ELEMENTS BOOK 7

Elementary Number Theo

TThe propositions contained in Books 7-9 are generally attributed to the school of Pythagoras.
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Definitions

1. A unit is (that) according to which each existing
(thing) is said (to be) one.

2. And a number (is) a multitude composed of units. "

3. A number is part of a(nother) number, the lesser of
the greater, when it measures the greater.?

4. But (the lesser is) parts (of the greater) when it
does not measure it.}

5. And the greater (number is) a multiple of the lesser
when it is measured by the lesser.

6. An even number is one (which can be) divided in
half.

7. And an odd number is one (which can)not (be)
divided in half, or which differs from an even number by
a unit.

8. An even-times-even number is one (which is) mea-
sured by an even number according to an even number. ¥

9. And an even-times-odd number is one (which
is) measured by an even number according to an odd
number.*

10. And an odd-times-odd number is one (which
is) measured by an odd number according to an odd
number.®

11. A primell number is one (which is) measured by a
unit alone.

12. Numbers prime to one another are those (which
are) measured by a unit alone as a common measure.

13. A composite number is one (which is) measured
by some number.

14. And numbers composite to one another are those
(which are) measured by some number as a common
measure.

15. A number is said to multiply a(nother) number
when the (number being) multiplied is added (to itself)
as many times as there are units in the former (number),
and (thereby) some (other number) is produced.

16. And when two numbers multiplying one another
make some (other number) then the (number so) cre-
ated is called plane, and its sides (are) the numbers which
multiply one another.

17. And when three numbers multiplying one another
make some (other number) then the (number so) created
is (called) solid, and its sides (are) the numbers which
multiply one another.

18. A square number is an equal times an equal, or (a
plane number) contained by two equal numbers.

19. And a cube (number) is an equal times an equal
times an equal, or (a solid number) contained by three
equal numbers.
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T In other words, a “number” is a positive integer greater than unity.

20. Numbers are proportional when the first is the
same multiple, or the same part, or the same parts, of
the second that the third (is) of the fourth.

21. Similar plane and solid numbers are those having
proportional sides.

22. A perfect number is that which is equal to its own
parts. T

¥ In other words, a number a is part of another number b if there exists some number n such that na = b.

§ In other words, a number a is parts of another number b (where a < b) if there exist distinct numbers, m and n, such that na = mb.

9 In other words. an even-times-even number is the product of two even numbers.

* In other words, an even-times-odd number is the product of an even and an odd number.

8 In other words, an odd-times-odd number is the product of two odd numbers.

I Literally, “first”.

1 In other words, a perfect number is equal to the sum of its own factors.

o
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Proposition 1

Two unequal numbers (being) laid down, and the
lesser being continually subtracted, in turn, from the
greater, if the remainder never measures the (number)
preceding it, until a unit remains, then the original num-
bers will be prime to one another.

A+
tH

Ft  1C
1G

E

BL 1D

For two [unequal] numbers, AB and CD, the lesser
being continually subtracted, in turn, from the greater,
let the remainder never measure the (number) preceding
it, until a unit remains. I say that AB and C'D are prime
to one another—that is to say, that a unit alone measures
(both) AB and CD.

For if AB and C'D are not prime to one another then
some number will measure them. Let (some number)
measure them, and let it be E. And let CD measuring
BF leave F A less than itself, and let AF' measuring DG
leave GC less than itself, and let GC measuring F'H leave
a unit, HA.

In fact, since E measures C'D, and C'D measures BF,
E thus also measures BF.t And (E) also measures the
whole of BA. Thus, (E) will also measure the remainder
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AF.f And AF measures DG. Thus, F also measures DG.
And (F) also measures the whole of DC. Thus, (E) will
also measure the remainder CG. And CG measures FH.
Thus, F also measures F'H. And (F) also measures the
whole of F'A. Thus, (F) will also measure the remaining
unit AH, (despite) being a number. The very thing is
impossible. Thus, some number does not measure (both)
the numbers AB and CD. Thus, AB and CD are prime
to one another. (Which is) the very thing it was required
to show.

 Here, use is made of the unstated common notion that if @ measures b, and b measures c, then a also measures ¢, where all symbols denote

numbers.

t Here, use is made of the unstated common notion that if « measures b, and a measures part of b, then a also measures the remainder of b, where

all symbols denote numbers.
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Proposition 2

To find the greatest common measure of two given
numbers (which are) not prime to one another.
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Let AB and C'D be the two given numbers (which
are) not prime to one another. So it is required to find
the greatest common measure of AB and CD.

In fact, if CD measures AB, CD is thus a common
measure of CD and AB, (since C' D) also measures itself.
And (it is) manifest that (it is) also the greatest (com-
mon measure). For nothing greater than C'D can mea-
sure C'D.

But if CD does not measure AB then some number
will remain from AB and CD, the lesser being contin-
ually subtracted, in turn, from the greater, which will
measure the (number) preceding it. For a unit will not be
left. But if not, AB and C'D will be prime to one another
[Prop. 7.1]. The very opposite thing was assumed. Thus,
some number will remain which will measure the (num-
ber) preceding it. And let C'D measuring BFE leave FA
less than itself, and let £ A measuring DF leave F'C less
than itself, and let CF measure AE. Therefore, since C'F
measures AE, and AFE measures DF, CF will thus also
measure DF. And it also measures itself. Thus, it will
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also measure the whole of CD. And CD measures BE.
Thus, CF also measures BE. And it also measures F A.
Thus, it will also measure the whole of BA. And it also
measures C'D. Thus, CF measures (both) AB and CD.
Thus, C'F is a common measure of AB and C'D. So I say
that (it is) also the greatest (common measure). For if
CF is not the greatest common measure of AB and CD
then some number which is greater than C'F' will mea-
sure the numbers AB and CD. Let it (so) measure (AB
and CD), and let it be G. And since G measures CD,
and CD measures BE, G thus also measures BE. And it
also measures the whole of BA. Thus, it will also mea-
sure the remainder AF. And AFE measures DF'. Thus, G
will also measure DF. And it also measures the whole
of DC. Thus, it will also measure the remainder CF,
the greater (measuring) the lesser. The very thing is im-
possible. Thus, some number which is greater than CF
cannot measure the numbers AB and CD. Thus, CF is
the greatest common measure of AB and C'D. [(Which
is) the very thing it was required to show].

Corollary

So it is manifest, from this, that if a number measures
two numbers then it will also measure their greatest com-
mon measure. (Which is) the very thing it was required
to show.

Proposition 3

To find the greatest common measure of three given
numbers (which are) not prime to one another.

A B C D E F

Let A, B, and C be the three given numbers (which
are) not prime to one another. So it is required to find
the greatest common measure of A, B, and C.

For let the greatest common measure, D, of the two
(numbers) A and B have been taken [Prop. 7.2]. So D
either measures, or does not measure, C. First of all, let
it measure (C). And it also measures A and B. Thus, D
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measures A, B, and C. Thus, D is a common measure
of A, B, and C. So I say that (it is) also the greatest
(common measure). For if D is not the greatest common
measure of A, B, and C then some number greater than
D will measure the numbers A, B, and C. Let it (so)
measure (A, B, and C), and let it be E. Therefore, since
FE measures A, B, and C, it will thus also measure A and
B. Thus, it will also measure the greatest common mea-
sure of A and B [Prop. 7.2 corr.]. And D is the greatest
common measure of A and B. Thus, F measures D, the
greater (measuring) the lesser. The very thing is impossi-
ble. Thus, some number which is greater than D cannot
measure the numbers A, B, and C. Thus, D is the great-
est common measure of A, B, and C.

So let D not measure C. I say, first of all, that C
and D are not prime to one another. For since A, B, C
are not prime to one another, some number will measure
them. So the (number) measuring A, B, and C will also
measure A and B, and it will also measure the greatest
common measure, D, of A and B [Prop. 7.2 corr.]. And
it also measures C. Thus, some number will measure the
numbers D and C. Thus, D and C are not prime to one
another. Therefore, let their greatest common measure,
E, have been taken [Prop. 7.2]. And since E measures
D, and D measures A and B, E thus also measures A
and B. And it also measures C. Thus, F measures A, B,
and C. Thus, F is a common measure of A, B, and C. So
I say that (it is) also the greatest (common measure). For
if F is not the greatest common measure of A, B, and C
then some number greater than F will measure the num-
bers A, B, and C. Let it (so) measure (A4, B, and (), and
let it be F. And since F measures A, B, and C, it also
measures A and B. Thus, it will also measure the great-
est common measure of A and B [Prop. 7.2 corr.]. And
D is the greatest common measure of A and B. Thus, F
measures D. And it also measures C. Thus, ' measures
D and C. Thus, it will also measure the greatest com-
mon measure of D and C [Prop. 7.2 corr.]. And F is the
greatest common measure of D and C'. Thus, F' measures
E, the greater (measuring) the lesser. The very thing is
impossible. Thus, some number which is greater than E
does not measure the numbers A, B, and C. Thus, E is
the greatest common measure of A, B, and C. (Which
is) the very thing it was required to show.

Proposition 4

Any number is either part or parts of any (other) num-
ber, the lesser of the greater.

Let A and BC be two numbers, and let BC be the
lesser. I say that BC'is either part or parts of A.
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B

For A and BC are either prime to one another, or not.
Let A and BC, first of all, be prime to one another. So
separating BC into its constituent units, each of the units
in BC will be some part of A. Hence, BC is parts of A.

F__

A Y D

So let A and BC be not prime to one another. So BC
either measures, or does not measure, A. Therefore, if
BC measures A then BC is part of A. And if not, let the
greatest common measure, D, of A and BC have been
taken [Prop. 7.2], and let BC' have been divided into BF,
EF, and FC, equal to D. And since D measures A, D is
a part of A. And D is equal to each of BE, E'F, and FC.
Thus, BE, EF, and FC are also each part of A. Hence,
BC is parts of A.

Thus, any number is either part or parts of any (other)
number, the lesser of the greater. (Which is) the very
thing it was required to show.

Proposition 57

If a number is part of a number, and another (num-
ber) is the same part of another, then the sum (of the
leading numbers) will also be the same part of the sum
(of the following numbers) that one (number) is of an-
other.
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xal 0 A tob EZ, éoot dpa glotv év 16 BI dprdpol Toot w6
A, tocobtol eiot xol év 16 EZ dprduol loot w6 A. Sifjeriodw
6 pev BI eic tolc 16 A Tooug tobe BH, HI', 6 8¢ EZ eic
Tobg ¢ A Tooug o EO, ©Z: €otan 61| Toov 10 mhijdoc
t6v BH, HI' 16 mifdel t@dv EO, OZ. xai énel icog otiv
6 u¢v BH w3 A, 6 8¢ EO @ A, xal ot BH, EO dpa toic
A, Aoot. B ta adtd O %ol ol HI', ©Z toic A, A. dool
ipa [eloly] &v 16 BT dprduol Tool 16 A, tocobtol elol %ol
év toic BI', EZ ool toic A, A. 6canhaciwy dpa éotiy 6 BI'
ol A, tocavtamiociwy Eotl xol cuvoupodtepoc 6 BI', EZ
ocuvoppotépou o0 A, A. 6 dpa uépog éotiv 0 A ol BT, 10
a0TO Wépog Eotl xal cuvoppdtepog 0 A, A cuvaupotépou
w00 BI', EZ- énep €del Sei€on.

another (number) D (be) the same part of another (num-
ber) EF that A (is) of BC. I say that the sum A, D is also
the same part of the sum BC, F'F that A (is) of BC.

For since which(ever) part A is of BC, D is the same
part of EF, thus as many numbers as are in BC' equal
to A, so many numbers are also in EF' equal to D. Let
BC have been divided into BG and GC, equal to A, and
EF into EH and HF, equal to D. So the multitude of
(divisions) BG, GC will be equal to the multitude of (di-
visions) EH, HF. And since BG is equal to A, and FH
to D, thus BG, FH (is) also equal to A, D. So, for the
same (reasons), GC, HF (is) also (equal) to A, D. Thus,
as many numbers as [are] in BC equal to A, so many are
also in BC, EF equal to A, D. Thus, as many times as
BC is (divisible) by A, so many times is the sum BC, EF
also (divisible) by the sum A, D. Thus, which(ever) part
A is of BC, the sum A, D is also the same part of the
sum BC, EF. (Which is) the very thing it was required
to show.

t In modern notation, this proposition states that if a = (1/n) b and ¢ = (1/n) d then (a+¢) = (1/n) (b+ d), where all symbols denote numbers.

’

T.

‘Edav dpuduog derdpod péen 1), xol €tepog €tépou T
adtd uépn 1), %ol CUVOUPOTEROSC CUVAUPOTEROU TA adTA
uéen €oton, émep O €lg ol Evoc.

G)

1 B 1 E 1
r Z

Aprduoc yap 6 AB dpripod tob I' uéen Eotw, xal Etepog
6 AE etépou 1ol Z t& adtd pépn, 8nep 6 AB 1ol I Aéyow,
ot xal ouvoppotepoc 6 AB, AE cuvopgotépou o0 I, Z
T abTd Yépr Eotly, dnep 6 AB tob I

‘Enel ydp, & yépn €otlv 6 AB o0 I, o adta pépn xol
6 AE 00 Z, 6oa dpa éotiv Ev 16 AB péen tob I', tocadtd
gott ol €v 16 AE péen tob Z. dinprodn o uév AB eic ta
wob I' pépn & AH, HB, o 8¢ AE el & 100 Z pépn &
AB, OF- ot 81 Toov 10 mhijdoc v AH, HB & mhfdel
v AO, OE. xoi énel, 6 pépoc éotiv 6 AH to¥ I', 10

Proposition 61

If a number is parts of a number, and another (num-
ber) is the same parts of another, then the sum (of the
leading numbers) will also be the same parts of the sum
(of the following numbers) that one (number) is of an-
other.

H

Be B
For let a number AB be parts of a number C, and an-
other (number) DF (be) the same parts of another (num-
ber) F that AB (is) of C. I say that the sum AB, DE is
also the same parts of the sum C, F that AB (is) of C.
For since which(ever) parts AB is of C, DFE (is) also
the same parts of F, thus as many parts of C as are in AB,
so many parts of F' are also in DE. Let AB have been
divided into the parts of C, AG and GB, and DE into the
parts of F', DH and HE. So the multitude of (divisions)
AG, GB will be equal to the multitude of (divisions) DH,
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abTO Pépoc €otl xal & AO tol Z, 6 dpa pépoc éotiv 6 AH
ol I', 16 adt0 yépog éotl xal cuvaupdtepog 6 AH, AO
ocuvoppotépou o0 I', Z. Bid té adtd 81 xol & pépog Eotly O
HB o0 I', 10 a1 uépog €0l xal cuvaupodtepoc 6 HB, OE
ocuvoppotépou tob I', Z. & dpa péen €otlv 6 AB 100 I, &
a0td pépn €otl xal cuvaupdtegog 6 AB, AE cuvapgotégou
w00 I', Z- émep €det det€ou.

 In modern notation, this proposition states that if « = (m/n)b and ¢
numbers.

C/
‘Edav dpuduoc dprduot uépog 1, dnep dparpedelc depou-
pedévtog, ol 6 hownog Tol holmol 0 adTod Wépog EoTal,
6mep 0 6hog ol Ghou.

A E B

A

H r Z A

Aprduog yop 6 AB dpripot tob I'A yépoc éotw, énep
dpoupedelc 6 AE dpoupetévtog 100 I'Z: Aéyw, &t xol hotnog
6 EB hourod tob ZA 16 o010 uépog Eotly, énep 6hoc 6 AB
6hou 1ol TA.

"0 yap pépoc éotiv 0 AE 100 I'Z, 10 adtod pépoc Eotw
xal 6 EB tob I'H. xai énel, 6 yépog éotiv 6 AE 00 I'Z, 10
a0To Yépoc €oti ol 6 EB 1ol I'H, 6 dpa pépoc éotiv 6 AE
100 I'Z, 10 adto pépoc ol xal 6 AB 100 HZ. & 8¢ pépog
gotiv 6 AE 100 I'Z, 16 adt0 pépoc Omdxerton xal 6 AB tob
I'A- 8 dpa pépog Eott xat 6 AB tob HZ, 10 adto pépoc ot
xai tol A {ooc 8pa éotiv 6 HZ 16 TA. xowog dgpnerode
6 I'Z- hownoe dpa 0 HI' hownd w63 ZA €otwv Tooc. xol €mel,
0 wépoc éotlv 6 AE 100 T'Z, 16 adtod pépoc [Eoti] xal 6 EB
w00 HI', Tooc 8¢ 6 HI' 16 ZA, 6 8pa pépoc éotiv 6 AE oD
I'Z, ©0 a0t pépoc éoti xal 6 EB 1o ZA. 4\ 6 pépog
¢otlv 6 AE 10D I'Z, 16 abt0 yépoc éotl xal 6 AB 1ol I'A-
xal Aownog dpa 6 EB Aowmod 1ot ZA 10 adto pépog €otily,
onep 6hog 0 AB 6hou t00 I'A- dnep €del BeTEou.

HE. And since which(ever) part AG is of C, DH is also
the same part of F', thus which(ever) part AG is of C,
the sum AG, DH is also the same part of the sum C, F
[Prop. 7.5]. And so, for the same (reasons), which(ever)
part GB is of C, the sum GB, HF is also the same part
of the sum C, F. Thus, which(ever) parts AB is of C,
the sum AB, DF is also the same parts of the sum C, F.
(Which is) the very thing it was required to show.

= (m/n)d then (a + ¢) = (m/n) (b + d), where all symbols denote

Proposition 71

If a number is that part of a number that a (part)
taken away (is) of a (part) taken away then the remain-
der will also be the same part of the remainder that the
whole (is) of the whole.

A E B

A

G C F D

For let a number AB be that part of a number CD
that a (part) taken away AF (is) of a part taken away
CF. 1say that the remainder E B is also the same part of
the remainder F D that the whole AB (is) of the whole
CD.

For which(ever) part AF is of CF, let EB also be the
same part of CG. And since which(ever) part AE is of
CF, EB is also the same part of CG, thus which(ever)
part AE is of CF, AB is also the same part of GF
[Prop. 7.5]. And which(ever) part AF is of CF, AB is
also assumed (to be) the same part of CD. Thus, also,
which(ever) part AB is of GF, (AB) is also the same
part of CD. Thus, GF is equal to CD. Let CF have been
subtracted from both. Thus, the remainder GC is equal
to the remainder F'D. And since which(ever) part AE is
of CF, EB [is] also the same part of GC, and GC' (is)
equal to F'D, thus which(ever) part AFE is of CF, EB is
also the same part of F'D. But, which(ever) part AFE is of
CF, AB is also the same part of CD. Thus, the remain-
der EB is also the same part of the remainder F'D that
the whole AB (is) of the whole C'D. (Which is) the very
thing it was required to show.

t In modern notation, this proposition states that if a = (1/n) b and ¢ = (1/n) d then (a — ¢) = (1/n) (b— d), where all symbols denote numbers.

4
‘Edv dprduoc dpuduob uéen 7, Grep dponpedelc depou-
pedévioc, xal 6 Aomog Tob Aowmod td avtd uéen Eotou,
Gnep 6 6Aog Tl Ghou.

Proposition 87

If a number is those parts of a number that a (part)
taken away (is) of a (part) taken away then the remain-
der will also be the same parts of the remainder that the
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r Z A

H MK NO©

4 A B B

Aprduoc yap 6 AB dptduot 1ol I'A péen Eotw, Gnep
dpoupetelc 6 AE dpopetévtog 100 I'Z: Aéyw, &L xol hoinog
6 EB houtol 100 ZA & adtd yéen éotly, dnep 6hoc 6 AB
é\ou ol TA.

Keiodw yap w6 AB iooc 6 HO, & dpa yépn éotiv 0 HO
ol I'A, t& adta pépn éotl xal 6 AE tob I'Z. dineriodw o
uev HO eic td 1ol I'A péen 4 HK, KO, 6 8¢ AE eic & 100
I'Z pépn o AA, AE- éoton 87 Toov 10 mAfjdoc v HK, KO
6 Tdel iV AA, AE. xal énel, 6 yépoc éotiv 6 HK tob
A, t0 adto pépog €otl xal 6 AA 100 I'Z, petlwv 8¢ 6 A
00 I'Z, peilov dpa xol 6 HK 1o AA. xeloVw 6 AA Toog
6 HM. 6 8pa pépoc éotiv 6 HK toU I'A, 10 adto pépog ol
xol & HM to¥ I'Z- ol Aownog dpo 6 MK Aownol 100 ZA
TO aUTod Yépog Eatly, dnep 6hog 6 HK &hou tob T'A. mdhwy
énel, 6 pépoc gotlv 0 KO 100 I'A, 10 adto yépoc ol xal 6
EA 100 I'Z, peilwv 8¢ 6 TA 100 I'Z, pellwy dpo xoi 6 OK
100 EA. xeloYw 16 EA Tooc 6 KN. 6 dpo pépog éotiv 6 KO
00 I'A, 16 adto pépog éott xat 6 KN 1ol I'Z- xai Aoindg
Gpo 6 NO hourol 1ol ZA 1o adto pépog Eotly, 6mep Ghog O
KO 6hou tob I'A. €deiydn 8¢ xai hotndoc 6 MK Aounob tob
ZA 1o adtd pépoc v, énep dhoc 6 HK éhou tob I'A* xai
ouvoppotepog dpo 6 MK, NO 1ot AZ ta adtd péen éotly,
&nep 6hoc 6 OH 6hou 1ol I'A. Toog 8¢ cuvoupdTepog Pev
6 MK, NO 3 EB, 6 8¢ ©H & BA- xal hownog dpa 6 EB
oot 1ol ZA ta adta péen Eotly, dnep 6hoc 6 AB 6lou
ol I'A- Snep €det Set€on.

 In modern notation, this proposition states that if & = (m/n)b and ¢
numbers.

V.

‘Edav dpuduoc dprduod pépoc 1, xol Etepoc €tépou T
a0TO YEPOC T, xol EVAAAGE, & uépog Eatly 1) uépn O mpdSTog
ol tpltou, 10 adTd pépoc €otar 1) T& adTA péen xol O
debTepOC TOD TETdPTOU.

whole (is) of the whole.

C F D

G MK NH

A L E B

For let a number AB be those parts of a number C'D
that a (part) taken away AF (is) of a (part) taken away
CF. 1say that the remainder EB is also the same parts
of the remainder F'D that the whole AB (is) of the whole
CD.

For let GH be laid down equal to AB. Thus,
which(ever) parts GH is of CD, AFE is also the same
parts of CF. Let GH have been divided into the parts
of CD, GK and KH, and AF into the part of CF, AL
and LE. So the multitude of (divisions) GK, K H will be
equal to the multitude of (divisions) AL, LFE. And since
which(ever) part GK is of CD, AL is also the same part
of CF, and CD (is) greater than CF, GK (is) thus also
greater than AL. Let GM be made equal to AL. Thus,
which(ever) part GK is of CD, GM is also the same part
of C'F. Thus, the remainder M K is also the same part of
the remainder F'D that the whole GK (is) of the whole
CD [Prop. 7.5]. Again, since which(ever) part K H is of
CD, EL is also the same part of CF, and CD (is) greater
than CF, HK (is) thus also greater than FL. Let KN be
made equal to EL. Thus, which(ever) part KH (is) of
CD, KN is also the same part of CF. Thus, the remain-
der NH is also the same part of the remainder F'D that
the whole K H (is) of the whole C'D [Prop. 7.5]. And the
remainder M K was also shown to be the same part of
the remainder F'D that the whole GK (is) of the whole
CD. Thus, the sum MK, NH is the same parts of DF
that the whole HG (is) of the whole C'D. And the sum
MK, NH (is) equal to EB, and HG to BA. Thus, the
remainder E'B is also the same parts of the remainder
FD that the whole AB (is) of the whole C'D. (Which is)
the very thing it was required to show.

= (m/n)d then (a — ¢) = (m/n) (b — d), where all symbols denote

Proposition 91

If a number is part of a number, and another (num-
ber) is the same part of another, also, alternately,
which(ever) part, or parts, the first (number) is of the
third, the second (number) will also be the same part, or
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A A

Apuoc yap 6 A dprduod ol BI' pépoc Eotw, xal éte-
poc 0 A gtépou tol EZ 10 adtod pépoc, énep & A 1ol BI™
Ayw, 6t ol EVUANEE, & pépog éotiv 6 A ol A 7 péen,
a0TO P€pog Eotl xal 6 BI' ol EZ 1) péen.

"Enel yap 0 pépoc €otiv 6 A tob BT, 10 adto pépoc éoti
xol 6 A tol EZ, oot dpa ciolv év 16 BI' dprduol iool 16
A, tocobtol eiol xal év 16 EZ ool 16 A. dinpriotw o pev
BT eic touc 6 A Toouc toug BH, HI', 6 8¢ EZ €ic tolc 16
A {ooug toug EO, OZ: Eoton 81 Toov 10 mAfjdoc v BH,
HI' & mipdel tesv EO, OZ.

Kat énel Tool elolv ol BH, HI' dpuduol diinrolc, eiot
oe xal ol EQ, ©Z dptduol lool dARhotg, xal Eotv Toov 10
niidoc v BH, HI' 16 miidel wav EO, ©Z, 6 dpa pépoc
¢otiv 6 BH 10D EO 7} pépn, 10 adtd pépoc éoti xal 6 HI
ol OZ 1) ta adta péen Gote xal 6 pépog oty 0 BH ol
EO 1) péen, 10 adtd uépog €otl xal ouvaugpdtepog 0 BIY
ouvopotépou 100 EZ | ta adtd péen. loog 6¢ o pev BH
6 A, 6 8¢ EO 16 A+ 6 dpa pépog Eotly 6 A toD A 1) pépn,
10 a0To pépog €otl xol 0 BI' 1ol EZ 1) ta adta pépn Omep
€deu deiou.

t In modern notation, this proposition states that if a = (1/n)b and ¢ =
numbers.
V.

"Edv dprduog derduot yéen 1, xol Etepog ETépou Ta adTd
uéen 1), xal EvahAdg, & pépn Eotlv O mpdtog ToD Tpltou 1)
pépoc, o adtd Yépn Eoton xal 6 debtepoc tol TETPTOL 1)
T0 a0TO PéPOC.

Aprduoc yap 6 AB dprdpod tob I' uéen Eotw, xal Etepog
6 AE étépou toU Z Ta adtd pépn Aéyw, 6Tt xol EVUANSE,
& uéen éotiv 6 AB 100 AE 1) yépog, 1 adtd yéprn ol xal
6 I' 100 Z 1) 10 a1 pépoc.

the same parts, of the fourth.

E -
B -

H__
G-.
c! F

A D

For let a number A be part of a number BC, and an-
other (number) D (be) the same part of another EF that
A (is) of BC. I say that, also, alternately, which(ever)
part, or parts, A is of D, BC is also the same part, or
parts, of EF.

For since which(ever) part A is of BC, D is also the
same part of E'F, thus as many numbers as are in BC
equal to A, so many are also in EF equal to D. Let BC
have been divided into BG and GC, equal to A, and EF
into FH and HF, equal to D. So the multitude of (di-
visions) BG, GC will be equal to the multitude of (divi-
sions) FH, HF.

And since the numbers BG and GC are equal to one
another, and the numbers FH and HF are also equal to
one another, and the multitude of (divisions) BG, GC
is equal to the multitude of (divisions) FH, HC, thus
which(ever) part, or parts, BG is of FH, GC is also
the same part, or the same parts, of HF. And hence,
which(ever) part, or parts, BG is of EH, the sum BC
is also the same part, or the same parts, of the sum EF
[Props. 7.5, 7.6]. And BG (is) equal to A, and F'H to D.
Thus, which(ever) part, or parts, A is of D, BC' is also
the same part, or the same parts, of EF. (Which is) the
very thing it was required to show.

(1/n) d then if @ = (k/I) ¢ then b = (k/l) d, where all symbols denote

Proposition 107

If a number is parts of a number, and another (num-
ber) is the same parts of another, also, alternately,
which(ever) parts, or part, the first (number) is of the
third, the second will also be the same parts, or the same
part, of the fourth.

For let a number AB be parts of a number C, and
another (number) DE (be) the same parts of another F.
I say that, also, alternately, which(ever) parts, or part,
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B . ‘E .
r Z

‘Enel ydp, & yéen éotlv 6 AB 100 I, t& adtd pépn ot
xal 6 AE 100 Z, oo 8po éotiv év 16 AB péen tob I,
tooabta xol €v 16 AE péern 1ob Z. dinpriodw o uév AB eic
& o0 I' péen o AH, HB, 6 8¢ AE €ic t& tob Z pépn &
AB, OF- ot 81 Toov 10 mhijdoc v AH, HB 18 mhfde
v AO, OE. xai énel, 6 pépoc éotlv 6 AH w00 I, 10 o010
pépoc gotl xol 6 AO 100 Z, xol EVaANEE, 6 uépoc €oTiv O
AH 100 A© 7 yépn, O adto pépog éott xal 6 I' 10l Z 7
& 0T Yépn. Ol T& ot M) X, O pépog Eotiv 0 HB tol
OFE 1| péen, 10 adtod pépog éotl xal O I' oD Z 7 o adtd
uéen dote xal [0 pépoc totlv & AH 1ol AO # péer, T
a0To Yépog €otl xal 6 HB 1ot OF ¥ ta adtd yéen xal o
Gpo uépoc gotlv 6 AH 1ol AO 1 uépr, 1o adtod pépog €oti
xal 6 AB 100 AE 1) ta adtd uépn AN 6 pépoc éotiv 6 AH
o0 AO 7 uépn, T0 adTo Wépoc Edelydn xol 6 I' tol Z 1} t&
aOTd wépn, xol] & [Gpa] uéen oty 6 AB 1ol AE 1) pépoc,
T o0Ta Yépm €otl xol 6 I' tob Z ) 10 adto pépoc: Snep Edel
Oet€an.

t In modern notation, this proposition states that if a = (m/n)band ¢ =
numbers.

.

‘Eav 1} d¢ 6hog Ttpog 6hov, oltwe dponpedelc Tpog depat-
pedévTa, xol O AOLTOC TPOS TOV AOLTOV EoTal, (¢ OAOE TEOG
ONOV.

"Eotw @¢ 6hoc 6 AB npog 6hov tov I'A, obtwe depat-
pedelc 0 AE mpog dgarpedévta tov I'Z héyw, 6TL xol hoinog

6 EB npoc howndv tov ZA éotwy, &g 6hoc 6 AB mpoc 6hov
wov T'A.

ABis of DE, C is also the same parts, or the same part,
of F.

G

For since which(ever) parts AB is of C, DF is also
the same parts of F, thus as many parts of C as are in
AB, so many parts of F' (are) also in DE. Let AB have
been divided into the parts of C, AG and GB, and DFE
into the parts of F, DH and HE. So the multitude of
(divisions) AG, G B will be equal to the multitude of (di-
visions) DH, HE. And since which(ever) part AG is
of C, DH is also the same part of F, also, alternately,
which(ever) part, or parts, AG is of DH, C is also the
same part, or the same parts, of F' [Prop. 7.9]. And so,
for the same (reasons), which(ever) part, or parts, GB is
of HE, C is also the same part, or the same parts, of F’
[Prop. 7.9]. And so [which(ever) part, or parts, AG is of
DH, GB is also the same part, or the same parts, of HE.
And thus, which(ever) part, or parts, AG is of DH, AB is
also the same part, or the same parts, of DE [Props. 7.5,
7.6]. But, which(ever) part, or parts, AG is of DH, C
was also shown (to be) the same part, or the same parts,
of F. And, thus] which(ever) parts, or part, AB is of DF,
C is also the same parts, or the same part, of F. (Which
is) the very thing it was required to show.

(m/n) d then if a = (k/I) ¢ then b = (k/I) d, where all symbols denote

Proposition 11

If as the whole (of a number) is to the whole (of an-
other), so a (part) taken away (is) to a (part) taken away,
then the remainder will also be to the remainder as the
whole (is) to the whole.

Let the whole AB be to the whole C'D as the (part)
taken away AFE (is) to the (part) taken away C'F. I say
that the remainder EB is to the remainder F'D as the
whole AB (is) to the whole CD.
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BL Al

Enel éotv o 6 AB mpoc tov T'A, oltwe 6 AE npoc
tov I'Z, & Gpa pépoc éotiv 6 AB 100 T'A ) péen, 10 adto
pépoc €otl xal 6 AE 100 I'Z 1 t& adtd péen. xal Aoinog
Gpa 6 EB hownod 1ol ZA 16 adto pépoc Eotiv 1) uéen, dnep
6 AB 10U I'A. Eowwv dpa &c 6 EB npoc tov ZA, obtwe 6
AB npoc tov A émep €0eu deiou.

 In modern notation, this proposition states that if a : b :: ¢ : d then a

’
B
‘Eav dowv omocoody derduol avdioyov, €oton O¢ €lc
TEBY NYOULPEVLV PO EVal TGSV ETOUEVLY, 0UTKE dmavTes ol
NYoLUEVOL TPOC dnavTag ToUC ETOYEVOUC.

A B I A

"Eotwoav 6nocololv derduol dvdroyov ol A, B, I', A,
¢ 6 A mpog tov B, ot 6 I' mpog tov A+ Aéyw, 6T EoTly
¢ 0 A mpodg Tov B, obtwe ol A, T’ npdc tove B, A.

Enel ydp oty &g 0 A npoc tov B, obtwe 6 I' mpoc
Tov A, 6 dpa uépog Eatly 0 A oD B 1) uépn, 16 adtd pépog
gotl xal 6 I' 00 A 7} pépn. xol ouvapgpdtepoc dpo 6 A,
I' suvopgotépou 10l B, A 10 adto pépoc €otly 1) & adtd
uéen, dmep 6 A oD B. Eotwv Gpa g 6 A mpog tov B, obtee
ol A, T' mpoc tolc B, A- dnep €det det€an.

C -
F 4
A--
E 4
B: D!

(For) since as AB is to CD, so AFE (is) to CF, thus
which(ever) part, or parts, AB is of CD, AFE is also the
same part, or the same parts, of CF' [Def. 7.20]. Thus,
the remainder E'B is also the same part, or parts, of the
remainder F'D that AB (is) of CD [Props. 7.7, 7.8].
Thus, as EB is to FD, so AB (is) to CD [Def. 7.20].
(Which is) the very thing it was required to show.

:b:a— c:b— d, where all symbols denote numbers.

Proposition 127

If any multitude whatsoever of numbers are propor-
tional then as one of the leading (numbers is) to one of
the following so (the sum of) all of the leading (numbers)
will be to (the sum of) all of the following.

A B C D

Let any multitude whatsoever of numbers, A, B, C,
D, be proportional, (such that) as A (is) to B, so C (is)
to D. I say that as Aisto B, so A, C (is) to B, D.

For since as A is to B, so C (is) to D, thus which(ever)
part, or parts, A is of B, C is also the same part, or parts,
of D [Def. 7.20]. Thus, the sum A, C is also the same
part, or the same parts, of the sum B, D that A (is) of B
[Props. 7.5, 7.6]. Thus, as A isto B, so A, C (is) to B, D
[Def. 7.20]. (Which is) the very thing it was required to
show.

205



YTOIXEIQN C.

ELEMENTS BOOK 7

 In modern notation, this proposition states thatif a : b:: ¢ : d then a : b :: a + ¢ : b+ d, where all symbols denote numbers.

’

y'.

‘Edv téooapec dprduol dvdhoyov Gotv, xal EVoAAGE

avéhoyov EcovTal.

A B I A

"Eotwoav téooapes derduol dvdhoyov ol A, B, I', A,
¢ 6 A mpoc tov B, obtwe 0 T mpdg tov A+ Myw, 6t xal
EvahAaE dvdhoyov Ecovtat, Gc 6 A mpog tov I, obtwe 6 B
Tpog Tov A.

"Enel ydp éotv d¢ 6 A mpoc tov B, oltwe 6 I' mpoc tov
A, 0 dpa pépoc oty 0 A 10D B 1) uépr), T0 adto uépog ol
xal 6 I' 10D A 1) ta adta pépm. evahhag dpa, 6 pépog €otiv
6 A o0 I 1) yépn, 10 adto Yépog €otl xal 6 B oD A 1) ta
a0Td wépn. €otv Gpa g 6 A mpog tov I, obtwe 6 B npoc
wov A- érep €del delou.

t In modern notation, this proposition states thatif a : b:: ¢ : dthen a : ¢

0.

‘Edv ®owv onocolobv dprduol xal dAlol avtolg fool 10
nAfifog olvduo AapPavouevol xal év T6 auTté AoYw, xol B
Toov &v 16 alTd AOYE Ecoval.

Al i Al i
B——m— E. |
I'—— A ———

"Eotwoay 6mocotobv dprduol ol A, B, I' xal 8ot adtoig
lool 10 mAfilog oUvBuo AopPBavoyevol v ¢ avtd Aoy ol
A, E, Z, oc pgv 6 A mpoc tov B, oltwe 6 A npog tov E,
¢ 3¢ 6 B mpoc tov I, oltwg 0 E npog tov Z0 Aéyw, ot
xal 8 Toou éotlv ¢ 6 A mpdg tov I, oltwe 6 A mpodc tov
7.

‘Enel ydp gotv &¢ 6 A mpocg tov B, obtwe 6 A npog
tov B, évadhag po éotiv ic 0 A mpoc tov A, oltwe 6 B
Tpoc tov E. ndAw, énel oty g 6 B npog tov I, obtwe 6

Proposition 137

If four numbers are proportional then they will also
be proportional alternately.

A B C D

Let the four numbers A, B, C, and D be proportional,
(such that) as A (is) to B, so C (is) to D. I say that they
will also be proportional alternately, (such that) as A (is)
to C, so B (is) to D.

For since as A is to B, so C (is) to D, thus which(ever)
part, or parts, A is of B, C is also the same part,
or the same parts, of D [Def. 7.20]. Thus, alterately,
which(ever) part, or parts, A is of C, B is also the same
part, or the same parts, of D [Props. 7.9, 7.10]. Thus, as
Aisto C, so B (is) to D [Def. 7.20]. (Which is) the very
thing it was required to show.

2 b : d, where all symbols denote numbers.

Proposition 147

If there are any multitude of numbers whatsoever,
and (some) other (numbers) of equal multitude to them,
(which are) also in the same ratio taken two by two, then
they will also be in the same ratio via equality.

At ! D¢ !
B——mm E! |
Cr— F——m

Let there be any multitude of numbers whatsoever, A,
B, C, and (some) other (numbers), D, FE, F, of equal
multitude to them, (which are) in the same ratio taken
two by two, (such that) as A (is) to B, so D (is) to F,
and as B (is) to C, so F (is) to F. I say that also, via
equality, as A isto C, so D (is) to F.

For since as A is to B, so D (is) to F, thus, alternately,
as Aisto D, so B (is) to E [Prop. 7.13]. Again, since
as Bis to C, so E (is) to F, thus, alternately, as B is
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E npoc tov Z, Evadhdg Bpa oty &¢ 6 B npoc tov E; obtwg
6 I' mpog tov Z. &g 8¢ 6 B npoc tov E, obtwe 6 A npodg
wov A xal &¢ dpo 6 A mpoc tov A, obtwe 6 I mpog tov
Z évalha€ Bpo eotiv (g 6 A mpoc tov I, oltwe 6 A mpog
Tov Z- émep €0 deiou.

 In modern notation, this proposition states thatifa : b::d: eand b: c:

i€
"Edv yovag dorduov tva yetefi, loaxic 8¢ Etepog dpliuoc
Bhhov Tva Spldudv peTef], xol EVOANSE iodxic 1) Lovag TOV
teltov dprduoy Yetproet xal 6 SeUTEPOS TOV TETUPTOV.

B H ® T

Ar——

A
AN ! E I:< } Z

Movae yap 1 A dprdudy tva tov BIN petpeitw, iodxng 8¢
gtepoc derduoc 6 A dhov tvd dpuduov tov EZ petpelte:
Ayw, 6t xol évahha€ lodoag | A yovac tov A dprduov
peteel xol 0 BI' tov EZ.

"Enel yop iodxic /) A povoc tov BIN dprduov yetpel xol 6
A tov EZ, éoou dpa gioty év 16 BI' povddec, tocobof eiot
xal év 16 EZ dprduol ool 165 A. dinpriote 6 uev BT eic tac
&v eautd povadag tac BH, HO, O, 6 8¢ EZ eic toug 6 A
looug toug EK, KA, AZ. g€oton 81 loov 10 mAfjdoc tév BH,
HO, Or % niidel taév EK, KA, AZ. xal énel oo eloty ai
BH, HO, OT povddec dAAhauc, eiot 8¢ xoi ot EK, KA, AZ
dprduol tool dAAnholc, xal oty Toov o mhijdoc t&v BH,
HO, O yovédwv 16 mhidel v EK, KA, AZ doudusv,
gotan dpa ¢ ) BH povic npoc tov EK dprdudy, obtwe 7
HO povic npoc tov KA dprdpov xal 1) O povie npog tov
AZ Gprdudv. Eotan dpa xol (¢ €lc TV NYOLPEVWY TEoC Eva
BV EMopévey, olTwg dnavies ol NyoUuevol Tpdg dmavTog
Toug €nopévouc €otv dpa w¢ ) BH povac npoc tov EK
Gprdudv, obtwe 6 BI' mpog tov EZ. lon 8¢ /) BH povig T
A povddi, 6 8¢ EK dprduoc 16 A dprdud. Eotv dpa &c N
A povic mpoc Tov A dprdudy, obtwe 6 BIN npoc tov EZ.
lodic dpa ) A povae tov A dprduov petpel xoi 6 BI' tov
EZ- 6nep €deL Sei€on.

T This proposition is a special case of Prop. 7.9.

to F, so C (is) to F' [Prop. 7.13]. And as B (is) to F,
so A (is) to D. Thus, also, as A (is) to D, so C (is) to F.
Thus, alternately, as A isto C, so D (is) to F' [Prop. 7.13].
(Which is) the very thing it was required to show.

te: fthena:c:: d: f, where all symbols denote numbers.

Proposition 15

If a unit measures some number, and another num-
ber measures some other number as many times, then,
also, alternately, the unit will measure the third num-
ber as many times as the second (number measures) the
fourth.

B G H C

A— ;

E K L F

Dt ! f } } !

For let a unit A measure some number BC, and let
another number D measure some other number EF as
many times. I say that, also, alternately, the unit A also
measures the number D as many times as BC' (measures)
EF.

For since the unit A measures the number BC as
many times as D (measures) EF, thus as many units as
are in BC, so many numbers are also in FF' equal to
D. Let BC have been divided into its constituent units,
BG, GH, and HC, and E'F into the (divisions) EK, KL,
and LF, equal to D. So the multitude of (units) BG,
GH, HC will be equal to the multitude of (divisions)
EK, KL, LF. And since the units BG, GH, and HC
are equal to one another, and the numbers FK, K L, and
LF are also equal to one another, and the multitude of
the (units) BG, GH, HC is equal to the multitude of the
numbers FK, KL, LF, thus as the unit BG (is) to the
number EK, so the unit GH will be to the number KL,
and the unit HC to the number LF. And thus, as one of
the leading (numbers is) to one of the following, so (the
sum of) all of the leading will be to (the sum of) all of
the following [Prop. 7.12]. Thus, as the unit BG (is) to
the number EK, so BC (is) to EF. And the unit BG (is)
equal to the unit A, and the number EK to the number
D. Thus, as the unit A is to the number D, so BC' (is) to
EF. Thus, the unit A measures the number D as many
times as BC (measures) EF [Def. 7.20]. (Which is) the
very thing it was required to show.
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5.

Edav 800 dprdpol noAhamhactdoovtec dhAhioug Tolsol
Tvag, ol yevopevol €€ adtdy lool dAAloLc Ecovtot.

E+—-

"Eotwoav 8o dprduol ol A, B, xai 6 pev A tov B nok-
hamhaoldoac tov I toeitw, 6 8¢ B t1ov A nolhaniacidcog
Tov A noteltew Ayw, 61t loog Eotiy 6 TN 16 A.

‘Enel yap 6 A tov B nohhanhaoidooc tov I' tenolnxey,
6 B dpa tov I' petpel xatd tdc év 16 A povddac. petpel o8
xal ) E povac tov A dprdudv xota tac €v adtd povédog:
loduic Gpo | E povae tov A dprduov uetpel xal 6 B tov
I'. &vodhdE dpa iode | E povae tov B dprduov yetpel xal
6 A tov I'. ndhw, énel 6 B tov A nolanhaoidoac tov A
nenolnxeyv, 0 A Gpo tov A petpel xatd td¢ év 16 B povédoc.
petpel 8¢ xol N E poviag tov B xota tac &v adté povédoc:
lodic dpa ) E povae tov B dprduov petpel xol 6 A tov A.
loduic 8¢ M E povac tov B dprduov éuétper xod 6 A tov I
lodxic dpo 6 A éxdrepov oy I', A petpel. loog dpa Eotly
oI & A- Snep €del del€ou.

Proposition 167

If two numbers multiplying one another make some
(numbers) then the (numbers) generated from them will
be equal to one another.

Er——

Let A and B be two numbers. And let A make C (by)
multiplying B, and let B make D (by) multiplying A. I
say that C' is equal to D.

For since A has made C (by) multiplying B, B thus
measures C' according to the units in A [Def. 7.15]. And
the unit E also measures the number A according to the
units in it. Thus, the unit £ measures the number A as
many times as B (measures) C. Thus, alternately, the
unit £ measures the number B as many times as A (mea-
sures) C [Prop. 7.15]. Again, since B has made D (by)
multiplying A, A thus measures D according to the units
in B [Def. 7.15]. And the unit F also measures B ac-
cording to the units in it. Thus, the unit £ measures the
number B as many times as A (measures) D. And the
unit £ was measuring the number B as many times as
A (measures) C. Thus, A measures each of C and D an
equal number of times. Thus, C is equal to D. (Which is)
the very thing it was required to show.

 In modern notation, this proposition states that a b = b a, where all symbols denote numbers.

148
"Edv dprduoc 80o derdpoic noAlaniactdoos totfj Tvag,
ol yevoyevol €€ alt&Hv Tov adtov EEouat AGYov Toic ToANo-
TAACLOGVUETOY.

Ar—

B——— T |

Al i Er i
/—

Apduoe yoo 6 A dbo dordpobe toue B, I' molha-
naaotdoos touc A, E noteltw: Myw, 61t éotly ¢ 6 B npog
ov I', oltwe 6 A npoc tov E.

‘Enel yop 6 A tov B tolamhooidooc tov A tenolnxey,
6 B dpa tov A yetpel xatd o €v 6 A povddac. peTpel

Proposition 171

If a number multiplying two numbers makes some
(numbers) then the (numbers) generated from them will
have the same ratio as the multiplied (numbers).

Ar——

B—m— Ct |
Dt i E¢ !
F+—

For let the number A make (the numbers) D and
E (by) multiplying the two numbers B and C (respec-
tively). I say that as B is to C, so D (is) to E.

For since A has made D (by) multiplying B, B thus
measures D according to the units in A [Def. 7.15]. And
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0e %ol 1) Z povac tov A dprduov xatd tac év adté povadog:
lodic oot 1) Z povag tov A dprduov petpel xol 0 B tov A.
gotv Bpa &c 1 Z yovdc mpog tov A dprdudy, obtwe 6 B
TpOC TOV A Bi1d T adTd O xol (¢ N Z povide mpog tov A
apuiudy, obtwe 6 I' mpog Tov E* xol d¢ dpa 6 B mpog tov
A, obtwe 6 I' mpog tov E. évarha dpa éotlv (¢ 6 B mpog
wov I', oltwe 6 A npoc tov E- dnep €del Setlan.

the unit F' also measures the number A according to the
units in it. Thus, the unit F measures the number A as
many times as B (measures) D. Thus, as the unit F is
to the number A, so B (is) to D [Def. 7.20]. And so, for
the same (reasons), as the unit I’ (is) to the number A,
so C (is) to E. And thus, as B (is) to D, so C' (is) to E.
Thus, alternately, as B is to C, so D (is) to E [Prop. 7.13].
(Which is) the very thing it was required to show.

 In modern notation, this proposition states that if d = ab and e = acthen d : e :: b : ¢, where all symbols denote numbers.

4
LT] .
‘Eav 0o dpuluol Gpududv Tva moAlaniacidoovtes
nowidal Tvag, ol yevéuevol €€ adTiv Tov adtov EEouat Aoyov
TOIC TOAMNATAACLECATLY.

B——

E. |

Abo ydp dewuol ol A, B doiduév tiva tov I' mohha-
nhactdoavtec Touc A, E noeltwoay: Aéyw, 6TL 0Ty (¢ O
A npdg tov B, oltwe 6 A npog tov E.

‘Enel yop 0 A tov I' tolaniacidoog tov A nenolnxey,
xal 6 I' dpo tov A molhamhaoidoac tov A menolnxey. il
& o0Td 81 xal O I' tov B noAhaniacidoog tov E nenolnxev.
Gpriuoe 8N 6 I dbo dprdpobe tolc A, B nolanhactdoog
touc A, E nenolnxev. ot dpa G¢ 6 A npoc tov B, obtee
6 A npog tov E- dnep €del Set€on.

Proposition 187

If two numbers multiplying some number make some
(other numbers) then the (numbers) generated from
them will have the same ratio as the multiplying (num-
bers).

A——

E :

For let the two numbers A and B make (the numbers)
D and E (respectively, by) multiplying some number C.
I say thatas A isto B, so D (is) to E.

For since A has made D (by) multiplying C, C has
thus also made D (by) multiplying A [Prop. 7.16]. So, for
the same (reasons), C has also made E (by) multiplying
B. So the number C has made D and F (by) multiplying
the two numbers A and B (respectively). Thus, as A is to
B, so D (is) to E [Prop. 7.17]. (Which is) the very thing
it was required to show.

t In modern notation, this propositions states that if ac = d and bc = e then a : b :: d : e, where all symbols denote numbers.

.

‘Edv téooapec dorduol avdhoyov Gotv, 6 £x TeMTOU Xol
TETAETOL YEVOUEVOS dptduog Toog Eotan T¢5 €x deuTtépou xal
TplTou YEVOUEVE GELOUEs” ol EQV O EX TPMTOV XOol TETAETOU
yevouevog dplduoc loog 1 16 éx deutépou xol Teitou, ol
téooaopes dprduol dvdhoyov Ecovtal.

"Eoctwoav téooapec dprdupol dvdhoyov ol A, B, I', A,
oc 6 A mpoc tov B, oltwe 6 T npoc tov A, xal 6 pev A
Tov A molamhaoidooc tov E moweltw, 6 8¢ B tov I' noA-
hamhaoldooc Tov Z noleitw’ AMyw, 6Tt loog éotiv 6 E 16 Z.

Proposition 191

If four number are proportional then the number cre-
ated from (multiplying) the first and fourth will be equal
to the number created from (multiplying) the second and
third. And if the number created from (multiplying) the
first and fourth is equal to the (number created) from
(multiplying) the second and third then the four num-
bers will be proportional.

Let A, B, C, and D be four proportional numbers,
(such that) as A (is) to B, so C (is) to D. And let A make
E (by) multiplying D, and let B make F' (by) multiplying
C. I say that F is equal to F.
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A E Z

‘O yap A tov I' noManhaotdoog tov H noteltw. €nel
obv 6 A tov I' noManhaoidoog tov H menolnxev, tov 8¢
A nolManhaotdoog tov E nenolnxev, dorduoc 61 6 A Sbo
derduove tobg I', A nodhamhaoidooc tovc H, E nenoinxev.
go pa &g 6 I' mpog tov A, oltwe 6 H npodg tov E. N’
oc 0 I' mpoc tov A, oltwe 6 A mpoc tov B xal dc dpa
6 A mpoc tov B, oltwe 6 H mpoc tov E. ndwy, énet 6 A
tov I' mohhamhaoidoac tov H nemolnxev, dhha uny xol o
B tov I mtohhamhaoidoac tov Z nenoinxeyv, dbo 87 derduol
ol A, B dprdudv tva tov I' mtolhamhaocidoavtes tove H, Z
nenotfxacty. ot dpa kg 6 A tpodg tov B, obtwe 6 H npoc
TOV Z. dAAG uny ol 0¢ 6 A mpog Tov B, obtwe 6 H npoc
wov E- xal 6 dpo 6 H mpoc tov E; obtwe 6 H npog tov
Z. 6 H dpa npoc éxdrepov 1@V E; Z t0v adtov Exel Aoyov:
looc pa oty 6 E 16 Z.

"Eotw 81 méhw Tooc 6 E 16 Z- Méyw, 6T Eotlv &g 6 A
npoc tov B, 0ltwe 6 T mpoc tov A.

T&v yap a0tésv xataoxevacYEviwy, Enel loog €oTlv 6
E 16 Z, Eotwv dpa ¢ 6 H npoc tov E; obtwe 6 H npodg tov
Z. 3N &c pev 6 H mpog tov E; obtwe 6 I' npog tov A, 6¢
8¢ 6 H mpoc tov Z, oltwe 6 A npdc tov B. xal ¢ Gpa 6 A
npoc tov B, 0ltwe 6 I mpoc tov A+ dnep €det Seiou.

For let A make G (by) multiplying C. Therefore, since
A has made G (by) multiplying C, and has made E (by)
multiplying D, the number A has made G and E by mul-
tiplying the two numbers C' and D (respectively). Thus,
as C'isto D, so G (is) to E [Prop. 7.17]. But, as C (is) to
D, so A (is) to B. Thus, also, as A (is) to B, so G (is) to
E. Again, since A has made G (by) multiplying C, but,
in fact, B has also made F' (by) multiplying C, the two
numbers A and B have made GG and F' (respectively, by)
multiplying some number C'. Thus, as A is to B, so G (is)
to F' [Prop. 7.18]. But, also, as A (is) to B, so G (is) to
E. And thus, as G (is) to E, so G (is) to F. Thus, G has
the same ratio to each of F and F. Thus, E is equal to F'
[Prop. 5.9].

So, again, let E be equal to F. I say that as A is to B,
so C (is) to D.

For, with the same construction, since F is equal to F,
thus as G is to E, so G (is) to F' [Prop. 5.7]. But, as G
(is) to E, so C (is) to D [Prop. 7.17]. And as G (is) to F/,
so A (is) to B [Prop. 7.18]. And, thus, as A (is) to B, so
C (is) to D. (Which is) the very thing it was required to
show.

 In modern notation, this proposition reads thatif a : b :: ¢ : d then a d = bc, and vice versa, where all symbols denote numbers.

x.

Ot érdyotol Gprduol &y oV adtov AdYov ExoOviwy
abTolc uetpolol Toug TOV alTov Adyov €yovtog iodxic 6
te pellwv tov pellova xal 6 ENdcowY TOV EAGGTOVO.

"Eotwoay yap éAdytotol dprduol tév Tov adTOv AdYOV
gxoviwy toic A, B ol TA, EZ- Myw, ét lodwc 6 TA tov
A petpel xal 6 EZ tov B.

Proposition 20

The least numbers of those (numbers) having the
same ratio measure those (numbers) having the same ra-
tio as them an equal number of times, the greater (mea-
suring) the greater, and the lesser the lesser.

For let CD and EF be the least numbers having the
same ratio as A and B (respectively). I say that C'D mea-
sures A the same number of times as EF' (measures) B.

210



YTOIXEIQN C.

ELEMENTS BOOK 7

A B
- - I‘ -

H--

Al

‘O I'A yop 00 A olx ot pépn. el yop Suvatdy, Eotw:
xal 6 EZ Gpa toU B td adta pépn €otly, 8nep 6 A tob
A. boa Gpa éotiv év 16 T'A pépn 100 A, tocabtd éott xal
év 16 EZ péen tob B. dinpriodw 6 pev I'A eic ta 100 A
uéon ta I'H, HA, 6 8¢ EZ €ic ta 100 B péen o EO, ©Z-
gotoun 87 loov 0 mhijdog v T'H, HA & miidel tév EO,
OZ. xal énel loot eiotv ot 'H, HA gpwdpol dhhArowc, eiot
oe xal ol EQ, ©Z dptiuol lool dARhotg, xal Eotv Toov 10
nhdoc v I'H, HA 13 nhidel 1@y EO, ©Z, Eotwv dpa tx¢
6 I'H npoc tov EO, obtwe 6 HA mpoc tov OZ. €oton dpa
%ol &C €lg TEV HYOUUEVWY TPOC Eval TEV ETOUEVLY, 00TKC
dnovteg ol NyolUevoL TEdg AmovTaS TOUC ETOPEVOUC. ECTLY
Gpa ¢ 6 TH npoc tov EO, obtwe 6 T'A mpoc tov EZ- ol
I'H, EO &pa toic I'A, EZ &v 16 adté Aoyw ciolv ENdocoveg
Ovtec adT@v: Omep Eotiv GdUVaToV: UmdxewvTal yYap ol I'A,
EZ £hdyiotol 6V 1OV abtdV AdYyov EYOVIwy abTolc. olx
Gpo uéen éotiv 0 A 100 A+ pépog dpa. xal 6 EZ 100 B 10
a0to pépocg Eotly, émep 6 A ol A- iodc dpa 6 TA tov
A petpel xol 6 EZ tov B- dnep €del dei€on.

7
qA .

Ol npéStol mpdg dhAnhoug dprduol EAdyioTol eict TV TOV
aOTOV AOYOV EYOVTWY aTolC.

"Ectwoay npéStol npog dAAfhouc dorduol ol A, B- Aéyw,
6t ol A, B é\dyiotol eiol t6hv TOV adTOV AdYoV EYOVTwY
adTOoIC.

El yap pv, éoovtal tivec v A, B éhdooovec dprduol
£V T3 a0TE NOYw Gvteg toic A, B. Eotwoayv ol I'; A.

Ct E

D__

For CD is not parts of A. For, if possible, let it be
(parts of A). Thus, E'F is also the same parts of B that
CD (is) of A [Def. 7.20, Prop. 7.13]. Thus, as many parts
of A as are in C'D, so many parts of B are also in FF'. Let
CD have been divided into the parts of A, CG and GD,
and EF into the parts of B, EH and HF. So the multi-
tude of (divisions) CG, GD will be equal to the multitude
of (divisions) FH, HF. And since the numbers C'G and
GD are equal to one another, and the numbers £H and
HF are also equal to one another, and the multitude of
(divisions) CG, GD is equal to the multitude of (divi-
sions) FH, HF, thus as CG isto EH,so GD (is) to HF'.
Thus, as one of the leading (numbers is) to one of the
following, so will (the sum of) all of the leading (num-
bers) be to (the sum of) all of the following [Prop. 7.12].
Thus, as CG is to EH, so CD (is) to EF. Thus, CG
and EH are in the same ratio as CD and EF, being less
than them. The very thing is impossible. For C'D and
EF were assumed (to be) the least of those (numbers)
having the same ratio as them. Thus, C'D is not parts of
A. Thus, (it is) a part (of A) [Prop. 7.4]. And EF is the
same part of B that C'D (is) of A [Def. 7.20, Prop 7.13].
Thus, CD measures A the same number of times that EF’
(measures) B. (Which is) the very thing it was required
to show.

Proposition 21

Numbers prime to one another are the least of those
(numbers) having the same ratio as them.

Let A and B be numbers prime to one another. I say
that A and B are the least of those (numbers) having the
same ratio as them.

For if not then there will be some numbers less than A
and B which are in the same ratio as A and B. Let them
be C and D.
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Therefore, since the least numbers of those (num-
bers) having the same ratio measure those (numbers)
having the same ratio (as them) an equal number of
times, the greater (measuring) the greater, and the lesser
the lesser—that is to say, the leading (measuring) the
leading, and the following the following—C' thus mea-
sures A the same number of times that D (measures) B
[Prop. 7.20]. So as many times as C' measures A, so many
units let there be in E. Thus, D also measures B accord-
ing to the units in £. And since C measures A according
to the units in F, F thus also measures A according to
the units in C [Prop. 7.16]. So, for the same (reasons), £
also measures B according to the units in D [Prop. 7.16].
Thus, E measures A and B, which are prime to one an-
other. The very thing is impossible. Thus, there cannot
be any numbers less than A and B which are in the same
ratio as A and B. Thus, A and B are the least of those
(numbers) having the same ratio as them. (Which is) the
very thing it was required to show.

Proposition 22

The least numbers of those (numbers) having the
same ratio as them are prime to one another.

Al |
B |
Ct |

D——

E ——

Let A and B be the least numbers of those (numbers)
having the same ratio as them. I say that A and B are
prime to one another.

For if they are not prime to one another then some
number will measure them. Let it (so measure them),
and let it be C. And as many times as C' measures A, so
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many units let there be in D. And as many times as C
measures B, so many units let there be in E.

Since C measures A according to the units in D, C
has thus made A (by) multiplying D [Def. 7.15]. So, for
the same (reasons), C' has also made B (by) multiplying
E. So the number C has made A and B (by) multiplying
the two numbers D and F (respectively). Thus, as D is
to E, so A (is) to B [Prop. 7.17]. Thus, D and F are in
the same ratio as A and B, being less than them. The
very thing is impossible. Thus, some number does not
measure the numbers A and B. Thus, A and B are prime
to one another. (Which is) the very thing it was required
to show.

Proposition 23

If two numbers are prime to one another then a num-
ber measuring one of them will be prime to the remaining
(one).

[ |

A B C D

Let A and B be two numbers (which are) prime to
one another, and let some number C measure A. I say
that C and B are also prime to one another.

For if C and B are not prime to one another then
[some] number will measure C and B. Let it (so) mea-
sure (them), and let it be D. Since D measures C, and C'
measures A, D thus also measures A. And (D) also mea-
sures B. Thus, D measures A and B, which are prime
to one another. The very thing is impossible. Thus, some
number does not measure the numbers C' and B. Thus,
C and B are prime to one another. (Which is) the very
thing it was required to show.

Proposition 24

If two numbers are prime to some number then the
number created from (multiplying) the former (two num-
bers) will also be prime to the latter (number).
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For let A and B be two numbers (which are both)
prime to some number C. And let A make D (by) multi-
plying B. I say that C' and D are prime to one another.

For if C and D are not prime to one another then
[some] number will measure C' and D. Let it (so) mea-
sure them, and let it be E. And since C and A are prime
to one another, and some number E measures C, A and
E are thus prime to one another [Prop. 7.23]. So as
many times as £ measures D, so many units let there
be in F. Thus, F' also measures D according to the units
in F [Prop. 7.16]. Thus, F has made D (by) multiply-
ing F' [Def. 7.15]. But, in fact, A has also made D (by)
multiplying B. Thus, the (number created) from (multi-
plying) F and F' is equal to the (number created) from
(multiplying) A and B. And if the (rectangle contained)
by the (two) outermost is equal to the (rectangle con-
tained) by the middle (two) then the four numbers are
proportional [Prop. 6.15]. Thus, as F is to A, so B (is)
to F'. And A and F (are) prime (to one another). And
(numbers) prime (to one another) are also the least (of
those numbers having the same ratio) [Prop. 7.21]. And
the least numbers of those (numbers) having the same
ratio measure those (numbers) having the same ratio as
them an equal number of times, the greater (measuring)
the greater, and the lesser the lesser—that is to say, the
leading (measuring) the leading, and the following the
following [Prop. 7.20]. Thus, E measures B. And it also
measures C. Thus, F measures B and C, which are prime
to one another. The very thing is impossible. Thus, some
number cannot measure the numbers C and D. Thus,
C and D are prime to one another. (Which is) the very
thing it was required to show.

Proposition 25

If two numbers are prime to one another then the
number created from (squaring) one of them will be
prime to the remaining (number).

Let A and B be two numbers (which are) prime to
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one another. And let A make C (by) multiplying itself. I
say that B and C' are prime to one another.

A B C D

For let D be made equal to A. Since A and B are
prime to one another, and A (is) equal to D, D and B are
thus also prime to one another. Thus, D and A are each
prime to B. Thus, the (number) created from (multily-
ing) D and A will also be prime to B [Prop. 7.24]. And C
is the number created from (multiplying) D and A. Thus,
C and B are prime to one another. (Which is) the very
thing it was required to show.

Proposition 26

If two numbers are both prime to each of two numbers
then the (numbers) created from (multiplying) them will
also be prime to one another.

Al i Ct |
B—— D——
Et |

F |

For let two numbers, A and B, both be prime to each
of two numbers, C and D. And let A make F (by) mul-
tiplying B, and let C' make F' (by) multiplying D. I say
that £ and F are prime to one another.

For since A and B are each prime to C, the (num-
ber) created from (multiplying) A and B will thus also
be prime to C [Prop. 7.24]. And F is the (number) cre-
ated from (multiplying) A and B. Thus, E and C are
prime to one another. So, for the same (reasons), £ and
D are also prime to one another. Thus, C' and D are each
prime to E. Thus, the (number) created from (multiply-
ing) C and D will also be prime to FE [Prop. 7.24]. And
F' is the (number) created from (multiplying) C' and D.
Thus, F and F are prime to one another. (Which is) the
very thing it was required to show.
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Proposition 271

If two numbers are prime to one another and each
makes some (number by) multiplying itself then the num-
bers created from them will be prime to one another, and
if the original (numbers) make some (more numbers by)
multiplying the created (numbers) then these will also be
prime to one another [and this always happens with the

extremes].
A B C D E F

Let A and B be two numbers prime to one another,
and let A make C (by) multiplying itself, and let it make
D (by) multiplying C. And let B make E (by) multiplying
itself, and let it make F' by multiplying E. I say that C
and F, and D and F, are prime to one another.

For since A and B are prime to one another, and A has
made C' (by) multiplying itself, C and B are thus prime
to one another [Prop. 7.25]. Therefore, since C' and B
are prime to one another, and B has made E (by) mul-
tiplying itself, C and E are thus prime to one another
[Prop. 7.25]. Again, since A and B are prime to one an-
other, and B has made E (by) multiplying itself, A and
E are thus prime to one another [Prop. 7.25]. Therefore,
since the two numbers A and C are both prime to each
of the two numbers B and F, the (number) created from
(multiplying) A and C is thus prime to the (number cre-
ated) from (multiplying) B and E [Prop. 7.26]. And D is
the (number created) from (multiplying) A and C, and F’
the (number created) from (multiplying) B and E. Thus,
D and F are prime to one another. (Which is) the very
thing it was required to show.

 In modern notation, this proposition states that if a is prime to b, then a2 is also prime to b2, as well as a3 to b3, etc., where all symbols denote

numbers.

xn.
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dpyfic dprduol meésTol TEog AR AoLC EcovTal.

Proposition 28

If two numbers are prime to one another then their
sum will also be prime to each of them. And if the sum
(of two numbers) is prime to any one of them then the
original numbers will also be prime to one another.
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D! :

For let the two numbers, AB and BC, (which are)
prime to one another, be laid down together. I say that
their sum AC is also prime to each of AB and BC.

For if CA and AB are not prime to one another then
some number will measure CA and AB. Let it (so) mea-
sure (them), and let it be D. Therefore, since D measures
C A and AB, it will thus also measure the remainder BC.
And it also measures BA. Thus, D measures AB and
BC, which are prime to one another. The very thing is
impossible. Thus, some number cannot measure (both)
the numbers CA and AB. Thus, CA and AB are prime
to one another. So, for the same (reasons), AC and CB
are also prime to one another. Thus, C'A is prime to each
of AB and BC.

So, again, let CA and AB be prime to one another. I
say that AB and BC are also prime to one another.

For if AB and BC are not prime to one another then
some number will measure AB and BC. Let it (so) mea-
sure (them), and let it be D. And since D measures each
of AB and B(C, it will thus also measure the whole of
CA. And it also measures AB. Thus, D measures C A
and AB, which are prime to one another. The very thing
is impossible. Thus, some number cannot measure (both)
the numbers AB and BC. Thus, AB and BC are prime
to one another. (Which is) the very thing it was required
to show.

Proposition 29

Every prime number is prime to every number which
it does not measure.

>
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Let A be a prime number, and let it not measure B. I
say that B and A are prime to one another. For if B and
A are not prime to one another then some number will
measure them. Let C measure (them). Since C measures
B, and A does not measure B, C is thus not the same as
A. And since C measures B and A, it thus also measures
A, which is prime, (despite) not being the same as it.
The very thing is impossible. Thus, some number cannot
measure (both) B and A. Thus, A and B are prime to
one another. (Which is) the very thing it was required to
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show.

Proposition 30

If two numbers make some (number by) multiplying
one another, and some prime number measures the num-
ber (so) created from them, then it will also measure one
of the original (numbers).

D———

E |

For let two numbers A and B make C (by) multiplying
one another, and let some prime number D measure C. I
say that D measures one of A and B.

For let it not measure A. And since D is prime, A
and D are thus prime to one another [Prop. 7.29]. And
as many times as D measures C, so many units let there
be in E. Therefore, since D measures C according to
the units E, D has thus made C' (by) multiplying E
[Def. 7.15]. But, in fact, A has also made C' (by) multi-
plying B. Thus, the (number created) from (multiplying)
D and F is equal to the (number created) from (mul-
tiplying) A and B. Thus, as D is to A, so B (is) to E
[Prop. 7.19]. And D and A (are) prime (to one another),
and (numbers) prime (to one another are) also the least
(of those numbers having the same ratio) [Prop. 7.21],
and the least (numbers) measure those (numbers) hav-
ing the same ratio (as them) an equal number of times,
the greater (measuring) the greater, and the lesser the
lesser—that is to say, the leading (measuring) the lead-
ing, and the following the following [Prop. 7.20]. Thus,
D measures B. So, similarly, we can also show that if
(D) does not measure B then it will measure A. Thus,
D measures one of A and B. (Which is) the very thing it
was required to show.

Proposition 31

Every composite number is measured by some prime
number.

Let A be a composite number. I say that A is measured
by some prime number.

For since A is composite, some number will measure
it. Let it (so) measure (A), and let it be B. And if B
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is prime then that which was prescribed has happened.
And if (B is) composite then some number will measure
it. Let it (so) measure (B), and let it be C. And since
C measures B, and B measures A, C thus also measures
A. And if C is prime then that which was prescribed has
happened. And if (C is) composite then some number
will measure it. So, in this manner of continued inves-
tigation, some prime number will be found which will
measure (the number preceding it, which will also mea-
sure A). And if (such a number) cannot be found then an
infinite (series of) numbers, each of which is less than the
preceding, will measure the number A. The very thing is
impossible for numbers. Thus, some prime number will
(eventually) be found which will measure the (number)
preceding it, which will also measure A.

Cr——
Thus, every composite number is measured by some

prime number. (Which is) the very thing it was required
to show.

Proposition 32

Every number is either prime or is measured by some
prime number.

Al |

Let A be a number. I say that A is either prime or is
measured by some prime number.

In fact, if A is prime then that which was prescribed
has happened. And if (it is) composite then some prime
number will measure it [Prop. 7.31].

Thus, every number is either prime or is measured
by some prime number. (Which is) the very thing it was
required to show.

Proposition 33

To find the least of those (numbers) having the same
ratio as any given multitude of numbers.

Let A, B, and C be any given multitude of numbers.
So it is required to find the least of those (numbers) hav-
ing the same ratio as A, B, and C.

For A, B, and C are either prime to one another, or
not. In fact, if A, B, and C are prime to one another then
they are the least of those (numbers) having the same
ratio as them [Prop. 7.22].
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And if not, let the greatest common measure, D, of
A, B, and C have be taken [Prop. 7.3]. And as many
times as D measures A, B, C, so many units let there
be in E, F, G, respectively. And thus F, F, G mea-
sure A, B, C, respectively, according to the units in D
[Prop. 7.15]. Thus, E, F, G measure A, B, C (respec-
tively) an equal number of times. Thus, E, F, G are in
the same ratio as A, B, C (respectively) [Def. 7.20]. So I
say that (they are) also the least (of those numbers hav-
ing the same ratio as A, B, C). For if E, F', G are not
the least of those (numbers) having the same ratio as A,
B, C (respectively), then there will be [some] numbers
less than F, F', G which are in the same ratio as A, B, C
(respectively). Let them be H, K, L. Thus, H measures
A the same number of times that K, L also measure B,
C, respectively. And as many times as H measures A, so
many units let there be in M. Thus, K, L measure B,
C, respectively, according to the units in M. And since
H measures A according to the units in M, M thus also
measures A according to the units in H [Prop. 7.15]. So,
for the same (reasons), M also measures B, C accord-
ing to the units in K, L, respectively. Thus, M measures
A, B, and C. And since H measures A according to the
units in M, H has thus made A (by) multiplying M. So,
for the same (reasons), E has also made A (by) multiply-
ing D. Thus, the (number created) from (multiplying)
E and D is equal to the (number created) from (multi-
plying) H and M. Thus, as F (is) to H, so M (is) to
D [Prop. 7.19]. And F (is) greater than H. Thus, M
(is) also greater than D [Prop. 5.13]. And (M) measures
A, B, and C. The very thing is impossible. For D was
assumed (to be) the greatest common measure of A, B,
and C. Thus, there cannot be any numbers less than F,
F, G which are in the same ratio as A, B, C (respec-
tively). Thus, E, F, G are the least of (those numbers)
having the same ratio as A, B, C (respectively). (Which
is) the very thing it was required to show.

Proposition 34

To find the least number which two given numbers
(both) measure.
Let A and B be the two given numbers. So it is re-
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quired to find the least number which they (both) mea-
sure.

Er—— Fr—

For A and B are either prime to one another, or not.
Let them, first of all, be prime to one another. And let A
make C' (by) multiplying B. Thus, B has also made C
(by) multiplying A [Prop. 7.16]. Thus, A and B (both)
measure C. So I say that (C) is also the least (num-
ber which they both measure). For if not, A and B will
(both) measure some (other) number which is less than
C. Let them (both) measure D (which is less than C).
And as many times as A measures D, so many units let
there be in £. And as many times as B measures D,
so many units let there be in F. Thus, A has made D
(by) multiplying F, and B has made D (by) multiply-
ing F. Thus, the (number created) from (multiplying)
A and F is equal to the (number created) from (multi-
plying) B and F. Thus, as A (is) to B, so F (is) to E
[Prop. 7.19]. And A and B are prime (to one another),
and prime (numbers) are the least (of those numbers
having the same ratio) [Prop. 7.21], and the least (num-
bers) measure those (numbers) having the same ratio (as
them) an equal number of times, the greater (measuring)
the greater, and the lesser the lesser [Prop. 7.20]. Thus,
B measures F, as the following (number measuring) the
following. And since A has made C and D (by) multi-
plying B and E (respectively), thus as B is to E, so C
(is) to D [Prop. 7.17]. And B measures E. Thus, C also
measures D, the greater (measuring) the lesser. The very
thing is impossible. Thus, A and B do not (both) mea-
sure some number which is less than C. Thus, C is the
least (number) which is measured by (both) A and B.

AH——— B +rH—

F — E ——
C J
D |

G — H—

So let A and B be not prime to one another. And
let the least numbers, F and F, have been taken having
the same ratio as A and B (respectively) [Prop. 7.33].
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Thus, the (number created) from (multiplying) A and F
is equal to the (number created) from (multiplying) B
and F' [Prop. 7.19]. And let A make C' (by) multiplying
E. Thus, B has also made C (by) multiplying F. Thus,
A and B (both) measure C. So I say that (C) is also the
least (number which they both measure). For if not, A
and B will (both) measure some number which is less
than C. Let them (both) measure D (which is less than
(). And as many times as A measures D, so many units
let there be in G. And as many times as B measures D,
so many units let there be in H. Thus, A has made D
(by) multiplying GG, and B has made D (by) multiplying
H. Thus, the (number created) from (multiplying) A and
G is equal to the (number created) from (multiplying) B
and H. Thus, as A is to B, so H (is) to G [Prop. 7.19].
And as A (is) to B, so F' (is) to E. Thus, also, as F' (is)
to E, so H (is) to G. And F and E are the least (num-
bers having the same ratio as A and B), and the least
(numbers) measure those (numbers) having the same ra-
tio an equal number of times, the greater (measuring)
the greater, and the lesser the lesser [Prop. 7.20]. Thus,
E measures GG. And since A has made C' and D (by) mul-
tiplying £ and G (respectively), thus as F is to G, so C
(is) to D [Prop. 7.17]. And E measures G. Thus, C also
measures D, the greater (measuring) the lesser. The very
thing is impossible. Thus, A and B do not (both) mea-
sure some (number) which is less than C. Thus, C (is)
the least (number) which is measured by (both) A and
B. (Which is) the very thing it was required to show.

Proposition 35

If two numbers (both) measure some number then the
least (number) measured by them will also measure the
same (number).

Al I Bt |
C F

E |

For let two numbers, A and B, (both) measure some
number CD, and (let) E (be the) least (number mea-
sured by both A and B). I say that E also measures C'D.

For if E does not measure C'D then let E leave CF
less than itself (in) measuring DF'. And since A and B
(both) measure F, and F measures DF, A and B will
thus also measure DF. And (A and B) also measure the
whole of C'D. Thus, they will also measure the remainder
CF, which is less than E. The very thing is impossible.
Thus, E cannot not measure C'D. Thus, (F) measures
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(C'D). (Which is) the very thing it was required to show.

Proposition 36

To find the least number which three given numbers
(all) measure.

Let A, B, and C be the three given numbers. So it is
required to find the least number which they (all) mea-
sure.

Ar———

E ¢ |
F |

For let the least (number), D, measured by the two
(numbers) A and B have been taken [Prop. 7.34]. So C
either measures, or does not measure, D. Let it, first of
all, measure (D). And A and B also measure D. Thus,
A, B, and C (all) measure D. So I say that (D is) also
the least (number measured by A, B, and (). For if not,
A, B, and C will (all) measure [some] number which
is less than D. Let them measure E (which is less than
D). Since A, B, and C (all) measure E then A and B
thus also measure E. Thus, the least (number) measured
by A and B will also measure [E] [Prop. 7.35]. And D
is the least (number) measured by A and B. Thus, D
will measure F, the greater (measuring) the lesser. The
very thing is impossible. Thus, A, B, and C' cannot (all)
measure some number which is less than D. Thus, A, B,
and C (all) measure the least (number) D.

So, again, let C' not measure D. And let the least
number, F, measured by C and D have been taken
[Prop. 7.34]. Since A and B measure D, and D measures
E, A and B thus also measure E. And C also measures
[E]. Thus, A, B, and C [also] measure F. So I say that
(F is) also the least (number measured by A, B, and C).
For if not, A, B, and C will (all) measure some (number)
which is less than E. Let them measure F' (which is less
than F). Since A, B, and C (all) measure F', A and B
thus also measure F'. Thus, the least (number) measured
by A and B will also measure F' [Prop. 7.35]. And D
is the least (number) measured by A and B. Thus, D
measures F. And C also measures F. Thus, D and C
(both) measure F. Hence, the least (number) measured
by D and C will also measure F' [Prop. 7.35]. And FE

223



YTOIXEIQN C.

ELEMENTS BOOK 7

INGH
"Edv dprduoc b tvog dprduot yetpijton, 6 uetpoluevog
OUOVLPOY pépoc EEEL TG UETEODVTL.

Ar—

Aptduoc yap 6 A Uné tvog dpriuot tob B petpeloin:
Ay, 6TL 6 A opcdvupoy pépoc €yet ¢ B.

‘Oodxuc yop 6 B tov A petpeet, tocabton povades Eotw-
oav &v ¢ I'. énel 6 B tov A petpel xata tag év w6 I
povddag, petpel 8t xol | A povag tov I' dprduov xatd tac
&v a0Té povddoac, iodxe dpa 1 A yovae tov I' dorduov pe-
TEel xol 6 B tov A. évadhdE dpa iodc ) A povic tov B
Gpriuov yeteel xol 6 I' tov A+ 0 dpa pépog éotiv 1) A yovae
ol B dpriuol, 10 adtod yépog éotl xal 6 I' 100 A. 7 8e A
povae tol B dprdpot pépoc Eotly oudvupov adtd: xol 6 I
Gpa ToU A pépoc Eotiv dpwvupov 6 B. dote 6 A pépog
Eyel tov I' dudvupov évta w6 B 6mep €del Bel€au.

AT
‘Edv dprdpoc yépog €yn 6tioly, o dpwvLHoL dprduod
petpndnoeton T@ uépet.

Al |

B——

| |

A—

Apuoc yap 6 A pépoc Exétw otodv tov B, %ol w6 B
uépel opmvuuoc Eotw [dpuduog] 6 T Aéyw, 61t 6 T tov A
ueTpEEl.

‘Enel yap 6 B 100 A pépoc éotlv dpmvupov w6 I, Eott
oe %ol 1 A yovae tob I' pépog ducdvuuoy adtd, 6 dpa uépog

is the least (number) measured by C' and D. Thus, E
measures F', the greater (measuring) the lesser. The very
thing is impossible. Thus, A, B, and C cannot measure
some number which is less than F. Thus, E (is) the least
(number) which is measured by A, B, and C. (Which is)
the very thing it was required to show.

Proposition 37

If a number is measured by some number then the
(number) measured will have a part called the same as
the measuring (number).

D

For let the number A be measured by some number
B. Isay that A has a part called the same as B.

For as many times as B measures A, so many units
let there be in C. Since B measures A according to the
units in C, and the unit D also measures C' according
to the units in it, the unit D thus measures the number
C as many times as B (measures) A. Thus, alternately,
the unit D measures the number B as many times as C'
(measures) A [Prop. 7.15]. Thus, which(ever) part the
unit D is of the number B, C is also the same part of A.
And the unit D is a part of the number B called the same
as it (i.e., a Bth part). Thus, C is also a part of A called
the same as B (i.e., C is the Bth part of A). Hence, A has
a part C which is called the same as B (i.e., A has a Bth
part). (Which is) the very thing it was required to show.

Proposition 38

If a number has any part whatever then it will be mea-
sured by a number called the same as the part.

At |

B——

Ct |

D
For let the number A have any part whatever, B. And
let the [number] C be called the same as the part B (i.e.,
B is the Cth part of A). I say that C' measures A.
For since B is a part of A called the same as C, and
the unit D is also a part of C called the same as it (i.e.,
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gotlv i) A povag 100 I' dprduol, 16 adto yépog éotl xal 0 B
toU A lodac dpa ) A povig tov I dprduov petpel xol 6 B
Tov A. évahhdE dpa iodnag ) A povae tov B dprduov petpel
xal 6 I' tov A. 6 I dpa Tov A petpel” 6mep Edel dellau.

A

Aptduov elpely, Oc ENdylotog Oy EEet T& dodévta péen.

B r

G

"Eotw 1 dodévta péen ta A, B, I' 8l o1 dprduov
ebpely, O¢ Ehdylotog v el ta A, B, T' uéen,.

"Eotwoav yop toic A, B, I' pépeotv oucddvupor derjuol
ol A, E, Z, xai eiMigpdw Ond v A, E, Z éNdyiotog pe-
teoluevog dprduodg 6 H.

‘O H dpa opcdvopa péen Exet tolc A, E, Z. toic 8¢ A,
E, Z bucdvopa péen ottt A, B, I' 6 H dpa €yel o A, B,
I' uéen. Aéyw 01, &L xal EAdylotog v, el yap U, Eoton TiC
tob H éhdoowv dprdude, 6¢ €€t ta A, B, I' uépn. éotw o
©. énel 6 O éyel ta A, B, I" uépn, 6 O dpot Urd dpwviUWY
Gpriudsv petpndioetan tolc A, B, T' yépeowv. toic 8¢ A, B,
I' uépeoty opcvupol derduol eiow ol A, E, Z- 6 O dpo O1o
wyv A, E, Z yetpeitan. xoai oty éNdoowv tol H- dmep
gotlv ad0vaTov. oux dpa ot Tic o0 H EAdoowy dprdude,
Oc g€et tat A, B, T" puépn® émep €det Seiou.

D is the Cth part of ), thus which(ever) part the unit D
is of the number C, B is also the same part of A. Thus,
the unit D measures the number C as many times as B
(measures) A. Thus, alternately, the unit D measures the
number B as many times as C' (measures) A [Prop. 7.15].
Thus, C measures A. (Which is) the very thing it was
required to show.

Proposition 39

To find the least number that will have given parts.

A B C

H

Let A, B, and C be the given parts. So it is required
to find the least number which will have the parts A, B,
and C (i.e., an Ath part, a Bth part, and a Cth part).

For let D, E, and F be numbers having the same
names as the parts A, B, and C (respectively). And let
the least number, GG, measured by D, E, and F, have
been taken [Prop. 7.36].

Thus, G has parts called the same as D, F, and F
[Prop. 7.37]. And A, B, and C are parts called the same
as D, E, and F (respectively). Thus, G has the parts A,
B, and C. So I say that (G) is also the least (number
having the parts A, B, and C). For if not, there will be
some number less than G which will have the parts A,
B, and C. Let it be H. Since H has the parts A, B, and
C, H will thus be measured by numbers called the same
as the parts A, B, and C [Prop. 7.38]. And D, E, and
F' are numbers called the same as the parts A, B, and C
(respectively). Thus, H is measured by D, F, and F'. And
(H) is less than GG. The very thing is impossible. Thus,
there cannot be some number less than G which will have
the parts A, B, and C. (Which is) the very thing it was
required to show.
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