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o.  “Opola oyfupata e0d0ypoupd €oty, éoo Tde T
yoviag Toag Exel xotd plav xol T mepl toc loag ywvlog
TAELPAS AVIAOYOV.

B’. "Axpov xol yéoov Aoyov ebddela tetuijodon Aéyetou,
otav ) & N 6hn mpog 1o uellov Ttufijua, obtwe to Yeilov
TEOC TO ENATTOV.

v". “Ydoc éotl mdvTog oyfpatoc 1 dnd Tiic xopuefic i
v Bdotv xddetog dyopévn.

a/

Ta telywve xol o nopahAnhéypoppa t& UTd TO adTO

Ooc Bvta mpodc GAANAG EoTiv g ol BAoELS.

E A Z

® H B I' A K A

"Eotw tplywva pev to ABI, ATA, nopodAnhéypopya
oe & EI', I'Z Ono 10 adto Udog 10 AT Méyw, étL Eotlv G¢
N BI' Bdoig npog v T'A Bdoig, obtwe 1o ABI' tplywvov
npo¢ 0 ATA tplywvov, xal 10 EI' napahAnAéypaupov npoc
10 I'Z nopodnidypopuov.

"ExBeBAodo yap i BA ¢ éxdrepa to yépn éml tat ©, A
onueia, xoi xeloVwoov tfj utv BT Bdoet loow [dooudnnotoly]
ol BH, HO, tfj 8¢ I'A Bdoel loow dooudnrotodv ai AK, KA,
xol Enelelydwoay oi AH, AO, AK, AA.

Kot énel {oou eiotv oi I'B, BH, HO dAAnhouc, loa ol xal
o AOH, AHB, ABT tpiywva dAhAhowc. ocomhaciov dpa
gotiv 7} O Bdow tfic BI' Bdoewe, tocautanidoldy ot
xol 0 AOT tplywvov tol ABI' tprydvou. B o adtd
on ocamiociwy éotiv | AI' Bdoig tijic I'A Bdoswe, tocou-
Tamhdotoy Eotl xal T AAD tplywvov 10U ATA tpuydvou:
xal el Ton €otiv 1 O Bdowc tfj TA Bdoet, Toov éotl xal o
AOT tplywvov to ATA tprydve, xal el Unepéyel 1 O Bdowe
tfic TA Bdoewe, Umepéyet xal 10 AGOI tplywvov ol ATA
TELY®VOoL, ol el EAdoowy, EAacooy. TEGOdPWY OF BVTwV
peyed@v 80o pev Bdoewv v BI, TA, 8o 8¢ tplydvmy
v ABI', ATA elinntan iodg mohhanAdowa tiig pev B
Baoewe xol tob ABI torydvou # te O Bdowc xol 1o AOT
telywvov, tfic 8¢ I'A Bdoewe xal tob AAT tpryddvou dhha,

Definitions

1. Similar rectilinear figures are those (which) have
(their) angles separately equal and the (corresponding)
sides about the equal angles proportional.

2. A straight-line is said to have been cut in extreme
and mean ratio when as the whole is to the greater seg-
ment so the greater (segment is) to the lesser.

3. The height of any figure is the (straight-line) drawn
from the vertex perpendicular to the base.

Proposition 17

Triangles and parallelograms which are of the same
height are to one another as their bases.

E A F

H G B C D K L

Let ABC and ACD be triangles, and EC and C'F par-
allelograms, of the same height AC'. I say that as base BC
is to base C'D, so triangle ABC (is) to triangle AC D, and
parallelogram EC to parallelogram CF.

For let the (straight-line) BD have been produced in
each direction to points H and L, and let [any number]
(of straight-lines) BG and GH be made equal to base
BC, and any number (of straight-lines) DK and KL
equal to base CD. And let AG, AH, AK, and AL have
been joined.

And since C'B, BG, and GH are equal to one another,
triangles AHG, AGB, and ABC are also equal to one
another [Prop. 1.38]. Thus, as many times as base HC
is (divisible by) base BC, so many times is triangle AHC
also (divisible) by triangle ABC. So, for the same (rea-
sons), as many times as base LC is (divisible) by base
CD, so many times is triangle ALC also (divisible) by
triangle ACD. And if base HC is equal to base C'L then
triangle AHC is also equal to triangle AC'L [Prop. 1.38].
And if base HC exceeds base C'L then triangle AHC
also exceeds triangle ACL.* And if (HC is) less (than
CL then AHC is also) less (than ACL). So, their being
four magnitudes, two bases, BC and C'D, and two trian-
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& Etuyev, iodxic mohhanmidowa § te¢ Al Bdowc xal to AAT
Tplywvov: xal dédewxtan, &ti, el Unepéyel 1 O Bdowg tiic TA
Baoewe, bepéyet xol 1o ABI tplywvov 1ol AAT terydvou,
xol et Tor, Toov, xol el Ehaoowy, Ehacoov €oTv dpo B¢ N
BT Bdowc npoc thv A Béow, obtwe 16 ABI tpiywvov npoc
w0 ATA tplywvov.

Kot énel tob yev ABI tpuyddvou dimhdotoy éotl 10 EI'
napahAnAdypaupov, tob 8¢ ATA tprydvou Simhdoldv €ott
10 ZI' mopahAnhoypappoy, T 8¢ Yéen Tolg woadTHS TOA-
hamhaciolg Tov adtov Exel Adyov, éotv oo ¢ to ABD
telywvov mpoc 10 ATA tpiywvov, oltwe 10 EI' mopoi-
Anhoypouuov meog o ZI' nopaAAnhoypopuov.  Enel obv
€delydn, oc pev N BI' Bdoic npoc v I'A, obtwe 10 ABI
tplywvov mpog 10 ATA tplywvov, d¢ 8¢ 16 ABT tplywvov
npoc 10 ATA tplywvov, obtwe 10 EI' nopod Anhéypopyoyv
Tpo¢ 10 I'Z mapadknidypopuoy, xal b dpa 1 BI' doic npodg
v I'A Bdotv, obtwe 1o EI napahhnidypappov npog 1o ZI1
TPEUAANASY QAUUHOV.

Ta dpa telywva xol & mapaAAniéypopua & OO TO
a0t Uog Gvta meodg GAANAG €Ty (¢ ol Bdoeic dmep Edel
OetEan.

gles, ABC and AC D, equal multiples have been taken of
base BC and triangle A BC—(namely), base HC' and tri-
angle AHC—and other random equal multiples of base
CD and triangle ADC—(namely), base LC and triangle
ALC. And it has been shown that if base HC exceeds
base C'L then triangle AHC also exceeds triangle ALC,
and if (HC is) equal (to CL then AHC is also) equal (to
ALQC), and if (HC is) less (than C'L then AHC is also)
less (than ALC). Thus, as base BC is to base CD, so
triangle ABC (is) to triangle AC'D [Def. 5.5]. And since
parallelogram EC is double triangle ABC, and parallelo-
gram F'C is double triangle ACD [Prop. 1.34], and parts
have the same ratio as similar multiples [Prop. 5.15], thus
as triangle ABC! is to triangle AC D, so parallelogram EC
(is) to parallelogram F'C. In fact, since it was shown that
as base BC' (is) to C'D, so triangle ABC (is) to triangle
ACD, and as triangle ABC (is) to triangle ACD, so par-
allelogram EC (is) to parallelogram CF, thus, also, as
base BC (is) to base C'D, so parallelogram EC (is) to
parallelogram F'C' [Prop. 5.11].

Thus, triangles and parallelograms which are of the
same height are to one another as their bases. (Which is)
the very thing it was required to show.

t As is easily demonstrated, this proposition holds even when the triangles, or parallelograms, do not share a common side, and/or are not

right-angled.

t This is a straight-forward generalization of Prop. 1.38.

B
"Edv tpry®vou nopd plav t@v mhevpdy dydf] tic eddela,
dvdhoyov TepET Tac TOU TELYVOU TAELpdc: xol EdV ol TOD
TELYWVOUL TAELEAL Gvahoyov Tund&oLy, 1) ETl TAC TOUS Emt-
Cevyvupévn ebdeio mapd v Aoty éoton ToU TELY@VOoU
TAELPAY.

A

B r

Telyddvou yap 00 ABI' napdAAnhoc wid tésv TAevpdsy
] BI' fiydo 7 AE: My, 61l éotlv G ) BA mpog v AA,
obtwe N I'E mpoc v EA.

Proposition 2

If some straight-line is drawn parallel to one of the
sides of a triangle then it will cut the (other) sides of the
triangle proportionally. And if (two of) the sides of a tri-
angle are cut proportionally then the straight-line joining
the cutting (points) will be parallel to the remaining side
of the triangle.

A

B C
For let DFE have been drawn parallel to one of the
sides BC of triangle ABC'. I say that as BD isto DA, so
CE (is) to F A.
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‘Enelebdydwooav yap ot BE, T'A.

"Toov 8pa €oti 10 BAE tplywvov 16 T'AE terydve:
éml yop thic avtiic Bdoewe ot tiic AE xal év tolc adtaic
napahhfroie toiic AE, BI' 8\ho 8¢ T 10 AAE tpiywvov. ta
¢ Too mpodc 10 adTO TOV aOTOV EYEL AdYyOoVv: EOTv dpa OS TO
BAE tpiywvov npoc 1o AAE [tplywvoy], obtwc to TAE
telywvov npog 10 AAE tpiywvov. o™ G pev 1o BAE
telywvov mpoc 10 AAE, oltwe H BA npoc tyv AA- ino
yoe 0 00to Ooc dvta Ty ano 1ol E énl tv AB xddetov
ayouévny meog IANANAS eioty d¢ ol Bdoeig. & T& adTa oM
oc 10 FAE tpiywvov npoc 16 AAE, obtwe f I'E npoc myv
EA- xal 6¢ dpa /i BA npoc thv AA, obtwe | I'E npoc myv
EA.

ANha o) ab tol ABT tprydvou mhevpod o AB, AT
avéhoyov tetufodwoay, Gc i BA npoc v AA, obtwc
N I'E mpoc v EA, xal éneledydon 1 AE- Myw, ot
napdhAnAog eotv /) AE tfj BI'.

Tav yop adt@v xataoxevacVEviwy, nel EoTv O N
BA mpoc v AA, oVtwe | I'E npoc v EA, 4\ ax¢
pev 1 BA mpoc v AA, oltwe t0 BAE tplywvov npoc
w0 AAE tplywvov, oc 8¢ f I'E npoc v EA, oltwe 1o
I'AE tplywvov mpoc 10 AAE tplywvov, xal &be dpo 0
BAE tplywvov mpoc 10 AAE tplywvov, obtwe 10 'AE
telywvoyv tpoc 10 AAE telywvov. exdrepov dpa tév BAE,
T'AE tprydvev mpog 10 AAE tov adtov éyel Aoyov. loov
Gpa éott 10 BAE tpiywvov 16 TAE torydve: xal elow €t
Tic atiic Bdoewe tiic AE. ta 8¢ Toa tplywva xol énl tiic
aOtfic Bdoewe Gvta xol v tolg adtolc mapahiiolg EoTiv.
napdhiniog dpa éotiv ) AE ] BI.

‘Edav dpa tpryodvou mapd wlov tév mAevp&y dydi] Tic
eVVelo, avahoyov Teuel Tag ToU TELYdVoU TAEUEdS: xol Eav
ol ToD Tery®vou mAgupal dvdhoyov Ttundéow, N Enl ToC
Topde émlevyvuuévn eddela mapd TV Aoty €otan ToD
TELYOVOU TAEUPAY: dTep EBeL BELE L.

Y.

‘Edav teryovou 1 yovio diyo tundf, 1 8¢ téuvouvca Ty
yoviov eddeion téuvy xol thv Bdot, t& thic Bdoswe TpfuaTa
oV adTOV E€el AoYoV Tailg Aowmdic Tol TeLydvou TAgLpoic
xal €4y Ta Thig Bdoewe TuApaTe TOV adTov Exn AoYov Taic
hoinailc ToD TELY@VOUL TAELEdiS, 1) no Tfic xopuETic El TV
Touny €mlevyvupévn ebieio diyo Tepel Ty T0U TELYMVOU
yviay.

"Eote tplywvov 10 ABT, xol tetyfodw 7 Ono BAT
yovio 8iya o thic AA edldelac Méyw, 6Tl Eotlv G 1} BA
npo¢ v I'A, oVtwe /) BA npog v AT

"Hydw yop S 100 I' tff AA napdiinroc | T'E, xoi
daydeioa ) BA ocuvymntétw adtij xotd to E.

For let BE and C'D have been joined.

Thus, triangle BDFE is equal to triangle CDFE. For
they are on the same base DFE and between the same
parallels DE and BC [Prop. 1.38]. And ADEFE is some
other triangle. And equal (magnitudes) have the same ra-
tio to the same (magnitude) [Prop. 5.7]. Thus, as triangle
BDE isto [triangle] ADE, so triangle CDF (is) to trian-
gle ADE. But, as triangle BDFE (is) to triangle ADF, so
(is) BD to DA. For, having the same height—(namely),
the (straight-line) drawn from E perpendicular to AB—
they are to one another as their bases [Prop. 6.1]. So, for
the same (reasons), as triangle CDFE (is) to ADE, so CE
(is) to EA. And, thus, as BD (is) to DA, so CE (is) to
EA [Prop. 5.11].

And so, let the sides AB and AC of triangle ABC
have been cut proportionally (such that) as BD (is) to
DA, so CFE (is) to FA. And let DFE have been joined. I
say that DF is parallel to BC.

For, by the same construction, since as BD is to DA,
so CFE (is) to EA, but as BD (is) to DA, so triangle BDE
(is) to triangle ADFE, and as CF (is) to E' A, so triangle
CDE (is) to triangle ADE [Prop. 6.1], thus, also, as tri-
angle BDFE (is) to triangle ADFE, so triangle CDFE (is)
to triangle ADFE [Prop. 5.11]. Thus, triangles BDE and
CDE each have the same ratio to ADE. Thus, triangle
BDE is equal to triangle CDFE [Prop. 5.9]. And they are
on the same base DE. And equal triangles, which are
also on the same base, are also between the same paral-
lels [Prop. 1.39]. Thus, DFE is parallel to BC.

Thus, if some straight-line is drawn parallel to one of
the sides of a triangle, then it will cut the (other) sides
of the triangle proportionally. And if (two of) the sides
of a triangle are cut proportionally, then the straight-line
joining the cutting (points) will be parallel to the remain-
ing side of the triangle. (Which is) the very thing it was
required to show.

Proposition 3

If an angle of a triangle is cut in half, and the straight-
line cutting the angle also cuts the base, then the seg-
ments of the base will have the same ratio as the remain-
ing sides of the triangle. And if the segments of the base
have the same ratio as the remaining sides of the trian-
gle, then the straight-line joining the vertex to the cutting
(point) will cut the angle of the triangle in half.

Let ABC be a triangle. And let the angle BAC have
been cut in half by the straight-line AD. I say that as BD
isto CD, so BA (is) to AC.

For let CE have been drawn through (point) C par-
allel to DA. And, BA being drawn through, let it meet
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B A r

Kot énel eic napariroug tac AA, EI' eddela événeoey
n AL, 7 Gpo Ond AT'E yovia Ton €oti tfj Ono TAA. &N
N oo TAA ) Ono BAA Ondxertan Ton xai 7y Ond BAA
Gpa tfj Undo ATE €otwv Ton. mdhw, énel eic mopolhihoug
tac AA, EI eblcio événeoev ) BAE, 7 éxtog ywvia 7 Uto
BAA Yo éotl tfj évtog 1] bno AEL. édelydn 8¢ xol 1 OO
ATE +fj bno BAA Ton xal ) Ono AT'E dpa yovio tfj Ono
AET éotw {on dote xal mhevpd ) AE mhevpd tfj AL éotwv
Ton. xal émel Tpryovou 100 BI'E mapd plov t@v nAcupév
v ET fixtan ) AA, dvédhoyov dpa Eotiv (¢ ) BA mpoc my
AT, obtwe ) BA npoc v AE. Ton 8¢ 1) AE fj AT d¢ 8pa
N BA npoc myv AT, obtwe ) BA npog v AT

AXha O €0t ©¢ ) BA npoc thv AT, obtwe ) BA npog
v AT, xol éneledydw N AA- Aéyw, 6t diyo tétuntan 7
Ono BAT ywvia Uno tfic AA edldelac.

T&v yap adtév xotaoxevacVévimy, enel oty g 1 BA
npoc ™y AL, obtwe ) BA npoc v AT, dAAd xal d¢ H) BA
npoc My AL, obtwg éotlv /| BA npoc v AE- tpiy@vou
yoe to0 BI'E nopd plov thv EL fixton /) AA- xol ¢o¢ Gpat 1)
BA npoc v AT, obtwe ) BA npoc v AE. Ton dpo ) AT
] AE" dote xal yovio ) Uno AEL tfj Ond ATE éotw Ton.
AN ) uév Umo AET tfj &xtoc tfj Und BAA [gotw] Tom, 7
o¢ Ono AT'E tfj évadddE tfj Uno TAA Eotv Ton xal 1 U1
BAA dpa tfj bno TAA éotwv Ton. 1 dpa Uno BAT ywvia
Blyor tétunton Yo Tiic AA ebdeiac.

‘Edv Gpa tpryodvou 1 ywvia diya tundfj, n 8¢ téuvovoa
v yoviay ebdeia téuvy xol ™y Bdoty, ta tiic Bdoewe
TUnpaTo Tov auTov el Aoyov Tolg hoimdic ToD TELYWVou
Thevpolc: xol €&y & Tiic Pdoene TRt TOV aOTOV XN
Aoyov Tailc Aowmdic ToD TELy®vou TAupdis, 1 Ao THg xo-
puetic el TV Tounyv emlevyvuuévn eiela diya TéUveL TV
ToU TELYVOL Ywvioy: Onep €0l BETEAL.

(CE) at (point) E.1

B D C

And since the straight-line AC falls across the parallel
(straight-lines) AD and EC, angle ACF is thus equal to
CAD [Prop. 1.29]. But, (angle) CAD is assumed (to
be) equal to BAD. Thus, (angle) BAD is also equal to
ACE. Again, since the straight-line BAF falls across the
parallel (straight-lines) AD and EC, the external angle
BAD is equal to the internal (angle) AEC [Prop. 1.29].
And (angle) ACFE was also shown (to be) equal to BAD.
Thus, angle ACF is also equal to AEC'. And, hence, side
AEF is equal to side AC [Prop. 1.6]. And since AD has
been drawn parallel to one of the sides EC of triangle
BCE, thus, proportionally, as BD is to DC, so BA (is)
to AE [Prop. 6.2]. And AFE (is) equal to AC. Thus, as
BD (is) to DC, so BA (is) to AC.

And so, let BD be to DC, as BA (is) to AC. And let
AD have been joined. I say that angle BAC has been cut
in half by the straight-line AD.

For, by the same construction, since as BD is to DC,
so BA (is) to AC, then also as BD (is) to DC, so BA is
to AE. For AD has been drawn parallel to one (of the
sides) EC of triangle BCE [Prop. 6.2]. Thus, also, as
BA (is) to AC, so BA (is) to AFE [Prop. 5.11]. Thus, AC
(is) equal to AE [Prop. 5.9]. And, hence, angle AEC
is equal to ACE [Prop. 1.5]. But, AEC [is] equal to the
external (angle) BAD, and ACF is equal to the alternate
(angle) CAD [Prop. 1.29]. Thus, (angle) BAD is also
equal to CAD. Thus, angle BAC has been cut in half by
the straight-line AD.

Thus, if an angle of a triangle is cut in half, and the
straight-line cutting the angle also cuts the base, then the
segments of the base will have the same ratio as the re-
maining sides of the triangle. And if the segments of the
base have the same ratio as the remaining sides of the
triangle, then the straight-line joining the vertex to the
cutting (point) will cut the angle of the triangle in half.
(Which is) the very thing it was required to show.

T The fact that the two straight-lines meet follows because the sum of ACE and C AE is less than two right-angles, as can easily be demonstrated.
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See Post. 5.
6/
T@&v looywvieny Terydvey avdioydy eloty ol TAgvpol ol

nepl ¢ loog ywviag xol opdhoyol ol o tag foug ywviog
Urotelvouoat.

B I E

"Eotw iooyovia tplywva ta ABI, AT'E lony €yovta tyv
pev bno ABI yoviav tfj bno AT'E, thv 8¢ Ono BAT tfj bno
I'AE xai €ttty Ond AB tfj Uno FTEA- Aéyw, 6t téSv ABI,
AT'E tpiyddvewv dvéhoyov eloty ol mhevpal ol mepl tég loag
yoviag xal opdloyol ol Uno Tag foag ywviag rotelvouoa.

Kelobw yap én’ eddeloc i BI' fj I'E. xol énel ai Ono
ABI', AI'B ywviaw 800 6pd@v éNdttovée eiowy, Ton B¢
n uno AI'B <fj Ono AEI, ol dea Ono ABI, AEL dvo
6p0&Yv EhdtTovég elow al BA, EA dpa éxBoiloéuevon ouy-
necobvtan. ExPePriodwoay xol cupmnTétwoay xatd T Z.

Kot énel {on éotlv 1) bno AT'E ywvia tfj dno ABT,
TapdhAnAog Eoty ) BZ tfj TA. ndhuy, énel lon éotiv f OO
AT'B tfj 0no AEL, nopddAnhéc éotv 1y ATl tfj ZE. nopah-
Anhbypappov dea eott 10 ZATA: o Spo 1) uév ZA tfj AT,
N 8¢ AL tfj ZA. xol émel tpiyddvou 100 ZBE napd play ty
ZE fjxtow i AT, o Gpa idg ) BA mpoc v AZ, oVtwe 1
BT npoc v I'E. Ton 8¢ 1) AZ t1j TA- é¢ dpa ) BA npog tyv
I'A, obtwe ) BI' npoc v I'E, xol évahha€ de ) AB npoc
v BI', oltwe /) AL npoc v T'E. ndhw, énel topdhinide
gonv 1) A 1) BZ, éotw dpa ¢ ) BI' npoc v T'E, obtwe
N ZA mpoc v AE. Ton 8¢ \| ZA tfj AT é¢ dpa 7 BT npoc
v I'E, obtwg 7 AT npoc thv AE, xol évadrdE b¢ | Bl
npoc ™y I'A; obtwe 1 I'E mpog v EA. énel olv €delydn
oc pev | AB npoc v BT, obUtwe ) AT npoc v I'E, ax¢
8¢ N BT npoc v T'A, oltwe \ T'E npoc v EA, 8 Toou
Gpa i N BA mpoc v AT, oVUtwe f A npoc tyv AE.

T@&v 8pa icoywvinmy Tery Ve dvdhoydy eloty ol Theupal
al mepl T Toag ywvlog xol opdloyol al U1to o loag Ywviog
Orotelvovoou dnep €deL deTlau.

Proposition 4

In equiangular triangles the sides about the equal an-
gles are proportional, and those (sides) subtending equal
angles correspond.

F

B C E

Let ABC and DCE be equiangular triangles, having
angle ABC equal to DCFE, and (angle) BAC to CDE,
and, further, (angle) ACB to CED. I say that in trian-
gles ABC and DCE the sides about the equal angles are
proportional, and those (sides) subtending equal angles
correspond.

Let BC be placed straight-on to CE. And since
angles ABC and ACB are less than two right-angles
[Prop 1.17], and ACB (is) equal to DEC, thus ABC
and DEC are less than two right-angles. Thus, BA and
ED, being produced, will meet [C.N. 5]. Let them have
been produced, and let them meet at (point) F.

And since angle DCE is equal to ABC, BF is parallel
to CD [Prop. 1.28]. Again, since (angle) ACB is equal to
DEC, AC is parallel to FE [Prop. 1.28]. Thus, FACD
is a parallelogram. Thus, F'A is equal to DC, and AC to
F'D [Prop. 1.34]. And since AC has been drawn parallel
to one (of the sides) F'F of triangle FBE, thus as BA
is to AF, so BC (is) to CE [Prop. 6.2]. And AF (is)
equal to C'D. Thus, as BA (is) to CD, so BC (is) to CFE,
and, alternately, as AB (is) to BC, so DC (is) to CFE
[Prop. 5.16]. Again, since C'D is parallel to BF, thus as
BC (is) to CE, so F'D (is) to DE [Prop. 6.2]. And F'D
(is) equal to AC. Thus, as BC is to CFE, so AC (is) to
DE, and, alternately, as BC (is) to C A, so CE (is) to
ED [Prop. 6.2]. Therefore, since it was shown that as
AB (is) to BC, so DC (is) to CE, and as BC (is) to C' A,
so C'E (is) to E D, thus, via equality, as BA (is) to AC, so
CD (is) to DE [Prop. 5.22].

Thus, in equiangular triangles the sides about the
equal angles are proportional, and those (sides) subtend-
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€.
"Edv 800 Tplywva tée mheupds avdhoyov €y, icoydvia
gotn & tplywva xol fooc €€el tac yoviog, O’ dc ai
ouOloYOL TAELpAL Drtotelvousty.

A A
E Z
T H

B

"Eotw 800 tpiywva to ABI', AEZ td¢ mhevpds dvéloyov
gyovta, Gc pev ™y AB mpoc v BT, obtwe tv AE npoc
v EZ, ¢ 8¢ myv BT npoc v T'A, obtwe v EZ npoc
v ZA, xal €t bc ™y BA npoc v AL, oltwe v EA
npog Y AZ. Myw, 6Tl iooywvioy ot 1o ABI tplywvov
w6 AEZ tpiydve xal Tooc €€ovot tac ywviag, D’ dg ai
oudloyol mhevpal Umotelvouoty, Ty uev o ABI' tfj bno
AEZ, thv 8¢ Ono BI'A tfj Ondo EZA xoi €t tyv Ono BAT
] bno EAZ.
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ing equal angles correspond. (Which is) the very thing it
was required to show.

Proposition 5

If two triangles have proportional sides then the trian-
gles will be equiangular, and will have the angles which
corresponding sides subtend equal.

A D

C G
B

Let ABC and DEF be two triangles having propor-
tional sides, (so that) as AB (is) to BC, so DE (is) to
EF, and as BC (is) to CA, so EF (is) to F'D, and, fur-
ther, as BA (is) to AC, so ED (is) to DF. I say that
triangle ABC' is equiangular to triangle DEF', and (that
the triangles) will have the angles which corresponding
sides subtend equal. (That is), (angle) ABC (equal) to
DEF, BCAto EFD, and, further, BAC to EDF.

For let (angle) FEG, equal to angle ABC, and (an-
gle) EFG, equal to AC B, have been constructed on the
straight-line E'F at the points £ and F' on it (respectively)
[Prop. 1.23]. Thus, the remaining (angle) at A is equal
to the remaining (angle) at G [Prop. 1.32].

Thus, triangle ABC is equiangular to [triangle] EGF.
Thus, for triangles ABC and EGF, the sides about the
equal angles are proportional, and (those) sides subtend-
ing equal angles correspond [Prop. 6.4]. Thus, as AB
is to BC, [so] GF (is) to EF. But, as AB (is) to BC,
so, it was assumed, (is) DFE to EF. Thus, as DFE (is) to
EF, so GE (is) to EF [Prop. 5.11]. Thus, DE and GFE
each have the same ratio to FF. Thus, DE is equal to
GE [Prop. 5.9]. So, for the same (reasons), DF is also
equal to GF. Therefore, since DE is equal to EG, and
EF (is) common, the two (sides) DF, EF are equal to
the two (sides) GE, EF (respectively). And base DF
[is] equal to base F'G. Thus, angle DEF is equal to
angle GEF [Prop. 1.8], and triangle DEF' (is) equal
to triangle GE'F, and the remaining angles (are) equal
to the remaining angles which the equal sides subtend
[Prop. 1.4]. Thus, angle DF'E is also equal to GFE, and
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(angle) EDF to EGF. And since (angle) F'ED is equal
to GEF, and (angle) GEF to ABC, angle ABC is thus
also equal to DEF. So, for the same (reasons), (angle)
ACB is also equal to DF E, and, further, the (angle) at A
to the (angle) at D. Thus, triangle ABC' is equiangular
to triangle DEF'.

Thus, if two triangles have proportional sides then the
triangles will be equiangular, and will have the angles
which corresponding sides subtend equal. (Which is) the
very thing it was required to show.

Proposition 6

If two triangles have one angle equal to one angle,
and the sides about the equal angles proportional, then
the triangles will be equiangular, and will have the angles
which corresponding sides subtend equal.

A D

B C

Let ABC and DEF be two triangles having one angle,
BAC, equal to one angle, EDF (respectively), and the
sides about the equal angles proportional, (so that) as BA
(is) to AC, so ED (is) to DF. I say that triangle ABC is
equiangular to triangle DFEF, and will have angle ABC
equal to DEF, and (angle) ACB to DFE.

For let (angle) FDG, equal to each of BAC and
EDF, and (angle) DFG, equal to ACB, have been con-
structed on the straight-line AF at the points D and F' on
it (respectively) [Prop. 1.23]. Thus, the remaining angle
at B is equal to the remaining angle at G [Prop. 1.32].

Thus, triangle ABC is equiangular to triangle DGF'.
Thus, proportionally, as BA (is) to AC, so GD (is) to
DF [Prop. 6.4]. And it was also assumed that as BA
is) to AC, so ED (is) to DF. And, thus, as ED (is)
to DF, so GD (is) to DF [Prop. 5.11]. Thus, ED (is)
equal to DG [Prop. 5.9]. And DF (is) common. So, the
two (sides) ED, DF are equal to the two (sides) GD,
DF (respectively). And angle EDF [is] equal to angle
GDF. Thus, base EF is equal to base GF, and triangle
DEF is equal to triangle GDF, and the remaining angles
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will be equal to the remaining angles which the equal
sides subtend [Prop. 1.4]. Thus, (angle) DFG is equal
to DFE, and (angle) DGF to DEF. But, (angle) DFG
is equal to ACB. Thus, (angle) ACB is also equal to
DFE. And (angle) BAC was also assumed (to be) equal
to EDF'. Thus, the remaining (angle) at B is equal to the
remaining (angle) at E [Prop. 1.32]. Thus, triangle ABC
is equiangular to triangle DEF'.

Thus, if two triangles have one angle equal to one
angle, and the sides about the equal angles proportional,
then the triangles will be equiangular, and will have the
angles which corresponding sides subtend equal. (Which
is) the very thing it was required to show.

Proposition 7

If two triangles have one angle equal to one angle,
and the sides about other angles proportional, and the
remaining angles either both less than, or both not less
than, right-angles, then the triangles will be equiangular,
and will have the angles about which the sides are pro-
portional equal.

A

G F

C

Let ABC and DEF be two triangles having one an-
gle, BAC, equal to one angle, EDF' (respectively), and
the sides about (some) other angles, ABC and DEF (re-
spectively), proportional, (so that) as AB (is) to BC, so
DE (is) to EF, and the remaining (angles) at C' and F,
first of all, both less than right-angles. I say that triangle
ABC is equiangular to triangle DEF, and (that) angle
ABC will be equal to DEF, and (that) the remaining
(angle) at C' (will be) manifestly equal to the remaining
(angle) at F.

For if angle ABC' is not equal to (angle) DEF' then
one of them is greater. Let ABC be greater. And let (an-
gle) ABG, equal to (angle) DEF, have been constructed
on the straight-line AB at the point B on it [Prop. 1.23].

And since angle A is equal to (angle) D, and (angle)
ABG to DEF, the remaining (angle) AGB is thus equal
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to the remaining (angle) DF FE [Prop. 1.32]. Thus, trian-
gle ABG is equiangular to triangle DEF'. Thus, as AB is
to BG, so DFE (is) to EF [Prop. 6.4]. And as DF (is) to
EF, [so] it was assumed (is) AB to BC. Thus, AB has
the same ratio to each of BC and BG [Prop. 5.11]. Thus,
BC (is) equal to BG [Prop. 5.9]. And, hence, the angle
at C is equal to angle BGC [Prop. 1.5]. And the angle
at C was assumed (to be) less than a right-angle. Thus,
(angle) BGC is also less than a right-angle. Hence, the
adjacent angle to it, AGB, is greater than a right-angle
[Prop. 1.13]. And (AGB) was shown to be equal to the
(angle) at F. Thus, the (angle) at F'is also greater than a
right-angle. But it was assumed (to be) less than a right-
angle. The very thing is absurd. Thus, angle ABC is not
unequal to (angle) DEF. Thus, (it is) equal. And the
(angle) at A is also equal to the (angle) at D. And thus
the remaining (angle) at C is equal to the remaining (an-
gle) at F' [Prop. 1.32]. Thus, triangle ABC is equiangular
to triangle DEF'.

But, again, let each of the (angles) at C' and F be
assumed (to be) not less than a right-angle. I say, again,
that triangle ABC'is equiangular to triangle DFEF' in this
case also.

For, with the same construction, we can similarly
show that BC' is equal to BG. Hence, also, the angle
at C is equal to (angle) BGC. And the (angle) at C (is)
not less than a right-angle. Thus, BGC (is) not less than
a right-angle either. So, in triangle BGC the (sum of)
two angles is not less than two right-angles. The very
thing is impossible [Prop. 1.17]. Thus, again, angle ABC
is not unequal to DEF. Thus, (it is) equal. And the (an-
gle) at A is also equal to the (angle) at D. Thus, the
remaining (angle) at C is equal to the remaining (angle)
at F' [Prop. 1.32]. Thus, triangle ABC is equiangular to
triangle DEF.

Thus, if two triangles have one angle equal to one
angle, and the sides about other angles proportional, and
the remaining angles both less than, or both not less than,
right-angles, then the triangles will be equiangular, and
will have the angles about which the sides (are) propor-
tional equal. (Which is) the very thing it was required to
show.

Proposition 8

If, in a right-angled triangle, a (straight-line) is drawn
from the right-angle perpendicular to the base then the
triangles around the perpendicular are similar to the
whole (triangle), and to one another.

Let ABC be a right-angled triangle having the angle
BAC a right-angle, and let AD have been drawn from
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A, perpendicular to BC [Prop. 1.12]. I say that triangles
ABD and ADC are each similar to the whole (triangle)
ABC and, further, to one another.

A

B D C

For since (angle) BAC is equal to ADB—for each
(are) right-angles—and the (angle) at B (is) common
to the two triangles ABC and ABD, the remaining (an-
gle) ACB is thus equal to the remaining (angle) BAD
[Prop. 1.32]. Thus, triangle ABC is equiangular to tri-
angle ABD. Thus, as BC, subtending the right-angle in
triangle ABC, is to BA, subtending the right-angle in tri-
angle ABD, so the same AB, subtending the angle at C'
in triangle ABC, (is) to BD, subtending the equal (an-
gle) BAD in triangle ABD, and, further, (so is) AC to
AD, (both) subtending the angle at B common to the
two triangles [Prop. 6.4]. Thus, triangle ABC' is equian-
gular to triangle ABD, and has the sides about the equal
angles proportional. Thus, triangle ABC [is] similar to
triangle ABD [Def. 6.1]. So, similarly, we can show that
triangle ABC is also similar to triangle ADC'. Thus, [tri-
angles] ABD and ADC are each similar to the whole
(triangle) ABC.

So I say that triangles ABD and ADC are also similar
to one another.

For since the right-angle BDA is equal to the right-
angle ADC, and, indeed, (angle) BAD was also shown
(to be) equal to the (angle) at C, thus the remaining (an-
gle) at B is also equal to the remaining (angle) DAC
[Prop. 1.32]. Thus, triangle ABD is equiangular to trian-
gle ADC. Thus, as BD, subtending (angle) BAD in tri-
angle ABD, is to DA, subtending the (angle) at C in tri-
angle ADC, (which is) equal to (angle) BAD, so (is) the
same AD, subtending the angle at B in triangle ABD, to
DC, subtending (angle) DAC in triangle ADC, (which
is) equal to the (angle) at B, and, further, (so is) BA to
AC, (each) subtending right-angles [Prop. 6.4]. Thus,
triangle ABD is similar to triangle ADC [Def. 6.1].

Thus, if, in a right-angled triangle, a (straight-line)
is drawn from the right-angle perpendicular to the base
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then the triangles around the perpendicular are similar
to the whole (triangle), and to one another. [(Which is)
the very thing it was required to show.]

Corollary

So (it is) clear, from this, that if, in a right-angled tri-
angle, a (straight-line) is drawn from the right-angle per-
pendicular to the base then the (straight-line so) drawn
is in mean proportion to the pieces of the base.” (Which
is) the very thing it was required to show.

Proposition 9

To cut off a prescribed part from a given straight-line.

A F B

Let AB be the given straight-line. So it is required to
cut off a prescribed part from AB.

So let a third (part) have been prescribed. [And] let
some straight-line AC' have been drawn from (point) A,
encompassing a random angle with AB. And let a ran-
dom point D have been taken on AC. And let DE and
EC be made equal to AD [Prop. 1.3]. And let BC have
been joined. And let DF have been drawn through D
parallel to it [Prop. 1.31].

Therefore, since F'D has been drawn parallel to one
of the sides, BC, of triangle ABC, then, proportionally,
as CDisto DA, so BF (is) to F'A [Prop. 6.2]. And CD
(is) double DA. Thus, BF (is) also double FFA. Thus,
BA (is) triple AF.

Thus, the prescribed third part, AF, has been cut off
from the given straight-line, AB. (Which is) the very
thing it was required to do.

Proposition 10

To cut a given uncut straight-line similarly to a given
cut (straight-line).
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A Z H B

"Ecte 1 yév dodelon evdela dtuntog 1 AB, 7 8¢ te-
Tunuévn ) AL xota o A, E onpeia, xot xelodwooav dHote
yoviov tuyoboov nepléyety, xal éneledydn f I'B, xol 8
v A, E tf] BI' nopdiinhot fiybwoav ol AZ, EH, & d¢
00U A ] AB nopddinhoc fiyde 1 AGOK.

ToapahAnhoypappov dea EoTiv Exdtepov v 2O, OB:
Ton Gpa N pev AO 1} ZH, 1 8¢ ©OK t1j HB. xoi €nel tprydvou
ol AKI' mopd plov tév mhevpdv v KI' eddela fixton 7)
OFE, dvdioyov dpa éotly ¢ N I'E npoc v EA, obtwg
KO mpoc v ©A. Ton 8¢ 1y yev KO tfj BH, 7 8¢ OA 1
HZ. éotw 8po ¢ f T'E tpoc v EA, obtwe f BH npog myv
HZ. ndhw, énel tpryddvou 100 AHE mopd plov t@v mhevpdy
v HE fixton 1§ ZA, dvdhoyov dpa oty ¢ /) EA mpog v
AA, oVtwe ) HZ npoc v ZA. &delydn 8¢ xal bg | I'E
npoc v EA, obtwe 1 BH npog tv HZ: €otwv po o pev
N T'E npoc v EA, oltwe f BH mpoc ™y HZ, é¢ 8¢ f EA
npoc v AA, obtwe | HZ mpoc v ZA.

‘H 8pa Soeion evieio dtuntog i AB tfj doleloy eddela
tetunuévy tf] Al opolwe tétuntor énep Edet molfjoon:

’
.

Abo doldeioiv eddelsdy tpltny dvdhoyov npoceupely.

"Ectwoav ol dodeloon [dVo g0delan] of BA, AT xol
xeloVwoay ywviay tepiéyovoo tuyoloayv. del 81 tév BA,
AT <pltnv dvéhoyov mpooeupely. exPefriodwoay yap énl
o A, E onuela, xal xelobw tff Al ton /) BA, xail éneletydw
N BL, xol 81& 100 A nogddinhoc advtii fiydw 1 AE.

‘Enel obv tpiy@vou 1ol AAE mopd play tév ntAeupdy
v AE fixtoe ) BI, dvéhoydv éotv i | AB mpoc v
BA, oVtwe /) Al npoc myv I'E. Ton 3¢ 1} BA tfj AL €otwv
Gpa ¢ | AB mpog v AT, obtwe ) AL npoc v I'E.

C

A F G B

Let AB be the given uncut straight-line, and AC a
(straight-line) cut at points D and F, and let (AC) be
laid down so as to encompass a random angle (with AB).
And let C'B have been joined. And let DF' and EG have
been drawn through (points) D and F (respectively),
parallel to BC, and let DHK have been drawn through
(point) D, parallel to AB [Prop. 1.31].

Thus, FH and HB are each parallelograms. Thus,
DH (is) equal to F'G, and HK to GB [Prop. 1.34]. And
since the straight-line H E has been drawn parallel to one
of the sides, K C, of triangle DK C, thus, proportionally,
as CE is to ED, so KH (is) to HD [Prop. 6.2]. And
KH (is) equal to BG, and HD to GF. Thus, as CF is
to ED, so BG (is) to GF. Again, since F'D has been
drawn parallel to one of the sides, GF, of triangle AGF,
thus, proportionally, as ED is to DA, so GF (is) to FA
[Prop. 6.2]. And it was also shown that as CE (is) to
ED, so BG (is) to GF'. Thus, as CE is to ED, so BG (is)
to GF, and as ED (is) to DA, so GF (is) to F A.

Thus, the given uncut straight-line, AB, has been cut
similarly to the given cut straight-line, AC. (Which is)
the very thing it was required to do.

Proposition 11

To find a third (straight-line) proportional to two
given straight-lines.

Let BA and AC be the [two] given [straight-lines],
and let them be laid down encompassing a random angle.
So it is required to find a third (straight-line) proportional
to BA and AC. For let (BA and AC) have been produced
to points D and E (respectively), and let BD be made
equal to AC [Prop. 1.3]. And let BC have been joined.
And let DFE have been drawn through (point) D parallel
to it [Prop. 1.31].

Therefore, since BC' has been drawn parallel to one
of the sides DF of triangle ADFE, proportionally, as AB is
to BD, so AC (is) to CE [Prop. 6.2]. And BD (is) equal
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to AC. Thus, as AB is to AC, so AC (is) to CE.

A A
B B
I C
A D
E E
Abo Gpa dodetoiy evdeidy t@v AB, AT tpitn dvéhoyov Thus, a third (straight-line), C'E, has been found
avtaic npooetpntan 1) T'E- 8nep €del notfjoo. (which is) proportional to the two given straight-lines,
AB and AC. (Which is) the very thing it was required to
do.
B Proposition 12
Tewsv doleody evdeddv tetdptny dvdhoyov mpo- To find a fourth (straight-line) proportional to three
GEVEEY. given straight-lines.
At !
B——
Cr

A G) Z D H F
"Eotwoav ol dodeioor tpeic evdeion ai A, B, I' 8t om Let A, B, and C be the three given straight-lines. So
v A, B, I' tetpdtny dvdhoyov npoceupeiv. it is required to find a fourth (straight-line) proportional
"Exxeiotooay 800 evdeion ol AE, AZ ywviav nepiéyouve- to A, B, and C.
o [tuyoboay] thv Uno EAZ: xai xeloVo tfj uev A Ton ) AH, Let the two straight-lines DE and DF be set out en-
1§} 0¢ B lon 1) HE, xoi €t tfi I Ton /) A©- xoi émlevydeionc compassing the [random] angle EDF. And let DG be
tfic HO moapddiniog adtii fiydw S tod E | EZ. made equal to A, and GE to B, and, further, DH to C

‘Enel obv tprydvou 100 AEZ nopd plav thv EZ fixtow v} [Prop. 1.3]. And GH being joined, let EF' have been
HO, ot dpa ¢ /i AH mpoc v HE, oltwe } AO npoc  drawn through (point) E parallel to it [Prop. 1.31].
™y OZ. lon 8¢ 1 uev AH tfj A, 7 8¢ HE <fj B, 1 ¢ A© tfj Therefore, since GH has been drawn parallel to one
I oy Spa ¢ | A npoc v B, oltwe / T npodc thv OZ.  of the sides EF of triangle DEF, thus as DG is to GE,
TSy dpo dodeodsv evdewddy v A, B, T' tetdptn so DH (is) to HF [Prop. 6.2]. And DG (is) equal to A,
avéhoyov mpooelpntal 1} ©Z- dnep €del notficou. and GFE to B, and DH to C. Thus, as Ais to B, so C (is)
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'

Ao dodeio@y ebieldy Yéony GVAAOYOV TPOGEURELY.

A

A B I

"Eoctwoay ol Sodeioo d0o evdeion o AB, BI' 8¢l 81 tév
AB, BT péonyv dvdroyov npoceupeiv.

KeloVwoay &én’ eddelag, xol veypdpdo ém tfic Al
Nucdxhiov 10 AAL, xol Hydw dno 1ol B onuelov tjj AT
evlela mpog 6pddc 1) BA, xol énelebydwoay ai AA, AT

‘Ernel év nuixuxhio yovia Eotlv 1) Ono AAT, 6001 €otv.
xol Emel €v Gpoywvie tery®dve ¢ AAL dno tfic opdiic
yoviog énl v Bdow xddetoc fixtoaw 7 AB, 1 AB dpa tév
tfic Bdoewe Tunudtwy v AB, BI' yéon dvéhoydv éotiv.

Abo dpa dodelodSy evdelidy tév AB, BI' uéon avéroyov
npooevpnton 1} AB- énep €del motijoou.

T In other words, to find the geometric mean of two given straight-lines.

0.

TaSv Towv e %ol looywviwy TapaAAnhoyeduuwy avTi-
nenéviaoty ol mhevpal ol Tepl Tac Toog ywviae: xol &v ico-
yoviov topaAnhoyeduuwy dvtitendviacty ol mAsvpol ol
nepl tac loug ywviag, oo Eotly éxciva.

"Eotw Too te %ol looydvio mapalhnhdypaupo to AB,
BT Toog €yovta tdc npoc 16 B ywviag, xal xeloVwoay én’
edlelog ai AB, BE- &én’ eddeloc dpa ciol xol of ZB, BH.
My, 6t v AB, BI' dvunendviooty ol mheupal ol nepl
tac fooc ywviag, toutéoty, 6t Eotly ¢ | AB npoc v
BE, obtwe | HB npoc v BZ.

to HF.

Thus, a fourth (straight-line), HF, has been found
(which is) proportional to the three given straight-lines,
A, B, and C. (Which is) the very thing it was required to
do.

Proposition 13

To find the (straight-line) in mean proportion to two
given straight-lines.
D

A B C

Let AB and BC be the two given straight-lines. So it
is required to find the (straight-line) in mean proportion
to AB and BC.

Let (AB and BC) be laid down straight-on (with re-
spect to one another), and let the semi-circle ADC have
been drawn on AC [Prop. 1.10]. And let BD have been
drawn from (point) B, at right-angles to AC [Prop. 1.11].
And let AD and DC have been joined.

And since ADC is an angle in a semi-circle, it is a
right-angle [Prop. 3.31]. And since, in the right-angled
triangle ADC, the (straight-line) DB has been drawn
from the right-angle perpendicular to the base, DB is
thus the mean proportional to the pieces of the base, AB
and BC [Prop. 6.8 corr.].

Thus, DB has been found (which is) in mean propor-
tion to the two given straight-lines, AB and BC'. (Which
is) the very thing it was required to do.

Proposition 14

In equal and equiangular parallelograms the sides
about the equal angles are reciprocally proportional.
And those equiangular parallelograms in which the sides
about the equal angles are reciprocally proportional are
equal.

Let AB and BC be equal and equiangular parallelo-
grams having the angles at B equal. And let DB and BE
be laid down straight-on (with respect to one another).
Thus, FB and BG are also straight-on (with respect to
one another) [Prop. 1.14]. I say that the sides of AB and
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A A

Yuunenineoodw yap 10 ZE nopodAnhoypouuoyv. Enel
obv loov éotl 10 AB mapahiniéypappov 16 BIN napaiin-
hoypduuw, diho 8¢ T t0 ZE, ot dpa e 10 AB mpoc 1o
ZE, obtwe 10 BI' mpoc 10 ZE. 3N G pev 10 AB mpoc
10 ZE, oVtwe ) AB mpog myv BE, d¢ 8¢ 10 BI' npoc 10
ZE, obtwe 7| HB mpog tv BZ: xal d¢ dpo 1 AB mpog v
BE, oUtwe /) HB npoc v BZ. t&v dpa AB, BI' mopai-
Anhoyeduuwy dvtimendviaoty ol mhevpal ol mepl Tag loag
ywviog.

AXha O Eotw ¢ ) AB mpog v BE, obtwe  HB npog
™y BZ: Myw, 6t Toov éotl 10 AB nopodknhéypoppov @
BI' napahAnAoyedupe.

‘Enel vdp éotv i | AB mpoc v BE, oltwwe 7 HB
npoc v BZ, &\ ¢ uév 1} AB mpoc v BE, obtwe 1o
AB nopalhnhdypappov npoc 1o ZE nopodAnhéypoupoy, Gg
oe ) HB mpoc¢ v BZ, obtwe 10 BI' nopodAnhéypouyoyv
npo¢ 10 ZE mopolknhdypaupoyv, xal ¢¢ dpa 1o AB npoc
10 ZE, oVtwe to BI mpoc 10 ZE- Toov dpa éoti 106 AB
napahAnAdyeaupov 6 BI' mapahAnioyeduue.

TaSv dpa lowv te xal icoywviwy mogoAAnhoyeduuny
dvunendviooty ol TAevpal ol mepl Tae loac ywviog: xal v
looywviwv mopaAAnhoyeduuwy dvtitendviooty ol mheupol
ol mepl tag loag ywviog, Toa Eotlv Exelvar dmep €det del€ou.

’
le.

TaSv Towv xal plov wa lony exoviwy ywviay Tprydvey
avunendviooty ol TAevpal ol mepl Tas loag ywviag: xal v
ploy wd tonv Exoviwy ywvioy Tply@dvewy aviinenéviaoty ol
TAgvpal ol mepl Tde Toog ywviag, loa oty Exelva.

"Eotw loa tplywva ta ABT', AAE plav wa fony €yovta
yoviov ty o BAT tf] Ondo AAE: Myw, 6t tév ABI,
AAE tpiydvev dvunendviooty ol mhevpol ol tepl tée loag

wviog, Toutéoty, 6Tt €otiv @¢ N [A mpog v AA, oVt
Y ) ) S poc N ) c

BC about the equal angles are reciprocally proportional,
that is to say, that as DB is to BE, so GB (is) to BF'.

E C

A D

For let the parallelogram F'E have been completed.
Therefore, since parallelogram AB is equal to parallelo-
gram BC, and FE (is) some other (parallelogram), thus
as (parallelogram) AB is to F'E, so (parallelogram) BC
(is) to F'E [Prop. 5.7]. But, as (parallelogram) AB (is) to
FFE,so DB (is) to BE, and as (parallelogram) BC (is) to
FFE, so GB (is) to BF [Prop. 6.1]. Thus, also, as DB (is)
to BE, so GB (is) to BF'. Thus, in parallelograms AB
and BC the sides about the equal angles are reciprocally
proportional.

And so, let DB beto BE, as GB (is) to BF'. I say that
parallelogram AB is equal to parallelogram BC.

For since as DB is to BE, so GB (is) to BF, but as
DB (is) to BFE, so parallelogram AB (is) to parallelo-
gram F'FE, and as GB (is) to BF, so parallelogram BC
(is) to parallelogram F'E [Prop. 6.1], thus, also, as (par-
allelogram) AB (is) to F'E, so (parallelogram) BC' (is)
to FE [Prop. 5.11]. Thus, parallelogram AB is equal to
parallelogram BC' [Prop. 5.9].

Thus, in equal and equiangular parallelograms the
sides about the equal angles are reciprocally propor-
tional. And those equiangular parallelograms in which
the sides about the equal angles are reciprocally propor-
tional are equal. (Which is) the very thing it was required
to show.

Proposition 15

In equal triangles also having one angle equal to one
(angle) the sides about the equal angles are reciprocally
proportional. And those triangles having one angle equal
to one angle for which the sides about the equal angles
(are) reciprocally proportional are equal.

Let ABC and ADF be equal triangles having one an-
gle equal to one (angle), (namely) BAC (equal) to DAFE.
I say that, in triangles ABC and ADFE, the sides about the
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N EA npoc v AB.

A E

Kelobw yap dote én’ ebelag civar v T'A tff AA- e’
ebleloc dpa eotl xal 1) EA tfj AB. xai énelelydw 1 BA.

"Enel obv loov éott 10 ABT tpiywvov 16 AAE torydve,
&hho 8¢ T t0 BAA, éotwv dpa ¢ 0 T'AB tplywvov npoc
w0 BAA tplywvoy, oltwe 10 EAA tpiywvov npoc 16 BAA
tplywvov. SN dc uev 10 T'AB npoc 10 BAA, obtwe 1)
T'A npodc v AA, d¢ 8¢ 10 EAA mpoc 10 BAA, oltwe 1)
EA mpoc ™y AB. xai @¢ dpa i TA npoc thv AA, obtec
N EA mpoc v AB. v ABT', AAE &pa tprydvewy gt
nenéviaoty ol mAevpal ol mepl Td¢ loog ywvic.

AXha 81 dvunenoviétwoay ol mhevpal v ABI', AAE
Tery®vey, xal ot bOg 1 TA npoc v AA, obtwe | EA
npoc v AB- Myw, 61 loov éoti 10 ABI tplywvov @
AAE tpiyddve.

Emnlevydeione yop néhwv tiic BA, énel éotv ¢ /i TA
npoc v AA, oltwe | EA npoc v AB, &N d¢ pev
N T'A mpoc v AA, obtwg 10 ABT tplywvov mpog 1o
BAA tplywvov, d¢ 8¢ ) EA mpoc v AB, oltwe 10 EAA
tplywvov mpodc 10 BAA tplywvov, ¢ 8po to ABT tplywvov
npoc 1 BAA tpiywvov, obtwe 10 EAA tplywvov npoc
w0 BAA tplywvov. éxdtepov dpo t@év ABI', EAA npog
w0 BAA tov adtov Eyer Aoyov. Towv dpa éoti to ABI
[tplywvov] 18 EAA tprydve.

T&v dpa Towv xol wlay wd lony xdviwy ywviay
TElyWvey GvTimendovdaoty ol mAsuvpol ol mepl TaC loag
yovioc xal &c plav wd lony Exdviov yovioy telydvey
dvunendviooty ol Theupal ol mepl Tag Toog ywviog, Exelva
loa Eotiv: dmep €del Belou.

5.

Edv téooapec edlelon dvdhoyov Goty, 10 LNO THY
Snpwv mepleyduevoy oploywviov loov Eotlt 16 LMo &Y
HECWY TEQLEYOPEVEL OpfoywVie xav TO UMO &V dxpwy

equal angles are reciprocally proportional, that is to say,
thatas CAisto AD, so EA (is) to AB.

B C

D E

For let C' A be laid down so as to be straight-on (with
respect) to AD. Thus, EA is also straight-on (with re-
spect) to AB [Prop. 1.14]. And let BD have been joined.

Therefore, since triangle ABC is equal to triangle
ADE, and BAD (is) some other (triangle), thus as tri-
angle CAB is to triangle BAD, so triangle EAD (is) to
triangle BAD [Prop. 5.7]. But, as (triangle) CAB (is)
to BAD, so CA (is) to AD, and as (triangle) EAD (is)
to BAD, so EA (is) to AB [Prop. 6.1]. And thus, as CA
(is) to AD, so E A (is) to AB. Thus, in triangles ABC and
ADE the sides about the equal angles (are) reciprocally
proportional.

And so, let the sides of triangles ABC and ADE be
reciprocally proportional, and (thus) let CA be to AD,
as FA (is) to AB. I say that triangle ABC is equal to
triangle ADE.

For, BD again being joined, since as C'A is to AD, so
FEA (is) to AB, but as CA (is) to AD, so triangle ABC
(is) to triangle BAD, and as FA (is) to AB, so triangle
EAD (is) to triangle BAD [Prop. 6.1], thus as triangle
ABC (is) to triangle BAD, so triangle EAD (is) to tri-
angle BAD. Thus, (triangles) ABC and EAD each have
the same ratio to BAD. Thus, [triangle] ABC is equal to
triangle EAD [Prop. 5.9].

Thus, in equal triangles also having one angle equal to
one (angle) the sides about the equal angles (are) recip-
rocally proportional. And those triangles having one an-
gle equal to one angle for which the sides about the equal
angles (are) reciprocally proportional are equal. (Which
is) the very thing it was required to show.

Proposition 16

If four straight-lines are proportional then the rect-
angle contained by the (two) outermost is equal to the
rectangle contained by the middle (two). And if the rect-
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nepleyouevov 6pdoydviov ooy 1] 16 UTo @V uéowy meple-
YOoUEvw 6pdoywvie, ol Téooapes edVelon dvdhoyov Egovtal.

O
H
A B T A
Er—— —

"Eoctwoav téocapeg ebdetlan dvdhoyov ol AB, TA, E, Z,
oc N AB mpoc v TA, oltwe 7 E mpoc tyv Z- Myw, ot
10 Uno v AB, Z mepieydpevov 6pdoydviov loov Eoti 6
ono tév I'A, E nepleyopéve dpioywvie.

"Hydwoav [yap] &no 16v A, T onueiwv toic AB, TA
evlelong mpog oplac ai AH, I'O, xol xeicbw tij uev Z o
N AH, tfj ¢ E Ton 7 I'O. xal cuuneninpdodw & BH, A©
TUROAANAGY OO

Kot énel éotiv dg ) AB npoc v I'A, obtwe ) E npog
v Z, fon 8¢ f pév E 11 I'O, 1 6¢ Z tfj AH, Eotw dpa dx¢
N AB npoc v I'A, obtwg /| I'© npoc v AH. t&v BH,
A® dpa mopodAnhoyeduunmy avtinenéviacty ol Theupol ol
nepl Ta¢ loag ywviag. @v 8¢ looywviny TopahAnhoyeduuwy
avunendviooty ol Thevpal ol tepl Tag loog ywviug, oo €otly
éxelvar loov dpa €otl 10 BH naparAnhoypoppov 6 AO
napahAnAoypdupew. xol éott to uev BH to Uno tév AB, Z-
Ton yop ) AH tfj Z- ©0 8¢ AO 16 Uno v A, E- Ton yap 7
E tfiI'O- 16 dpo Und t&v AB, Z nepieyduevov optoydviov
{oov éotl 16 Unod v I'A, E nepieyouéve 6pdoydvie.

AXha 01 10 Uno v AB, Z nepleyduevov 6pdoydviov
loov ot & Ono v A, E mepieyopévey opdoywvie.
Ayw, 61l al téooopeg ebdelan dvdioyov Ecovtal, oc 7 AB
npoc v T'A, olUtwe /| E npoc v Z.

T&Ev yop adTéV %ATAORELACVEVTLY, ENEl TO LTO TEHV
AB, Z ioov éotl 13 Unod v I'A, E, xal éott 10 pev Ono
v AB, Z 10 BH: Ton ydp éotv ) AH tfj Z* 0 8¢ Ono tév
I'A, E 16 A©O- Ton ydp /| I'O tfj E- 16 dpa BH Toov éotl
16 AO. xai gotv looydvia. @Y 8¢ lowv xal lcoywviwy
TapaAAnAoypdupwy dvtitendviaoty ol mAevpal ol mepl TAC
{oac ywviac. oty dpa o ) AB npoc tv I'A, oltwe 'O
npoc v AH. Ton 8¢ f pev I'O <fj E, 1y ¢ AH <tfj Z- éotwv
Gpa i | AB mpog v I'A, obtwe 1) E npog v Z.

‘Edv pa téooapec ebdeion avdroyov Gotv, T0 LTO TEHY
dnpwv mepleyduevoy oploywviov loov Eotl 16 LMo &Y
HECWY TEQLEYOPEVEL OpfoywVie xav TO UMO &V dxpwy
nepleyouevov 6pdoydviov ooy 1] 16 UTo @V Yéowy meple-
YOoUEvw 6pdoywvie, ol Téooapes edVelon dvdhoyov Egovtol:
Omep €del del€ou.

angle contained by the (two) outermost is equal to the
rectangle contained by the middle (two) then the four
straight-lines will be proportional.

H
G
A B ¢ D
E—— F——

Let AB, CD, E, and F be four proportional straight-
lines, (such that) as AB (is) to CD, so E (is) to F. 1 say
that the rectangle contained by AB and F is equal to the
rectangle contained by C'D and E.

[For] let AG and CH have been drawn from points
A and C at right-angles to the straight-lines AB and CD
(respectively) [Prop. 1.11]. And let AG be made equal to
F, and CH to E [Prop. 1.3]. And let the parallelograms
BG and DH have been completed.

And since as AB is to CD, so E (is) to F, and F
(is) equal CH, and F to AG, thus as AB is to C'D, so
CH (is) to AG. Thus, in the parallelograms BG and DH
the sides about the equal angles are reciprocally propor-
tional. And those equiangular parallelograms in which
the sides about the equal angles are reciprocally propor-
tional are equal [Prop. 6.14]. Thus, parallelogram BG
is equal to parallelogram DH. And BG is the (rectangle
contained) by AB and F. For AG (is) equal to F. And
DH (is) the (rectangle contained) by CD and E. For E
(is) equal to CH. Thus, the rectangle contained by AB
and F is equal to the rectangle contained by CD and F.

And so, let the rectangle contained by AB and F' be
equal to the rectangle contained by C'D and E. I say that
the four straight-lines will be proportional, (so that) as
AB (is) to CD, so E (is) to F.

For, with the same construction, since the (rectangle
contained) by AB and F' is equal to the (rectangle con-
tained) by CD and E. And BG is the (rectangle con-
tained) by AB and F. For AG is equal to F. And DH
(is) the (rectangle contained) by CD and E. For CH
(is) equal to E. BG is thus equal to DH. And they
are equiangular. And in equal and equiangular parallel-
ograms the sides about the equal angles are reciprocally
proportional [Prop. 6.14]. Thus, as AB isto CD, so CH
(is) to AG. And C'H (is) equal to F, and AG to F. Thus,
as ABisto CD, so E (is) to F.

Thus, if four straight-lines are proportional then the
rectangle contained by the (two) outermost is equal to
the rectangle contained by the middle (two). And if the
rectangle contained by the (two) outermost is equal to
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Edv tpeic eddeion dvdhoyov Gotv, TO UTO &Y 8xpwy
nepleyduevov o6pdoywwviov loov €otl ¢ anod Tiic wéone te-
TEAYOVL® xAV TO U TEV dxpwv Tepleyduevoy 6p00YMVIOV
loov | ©® dno tfic uéonc teTpay®vw, ol Teelc cvlelon
avéhoyov EcovTal.

'

"Eotwoav teeic ebldeion dvdhoyov ol A, B, I', dxc 7 A
npoc v B, obtwe N B mpoc ™y I Aéyw, 6TL 16 Lo &Y
A, T mepieyopevov épdoydviov Toov éoti 16 dno tiic B
TETPAYOVE).

Keiodw tfj B lon 7 A.

Kot énel éotiv ¢ 1 A npog v B, oltwe ) B npoc v
I, lon 8e 1 B ] A, oy dpa d¢ ) A mpoc v B, 1§ A npoc
v I, €av 8¢ téooapeg ebdeion avdhoyov oy, T6 LTO TEHY
Sxpwv epleydpevov [6pdoydviov] Toov éotl @ URO TBV
HECWVY TEPLEYOPEVEL GpdoYwViw. TO dpa U eV A, I loov
gotl 1 Umo ey B, A. dAha 10 Ono @V B, A 16 dno tiic B
, M . s - N ,
gotv Ton yop 1 B tfj A 10 dpa Uno @y A, T' nepieydpevov
opdoymviov loov €otl 16 ano tfic B tetparyodve.

AXNa 87 o Umo v A, T loov éotw 6 ano tiic B-
Ayw, 6t oty G¢ N} A mtpog Ty B, obtwe 7 B npoc v I

TV yap adtésy xatooxevao¥éviwy, Enel TO OO TEHY A,
I loov éotl 16 anod tiic B, dAka 10 anod tijc B 16 Umo té&v
B, A éouv Ton yop | B tfj A 10 dpa Uno v A, T Toov
v e R S v e
gotl 6 Uno &V B, A. €&v 8¢ 10 Uno THV dxpwy Toov 1} &
Ono TGV péowv, ol téocapeg ebVelon dvdhoydy elotv. EoTiy
Gpa i f A mpog ™y B, obtwe 1 A npog v I'. Ton 8¢ 7 B
] A o¢ dpa N A npoc ™y B, obtwe | B tpog v T

"Edv dpo teelc ebideion dvahoyov Gotv, T6 Und 6V dxpwy
nepleyduevov opdoywwviov ioov €otl ¢ anod Tiic wéong te-
TEAYOVER” ®AV TO UTO TV xpwv TeEplEOUEVOY 60 00YMVIOV
loov | & ano tfic uéonc tetpoy®vw, ol Teelc cvlelon
dvdhoyov Ecovtar: dmep Edet BeLEau.

the rectangle contained by the middle (two) then the four
straight-lines will be proportional. (Which is) the very
thing it was required to show.

Proposition 17

If three straight-lines are proportional then the rect-
angle contained by the (two) outermost is equal to the
square on the middle (one). And if the rectangle con-
tained by the (two) outermost is equal to the square on
the middle (one) then the three straight-lines will be pro-
portional.

Cr—

Let A, B and C be three proportional straight-lines,
(such that) as A (is) to B, so B (is) to C. I say that the
rectangle contained by A and C is equal to the square on
B.

Let D be made equal to B [Prop. 1.3].

And since as A is to B, so B (is) to C, and B (is)
equal to D, thus as A is to B, (so) D (is) to C. And if
four straight-lines are proportional then the [rectangle]
contained by the (two) outermost is equal to the rectan-
gle contained by the middle (two) [Prop. 6.16]. Thus,
the (rectangle contained) by A and C is equal to the
(rectangle contained) by B and D. But, the (rectangle
contained) by B and D is the (square) on B. For B (is)
equal to D. Thus, the rectangle contained by A and C is
equal to the square on B.

And so, let the (rectangle contained) by A and C be
equal to the (square) on B. I say that as A is to B, so B
(is) to C.

For, with the same construction, since the (rectangle
contained) by A and C is equal to the (square) on B.
But, the (square) on B is the (rectangle contained) by B
and D. For B (is) equal to D. The (rectangle contained)
by A and C is thus equal to the (rectangle contained) by
B and D. And if the (rectangle contained) by the (two)
outermost is equal to the (rectangle contained) by the
middle (two) then the four straight-lines are proportional
[Prop. 6.16]. Thus, as A is to B, so D (is) to C. And B
(is) equal to D. Thus, as A (is) to B, so B (is) to C.

Thus, if three straight-lines are proportional then the
rectangle contained by the (two) outermost is equal to
the square on the middle (one). And if the rectangle con-
tained by the (two) outermost is equal to the square on
the middle (one) then the three straight-lines will be pro-
portional. (Which is) the very thing it was required to
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Ano tfic dolelone edldelac 16 BSovévtl ebduypduue
ouoldy te %ol opolwe xelyevov eddiypopuuov dvarypddou.
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r A A B

"Eotww 7N pév dodeloa evdeia 1 AB, to 8¢ dolev
evd0ypaupov 10 I'E- 8el 81 ano tiic AB eddelac 1@ I'E
evBuypduuw éuotdy te xol dpolwe xeluevov eb0ypauuoy
Gvorypdida.

‘Eneletydw 7 AZ, xol cuveotdtw mpog tij AB etldela
xal tolc mpog avtii onueloc toic A, B tfj pév mpoc @ I
yovialon A o HAB, tfj 8¢ Uno I'AZ {on v Undo ABH. Aowrn
Gpa 1y o I'ZA <fj bno AHB éotw o looydviov dpa €0l
10 ZI'A tpiywvov 16 HAB tpiydve. dvdhoyov dpa €otly
oc N ZA mpog v HB, obtwe ) ZI' mpog v HA, xal 7
I'A mpo¢ v AB. mdhy cuveotdtw npog tf] BH eddeia xal
Tolg Tpog ot onuelowg toic B, H tfj yev Uno AZE yovia
fon 1) bno BHO, tfj 8¢ Uno ZAE fon v Yo HBO. howny dpa
7N neoc @ E hownfj tfj npoc 16 © oty Ton looydviov dpa
¢otl 10 ZAE tpiywvov 16 HOB tpiytvew: dvdioyov dpa
gotlv ¢ 1 ZA mpog thv HB, obtwe 7 ZE mpog v HO xail
N EA npoc thv O©B. &deiydn 8¢ xai ¢ 1 ZA mpoc v HB,
oVtwe N ZI' mpdc v HA xoi /) TA npoc thv AB- xal éx¢
Gpa N ZIN mpoc v AH, obtwe § e A mpoc v AB xai 7)
ZE mpog¢ v HO xal €t | EA mpog v OB. xal énel {on
gotlv 1 wev Ono I'ZA yovia tfj bno AHB, 1) 8¢ bno AZE T
o BHO, 6An dpa 1) Und I'ZE 6Ay tfj Und AHO éotwv Ton.
B ta ot O xad 1) o FAE 1] Uno ABO éotwv Ton. €ott
0¢ xal M) pev mpog 6 I' 1] mpoc @ A Tom, 7 8¢ npoc @ E
] tedc 6 ©. looydviov dpa éotl 10 AO 16 I'E- xal tac
nepl T loag ywviag adtéy TAeupds dvdhoyov Exel duolov
Gpa €otl T0 AO edUypopuov ¢ I'E edduypduue.

Ano tiic Solelone dpa ebleiac tfic AB 1@ dodévu
evBuypduue ¢ I'E duotdy te xal ouolng xelyevov ebdiypo-
ppov dvayéypantal 10 AG- dmep €del motijoo.

show.

Proposition 18

To describe a rectilinear figure similar, and simi-
larly laid down, to a given rectilinear figure on a given
straight-line.

F

C D A B

Let AB be the given straight-line, and C'E the given
rectilinear figure. So it is required to describe a rectilinear
figure similar, and similarly laid down, to the rectilinear
figure CF on the straight-line AB.

Let DF have been joined, and let GAB, equal to the
angle at C, and ABG, equal to (angle) CDF, have been
constructed on the straight-line AB at the points A and
B on it (respectively) [Prop. 1.23]. Thus, the remain-
ing (angle) CFD is equal to AGB [Prop. 1.32]. Thus,
triangle F'CD is equiangular to triangle GAB. Thus,
proportionally, as F'D is to GB, so F'C (is) to GA, and
CD to AB [Prop. 6.4]. Again, let BGH, equal to an-
gle DFE, and GBH equal to (angle) FDFE, have been
constructed on the straight-line BG at the points G and
B on it (respectively) [Prop. 1.23]. Thus, the remain-
ing (angle) at F is equal to the remaining (angle) at H
[Prop. 1.32]. Thus, triangle FDF is equiangular to tri-
angle GHB. Thus, proportionally, as F'D is to GB, so
FFE (is) to GH, and ED to HB [Prop. 6.4]. And it was
also shown (that) as FD (is) to GB, so FC (is) to GA,
and CD to AB. Thus, also, as FC (is) to AG, so CD (is)
to AB, and FE to GH, and, further, ED to HB. And
since angle CFD is equal to AGB, and DFFE to BGH,
thus the whole (angle) CFE is equal to the whole (an-
gle) AGH. So, for the same (reasons), (angle) CDF is
also equal to ABH. And the (angle) at C is also equal
to the (angle) at A, and the (angle) at E to the (angle)
at H. Thus, (figure) AH is equiangular to CE. And (the
two figures) have the sides about their equal angles pro-
portional. Thus, the rectilinear figure AH is similar to the
rectilinear figure CF [Def. 6.1].

Thus, the rectilinear figure AH, similar, and similarly
laid down, to the given rectilinear figure CE has been
constructed on the given straight-line AB. (Which is) the
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Ta Suola telywva Teog dhAnha év dimhaciovt Adyw €oTl
TEV OUONOY WV TAEUEEV.
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B H T E 4

"Eotw épowa tplywva t& ABIY, AEZ Tony €yovta v
Tpo¢ 16 B ywviay tf] tpoc 16 E, d¢ 8¢ v AB npog v BT,
obtwe ™y AE npo¢ v EZ, dote dudroyov eivar v BI'
i EZ- My, 6t 10 ABI tpiywvov npoc 1o AEZ tplywvov
duthaciova Adyov Exel fimep 1) BI' npoc v EZ.

Eiedw yap tév BI', EZ tpltn dvdroyov |, BH, dote
givan ¢ v BI' mpog v EZ, obtwe v EZ npo¢ v BH-
xal éneledydw n AH.

‘Enel olv éotiv ¢ 1) AB npog v BT, obtwe ) AE npog
v EZ, évod &€ dpa €otiv i ) AB npodc v AE, obtwe 1)
BI" npoc v EZ. dA\" db¢ 1y BI npog EZ, olUtwe oty 1 EZ
npo¢ BH. xal &¢ dpa ) AB mpog AE, obtwe 1) EZ mpog BH-
v ABH, AEZ dpa tply@vey dvtinenéviaoty ol mhgupal ol
nepl ¢ loac ywvdig. &v 8¢ plov wd fonv Exoviwy ywviay
TELYOVLY avTinendviooty ol Theupal ol Tepl Tas toog Ywvaie,
{oo gotiv éxeiva. loov dpa €otl 10 ABH tplywvov 16 AEZ
Terywve. xal énel Eotv dg ) BI' mpog v EZ, oltwe 1)
EZ npoc tv BH, éav 8¢ tpeic ebicion dvdhoyov Gotv, 7
TN TEoc TV Teltny dimhaciova Adyov €yel finep mpog
v deutépayv, N BI' dpa mpodc v BH dimhoaciova Adyov
gxel firep N I'B mpog v EZ. &¢ 8¢ 7 I'B npog v BH,
obtwe 10 ABT' tplywvov npoc 16 ABH tplywvov: xal 1o
ABT dpa tplywvov mpoc 10 ABH dunhaciova Aoyov Eyel
fitep | BI' mpog v EZ. Toov 8¢ 10 ABH tplywvov 3
AEZ tpiydve. xol 1o ABI 8pa tplywvov mpoc 10 AEZ
telywvov dimhactova Adyov Exel Anep 1) BI' npoc v EZ.

Ta Gpa dpoa tplywve mpdc SAAnia v Bithaciovt Adyew
€0TL TEV OPONGYWY TAELPEY. [dmep EdeL dellal.]

[I6pioua.

"Ex 87 toUtou @avepdy, 61, €& tpelc evleion dvdhoyov
Goty, EoTv O¢ 1) Te®TN TEdC TNV Teltny, oltwe TO Ao

very thing it was required to do.

Proposition 19

Similar triangles are to one another in the squared’
ratio of (their) corresponding sides.

A
%\ A
B G C E F

Let ABC and DEF be similar triangles having the
angle at B equal to the (angle) at F, and AB to BC, as
DE (is) to EF, such that BC corresponds to EFF. I say
that triangle ABC has a squared ratio to triangle DEF
with respect to (that side) BC' (has) to EF.

For let a third (straight-line), BG, have been taken
(which is) proportional to BC and EF, so that as BC
(is) to E'F, so EF (is) to BG [Prop. 6.11]. And let AG
have been joined.

Therefore, since as AB is to BC, so DE (is) to EF,
thus, alternately, as AB is to DFE, so BC (is) to EF
[Prop. 5.16]. But, as BC' (is) to EF, so EF is to BG.
And, thus, as AB (is) to DE, so EF (is) to BG. Thus,
for triangles ABG and DEF, the sides about the equal
angles are reciprocally proportional. And those triangles
having one (angle) equal to one (angle) for which the
sides about the equal angles are reciprocally proportional
are equal [Prop. 6.15]. Thus, triangle ABG is equal to
triangle DEF. And since as BC (is) to EF, so EF (is)
to BG, and if three straight-lines are proportional then
the first has a squared ratio to the third with respect to
the second [Def. 5.9], BC thus has a squared ratio to BG
with respect to (that) CB (has) to EF. And as CB (is)
to BG, so triangle ABC (is) to triangle ABG [Prop. 6.1].
Thus, triangle ABC also has a squared ratio to (triangle)
ABG with respect to (that side) BC' (has) to EF. And
triangle ABG (is) equal to triangle DEF. Thus, trian-
gle ABC also has a squared ratio to triangle DEF with
respect to (that side) BC' (has) to E'F.

Thus, similar triangles are to one another in the
squared ratio of (their) corresponding sides. [(Which
is) the very thing it was required to show].

Corollary

So it is clear, from this, that if three straight-lines are
proportional, then as the first is to the third, so the figure
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tfic mpdne €ldoc mpog TO dnd THg deutépac TO Guolov xal
ouolng dvaypopouevoy. dnep €del det€ot.

T Literally, “double”.

x.

Ta Spota ToADYwva €lg Te Spota Tplywva dlonpeitar xol
eic loa 10 mAifdoc xal oudroya Toic 6holg, xol TO TOADYWVOV
TpOC TO TOALYWVOV Bihaciova Adyov Eyel finep 1) OudAoyo
TAEUEA TTEOC TNV OUONOYOV TAELEAV.

A
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"Eotw épota tohdywva to¢ ABIAE, ZHOKA, 6udroyoc
d¢ éotw N AB tfj ZH' Myw, 6u & ABIAE, ZHOKA
ToAUywva €lc Te Suola Tplywva dlanpeiton ol €ic oo 1o
nAdoc xal oudroya toic Ghoic, xal 10 ABI'AE nollywvov
npo¢ 10 ZHOKA nohbywvov dinhaciova Adyov Eyel finep 1)
AB npoc ™y ZH.

‘Enelevydwoav ot BE, EI', HA, A©.

Kol émet Spodv éon 10 ABIAE noldywvov T
ZHOKA noluyove, lon éotiv 1) bno BAE ywvia tf] 0o
HZA. xal éotv d¢ ) BA npog AE, obtwe 1) HZ npoc ZA.
énel obv dVo tplywvd éott o ABE, ZHA piav yoviay wa
yovia lony €yovta, mepl 8¢ tdc loag ywviog Tdg TASLEAS
avéhoyov, iooymviov 8pa éoti 10 ABE tplywvov 16 ZHA
TELYWVR' Hote xol duotov: Tomn Bpa €otly 1 Uno ABE ywvia
tfj bno ZHA. €ot 8¢ xal 6An 7 bno ABI' 6An tf] Uno
ZHO Tom 80ty opototnTa T8V ToAUYOVWY: Aowmh dpo
OUno EBI' ywvia tfj Uno AHO ot Torn. ol énel S v
opodtnta té3v ABE, ZHA tpiydveyv éotiv dc ) EB npoc
BA, oltwe 1) AH mpoc HZ, GAA& iy %ol Sidt Ty opoLoThTa
&Y ToAUYOVWY EoTly O ) AB npog BT, obtwe 1 ZH npoc
HO, 8V Toou dpa éotiv &¢ 1) EB npoc BIY, obtwe 1) AH npoc
HO, xai nepl T Toag ywvdie tac Uno EBI', AHO ol mheupod
avdhoydv eiowy: iooywviov dpa éott 10 EBI tpiywvov 16
AHO tpiydve: Gote xal Gpotdv éott 10 EBI tplywvov
w6 AHO tpiydve. dia ta adtd 81 xal 10 ET'A tplywvov
Suotov gott 16 AOK torydve. & Spa dpola tohdywva Td
ABTAE, ZHOKA €ic te dpoia tplywva difjenton xal eic oo

(described) on the first (is) to the similar, and similarly
described, (figure) on the second. (Which is) the very
thing it was required to show.

Proposition 20

Similar polygons can be divided into equal numbers
of similar triangles corresponding (in proportion) to the
wholes, and one polygon has to the (other) polygon a
squared ratio with respect to (that) a corresponding side
(has) to a corresponding side.

A
F
E
B M G N L
H K
C D

Let ABCDE and FGHK L be similar polygons, and
let AB correspond to F'G. I say that polygons ABCDE
and FGHK L can be divided into equal numbers of simi-
lar triangles corresponding (in proportion) to the wholes,
and (that) polygon ABC DEFE has a squared ratio to poly-
gon FGH K L with respect to that AB (has) to FG.

Let BE, EC, GL, and LH have been joined.

And since polygon ABCDE is similar to polygon
FGHKL, angle BAE is equal to angle GF'L, and as BA
isto AFE, so GF (is) to F'L [Def. 6.1]. Therefore, since
ABE and FGL are two triangles having one angle equal
to one angle and the sides about the equal angles propor-
tional, triangle ABF is thus equiangular to triangle FGL
[Prop. 6.6]. Hence, (they are) also similar [Prop. 6.4,
Def. 6.1]. Thus, angle ABE is equal to (angle) FGL.
And the whole (angle) ABC is equal to the whole (angle)
FGH, on account of the similarity of the polygons. Thus,
the remaining angle EBC is equal to LGH. And since,
on account of the similarity of triangles ABE and FGL,
as EBisto BA, so LG (is) to GF, but also, on account of
the similarity of the polygons, as AB is to BC, so F'G (is)
to GH, thus, via equality, as FB is to BC, so LG (is) to
GH [Prop. 5.22], and the sides about the equal angles,
EBC and LGH, are proportional. Thus, triangle EBC is
equiangular to triangle LG H [Prop. 6.6]. Hence, triangle
EBC is also similar to triangle LGH [Prop. 6.4, Def. 6.1].
So, for the same (reasons), triangle ECD is also similar
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0 mAfjdoc.

Aéyow, 6TL xol opbdhoya tolc Bholc, TOUTESTY QOTE
dvéhoyov elvon & Tplywva, xal fyoduevo ey etvon o ABE,
EBI', ET'A, éndyeva 8¢ avtayv ta ZHA, AHO, AOK, xal
6t 10 ABTAE mohOywvov mpoc 10 ZHOKA mollywvov
dimhactovo Aoyov Exel finep 1) 6UOAOYOC TAEUPY TEOC TNV
oudloyov mhevpdy, Tovtéotv | AB mpog v ZH.

‘Eneletydwooay yap ol A, ZO. xal énel S Ty
ouoldTNTA TGV TOAUYOVWLY Ton Eotlv 1} Ud ABIT yovio T
Ono ZHO, xai éotv o ) AB npoc BT, obtwe 1) ZH npoc
HO, icoyodwiéy ot 10 ABT tplywvov 16 ZHO tpiydhve:
Tom dpa €otiv 1) wev Uno BAT ywvia tfj Uno HZO, 1 8¢ Uno
BT'A tfj bno HOZ. xal énel {on éotlv ) Uno BAM yowvia
Tfj bno HZN, éott 8¢ xoi ) Ono ABM <fj Uno ZHN fon,
xal hout) Gpa 1y Und AMB houtfj tfj no ZNH Ton €otiv:
looydviov dpa €oti 10 ABM tplywvov 16 ZHN tprydhve.
ouolwe o Belopev, 6tL xal 10 BMI' tplywvov icoywvidv
¢ot 16 HNO tpiydve. dvéhoyov dpa éotly, b uev 1 AM
npoc MB, oltwe ) ZN mpoc NH, dc 8¢ 4y BM npog MI,
obtwe N HN mpoc NO- dote xal 8t loou, k¢ 7§ AM npoc
MT', oltwe 1) ZN npoc NO. ahk’ e ff AM mpoc MI, obtwe
0 ABM [tplywvov] npoc 1o MBT, xol 10 AME npoc to
EMI™ npoc dhAnia ydp eiow @c ol Bdoec. xal ¢ dpa
€V TGV NYouuévey TEog £V TRV ENOUEVWY, OUTWC FmovTa
T fyolpeva mpog dnavto t& Emduevor ¢ dpa to AMB
tplywvov mpoc 10 BMI, obtwe 10 ABE npoc 16 I'BE. o\’
¢ 10 AMB npdc 1o BMI', obtwe 1 AM npoc MI™ xai
o¢ Gpo iy AM npoc MI', obtwe 16 ABE tplywvov mpog 10
EBI' tplyowvov. 81 ta adta of xal d¢ 1 ZN npoc NO,
oVtwe 10 ZHA tplywvov npoc 10 HAO tplywvov. xal oty
oc | AM mpoc MI, obtwe i ZN npoc NO- xol ¢ 8pa
10 ABE tpiywvov npdc 1o BEL tplywvov, obtwe 16 ZHA
telywvov tpoc 10 HAO tplywvov, xol évalhdE ¢ 10 ABE
tplywvov npog 10 ZHA tplywvov, obtwe 10 BEL tpiywvov
npo¢ 10 HAO tplywvov. dpoiwe o1 dei&ouev emleuydeioiy
v BA, HK, 6t xol &¢ 10 BEIL tplywvov npoc 1o AHO
Tplywvov, oltwe 1o ET'A tplywvov npoc 10 ABK tpiywvov.
xol énel oty ¢ 10 ABE tplywvov mpoc to ZHA tpiywvoy,
oVtwe 10 EBI npoc 10 AHO, xal €1t 10 ET'A mpoc 10 AOK,
xail O¢ dpa £V TGV NYOLUEVKY TIEOG EV TEV ETOUEVKY, 00DTKC
dmovta & NyoLpeva mEOg dmavta T Emdpevar EoTv dpa
oc 10 ABE tpiywvov npoc 10 ZHA tpiywvov, oltwe 1o
ABTAE nolbywvov npoc 10 ZHOKA nohdywvov. dhha to
ABE tplywvov mpoc 10 ZHA tpeiywvov dinhaciova Adyov
Exel firep | AB oudhoyoc mheuvpd mpog v ZH dudhoyov
TAgLPAY" T& Yap ol Tplywva Ev dimhaciovt Aoyw €oTl
BV OpoRbYwV Thevpdy. xal 10 ABTAE dpa moAlywvov
npoc 10 ZHOKA nohbywvov dimhaciova Adyov éyel finep 7
AB o6uoéhoyoc mheupd npoc v ZH oudhoyov mAeupdy.

T 8pa dpolor Tohdywva elc te duoLa Telywvo Slonpeitot
xal eic loa 1o mAfjdoc xal oudloya tolc Gholc, xol TO

to triangle LH K. Thus, the similar polygons ABCDFE
and FGH K L have been divided into equal numbers of
similar triangles.

I also say that (the triangles) correspond (in propor-
tion) to the wholes. That is to say, the triangles are
proportional: ABE, EBC, and ECD are the leading
(magnitudes), and their (associated) following (magni-
tudes are) FGL, LGH, and LHK (respectively). (I) also
(say) that polygon ABC'DE has a squared ratio to poly-
gon F'GH K L with respect to (that) a corresponding side
(has) to a corresponding side—that is to say, (side) AB
to FG.

For let AC' and F'H have been joined. And since angle
ABC isequal to FGH, and as AB is to BC, so F'G (is) to
GH, on account of the similarity of the polygons, triangle
ABC is equiangular to triangle FGH [Prop. 6.6]. Thus,
angle BAC is equal to GF'H, and (angle) BCAto GHF.
And since angle BAM is equal to GF'N, and (angle)
ABM is also equal to FGN (see earlier), the remaining
(angle) AM B is thus also equal to the remaining (angle)
FNG [Prop. 1.32]. Thus, triangle ABM is equiangular
to triangle FGN. So, similarly, we can show that triangle
BMC is also equiangular to triangle GN H. Thus, pro-
portionally, as AM is to M B, so FN (is) to NG, and as
BM (is) to MC, so GN (is) to NH [Prop. 6.4]. Hence,
also, via equality, as AM (is) to MC, so FN (is) to NH
[Prop. 5.22]. But, as AM (is) to M C, so [triangle] ABM
isto MBC, and AMFE to EMC. For they are to one an-
other as their bases [Prop. 6.1]. And as one of the leading
(magnitudes) is to one of the following (magnitudes), so
(the sum of) all the leading (magnitudes) is to (the sum
of) all the following (magnitudes) [Prop. 5.12]. Thus, as
triangle AM B (is) to BMC, so (triangle) ABFE (is) to
CBE. But, as (triangle) AM B (is) to BMC, so AM (is)
to MC'. Thus, also, as AM (is) to MC, so triangle ABE
(is) to triangle FBC. And so, for the same (reasons), as
FN (is) to NH, so triangle FGL (is) to triangle GLH.
And as AM is to MC, so F'N (is) to NH. Thus, also, as
triangle ABF (is) to triangle BEC, so triangle FGL (is)
to triangle GLH, and, alternately, as triangle ABE (is)
to triangle FFGL, so triangle BEC (is) to triangle GLH
[Prop. 5.16]. So, similarly, we can also show, by joining
BD and GK, that as triangle BEC (is) to triangle LGH,
so triangle FCD (is) to triangle LH K. And since as tri-
angle ABE is to triangle FGL, so (triangle) EBC' (is)
to LG H, and, further, (triangle) EC'D to LHK, and also
as one of the leading (magnitudes is) to one of the fol-
lowing, so (the sum of) all the leading (magnitudes is) to
(the sum of) all the following [Prop. 5.12], thus as trian-
gle ABFE is to triangle F'GL, so polygon ABCDE (is) to
polygon FFGH K L. But, triangle ABFE has a squared ratio
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TOAUYWVOV TEoE TO ToAbYwVoV dinhaciovo Adyov Exel finep
7 6UOhoYOC TheLEd TIPS THY OUOAOYOV TAEUPdY [dTep EDEL
detgou].

[I6pioua.

‘Qoodtee 3¢ xol el 6V [opolwv] TeTpanietpwy dety i
oetaL, 8Tl €v dimhaciovt Aoy glol &V OHONSGYWV TAEUEEY.
gdelydn 08¢ xol éml &V TEyOVWY: (BoTe xal xadohou Td
ouotor e0Y0OYypopua oyfuata Tedc FAANAa év Bimiaciovt
AOY® €lol 6V OHONOYWV TAEUPEY. Onep el BETE L.

%ol

Ta 16 a0te) edduypdupew Guota ol GAARNOC EOTivV
duoLa.

"Eotw yop éxdtepov v A, B edduypdpuwy @ T
Suotov: Aéyw, 6t xal to A 16 B £ottv Spotov.

‘Enel yop duotov éott 10 A 16 I, looyowdy € oty
aOTE ol Tde mepl Ta¢ loag Ywvlog Theupdc dvaloyov EYeL.
TaAw, €nel Suoldyv éott 10 B & I, lcoydwidy 1€ éotv
aOTE ol Tag mepl Tdg loag Ywvlog TAeLpdc dvdAoyov EyeL.
exdtepoy Bpa eV A, B 16 I' icoydwiov € ot xal tog
Tepl Tic Toog yoviae Theupdc dvdhoyov Eyel [Hote xol o
A 13 B looyodwiov € ot xol T mepl tac loag ywviog

to triangle F'GL with respect to (that) the corresponding
side AB (has) to the corresponding side F'G. For, similar
triangles are in the squared ratio of corresponding sides
[Prop. 6.14]. Thus, polygon ABCDE also has a squared
ratio to polygon FGH K L with respect to (that) the cor-
responding side AB (has) to the corresponding side F'G.

Thus, similar polygons can be divided into equal num-
bers of similar triangles corresponding (in proportion) to
the wholes, and one polygon has to the (other) polygon a
squared ratio with respect to (that) a corresponding side
(has) to a corresponding side. [(Which is) the very thing
it was required to show].

Corollary

And, in the same manner, it can also be shown for
[similar] quadrilaterals that they are in the squared ratio
of (their) corresponding sides. And it was also shown for
triangles. Hence, in general, similar rectilinear figures are
also to one another in the squared ratio of (their) corre-
sponding sides. (Which is) the very thing it was required
to show.

Proposition 21

(Rectilinear figures) similar to the same rectilinear fig-
ure are also similar to one another.

Let each of the rectilinear figures A and B be similar
to (the rectilinear figure) C. I say that A is also similar to
B.

For since A is similar to C, (A) is equiangular to (C),
and has the sides about the equal angles proportional
[Def. 6.1]. Again, since B is similar to C, (B) is equian-
gular to (C), and has the sides about the equal angles
proportional [Def. 6.1]. Thus, A and B are each equian-
gular to C, and have the sides about the equal angles
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Thevpdc &vdhoyov Exel]. dpolov dpa Eotl To A T3 B dmep
€0eL detou.
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‘Edav téooapec ebieion dvdhoyov oy, xol Ta an” a0ty
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"Eoctwoav téooapeg ebleion avdhoyov ol AB, TA, EZ,
HO, &¢  AB npoc v T'A, obtwe | EZ mpoc myv HO, xai
dvaryeypdpdwooy ano pev v AB, TA duoid te xol dpoiwe
xelpeva e000ypaupa to KAB, ATA, é&ro de v EZ, HO
BuoLd te xol dpoiwe xelpeve edVUypopuo 1 MZ, NO- Aéyw,
6 oty Oc 10 KAB npoc 10 ATA, oltwe 10 MZ npoc 1o
NO.

Eivgpdo yap tésv uev AB, I'A tpltn dvéhoyov 1) 2, t@v
oe EZ, HO tpltn dvdhroyov 1 O. xal énel €éotv ¢ puev i AB
npo¢ v I'A, obtwe 1) EZ npoc tyv HO, dc¢ 8¢ /| A npoc
v 2, obtwe ) HO npoc v O, 8V loou dpa Eotiv b N
AB npoc v =, obtwe N EZ npoc v O. dAN dc pev 7
AB mpoc ™y E, obtec [xoi] 1o KAB mpoc 10 ATA, dx 8¢
N EZ mpoc myv O, oltwg 10 MZ npdc 10 NO- %ol d¢ dpa
w0 KAB npoc 10 ATA, obtwe 10 MZ mpoc 16 NO.

AN 1 Eotw de 10 KAB npoc 10 ATA, obtwe 1o MZ
npoc 10 NO- Myw, 61 ol xal ¢ | AB mpoc myv T'A,
oVtwe /) BZ npoc myv HO. &l yap urf éotwv, ¢ | AB npoc
v I'A, obtwe /) EZ npog v HO, Eotw o ) AB mpog v
T'A, obtwe 1) EZ mpog v 1IP, xal dvayeypdpiw dno tiic

proportional [hence, A is also equiangular to B, and has
the sides about the equal angles proportional]. Thus, A
is similar to B [Def. 6.1]. (Which is) the very thing it was
required to show.

Proposition 22

If four straight-lines are proportional then similar, and
similarly described, rectilinear figures (drawn) on them
will also be proportional. And if similar, and similarly
described, rectilinear figures (drawn) on them are pro-
portional then the straight-lines themselves will also be
proportional.

A A

M N
D G H

S
O |

"

Let AB, CD, EF, and GH be four proportional
straight-lines, (such that) as AB (is) to CD, so EF (is)
to GH. And let the similar, and similarly laid out, rec-
tilinear figures K AB and LC D have been described on
AB and CD (respectively), and the similar, and similarly
laid out, rectilinear figures M F' and NH on EF and GH
(respectively). I say that as KAB is to LCD, so M F (is)
to NH.

For let a third (straight-line) O have been taken
(which is) proportional to AB and CD, and a third
(straight-line) P proportional to EF and GH [Prop. 6.11].
And since as AB isto CD, so EF (is) to GH, and as CD
(is) to O, so GH (is) to P, thus, via equality, as AB is to
O, so EF (is) to P [Prop. 5.22]. But, as AB (is) to O, so
[also] KAB (is) to LCD, and as EF (is) to P, so MF
(is) to NH [Prop. 5.19 corr.]. And, thus, as K AB (is) to
LCD,so MF (is) to NH.

And solet KAB beto LCD, as MF (is) to NH. I say
also that as AB isto CD, so EF (is) to GH. For if as AB
isto CD, so E'F (is) notto GH, let AB beto CD, as EF
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ITP onotépw t6v MZ, NO éuoldv te xal ouolne xelpevoy
evdUypappov to XP.

‘Enel olv €otv ¢ 1) AB npoc v I'A, obtwe ) EZ npog
v IIP, xoi dvoryéypanton ano pev v AB, A éuoid te
xal opolwe xelpeva t& KAB, ATA, dno o8¢ v EZ, IIP
Suotd te ol opolwe xelyeva o MZ, ¥P, oty pa tg 10
KAB npoc 10 AT'A, obtwe 16 MZ npoc 160 XP. ndxeiton
8¢ xal ¢ 10 KAB npoc 10 ATA, obtwe 10 MZ mpoc 10
NO- xal &¢ dpo 10 MZ mpog 10 P, obtwe 16 MZ npog
10 NO. 10 MZ dpa npdg exdtegov tév NO, XP tov adtov
gxeL Aoyov Toov dpa Eotl 10 NO 165 XP. €oti 8¢ a0té %ol
ouolov xol ouolwe xelyevov: Ton dpa } HO <] IIP. xol énel
gotv ¢ N AB mpog v T'A, obtwe 7 EZ npoc v 1P, 1o
oe 7 IIP <jj HO, ot pa ¢ /i AB npoc v I'A,; oltwe 1)
EZ npoc v HO.

Edav dpoa téoocapeg eddelon dvdhoyov Gotv, xol o &n’
adtesy e00Ypouua GUoLd TE Xol OUOIWS GVOYEYPUUUEVA
avdhoyov Eotar xqv T an” aLT@Y eLUYpouuo Spold TE
%ol OOlWe Gvaryeypouéva avahoyov ¥, xol oot ol ebdelon
dvdhoyov Ecovtar dmep Edet BelEau.

(is) to QR [Prop. 6.12]. And let the rectilinear figure SR,
similar, and similarly laid down, to either of M F or NH,
have been described on QR [Props. 6.18, 6.21].

Therefore, since as AB is to CD, so EF (is) to QR,
and the similar, and similarly laid out, (rectilinear fig-
ures) KAB and LCD have been described on AB and
CD (respectively), and the similar, and similarly laid out,
(rectilinear figures) MF and SR on EF and QR (re-
sespectively), thus as KAB is to LCD, so MF (is) to
SR (see above). And it was also assumed that as KAB
(is) to LCD, so M F (is) to NH. Thus, also, as M I (is)
to SR, so M F (is) to NH [Prop. 5.11]. Thus, M F has
the same ratio to each of NH and SR. Thus, N H is equal
to SR [Prop. 5.9]. And it is also similar, and similarly laid
out, to it. Thus, GH (is) equal to QR." And since AB is
to CD, as EF (is) to QR, and QR (is) equal to GH, thus
as ABisto CD, so EF (is) to GH.

Thus, if four straight-lines are proportional, then sim-
ilar, and similarly described, rectilinear figures (drawn)
on them will also be proportional. And if similar, and
similarly described, rectilinear figures (drawn) on them
are proportional then the straight-lines themselves will
also be proportional. (Which is) the very thing it was
required to show.

 Here, Euclid assumes, without proof, that if two similar figures are equal then any pair of corresponding sides is also equal.

xy'.

Ta icoydvia TapoAANASYpopUo TEOC AN AdYOV Eyel
TOV OLYXEIPEVOV EX THBY TAEUREY.

"Eotw icoyodvia mapodhnidypaupo w0 AL, T'Z fony
gyovta v Uno BI'A yoviov tfj bno ET'H: Aéyw, 6u to AT
TapOAANAGYpopUoV Teog 10 I'Z mapahAnhéypappov Adyov
gxel TOV CLUYXEUEVOY EX TESV TAELEEV.

Kelobw yap dote én” eddelac elvon v BI' tfj 'H- én’
evlelac dpa €otl xal ) A" tf) T'E. xal ouyneninpdodw 1o
AH napadAnhoypaupoyv, xol exxelodw tic eddeia 1 K, xal
yveyovétw ®¢ pev 1 BI' npoc v I'H, obtwe ) K mpog v
A, ¢ 8¢ ) AT npoc v T'E, oltwe i A npodc tyv M.

Ot dpa Adyor tfic ¢ K npoc v A xal tfic A mpog
v M ol adtol eiol tolc Aoyolc &V mhevpdy, tfic t¢ B
npoc v I'H xal tiic AT mpog v I'E. &\X" 6 tfic K npoc
M Aéyoc olyxerton éx te 1ol tiic K mpoc A Adyou xal
toU tfic A mpoc M- dote xal ) K npoc thv M Adyov Exel
TOV ouyxelyevov éx T@V mAevpdy. xdl énel oty ¢ 1) Bl
npoc ™y I'H, obtwe 10 A" mopahhnidypappov mpoc 1o
e, &\ ¢ 7 BI' mpoc v I'H, obtwe | K mpog myv A,
xal ©¢ dpa f K mpoc thv A, oltwe to AT npoc o I'O.
ndAw, €nel oty ¢ 1) Al npoc tyv T'E, oltwe w0 I'O no-
poAAnhbypapov Tpog T I'Z, dAN dg | AT npoc v I'E,

Proposition 23

Equiangular parallelograms have to one another the
ratio compounded out of (the ratios of) their sides.

Let AC and C'F' be equiangular parallelograms having
angle BC'D equal to ECG. 1 say that parallelogram AC
has to parallelogram C'F the ratio compounded out of
(the ratios of) their sides.

For let BC be laid down so as to be straight-on to
CG. Thus, DC is also straight-on to CE [Prop. 1.14].
And let the parallelogram DG have been completed. And
let some straight-line K have been laid down. And let it
be contrived that as BC (is) to CG, so K (is) to L, and
as DC (is) to CE, so L (is) to M [Prop. 6.12].

Thus, the ratios of K to L and of L to M are the same
as the ratios of the sides, (namely), BC to CG and DC
to CF (respectively). But, the ratio of K to M is com-
pounded out of the ratio of K to L and (the ratio) of L
to M. Hence, K also has to M the ratio compounded
out of (the ratios of) the sides (of the parallelograms).
And since as BC' is to CG, so parallelogram AC (is) to
CH [Prop. 6.1], but as BC (is) to CG, so K (is) to L,
thus, also, as K (is) to L, so (parallelogram) AC (is) to
CH. Again, since as DC (is) to CE, so parallelogram
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obtwe N A mpodc v M, xol d¢ dpo /i A npog thv M, obtee
10 I'O maparnidypappov tpog 1o I'Z tapalnidypauuoyv.
énel obv €delylr, dc pev f K npoc v A, obtwg to AT
TapOAANAGYeopUovV Teoc 10 I'O nopolinidypopuov, G 68
N A npdc ™y M, oltwe 10 I'O nopad Anhéypoguov npdc 1o
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M, obtwe 10 AT mpog 16 I'Z mapahinidypaupov. 1 8¢ K
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Ta dpa iooymvia TopoAAnhoYpopua TEdC GAANAL Aoy OV
gxel TOV ouyxelpevoy Ex TEV TAeLEGY" Gnep EdeL SETEau.

 In modern terminology, if two ratios are “compounded” then they are
%0’

Iavtog noporhnioyeduuou Té mepl THY SLIUETEOV Ta-
poAANAOYpoupor BUOLd EOTL TG TE GAe %ol GAATIOLC.

"Eotw nopodnhoypopuov 1o ABI'A, Siduetpog de
a0tol ) AT, nepl 8¢ v AT nopadAnhoypoppa Eotw t& EH,
OK: Aéyw, 6Tt exdtepov t6v EH, OK napolinioypeduuemy
Suoldy gott 6hw 6 ABT'A xal dhARloLc.

‘Enel yap tpryddvou 1ol ABI' mapd ploy t@v mAeupddy
v BT fixton 1) EZ, dvéhoyoév éotv @¢ 1} BE mpog v
EA, obtwc 1y I'Z mpog v ZA. ndhw, €nel tplydvou ol
ATA nopda piov ™y TA fixton f ZH, dvdhoyév Eotv dc 0
I'Z mpoc ™y ZA, obtwe /i AH mpoc v HA. d\" o 7
I'Z mpoc v ZA, oltwe €delydn xal 7 BE npoc v EA-
xal ¢ dpa ) BE npoc v EA, obtwe f AH mpog v
HA, xal ouviévu dpa &¢ 1 BA npoc AE, oltwe | AA
npoc AH, xoi évadhhal oc f) BA mpoc v AA, oltwe 7
EA npoc v AH. w@v Gpo ABTA, EH mapohhnhoypdppemy
avdhoydv eioty ol TAgupal ol TERL THY XOWNY Ywviay ThHY LTO
BAA. xol énel mopdhhnide éotiv ) HZ tfj AT, lon éotiv

N pév bno AZH ywvia tf] Ono ATA- xol xowr t@v 8o

CH (is) to CF [Prop. 6.1], but as DC (is) to CE, so L
(is) to M, thus, also, as L (is) to M, so parallelogram
CH (is) to parallelogram CF. Therefore, since it was
shown that as K (is) to L, so parallelogram AC (is) to
parallelogram C'H, and as L (is) to M, so parallelogram
CH (is) to parallelogram CF, thus, via equality, as K is
to M, so (parallelogram) AC (is) to parallelogram CF
[Prop. 5.22]. And K has to M the ratio compounded out
of (the ratios of) the sides (of the parallelograms). Thus,
(parallelogram) AC' also has to (parallelogram) C'F' the
ratio compounded out of (the ratio of) their sides.

A D H

E F
Thus, equiangular parallelograms have to one another
the ratio compounded out of (the ratio of) their sides.
(Which is) the very thing it was required to show.

multiplied together.

Proposition 24

In any parallelogram the parallelograms about the di-
agonal are similar to the whole, and to one another.

Let ABCD be a parallelogram, and AC its diagonal.
And let EG and HK be parallelograms about AC. I say
that the parallelograms FG and HK are each similar to
the whole (parallelogram) ABCD, and to one another.

For since E'F' has been drawn parallel to one of the
sides BC of triangle ABC, proportionally, as BF is to
EA, so CF (is) to FA [Prop. 6.2]. Again, since F'G has
been drawn parallel to one (of the sides) C'D of trian-
gle ACD, proportionally, as CF is to F'A, so DG (is) to
GA [Prop. 6.2]. But, as CF (is) to FA, so it was also
shown (is) BE to FA. And thus as BE (is) to FA, so
DG (is) to GA. And, thus, compounding, as BA (is) to
AE, so DA (is) to AG [Prop. 5.18]. And, alternately, as
BA (is) to AD, so EA (is) to AG [Prop. 5.16]. Thus,
in parallelograms ABCD and EG the sides about the
common angle BAD are proportional. And since GF is
parallel to DC, angle AFG is equal to DC A [Prop. 1.29].
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teryovey v AAT, AHZ f Ono AAT yovio icoydviov
Gpa gotl 10 AAT tplywvov 16 AHZ tprydve. Sid té adtd
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Iovtog dpa mopodAnhoypduuou ta tepl TV SLaUETEOV
TAPUAANAG Y papoL GoLd EOTL TE T O Xl GAARAoLS BTiep
£0eL detou.
xe'
T do¥évtt edduypduue duoov xol 3A 6 dodévtl
loov 10 adto cuothcucal.

And angle DAC (is) common to the two triangles ADC
and AGF'. Thus, triangle ADC is equiangular to triangle
AGF [Prop. 1.32]. So, for the same (reasons), triangle
ACB is equiangular to triangle AF'E, and the whole par-
allelogram ABCD is equiangular to parallelogram EG.
Thus, proportionally, as AD (is) to DC, so AG (is) to
GF, and as DC (is) to CA, so GF (is) to FA, and as AC
(is) to CB, so AF (is) to FE, and, further, as CB (is)
to BA, so F'E (is) to EA [Prop. 6.4]. And since it was
shown that as DC is to C A, so GF (is) to FA, and as
AC (is) to CB, so AF (is) to F'E, thus, via equality, as
DC is to CB, so GF (is) to FE [Prop. 5.22]. Thus, in
parallelograms ABCD and EG the sides about the equal
angles are proportional. Thus, parallelogram ABCD is
similar to parallelogram EG [Def. 6.1]. So, for the same
(reasons), parallelogram ABCD is also similar to par-
allelogram K H. Thus, parallelograms EG and HK are
each similar to [parallelogram] ABCD. And (rectilin-
ear figures) similar to the same rectilinear figure are also
similar to one another [Prop. 6.21]. Thus, parallelogram
EG is also similar to parallelogram HK.

A E B

D K C

Thus, in any parallelogram the parallelograms about
the diagonal are similar to the whole, and to one another.
(Which is) the very thing it was required to show.

Proposition 25

To construct a single (rectilinear figure) similar to a
given rectilinear figure, and equal to a different given rec-
tilinear figure.
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fon tfj Und I'BA. én” ebdelac dpa €otiv 1) wuev BI tfj I'Z, 7
oe AE 1] EM. xal eiMigdw tév BT, I'Z yéon dvéroyov 7
HO, xal dvayeypdpdw dno tfic HO 16 ABI' duoldv te xal
ouolwe xelpevov 1o KHO.

Kot énel éotv @¢ | BI' npog tv HO, obtwe 7 HO
npoc v I'Z, €av 8¢ tpelc ebdcion davdhoyov Gotv, €0ty
Oc 1) TN mEoc TV Teltny, olTwe TO dno T TEWTNG
eldog mpo¢ TO dmo THic deutépag TO Guotov ol Opolwe Gvo-
yeagpouevov, Eotv dpa ¢ N BI' npoc v I'Z, obtweg 10
ABT tplywvov mpoc 10 KHO tplywvov. dhha xol k¢ i BI
npoc ™y I'Z, otwe 10 BE naparinidypoppov npog 10 EZ
TapahAnAGypappoy. xal ©c dpa to ABIT tplywvov mpoc to
KHO tpiywvov, obtwe 10 BE nopadAnhéypouuov teog 1o
EZ noapolhnidypoppov: EVorrdE dpa e to ABT tplywvov
npoc 10 BE napodinidypopuov, obtwe 1o KHO tpelywvoy
npo¢ 10 EZ napahinidypappov. Toov 8¢ 16 ABT tplywvov
16 BE napodinioyeduue: toov dea xol 10 KHO tpelywvov
16 EZ naparAnhoypedupe. dhha 160 EZ nopodAnhéypouuoyv
w6 A éotwy loov: xal 0 KHO 8pa 16 A éotwy loov. €ott
0¢ t0 KHO xoi ¢ ABI' duotov.

T& Gpo Sovévtt ebduypduuw 16 ABI dpotov ol dAAe
6 do¥évt 16 A Toov 10 adto ouvéotatar To6 KHO- émep
€deL moLfjoou.

x5
‘Edv and nopahAnhoypdion TopohANAGY ooy dpa-
eedf] Spoldv te 16 Ohw xol opolwe xelyevov xowny ywviay
gxov 0TS, mepl TNV ALTNY DIGUETEOY €0TL TE OAW.
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Let ABC be the given rectilinear figure to which it is
required to construct a similar (rectilinear figure), and D
the (rectilinear figure) to which (the constructed figure)
is required (to be) equal. So it is required to construct
a single (rectilinear figure) similar to ABC, and equal to
D.

For let the parallelogram BE, equal to triangle ABC,
have been applied to (the straight-line) BC' [Prop. 1.44],
and the parallelogram C'M, equal to D, (have been ap-
plied) to (the straight-line) C'E, in the angle FCE, which
is equal to CBL [Prop. 1.45]. Thus, BC is straight-on to
CF, and LE to EM [Prop. 1.14]. And let the mean pro-
portion G H have been taken of BC and C'F' [Prop. 6.13].
And let KGH, similar, and similarly laid out, to ABC
have been described on GH [Prop. 6.18].

And since as BC'is to GH, so GH (is) to CF, and if
three straight-lines are proportional then as the first is to
the third, so the figure (described) on the first (is) to the
similar, and similarly described, (figure) on the second
[Prop. 6.19 corr.], thus as BC' is to C'F, so triangle ABC
(is) to triangle KGH. But, also, as BC (is) to CF, so
parallelogram BF (is) to parallelogram EF [Prop. 6.1].
And, thus, as triangle ABC (is) to triangle KGH, so par-
allelogram BFE (is) to parallelogram EF. Thus, alter-
nately, as triangle ABC (is) to parallelogram BF, so tri-
angle KGH (is) to parallelogram EF' [Prop. 5.16]. And
triangle ABC (is) equal to parallelogram BE. Thus, tri-
angle KGH (is) also equal to parallelogram EF. But,
parallelogram E'F'is equal to D. Thus, KGH is also equal
to D. And KGH is also similar to ABC.

Thus, a single (rectilinear figure) K GH has been con-
structed (which is) similar to the given rectilinear figure
ABC, and equal to a different given (rectilinear figure)
D. (Which is) the very thing it was required to do.

Proposition 26

If from a parallelogram a(nother) parallelogram is
subtracted (which is) similar, and similarly laid out, to
the whole, having a common angle with it, then (the sub-
tracted parallelogram) is about the same diagonal as the
whole.

For, from parallelogram ABCD, let (parallelogram)
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II&vtwy t@v mopd Ty adtiy ebdelay napaBoiloyévey
TAPUAANAOYPAUHUWY X0l ENAEITOVTWY EIDECL TUPUAATAOY G-
polg ouololc e xal dpolwe xewévolg & anod tiic Hutoelog
AvVaypaPOpEVE UEYLOTOV ECTL TO ano Tfic Huloelog mopo-
Bokopevoy [rapah\nhoypopuprov] Suotov dv té EMAelupavTL.

"Eotw ebdeia | AB xol tetpiode dlya xoatd to T,
xal mopaPefiiotn mapd thv AB eddelov 10 AA mopai-
Anhoypappoy ENelnov eldel tapahhnhoyedupe 6 AB dvo-
YoapévTt ano tfic Nuoelog tfic AB, toutéon tfic I'B: Aéyow,
6Tl vty @V mopd Ty AB mopofaiiopévey napaiAin-
NoYEdppeY xol EMAEIROVTOY €ldeot [Topahhnhoypdupolc]
ouololc te %ol opolee xewévolg 16 AB péyiotdv ot 10

AF have been subtracted (which is) similar, and similarly
laid out, to ABC D, having the common angle D AB with
it. I say that ABC'D is about the same diagonal as AF'.

-

For (if) not, then, if possible, let AHC be [ABCD’s]
diagonal. And producing GF, let it have been drawn
through to (point) H. And let HK have been drawn
through (point) H, parallel to either of AD or BC
[Prop. 1.31].

Therefore, since ABCD is about the same diagonal as
KG, thusas DA isto AB, so GA (is) to AK [Prop. 6.24].
And, on account of the similarity of ABC'D and EG, also,
as DA (is) to AB, so GA (is) to AE. Thus, also, as GA
(is) to AK, so GA (is) to AE. Thus, GA has the same
ratio to each of AK and AFE. Thus, AE is equal to AK
[Prop. 5.9], the lesser to the greater. The very thing is
impossible. Thus, ABCD is not not about the same di-
agonal as AF. Thus, parallelogram ABCD is about the
same diagonal as parallelogram AF'.

Thus, if from a parallelogram a(nother) parallelogram
is subtracted (which is) similar, and similarly laid out,
to the whole, having a common angle with it, then (the
subtracted parallelogram) is about the same diagonal as
the whole. (Which is) the very thing it was required to
show.

Proposition 27

Of all the parallelograms applied to the same straight-
line, and falling short by parallelogrammic figures similar,
and similarly laid out, to the (parallelogram) described
on half (the straight-line), the greatest is the [parallelo-
gram] applied to half (the straight-line) which (is) similar
to (that parallelogram) by which it falls short.

Let AB be a straight-line, and let it have been cut in
half at (point) C [Prop. 1.10]. And let the parallelogram
AD have been applied to the straight-line AB, falling
short by the parallelogrammic figure DB (which is) ap-
plied to half of AB—that is to say, C'B. I say that of all
the parallelograms applied to AB, and falling short by
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[parallelogrammic] figures similar, and similarly laid out,
to DB, the greatest is AD. For let the parallelogram AF
have been applied to the straight-line AB, falling short by
the parallelogrammic figure F'B (which is) similar, and
similarly laid out, to DB. I say that AD is greater than

AF.
D E

TN

For since parallelogram DB is similar to parallelo-
gram F'B, they are about the same diagonal [Prop. 6.26].
Let their (common) diagonal DB have been drawn, and
let the (rest of the) figure have been described.

Therefore, since (complement) C'F is equal to (com-
plement) F'E [Prop. 1.43], and (parallelogram) F'B is
common, the whole (parallelogram) C'H is thus equal
to the whole (parallelogram) K E. But, (parallelogram)
CH is equal to CG, since AC (is) also (equal) to CB
[Prop. 6.1]. Thus, (parallelogram) GC is also equal
to EK. Let (parallelogram) C'F have been added to
both. Thus, the whole (parallelogram) AF' is equal to
the gnomon LM N. Hence, parallelogram D B—that is to
say, AD—is greater than parallelogram AF'.

Thus, for all parallelograms applied to the same
straight-line, and falling short by a parallelogrammic
figure similar, and similarly laid out, to the (parallelo-
gram) described on half (the straight-line), the greatest
is the [parallelogram] applied to half (the straight-line).
(Which is) the very thing it was required to show.

Proposition 287

To apply a parallelogram, equal to a given rectilin-
ear figure, to a given straight-line, (the applied parallel-
ogram) falling short by a parallelogrammic figure similar
to a given (parallelogram). It is necessary for the given
rectilinear figure [to which it is required to apply an equal
(parallelogram)] not to be greater than the (parallelo-
gram) described on half (of the straight-line) and similar
to the deficit.

Let AB be the given straight-line, and C the given
rectilinear figure to which the (parallelogram) applied to
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AB is required (to be) equal, [being] not greater than
the (parallelogram) described on half of AB and similar
to the deficit, and D the (parallelogram) to which the
deficit is required (to be) similar. So it is required to apply
a parallelogram, equal to the given rectilinear figure C, to
the straight-line AB, falling short by a parallelogrammic
figure which is similar to D.

H G P F

K N

Let AB have been cut in half at point £ [Prop. 1.10],
and let (parallelogram) FBF'G, (which is) similar, and
similarly laid out, to (parallelogram) D, have been de-
scribed on EB [Prop. 6.18]. And let parallelogram AG
have been completed.

Therefore, if AG is equal to C then the thing pre-
scribed has happened. For a parallelogram AG, equal
to the given rectilinear figure C, has been applied to the
given straight-line AB, falling short by a parallelogram-
mic figure G B which is similar to D. And if not, let HE
be greater than C. And HFE (is) equal to GB [Prop. 6.1].
Thus, GB (is) also greater than C. So, let (parallelo-
gram) K LM N have been constructed (so as to be) both
similar, and similarly laid out, to D, and equal to the ex-
cess by which GB is greater than C' [Prop. 6.25]. But,
GB [is] similar to D. Thus, KM is also similar to GB
[Prop. 6.21]. Therefore, let K L correspond to GF, and
LM to GF. And since (parallelogram) GB is equal to
(figure) C and (parallelogram) KM, GB is thus greater
than K M. Thus, GE is also greater than KL, and GF
than LM. Let GO be made equal to KL, and GP to LM
[Prop. 1.3]. And let the parallelogram OG P(Q have been
completed. Thus, [GQ] is equal and similar to K M [but,
KM is similar to GB]. Thus, GQ is also similar to GB
[Prop. 6.21]. Thus, GQ and G B are about the same diag-
onal [Prop. 6.26]. Let GQ B be their (common) diagonal,
and let the (remainder of the) figure have been described.

Therefore, since BG is equal to C' and K M, of which
GQ is equal to K M, the remaining gnomon UWV is thus
equal to the remainder C. And since (the complement)
PR is equal to (the complement) OS [Prop. 1.43], let
(parallelogram) QB have been added to both. Thus, the
whole (parallelogram) PB is equal to the whole (par-
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allelogram) OB. But, OB is equal to TF, since side
AFE is equal to side EB [Prop. 6.1]. Thus, TE is also
equal to PB. Let (parallelogram) OS have been added
to both. Thus, the whole (parallelogram) 7'S is equal to
the gnomon VWU. But, gnomon VWU was shown (to
be) equal to C. Therefore, (parallelogram) 7T'S is also
equal to (figure) C.

Thus, the parallelogram ST, equal to the given rec-
tilinear figure C, has been applied to the given straight-
line AB, falling short by the parallelogrammic figure Q B,
which is similar to D [inasmuch as QB is similar to GQ
[Prop. 6.24]]. (Which is) the very thing it was required
to do.

T This proposition is a geometric solution of the quadratic equation 22 —a 2+ 3 = 0. Here, « is the ratio of a side of the deficit to the corresponding

side of figure D, « is the ratio of the length of AB to the length of that side of figure D which corresponds to the side of the deficit running along

AB, and §3 is the ratio of the areas of figures C and D. The constraint corresponds to the condition 3 < o2 /4 for the equation to have real roots.

Only the smaller root of the equation is found. The larger root can be found by a similar method.
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Proposition 291

To apply a parallelogram, equal to a given rectilin-
ear figure, to a given straight-line, (the applied parallelo-
gram) overshooting by a parallelogrammic figure similar
to a given (parallelogram).

L M K H
B:P

/F\/
A@ E X\B\
|

A
N Q O

Let AB be the given straight-line, and C the given
rectilinear figure to which the (parallelogram) applied to
AB is required (to be) equal, and D the (parallelogram)
to which the excess is required (to be) similar. So it is
required to apply a parallelogram, equal to the given rec-
tilinear figure C, to the given straight-line AB, overshoot-
ing by a parallelogrammic figure similar to D.

Let AB have been cut in half at (point) £ [Prop. 1.10],
and let the parallelogram BF, (which is) similar, and
similarly laid out, to D, have been described on EB
[Prop. 6.18]. And let (parallelogram) G H have been con-
structed (so as to be) both similar, and similarly laid out,
to D, and equal to the sum of BF and C [Prop. 6.25].
And let K H correspond to F'L, and KG to FE. And since
(parallelogram) G H is greater than (parallelogram) F'B,
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KH is thus also greater than F'L, and KG than FFE.
Let F'L and F'FE have been produced, and let FLM be
(made) equal to KH, and FEN to KG [Prop. 1.3]. And
let (parallelogram) M N have been completed. Thus,
MN is equal and similar to GH. But, GH is similar to
EL. Thus, M N is also similar to EL [Prop. 6.21]. EL is
thus about the same diagonal as M N [Prop. 6.26]. Let
their (common) diagonal FO have been drawn, and let
the (remainder of the) figure have been described.

And since (parallelogram) GH is equal to (parallel-
ogram) FEL and (figure) C, but GH is equal to (paral-
lelogram) M N, MN is thus also equal to FL and C.
Let FL have been subtracted from both. Thus, the re-
maining gnomon X WV is equal to (figure) C. And since
AFE is equal to E'B, (parallelogram) AN is also equal to
(parallelogram) N B [Prop. 6.1], that is to say, (parallel-
ogram) LP [Prop. 1.43]. Let (parallelogram) EO have
been added to both. Thus, the whole (parallelogram) AO
is equal to the gnomon VW X. But, the gnomon VW X
is equal to (figure) C. Thus, (parallelogram) AO is also
equal to (figure) C.

Thus, the parallelogram AO, equal to the given rec-
tilinear figure C, has been applied to the given straight-
line AB, overshooting by the parallelogrammic figure Q P
which is similar to D, since P() is also similar to EL
[Prop. 6.24]. (Which is) the very thing it was required
to do.

T This proposition is a geometric solution of the quadratic equation 22+« 22— 8 = 0. Here, z is the ratio of a side of the excess to the corresponding

side of figure D, « is the ratio of the length of AB to the length of that side of figure D which corresponds to the side of the excess running along

AB, and f3 is the ratio of the areas of figures C' and D. Only the positive root of the equation is found.

N
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Proposition 307

To cut a given finite straight-line in extreme and mean

ratio.
C F H

D

Let AB be the given finite straight-line. So it is re-
quired to cut the straight-line AB in extreme and mean
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ratio.

Let the square BC have been described on AB [Prop.
1.46], and let the parallelogram CD, equal to BC, have
been applied to AC, overshooting by the figure AD
(which is) similar to BC' [Prop. 6.29].

And BC is a square. Thus, AD is also a square.
And since BC' is equal to CD, let (rectangle) CE have
been subtracted from both. Thus, the remaining (rect-
angle) BF is equal to the remaining (square) AD. And
it is also equiangular to it. Thus, the sides of BF' and
AD about the equal angles are reciprocally proportional
[Prop. 6.14]. Thus, as FE is to ED, so AE (is) to EB.
And FFE (is) equal to AB, and ED to AE. Thus, as BA is
to AE, so AFE (is) to EB. And AB (is) greater than AF.
Thus, AFE (is) also greater than E'B [Prop. 5.14].

Thus, the straight-line AB has been cut in extreme
and mean ratio at F, and AF is its greater piece. (Which
is) the very thing it was required to do.

T This method of cutting a straight-line is sometimes called the “Golden Section”—see Prop. 2.11.
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B A I

"Eotw tplywvov épdoydviov 1o ABI' o0y €yov v
Ono BAT yoviav: Myw, 6t 10 dno tijc BI' €ldoc {oov o1l
toic ano v BA, AT €ideol toic ouoioc te ol Opoiwe
AVoY paPOUEVOLE.

"Hy 00 xddetoc 1 AA.

‘Enel olv év 6pdoywvie terydve 16 ABI dno tijc npog
6 A 6p0jc ywvioag énl v BI' Bdow xddetog fixtan  AA,
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ABA, ot 8pa ¢ 7 I'B npdc v BA, obtwe 7 AB npoc
v BA. xal énel teelc edlelon dvdhoyov oy, Eotv ¢ 1)
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Proposition 31

In right-angled triangles, the figure (drawn) on the
side subtending the right-angle is equal to the (sum of
the) similar, and similarly described, figures on the sides
surrounding the right-angle.

A

B D C

Let ABC be a right-angled triangle having the angle
BAC aright-angle. I say that the figure (drawn) on BC'is
equal to the (sum of the) similar, and similarly described,
figures on BA and AC.

Let the perpendicular AD have been drawn [Prop.
1.12].

Therefore, since, in the right-angled triangle ABC,
the (straight-line) AD has been drawn from the right-
angle at A perpendicular to the base BC, the trian-
gles ABD and ADC about the perpendicular are sim-
ilar to the whole (triangle) ABC, and to one another
[Prop. 6.8]. And since ABC is similar to ABD, thus
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as CB is to BA, so AB (is) to BD [Def. 6.1]. And
since three straight-lines are proportional, as the first is
to the third, so the figure (drawn) on the first is to the
similar, and similarly described, (figure) on the second
[Prop. 6.19 corr.]. Thus, as CB (is) to BD, so the fig-
ure (drawn) on CB (is) to the similar, and similarly de-
scribed, (figure) on BA. And so, for the same (reasons),
as BC' (is) to CD, so the figure (drawn) on BC (is) to
the (figure) on C'A. Hence, also, as BC (is) to BD and
DC, so the figure (drawn) on BC' (is) to the (sum of the)
similar, and similarly described, (figures) on BA and AC
[Prop. 5.24]. And BC is equal to BD and DC'. Thus, the
figure (drawn) on BC (is) also equal to the (sum of the)
similar, and similarly described, figures on BA and AC
[Prop. 5.9].

Thus, in right-angled triangles, the figure (drawn) on
the side subtending the right-angle is equal to the (sum of
the) similar, and similarly described, figures on the sides
surrounding the right-angle. (Which is) the very thing it
was required to show.

Proposition 32

If two triangles, having two sides proportional to two
sides, are placed together at a single angle such that the
corresponding sides are also parallel, then the remaining
sides of the triangles will be straight-on (with respect to
one another).

D

B C E

Let ABC and DCE be two triangles having the two
sides BA and AC proportional to the two sides DC and
DE—so that as AB (is) to AC, so DC (is) to DE—and
(having side) AB parallel to DC, and AC to DE. I say
that (side) BC is straight-on to CE.

For since AB is parallel to DC, and the straight-line
AC has fallen across them, the alternate angles BAC and
ACD are equal to one another [Prop. 1.29]. So, for the
same (reasons), CDFE is also equal to AC'D. And, hence,
BAC is equal to CDE. And since ABC and DCE are
two triangles having the one angle at A equal to the one
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angle at D, and the sides about the equal angles pro-
portional, (so that) as BA (is) to AC, so CD (is) to
DE, triangle ABC is thus equiangular to triangle DCFE
[Prop. 6.6]. Thus, angle ABC is equal to DCE. And (an-
gle) AC'D was also shown (to be) equal to BAC. Thus,
the whole (angle) ACF is equal to the two (angles) ABC
and BAC. Let ACB have been added to both. Thus,
ACE and ACB are equal to BAC, ACB, and CBA.
But, BAC, ABC, and ACB are equal to two right-angles
[Prop. 1.32]. Thus, ACE and ACB are also equal to two
right-angles. Thus, the two straight-lines BC and CE,
not lying on the same side, make adjacent angles ACFE
and ACB (whose sum is) equal to two right-angles with
some straight-line AC, at the point C on it. Thus, BC' is
straight-on to CE [Prop. 1.14].

Thus, if two triangles, having two sides proportional
to two sides, are placed together at a single angle such
that the corresponding sides are also parallel, then the
remaining sides of the triangles will be straight-on (with
respect to one another). (Which is) the very thing it was
required to show.

Proposition 33

In equal circles, angles have the same ratio as the (ra-
tio of the) circumferences on which they stand, whether
they are standing at the centers (of the circles) or at the
circumferences.

D

C
K F M N

Let ABC and DEF be equal circles, and let BGC' and
EHF be angles at their centers, G and H (respectively),
and BAC and EDF (angles) at their circumferences. I
say that as circumference BC is to circumference EF', so
angle BGC (is) to EHF, and (angle) BAC to EDF.

For let any number whatsoever of consecutive (cir-
cumferences), C K and K L, be made equal to circumfer-
ence BC, and any number whatsoever, FM and M N, to
circumference EF. And let GK, GL, HM, and HN have
been joined.

Therefore, since circumferences BC, CK, and K L are
equal to one another, angles BGC, CGK, and KGL are
also equal to one another [Prop. 3.27]. Thus, as many
times as circumference BL is (divisible) by BC, so many
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T This is a straight-forward generalization of Prop. 3.27

times is angle BGL also (divisible) by BGC. And so, for
the same (reasons), as many times as circumference N FE
is (divisible) by EF'F, so many times is angle N HFE also
(divisible) by EHF'. Thus, if circumference BL is equal
to circumference EN then angle BGL is also equal to
EHN [Prop. 3.27], and if circumference BL is greater
than circumference EN then angle BGL is also greater
than EHN,' and if (BL is) less (than EN then BGL is
also) less (than EHN). So there are four magnitudes,
two circumferences BC' and EF, and two angles BGC
and FHF. And equal multiples have been taken of cir-
cumference BC and angle BGC, (namely) circumference
BL and angle BGL, and of circumference FF and an-
gle FHF, (namely) circumference FN and angle FHN.
And it has been shown that if circumference BL exceeds
circumference FN then angle BGL also exceeds angle
FEHN, and if (BL is) equal (to EN then BGL is also)
equal (to FHN), and if (BL is) less (than EN then BGL
is also) less (than FHN). Thus, as circumference BC
(is) to EF, so angle BGC (is) to FHF [Def. 5.5]. But as
angle BGC (is) to EHF, so (angle) BAC (is) to EDF
[Prop. 5.15]. For the former (are) double the latter (re-
spectively) [Prop. 3.20]. Thus, also, as circumference BC'
(is) to circumference E'F, so angle BGC (is) to EHF,
and BAC to EDF.

Thus, in equal circles, angles have the same ratio as
the (ratio of the) circumferences on which they stand,
whether they are standing at the centers (of the circles)
or at the circumferences. (Which is) the very thing it was
required to show.
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