BA. xowodv dgnerode
0 ano tiic EB- Aownov dpa 16 Unod v AA, AT Toov éoti
6 ano tiic AB.

"Edv oo x0xhou Anedf] T onuelov éxtoc, xal an” adtod
TROC TOV xUXAoV pooTintwot Vo eddelon, xol 1 Yev adT&vY
TEUVY) TOV xOXAoV, 1) BE EpdmtnTo, EoTon TO U dAne Tiic
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onuelov xol Tijc xvpTiic neplpepeiag foov 16 anod tiic Epa-
TTOPEVNC TETRPAY OV OTep Edel Bel€an.

INGH
‘Eav xOxhov An@dfi v onuelov éxtdg, anod de tob
onuetov mpog OV xUxhov mpooTintwot dbo edvelon, xal
N HEV adTAY TéUVY TOV x0Oxhov, 1 B¢ mpooninty, 1) 8¢ TO
Uno [tic] Ohne Thc Tepvolvone xol Thc ExtOC dmolopBo-

and DC plus the (square) on F'B is equal to the (sum
of the squares) on F'B and BD. Let the (square) on
F B have been subtracted from both. Thus, the remain-
ing (rectangle contained) by AD and DC is equal to the
(square) on the tangent DB.

And so let DCA not be through the center of cir-
cle ABC, and let the center E have been found, and
let EF have been drawn from E, perpendicular to AC
[Prop. 1.12]. And let EB, EC, and ED have been joined.
(Angle) EBD (is) thus a right-angle [Prop. 3.18]. And
since some straight-line, E'F, through the center, cuts
some (other) straight-line, AC, not through the center,
at right-angles, it also cuts it in half [Prop. 3.3]. Thus,
AF is equal to FC. And since the straight-line AC is cut
in half at point F, let C'D have been added to it. Thus, the
(rectangle contained) by AD and DC plus the (square)
on FC is equal to the (square) on F'D [Prop. 2.6]. Let
the (square) on F'F have been added to both. Thus, the
(rectangle contained) by AD and DC plus the (sum of
the squares) on C'F and F'F is equal to the (sum of the
squares) on F'D and F'E. But the (square) on EC is equal
to the (sum of the squares) on CF and FE. For [angle]
EFC [is] a right-angle [Prop. 1.47]. And the (square)
on ED is equal to the (sum of the squares) on DF and
FE [Prop. 1.47]. Thus, the (rectangle contained) by AD
and DC plus the (square) on EC is equal to the (square)
on ED. And EC (is) equal to EB. Thus, the (rectan-
gle contained) by AD and DC plus the (square) on EB
is equal to the (square) on ED. And the (sum of the
squares) on EB and BD is equal to the (square) on ED.
For EBD (is) a right-angle [Prop. 1.47]. Thus, the (rect-
angle contained) by AD and DC plus the (square) on
EB is equal to the (sum of the squares) on EB and BD.
Let the (square) on F'B have been subtracted from both.
Thus, the remaining (rectangle contained) by AD and
DC is equal to the (square) on BD.

Thus, if some point is taken outside a circle, and two
straight-lines radiate from it towards the circle, and (one)
of them cuts the circle, and (the other) touches (it), then
the (rectangle contained) by the whole (straight-line)
cutting (the circle), and the (part of it) cut off outside
(the circle), between the point and the convex circumfer-
ence, will be equal to the square on the tangent (line).
(Which is) the very thing it was required to show.

Proposition 37

If some point is taken outside a circle, and two
straight-lines radiate from the point towards the circle,
and one of them cuts the circle, and the (other) meets
(it), and the (rectangle contained) by the whole (straight-
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line) cutting (the circle), and the (part of it) cut off out-
side (the circle), between the point and the convex cir-
cumference, is equal to the (square) on the (straight-line)
meeting (the circle), then the (straight-line) meeting (the
circle) will touch the circle.

D
E

B A

For let some point D have been taken outside circle
ABC, and let two straight-lines, DC'A and DB, radiate
from D towards circle ABC, and let DC A cut the circle,
and let DB meet (the circle). And let the (rectangle con-
tained) by AD and DC be equal to the (square) on DB.
I say that DB touches circle ABC.

For let DFE have been drawn touching ABC [Prop.
3.17], and let the center of the circle ABC have been
found, and let it be (at) F. And let F'E, F'B, and FD
have been joined. (Angle) FED is thus a right-angle
[Prop. 3.18]. And since DFE touches circle ABC, and
DC A cuts (it), the (rectangle contained) by AD and DC
is thus equal to the (square) on DE [Prop. 3.36]. And the
(rectangle contained) by AD and DC was also equal to
the (square) on DB. Thus, the (square) on DFE is equal
to the (square) on DB. Thus, DE (is) equal to DB. And
FE is also equal to F'B. So the two (straight-lines) DFE,
EF are equal to the two (straight-lines) DB, BF (re-
spectively). And their base, F'D, is common. Thus, angle
DEF is equal to angle DBF [Prop. 1.8]. And DEF (is)
a right-angle. Thus, DBF (is) also a right-angle. And
F' B produced is a diameter, And a (straight-line) drawn
at right-angles to a diameter of a circle, at its extremity,
touches the circle [Prop. 3.16 corr.]. Thus, DB touches
circle ABC. Similarly, (the same thing) can be shown,
even if the center happens to be on AC.

Thus, if some point is taken outside a circle, and two
straight-lines radiate from the point towards the circle,
and one of them cuts the circle, and the (other) meets
(it), and the (rectangle contained) by the whole (straight-
line) cutting (the circle), and the (part of it) cut off out-
side (the circle), between the point and the convex cir-
cumference, is equal to the (square) on the (straight-line)
meeting (the circle), then the (straight-line) meeting (the
circle) will touch the circle. (Which is) the very thing it
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was required to show.
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