ELEMENTS BOOK 4

Construction of Rectilinear Figures In and
Around Circles
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o Uy fiua 000 ypaupov eig oy fiwa e030ypopuov Eyypedp-
eodan AéyeTan, OTay ExAOTY TEY ToU EYYPAPOUEVOL CYHUAT-
0¢ YOGSV Exdotne mhevpdic Tol, eic O EyypdpeTat, dnTnTou.

B’. Lyfjuo 8¢ ouolwg tepl oyfjua nepiypdpeodon Aéyeto,
otay ExdoTn TAELpd Tol TERLYPAUPOUEVOL EXAOTNG YwVlag
tol, nepl 6 meplypdpeTal, dmTnTaL.

v’ By fiuo e090ypopuoyv eig xOxhov Eyypdpecdor AéyeTo,
6tav Exdotn ywvio tob €yypagouévou dmtnTon Tfic TOU
x0xhov mepLpepeiog.

0. Yyfjua 8¢ e0¥0ypaupov mepl xOxhov meplypdpe-
odar Aéyeton, 6ty ExdoTn mAeupd TOU TEPLYpOpOUEVOU
gpdmtnton tfic TolU xOxAouv mepipepeloc.

e’. Kixhog bt cic oyfijpa dpoing éyyedpecior Aéyeta,
otav 1) tol xOxhou mepLpépela Exdotng mAeupdc Tol, eic O
EyypdpeTal, dmTnToL.

7. KOxhog 8¢ mepl oyfjua neptypdgpecdor Aéyeton, dtay
N 00 x0xhou mepupépelar ExAoTNG Ywviog Tol, mepl 6 me-
pLypdpeTal, dmTnToL.

C. Ebdeio eic xOxhov évapuolecton Aéyetar, dtoy &
népata avTiic énl Tiic mepipepelac ] Tob xxhou.

’

a.

Eic tov Sovévta xOxhov 1] dodeion eddeia un pellow
obon tfic ol x0xhou Sopétpou fony ebideiay Evapudoo.

A

Z

"Ecte 6 doldelc xOxhog 6 ABIL, 1) 8¢ Solcioa eddeta un
pellwv tfic 100 x0xhou Slopéteou | A. Bel 81 eic tov ABI
x0xhov tf] A eddela Tonv eddelay Evopudoo.

"Hy 90 1ot ABIT x0xhou Siduetpoc 1 BI'. el pev olv Ton
gotlv ) BI' tfj A, yeyovoc dv €ln 10 émtaydév: Evipuootal

Definitions

1. A rectilinear figure is said to be inscribed in
a(nother) rectilinear figure when the respective angles
of the inscribed figure touch the respective sides of the
(figure) in which it is inscribed.

2. And, similarly, a (rectilinear) figure is said to be cir-
cumscribed about a(nother rectilinear) figure when the
respective sides of the circumscribed (figure) touch the
respective angles of the (figure) about which it is circum-
scribed.

3. A rectilinear figure is said to be inscribed in a cir-
cle when each angle of the inscribed (figure) touches the
circumference of the circle.

4. And a rectilinear figure is said to be circumscribed
about a circle when each side of the circumscribed (fig-
ure) touches the circumference of the circle.

5. And, similarly, a circle is said to be inscribed in a
(rectilinear) figure when the circumference of the circle
touches each side of the (figure) in which it is inscribed.

6. And a circle is said to be circumscribed about a
rectilinear (figure) when the circumference of the circle
touches each angle of the (figure) about which it is cir-
cumscribed.

7. A straight-line is said to be inserted into a circle
when its extemities are on the circumference of the circle.

Proposition 1

To insert a straight-line equal to a given straight-line
into a circle, (the latter straight-line) not being greater
than the diameter of the circle.

D

Let ABC be the given circle, and D the given straight-
line (which is) not greater than the diameter of the cir-
cle. So it is required to insert a straight-line, equal to the
straight-line D, into the circle ABC.

Let a diameter BC of circle ABC have been drawn.
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yop eic tov ABIT x0xhov tf] A eddela ion 7 BI'. €l 8¢ peilov
gotlv 1 BI' tfic A, xelodw tfj A lon 0 T'E, xol xévtpw
6 I' Swwothuott 8¢ 16 I'E xdxhog yeypdpldn 6 EAZ, xal
éneletydo A TA.

"Enel obv to I' onpeiov xévtpov éotl tol EAZ xixhou,
ion éotiv ) A <fj TE. dAA& tff A 7 T'E éonv lon xad ) A
Gpa tfj I'A €otwv Tom.

Ei¢ dpa tov dotévta xOxhov tov ABI tfj 6oUelon ebdein
i A Ton évippooton ) A+ dnep €del notfioou.

Therefore, if BC' is equal to D then that (which) was
prescribed has taken place. For the (straight-line) BC,
equal to the straight-line D, has been inserted into the
circle ABC. And if BC is greater than D then let CF be
made equal to D [Prop. 1.3], and let the circle EAF have
been drawn with center C' and radius CE. And let CA
have been joined.

Therefore, since the point C is the center of circle
FEAF, CA is equal to CE. But, CE is equal to D. Thus,
D is also equal to C' A.

Thus, C'A, equal to the given straight-line D, has been
inserted into the given circle ABC. (Which is) the very
thing it was required to do.

t Presumably, by finding the center of the circle [Prop. 3.1], and then drawing a line through it.

p/
Eic tov 8o¥évta xOxhov 16 dodévtt Torydve icoydviov
Telywvov éyypddo.

B E
Z
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A
A
G

"Eotw 6 dodeic xixhoc 6 ABI', 16 8¢ doldev tpiywvov
w0 AEZ: 8et o) eic tov ABI' x0xdov 6 AEZ tpiyddve
looydviov tpliywvov Eyypddou.

"Hy 0w 100 ABI" x0xhou égoantopévn f HO xatd 10 A,
%ol cLVESTATL TPOC Tf] AO edlela ol & TpPoC ATl onueiw
w0 A tfj bno AEZ vovia Ton f Ono OAT, mpoc 8¢ tfj AH
eV0elo xol 6 Tpoc adTH onuelw 16 A tfj bno AZE [ywviy]
ion 7 Ono HAB, xal éneletydw 7 BT

‘Enel obv x0xhouv 100 ABI" épdntetal tig eddela | AO,
xall &mo Tiic xotd 0 A Enaegpiic el 1oV xUxhov difjxton ebdein
N AL, 7 dpa Und OAT Tor €oti tfj €V 16 EVarhdE Tol xOxhou
Turpatt yovig T Und ABI. AN 1 bno ©AT fj bno AEZ
gotv lon xol 1 bno ABI 8pa ywvia tfj Ond AEZ éotwv
fon. B t& adtd 61 xol 1) Ondo AI'B tfj Ono AZE éotwv
Ton® xol Aoy Gpor 1) Uno BAT hourfj tfj Uno EAZ éotw Tom
[looydviov Gpa éotl 10 ABT tpiywvov 16 AEZ tprydve,
xal Eyyéypomtar eic Tov ABT x0xdov].

Eic tov 8odévta dpo xOxhov T& Bovévtl TplyWve
looydviov tplywvov Eyyéypantor dmep €0l motijoo.

Proposition 2

To inscribe a triangle, equiangular with a given trian-
gle, in a given circle.

B E
F
C
G D
A
H

Let ABC be the given circle, and DEF the given tri-
angle. So it is required to inscribe a triangle, equiangular
with triangle DEF, in circle ABC.

Let G H have been drawn touching circle ABC at A."
And let (angle) HAC, equal to angle DEF, have been
constructed on the straight-line AH at the point A on it,
and (angle) GAB, equal to [angle] DFE, on the straight-
line AG at the point A on it [Prop. 1.23]. And let BC
have been joined.

Therefore, since some straight-line AH touches the
circle ABC, and the straight-line AC has been drawn
across (the circle) from the point of contact A, (angle)
HAC is thus equal to the angle ABC in the alternate
segment of the circle [Prop. 3.32]. But, HAC is equal to
DEF. Thus, angle ABC'is also equal to DEF'. So, for the
same (reasons), ACB is also equal to DF'E. Thus, the re-
maining (angle) BAC is equal to the remaining (angle)
EDF [Prop. 1.32]. [Thus, triangle ABC is equiangu-
lar with triangle DFEF, and has been inscribed in circle
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T See the footnote to Prop. 3.34.
Y.
TTepl tov Sovévta xOxhov T8 BoYEVTL TELY DV IG0YWVIOY
Tplywvov meptypddou.
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"Eotw 6 dodeic x0xhoc 6 ABT', 16 8¢ Sodev tplywvov
w0 AEZ- 8¢t 81 mepl tov ABT xUxdov 16 AEZ tpiyddve
looydviov tplywvov neptypddon.

‘ExBefAnodo 1| EZ ¢ éxdtepa t& pépn xata o H, ©
onpela, xol eiMipdw 1ol ABI' xOxhou xévtpov 10 K, xal
oY, bg Etuyev, edleia | KB, xal cuvestdtw mpog T
KB eddela xal 16 npog avtij onueie ¢ K tfj uév bno AEH
yovia fon 7 Und BKA, tfj 8¢ Ono AZO fon 1) bnd BKT, xai
o ey A, B, I' onuelov Aydwoay épantéyevor tob ABI
xOxhov ai AAM, MBN, NTA.

Kot énel €pdntovton o0 ABI xOxhou ot AM, MN, NA
xatd to A, B, I onpeia, dno 8¢ tod K xévtpou éml 1o A, B,
I' onpeia énelevyuévo eioty ai KA, KB, KTI', 6ptal dpo eicty
al mpoc toic A, B, I onpelowc ywvioa. xol énel 1ol AMBK
teTpanAelpou ol TEcoupeS Ywvlon TéTpaaty pdalc too eioty,
gneldrimep xol el dV0 tplywva dionpeiton 1© AMBK, xof eiow
6p0al o Und KAM, KBM ywviot, hoiral dpa ol Ono AKB,
AMB buoly 6plaic low eiotv. ciol 8¢ ol ai Ono AEH,
AEZ ductv éploic Toaw oi dpo Um0 AKB, AMB toic Ono
AEH, AEZ {oo eioty, &v 7 bno AKB tfj Und AEH éotwv
fon hout) pa ) Und AMB lowrf] tff Und AEZ éotw Ton.
ouolwe o1 deydoetar, 61l xal 1) bno ANB tf] bno AZE
gotwv Ton ol houn) par 1) Ud MAN howrfi] <fj vnd EAZ
got lom. iooywviov dpa éotl 10 AMN tplywvov 16 AEZ
TELYOVw: xal teptyéypanton Tepl TOv ABIT xbxhov.

ITepl tov Bovévta Gpo xOxAov 16 B0VEVTL TELYWVER
looywviov tplywvov neplyéypantal 6mep €8el molfjoa.

ABC1.

Thus, a triangle, equiangular with the given triangle,
has been inscribed in the given circle. (Which is) the very
thing it was required to do.

Proposition 3

To circumscribe a triangle, equiangular with a given
triangle, about a given circle.

M H

F D

L C N G

Let ABC be the given circle, and DEF the given tri-
angle. So it is required to circumscribe a triangle, equian-
gular with triangle DEF, about circle ABC.

Let EF have been produced in each direction to
points G and H. And let the center K of circle ABC
have been found [Prop. 3.1]. And let the straight-line
K B have been drawn, at random, across (ABC). And
let (angle) BK A, equal to angle DEG, have been con-
structed on the straight-line KB at the point K on it,
and (angle) BKC, equal to DFH [Prop. 1.23]. And let
the (straight-lines) LAM, M BN, and NCL have been
drawn through the points A, B, and C (respectively),
touching the circle ABC.T

And since LM, M N, and NL touch circle ABC' at
points A, B, and C (respectively), and KA, KB, and
KC are joined from the center K to points A, B, and
C (respectively), the angles at points A, B, and C are
thus right-angles [Prop. 3.18]. And since the (sum of the)
four angles of quadrilateral AM BK is equal to four right-
angles, inasmuch as AM BK (can) also (be) divided into
two triangles [Prop. 1.32], and angles K AM and K BM
are (both) right-angles, the (sum of the) remaining (an-
gles), AK B and AM B, is thus equal to two right-angles.
And DEG and DEF is also equal to two right-angles
[Prop. 1.13]. Thus, AKB and AMB is equal to DEG
and DEF, of which AK B is equal to DEG. Thus, the re-
mainder AM B is equal to the remainder DEF. So, sim-
ilarly, it can be shown that LN B is also equal to DF'E.
Thus, the remaining (angle) M LN is also equal to the
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T See the footnote to Prop. 3.34.
8/

Eic 10 dodev tplywvov xOxhov eyypddou.

A

B 7 I

"Eotw 16 dodev tplywvov 1o ABI™ 8el 61 eic 1o ABI
Tplywvov xOxhov Eyypddou.

Tetuhodwoav ai Uno ABT, AT'B ywvio Siya toic BA,
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e0Veloc xddetol ol AE, AZ, AH.

Kol émel Ton €otiv 7} bno ABA yovia tfj bno I'BA,
gotl 8¢ xal opUn) 7 Und BEA 6p0f] tfj bnd BZA Tom, 8o
on telywvd o td EBA, ZBA tdc 8o ywviog tolc duot
yovioug Toac Eyovta xal play mhevpdy wd thevpd lony ™y
Onotelvoucay UTo plav @V lowy YwVBY xowny adTtéy Ty
BA- xol tac Aownde dpa Theupdc tolc Aotnolc Thevpaic loog
govow- Torn Gpa | AE tfj AZ. 8& t& avtd on xol f AH
] AZ éotwv Ton. ol teelc dpo eddeilon ai AE, AZ, AH
Toow dAAAAouc elotv O oo xEvteds T6 A xol SlaoTrRuaTL EV
v E, Z, H xOxhoc ypagpduevoc HEet xal Bid t&v hotnév
onuetlwv xal épddetar v AB, BI', TA edde&dv So 1o
oplag eivar tac mpog tolc E, Z, H onuelowc ywviag. el yop
Tepel adTde, €oton 1 Tf] Slopétew ToU xUxhou TEodS HpvdC

an’ dxpoc dyopévn Evtog mintovoa tol xUxhou: émep dto-
Tov €delyOn 0Ux Bpa 6 xEVTEw & A dlaoThUATL OE EVL TBY
E, Z, H ypagopevoe xixhog teyel tac AB, BT, T'A eddelag
gpddeTon dGpar adTEY, xol Eoton 6 xOUXAOG EYYEYPAUUUEVOC ElC
w0 ABTI tplywvov. éyyeypdgpin d¢ 6 ZHE.

Eic dpa 10 800ev tpiywvov 10 ABI" wOxhoc éyyéypanta
6 EZH" émep €del moifjoon.

[remaining] (angle) FDF [Prop. 1.32]. Thus, triangle
LM N is equiangular with triangle DEF'. And it has been
drawn around circle ABC.

Thus, a triangle, equiangular with the given triangle,
has been circumscribed about the given circle. (Which is)
the very thing it was required to do.

Proposition 4

To inscribe a circle in a given triangle.

A

B g C

Let ABC be the given triangle. So it is required to
inscribe a circle in triangle ABC.

Let the angles ABC and AC B have been cut in half by
the straight-lines BD and CD (respectively) [Prop. 1.9],
and let them meet one another at point D, and let DF,
DF, and DG have been drawn from point D, perpendic-
ular to the straight-lines AB, BC, and C' A (respectively)
[Prop. 1.12].

And since angle ABD is equal to CBD, and the right-
angle BED is also equal to the right-angle BF D, EBD
and F'BD are thus two triangles having two angles equal
to two angles, and one side equal to one side—the (one)
subtending one of the equal angles (which is) common to
the (triangles)—(namely), BD. Thus, they will also have
the remaining sides equal to the (corresponding) remain-
ing sides [Prop. 1.26]. Thus, DE (is) equal to DF. So,
for the same (reasons), DG is also equal to DF. Thus,
the three straight-lines DE, DF, and DG are equal to
one another. Thus, the circle drawn with center D, and
radius one of E, F, or G, will also go through the re-
maining points, and will touch the straight-lines AB, BC,
and C'A, on account of the angles at F, F, and G being
right-angles. For if it cuts (one of) them then it will be
a (straight-line) drawn at right-angles to a diameter of
the circle, from its extremity, falling inside the circle. The
very thing was shown (to be) absurd [Prop. 3.16]. Thus,
the circle drawn with center D, and radius one of E, I,
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T Here, and in the following propositions, it is understood that the radius

’

€.

ITepl 16 dolev tplywvov xdxhov neprypddan.

"Eotw 1o do0ev tpiywvov 10 ABI' 8¢l 8¢ nepl 10 dodev
tplywvov 10 ABT' xUxhov meptypddou.

Tetuhodwoav ai AB, A" eddeton diya xatd & A, E
onpela, xal dno w6y A, E onuelov taic AB, AL npoc dptac
Aydwoav ol AZ, EZ- cupnecolvtat 81 Yjtol évtoc 1ol ABI
Tetyodvou 1) et tHic B ebdelac 1) éxtog tfic BT

Yuumntétwoay TedTEPOY EVTOC Xatd TO Z, xol Eneletyd-
woav ol ZB, 71", ZA. xai el Ton éotiv 7} AA tf] AB, xouwn)
0e xal mpog oplac | AZ, Bdoig dpa 1) AZ Bdoel i ZB oty
lon. ouolwg on detlouev, &t xol N I'Z tfj AZ éotw lon:
ote xal ) ZB tfj ZI" oty o' ol teelc dpa od ZA, ZB, ZI1
Toaw aAARhaug iolv. O dpo xEvTew T6 Z SlaoThuatt de EVi
v A, B, I x0xhog ypapdpevog ¥Eet xal did t6v hotndv
onpeiwy, xol Eéoton teplyeypopuévos 6 xOxiog tepl 1o ABI
telywvov. meptyeypdpdw dg 6 ABT.

AN 81 o AZ, EZ cupmintétooay énl tiic BI' ebdeiog
xotd O Z, G €yel éml Tiic deutépog xatorypopfic, ol
gneletydw N AZ. ouolwe o7 dei€opev, OTL T0 Z ornueiov
xévtpov éotl 1ol mepl 10 ABI tplywvov mepiypoagouévou
xOXhoU.

AXa o ai AZ, EZ cvymntétwoay éxtog tod ABT
TELYOVOU %ot TO Z maA, o €yel €ml tiic tpltng xato-
yoopfic, xai énclevydwoay ai AZ, BZ, I'Z. xol énel ndAwv
Ton €otiv /) AA 1] AB, xow, 8¢ xai npog opdac f AZ, Bdoie
Gpa ) AZ Bdoel tf] BZ éotwv Ton. opolwe o1 detfoyev, &t
xoil ) I'Z tfj AZ éotw lon dote xol 1) BZ 1) ZI' ot Ton
O Gpo [mdhv] xévtpw T8 Z Swothuatt 8¢ EWVL tiv ZA, ZB,
ZI' x0nhog ypapouevos el xol Bid t&v homév onpelnv,
xal éoton Tepryeypapuévoe tept 10 ABI tplywvov.

ITepl to do¥ev 8pa tplywvov xdxhog meplyéypamton
omep Edel moLfjoot.

I

or GG, does not cut the straight-lines AB, BC, and CA.
Thus, it will touch them and will be the circle inscribed
in triangle ABC. Let it have been (so) inscribed, like
FGFE (in the figure).

Thus, the circle FFG has been inscribed in the given
triangle ABC'. (Which is) the very thing it was required
to do.

is actually one of DE, DF, or DG.

Proposition 5

To circumscribe a circle about a given triangle.

A A A
INVALY
LN )

Let ABC be the given triangle. So it is required to
circumscribe a circle about the given triangle ABC.

Let the straight-lines AB and AC have been cut in
half at points D and F (respectively) [Prop. 1.10]. And
let DF' and EF have been drawn from points D and F,
at right-angles to AB and AC (respectively) [Prop. 1.11].
So (DF and EF) will surely either meet inside triangle
ABC, on the straight-line BC, or beyond BC.

Let them, first of all, meet inside (triangle ABC) at
(point) F, and let F'B, FC, and F'A have been joined.
And since AD is equal to DB, and DF is common and
at right-angles, the base AF is thus equal to the base F'B
[Prop. 1.4]. So, similarly, we can show that CF is also
equal to AF'. So that F'B is also equal to F'C. Thus, the
three (straight-lines) F'A, F'B, and F'C are equal to one
another. Thus, the circle drawn with center F', and radius
one of A, B, or C, will also go through the remaining
points. And the circle will have been circumscribed about
triangle ABC'. Let it have been (so) circumscribed, like
ABC (in the first diagram from the left).

And so, let DF and EF meet on the straight-line
BC at (point) F, like in the second diagram (from the
left). And let AF have been joined. So, similarly, we can
show that point F is the center of the circle circumscribed
about triangle ABC.

And so, let DF and E'F meet outside triangle ABC,
again at (point) F', like in the third diagram (from the
left). And let AF, BF, and C'F have been joined. And,
again, since AD is equal to DB, and DF is common and
at right-angles, the base AF' is thus equal to the base BF
[Prop. 1.4]. So, similarly, we can show that C'F' is also
equal to AF. So that BF is also equal to F'C. Thus,
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Eic tov dodévta xOxhov tetpdymvoy eyypddou.
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"Eotw 7 dodeic xOxhog 6 ABTA- §et 87 eic tov ABTA
x0OxAoV TETEEYWVOV EYYEadoL.

"Hydwoav 100 ABI'A x0xhou 800 diduetpol npog 6pddc
dAMhoug o AT, BA, xoi énelebydwoav ai AB, BI', TA,
AA.

Kot énel Ton éotiv 1y BE tfj EA- xévtpov ydp 10 E- xown
0e ol mpog 6pvac f) EA, Bdow dpo 1} AB Bdoet tf] AA Ton
gotlv. O t& adta Of) xol exatépa tav BI', TA éxatépa
v AB, AA fon éotiv: ioémhevpov dpa éott t6 ABTA
TETPATAEUPOY. Aéyw OY), OTL xol dploywviov. Emel yop 1)
BA ebdeia Siduetpoc ot ol ABI'A x0xhou, fuixdxiiov
Gpa eotl 10 BAA- 6ply) dpa ) Uno BAA ywvia. 8 ta
a0Td 81 ol Exdotn ey Uno ABI', BI'A, TAA épd1 éotiv-
opdoyodviov dpa otl 10 ABIA tetpdnhevpoyv. €delydn O
xall ioOTAELPOV" TETEAY VOV Bpa 0TIV, Xol EYYEypamTal eic
wov ABI'A xOxdov.

Eic dpa tov dodévta xixhov tetpdywvov Eyyéypanta
w0 ABT'A- 6nep €del motfioou.

[again] the circle drawn with center F', and radius one
of FA, F'B, and F'C, will also go through the remaining
points. And it will have been circumscribed about trian-
gle ABC.

Thus, a circle has been circumscribed about the given
triangle. (Which is) the very thing it was required to do.

Proposition 6

To inscribe a square in a given circle.

A

C

Let ABCD be the given circle. So it is required to
inscribe a square in circle ABCD.

Let two diameters of circle ABCD, AC and BD, have
been drawn at right-angles to one another.” And let AB,
BC, CD, and DA have been joined.

And since BF is equal to ED, for F (is) the center
(of the circle), and E A is common and at right-angles,
the base AB is thus equal to the base AD [Prop. 1.4].
So, for the same (reasons), each of BC' and CD is equal
to each of AB and AD. Thus, the quadrilateral ABCD
is equilateral. So I say that (it is) also right-angled. For
since the straight-line BD is a diameter of circle ABCD,
BAD is thus a semi-circle. Thus, angle BAD (is) a right-
angle [Prop. 3.31]. So, for the same (reasons), (angles)
ABC, BCD, and CDA are also each right-angles. Thus,
the quadrilateral ABCD is right-angled. And it was also
shown (to be) equilateral. Thus, it is a square [Def. 1.22].
And it has been inscribed in circle ABCD.

Thus, the square ABCD has been inscribed in the
given circle. (Which is) the very thing it was required
to do.

 Presumably, by finding the center of the circle [Prop. 3.1], drawing a line through it, and then drawing a second line through it, at right-angles

to the first [Prop. 1.11].

.

ITepl tov Bodévta xOxhov TeTpdywvov Teptypddoa.

Proposition 7

To circumscribe a square about a given circle.
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Gpa eott o HK, HI', AK, ZB, BK- lon dpa éotiv 0} pév
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BA, & xol ) pev AT éxatépa v HO, ZK, 7 8¢ BA
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ZHOK tetpdmievpov. Aéyw 81, 6Tl xol opdoydviov. Emel
Yo mopahAnAdYpopudy €ott 1o HBEA, xal €éotiv 6pim 0
Uno AEB, 6p01) pa xol 7} Und AHB. opolwe 87 deiopev,
STl xal ol Tpog tolc O, K, Z ywvion 6pdal clotv. 6pdoydviov
Gpa eotl 10 ZHOK. edelydn 8¢ xol iodmAeupov: teTpdywvoy
Bpa Eotiv. xol meptyéypantat tepl Tov ABI'A xhxdov.

ITepl tOv dovévTa Spa XOUAOY TETEAY VOV TEPLYEYEUTTOL:

Omep €8el molfjoau.

T See the footnote to the previous proposition.
t See the footnote to Prop. 3.34.

Let ABCD be the given circle. So it is required to
circumscribe a square about circle ABCD.

G A F

H C K

Let two diameters of circle ABCD, AC and BD, have
been drawn at right-angles to one another.” And let FG,
GH, HK, and K F have been drawn through points A,
B, C, and D (respectively), touching circle ABCD.*

Therefore, since F'G touches circle ABCD, and EA
has been joined from the center F to the point of contact
A, the angles at A are thus right-angles [Prop. 3.18]. So,
for the same (reasons), the angles at points B, C, and
D are also right-angles. And since angle AEB is a right-
angle, and E'BG is also a right-angle, GH is thus parallel
to AC [Prop. 1.29]. So, for the same (reasons), AC is
also parallel to FFK. So that GH is also parallel to FFK
[Prop. 1.30]. So, similarly, we can show that GF and
HK are each parallel to BED. Thus, GK, GC, AK, FB,
and BK are (all) parallelograms. Thus, GF is equal to
HK,and GH to FK [Prop. 1.34]. And since AC is equal
to BD, but AC (is) also (equal) to each of GH and F' K,
and BD is equal to each of GF and HK [Prop. 1.34]
[and each of GH and FK is thus equal to each of GF
and HK], the quadrilateral FGHK is thus equilateral.
So I say that (it is) also right-angled. For since GBEA
is a parallelogram, and AEB is a right-angle, AGB is
thus also a right-angle [Prop. 1.34]. So, similarly, we can
show that the angles at H, K, and F are also right-angles.
Thus, FGHK is right-angled. And it was also shown (to
be) equilateral. Thus, it is a square [Def. 1.22]. And it
has been circumscribed about circle ABCD.

Thus, a square has been circumscribed about the
given circle. (Which is) the very thing it was required
to do.
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Eic dpa 16 800ty Tetpdywvov xOxhog Eyyéypamta:
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ITepl T dolev teTpdywvov xOxhov neptypdda.
"Eotw 16 dodev tetpdywvov 10 ABIA- 8¢l o7 nepl 10
ABT'A tetpdywvov xixhov meplypdia.

Proposition 8

To inscribe a circle in a given square.
Let the given square be ABCD. So it is required to
inscribe a circle in square ABCD.

A E D

B H C

Let AD and AB each have been cut in half at points £
and F (respectively) [Prop. 1.10]. And let £ H have been
drawn through F, parallel to either of AB or C'D, and let
F K have been drawn through F, parallel to either of AD
or BC [Prop. 1.31]. Thus, AK, KB, AH, HD, AG, GC,
BG@, and G D are each parallelograms, and their opposite
sides [are] manifestly equal [Prop. 1.34]. And since AD
is equal to AB, and AFE is half of AD, and AF half of
AB, AF (is) thus also equal to AF'. So that the opposite
(sides are) also (equal). Thus, F'G (is) also equal to GE.
So, similarly, we can also show that each of GH and GK
is equal to each of FG and GE. Thus, the four (straight-
lines) GE, GF, GH, and GK [are] equal to one another.
Thus, the circle drawn with center GG, and radius one of
E, F, H, or K, will also go through the remaining points.
And it will touch the straight-lines AB, BC, CD, and
DA, on account of the angles at FE, F,, H, and K being
right-angles. For if the circle cuts AB, BC, CD, or DA,
then a (straight-line) drawn at right-angles to a diameter
of the circle, from its extremity, will fall inside the circle.
The very thing was shown (to be) absurd [Prop. 3.16].
Thus, the circle drawn with center G, and radius one of
E, F, H, or K, does not cut the straight-lines AB, BC,
CD, or DA. Thus, it will touch them, and will have been
inscribed in the square ABCD.

Thus, a circle has been inscribed in the given square.
(Which is) the very thing it was required to do.

Proposition 9

To circumscribe a circle about a given square.
Let ABCD be the given square. So it is required to
circumscribe a circle about square ABCD.
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‘Exxeicdw tic eddeio 1 AB, xai tetpriodw xotd o
I' onuelov, &ote 1o Ono twv AB, BI' nepieyduevov
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(Ve 16 A xal SotAuott 1@ AB xOxhoc veypdpdw
6 BAE, xai évnpuéodw eic tov BAE x0xdov tfj A" edldela
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AC and BD being joined, let them cut one another at
E.

A

C

And since DA is equal to AB, and AC (is) common,
the two (straight-lines) DA, AC are thus equal to the two
(straight-lines) BA, AC. And the base DC' (is) equal to
the base BC. Thus, angle DAC is equal to angle BAC
[Prop. 1.8]. Thus, the angle DAB has been cut in half
by AC'. So, similarly, we can show that ABC, BC'D, and
C'D A have each been cut in half by the straight-lines AC
and DB. And since angle DAB is equal to ABC, and
EAB is half of DAB, and EBA half of ABC, EAB is
thus also equal to EBA. So that side F'A is also equal
to EB [Prop. 1.6]. So, similarly, we can show that each
of the [straight-lines] EA and EB are also equal to each
of EC and ED. Thus, the four (straight-lines) FA, EB,
EC, and ED are equal to one another. Thus, the circle
drawn with center F, and radius one of A, B, C, or D,
will also go through the remaining points, and will have
been circumscribed about the square ABCD. Let it have
been (so) circumscribed, like ABC D (in the figure).

Thus, a circle has been circumscribed about the given
square. (Which is) the very thing it was required to do.

Proposition 10

To construct an isosceles triangle having each of the
angles at the base double the remaining (angle).

Let some straight-line AB be taken, and let it have
been cut at point C so that the rectangle contained by
AB and BC is equal to the square on C'A [Prop. 2.11].
And let the circle BDE have been drawn with center A,
and radius AB. And let the straight-line BD, equal to
the straight-line AC, being not greater than the diame-
ter of circle BDE, have been inserted into circle BDE
[Prop. 4.1]. And let AD and DC have been joined. And
let the circle AC D have been circumscribed about trian-
gle AC'D [Prop. 4.5].
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And since the (rectangle contained) by AB and BC
is equal to the (square) on AC, and AC (is) equal to
BD, the (rectangle contained) by AB and BC is thus
equal to the (square) on BD. And since some point B
has been taken outside of circle AC'D, and two straight-
lines BA and BD have radiated from B towards the cir-
cle ACD, and (one) of them cuts (the circle), and (the
other) meets (the circle), and the (rectangle contained)
by AB and BC is equal to the (square) on BD, BD thus
touches circle ACD [Prop. 3.37]. Therefore, since BD
touches (the circle), and DC has been drawn across (the
circle) from the point of contact D, the angle BDC is
thus equal to the angle DAC in the alternate segment of
the circle [Prop. 3.32]. Therefore, since BDC' is equal
to DAC, let CDA have been added to both. Thus, the
whole of BDA is equal to the two (angles) CDA and
DAC. But, the external (angle) BCD is equal to CDA
and DAC [Prop. 1.32]. Thus, BDA is also equal to
BCD. But, BDA is equal to CBD, since the side AD is
also equal to AB [Prop. 1.5]. So that DBA is also equal
to BC'D. Thus, the three (angles) BDA, DBA, and BCD
are equal to one another. And since angle DBC is equal
to BCD, side BD is also equal to side DC' [Prop. 1.6].
But, BD was assumed (to be) equal to CA. Thus, CA
is also equal to C'D. So that angle C'D A is also equal to
angle DAC [Prop. 1.5]. Thus, CDA and DAC is double
DAC. But BCD (is) equal to CDA and DAC. Thus,
BCD is also double CAD. And BCD (is) equal to to
each of BDA and DBA. Thus, BDA and DBA are each
double DAB.

Thus, the isosceles triangle ABD has been con-
structed having each of the angles at the base BD double
the remaining (angle). (Which is) the very thing it was
required to do.

Proposition 11

To inscribe an equilateral and equiangular pentagon
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in a given circle.

A
B E [\
C D G H

Let ABCDE be the given circle. So it is required to
inscribed an equilateral and equiangular pentagon in cir-
cle ABCDE.

Let the the isosceles triangle FGH be set up hav-
ing each of the angles at G and H double the (angle)
at F' [Prop. 4.10]. And let triangle AC'D, equiangular
to FGH, have been inscribed in circle ABCDE, such
that CAD is equal to the angle at F', and the (angles)
at G and H (are) equal to ACD and CDA, respectively
[Prop. 4.2]. Thus, ACD and CDA are each double
CAD. Solet ACD and C'DA have been cut in half by
the straight-lines CFE and DB, respectively [Prop. 1.9].
And let AB, BC, DE and E A have been joined.

Therefore, since angles AC'D and C DA are each dou-
ble C AD, and are cut in half by the straight-lines CE and
DB, the five angles DAC, ACE, ECD, CDB, and BDA
are thus equal to one another. And equal angles stand
upon equal circumferences [Prop. 3.26]. Thus, the five
circumferences AB, BC, CD, DE, and EA are equal to
one another [Prop. 3.29]. Thus, the pentagon ABCDE
is equilateral. So I say that (it is) also equiangular. For
since the circumference AB is equal to the circumfer-
ence DFE, let BCD have been added to both. Thus, the
whole circumference ABCD is equal to the whole cir-
cumference EDCB. And the angle AED stands upon
circumference ABCD, and angle BAE upon circumfer-
ence EDCB. Thus, angle BAFE is also equal to AED
[Prop. 3.27]. So, for the same (reasons), each of the an-
gles ABC, BC'D, and CDE is also equal to each of BAE
and AED. Thus, pentagon ABCDE is equiangular. And
it was also shown (to be) equilateral.

Thus, an equilateral and equiangular pentagon has
been inscribed in the given circle. (Which is) the very
thing it was required to do.

Proposition 12

To circumscribe an equilateral and equiangular pen-
tagon about a given circle.
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Let ABCDE be the given circle. So it is required
to circumscribe an equilateral and equiangular pentagon
about circle ABCDE.

Let A, B, C, D, and E have been conceived as the an-
gular points of a pentagon having been inscribed (in cir-
cle ABCDE) [Prop. 3.11], such that the circumferences
AB, BC,CD, DE, and EA are equal. And let GH, HK,
KL, LM, and MG have been drawn through (points) A,
B, C, D, and E (respectively), touching the circle.” And
let the center I of the circle ABCDE have been found
[Prop. 3.1]. And let FB, FK, FC, FL, and F'D have
been joined.

And since the straight-line K L touches (circle) ABCDFE
at C, and FC has been joined from the center F' to the
point of contact C, FC is thus perpendicular to KL
[Prop. 3.18]. Thus, each of the angles at C' is a right-
angle. So, for the same (reasons), the angles at B and
D are also right-angles. And since angle FCK is a right-
angle, the (square) on F'K is thus equal to the (sum of
the squares) on FC' and CK [Prop. 1.47]. So, for the
same (reasons), the (square) on F'K is also equal to the
(sum of the squares) on F'B and BK. So that the (sum
of the squares) on F'C and CK is equal to the (sum of
the squares) on F'B and BK, of which the (square) on
FC is equal to the (square) on F'B. Thus, the remain-
ing (square) on CK is equal to the remaining (square)
on BK. Thus, BK (is) equal to CK. And since F'B is
equal to F'C, and F'K (is) common, the two (straight-
lines) BF, F'K are equal to the two (straight-lines) CF,
FK. And the base BK [is] equal to the base CK. Thus,
angle BFK is equal to [angle] KFC [Prop. 1.8]. And
BKF (is equal) to FKC [Prop. 1.8]. Thus, BFC (is)
double K FC, and BKC (is double) FKC. So, for the
same (reasons), CF'D is also double CFL, and DLC (is
also double) F'LC'. And since circumference BC is equal
to CD, angle BFC is also equal to CFD [Prop. 3.27].
And BFC is double KFC, and DFC (is double) LFC.
Thus, K FC is also equal to LF'C. And angle FFCK is also
equal to F'CL. So, FKC and FLC are two triangles hav-
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t See the footnote to Prop. 3.34.
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"Eotw 10 800ev nevtdywvoy lodmheupdy Te xal ooy vL-
ov 10 ABTAE:" 8¢t 87 eic 10 ABI'AE nevtdywvov xOxhov
eyypddou.

Tetuhodw yop éxatépa v o BTA, TAE yowdy
Blya Um0 exatépac eV I'Z, AZ eddeiiSv: ol dno tob Z
onpetov, xot” 6 cuuBdihoucty dhhAAoug ol I'Z, AZ ebdeio,
éneledydwoay ol ZB, ZA, ZE eddelon. xol €nel lon otiv

ing two angles equal to two angles, and one side equal
to one side, (namely) their common (side) F'C. Thus,
they will also have the remaining sides equal to the (cor-
responding) remaining sides, and the remaining angle to
the remaining angle [Prop. 1.26]. Thus, the straight-line
KC (is) equal to CL, and the angle FKC to FLC. And
since KC' is equal to CL, KL (is) thus double KC. So,
for the same (reasons), it can be shown that H K (is) also
double BK. And BK is equal to KC. Thus, HK is also
equal to K L. So, similarly, each of HG, GM, and ML
can also be shown (to be) equal to each of HK and K L.
Thus, pentagon GH K LM is equilateral. So I say that
(it is) also equiangular. For since angle F K C is equal to
FLC, and HKL was shown (to be) double FKC, and
KLM double FLC, HKL is thus also equal to KLM.
So, similarly, each of KHG, HGM, and GM L can also
be shown (to be) equal to each of H KL and K LM. Thus,
the five angles GHK, HKL, KLM, LMG, and MGH
are equal to one another. Thus, the pentagon GH K LM
is equiangular. And it was also shown (to be) equilateral,
and has been circumscribed about circle ABCDE.

[Thus, an equilateral and equiangular pentagon has
been circumscribed about the given circle]. (Which is)
the very thing it was required to do.

Proposition 13

To inscribe a circle in a given pentagon, which is equi-
lateral and equiangular.

A

G M

C K D

Let ABCDFE be the given equilateral and equiangular
pentagon. So it is required to inscribe a circle in pentagon
ABCDE.

For let angles BCD and CDFE have each been cut
in half by each of the straight-lines CF and DF' (re-
spectively) [Prop. 1.9]. And from the point F', at which
the straight-lines CF' and DF meet one another, let the
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straight-lines F'B, F'A, and F'FE have been joined. And
since BC is equal to CD, and CF (is) common, the two
(straight-lines) BC, C'F' are equal to the two (straight-
lines) DC, CF. And angle BCF [is] equal to angle
DCF. Thus, the base BF is equal to the base DF, and
triangle BC'F is equal to triangle DCF', and the remain-
ing angles will be equal to the (corresponding) remain-
ing angles which the equal sides subtend [Prop. 1.4].
Thus, angle CBF (is) equal to CDF. And since CDE
is double CDF, and CDF (is) equal to ABC, and CDF
to CBF, CBA is thus also double CBF. Thus, angle
ABF is equal to F'BC. Thus, angle ABC has been cut
in half by the straight-line BF'. So, similarly, it can be
shown that BAE and AED have been cut in half by the
straight-lines F'A and F'E, respectively. So let FG, FH,
FK, FL, and FM have been drawn from point F, per-
pendicular to the straight-lines AB, BC, CD, DE, and
E A (respectively) [Prop. 1.12]. And since angle HCF
is equal to KCF, and the right-angle FHC is also equal
to the [right-angle] FKC, FHC and FKC are two tri-
angles having two angles equal to two angles, and one
side equal to one side, (namely) their common (side) F'C,
subtending one of the equal angles. Thus, they will also
have the remaining sides equal to the (corresponding)
remaining sides [Prop. 1.26]. Thus, the perpendicular
FH (is) equal to the perpendicular FK. So, similarly, it
can be shown that F L, FM, and FG are each equal to
each of FH and FK. Thus, the five straight-lines F'G,
FH, FK, FL, and FM are equal to one another. Thus,
the circle drawn with center F, and radius one of G, H,
K, L, or M, will also go through the remaining points,
and will touch the straight-lines AB, BC, CD, DE, and
E A, on account of the angles at points G, H, K, L, and
M being right-angles. For if it does not touch them, but
cuts them, it follows that a (straight-line) drawn at right-
angles to the diameter of the circle, from its extremity,
falls inside the circle. The very thing was shown (to be)
absurd [Prop. 3.16]. Thus, the circle drawn with center
F, and radius one of G, H, K, L, or M, does not cut
the straight-lines AB, BC, CD, DE, or EA. Thus, it will
touch them. Let it have been drawn, like GHK LM (in
the figure).

Thus, a circle has been inscribed in the given pen-
tagon which is equilateral and equiangular. (Which is)
the very thing it was required to do.

Proposition 14

To circumscribe a circle about a given pentagon which
is equilateral and equiangular.
Let ABCDE be the given pentagon which is equilat-
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eral and equiangular. So it is required to circumscribe a
circle about the pentagon ABCDE.

A

D

So let angles BC'D and C' DE have been cut in half by
the (straight-lines) CF and DF, respectively [Prop. 1.9].
And let the straight-lines F'B, F'A, and FE have been
joined from point F, at which the straight-lines meet,
to the points B, A, and E (respectively). So, similarly,
to the (proposition) before this (one), it can be shown
that angles CBA, BAFE, and AED have also been cut
in half by the straight-lines F'B, FA, and FFE, respec-
tively. And since angle BC'D is equal to CDFE, and FCD
is half of BCD, and CDF half of CDE, FCD is thus
also equal to F'DC'. So that side F'C is also equal to side
F'D [Prop. 1.6]. So, similarly, it can be shown that F'B,
F A, and FE are also each equal to each of F'C and FD.
Thus, the five straight-lines FA, FB, FC, F'D, and FE
are equal to one another. Thus, the circle drawn with
center F, and radius one of FFA, FB, FFC, FD, or F'E,
will also go through the remaining points, and will have
been circumscribed. Let it have been (so) circumscribed,
and let it be ABCDE.

Thus, a circle has been circumscribed about the given
pentagon, which is equilateral and equiangular. (Which
is) the very thing it was required to do.

Proposition 15

To inscribe an equilateral and equiangular hexagon in
a given circle.

Let ABCDEF be the given circle. So it is required to
inscribe an equilateral and equiangular hexagon in circle
ABCDEF.

Let the diameter AD of circle ABCDEF have been
drawn,’ and let the center G of the circle have been
found [Prop. 3.1]. And let the circle EGCH have been
drawn, with center D, and radius DG. And EG and CG
being joined, let them have been drawn across (the cir-
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cle) to points B and F' (respectively). And let AB, BC,
CD, DE, EF, and F A have been joined. I say that the
hexagon ABCDEF is equilateral and equiangular.

H

For since point G is the center of circle ABCDEF,
GE is equal to GD. Again, since point D is the cen-
ter of circle GCH, DF is equal to DG. But, GE was
shown (to be) equal to GD. Thus, GE is also equal to
ED. Thus, triangle EGD is equilateral. Thus, its three
angles FGD, GDE, and DEG are also equal to one an-
other, inasmuch as the angles at the base of isosceles tri-
angles are equal to one another [Prop. 1.5]. And the
three angles of the triangle are equal to two right-angles
[Prop. 1.32]. Thus, angle EGD is one third of two right-
angles. So, similarly, DGC can also be shown (to be)
one third of two right-angles. And since the straight-line
CG, standing on E B, makes adjacent angles FGC and
CGB equal to two right-angles [Prop. 1.13], the remain-
ing angle CGB is thus also one third of two right-angles.
Thus, angles EGD, DGC, and CGB are equal to one an-
other. And hence the (angles) opposite to them BGA,
AGF, and FGE are also equal [to EGD, DGC, and
CGB (respectively)] [Prop. 1.15]. Thus, the six angles
EGD, DGC, CGB, BGA, AGF, and FGE are equal
to one another. And equal angles stand on equal cir-
cumferences [Prop. 3.26]. Thus, the six circumferences
AB, BC, CD, DE, EF, and FA are equal to one an-
other. And equal circumferences are subtended by equal
straight-lines [Prop. 3.29]. Thus, the six straight-lines
(AB, BC, CD, DE, EF, and FA) are equal to one
another. Thus, hexagon ABCDEF is equilateral. So,
I say that (it is) also equiangular. For since circumfer-
ence F'A is equal to circumference E D, let circumference
ABCD have been added to both. Thus, the whole of
FABCD is equal to the whole of EDCBA. And angle
FED stands on circumference FABC D, and angle AF'E
on circumference EDCBA. Thus, angle AFFE is equal
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to DEF [Prop. 3.27]. Similarly, it can also be shown
that the remaining angles of hexagon ABCDEF are in-
dividually equal to each of the angles AFE and FED.
Thus, hexagon ABCDEF is equiangular. And it was also
shown (to be) equilateral. And it has been inscribed in
circle ABCDE.

Thus, an equilateral and equiangular hexagon has
been inscribed in the given circle. (Which is) the very
thing it was required to do.

Corollary

So, from this, (it is) manifest that a side of the
hexagon is equal to the radius of the circle.

And similarly to a pentagon, if we draw tangents
to the circle through the (sixfold) divisions of the (cir-
cumference of the) circle, an equilateral and equiangu-
lar hexagon can be circumscribed about the circle, analo-
gously to the aforementioned pentagon. And, further, by
(means) similar to the aforementioned pentagon, we can
inscribe and circumscribe a circle in (and about) a given
hexagon. (Which is) the very thing it was required to do.

Proposition 16

To inscribe an equilateral and equiangular fifteen-
sided figure in a given circle.

A

c\\ %D
S

Let ABCD be the given circle. So it is required to in-
scribe an equilateral and equiangular fifteen-sided figure
in circle ABCD.

Let the side AC of an equilateral triangle inscribed
in (the circle) [Prop. 4.2], and (the side) AB of an (in-
scribed) equilateral pentagon [Prop. 4.11], have been in-
scribed in circle ABC'D. Thus, just as the circle ABCD
is (made up) of fifteen equal pieces, the circumference
ABC, being a third of the circle, will be (made up) of five
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such (pieces), and the circumference AB, being a fifth of
the circle, will be (made up) of three. Thus, the remain-
der BC (will be made up) of two equal (pieces). Let (cir-
cumference) BC have been cut in half at F [Prop. 3.30].
Thus, each of the circumferences BE and EC is one fif-
teenth of the circle ABCDE.

Thus, if, joining BE and EC, we continuously in-
sert straight-lines equal to them into circle ABCDIE]
[Prop. 4.1], then an equilateral and equiangular fifteen-
sided figure will have been inserted into (the circle).
(Which is) the very thing it was required to do.

And similarly to the pentagon, if we draw tangents to
the circle through the (fifteenfold) divisions of the (cir-
cumference of the) circle, we can circumscribe an equilat-
eral and equiangular fifteen-sided figure about the circle.
And, further, through similar proofs to the pentagon, we
can also inscribe and circumscribe a circle in (and about)
a given fifteen-sided figure. (Which is) the very thing it
was required to do.
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