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Proportio

TThe theory of proportion set out in this book is generally attributed to Eudoxus of Cnidus. The novel feature of this theory is its ability to deal
with irrational magnitudes, which had hitherto been a major stumbling block for Greek mathematicians. Throughout the footnotes in this book,
a, B, v, etc., denote general (possibly irrational) magnitudes, whereas m, n, [, etc., denote positive integers.
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Definitions

1. A magnitude is a part of a(nother) magnitude, the
lesser of the greater, when it measures the greater."

2. And the greater (magnitude is) a multiple of the
lesser when it is measured by the lesser.

3. A ratio is a certain type of condition with respect to
size of two magnitudes of the same kind.*

4. (Those) magnitudes are said to have a ratio with re-
spect to one another which, being multiplied, are capable
of exceeding one another.’

5. Magnitudes are said to be in the same ratio, the first
to the second, and the third to the fourth, when equal
multiples of the first and the third either both exceed, are
both equal to, or are both less than, equal multiples of the
second and the fourth, respectively, being taken in corre-
sponding order, according to any kind of multiplication
whatever. Y

6. And let magnitudes having the same ratio be called
proportional.*

7. And when for equal multiples (as in Def. 5), the
multiple of the first (magnitude) exceeds the multiple of
the second, and the multiple of the third (magnitude)
does not exceed the multiple of the fourth, then the first
(magnitude) is said to have a greater ratio to the second
than the third (magnitude has) to the fourth.

8. And a proportion in three terms is the smallest
(possible).®

9. And when three magnitudes are proportional, the
first is said to have to the third the squared! ratio of that
(it has) to the second.f

10. And when four magnitudes are (continuously)
proportional, the first is said to have to the fourth the
cubed?* ratio of that (it has) to the second.®® And so on,
similarly, in successive order, whatever the (continuous)
proportion might be.

11. These magnitudes are said to be corresponding
(magnitudes): the leading to the leading (of two ratios),
and the following to the following.

12. An alternate ratio is a taking of the (ratio of the)
leading (magnitude) to the leading (of two equal ratios),
and (setting it equal to) the (ratio of the) following (mag-
nitude) to the following. 19

13. An inverse ratio is a taking of the (ratio of the) fol-
lowing (magnitude) as the leading and the leading (mag-
nitude) as the following.**

14. A composition of a ratio is a taking of the (ratio of
the) leading plus the following (magnitudes), as one, to
the following (magnitude) by itself.®$
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T In other words, « is said to be a part of 3if 3 = m a.

15. A separation of a ratio is a taking of the (ratio
of the) excess by which the leading (magnitude) exceeds
the following to the following (magnitude) by itself.!

16. A conversion of a ratio is a taking of the (ratio
of the) leading (magnitude) to the excess by which the
leading (magnitude) exceeds the following.

17. There being several magnitudes, and other (mag-
nitudes) of equal number to them, (which are) also in the
same ratio taken two by two, a ratio via equality (or ex
aequali) occurs when as the first is to the last in the first
(set of) magnitudes, so the first (is) to the last in the sec-
ond (set of) magnitudes. Or alternately, (it is) a taking of
the (ratio of the) outer (magnitudes) by the removal of
the inner (magnitudes).*

18. There being three magnitudes, and other (magni-
tudes) of equal number to them, a perturbed proportion
occurs when as the leading is to the following in the first
(set of) magnitudes, so the leading (is) to the following
in the second (set of) magnitudes, and as the following
(is) to some other (i.e., the remaining magnitude) in the
first (set of) magnitudes, so some other (is) to the leading
in the second (set of) magnitudes. %58

* In modern notation, the ratio of two magnitudes, o and 3, is denoted « : 3.

§ In other words, « has a ratio with respect to 8 if m o > 8 and n 3 > a, for some m and n.

9 In other words, a : 8 :: v : § if and only if m « > n 3 whenever m~ > nd, and m « = n 3 whenever m~ = n§, and ma < n 3 whenever

m~y < nd, for all m and n. This definition is the kernel of Eudoxus’ theory of proportion, and is valid even if a, (3, etc., are irrational.

* Thus if o and 3 have the same ratio as v and § then they are proportional. In modern notation, « : 3 :: v : 4.

$ In modern notation, a proportion in three terms—a, 3, and y—is written: o : 8 :: 3 : 7.

I Literally, “double”.

1 In other words, if « : B:: B : ythena : vy :: a?: 32,

t Literally, “triple”.

88 In other words, if a : B:: B:v::v:dthena:6::ad: 83,

99 In other words, if o : 3 :: v : § then the alternate ratio corresponds to o : v :: 3 : 6.

** In other words, if o : 3 then the inverse ratio corresponds to 3 : a.

% In other words, if « : 3 then the composed ratio corresponds to o + 3 : 3.

Il In other words, if o : 8 then the separated ratio corresponds to o« — 3 : 3.

11 In other words, if o : 3 then the converted ratio corresponds to o : o« — 3.

41 In other words, if o, 8, are the first set of magnitudes, and d, ¢, ¢ the second set,and o : 3 : 7 :: & : € : ¢, then the ratio via equality (or ex

aequali) correspondsto cv : y :: § : (.

888 In other words, if «, 8, 7 are the first set of magnitudes, and &, ¢, ¢ the second set, and o : 3 :: § : eas well as 8 : v :: ¢ : §, then the proportion

is said to be perturbed.

’

.
‘Edv 1] onocooby yeyédn onocwvodv peyeddsy lowv 1o
nAidoc Exaotov Exdotou iodxic TolanAdoilov, 66ATALGLOV
gotv Ev BV ueyeddv €vog, tocautanAdolo EoTon xol TA

Proposition 17

If there are any number of magnitudes whatsoever
(which are) equal multiples, respectively, of some (other)
magnitudes, of equal number (to them), then as many
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tooabta xot €v 16 I'A loa 16 Z. dinpriode to pev AB eic ta
6 E peyédn loa t& AH, HB, t0 8¢ TA eic t& 16 Z Toa &
I'e, ©A:- g€otan 87 loov 16 mhijdoc tesv AH, HB 16 nhidel
v I'O, OA. xal énel oov ot t0 pev AH w6 E, 16 8¢ 'O
6 Z, loov dpa 10 AH 13 E, xal ta AH, I'© toic E, Z. b
o a0t 8N foov éott o HB 16 E, xai t¢ HB, ©A toic E,
Z- éoa dpa Eotiv €v 16 AB Toa @ E, tocalta xal €v toic
AB, I'A {oa t0ic E, Z- 6canidoiov dpa éoti 10 AB 10U E,
TooautanAdown Eoton xal & AB, TA <&v E, Z.

‘Edv dpa fj onocaolv ueyéldn omocwvolv yeyeddy
lowv 10 mAfjdog Exactov ExdoTtou iodxic mOAAATAACLOV,
OCATMAAOLOY ECTV €V TBV peyeld®dv €voe, TooautanAdoio
goton xol T TAVTOL TV TaVTWY: Omep Edel dETEau.

times as one of the (first) magnitudes is (divisible) by
one (of the second), so many times will all (of the first
magnitudes) also (be divisible) by all (of the second).

A G BC H D

E——— F—

Let there be any number of magnitudes whatsoever,
AB, CD, (which are) equal multiples, respectively, of
some (other) magnitudes, F, F, of equal number (to
them). I say that as many times as AB is (divisible) by F,
so many times will AB, C'D also be (divisible) by F, F.

For since AB, C'D are equal multiples of F, F, thus
as many magnitudes as (there) are in AB equal to F, so
many (are there) also in CD equal to F. Let AB have
been divided into magnitudes AG, GB, equal to E, and
CD into (magnitudes) CH, HD, equal to F. So, the
number of (divisions) AG, GB will be equal to the num-
ber of (divisions) CH, HD. And since AG is equal to F,
and CH to F, AG (is) thus equal to F, and AG, CH to F,
F. So, for the same (reasons), GB is equal to F, and GB,
HD to E, F. Thus, as many (magnitudes) as (there) are
in AB equal to F, so many (are there) also in AB, CD
equal to F, F'. Thus, as many times as AB is (divisible)
by E, so many times will AB, C'D also be (divisible) by
E,F.

Thus, if there are any number of magnitudes what-
soever (which are) equal multiples, respectively, of some
(other) magnitudes, of equal number (to them), then as
many times as one of the (first) magnitudes is (divisi-
ble) by one (of the second), so many times will all (of the
first magnitudes) also (be divisible) by all (of the second).
(Which is) the very thing it was required to show.

t In modern notation, this proposition reads ma +mg+--- =m(a+ 6+ ---).

B

"Edv npétov deutépou lodxic 1} toAanAdotov xal tpitov
TeTdETOL, 1] B¢ ol TEUNTOV BEUTEPOL (oAU TOANATAACLOV
xol €xTov TeTdpTOU, xol OLVTEVEV TEGTOV Yol TEUTTOV
Bevtépou lodic Eotar molhamhdotov xol teltov xal Extov
TETEETOL.

Ie@tov yap 16 AB deutépou t0d I' lodmic €0t moA-
hamhdotov xol tpitov 10 AE tetdptou 10l Z, Eotw de %ol
néuntov 1o BH deutépou 100 I lodxic molhamhdoiov xol
Extov 10 EO tetdptou 1ol Z° Aéyw, 6Tl %ol ouvtedev
np&stov ol méuntov 10 AH Seutépou 1ol I loduic €otan
ToANamAdGLoV %ol Tpitov xol Extov To AO tetdptou tol Z.

Proposition 27

If a first (magnitude) and a third are equal multiples
of a second and a fourth (respectively), and a fifth (mag-
nitude) and a sixth (are) also equal multiples of the sec-
ond and fourth (respectively), then the first (magnitude)
and the fifth, being added together, and the third and the
sixth, (being added together), will also be equal multiples
of the second (magnitude) and the fourth (respectively).

For let a first (magnitude) AB and a third DE be
equal multiples of a second C and a fourth F' (respec-
tively). And let a fifth (magnitude) BG and a sixth EH
also be (other) equal multiples of the second C' and the
fourth F' (respectively). I say that the first (magnitude)
and the fifth, being added together, (to give) AG, and the
third (magnitude) and the sixth, (being added together,
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xal 0 AO 100 Z. %ol cuvtedev Bpo TpdTov Xl TEUTTOV TO
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xal Extov 1o AO tetdpTov ol Z.

‘Edv dpa np@tov deutépou lodxic ] moAAamhdolov xol
tpltov tetdpTou, f] B¢ xal méumtov deutépou lodxic TOA-
hamhdolov ol Extov TeTdpTou, ol ouvTedEY TE&HTOV Xol
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gxtov TeTdptou Omep Edel BelEau.

t In modern notation, this propostion reads m oo +na = (m +n) .

,
Y.

"Edv npétov Seutépou lodxic fj tohhamhdolov xal teltov
tetdpTou, Angdij 8¢ iodxc molhamAdoia Tob TE TMEMTOU
xal tpltou, xol 8t loou @V Anpdéviwy exdtepov exatépou
lodxic €oton moAhamhdolov TO Yev Tol deutépou TO 8¢ TOU
TETEETOL.

Ie&tov yap to0 A Seutépou toU B iodnc €otw moA-
hamAdotov xal tpltov o I' tetdptou ol A, xal eihipdw
v A, T lodnic todanidowa to EZ, HO: Aéyw, 6Tt lodnig
¢otl toMamhdotov t0 EZ 100 B xal 16 HO 10U A.

Enel ydp iodxic €otl mohhanidolov 10 EZ 1ol A xol
w0 HO 100 I, éo0 dpa €otiv év 16 EZ Toa 1@ A, tocabta
xal €v 16 HO Too 16 I'. Sinpriodw 6 pev EZ eic ta @ A
peyédn loa o EK, KZ, to 8¢ HO eic ta w6 I' Too o HA,

to give) DH, will also be equal multiples of the second
(magnitude) C and the fourth F' (respectively).

A B G

Cr—

Fr——

For since AB and DF are equal multiples of C' and F’
(respectively), thus as many (magnitudes) as (there) are
in AB equal to C, so many (are there) also in DF equal to
F. And so, for the same (reasons), as many (magnitudes)
as (there) are in BG equal to C, so many (are there)
also in EH equal to F'. Thus, as many (magnitudes) as
(there) are in the whole of AG equal to C, so many (are
there) also in the whole of D H equal to F'. Thus, as many
times as AG is (divisible) by C, so many times will DH
also be divisible by F. Thus, the first (magnitude) and
the fifth, being added together, (to give) AG, and the
third (magnitude) and the sixth, (being added together,
to give) DH, will also be equal multiples of the second
(magnitude) C and the fourth F' (respectively).

Thus, if a first (magnitude) and a third are equal mul-
tiples of a second and a fourth (respectively), and a fifth
(magnitude) and a sixth (are) also equal multiples of the
second and fourth (respectively), then the first (magni-
tude) and the fifth, being added together, and the third
and sixth, (being added together), will also be equal mul-
tiples of the second (magnitude) and the fourth (respec-
tively). (Which is) the very thing it was required to show.

Proposition 37

If a first (magnitude) and a third are equal multiples
of a second and a fourth (respectively), and equal multi-
ples are taken of the first and the third, then, via equality,
the (magnitudes) taken will also be equal multiples of the
second (magnitude) and the fourth, respectively.

For let a first (magnitude) A and a third C be equal
multiples of a second B and a fourth D (respectively),
and let the equal multiples E'F' and G H have been taken
of A and C (respectively). I say that FF' and GH are
equal multiples of B and D (respectively).

For since EF and GH are equal multiples of A and
C' (respectively), thus as many (magnitudes) as (there)
are in E'F equal to A, so many (are there) also in GH
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‘Edv 8po mpddtov deutépou iodxic 1 molhamAdoiov
xol Tpltov TeTdpTOU, Angdfi 8¢ Tol mpddTou xal TplTou
lodxic moAhamAdola, xol 8L loou T@v Angdéviwy Exdtepov
exatépou odg €otal TOAATAACIOV TO UEV Tob deuTépou
10 8¢ ToU teTdpTou: Onep Edel SETEau.

t In modern notation, this proposition reads m(n a) = (mn) a.
6/

‘Edv mpéstov mpog debtepov 1OV avtov Exr Adyov xol
teltov mpog TéTopTOY, Xal T lodxic TOAAaTAdoLa TOD TE
TEMTOL XAl TEITOL TPOC T iodxic ToANATAdGLo ToT BeuTépou
%ol TETdETOU X OTOLOVOTY TOANATAAGCLOOUOY TOV ADTOV
gZel Aoyov Angiévta xatdAnha.

Ie@tov yap 10 A mpoc deltepov 0 B tov adtov éxétw
Aoyov xal tpitov 10 I' mpoc tétoptov 10 A, %ol eihigpdw
v pev A, T’ lodoe molhamhdow w6 E, Z, t@v 8¢ B, A
Ao, & Etuyev, ioduic mohhamhdota o H, ©° Aéyw, éu
gotiv ¢ 10 E mpoc 10 H, obtwe 16 Z npoc 1o ©.

equal to C. Let EF have been divided into magnitudes
EK, KF equal to A, and GH into (magnitudes) GL, LH
equal to C. So, the number of (magnitudes) FK, KF
will be equal to the number of (magnitudes) GL, LH.
And since A and C' are equal multiples of B and D (re-
spectively), and EK (is) equal to A, and GL to C, EK
and GL are thus equal multiples of B and D (respec-
tively). So, for the same (reasons), K F' and L H are equal
multiples of B and D (respectively). Therefore, since the
first (magnitude) EK and the third GL are equal mul-
tiples of the second B and the fourth D (respectively),
and the fifth (magnitude) K F' and the sixth LH are also
equal multiples of the second B and the fourth D (re-
spectively), then the first (magnitude) and fifth, being
added together, (to give) FF, and the third (magnitude)
and sixth, (being added together, to give) GH, are thus
also equal multiples of the second (magnitude) B and the
fourth D (respectively) [Prop. 5.2].

At : : |

B—

E K F

CrH——+—
D

G L H

Thus, if a first (magnitude) and a third are equal mul-
tiples of a second and a fourth (respectively), and equal
multiples are taken of the first and the third, then, via
equality, the (magnitudes) taken will also be equal mul-
tiples of the second (magnitude) and the fourth, respec-
tively. (Which is) the very thing it was required to show.

Proposition 4f

If a first (magnitude) has the same ratio to a second
that a third (has) to a fourth then equal multiples of the
first (magnitude) and the third will also have the same
ratio to equal multiples of the second and the fourth, be-
ing taken in corresponding order, according to any kind
of multiplication whatsoever.

For let a first (magnitude) A have the same ratio to
a second B that a third C (has) to a fourth D. And let
equal multiples £ and F' have been taken of A and C
(respectively), and other random equal multiples G and
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Eivgpdo yap tév pev E, Z iodac nohhamhdolo td K,
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o pev K, A w@v E, Z loduic tolanidora, ta 8¢ M, N tév
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‘Edv 8po mpéstov mpog debtepov Tov abTtov Exn Adyov
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xal TETAPTOU TOV aUTOV EEel Adyov xad” 6molovolv ToAho-
ThaoLAopOV AN@UévTa xatdhhnhar Onep €0l BETE L.

H of B and D (respectively). I say that as F (is) to G, so
F (is) to H.
A ——

B —
E+—F—
G —+——+——

Kt f !

N+ f f {

For let equal multiples K and L have been taken of F
and F (respectively), and other random equal multiples
M and N of G and H (respectively).

[And] since F and F are equal multiples of A and
C (respectively), and the equal multiples K and L have
been taken of E and F' (respectively), K and L are thus
equal multiples of A and C (respectively) [Prop. 5.3]. So,
for the same (reasons), M and N are equal multiples of
B and D (respectively). And since as A is to B, so C' (is)
to D, and the equal multiples K and L have been taken
of A and C (respectively), and the other random equal
multiples M and N of B and D (respectively), then if K
exceeds M then L also exceeds N, and if (K is) equal (to
M then L is also) equal (to N), and if (K is) less (than M
then L is also) less (than N) [Def. 5.5]. And K and L are
equal multiples of F and F' (respectively), and M and N
other random equal multiples of G and H (respectively).
Thus, as E (is) to G, so F' (is) to H [Def. 5.5].

Thus, if a first (magnitude) has the same ratio to a
second that a third (has) to a fourth then equal multi-
ples of the first (magnitude) and the third will also have
the same ratio to equal multiples of the second and the
fourth, being taken in corresponding order, according to
any kind of multiplication whatsoever. (Which is) the
very thing it was required to show.

 In modern notation, this proposition reads that if o : 3 :: v : § then ma : n 3 :: m~ : n§, for all m and n.
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’
€.
‘Edav yéyedoc peyédouc iodxig ) molhamAdoiov, émep
dpoupedev dpopetévtog, ol t0 Aoimov tot Aoimob iodxug
€oTol TOANATALGLOY, OGUTAAGLOY E0TL TO OAOY TOD GAoU.

HT ZA

Méyedoc yap 10 AB peyédouc tob I'A ioduic Eotw nok-
hamAdotov, bnep dgatpedey 10 AE dpoupetévtog tob I'Z-
MY, 6Tl ol Aomov 16 EB Aownot 1ol ZA iodxig €oton
ToAanAdclov, 6oanAdotdy Eotv Ghov 16 AB dhou tol TA.

‘Ocoanhdolov ydp ot 10 AE 100 I'Z, tocautanidoiov
veyovétw xal 0 EB 1ol I'H.

Kol énel ioduic Eotl torhamhdoiov T0 AE 10U I'Z xal to
EB tob HT', iodxic dpa éotl toAanidolov 10 AE tob I'Z
xol T0 AB 100 HZ. xelton 8¢ iodnac morhamAdoiov 10 AE
00U I'Z xai 0 AB 100 I'A. iodxic dpa €ott tolhamAdotov to
AB éxatépou t@év HZ, TA- Toov dpa 16 HZ 16 T'A. xowov
deneniodw to I'Z- Aowmov dea to HI' hownd 16 ZA Tloov
gotlv. xol émel loduic Eotl moAamAdoov to AE 1ol I'Z
xol T EB 1ot HI', Toov 8¢ w0 HI' 16 AZ, iodxc po ot
nolanhdoov 10 AE 1ol I'Z xal 16 EB 1ol ZA. icdxic 8¢
Udxerton TohhamAdoov T AE 100 I'Z xal 1o AB tob T'A-
loduic Gpo Eotl mohhamhdoov 10 EB 1ol ZA xol to AB
700 I'A. xat howrov dpa 16 EB Aownol 100 ZA ioduic €otou
noA\anhdotov, ocanhdotdy Eotiy dhov 16 AB éhou tol T'A.

‘Eav dpa yéyedoc yeyédoug iodxic §j molhamhdoiov,
Omep dgpaupevey dpaipedévtog, xol O Aownov tol Aotmod
loduic €oton TOANATAAGLOV, OCAUTALGLOY €0TL ol TO 6Aov
00 dhou- dmep €deL BeTlan.

t In modern notation, this proposition reads ma — m 8 = m (a — ).

7.

‘Edav 800 peyédrn 80o peyeddv iodng f] moAlamhdola,
xoll GponpedévTa Tva TEY adTiY iodxe 1) moAhamhdota, xol
T Aownd Toic adtolc fitol Too éotlv 1) loduic adtésy moA-
hamhdota.

Abo ydp yeyédn ta AB, TA dbo yeyeddsyv v E, Z

Proposition 57

If a magnitude is the same multiple of a magnitude
that a (part) taken away (is) of a (part) taken away (re-
spectively) then the remainder will also be the same mul-
tiple of the remainder as that which the whole (is) of the
whole (respectively).

A E B

G C FD

For let the magnitude AB be the same multiple of the
magnitude C'D that the (part) taken away AF (is) of the
(part) taken away C'F (respectively). I say that the re-
mainder £ B will also be the same multiple of the remain-
der F'D as that which the whole AB (is) of the whole CD
(respectively).

For as many times as AE is (divisible) by C'F, so many
times let £'B also have been made (divisible) by CG.

And since AE and E B are equal multiples of C'F' and
GC (respectively), AE and AB are thus equal multiples
of CF and GF (respectively) [Prop. 5.1]. And AF and
AB are assumed (to be) equal multiples of CF and CD
(respectively). Thus, AB is an equal multiple of each
of GF and CD. Thus, GF (is) equal to CD. Let CF
have been subtracted from both. Thus, the remainder
GC is equal to the remainder F'D. And since AE and
EB are equal multiples of CF and GC (respectively),
and GC (is) equal to DF, AE and EB are thus equal
multiples of CF and F'D (respectively). And AF and
AB are assumed (to be) equal multiples of CF and CD
(respectively). Thus, EB and AB are equal multiples of
FD and CD (respectively). Thus, the remainder EB will
also be the same multiple of the remainder F'D as that
which the whole AB (is) of the whole C'D (respectively).

Thus, if a magnitude is the same multiple of a magni-
tude that a (part) taken away (is) of a (part) taken away
(respectively) then the remainder will also be the same
multiple of the remainder as that which the whole (is) of
the whole (respectively). (Which is) the very thing it was
required to show.

Proposition 61

If two magnitudes are equal multiples of two (other)
magnitudes, and some (parts) taken away (from the for-
mer magnitudes) are equal multiples of the latter (mag-
nitudes, respectively), then the remainders are also either
equal to the latter (magnitudes), or (are) equal multiples

136



YTOIXEIQN €.

ELEMENTS BOOK 5

lodic Eotw mohhamhdota, xol dpatpedévia ta AH, I'O tév
autdv eV E, Z lodnig €otw nolanhdoior Aéyw, OTL xol
howna to HB, ©A 1oic E, Z #ftol loa éotly 1) loduic adtév
ToAaTAdoLL.

/[ —

"Eotw yop mpdtepov 10 HB 16 E Toov: Aéyw, étu %ol
0 OA 16 Z loov Eotiv.

KeloYw yap 6 Z loov 10 I'K. €nel iodxic éotl moA-
hamhdotov to AH 100 E xai 10 I'O 100 Z, loov 8¢ to uev HB
w6 E, 10 8¢ KI' 16 Z, lodnc 8pa éotl toAanidolov 10 AB
00U E xal 10 KO 100 Z. lodxic 8¢ Undxeiton ToramAdolov
10 AB 100 E xal 10 I'A 100 Z- lodxic dpat Eotl tolamhdotov
0 KO 100 Z xai 1o A 100 Z. énel obv éxdrepov 16y KO,
I'A 100 Z iodnic €éoti mohhamidoiov, loov dpa ¢oti 10 KO
6 TA. xowov dgneiodn 1o I'O- hownov dpo 10 KI' hownds
w6 OA Toov éotlv. A& t0 Z 16 KT €otwv Toov: xal 1o
OA 8pa T8 Z loov éotiv. dHote el 10 HB 16 E loov éotiy,
xol To OA {oov Eoton 6 Z.

‘Opolwe o1 delloyeyv, 6T, xqv molhamhdolov 1} o HB
100 E, tocavtanidolov €ctar xai 16 OA 1o Z.

‘Edv dpa 800 peyédn 800 peyed®dv iodig ¥ mok-
hamAdota, ol dpatpedévia Tval &V a0TéV iodg ) moA-
hamAdota, xol Té hotnd tolg atolg fitol loa éotiv ) iodug
a0TéY Tohhamhdolar Grep €del dellau.

t In modern notation, this proposition reads ma — na = (m — n) a.

C/
T loa Tpog 10 adTo TOV adToV Exel Adyov xal 0 adTo
Tpo¢ T loo.
"Eotw Toa peyédn ta A, B, dhho 8¢ 1, 6 €tuyey,
péyedoc to I'm Méyw, 6t éxdrrepov v A, B npog o T
oV adtov Exel Aoyov, xal o I' mpoc exdtepov tiv A, B.

of them (respectively).

For let two magnitudes AB and C'D be equal multi-
ples of two magnitudes F and F' (respectively). And let
the (parts) taken away (from the former) AG and CH be
equal multiples of E and F (respectively). I say that the
remainders GB and H D are also either equal to F and F’
(respectively), or (are) equal multiples of them.

G B

For let GB be, first of all, equal to E. I say that HD is
also equal to F.

For let CK be made equal to F. Since AG and CH
are equal multiples of F and F (respectively), and GB
(is) equal to E, and KC'to F, AB and K H are thus equal
multiples of F and F' (respectively) [Prop. 5.2]. And AB
and CD are assumed (to be) equal multiples of £ and F’
(respectively). Thus, K H and CD are equal multiples of
F and F (respectively). Therefore, K H and C'D are each
equal multiples of F. Thus, K H is equal to CD. Let CH
have be taken away from both. Thus, the remainder K C
is equal to the remainder HD. But, F is equal to KC.
Thus, HD is also equal to F. Hence, if GB is equal to £
then H D will also be equal to F.

So, similarly, we can show that even if GB is a multi-
ple of E then H D will also be the same multiple of F'.

Thus, if two magnitudes are equal multiples of two
(other) magnitudes, and some (parts) taken away (from
the former magnitudes) are equal multiples of the latter
(magnitudes, respectively), then the remainders are also
either equal to the latter (magnitudes), or (are) equal
multiples of them (respectively). (Which is) the very
thing it was required to show.

Proposition 7

Equal (magnitudes) have the same ratio to the same
(magnitude), and the latter (magnitude has the same ra-
tio) to the equal (magnitudes).

Let A and B be equal magnitudes, and C some other
random magnitude. I say that A and B each have the
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A—— At : : : i
B— E! : : : |
I A : : |

Eivgpdo yoap tév yev A, B iodxc mohhanhdoa to A,
E, tob 8¢ I' &\ho, 6 Etuyev, toAkanidolov 10 Z.

Enel obv lodxic €oti toAamhdotov T A 1ol A xol 10
E 0¥ B, Toov 8¢ 10 A 13 B, Toov 8po xat 10 A 3 E. d\ho
0¢, 6 Etuyev, T0 Z. Ei dpa Onepéyel 10 A tod Z, Onepéyel
xal 10 E 10U Z, xal i loov, ooy, xal el éhatTov, éAattov.
xal €0t o pev A, E t@v A, B iodxic molanidota, to O
Z w0 I' 8o, 6 étuyev, tohhamhdolov: Eoty Bpo (g O A
npoc 10 I', oltwe 10 B npog to I

Aéyo [84], &t xod ©0 T mpde éxdtepoy t@év A, B tov
adTOV €xel AOYOV.

T&Ev ydp adt@v xotaoxevooléviny opolwe dellouey,
6t loov éotl 10 A 16 E- 8o 8¢ 1 10 Z- €l dpa Drnepéyel
0 Z w00 A, Onepéyel xal 100 E, xal el {oov, loov, xal €l
ghattov, Ehattov. xoi ot 10 pev Z 100 I' tolhamhdoioy,
o 8¢ A, E v A, B o, & Etuyev, lodxic ToANamhdoor
gov Gpa i o I' mpoc 10 A, oltwe 10 I' npodc 16 B.

Ta loo dpo TeoC TO dTO TOV AdTOV EYeEl AdYOV Xol TO
adTO TEOE TA loa.

[I6pioua.

"Ex 87 to0Tou @avepdy, 6Tl €4V peYEdn Tvdl dvahoyov
1, %ol &vdmohty dvdhoyov Eoton. dnep €det Se&ou.

t The Greek text has “E”, which is obviously a mistake.

* In modern notation, this corollary reads thatif « : 8:: v : § then 8 : o ::

/
n.

T&v dvicwv peyeddsy t0 ueilov tpodc 10 adtod pellova
Aoyov Eyel fitep 1O EAaTTOV. Xol TO 00TO TEOC TO ENATTOV
uetlova Aoyov €yel Anep mpog 1o yeilov.

"Eotw dvioa yeyédn ta AB, I', xal €otw yeilov 10 AB,
&hho B¢, O Etuyev, 0 Ar Myw, ot 10 AB mpoc 10 A
petlova Aoyov Exel finep t0 I mpoc 10 A, xol 10 A npodc
10 I' yellova Aoyov Exel finep mpog t0 AB.

same ratio to C, and (that) C' (has the same ratio) to
each of A and B.
A—— Dt : : : |

B—— E! : : : |

C— F : : |

For let the equal multiples D and E have been taken
of A and B (respectively), and the other random multiple
FofC.

Therefore, since D and E are equal multiples of A
and B (respectively), and A (is) equal to B, D (is) thus
also equal to F. And F' (is) different, at random. Thus, if
D exceeds F then E also exceeds F, and if (D is) equal
(to F then FE is also) equal (to F), and if (D is) less
(than F then F is also) less (than F'). And D and FE are
equal multiples of A and B (respectively), and F' another
random multiple of C. Thus, as A (is) to C, so B (is) to
C [Def. 5.5].

[So] I say that CT also has the same ratio to each of A
and B.

For, similarly, we can show, by the same construction,
that D is equal to . And F (has) some other (value).
Thus, if I exceeds D then it also exceeds F, and if (I is)
equal (to D then it is also) equal (to E), and if (F is) less
(than D then it is also) less (than F). And F is a multiple
of C, and D and E other random equal multiples of A
and B. Thus, as C (is) to A4, so C (is) to B [Def. 5.5].

Thus, equal (magnitudes) have the same ratio to the
same (magnitude), and the latter (magnitude has the
same ratio) to the equal (magnitudes).

Corollary*

So (it is) clear, from this, that if some magnitudes are
proportional then they will also be proportional inversely.
(Which is) the very thing it was required to show.

[

Proposition 8

For unequal magnitudes, the greater (magnitude) has
a greater ratio than the lesser to the same (magnitude).
And the latter (magnitude) has a greater ratio to the
lesser (magnitude) than to the greater.

Let AB and C be unequal magnitudes, and let AB be
the greater (of the two), and D another random magni-
tude. I say that AB has a greater ratio to D than C' (has)
to D, and (that) D has a greater ratio to C than (it has)
to AB.
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A E B A E B
—t [—
D — D —
Z 1 ‘ © Z_ H O
Kr—— K+
A\ — A\ —

A ——— A ——

M+———F—

N+ t t t | N ¢

‘Ernel yop peilév éoti 10 AB 100 I, xelobw 1@ I' loov
w0 BE' 10 87 éhoooov v AE, EB noAanhactalouevoy
gotou mote ol A peilov. €otw mpdtepov 10 AE Ehattov
w00 EB, xal menolanhoaoctdodw 10 AE, xol €otw adtob
nohhamhdolov o ZH peilov 6v 100 A, xal dcanhdotdv €0t
10 ZH 100 AE, tocautanidotov yeyovétw xal o uev HO
ol EB 16 8¢ K 10U I'' ol eidigdw 100 A dimhdolov pev
0 A, Tpimhdolov B 10 M, xal €€fic EVi mAlov, Ewg dv 1O
hoPovéuevov tohhamhdolov yev yévnto 100 A, Tpdtwe 8¢
petlov 100 K. eiligpdw, xal Eotw 16 N tetpanidoiov pev
ol A, ntpdtwe 8¢ ueilov tob K.

‘Emel obv 10 K 100 N npdtwe éotiv éhattov, 10 K dpa
T0U M 00x €oTiv EAaTTOV. %ol ETEL lodXic E0TL TOAMATAGGLOV
w0 ZH w00 AE xol to HO 1ol EB, lodxic dpa éotl noA-
hamhdoov 10 ZH ol AE xol 10 ZO 1ol AB. lodxic 8¢
gott tohanAdotov to ZH 1ol AE xal 1o K o0 I' iodxic
Gpa €Tl moAhamidotov o ZO 1ol AB xai 10 K b I'. 1
20, K dpa tav AB, I iodxic €oTl Tohamhdola. TdA, Enel
lodic €otl Tolamidolov 0 HO 1ol EB xal 1o K tob T,
Toov 8¢ w0 EB 16 I', Toov dpa xal 0 HO 6 K. 10 8¢ K
00 M obx éotv Ehattov 008" dpa 10 HO 100 M €hattov
gotv. ueilov 8¢ 16 ZH w00 A- éhov dpa 10 ZO cuvay-
potépwy @V A, M uelldv gotv. dAAd cuvoppdTEpa To A,
M ¢ N éotwv Toa, énedrinep 10 M 100 A tpinhdoidy Eotwy,
ocuvoppotepa 8¢ o M, A 10D A ot tetpanidoia, EoTl Be
xal 10 N 100 A tetpanhdolov: cuvopupdtepa dpo to M, A
w N loa éotlv. dAAa t0 ZO tiv M, A peildv éotv: 10
20 Gpa ot N Unepéyer 10 8¢ K 10U N oly Onepéyet. xol
gotl o pev 20O, K v AB, I iodxic mtohhamhdoia, 1o 0e N
w00 A d\ho, 6 Etuyev, tohhamhdotov: 10 AB dpa mpog 0
A peiCova Aoyov Exet finep 10 I' npog 10 A.

Aéyw 8, 6T xol 10 A npdg 10 I' pellova Aoyov Exel
finep 10 A npoc 0 AB.

T&v yop adtédv xataoxevacdéviwy ouolng dei&opey,
6t 10 pev N tob K Onepéyet, 10 8¢ N 10D ZO ody bnepéyet.
xod Eott o pev N 1ol A nolhamhdowov, o de ZO, K tév
AB, I &\\a, & Etuyev, lodxic Tolhanidowa o A dpa npodg
0 I' yeilova Aoyov Exel inep 10 A mpoc 10 AB.

ANa 3 10 AE 10D EB peilov éotw. t0 81 Ehattov
w0 EB noManhactalbpevoy E€oton mote 1ol A peilov. me-

M+———+—

A E B A E B
—t [e—
Cr———-— C+—

F G H F G H
K———— K r———

D+—— D+——

L ——— L ———

M+

t N+ t |

For since AB is greater than C, let BE be made equal
to C. So, the lesser of AE and E B, being multiplied, will
sometimes be greater than D [Def. 5.4]. First of all, let
AFE be less than E'B, and let AE have been multiplied,
and let FG be a multiple of it which (is) greater than
D. And as many times as F'G is (divisible) by AFE, so
many times let GH also have become (divisible) by EB,
and K by C. And let the double multiple L of D have
been taken, and the triple multiple M, and several more,
(each increasing) in order by one, until the (multiple)
taken becomes the first multiple of D (which is) greater
than K. Let it have been taken, and let it also be the
quadruple multiple N of D—the first (multiple) greater
than K.

Therefore, since K is less than N first, X is thus not
less than M. And since FG and GH are equal multi-
ples of AF and EB (respectively), F'G and F'H are thus
equal multiples of AE and AB (respectively) [Prop. 5.1].
And FG and K are equal multiples of AF and C (re-
spectively). Thus, FH and K are equal multiples of AB
and C (respectively). Thus, FFH, K are equal multiples
of AB, C. Again, since GH and K are equal multiples
of EB and C, and EB (is) equal to C, GH (is) thus also
equal to K. And K is not less than M. Thus, GH not less
than M either. And F'G (is) greater than D. Thus, the
whole of F'H is greater than D and M (added) together.
But, D and M (added) together is equal to N, inasmuch
as M is three times D, and M and D (added) together is
four times D, and N is also four times D. Thus, M and D
(added) together is equal to N. But, F'H is greater than
M and D. Thus, F H exceeds N. And K does not exceed
N. And FH, K are equal multiples of AB, C, and N
another random multiple of D. Thus, AB has a greater
ratio to D than C (has) to D [Def. 5.7].

So, I say that D also has a greater ratio to C' than D
(has) to AB.

For, similarly, by the same construction, we can show
that N exceeds K, and N does not exceed FH. And
N is a multiple of D, and FH, K other random equal
multiples of AB, C (respectively). Thus, D has a greater

M————

N+

139



YTOIXEIQN €.

ELEMENTS BOOK 5

noAaniaoldoiw, xal Eotw 10 HO molhamidoiov yev tob
EB, peilov 8¢ 100 A ol dcanidoiév ot 10 HO 1ol EB,
TOCOUTATAGOLOV YEYOVETL Xol TO wev ZH 1ol AE, 16 8¢ K
Tob I'. dpolng o1 dei&opev, 6t té ZO, K tév AB, I icdxuc
€otl moAhanidolor xal eidfpde ouoiwe T N nolhamhdoiov
pev ol A, mpdtwe 8¢ peillov tol ZH- dote ndhv to ZH
w00 M olx éotv Ehacoov. peilov 8¢ 16 HO tob A- dhov
Gpa t0 ZO tev A, M, toutéott tol N, Onepéyet. 16 8¢ K
o0 N oly Urnepéyel, énedrnep xal 10 ZH yeilov 6v 1ol
HO, toutéott 10D K, 100 N oy Unepéyet. xal doadtwg
%aToxoAouYoDVTES TOlG ENAVe TERUVOPEY THY BTOBEELY.

T&v Gpo dvicwy peyeddv 1o peillov mpog t0 adTo
uetlova Aoyov €yel fimep T0 EAaTTov: X0l TO AUTO TEOC TO
Ehattov peilova Aoyov Exel fimep mpog To peilov: nep €5l
OeiEan.

V.

T mpog T6 abTod TOV AbTOV Exovia AoYov foa dAARAoLE
gotiv: ol TPOg & TO AUTO TOV AUTOV EYEL AdYOV, EXxElva loa
gotiv.

A——

r -
T 1

Eyéto yoap éxdtepov tév A, B mpoc 10 I' tov adtov
Noyov: Aéyw, 6t loov éotl to A 6 B.

El yap un, odx &v éxdtepov t@v A, B mpoc 10 I' tov
a0ToV Elye Aoyov Exel 8¢ loov dpa €oti 10 A 16 B.

"Exétw 87 mdhv 10 I' npoc éxdrepov t@v A, B 16V adtov
Noyov: Aéyw, 6t loov éotl to A 6 B.

El yap un, odx &v 16 I' npoc éxdtepov t6v A, B tov
a0TOV Elye Aoyov Exel 8¢ loov dpa €oti 10 A 16 B.

Ta dpo mpog O adTO TOV abTOV Exovia Adyov loo
GAAhhoLG EoTiv: X0l TEOC & TO alTO TOV ATOV EYEL AdYOV,
éxeiva oo Eotiv: dmep Edel Bel€ou.

Br——

7

L.

T@Ev npoc 10 adtd AoYov Exdviwy o pellova Adyov
gyov exelvo Yellov Eotv mpog O d& TO ato uellova Aoyov

ratio to C than D (has) to AB [Def. 5.5].

And so let AE be greater than EB. So, the lesser,
E' B, being multiplied, will sometimes be greater than D.
Let it have been multiplied, and let GH be a multiple of
EB (which is) greater than D. And as many times as
GH is (divisible) by F'B, so many times let F'G also have
become (divisible) by AF, and K by C. So, similarly
(to the above), we can show that FFH and K are equal
multiples of AB and C' (respectively). And, similarly (to
the above), let the multiple N of D, (which is) the first
(multiple) greater than F'G, have been taken. So, F'G
is again not less than M. And GH (is) greater than D.
Thus, the whole of FH exceeds D and M, that is to say
N. And K does not exceed N, inasmuch as F'G, which
(is) greater than GH—that is to say, K—also does not
exceed N. And, following the above (arguments), we
(can) complete the proof in the same manner.

Thus, for unequal magnitudes, the greater (magni-
tude) has a greater ratio than the lesser to the same (mag-
nitude). And the latter (magnitude) has a greater ratio to
the lesser (magnitude) than to the greater. (Which is) the
very thing it was required to show.

Proposition 9

(Magnitudes) having the same ratio to the same
(magnitude) are equal to one another. And those (mag-
nitudes) to which the same (magnitude) has the same
ratio are equal.

Ar———

Ct |

For let A and B each have the same ratio to C. I say
that A is equal to B.

For if not, A and B would not each have the same
ratio to C' [Prop. 5.8]. But they do. Thus, A is equal to
B.

So, again, let C' have the same ratio to each of A and
B. Isay that A is equal to B.

For if not, C would not have the same ratio to each of
A and B [Prop. 5.8]. But it does. Thus, A is equal to B.

Thus, (magnitudes) having the same ratio to the same
(magnitude) are equal to one another. And those (magni-
tudes) to which the same (magnitude) has the same ratio
are equal. (Which is) the very thing it was required to
show.

Br——

Proposition 10

For (magnitudes) having a ratio to the same (mag-
nitude), that (magnitude which) has the greater ratio is
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ExeL, Exeivo Ehattdv EoTiv.
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‘Exétw yap 10 A npog 10 I' yelCova Adyov Ainep 10 B
npoc 10 I' Aéyw, 6T ueildy éott 10 A 0D B.

El yap pn, fitot loov €oti 10 A 1% B 7 éhacoov. {oov
pev oliv olx €oti t0 A 16 B- éxdtepov yap av v A, B
7po¢ T0 I' Tov adtov elye Aoyov. o0x Exel 8¢ odx dpa loov
¢otl 10 A & B. 00de uny hacodv éotl 10 A 100 Br 10 A
yap &v mpoc 10 I' ENdocova hdyov elyev Yinep T0 B npog 1o
I'. o0x €yel 8¢ ox Gpo Ehacody éott 0 A o0 B. £deiyidn
8¢ 00de Toov' peilov dpa éott 10 A 0D B.

‘Exétw on ndw 10 I' mpog 16 B pellova Aéyov finep 10
I’ npoc 10 A- Myw, 611 ENacody ot T0 B tod A.

El yap pn, ftot Toov éotiv 1 peilov. loov pév obv obx
got 10 B 13 A- 10 I' ydp av npodc exdtepov @V A, B tov
a0TOV Elye Aoyov. oOx Exel 8¢ obx dpa Toov éoti 10 A
6 B. 000 unyv peilov éot 1o B 1ol A to T' yap &v npoc
10 B éhdooova Aoyov elyev fitep mpog 0 A. olx Eyel B¢
oL po ellov ot 10 B 1ol A. €delydn 8¢, 611 00de loov-
€hattov pa éotl TO B 1ol A.

Té&Sv dpa Tpog T adTO Adyov Exovimy To uellova Aéyov
gyov Ueildy Eotv xal mpog 6 TO alto yeilova Aoyov Eyet,
ExEvo ENaTTOV EoTiv: Omep €DeL SeTlau.

B——

’
.

Ol 16 a0t Aoy ol adtol xol dhAAAoLC gioty ol adtol.

Ar— T — E+—--
B+— A— 7/ —
H—— O K———m——
A——— Mt t t i N t t i

"Eotwoav ydp t¢ pev 1o A npoc 1o B, oltwe 1o T' npoc
0 A, b¢ 8¢ 10 I' mpog 10 A, obtwe 10 E npoc 10 Z+ Aéyw,
6t EoTly ¢ T0 A mpoc 10 B, obtwe 10 E npog to Z.

Eivgpdo yap tév A, T', E iodxic tolhanidoia to H, ©,
K, t@v 8¢ B, A, Z &\ha, & Etuyev, iodxic tolamidota o
A, M, N.

Kot énel €otv dg 10 A mpoc 10 B, oltwe 1o I' mpoc 1o
A, xol elinmran w6y yev A, I iodxig nohharmhdoo & H, O,
v 8¢ B, A &\ha, & Etuyey, lodxic molamhdota & A, M,
el Bpa Unepéyet To H 100 A, Unepéyet xal 16 © 100 M, xal €l
loov otly, loov, xal €l ENAelnet, ENAelnel. oAy, énel Eotwy

(the) greater. And that (magnitude) to which the latter
(magnitude) has a greater ratio is (the) lesser.

Al | Br———

Ct |

For let A have a greater ratio to C than B (has) to C.
I say that A is greater than B.

For if not, A is surely either equal to or less than B.
In fact, A is not equal to B. For (then) A and B would
each have the same ratio to C' [Prop. 5.7]. But they do
not. Thus, A is not equal to B. Neither, indeed, is A less
than B. For (then) A would have a lesser ratio to C' than
B (has) to C [Prop. 5.8]. But it does not. Thus, A is not
less than B. And it was shown not (to be) equal either.
Thus, A is greater than B.

So, again, let C have a greater ratio to B than C (has)
to A. I say that B is less than A.

For if not, (it is) surely either equal or greater. In fact,
B is not equal to A. For (then) C would have the same
ratio to each of A and B [Prop. 5.7]. But it does not.
Thus, A is not equal to B. Neither, indeed, is B greater
than A. For (then) C would have a lesser ratio to B than
(it has) to A [Prop. 5.8]. But it does not. Thus, B is not
greater than A. And it was shown that (it is) not equal
(to A) either. Thus, B is less than A.

Thus, for (magnitudes) having a ratio to the same
(magnitude), that (magnitude which) has the greater
ratio is (the) greater. And that (magnitude) to which
the latter (magnitude) has a greater ratio is (the) lesser.
(Which is) the very thing it was required to show.

Proposition 117

(Ratios which are) the same with the same ratio are
also the same with one another.

Ar— Cr— E+—
B+— D+—— Fr—
Gt + ! H! + ! K——mm—
Lt ——rt i Mt t t i Nt t t {

For let it be that as A (is) to B, so C (is) to D, and as
C (is) to D, so E (is) to F. I say that as A isto B, so E
(is) to F.

For let the equal multiples G, H, K have been taken
of A, C, E (respectively), and the other random equal
multiples L, M, N of B, D, F (respectively).

And since as A is to B, so C (is) to D, and the equal
multiples G and H have been taken of A and C (respec-
tively), and the other random equal multiples . and M
of B and D (respectively), thus if G exceeds L then H
also exceeds M, and if (G is) equal (to L then H is also)
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¢ 10 I' mpog 10 A, obtwg 10 E npoc 10 Z, ol glinmton
w6y I, E lodc todharmhdowa to ©, K, @y 8¢ A, Z dh\ha,
& €tuyev, lodxe tolamhdota t& M, N, ei dpo Unepéyetl 0
O 10l M, Unepéyet xal 10 K 100 N, %ol i loov, ioov, xail el
gMhotov, Ehattov. dhAa el Umepeiye 0 © tob M, Umepeiye
xal 10 H 10U A, xal i loov, {oov, xal el éhattov, éattov:
&ote xol el Onepéyel t0 H ol A, Onepéyer xol 10 K tob
N, xai €l {oov, {oov, xal el EhatTov, Ehattov. xal Eotl T&
pev H, K w@v A, E lodwic tolamidota, t& 8¢ A, N tév B,
Z &\ha, & Etuyev, lodxic toAanhdotor EoTv dpa g TO A
Tpoc 0 B, oltwe 10 E npog 10 Z.

Ot dpoa 16 adte Adyw ol avtol xal dAAnholc eloly ol
abTol- fmep €del Belou.

equal (to M), and if (G is) less (than L then H is also)
less (than M) [Def. 5.5]. Again, since as C is to D, so
E (is) to F', and the equal multiples H and K have been
taken of C' and E (respectively), and the other random
equal multiples M and N of D and F' (respectively), thus
if H exceeds M then K also exceeds N, and if (H is)
equal (to M then K is also) equal (to N), and if (H is)
less (than M then K is also) less (than ) [Def. 5.5]. But
(we saw that) if H was exceeding M then G was also ex-
ceeding L, and if (H was) equal (to M then G was also)
equal (to L), and if (H was) less (than M then G was
also) less (than L). And, hence, if G exceeds L then K
also exceeds N, and if (G is) equal (to L then K is also)
equal (to N), and if (G is) less (than L then K is also)
less (than N). And G and K are equal multiples of A
and F (respectively), and L and N other random equal
multiples of B and F' (respectively). Thus, as A is to B,
so E (is) to F [Def. 5.5].

Thus, (ratios which are) the same with the same ratio
are also the same with one another. (Which is) the very
thing it was required to show.

 In modern notation, this proposition reads thatif . : 3 ::y:dandy: 6 :e:(thena: 3 e: (.

’
B
‘Eav 1 onocaolv yeyédrn dvdroyov, ot dbg Ev &Y
NYoLREVLY TEOC €V TV Emopévwy, olTwg dmoavta Td
NYOUUEVY TEOC EmavTa TG ENOUEVAL.

A——— T'— FEr——

B— A—— /—

H | At |
O i Mt i
K——— N—m—

"Ectwoav onocaolv yeyédn dvéroyov ta A, B, I', A,
E, Z, éc 10 A npoc 10 B, oltwe 10 I mpoc 10 A, xal 10 E
TpOC T0 Z° Méyw, 6T Eotlv ¢ TO A Tpog T0 B, oltwe td
A T, E npoc ta B, A, Z.

Evigpdo yap tév pev A, T, E iodc todhamhdoto to H,
0, K, tév 8¢ B, A, Z &\ha, & Etuyev, iodxic Torhanidola
wa A, M, N.

Kot énel éotv ¢ 10 A mpoc 10 B, obtwe 1o I' npoc 1o
A, %ol 10 E npoc 1o Z, xal etinrron @y pev A, T, E iodre
nohhamhdow o H, ©, K t@v 8¢ B, A, Z d\ha, & étuyey,
lodxic mohhamhdota o A, M, N, €l dipa Onepéyet 1o H 10U A,
Onepéyel xol 10 © Tob M, xal 10 K 100 N, xai i loov, ooy,
xol €l ENattov, EhatTov. Gote xal el Unepéyel T H 1ol A,

Proposition 127

If there are any number of magnitudes whatsoever
(which are) proportional then as one of the leading (mag-
nitudes is) to one of the following, so will all of the lead-
ing (magnitudes) be to all of the following.

At i C! i E |
B— D— F+—

G ! Lt !
H: ! M+ !
K——m N—

Let there be any number of magnitudes whatsoever,
A, B, C, D, E, F, (which are) proportional, (so that) as
A (is) to B, so C (is) to D, and FE to F. I say that as A is
to B,so A, C, E (are) to B, D, F.

For let the equal multiples GG, H, K have been taken
of A, C, E (respectively), and the other random equal
multiples L, M, N of B, D, F (respectively).

And since as Aisto B, so C (is) to D, and F to F', and
the equal multiples GG, H, K have been taken of A4, C, E
(respectively), and the other random equal multiples L,
M, N of B, D, F (respectively), thus if G exceeds L then
H also exceeds M, and K (exceeds) N, and if (G is)
equal (to L then H is also) equal (to M, and K to N),
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Onepéyel xat to H, ©, K wév A, M, N, xai €l Toov, oo, xol
el Eattov, Ehattova. xal ot to pev H xat ta H, ©, K
o0 A xal @y A, T', E lodag nolhanidota, Enednnep €dv
1} 6mocaody ueyédn onocwvoly ueyediy lowv 10 mAfidoc
EX0OTOV EXAOTOU 1O0AXIC TOAAATAAOLOV, OCUTALGCLOV £0TLY
Ev TBV peYel®dy £vog, Tocoutamhdota EoTal xol TO TEVTA
TEHY TAVToY. Old To adTtd On xol o A ol & A, M, N tob
B xal t@v B, A, Z iodnc ot moManAdolor Eotiy Spa ¢
0 A npdc 10 B, oltwe ta A, I, E npoc e B, A, Z.

‘Edav dpa 1) 6nocoodv yeyédn avdloyov, ot &S EV
TEBY NYOLREVLV TR0 BV TBV £MOPEVRY, 0LTWE dmavTa T&
Nyolueva tpog dmovta td Eéndueva: dmep Edel dellon.

and if (G is) less (than L then H is also) less (than M,
and K than N) [Def. 5.5]. And, hence, if G exceeds L
then G, H, K also exceed L, M, N, and if (G is) equal
(to L then G, H, K are also) equal (to L, M, N) and
if (G is) less (than L then G, H, K are also) less (than
L, M, N). And G and G, H, K are equal multiples of
A and A, C, E (respectively), inasmuch as if there are
any number of magnitudes whatsoever (which are) equal
multiples, respectively, of some (other) magnitudes, of
equal number (to them), then as many times as one of the
(first) magnitudes is (divisible) by one (of the second),
so many times will all (of the first magnitudes) also (be
divisible) by all (of the second) [Prop. 5.1]. So, for the
same (reasons), L and L, M, N are also equal multiples
of B and B, D, F (respectively). Thus, as A is to B, so
A, C, E (are) to B, D, F (respectively).

Thus, if there are any number of magnitudes whatso-
ever (which are) proportional then as one of the leading
(magnitudes is) to one of the following, so will all of the
leading (magnitudes) be to all of the following. (Which
is) the very thing it was required to show.

 In modern notation, this proposition reads thatif a« : o/ :: 8: 3 =y : v etc. thena: o/ = (a+B8+~y+--): (&' +8 ++ +---).

’
y'.

‘Edv mpéstov mpog debtepov 1OV altov ExT Adyov ol
tpitov mpoc TétapTov, Tpitov O mpoc Tétaptov pellova
AOYOV Exn 1] TEUTTOV TEOC EXTOV, Xal TEEHTOV TEOC dedTEPOV
uetlova Aoyov €Eel 1) téuntov npdc ExTov.

Proposition 13f

If a first (magnitude) has the same ratio to a second
that a third (has) to a fourth, and the third (magnitude)
has a greater ratio to the fourth than a fifth (has) to a
sixth, then the first (magnitude) will also have a greater
ratio to the second than the fifth (has) to the sixth.

Ar—— rr— E— A—— C— Er——m
B+— A — /A B— D— Fr—
M+ f 1 H t 1 O M+ . I Gt + i Hr
N+—+——+— K+ f f | At N+———— K+ . . | Lt

TTeéstov yap t0 A npoc debtepov t0 B 1oV adtov exétw
Aoyov xal tpitov o I' mpoe tétaptov 10 A, tpitov 8¢ 0 I
npoc tétaptov 1o A peilova Aoyov xétw 1) néuntov 10 E
TpOC ExTov TO Z. Myw, 6Tt xol Tp&Tov o A mpdc deltepov
10 B pellova Moyov E€et finep néuntov 10 E npog Extov 10
Z.

‘Enel yap €ot twvd tév pev I', E lodxic noAanidola,
TV 0t A, Z dAha, & ETuyey, iodxic ToAamAdoLaL, Xl TO YEV
ol I' moMamhdoov 100 1ol A molhamhaciov Unepéyet,
10 8¢ 1ol E molhamhdotov 100 1ol Z molhamhasciou ovy
Unepéyel, eiMigpdw, xol éotw tv pev I', E iodac noi-
hamhdowo to H, ©, @y 8¢ A, Z &\, & €tuyey, iodxnig
noAhamhdow T K, A, dote 10 pev H 100 K Orepéyewy, 1o
8¢ © oD A pn Umepéyew: xal 6canidotov pév ot to H
100 I', Tocautanidoiov €otw xol 16 M 10l A, d6canidciov
ot t0 K 10U A, tocautanidoiov éotw xal to N 1o B.

For let a first (magnitude) A have the same ratio to a
second B that a third C (has) to a fourth D, and let the
third (magnitude) C have a greater ratio to the fourth
D than a fifth F (has) to a sixth F. I say that the first
(magnitude) A will also have a greater ratio to the second
B than the fifth F (has) to the sixth F.

For since there are some equal multiples of C' and
FE, and other random equal multiples of D and F, (for
which) the multiple of C' exceeds the (multiple) of D,
and the multiple of E does not exceed the multiple of F’
[Def. 5.71, let them have been taken. And let G and H be
equal multiples of C and E (respectively), and K and L
other random equal multiples of D and F' (respectively),
such that G exceeds K, but H does not exceed L. And as
many times as G is (divisible) by C, so many times let M
be (divisible) by A. And as many times as K (is divisible)
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Kot énel oty &g 10 A mpog 16 B, obtwe o I' npoc
w0 A, xol elnnton @y pev A, T’ iodxic molhamidoio td
M, H, t&v 8¢ B, A 8o, & Etuyev, iodxic Tohanidota T&
N, K, &i dpo Unepéyer 10 M 10D N, Unepéyel xol 10 H ol
K, xol €l loov, Toov, xal el Elattov, ENhatov. Umepéyel O¢
w0 H o0 K- Onepéyer dpo xol 16 M 10U N. 10 8¢ © tob
A oly Onepéyer xal éott o pev M, © v A, E o
noAanAdoa, t& 8¢ N, A t@év B, Z &\ha, & Etuyev, iodxnig
noAhamhdolor To dpa A npoc 10 B ueifova Adyov éyel finep
10 E npdg 10 Z.

‘Edv dpa mpddtov mtpdc 8eltepov TOV adTOV ET AOYOV
%ol Teltov Tpoc TéTopTov, Teitov Bt Tpog TétapTov pellova
Aoyov Exn 1) TéUnTov TIPS EXTOV, Xol TEESTOV TEOE BelTEPOVY
ueilova Aoyov €el 1) méuntov mpog Extov: Omep el BETE L.

 In modern notation, this proposition reads that if o : 3 :: v : § and
10",

‘Edv mpéstov mpog debtepov 1OV avtov Exr Adyov xol
Tpitov mpoe TéTaptov, T B¢ mpBdtov tol Ttpitou peilov #,
%ol T devtepov tol TteTdpTou Yellov Eotal, x&v Toov, ooy,
%©3v ENATTOV, EANATTOV.

A— '—

Br— A——

IMe&tov yap 10 A mpoc deltepov 0 B altov éxétw
Aoyov xal tpitov T I' npoc tétaptov 10 A, peilov 8¢ €otw
0 A 100 I'" Méyw, 6t xol t0 B 100 A petldv éotw.

‘Enel yap 10 A 100 I' ueildv éotwy, ko 8¢, 6 €tuyey,
[uéyedoc] t0 B, 10 A dpa mpoc t0 B peilova Adyov Eyel
finep 0 I' npoc 16 B. d¢ 8¢ 10 A npodc 10 B, oltwe 10
I' mpog 0 A- xal 0 I' dpat mpoc 10 A pellova Aoyov Exel
fitep 0 I' npoc 10 B. mpog 6 8¢ 10 adto peilova hdyov
ExeL, Exelvo Ehacody Eotiv: Ehaooov Bpa 0 A 100 B dHote
pelov ot 10 B 1ol A.

‘Opoiwe 87 det€opev, 6t xav Toov fj 10 A @ I, loov
goton xol 10 B 16 A, xdv Elacoov fj 10 A 100 I', Ehaccov
goton xoll To B tob A.

‘Edv 8po mpéstov mpoc debtepov Tov abTtov Exn Adyov
xail Tp{tov mpog TéTapTov, TO 8¢ Tpdtov Tol Tpitou yeilov 1,
xal T0 devtepov ToU TETdpTOL YEllov EoTan, XAV Toov, Toov,
%&v Ehattov, EAatTov: Omep €del BETEau.

by D, so many times let N be (divisible) by B.

And since as A is to B, so C (is) to D, and the equal
multiples M and G have been taken of A and C (respec-
tively), and the other random equal multiples N and K
of B and D (respectively), thus if M exceeds N then G
exceeds K, and if (M is) equal (to N then G is also)
equal (to K), and if (M is) less (than N then G is also)
less (than K) [Def. 5.5]. And G exceeds K. Thus, M
also exceeds N. And H does not exceeds L. And M and
H are equal multiples of A and E (respectively), and N
and L other random equal multiples of B and F' (respec-
tively). Thus, A has a greater ratio to B than E (has) to
F [Def. 5.7].

Thus, if a first (magnitude) has the same ratio to a
second that a third (has) to a fourth, and a third (magni-
tude) has a greater ratio to a fourth than a fifth (has)
to a sixth, then the first (magnitude) will also have a
greater ratio to the second than the fifth (has) to the
sixth. (Which is) the very thing it was required to show.

:d>e:(thena: B >¢€:(.

Proposition 14t

If a first (magnitude) has the same ratio to a second
that a third (has) to a fourth, and the first (magnitude)
is greater than the third, then the second will also be
greater than the fourth. And if (the first magnitude is)
equal (to the third then the second will also be) equal (to
the fourth). And if (the first magnitude is) less (than the
third then the second will also be) less (than the fourth).

A——— (CrH——

B—— D——

For let a first (magnitude) A have the same ratio to a
second B that a third C (has) to a fourth D. And let A be
greater than C. I say that B is also greater than D.

For since A is greater than C, and B (is) another ran-
dom [magnitude], A thus has a greater ratio to B than C'
(has) to B [Prop. 5.8]. And as A (is) to B, so C' (is) to
D. Thus, C also has a greater ratio to D than C (has) to
B. And that (magnitude) to which the same (magnitude)
has a greater ratio is the lesser [Prop. 5.10]. Thus, D (is)
less than B. Hence, B is greater than D.

So, similarly, we can show that even if A is equal to C
then B will also be equal to D, and even if A is less than
C then B will also be less than D.

Thus, if a first (magnitude) has the same ratio to a
second that a third (has) to a fourth, and the first (mag-
nitude) is greater than the third, then the second will also
be greater than the fourth. And if (the first magnitude is)
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equal (to the third then the second will also be) equal (to
the fourth). And if (the first magnitude is) less (than the
third then the second will also be) less (than the fourth).
(Which is) the very thing it was required to show.

. . . . > >
 In modern notation, this proposition reads that if o : 3 :: v : § then « Syas Jé] = d.

’

e .

Ta yépn tolc Goadtwe ntoramhaciolc TOV abTdV Eyel

Aoyov Angdévto xatdAina.
B

A H ©
A [

"Eotw yap iodxic tolhanidotov 10 AB 100 I xai to AE
100 Z' Myw, 6t gotlv ¢ 10 I' mpoc 10 Z, obtwe 10 AB
npoc 10 AE.

‘Enel yop lodxic éoti mohhanidotov 10 AB toU I' xol
w0 AE 100 Z, éoa dpa éotiv év 16 AB peyédn oo @
I', tocabta xai év 16 AE loa w6 Z. dinpRodw to uév AB
gic & 16 I Toa & AH, HO, OB, 16 d¢ AE ¢eic ta @ Z
foa ta AK, KA, AE- €otou 81 Toov w0 mAfjdoc tév AH,
HO, OB & mifde v AK, KA, AE. xol énel loa €oti td
AH, HO, OB dA\Alowc, o 8¢ xal & AK, KA, AE foa
dAAAhole, oty Bpa ¢ t0 AH npoc 10 AK, oltwe 1o HO
npoc 0 KA, xal 16 ©B npoc 10 AE. €oton dpa xol G¢ v
TEBY NYOLREVLY TROC EV T&V EMopévwy, oLTWS dmovTta Td
fyouuéva mpoc dmavia T Emduevor €otv dpo g o AH
npoc 10 AK, oltwe 10 AB npoc 1o AE. {oov 8¢ 16 yev AH
w0 I, 10 8¢ AK 16 Z- ot dpa G 1o I' mpoc 10 Z obtwe
0 AB mpoc 1o AE.

Ta dpa péern tolc Goadtwe noAlamiaciolc oV adTOV
gxel Aoyov Angpiévta xatdAinha: dmep €del del€on.

 In modern notation, this proposition reads that a : 3 :: ma : m 3.
<.

"Edv téooapa pey€dn avdhoyov fj, xoi EvarrdE dvihoyoyv
Eotal.

"Eotw téocopa peyédn dvdroyov & A, B, I, A, é¢ 10
A 1pdc 10 B, o0t 10 I' mpog 10 At Méyw, &L xal EVarhag
[avéhoyov] Eotan, e tO A Tpde 10 T, oltwe 10 B 1podc 10
A.

Eivgpdo yap t@v pév A, B lodxic noAanhdoia td E,
Z, w6y 8¢ I', A 3\a, & Etuyey, lodxic mtohhanidota to H,

O.

Proposition 157

Parts have the same ratio as similar multiples, taken
in corresponding order.

. Cr—

D K L E
[ : | Fr—

For let AB and DE be equal multiples of C' and F
(respectively). I say that as C'is to F', so AB (is) to DE.

For since AB and DFE are equal multiples of C' and
F' (respectively), thus as many magnitudes as there are
in AB equal to C, so many (are there) also in DFE equal
to F. Let AB have been divided into (magnitudes) AG,
GH, HB, equal to C, and DF into (magnitudes) DK,
KL, LE, equal to F. So, the number of (magnitudes)
AG, GH, HB will equal the number of (magnitudes)
DK, KL, LE. And since AG, GH, HB are equal to one
another, and DK, KL, LE are also equal to one another,
thus as AG is to DK, so GH (is) to KL, and HB to LE
[Prop. 5.7]. And, thus (for proportional magnitudes), as
one of the leading (magnitudes) will be to one of the fol-
lowing, so all of the leading (magnitudes will be) to all of
the following [Prop. 5.12]. Thus, as AG is to DK, so AB
(is) to DE. And AG is equal to C, and DK to F. Thus,
as Cisto I, so AB (is) to DE.

Thus, parts have the same ratio as similar multiples,
taken in corresponding order. (Which is) the very thing
it was required to show.

Proposition 16f

If four magnitudes are proportional then they will also
be proportional alternately.

Let A, B, C and D be four proportional magnitudes,
(such that) as A (is) to B, so C (is) to D. I say that they
will also be [proportional] alternately, (so that) as A (is)
to C, so B (is) to D.

For let the equal multiples E and F' have been taken
of A and B (respectively), and the other random equal
multiples G and H of C and D (respectively).

145



YTOIXEIQN €.

ELEMENTS BOOK 5

Ar—— T —
B — A —
E : : r H———

Kol énel lodoc éotl toranhdoiov T0 E 100 A xol 16 Z
ol B, ta 8¢ péern toic doadtwe nolarniaciolg Tov adToOV
gxel Aoyov, Eoty dpa ¢ T0 A poc 0 B, obtwe 10 E npog
10 Z. &b¢ 8¢ 10 A npoc 10 B, obtwe 1o I' mpog 10 A+ xal éxg
Gpa o I' mpoc 10 A, oltwe 10 E npdc 10 Z. ndhw, Enel td
H, © v I', A iodxic éott mohhamhdoua, Eoty Gpa e to I
Tpoc 10 A, obtwe 10 H npdc 10 0. b 8¢ 10 ' npodg 10 A,
[obtwc] T0 E npoc 10 Z° %ol dx¢ 8pa 0 E npodc 1o Z, oltng
10 H mpog 10 O. €av 8¢ téoooapa yeyédn dvdhoyov A, T B¢
npastov T0D Teltou peilov 7, xol T dedtepov oD TETdPTOU
petlov éotan, xav {oov, loov, x8v Elattov, Elattov. €l dpa
. , ) ~ o N ~ e
Unepéyetl 10 E 100 H, Unepéyel xol 10 Z 108 O, xal €l looy,
loov, xol el Elattov, Elattov. xol ot T pev E, Z v
A, B lodxic moran o, t& 8¢ H, © twadv I, A o, &
gTuyey, lodnie tolhamhdotor oty dpa &g tO A mpog o I
oVtwe 10 B mpodg 10 A.

Edav dpa téocopa ueyeéldn avdhoyov 7, xol EvarAaE
dvdhoyov Eoton Omep €del dellau.

 In modern notation, this proposition reads that if a:: 3 :: v : § then « :

148
‘Edv ouyxelyeva yeyéldn davdioyov ¥, xal drawpedévta
avdhoyov Eotou.

A E B I Z A
Pt A
H © K &

A I

M N

"Eotw ouyxelyeva peyédn avdhoyov & AB, BE, TA,
AZ, & 10 AB mpoc 10 BE, obtwe 1o T'A npoc 10 AZ:
Ay, 6Tl ol Bloupedéva dvdhoyov Eotal, k¢ TO AE npog
10 EB, oltwe 10 I'Z mpoc 160 AZ.

Eivigdn yop v pev AE, EB, T'Z, ZA icdxic moi-
harhdolo T HO, OK, AM, MN, t&v 8¢ EB, ZA d\ha, &
gtuyey, lodxic mtolamhdota o K=, NII.

Kol énel lodnic éotl mtohanhdoov 10 HO toU AE xal
w0 OK 100 EB, iodxic dpa éotl mohanidotov T HO tob

Ar— C+—
B— D—

E : : G : !
F+——+— H+—+—

And since F and F are equal multiples of A and B
(respectively), and parts have the same ratio as similar
multiples [Prop. 5.15], thus as A is to B, so FE (is) to F.
But as A (is) to B, so C (is) to D. And, thus, as C' (is)
to D, so F (is) to F' [Prop. 5.11]. Again, since G and H
are equal multiples of C and D (respectively), thus as C
isto D, so G (is) to H [Prop. 5.15]. But as C (is) to D,
[so] E (is) to F. And, thus, as E (is) to F, so G (is) to
H [Prop. 5.11]. And if four magnitudes are proportional,
and the first is greater than the third then the second will
also be greater than the fourth, and if (the first is) equal
(to the third then the second will also be) equal (to the
fourth), and if (the first is) less (than the third then the
second will also be) less (than the fourth) [Prop. 5.14].
Thus, if F exceeds G then F also exceeds H, and if (F is)
equal (to G then F is also) equal (to H), and if (F is) less
(than G then F is also) less (than H). And E and F are
equal multiples of A and B (respectively), and G and H
other random equal multiples of C' and D (respectively).
Thus, as A is to C, so B (is) to D [Def. 5.5].

Thus, if four magnitudes are proportional then they
will also be proportional alternately. (Which is) the very
thing it was required to show.

vy B0,

Proposition 177

If composed magnitudes are proportional then they
will also be proportional (when) separarted.

A E B C FD
Pt e
G BH K Q
L M N P

Let AB, BE, CD, and DF be composed magnitudes
(which are) proportional, (so that) as AB (is) to BE, so
CD (is) to DF. I say that they will also be proportional
(when) separated, (so that) as AF (is) to EB, so CF' (is)
to DF.

For let the equal multiples GH, HK, LM, and M N
have been taken of AF, EB, C'F, and F'D (respectively),
and the other random equal multiples KO and NP of
EB and FD (respectively).
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AE xol o HK 10U AB. icdouc 8¢ éott toAanmidoiov T0 HO
00 AE xat 10 AM 100 I'Z* iodxic Spa €otl molamhdotov
10 HK 7toU AB xai t0 AM 100 I'Z. nd, énel lodxic €otl
noAhamhdoiov 10 AM 10D I'Z xai 10 MN 1ol ZA, iodxic dpa
gotl toAamidotov To AM 10U I'Z %ol 16 AN 1ol T'A. lodnic
o¢ fjv moAhomhdolov 16 AM tob I'Z xol 16 HK 1ol AB-
lodxic dpat Eott Tohhanidotov 10 HK 1ot AB xol 1o AN tod
IA. wa¢ HK, AN 8pa tév AB, I'A iodxic éotl noAhamhdoto.
TéAy, €mel lodnig Eotl toAhamhiaciov 10 OK 1ol EB %ol 1o
MN tob ZA, €ot 8¢ %ot 10 K= 100 EB lodxic tolamhdoiov
xol 6 NII toU ZA, xol cuvtedey 160 O= tob EB icdxic éotl
rolamAdoiov xal TO MIT tol ZA. xal éncl oty ¢ t0 AB
npoc 10 BE, obtwe 10 TA npoc 10 AZ, xol elinmton tév
pev AB, TA iocdxic molhanidoia to HK, AN, t&v 8¢ EB,
ZA iodxic morhanmidoio to O, MII, el dpo Unepéyel to
HK 100 OF, brepéyet xat 10 AN 1ot MII, xai el ooy, loov,
xal el Ehattov, Ehattov. Umepeyétw 81 to HK tol OF,
xal xowob dgapedévtog 100 OK Unepéyet dpa xal 16 HO
00 KE. d\a el Unepeiye 10 HK 1o OF Onepeiye xol 10
AN 100 MII" Ornepéyet Gpat xal to AN 1ol MII, xai xowod
dponpedévtoc ol MN Omepéyer xal T AM 1ol NII- dHote
el Onepéyel 10 HO 10l KE, Unepéyet xod 10 AM ol NII.
ouolwe 81 del€opev, 6Tl %@y Toov fj to HO 1@ KE, loov
gotan xoi To AM 1@ NII, %xdv €hattov, Ehattov. xal £0TL Td
pev HO, AM <&v AE, I'Z oduic nodhanhdouo, o 8¢ K=,
NII w&v EB, ZA &\ha, & €tuyev, iodxic tolanidota: oty
Gpa i 0 AE mpoc 10 EB, oltwe 10 I'Z npog 16 ZA.

‘Edav 8poa ouyxelpyeva yeyédn dvdhoyov 7, xal Otou-
pedévta dvdhoyov Eotou bmep EdeL SETCan.

And since GH and H K are equal multiples of AF and
EB (respectively), GH and GK are thus equal multiples
of AE and AB (respectively) [Prop. 5.1]. But GH and
LM are equal multiples of AE and CF (respectively).
Thus, GK and LM are equal multiples of AB and CF
(respectively). Again, since LM and M N are equal mul-
tiples of CF and F'D (respectively), LM and LN are thus
equal multiples of CF and C D (respectively) [Prop. 5.1].
And LM and GK were equal multiples of CF and AB
(respectively). Thus, GK and LN are equal multiples
of AB and CD (respectively). Thus, GK, LN are equal
multiples of AB, C'D. Again, since HK and MN are
equal multiples of FB and F'D (respectively), and KO
and N P are also equal multiples of EB and F'D (respec-
tively), then, added together, HO and M P are also equal
multiples of EB and F' D (respectively) [Prop. 5.2]. And
since as AB (is) to BE, so C'D (is) to DF, and the equal
multiples GK, LN have been taken of AB, CD, and the
equal multiples HO, M P of EB, F D, thus if GK exceeds
HO then LN also exceeds M P, and if (GK is) equal (to
HO then LN is also) equal (to M P), and if (GK is) less
(than HO then LN is also) less (than M P) [Def. 5.5].
So let GK exceed HO, and thus, H K being taken away
from both, GH exceeds KO. But (we saw that) if GK
was exceeding HO then LN was also exceeding M P.
Thus, LN also exceeds M P, and, M N being taken away
from both, LM also exceeds N P. Hence, if GH exceeds
KO then LM also exceeds NP. So, similarly, we can
show that even if GH is equal to KO then LM will also
be equal to NP, and even if (GH is) less (than KO then
LM will also be) less (than NP). And GH, LM are equal
multiples of AE, CF, and KO, N P other random equal
multiples of EB, F'D. Thus, as AF isto EB, so CF (is)
to F'D [Def. 5.5].

Thus, if composed magnitudes are proportional then
they will also be proportional (when) separarted. (Which
is) the very thing it was required to show.

 In modern notation, this proposition reads thatif o+ 8 : 8:: v+ : thena : 8 :: v : 6.

).
‘Edav duinenuéva yeyédn avdroyov 1], xol cuvtedévta
avdhoyov Eotod.
A E B

A

r 7 1

"Eoto dunpnpéva ueyédn dvdiroyov to AE, EB, I'Z, ZA,
¢ 10 AE mpoc to EB, obtwe 10 I'Z mpoc 10 ZA" Aéyw,
6Tl xal ouvteVévta dvdhoyoyv Eotat, &c 10 AB mpoc to BE,

Proposition 187

If separated magnitudes are proportional then they
will also be proportional (when) composed.

A E B

G F G D

Let AE, EB, CF, and F D be separated magnitudes
(which are) proportional, (so that) as AF (is) to EB, so
CF (is) to F'D. 1 say that they will also be proportional
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oVtwe 10 I'A npoc 10 ZA.

El ydp pnf éotlv &¢ 10 AB npog 10 BE, obtwe 1o TA
npoc 10 AZ, ot &¢ 10 AB mpoc 10 BE, olUtwe 10 TA
fitol mpoc Ehacody T 1ol AZ 1) mpoc peilov.

"Eote npdtepov mpog Ehaccov 1o AH. xol énel oty g
10 AB mpoc 10 BE, obtwe 10 I'A mpoc 10 AH, ouyxeiyeva
pEYEDN avahoyov Eotiv: ote xol Blanpedévta dvdihoyov
gotan. €otwv dpa ¢ 0 AE npoc 1o EB, obtwe 10 I'H npoc
w0 HA. Ondxeiton 8¢ xal ¢ 10 AE npoc 10 EB, oltwe 10
I'Z npoc 10 ZA. %ol 6¢ Gpa 10 T'H npoc 1o HA| oltwe 10
I'Z mpoc 10 ZA. peilov 8¢ 10 npdtov 10 I'H 1o tpitou tol
I'Z- peilov dpa %ol 1o devtepov 10 HA 10l tetdptov tob
ZA. N xal ENotTov OmEp E0TlV BBUVATOV: 0UX Bpa ECTIV
&¢ 10 AB npoc 10 BE, obtwe 10 T'A npog Ehaccov tob
ZA. opolne o1 dellouev, 61l 00BE mpog Yellov: mpog adTod
pat.

‘Edv dpa dinenuéva peyédn dvdhoyov 1), xol ouvtedévta
dvdhoyov Eoton Omep €del dellan.

(when) composed, (so that) as AB (is) to BE, so C'D (is)
to F'D.

For if (it is) not (the case that) as AB is to BE, so
CD (is) to FD, then it will surely be (the case that) as
AB (is) to BE, so CD is either to some (magnitude) less
than DF, or (some magnitude) greater (than DF).*

Let it, first of all, be to (some magnitude) less (than
DF), (namely) DG. And since composed magnitudes
are proportional, (so that) as AB isto BF, so CD (is) to
DG, they will thus also be proportional (when) separated
[Prop. 5.17]. Thus, as AF is to EB, so CG (is) to GD.
But it was also assumed that as AE (is) to EB, so CF
(is) to F'D. Thus, (it is) also (the case that) as CG (is)
to GD, so CF (is) to F'D [Prop. 5.11]. And the first
(magnitude) C'G (is) greater than the third CF. Thus,
the second (magnitude) GD (is) also greater than the
fourth F'D [Prop. 5.14]. But (it is) also less. The very
thing is impossible. Thus, (it is) not (the case that) as AB
is to BE, so CD (is) to less than F'D. Similarly, we can
show that neither (is it the case) to greater (than F'D).
Thus, (it is the case) to the same (as F'D).

Thus, if separated magnitudes are proportional then
they will also be proportional (when) composed. (Which
is) the very thing it was required to show.

 In modern notation, this proposition reads thatif . : 3::y: §thena +3: 3y + 6 : 6.

¥ Here, Euclid assumes, without proof, that a fourth magnitude proportional to three given magnitudes can always be found.

.

‘Edv f; o 6hov npoc 6hov, oltwg dpoupedey npog depo-
pedéy, %ol TO Aolmov mpdg TO Aowmov €oton OS 6Aov o
ONOV.

A E B

I i |
1

r Z A

i f y
k T 1

"Eotw yap ¢ éhov 10 AB npoc dhov 10 T'A; oltwe
dponpedev 1 AE mpog dgepedey 10 I'Z- Aéyw, 6t ol
howov 10 EB mpoc Aownov 10 ZA Eotan e dhov 1o AB
Tpoc Bhov to T'A.

Enel vép €otv dd¢ 10 AB mpoc 10 TA, oltwe 10 AE
npoc 10 I'Z, xai evodhdE ¢ 10 BA mpoc 10 AE, obtwc
10 AT npoc 10 I'Z. ol énel ouyxeipeva yeyédn dvéhoyov
goty, xol doupedévta dvdhoyov Eotat, & 0 BE npoc 10
EA, obtwe 10 AZ mpog 10 I'Z- xal EvarhdE, e 10 BE npog
10 AZ, obtwe 10 EA mpog to ZI. é¢ 8¢ 10 AE npoc 1o I'Z,
oVtwe boxeton GAov O AB mpodg 6hov 10 TA. xol Aotndv
Gpa 10 EB mpoc hownov 10 ZA éoton g 6hov 10 AB npoc
6hov to TA.

‘Edv dpa 1] d¢ 6hov mpodc 6hov, obtwe dpapeley mpog

Proposition 191

If as the whole is to the whole so the (part) taken
away is to the (part) taken away then the remainder to
the remainder will also be as the whole (is) to the whole.

A E B

I 4 y
k T 1

C F D

I 4 y
r T 1

For let the whole AB be to the whole C'D as the (part)
taken away AFE (is) to the (part) taken away C'F. I say
that the remainder EB to the remainder F'D will also be
as the whole AB (is) to the whole CD.

For since as AB is to CD, so AE (is) to CF, (it is)
also (the case), alternately, (that) as BA (is) to AF, so
DC (is) to C'F [Prop. 5.16]. And since composed magni-
tudes are proportional then they will also be proportional
(when) separated, (so that) as BE (is) to F A, so DF' (is)
to C'F' [Prop. 5.17]. Also, alternately, as BF (is) to DF/,
so F'A (is) to F'C [Prop. 5.16]. And it was assumed that
as AE (is) to C'F, so the whole AB (is) to the whole CD.
And, thus, as the remainder EB (is) to the remainder
FD, so the whole AB will be to the whole CD.
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dpoupedéy, xal TO AOLOV MEOC TO AOLNOV Eotal OC OOV
TpOC Bhov [émep Edel deilon).

[Koi enel €delydn o 10 AB npoc 1o TA, oltwe 10 EB
TpOC 10 ZA, ol EvaliaE ¢ 0 AB npoc 10 BE oltwe 1o
A npoc 10 ZA, ouyxeipeva Spa ueyédn dvdroydy oty
€delydn 8¢ o 10 BA mpoc 10 AE, obtwe 10 AT npoc 1o
I'Z- xaf Eotv dvacteédovt.

[I6pioua.

‘Ex 01 toltou @avepdy, 8TL édv cuyxelpeva peyédn
avéhoyov 7, xal dvaoteédavtt dvdhoyov Eotau dmep €8l

Oct€au.

Thus, if as the whole is to the whole so the (part)
taken away is to the (part) taken away then the remain-
der to the remainder will also be as the whole (is) to
the whole. [(Which is) the very thing it was required to
show.]

[And since it was shown (that) as AB (is) to CD, so
EB (is) to F'D, (it is) also (the case), alternately, (that)
as AB (is) to BE, so CD (is) to F'D. Thus, composed
magnitudes are proportional. And it was shown (that)
as BA (is) to AF, so DC (is) to CF. And (the latter) is
converted (from the former).]

Corollary!

So (it is) clear, from this, that if composed magni-
tudes are proportional then they will also be proportional
(when) converted. (Which is) the very thing it was re-
quired to show.

 In modern notation, this proposition reads thatif « : 3 :: v : dthena: B av — v : 3 — 6.

* In modern notation, this corollary reads thatif a : 3 ::y: dthena:a — B v:v—4.

7
x.
‘Eav 1] tpla peyédn xal dAka adtolc loo 0 mhAfidog,
, , S o o . L
oUVOLO AoPBavépeva xal €v T¢ a0t Adyw, B’ loou B¢ 1O
npstov 1ol teitou uellov §, xol tO tétopTov TOU ExTou
peilov Eotan, x&v loov, Toov, x8v Elattov, EAaTTOV.

Al |

B—

Al |
Er—

I'—— o

"Eotw tplo yeyédn ta A, B, I', xol kAo adtoic loa 1o
nadoc ta A, E, Z, c0vduo hapPoavouevo €v 16 abtdd AoYw,
oc eV 10 A mpoc 1o B, oltwe 10 A npoc o E, d¢ 8¢ to B
npoc 10 I, oltwe 10 E npoc 16 Z, 8 Toou 8¢ yeilov €otw
0 A 1ol I Myw, 6t xal 10 A 100 Z peilov €oton, xav
{oov, oov, x8v élatTov, ENaTTOV.

"Enel yap petlov ot 10 A 100 I, 8Aho 8¢ w 10 B, 10 8¢
uetlov mpog T avtod yellova Adyov Exel finep 1O Ehattov,
0 A dpa mpodc 0 B peilova hdyov éyet finep 10 I' npoc 1o
B. &\ dc pev 10 A npoc 10 B [oltwe] 10 A npoc 1o E, o
8¢ 10 I' mpog 10 B, dvdmaiy oltwe 10 Z tpoc 10 E- xal 10
A dpa mpog 10 E petllova Moyov Exel Yinep 10 Z mpog 16 E.
&Y 88 mEOC TO a0TO AOYOV EYOVTwY TO pellova Aoyov Exov
HEIlov oy, peilov pa 10 A tol Z. ouoing 81 delopev,
6t x&v loov 1) 10 A 16 T, Toov éoton ol 10 A 18 Z, %dv

Proposition 207

If there are three magnitudes, and others of equal
number to them, (being) also in the same ratio taken two
by two, and (if), via equality, the first is greater than the
third then the fourth will also be greater than the sixth.
And if (the first is) equal (to the third then the fourth
will also be) equal (to the sixth). And if (the first is) less
(than the third then the fourth will also be) less (than the
sixth).

Al |

B——

D——m

C——— Fr—mm

Let A, B, and C be three magnitudes, and D, FE, F
other (magnitudes) of equal number to them, (being) in
the same ratio taken two by two, (so that) as A (is) to B,
so D (is) to E, and as B (is) to C, so E (is) to F'. And let
A be greater than C, via equality. I say that D will also
be greater than F'. And if (A is) equal (to C then D will
also be) equal (to F). And if (A is) less (than C then D
will also be) less (than F).

For since A is greater than C, and B some other (mag-
nitude), and the greater (magnitude) has a greater ratio
than the lesser to the same (magnitude) [Prop. 5.8], A
thus has a greater ratio to B than C' (has) to B. But as A
(is) to B, [so]l D (is) to E. And, inversely, as C (is) to B,
so F' (is) to E [Prop. 5.7 corr.]. Thus, D also has a greater
ratio to E than F' (has) to E [Prop. 5.13]. And for (mag-
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EhatTov, EAATTOV.

‘Edv dpa 1] tplo yeyédn xal dhia adtolg oo 10 mAfjdog,
oUVBLO AofBavopeva xal €v T¢ adTE Aoyw, dU” loou B¢ 1o
npéstov 10l Teitou Yeillov 1, xol tO tétupTov TOU ExTou
uetlov Eoton, x&v loov, Toov, xav Elattov, Elattov: Gmep
€0eL detou.

nitudes) having a ratio to the same (magnitude), that
having the greater ratio is greater [Prop. 5.10]. Thus,
D (is) greater than F'. Similarly, we can show that even if
A is equal to C then D will also be equal to F, and even
if (A is) less (than C then D will also be) less (than ).

Thus, if there are three magnitudes, and others of
equal number to them, (being) also in the same ratio
taken two by two, and (if), via equality, the first is greater
than the third, then the fourth will also be greater than
the sixth. And if (the first is) equal (to the third then the
fourth will also be) equal (to the sixth). And (if the first
is) less (than the third then the fourth will also be) less
(than the sixth). (Which is) the very thing it was required
to show.

 In modern notation, this proposition reads that if v : 3 :: 8 : eand B : 7 :: € : ¢ then « % yasd % C.

xol'.

‘Eav 1 tela peyédn xol 8o avtolg foo 6 mAijdoc
oLVOuo Aaufavouevo xol €v T a0Té Aoy, 1) OE TETo-
paypévn a0tév 1N dvahoyla, B loou de TO mpdtov TOU
tpitou peilov 7, xol 16 tétaptov Tob Extou pellov Eotou,
%8y Toov, Toov, ®av EhatTov, ENaTTOV.

Al

B—

Al i
E.t !

o

I'/——-
"Eotw tela peyédn & A, B, T' xol dAho adtoic loa 1o
niidoc 1o A, E, Z, oOvduo AopPBavoueva xal €v & avtd
Aoy, EoTw 88 TeTopoyUEvn aOTEY 1) dvokoyia, O¢ PEV TO
A mpoc 10 B, ot 10 E npoc 10 Z, dbe 8¢ 10 B mpoc to I
oVtwe 0 A mpoc 10 E, 8" loou 8¢ 16 A 10U I' peilov Eotw
Myw, 6t xol o A 100 Z peilov Eota, x8v {oov, loov, xdv
EhaTTOV, EAATTOV.

‘Enel yap petlov éon 10 A 100 I', Ao 8¢ T 10 B, 10
A Gpo npog 10 B pellova Aoyov Exel inep 10 I' mpog 10 B.
AN G pev 0 A mpoc t0 B, obtwe 10 E npoc 10 Z, dxc
8¢ 10 I' mpoc 10 B, avdmahv oltwe 10 E mpoc 10 A. xal
10 E dpa mpoc 10 Z pellova hdyov éyet finep 10 E npoc 1o
A. 1poc 6 8¢ 10 avto pelova Aoyov Exel, Exelvo ENacody
gotiv: Ehacoov dpa Eotl 10 Z 10U A- petlov dpa éoti 10 A

C s N g Ay v s U
Tob Z. opoiwe O del€oueyv, 6Tl xdv loov 1} 10 A 6 I, Toov
€oton xoll TO A 18 Z, x8v Ehattov, ENaTTOV.

‘Eav deo i Tela ueyédn xol diha adtoic loo to mAfidog,
oUVBLvo AapPavouevo xol €v & a0Td Aoy, 1) B¢ teto-
poyUEVn adT@Y 1) dvahoyla, Bt foou B T0 Tp&Tov ToD TplTou
uetlov 1), xal t6 étaptov 1ol Extou uellov Eoton, %3y loov,

Proposition 217

If there are three magnitudes, and others of equal
number to them, (being) also in the same ratio taken two
by two, and (if) their proportion (is) perturbed, and (if),
via equality, the first is greater than the third then the
fourth will also be greater than the sixth. And if (the first
is) equal (to the third then the fourth will also be) equal
(to the sixth). And if (the first is) less (than the third then
the fourth will also be) less (than the sixth).

Al | Dt |
Et |
C————— F———4

Let A, B, and C be three magnitudes, and D, E, F
other (magnitudes) of equal number to them, (being) in
the same ratio taken two by two. And let their proportion
be perturbed, (so that) as A (is) to B, so F (is) to F', and
as B (is) to C, so D (is) to E. And let A be greater than
C, via equality. I say that D will also be greater than F'.
And if (A is) equal (to C then D will also be) equal (to
F). And if (A is) less (than C then D will also be) less
(than F).

For since A is greater than C, and B some other (mag-
nitude), A thus has a greater ratio to B than C' (has) to
B [Prop. 5.8]. But as A (is) to B, so F (is) to F. And,
inversely, as C' (is) to B, so E (is) to D [Prop. 5.7 corr.].
Thus, E also has a greater ratio to F' than F (has) to D
[Prop. 5.13]. And that (magnitude) to which the same
(magnitude) has a greater ratio is (the) lesser (magni-
tude) [Prop. 5.10]. Thus, F is less than D. Thus, D is
greater than F'. Similarly, we can show that even if A is
equal to C then D will also be equal to F, and even if (A
is) less (than C then D will also be) less (than F).

B——
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loov, x&v €hatTov, ENattov: dnep €del Seilou.

Thus, if there are three magnitudes, and others of
equal number to them, (being) also in the same ratio
taken two by two, and (if) their proportion (is) per-
turbed, and (if), via equality, the first is greater than the
third then the fourth will also be greater than the sixth.
And if (the first is) equal (to the third then the fourth
will also be) equal (to the sixth). And if (the first is) less
(than the third then the fourth will also be) less (than the
sixth). (Which is) the very thing it was required to show.

 In modern notation, this proposition reads that if v : 3 ::e: ¢ and 3: + :: § : e then « % vyaséd % C.

’
xp.
‘Edv ) onocoaobyv peyédn xal dhho abtolg loa 1o mAfidog,
oUVBLO AapPoavoueva xol &v T¢ avTd Aoy, xol B loou év
6 a0TE ANoYw Eotou.

Proposition 227

If there are any number of magnitudes whatsoever,
and (some) other (magnitudes) of equal number to them,
(which are) also in the same ratio taken two by two, then
they will also be in the same ratio via equality.

Ar— B— r—— A——— B— C—
Ar— Er— /o D— E— F——

H: + K + + i M+ Gt t i K¢ t t i M

O | | A . . | N H! | | Lt | N————H

"Eotw 6nocooby peyédn ta A, B, I' xal dAho atoic oo
0 mAfidoc ta A, E, Z, c0vduo AopPavopeva év & adtdd
NOY®, Oc pev 10 A mpog T0 B, oltwe 10 A npog 1o E, dxg
8¢ 10 B mpoc 10 I', obtwe 10 E mpoc 10 Z° Aéyw, éti %ol
O Toou év 6 adTtw AOYw EoTol.

Evigpdo yop t@v yev A, A lodxc mohhanidow ta H,
0, iV 8¢ B, E &hha, a Etuyey, lodxic toharhdota ta K,
A, xol En @y I, Z 8\ha, & Etuyev, loduic mtolamAdota té
M, N.

Kot énel Eotv i¢ 10 A mpoc 10 B, oltwe 10 A npodg 1o
E, xai etnrron t@v pev A, A loduic modanidoia to H, O,
v 0t B, E &\ha, & Etuyev, iodxc tolharmidowa & K, A,
gov dpa oc 0 H npoc 10 K, oltwe 10 O npodc 1o A. dia
T o0Td O ol i T0 K mpoc 10 M, obtwe 10 A npog 1o
N. énel obv tplo yeyédn ol ta H, K, M, xal dAla adtoic
{oa 10 mAijdoc & ©, A, N, cbvduo haufovdueva xol &v 6
abTE AOYw, 0L toou dpa, el bepéyel o H tob M, bnepéyel
xol T © 1ol N, xal €l loov, Toov, xal el E attov, EAaTTOV.
xod ot ta pev H, © w@v A, A lodxic tohomhdota, ta 08
M, N <@v I', Z 3 ha, & Etuyev, lodxic tolhanhdotoe. €0ty
Gpa ¢ O A mpog 10 T, oVt 10 A mpog to Z.

‘Edav Gpa 1} onocaolv peyédn xal dAha adtolg loa 0
mAfidog, obvduo AauBoavoueva €v 16 adTd Aoy, xol 8L foou
&v T3 aUTd hoyw Eoton dnep €del SEEou.

Let there be any number of magnitudes whatsoever,
A, B, C, and (some) other (magnitudes), D, FE, F, of
equal number to them, (which are) in the same ratio
taken two by two, (so that) as A (is) to B, so D (is) to
E, and as B (is) to C, so E (is) to F'. I say that they will
also be in the same ratio via equality. (That is, as A is to
C,so Disto F.)

For let the equal multiples G and H have been taken
of A and D (respectively), and the other random equal
multiples K and L of B and E (respectively), and the
yet other random equal multiples M and N of C and F
(respectively).

And since as A is to B, so D (is) to E, and the equal
multiples G and H have been taken of A and D (respec-
tively), and the other random equal multiples K and L
of B and F (respectively), thus as G is to K, so H (is) to
L [Prop. 5.4]. And, so, for the same (reasons), as K (is)
to M, so L (is) to N. Therefore, since G, K, and M are
three magnitudes, and H, L, and N other (magnitudes)
of equal number to them, (which are) also in the same
ratio taken two by two, thus, via equality, if G exceeds M
then H also exceeds N, and if (G is) equal (to M then H
is also) equal (to N), and if (G is) less (than M then H is
also) less (than N) [Prop. 5.20]. And G and H are equal
multiples of A and D (respectively), and M and N other
random equal multiples of C' and F' (respectively). Thus,
as Aisto C, so D (is) to I' [Def. 5.5].

Thus, if there are any number of magnitudes what-
soever, and (some) other (magnitudes) of equal number
to them, (which are) also in the same ratio taken two by
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two, then they will also be in the same ratio via equality.
(Which is) the very thing it was required to show.

t In modern notation, this proposition reads thatif « : 3 ::e: ¢and 3: vy ¢:npand~y:8::n:0thena:d:e: 0.

4
xy'.
‘Eav 1 tela peyédn xol & avtolg foo 6 mAijdoc
oUVBLO AopPBavopeva &v T6 adTE AOYw, T O TeTopayUEvn
a0T&Y 1) dvahoyia, xal 8 loou év 16 adtd Adyw Eoto.

Ar—— B — T —

A — E+— 7 —

H + + G N ———
K+ M——+—— N

"Eotw tela peyédn & A, B, T' xol dAho adtoic loa 1o
TAoc olvduo hapBovéopeva év 6 adte Aoyw o A, B, Z,
gotw B¢ TeTapayUEvn adTEY N dvohoyia, G yev 0 A mpog
10 B, obtwe 10 E npoc 10 Z, dx¢ 8¢ 10 B npoc 1o I, obtwe
0 A mpog 10 B Aéyw, éti Eotiv i¢ 10 A mpog 10 I, olteg
0 A npog 6 Z.

Evigpdo ey pev A, B, A lodxic tolharhdow to H, O,
K, w&v 8¢ I', E, Z d\ha, & Etuyey, iodxic moAhanidolo T
A, M, N.

Koai gnel iodnic eoti modamidowa ta H, © tév A, B, &
0¢ uépn tolc WoalTwe ToAamAaciolg TOV adTov Exel Adyoy,
gov dpa Oc T0 A mpodg 0 B, obtwe 10 H npoc 10 ©. 8
& abTa O %ol ¢ 0 E mpog 10 Z, obtwe 1o M mpog to N-
xol EoTy ¢ T0 A mpoc 10 B, obtwe 10 E npoc 16 Z- xal dxg
Gpa 0 H mpoc 10 O, obtwe 10 M mpog 10 N. xol énel Eotiy
&c 10 B mpoc 10 I, oVt 10 A mpoc 10 E; xal Evorha
¢ 10 B mpoc 10 A, obtwe 10 I' npdc 10 E. ol émel ta
0, K w&v B, A lodwic éotl mohhanmidowa, to d¢ péen toic
lodxic moAhamhaciolc TOv adtov Exel Aoyov, EoTv dpo (¢
10 B npoc 10 A, obtee 10 © npog 10 K. &AL i 10 B npog
10 A, obtwe o I' npoc 10 E- xal ¢ 8pa 10 © npog 1o K,
oVtwe 1o I' mpodc 10 E. ndw, énel ta A, M w@v I, E iodwc
€0t molhamhdota, EoTwy dpa ¢ T I' mpdg 10 E, obtwe 10
A mpoc 10 M. AN éc 1o I npog 10 E, oltwe 10 © npoc
70 K- xal &¢ dpa 10 © mpoc 10 K, obtwe 10 A npog 1o M,
xall EVOANSE G¢ T0 O mpog 10 A, 10 K mpog 10 M. €delydn
8¢ ol &¢ 10 H nmpoc 10 ©, obtwe 10 M mpoc 10 N. énel
obv tpla yeyédn éotl o H, ©, A, xal &\ha adtow oo o
mAfidoc ta K, M, N cOvduo hapPavopeva v ¢ adtés Aoyw,
xal oty adTeSY TeETapaypévn 1) dvohoyia, 8U loou dpa, el
Onepéyel 10 H 1ol A, Onepéyel xal to K tob N, xal i loov,
loov, xal el Ehattoy, Ehattov. xol éot ta pev H, K tév A,
A iodxc molamidota, t& 8¢ A, N tév I', Z. oy dpa be
0 A npoc 10 I, oltwe 10 A mpog 1o Z.

‘Edv Gpa ) tplo peyédn xol dAia adtolc oo 1o mAijdoc
oUVBLO AopPBavopeva &v T6 adTE AOYw, T O TeTopayUévn

Proposition 237

If there are three magnitudes, and others of equal
number to them, (being) in the same ratio taken two by
two, and (if) their proportion is perturbed, then they will
also be in the same ratio via equality.

A— B+— C—
D—— Er— Fr—

Gt t t i Ht L+——
K——+ M+ + i Nt

Let A, B, and C be three magnitudes, and D, E and F’
other (magnitudes) of equal number to them, (being) in
the same ratio taken two by two. And let their proportion
be perturbed, (so that) as A (is) to B, so F (is) to F', and
as B (is) to C, so D (is) to E. I say that as A is to C, so
D (is) to F.

Let the equal multiples G, H, and K have been taken
of A, B, and D (respectively), and the other random
equal multiples L, M, and N of C, E, and F (respec-
tively).

And since G and H are equal multiples of A and B
(respectively), and parts have the same ratio as similar
multiples [Prop. 5.15], thus as A (is) to B, so G (is) to
H. And, so, for the same (reasons), as E (is) to F, so M
(is) to N. And as A is to B, so E (is) to F'. And, thus, as
G (is) to H, so M (is) to N [Prop. 5.11]. And since as B
isto C, so D (is) to E, also, alternately, as B (is) to D, so
C (is) to F [Prop. 5.16]. And since H and K are equal
multiples of B and D (respectively), and parts have the
same ratio as similar multiples [Prop. 5.15], thus as B is
to D, so H (is) to K. But, as B (is) to D, so C (is) to
E. And, thus, as H (is) to K, so C (is) to E [Prop. 5.11].
Again, since L and M are equal multiples of C and F (re-
spectively), thus as C'is to E, so L (is) to M [Prop. 5.15].
But, as C (is) to F, so H (is) to K. And, thus, as H (is)
to K, so L (is) to M [Prop. 5.11]. Also, alternately, as H
(is) to L, so K (is) to M [Prop. 5.16]. And it was also
shown (that) as G (is) to H, so M (is) to N. Therefore,
since G, H, and L are three magnitudes, and K, M, and
N other (magnitudes) of equal number to them, (being)
in the same ratio taken two by two, and their proportion
is perturbed, thus, via equality, if G exceeds L then K
also exceeds N, and if (G is) equal (to L then K is also)
equal (to N), and if (G is) less (than L then K is also)
less (than N) [Prop. 5.21]. And G and K are equal mul-
tiples of A and D (respectively), and L and N of C and
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a0 TEY 1) vohoyia, xol 8L loou év 16 adte Aoyw Eoton bmep
€deL detou.

F' (respectively). Thus, as A (is) to C, so D (is) to F
[Def. 5.5].

Thus, if there are three magnitudes, and others of
equal number to them, (being) in the same ratio taken
two by two, and (if) their proportion is perturbed, then
they will also be in the same ratio via equality. (Which is)
the very thing it was required to show.

t In modern notation, this proposition reads thatif o« : 3::e: (and 3: vy ::d:ethena: vy :: §: (.

%°0'.

‘Edv npdstov mpog debtepov ToOv abTtov €xr AoYov xol
tpltov mpog tétapTov, Exn 68 xol méumtov mpog BelTepoV
TOV A0TOV AOYOV Xol EXTOV TPOS TETUETOV, ol CUVTEYEY
TEGTOV ol TEUTTOV TTPOS delTEPOV TOV 0ltov EEeL Abyov
xoll Teltov xal ExTov mEOg TETUPTOV.

o

TTeéstov yap 10 AB npog dedpepov 10 I tov adtov Exétw
Aoyov xal tpltov o AE npoc tétaptov 10 Z, exétw ¢ xal
néuntov 10 BH mpog deltepov 10 I' 0oV adtdv Adyov ol
éxtov 10 EO npdg tétaptov 10 Z+ AMéyw, 6Tl xol cuvtedey
np@tov ol méuntov o AH mpoc Seltepoy 1o I' tov adtov
g€el Aoyov, xol tpltov xal Extov 10 AO mpoc téTapTov TO
Z.

‘Emel yép €éotv d¢ 10 BH mpo¢ 10 I, oltwe 10 EO npog
T0 Z, avémaiy dpo ¢ 0 I' mpog 16 BH, obtwe 10 Z npodg
10 EO. énel olv Eotv & 10 AB npoc 10 T, obtwe 10 AE
TPo¢ T0 Z, (¢ 8¢ 10 I mpoc 10 BH, oltwe 10 Z mpoc 10
EO, 8 loou dpa éotiv G t0 AB mpoc 10 BH, obtwe 10 AE
Tpo¢ T0 EO. xal émel dinpnuéva ueyédr dvdhoyoy Eotiv, xal
ouvtedévta dvdhoyov éoton oty Bpo bc 0 AH mpog 1o
HB, oltwe 10 AB® npoc 10 OF. €0t 8¢ xol & 16 BH npoc
0 I', obtwe 160 EO npoc 10 Z- 8 Toou dpa Eotiv ¢ 1o AH
npoc T I', oltwe 16 AB npog 10 Z.

‘Edv 8po mpéstov mpog debtepov Tov abTtov Exn Adyov
xoll Tpltov TpoC TéTapToy, €N B8 X0l TEUTTOVY TEOC dedTEPOY
TOV a0TOV AGYOV Xol EXTOV TPOS TETUETOV, ol CUVTEVEY
TEETOV %ol TEUTTOV TPOC OeUTEPOV TOV alTOV EEel AOYOoV
xoll Tpltov xal ExTov mpoOc TéTapTov: Onep E0eL dellau.

Proposition 24f

If a first (magnitude) has to a second the same ratio
that third (has) to a fourth, and a fifth (magnitude) also
has to the second the same ratio that a sixth (has) to the
fourth, then the first (magnitude) and the fifth, added
together, will also have the same ratio to the second that
the third (magnitude) and sixth (added together, have)
to the fourth.

F———m

For let a first (magnitude) AB have the same ratio to
a second C that a third DFE (has) to a fourth F'. And let
a fifth (magnitude) BG also have the same ratio to the
second C that a sixth FH (has) to the fourth F. I say
that the first (magnitude) and the fifth, added together,
AG, will also have the same ratio to the second C that the
third (magnitude) and the sixth, (added together), DH,
(has) to the fourth F.

For since as BG is to C, so EH (is) to F, thus, in-
versely, as C (is) to BG, so F (is) to EH [Prop. 5.7 corr.].
Therefore, since as AB is to C, so DE (is) to F', and as C
(is) to BG, so F' (is) to FH, thus, via equality, as AB is to
BG, so DE (is) to EH [Prop. 5.22]. And since separated
magnitudes are proportional then they will also be pro-
portional (when) composed [Prop. 5.18]. Thus, as AG is
to GB, so DH (is) to HE. And, also, as BG is to C, so
EH (is) to F. Thus, via equality, as AG is to C, so DH
(is) to F' [Prop. 5.22].

Thus, if a first (magnitude) has to a second the same
ratio that a third (has) to a fourth, and a fifth (magni-
tude) also has to the second the same ratio that a sixth
(has) to the fourth, then the first (magnitude) and the
fifth, added together, will also have the same ratio to the
second that the third (magnitude) and the sixth (added
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together, have) to the fourth. (Which is) the very thing it
was required to show.

 In modern notation, this proposition reads thatif o« : 3 :: v :dande: 3¢ :dthena+e: B v+ : 6.

’

xE .

‘Eav téooopa peyédn dvdhoyov 1, 1o uéylotov [adtdv]
xal TO ENdyloTov B0 @V hotndv pellovd EoT.

"Eotw téocopa yeyédn dvdroyov to AB, A, E, Z, éx¢
10 AB npo¢ 10 T'A, oVtwe 0 E npocg 10 Z, Eotw 8¢ péyiotov
pev avtédv T AB, ENdyloTov 8¢ 10 Z Méyw, 6T to AB, Z
v I'A, E peilovd éotwv.

KeioOw yop w6 pev E Toov 10 AH, 6 8¢ Z loov o I'O.

‘Enel [obv] éotv ¢ t0 AB mpoc 10 TA, obtwe 10 E
Tpo¢ T Z, loov d¢ 10 pev E 16 AH, 16 8¢ Z 6 'O, oty
Gpa ¢ 0 AB npoc 10 T'A; oVtwe 10 AH mpoc to I'O.
xal €nel oy i 6hov 10 AB mpodc 6hov 1o T'A,; obtwe
dponpedev o AH mpoc dgopedev to I'O, xol Aowmov dpa
10 HB npoc houov 10 OA éoton dg éhov 10 AB npdc 6hov
70 I'A. peilov 8¢ 10 AB 100 I'A- peilov dpa xai to HB tob
OA. xal énel loov éoti w0 uev AH @ E, 16 8¢ 'O 3 Z,
& dpo AH, Z loa éoti toic 'O, E. xol [Enel] édv [dvicowc
{oo mpootedfi, & Sha dvicd Eotwy, Edv dpa tév HB, OA
dviowv évtwv xol peillovoc tot HB 1@ pev HB npootedi
o AH, Z, t® 8¢ ©A npootedf] ta I'O, E, cuvdyetan ta
AB, Z peilova tév T'A, E.

‘Edv dpa téooopa yeyédn dvdloyov 1, 10 péylotov
a0 TEHY xol TO ENGytoTov 300 TV howndv uellovd Eotv. dmep
€det deiou.

Proposition 257

If four magnitudes are proportional then the (sum of
the) largest and the smallest [of them] is greater than the
(sum of the) remaining two (magnitudes).

Fi |

Let AB, CD, E, and F be four proportional magni-
tudes, (such that) as AB (is) to CD, so E (is) to F. And
let AB be the greatest of them, and F' the least. I say that
AB and F is greater than CD and E.

For let AG be made equal to E, and CH equal to F.

[In fact,] since as AB is to CD, so E (is) to I, and
E (is) equal to AG, and F to CH, thus as AB isto CD,
so AG (is) to CH. And since the whole AB is to the
whole C'D as the (part) taken away AG (is) to the (part)
taken away C'H, thus the remainder GB will also be to
the remainder H D as the whole AB (is) to the whole CD
[Prop. 5.19]. And AB (is) greater than CD. Thus, GB
(is) also greater than HD. And since AG is equal to F,
and CH to F, thus AG and F' is equal to CH and F.
And [since] if [equal (magnitudes) are added to unequal
(magnitudes) then the wholes are unequal, thus if] AG
and F are added to GB, and CH and E to HD—GB
and HD being unequal, and GB greater—it is inferred
that AB and F' (is) greater than C'D and FE.

Thus, if four magnitudes are proportional then the
(sum of the) largest and the smallest of them is greater
than the (sum of the) remaining two (magnitudes).
(Which is) the very thing it was required to show.

 In modern notation, this proposition reads that if o : 3 :: 4 : 8, and « is the greatest and § the least, then o« + 6 > 8 + 7.
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