ELEMENTS BOOK 9

Applications of Number Theo

TThe propositions contained in Books 7-9 are generally attributed to the school of Pythagoras.
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o.
‘Edv d0o oSuolol éninedot dprduol TOANATAACLECAVTES
GAAHhOUG TTOLEGL TvVaL, O YEVOUEVOS TETEAYWVOC ECTAL.

A |

B |

1 |
At |

"Eoctwoav 0o duolor ninedot dordpol ot A, B, xol 6
A tov B nolanhaocidoag tov I noeltw: Aéyw, 6 6 T
TETEAYWVOC EGTV.

‘O yap A gautdv mohhamhaoidoas tov A moteltw. 6 A
Gpo TeTPdYWVOS E0Tv. Emel olv 6 A EquTOV PEV TOAAO-
nhaotdoog tov A tenoinxev, Tov 8¢ B molhanlaoidoas TOv
I' nenoinxeyv, Eotv dpa O 6 A mpog tov B, obtwe 0 A
npoc tov I'. xal énel ol A, B dpotol éninedol elowv dprduol,
v A, B dpa €lc yéooc dvahoyov éunintel dprduoe. Edv O¢
B00 dpLiudY YeTall xatd TO GUVEYES dvdhoYoV EUuminTwoty
apuuol, ool i avtolg éunintouaot, Tocolitol xal €ic ToUg
TOV aUTOV Adyov Eyovtac Gote xal v A, T glc péoog
dvdhoyov éuminter dordude. xoal Eott TETPAYWVOS O A-
teTpdywvoc dpa xol 6 I' énep Edel Belou.

ﬁ/
‘Edav 800 derdpol nolamhactdoovtes dGAARAOLS TOLESGL
teTpdywvoy, duotot ninedol o dprdpol.

Ar——
B |
1 |
At |

"Eotwoav 8o dpwduol ol A, B, xol 6 A tov B moiha-
TAaoldoos TeTPdywvov tov I' noleltw: AMéyw, éti ol A; B
Suotol éninedol eiotv dprdpol.

‘O yap A €autov tolhamhootdoos tov A moeltw: 6 A
Gpo TETEAYWVOC EoTiv. ol €mEl 6 A €UTOV UEV TOAAO-
nhaotdoog tov A nenolnxev, Tov 8¢ B molhaniaoidoas Tov
I' nenolnxev, €éotv dpa g 6 A mpog tov B, 6 A npog tov
I. xol énel & A tetpdywvoc éoty, dAAa xol 6 I', ot A, T
Gipa Buolot eninedol elowv. @V A, I' Spa eic péoog dvdhoyov

Proposition 1

If two similar plane numbers make some (number by)
multiplying one another then the created (number) will
be square.

Dt |

Let A and B be two similar plane numbers, and let A
make C' (by) multiplying B. I say that C is square.

For let A make D (by) multiplying itself. D is thus
square. Therefore, since A has made D (by) multiply-
ing itself, and has made C (by) multiplying B, thus as A
is to B, so D (is) to C [Prop. 7.17]. And since A and
B are similar plane numbers, one number thus falls (be-
tween) A and B in mean proportion [Prop. 8.18]. And if
(some) numbers fall between two numbers in continued
proportion then, as many (numbers) as fall in (between)
them (in continued proportion), so many also (fall) in
(between numbers) having the same ratio (as them in
continued proportion) [Prop. 8.8]. And hence one num-
ber falls (between) D and C in mean proportion. And D
is square. Thus, C (is) also square [Prop. 8.22]. (Which
is) the very thing it was required to show.

Proposition 2

If two numbers make a square (number by) multiply-
ing one another then they are similar plane numbers.

Ar——

Let A and B be two numbers, and let A make the
square (number) C' (by) multiplying B. I say that A and
B are similar plane numbers.

For let A make D (by) multiplying itself. Thus, D is
square. And since A has made D (by) multiplying itself,
and has made C' (by) multiplying B, thus as A is to B, so
D (is) to C [Prop. 7.17]. And since D is square, and C
(is) also, D and C are thus similar plane numbers. Thus,
one (number) falls (between) D and C' in mean propor-
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gunintet. ol Eotv Og 6 A mpoc tov I, obtwe 6 A npoc tov
B- xol t@v A, B 8pa €lc péoog dvdhoyov éunintel. €av O¢
dVo dpLudv el péoog dvdhoyov éuninty, duotol éninedol
elow [ol] dprdpoi- ol Spa A, B Suotol glow éninedor dmep
€deL deiou.

4
"Edv x0Bog Gorduog €autov TolAmAdcIdoas ToLf] Tiva,
6 yevépevoc x0Boc Eota.

I —

A H———

KoBoc yap dprduoc 6 A éoutdov mtolhaniaotdoas tov B
noleltw: Aéyw, 6Tt 0 B x0PBog éotiv.

Eiigdo yap 100 A mhevpd 0 I, xai 6 I' Eoutodv mohha-
nhaotdoog tov A noleltw. @avepdy 8Y) Eotiy, 611 6 I' tov A
noAlamhaoldoas Tov A nenolnxeyv. xol énel 6 I' Eéautov noA-
hamhaotdoog Tov A nenolnxev, 6 T dpa Tov A petpel xatd
TAG €V oUTE HOVADAS. GAAL PNV %ol 1) Hovag Tov I' petpel
XOTO TAG EV OTE Hovadag: ETy Bpa (dOC N LOVAS TpOS TOV
I, 6 T npoc tov A. ndhy, énet 6 I' tov A nolhanhaotdoos
tov A nenolnxev, 6 A dpa tov A petpel xatd tag év @ I
povddag. petpel 8¢ xol 1 wovag tov I' xatd tdg év adtd
povddac: oty Bpa d¢ 1 wovae mpoc tov I', 0 A mpog tov
AL N e M povie mpoc tov I', 6 T' mpoc tov A+ xal g
Gpa 1) povie mpog tov I', oltwe 6 I' mpdg tov A ol 6 A
Tpo¢ tov A. Tijc dpa wovddog xol ol A dprduol dbo yéool
Gvdhoyov xotd TO cuveEYES EunenTXacty dprduol ol I'; A.
TdAw, énel 0 A €aqutov Tolhamhaoidoac Tov B nemoinxey,
0 A dpo tov B uetpel xatd tag &v adté yovddoc: ueTpel 6&
xal 1) povde Tov A xortd tée €v adtd povddag: Eotiv Bpa Gog
N povic meoc tov A, 6 A mpog tov B. tijc 8¢ yovdboc xal
00 A 800 péool dvdhoyov gunentdxacty dorduol: xol Tév
A, B 3pa 800 péool avdroyov éunecobvton dprduol. Edv O¢
800 dpLiudsv 8o Yool dvdhoyov EuninTtwaoty, O Be TEETog
x0Boc 1}, xal 6 Sevtepog xVPBog Eoton. xal éotv 6 A x0Bog:
xal 6 B oo x0Bog éotiv: dnep €del Bel&ou.

0.

‘Edav x0Boc derduoc x0Bov dpuduov moiraniacidoog
ToLf] Tva, 6 yevouevog xOBog Eotan.

tion [Prop. 8.18]. And as D is to C, so A (is) to B. Thus,
one (number) also falls (between) A and B in mean pro-
portion [Prop. 8.8]. And if one (number) falls (between)
two numbers in mean proportion then [the] numbers are
similar plane (numbers) [Prop. 8.20]. Thus, A and B are
similar plane (numbers). (Which is) the very thing it was
required to show.

Proposition 3

If a cube number makes some (number by) multiply-
ing itself then the created (number) will be cube.

Al |

Cr—

D——

For let the cube number A make B (by) multiplying
itself. I say that B is cube.

For let the side C' of A have been taken. And let C'
make D by multiplying itself. So it is clear that C has
made A (by) multiplying D. And since C has made D
(by) multiplying itself, C' thus measures D according to
the units in it [Def. 7.15]. But, in fact, a unit also mea-
sures C' according to the units in it [Def. 7.20]. Thus, as
a unit is to C, so C' (is) to D. Again, since C' has made A
(by) multiplying D, D thus measures A according to the
units in C'. And a unit also measures C' according to the
units in it. Thus, as a unit is to C, so D (is) to A. But,
as a unit (is) to C, so C (is) to D. And thus as a unit (is)
to C, so C (is) to D, and D to A. Thus, two numbers, C'
and D, have fallen (between) a unit and the number A
in continued mean proportion. Again, since A has made
B (by) multiplying itself, A thus measures B according
to the units in it. And a unit also measures A according
to the units in it. Thus, as a unit is to A4, so A (is) to B.
And two numbers have fallen (between) a unit and A in
mean proportion. Thus two numbers will also fall (be-
tween) A and B in mean proportion [Prop. 8.8]. And if
two (numbers) fall (between) two numbers in mean pro-
portion, and the first (number) is cube, then the second
will also be cube [Prop. 8.23]. And A is cube. Thus, B
is also cube. (Which is) the very thing it was required to
show.

Proposition 4

If a cube number makes some (number by) multiply-
ing a(nother) cube number then the created (number)
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KoBoc yap dpriuoc 6 A x0Bov dprduov tov B noiho-
nhaotdoog tov I notelte’ Aéyw, &t 6 I' x0Boc otiv.

‘O yap A gautov molMamhactdoos tov A moleltw: o
A Gpo x0Boc Eotlv. ol €mel 6 A €aUTOV PEV TOAAO-
nhaotdoog Tov A tenoinxev, Tov 8¢ B molhamlaoidoas TOv
I' nemoinxev, Eotv dpa ¢ 6 A mpoc tov B, oltwe 6 A npoc
tov I, xal énel ol A, B x0Bol eioly, duotol otepeol elowv ol A,
B. w@v A, B dpa 800 péoot dvdhoyov unintovoty dprduol:
Gote xal v A, I' d0o péoor avdhoyov éunecobviou
Gpripol. xal ot xOBoc 6 A- x0Boc dpa xal 6 I mep
€0eL detou.

4
€.
"Edv x0Bog dprduog dprdudy tiva toAlaniocidoos xOBov
ToLfj, xol 6 molhamAactacielc xOBog Eotan.

Al |

B |
| |
A |

KoBoc yap dprduoc 6 A dordudv tvae tov B noiho-
mhaotdoos xOBov tov I' noeltw: AMéyw, 6t 6 B x0Bog eotiv.

‘O yap A €autov Tohhamhaoidoas Tov A ntoteltw: x0Bog
Gpo gotiv O AL xal Eel 60 A EqUTOV UEV TOANATAACLEO0E TOV
A menoinxev, tov 8¢ B noAaniacidoog tov I nenolnxev,
gotv Gpa ¢ 6 A mpog tov B, 6 A npodg tov I'. xal énel
ol A, I x0Bol elolv, duolol otepeol eiotv. @v A, T' dpa
B0 uéool dvdhoyov eunintouoy dprduol. xal Eotv g 6 A
npoc tov I', obtwe & A mpoc tov B- xal t@v A, B dpa 8o
péoot avdhoyov gunintovoty dprduol. xol éott xOBog 6 A-
x0Boc¢ Gpo ol xal 6 B+ émep €del Bellon.

’

T.

‘Edv dpriuoc éautov nohlamhaoidoas x0Bov molf, xol

will be cube.

o

For let the cube number A make C (by) multiplying
the cube number B. I say that C is cube.

For let A make D (by) multiplying itself. Thus, D is
cube [Prop. 9.3]. And since A has made D (by) multi-
plying itself, and has made C (by) multiplying B, thus
as Aisto B, so D (is) to C [Prop. 7.17]. And since A
and B are cube, A and B are similar solid (numbers).
Thus, two numbers fall (between) A and B in mean pro-
portion [Prop. 8.19]. Hence, two numbers will also fall
(between) D and C in mean proportion [Prop. 8.8]. And
D is cube. Thus, C (is) also cube [Prop. 8.23]. (Which
is) the very thing it was required to show.

Proposition 5

If a cube number makes a(nother) cube number (by)
multiplying some (number) then the (number) multi-
plied will also be cube.

Al |

o

For let the cube number A make the cube (number)
C (by) multiplying some number B. I say that B is cube.

For let A make D (by) multiplying itself. D is thus
cube [Prop. 9.3]. And since A has made D (by) multiply-
ing itself, and has made C (by) multiplying B, thus as A
is to B, so D (is) to C [Prop. 7.17]. And since D and C
are (both) cube, they are similar solid (numbers). Thus,
two numbers fall (between) D and C' in mean proportion
[Prop. 8.19]. And as D is to C, so A (is) to B. Thus,
two numbers also fall (between) A and B in mean pro-
portion [Prop. 8.8]. And A is cube. Thus, B is also cube
[Prop. 8.23]. (Which is) the very thing it was required to
show.

Proposition 6

If a number makes a cube (number by) multiplying
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a0tog xUPog Eotan.

I =
Aprduoc yap 6 A €autov mohhamhaoldoas x0Bov tov B
noleltw: Aéyw, 61l xal 6 A »x0UBog éotiv.
‘O yap A tov B nodhamhacidoog tov I' noteltw. énel obv
6 A €autov pEv moAamhactdoos tov B nenoinxev, tov 8¢
B noihanhaoidooag tov I' memoinxev, 6 I' dpa x0Bo¢ eotiv.
xal émel 6 A €autov molhamhaoldooc tov B nenolnxev, o
A Gpoa tov B petpel xatd tog v abtE povddac. peTpel 08
xal 1) govae tov A xatd Tac Ev avtd yovadac. EoTiv dpa
¢ N povae meos tov A, oltwe 6 A mpoc tov B. xol émel
6 A tov B noManhaotdoog tov I' tenoinxev, 6 B dpa tov
I' petpel xota tac év 16 A yovddoc. petpel 0€ ol 1) Lovic
oV A xotd T €v adTE povddag. EoTiv dpa (g 1) LovaC
Tpo¢ Tov A, 0btwe 6 B mpog tov I'. dAN” i 1) povie npoc
Tov A, ot 6 A mpoc Tov B xal t¢ dpa 6 A mpodg tov B,
0 B mpog tov I'. xal énel ol B, I' x0Bot elolv, duolol otepeol
elowv. @SV B, I dpa 800 péool avdroyoy eiowy dprduol. xol
gotv ¢ 0 B npoc tov I, 6 A mpog tov B. xal tév A, B
Gpa 800 Yéool avahoyov elowv dprduol. xal Eotv ®OPBog O
B- x0Boc dpa éotl xol 0 A- Omep €del BelEau.

C/
‘Edv oOvietoc dprduog dprdudy tiva moAhaniaoldoog
Tolfj Tva, 6 YEVOUEVOC OTEREDS ETTAL.

A |
Br—

I |

A ——

Er—

Yovdetog yap Gerduoc 6 A dpududy tva Tov B modha-
maaotdoos Tov I' moeltew: Myw, étt 6 I' otepede Eotiv.

Enel yop 6 A oOvietdc Eoty, Und Sprduol tvog e-
Tendnoeton. petpeiodw Vo Tol A, xal dodxic 0 A tov A
HETEEL, TocabTon Hovddeg Eotwoay év 16 E. énel oliv 6 A
Tov A petpel xota g £v 16 E povddac, 6 E dpa tov A
noAlamhaoldoas Tov A nenolnxev. xol énel 6 A tov B noA-
hamhaotdoos tov I' nenoinxeyv, 6 8¢ A éotwv 6 éx 6V A, E,
06 dpa éx v A, E tov B noAanhactdoog tov I' nenoinxey.
6 I' 8po otepede Eotv, mhevupal 8¢ avtod elow ol A, E, B

itself then it itself will also be cube.

At |

C |

For let the number A make the cube (number) B (by)
multiplying itself. I say that A is also cube.

For let A make C' (by) multiplying B. Therefore, since
A has made B (by) multiplying itself, and has made C
(by) multiplying B, C is thus cube. And since A has made
B (by) multiplying itself, A thus measures B according to
the units in (A). And a unit also measures A according
to the units in it. Thus, as a unit is to A, so A (is) to
B. And since A has made C' (by) multiplying B, B thus
measures C' according to the units in A. And a unit also
measures A according to the units in it. Thus, as a unit is
to A, so B (is) to C. But, as a unit (is) to A, so A (is) to
B. And thus as A (is) to B, (so) B (is) to C. And since B
and C are cube, they are similar solid (numbers). Thus,
there exist two numbers in mean proportion (between)
B and C [Prop. 8.19]. And as Bisto C, (so) A (is) to B.
Thus, there also exist two numbers in mean proportion
(between) A and B [Prop. 8.8]. And B is cube. Thus, A
is also cube [Prop. 8.23]. (Which is) the very thing it was
required to show.

Proposition 7

If a composite number makes some (number by) mul-
tiplying some (other) number then the created (number)
will be solid.

At

Br—

C J

D—

E |

For let the composite number A make C' (by) multi-
plying some number B. I say that C is solid.

For since A is a composite (number), it will be mea-
sured by some number. Let it be measured by D. And,
as many times as D measures A, so many units let there
be in E. Therefore, since D measures A according to
the units in £, F has thus made A (by) multiplying D
[Def. 7.15]. And since A has made C (by) multiplying B,
and A is the (number created) from (multiplying) D, F,
the (number created) from (multiplying) D, F has thus
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Omep €del del€ou.

,
T] .

‘Edv dnod povddoc 6mocololv dptduol eEfic dvdioyov
Gotv, 6 yev Tteltog amo THg povddoc TeTpdywvog €oTtou
xol ol Evo OlaAeimovieg, O 8¢ TétapToc xUPBog xal ol
dVo Bdleimovieg mdvteg, O d¢ EBBopoc xVPBog duo xal
TeTEdYWVOC %ol ol mévte dlaAeinovTee.

yn |

"Ectwoay dnod povédog 6nocolobv dplduol €€fic dvdhoy-
ov ol A, B, I', A, E, Z- Myw, 61t 0 uev tpitog amno
tfic povddoc 0 B tetpdywvde Eotl xol ol Eva Blakelnovteg
navTee, 0 08¢ tétaptog O I' wUPBoc xal ol Vo Blokeinovteg
Tavteg, 6 O¢ EPRBouog 6 Z xUPog dua xal TETEdYWVOS Xal ol
névte Olahelnovtec TdvTEC.

‘Enel ydp éotv d¢ 1) Yovdc mpog tov A, obtwg 6 A
Tpo¢ Tov B, lodxg dpa 1y yovac tov A dprduov petpel xal
6 A tov B. 7| 8¢ povac tov A dprduov petpel xotd Tac
&v aUTd povadac xol 0 A dpa Tov B petpel xatd tac év
6 A povddoc. 6 A dpa Eoutdov molhoamhacidoos tov B
nenolnxev: tetpdywvoc dpa éotly 0 B. xol énel ol B, I', A
€&ijc dvdhoydy eloty, 6 8¢ B tetpdywvoc otiy, xal 6 A dpa
TeTEdYwVOC EoTiv. Bl Ta o0Td Of) ol O Z TETPAYWVOCQ
gotwv.  ouolwe O8N deilopev, 6Tl xol ol Eva dlaheinovteg
TavTee TeTEdywvol elov. Aéyw O7, 6Tl xol 6 TETUPTOC Ao
tfic povddoc 6 I' x0og ol xal ol dVo Biahelnovteg tdvtec.
énel ydp EoTiv OC 1) wovac Tpog Tov A, obtwe 6 B mpog tov
I', lodic Bpo 1y povag Tov A dprduov petpel xol 6 B tov I'. 7)
8¢ povac Tov A dprdpov HETEET xotd TAS €V T6 A povddog:
xal 0 B dpa tov I' petpel xatd tog év 16 A povddac 6 A
Gpa tov B mohhamhaoidooc tov I' menolnxev. énel obv o
A éoutov ugv tolamiacidoog tov B nenoinxeyv, tov 6¢ B
noAhamhaoldoas Tov I' tenoinxev, x0Bog dpa éotlv 6 I'. xal
¢nel ol I', A, E, Z €&fic avdhoydv eioty, 6 8¢ I' xOBoc €otly,

made C' (by) multiplying B. Thus, C is solid, and its sides
are D, E, B. (Which is) the very thing it was required to
show.

Proposition 8

If any multitude whatsoever of numbers is continu-
ously proportional, (starting) from a unit, then the third
from the unit will be square, and (all) those (numbers
after that) which leave an interval of one (number), and
the fourth (will be) cube, and all those (numbers after
that) which leave an interval of two (numbers), and the
seventh (will be) both cube and square, and (all) those
(numbers after that) which leave an interval of five (num-
bers).

A——

Br——

F |

Let any multitude whatsoever of numbers, A, B, C,
D, E, F, be continuously proportional, (starting) from
a unit. I say that the third from the unit, B, is square,
and all those (numbers after that) which leave an inter-
val of one (number). And the fourth (from the unit), C,
(is) cube, and all those (numbers after that) which leave
an interval of two (numbers). And the seventh (from the
unit), F', (is) both cube and square, and all those (num-
bers after that) which leave an interval of five (numbers).

For since as the unit is to A4, so A (is) to B, the unit
thus measures the number A the same number of times
as A (measures) B [Def. 7.20]. And the unit measures
the number A according to the units in it. Thus, A also
measures B according to the units in A. A has thus made
B (by) multiplying itself [Def. 7.15]. Thus, B is square.
And since B, C, D are continuously proportional, and B
is square, D is thus also square [Prop. 8.22]. So, for the
same (reasons), F' is also square. So, similarly, we can
also show that all those (numbers after that) which leave
an interval of one (number) are square. So I also say that
the fourth (number) from the unit, C, is cube, and all
those (numbers after that) which leave an interval of two
(numbers). For since as the unit is to A, so B (is) to C,
the unit thus measures the number A the same number
of times that B (measures) C. And the unit measures the
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xal 6 Z dpa x0PBoc éotlv. €delydn de xol tetpdywvog: O dpa
gBdopog dno tfic wovddog x0Boc € EoTi xol TETPAYWVOC.
ouolwe on dellouev, 6Tl xal ol mévte BlaAelnovies ndvTeg
x0Bol Té elol xal TeTpdywvol dnep Edet ST,

V.

Edv dno povddoc omocowolv €€fic xotd 10 cuveyES
dprduol dvdhoyov Gotv, 6 8¢ UETA THYV LOVEDA TETEAYWVOG
1, ol ol hotrol ndvtec teTpdywvol Ecovtal. ol €dv 6 YeTd
TV povdda x0Boc ¥, xol ol hoirol mdvtee xOBol Ecovta.

Ar—

Br——

"Eotwoav dnd povddoc €Efic dvdhoyov 6coldnrotoly
deuipol ot A, B, I, A, E, Z, 6 8¢ yetd v povdda
6 A tetpdywvoc €oTw Aéyw, OTL %ol ol Aotmol TAVTES
TeTpdywvoL EcovTaL.

‘Ot yev obiv 6 Tpltog ano i povddoc 6 B tetpdywvoe
gotL ol ol éva damhelnovtee ndvtee, dédettan Aéyw [6v),
6Tl ol ol Aowtol mévtes teTpdywvol eiow. Emel yop ol A,
B, I &&fjc dvdhoydv oy, xal Eotty 0 A tetpdywvog, xol O
I [8pa] tetpdywvoc Eotv. mdhy, énel [xod] ol B, ', A é€fic
avéhoydy elowv, xol éotv & B tetpdywvoc, xol 6 A [dpa]
TETPAYWVOG E0TV. Opolwe Of) delfouey, 6T ol ol Aorol
TAVTES TETEAYWVOL Eloty.

AXha 01 Eoto 6 A x0Bog Myw, 6Tl %ol ol hotnol Tdvteg
x0fBol elolv.

“O1i yev obv 6 Tétaptog dnod tic povddog 6 I' xifog éotl
%ol ol dVo dheinovieg Tdvtee, dédetxton: Aéyw [84], dTL xol
ol Aotnol wavteg x0OBol elotv. Emel ydp €0Tv (OC 1) LOVAS TEOQ
tov A, oltwe 6 A mpoc Tov B, loduic dpa 1) povae tov A
petpel xol 6 A tov B. 1) 8¢ yovac tov A petpel xotd Tac év

number A according to the units in A. And thus B mea-
sures C' according to the units in A. A has thus made C
(by) multiplying B. Therefore, since A has made B (by)
multiplying itself, and has made C (by) multiplying B, C
is thus cube. And since C, D, E, F are continuously pro-
portional, and C is cube, F is thus also cube [Prop. 8.23].
And it was also shown (to be) square. Thus, the seventh
(number) from the unit is (both) cube and square. So,
similarly, we can show that all those (numbers after that)
which leave an interval of five (numbers) are (both) cube
and square. (Which is) the very thing it was required to
show.

Proposition 9

If any multitude whatsoever of numbers is continu-
ously proportional, (starting) from a unit, and the (num-
ber) after the unit is square, then all the remaining (num-
bers) will also be square. And if the (number) after the
unit is cube, then all the remaining (numbers) will also
be cube.

A——

B——

Let any multitude whatsoever of numbers, A, B, C,
D, E, F, be continuously proportional, (starting) from a
unit. And let the (number) after the unit, A, be square. I
say that all the remaining (numbers) will also be square.

In fact, it has (already) been shown that the third
(number) from the unit, B, is square, and all those (num-
bers after that) which leave an interval of one (number)
[Prop. 9.8]. [So] I say that all the remaining (num-
bers) are also square. For since A, B, C are continu-
ously proportional, and A (is) square, C is [thus] also
square [Prop. 8.22]. Again, since B, C, D are [also] con-
tinuously proportional, and B is square, D is [thus] also
square [Prop. 8.22]. So, similarly, we can show that all
the remaining (numbers) are also square.

And so let A be cube. I say that all the remaining
(numbers) are also cube.

In fact, it has (already) been shown that the fourth
(number) from the unit, C, is cube, and all those (num-
bers after that) which leave an interval of two (numbers)
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[Prop. 9.8]. [So] I say that all the remaining (numbers)
are also cube. For since as the unit is to A, so A (is) to
B, the unit thus measures A the same number of times
as A (measures) B. And the unit measures A according
to the units in it. Thus, A also measures B according to
the units in (A). A has thus made B (by) multiplying it-
self. And A is cube. And if a cube number makes some
(number by) multiplying itself then the created (number)
is cube [Prop. 9.3]. Thus, B is also cube. And since the
four numbers A, B, C, D are continuously proportional,
and A is cube, D is thus also cube [Prop. 8.23]. So, for
the same (reasons), F is also cube, and, similarly, all the
remaining (numbers) are cube. (Which is) the very thing
it was required to show.

Proposition 10

If any multitude whatsoever of numbers is [continu-
ously] proportional, (starting) from a unit, and the (num-
ber) after the unit is not square, then no other (number)
will be square either, apart from the third from the unit,
and all those (numbers after that) which leave an inter-
val of one (number). And if the (number) after the unit
is not cube, then no other (number) will be cube either,
apart from the fourth from the unit, and all those (num-
bers after that) which leave an interval of two (numbers).

A——

B——

Let any multitude whatsoever of numbers, A, B, C,
D, E, F, be continuously proportional, (starting) from
a unit. And let the (number) after the unit, A, not be
square. I say that no other (number) will be square ei-
ther, apart from the third from the unit [and (all) those
(numbers after that) which leave an interval of one (num-
ber)].

For, if possible, let C' be square. And B is also
square [Prop. 9.8]. Thus, B and C have to one another
(the) ratio which (some) square number (has) to (some
other) square number. And as B is to C, (so) A (is)
to B. Thus, A and B have to one another (the) ratio
which (some) square number has to (some other) square
number. Hence, A and B are similar plane (numbers)
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[Prop. 8.26]. And B is square. Thus, A is also square.
The very opposite thing was assumed. C is thus not
square. So, similarly, we can show that no other (number
is) square either, apart from the third from the unit, and
(all) those (numbers after that) which leave an interval
of one (number).

And so let A not be cube. I say that no other (num-
ber) will be cube either, apart from the fourth from the
unit, and (all) those (numbers after that) which leave an
interval of two (numbers).

For, if possible, let D be cube. And C is also cube
[Prop. 9.8]. For it is the fourth (number) from the unit.
And as C is to D, (so) B (is) to C. And B thus has to
C the ratio which (some) cube (number has) to (some
other) cube (number). And C is cube. Thus, B is also
cube [Props. 7.13, 8.25]. And since as the unit is to
A, (so) A (is) to B, and the unit measures A accord-
ing to the units in it, A thus also measures B according
to the units in (4). Thus, A has made the cube (num-
ber) B (by) multiplying itself. And if a number makes a
cube (number by) multiplying itself then it itself will be
cube [Prop. 9.6]. Thus, A (is) also cube. The very oppo-
site thing was assumed. Thus, D is not cube. So, simi-
larly, we can show that no other (number) is cube either,
apart from the fourth from the unit, and (all) those (num-
bers after that) which leave an interval of two (numbers).
(Which is) the very thing it was required to show.

Proposition 11

If any multitude whatsoever of numbers is continu-
ously proportional, (starting) from a unit, then a lesser
(number) measures a greater according to some existing
(number) among the proportional numbers.

Ar———

E |

Let any multitude whatsoever of numbers, B, C, D,
E, be continuously proportional, (starting) from the unit
A. 1 say that, for B, C, D, E, the least (number), B,
measures F according to some (one) of C, D.

For since as the unit A is to B, so D (is) to E, the
unit A thus measures the number B the same number of
times as D (measures) E. Thus, alternately, the unit A
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measures D the same number of times as B (measures)
E [Prop. 7.15]. And the unit A measures D according to
the units in it. Thus, B also measures E according to the
units in D. Hence, the lesser (number) B measures the
greater F according to some existing number among the
proportional numbers (namely, D).

Corollary

And (it is) clear that what(ever relative) place the
measuring (number) has from the unit, the (number)
according to which it measures has the same (relative)
place from the measured (number), in (the direction of
the number) before it. (Which is) the very thing it was
required to show.

Proposition 12

If any multitude whatsoever of numbers is continu-
ously proportional, (starting) from a unit, then however
many prime numbers the last (number) is measured by,
the (number) next to the unit will also be measured by
the same (prime numbers).

AFH——H E+—
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Let any multitude whatsoever of numbers, A, B, C,
D, be (continuously) proportional, (starting) from a unit.
I say that however many prime numbers D is measured
by, A will also be measured by the same (prime numbers).

For let D be measured by some prime number E. I
say that E measures A. For (suppose it does) not. F is
prime, and every prime number is prime to every num-
ber which it does not measure [Prop. 7.29]. Thus, FE
and A are prime to one another. And since F measures
D, let it measure it according to F'. Thus, F has made
D (by) multiplying F'. Again, since A measures D ac-
cording to the units in C' [Prop. 9.11 corr.], A has thus
made D (by) multiplying C. But, in fact, F has also
made D (by) multiplying F. Thus, the (number cre-
ated) from (multiplying) A, C is equal to the (number
created) from (multiplying) FE, F. Thus, as A is to F,
(so) F (is) to C [Prop. 7.19]. And A and E (are) prime
(to one another), and (numbers) prime (to one another
are) also the least (of those numbers having the same ra-
tio as them) [Prop. 7.21], and the least (numbers) mea-
sure those (numbers) having the same ratio as them an
equal number of times, the leading (measuring) the lead-

Fr———-d
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ing, and the following the following [Prop. 7.20]. Thus,
E measures C. Let it measure it according to G. Thus,
E has made C' (by) multiplying G. But, in fact, via the
(proposition) before this, A has also made C' (by) multi-
plying B [Prop. 9.11 corr.]. Thus, the (number created)
from (multiplying) A, B is equal to the (number created)
from (multiplying) FE, G. Thus, as A is to E, (so) G
(is) to B [Prop. 7.19]. And A and E (are) prime (to
one another), and (numbers) prime (to one another are)
also the least (of those numbers having the same ratio
as them) [Prop. 7.21], and the least (numbers) measure
those (numbers) having the same ratio as them an equal
number of times, the leading (measuring) the leading,
and the following the following [Prop. 7.20]. Thus, E
measures B. Let it measure it according to H. Thus,
FE has made B (by) multiplying H. But, in fact, A has
also made B (by) multiplying itself [Prop. 9.8]. Thus,
the (number created) from (multiplying) F, H is equal
to the (square) on A. Thus, as E is to A, (so) A (is)
to H [Prop. 7.19]. And A and FE are prime (to one an-
other), and (numbers) prime (to one another are) also
the least (of those numbers having the same ratio as
them) [Prop. 7.21], and the least (numbers) measure
those (numbers) having the same ratio as them an equal
number of times, the leading (measuring) the leading,
and the following the following [Prop. 7.20]. Thus, E
measures A, as the leading (measuring the) leading. But,
in fact, (F) also does not measure (A4). The very thing
(is) impossible. Thus, F and A are not prime to one
another. Thus, (they are) composite (to one another).
And (numbers) composite (to one another) are (both)
measured by some [prime] number [Def. 7.14]. And
since F is assumed (to be) prime, and a prime (number)
is not measured by another number (other) than itself
[Def. 7.11], E thus measures (both) A and F. Hence, E
measures A. And it also measures D. Thus, E measures
(both) A and D. So, similarly, we can show that however
many prime numbers D is measured by, A will also be
measured by the same (prime numbers). (Which is) the
very thing it was required to show.

Proposition 13

If any multitude whatsoever of numbers is continu-
ously proportional, (starting) from a unit, and the (num-
ber) after the unit is prime, then the greatest (number)
will be measured by no [other] (numbers) except (num-
bers) existing among the proportional numbers.

Let any multitude whatsoever of numbers, A, B, C,
D, be continuously proportional, (starting) from a unit.
And let the (number) after the unit, A, be prime. I say

263



YTOIXEIOQN V.

ELEMENTS BOOK 9

B+— /o
I'——— H——
A | e ——

El ydp duvatoév, petpeicdw bno 10l E, xol 6 E undevt
v A, B, I éotw 0 abtéc. @avepodv 81, 6t 0 E npdStog
obx otwv. el yap 6 E np@toc €oTt %ol YeTpel TOv A, xal TOv
A yetproel mpBtov Gvto pn GV adtd 6 abTtés Onep £0TLV
ad0vatov. o0 dea & E mp&téc Eotv. olvdetog dpa. mdic
8¢ obvietog dpriuog DO TpGTOL TVOC dpLduol peTpeiTon:
6 E dpa U1o npdtou tvog dptduol yetpeltan. Aéyw 8Y), &t
01" 00UBeVOC Bhhou pwTou petendioeTton TATY ToU A. el yap
0’ etépou yetpeitan 0 E, 6 03¢ E tov A petpel, xdxeivog dpa
oV A petpioel Gdote xol OV A petprioel npdtov Gvta Ui
v a0t 6 adtég brep Eotlv adlvatov. O A dpa tov E
peTeel. xol émel 6 B tov A petpel, petpeitw adtov xotd tov
Z. Myw, 61 6 Z ovdevi v A, B, T' éotv 6 adtde. €l yop 6
Zevi v A, B, T éony 0 adtog xol petpel tov A xatd tov
E, xal €lc dpa tév A, B, I" tov A petpel xatd tov E. dhha
glc v A, B, I tov A petpel xatd tiva tév A, B, I' xal 6
E Gpa vl t@v A, B, I' oty 6 adtéc dmep oy OmdxeLta.
oux Gpa O Z evi v A, B, T" éorv 6 adtéc. ouoine oM
del€ouev, Ot yetpeitow O Z Umo ol A, devivieg T,
6t 0 Z olx €0t mp@toc. €l yop, xol HETEEL TOV A, ol TOV
A yetprioel mpBTov dvto pn OV avtd 6 abToéc Onep EO0TIV
ad0vaTov: 00X dpa TE&TéC EoTy O Z* clvietog Jpoa. 8mog
8¢ olvieToc GpLduoc Lo TEWMTOL TVOC detduol petpelton” 6
Z Gpa Yo TEWTOL TVOC GELduol peTeeltol. Aéyw 67, 6TL LY’
gtépou mpdhTou 0L uetenifoeton TRV ToU A. el yop Etepde
TC TE&TOC TOV Z PeTpel, 6 8¢ Z tOv A uetpel, xdxeivog
Gpa Tov A petprioel dote xol Tov A yetprioel tpéTov Gvta
un &V adte 6 adtog Onep Eotlv ddUVaTov. 6 A dpa Tov Z
uetpel. xol émel 0 E tov A yetpel xatd tov Z, 6 E dpa tov
Z nolomhaoldoos Tov A nemoinxey. GANS uny xol 6 A tov
I' mohamhaoidoas tov A memoinxev: 6 po éx v A, T
loocg éoTl 6 éx ey E, Z. dvdhoyov Gpa Eotiv (¢ 6 A mpodg
tov E, oUtwe 6 Z npog tov I, 6 8¢ A tov E petpel- xol 6 Z
Gpo TOV I' yetpel. petpeitw adtov xatd tov H. dpolwe o7
del€opev, 6Tt 6 H oldevi tiv A, B éotv 6 adtoc, xal &t
petpelton OO To0 A. ol énel 6 Z tov I petpel xoata tov H,
6 Z 8po tov H noAanhaotdoog tov I' nenolnxev. AN unv
xal 6 A tov B noAManhaoidoog tov I' nenolnxev: 6 Spo éx
v A, B iooc éoti 16 éx iy Z, H. dvéddhoyov dpa o 6 A
Tpo¢ Tov Z, 6 H mpoc tov B. petpel 8¢ 6 A toOv Z- petpel
Gpa xot 6 H tov B. yetpeltey adtdv xatd tov ©. duoing o1
Oeilopev, 6t 6 O 6 A olx Eotwv 6 adtde. xal énel 6 H tov

that the greatest of them, D, will be measured by no other
(numbers) except A, B, C.
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For, if possible, let it be measured by F, and let E not
be the same as one of A, B, C. So it is clear that F is
not prime. For if F is prime, and measures D, then it will
also measure A, (despite A) being prime (and) not being
the same as it [Prop. 9.12]. The very thing is impossible.
Thus, F is not prime. Thus, (it is) composite. And every
composite number is measured by some prime number
[Prop. 7.31]. Thus, E is measured by some prime num-
ber. So I say that it will be measured by no other prime
number than A. For if E is measured by another (prime
number), and F measures D, then this (prime number)
will thus also measure D. Hence, it will also measure A,
(despite A) being prime (and) not being the same as it
[Prop. 9.12]. The very thing is impossible. Thus, A mea-
sures E. And since E measures D, let it measure it ac-
cording to F'. Isay that F' is not the same as one of A, B,
C. For if F is the same as one of A, B, C, and measures
D according to F, then one of A, B, C thus also measures
D according to E. But one of A, B, C (only) measures
D according to some (one) of A, B, C [Prop. 9.11]. And
thus F is the same as one of A, B, C. The very oppo-
site thing was assumed. Thus, F' is not the same as one
of A, B, C. Similarly, we can show that F' is measured
by A, (by) again showing that F' is not prime. For if (F'
is prime), and measures D, then it will also measure A,
(despite A) being prime (and) not being the same as it
[Prop. 9.12]. The very thing is impossible. Thus, F is
not prime. Thus, (it is) composite. And every composite
number is measured by some prime number [Prop. 7.31].
Thus, F' is measured by some prime number. So I say
that it will be measured by no other prime number than
A. For if some other prime (number) measures F, and
F measures D, then this (prime number) will thus also
measure D. Hence, it will also measure A, (despite A)
being prime (and) not being the same as it [Prop. 9.12].
The very thing is impossible. Thus, A measures F'. And
since E' measures D according to F', E has thus made
D (by) multiplying F. But, in fact, A has also made D
(by) multiplying C [Prop. 9.11 corr.]. Thus, the (number
created) from (multiplying) A, C is equal to the (number
created) from (multiplying) E, F. Thus, proportionally,
as Aisto E, so F' (is) to C [Prop. 7.19]. And A measures
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B petpeel xotd tov O, 6 H Gpa tov © nodarmiacidoos tov
B menolnxev. GAA& ufyv xol 0 A €autov moAlamhactdoog
tov B nenolnxev: 6 dpa Ono O, H oog éotl 16 ano tob A
TETPAY VK" EoTLy Bpa i 6 © Tpoc Tov A, 0 A npog tov H.
oSy s \ - S . ~ y
HeTEEL 8¢ 0 A tov H- petpel dpa xol 6 © tov A mp&tov Gvta
un @v a0t 6 adToc énep dronov. oLx dpa 6 UEYLoTOS O
A 1o étépou dprduol yetpniioeton maped v A, B, I™
Omep €del del€ou.

0.

‘Edv éhdylotog dprduog bnod npwtwy dprdudy yetpfito,
O 0bBeVOE BAhou mpdTou dprduol petpnifoeton TopEE
TV €€ dpyfic peTpolVTLV.

EXdyotoc yap dpuduoc 6 A Ond mpdtwy Spdudy tév
B, I', A petpeiode Ayw, 61t 6 A O’ 008evoc 8hlou
TG ToUL dpLiuot yeteniioeton mape @Sy B, I') A.

El ydp duvatdy, petpeiodw Hno meodtou o0 E, %ol 6
E undevt v B, I', A €otw 0 adtég. xol émel 6 E tov
A petpel, petpeitw adtov xatd tov Z- 6 E dpo tov Z
noAlamhaoldoos tOv A menolnxev. xal yetpeltan 6 A Ono
TewTeY Gerdudy ey B, I', A. gav 8¢ 8o dprduol moh-
hamhaoldoavteg dAARAoug ool Tiva, TOV BE YEVOUEVOVY
€€ a0teV petef] Tic mpdtog dprdude, xal Eva Tév EE dpyTic
petpfoer ol B, I', A &pa éva t@v E, Z petpricovov. Ttov
uev oliv E o0 petprioovov: 0 yap E np@toc Eott xal 00devi
v B, I', A 6 adtéc. tov Z dpa petpololy ENdocova Gvta
ol A+ émep ad0vatov. 6 yap A Undxertan ENdylotog LTO
v B, I', A yetpolyevoc. obx dpa tov A yetproel npdStog
Gprdpog mopeE @y B, I', A+ Onep €del det€ou.

E. Thus, F also measures C. Let it measure it according
to G. So, similarly, we can show that G is not the same
as one of A, B, and that it is measured by A. And since
F measures C according to G, F has thus made C (by)
multiplying G. But, in fact, A has also made C' (by) mul-
tiplying B [Prop. 9.11 corr.]. Thus, the (number created)
from (multiplying) A, B is equal to the (number created)
from (multiplying) F, G. Thus, proportionally, as A (is)
to F, so G (is) to B [Prop. 7.19]. And A measures F.
Thus, G also measures B. Let it measure it according to
H. So, similarly, we can show that H is not the same as
A. And since G measures B according to H, G has thus
made B (by) multiplying H. But, in fact, A has also made
B (by) multiplying itself [Prop. 9.8]. Thus, the (number
created) from (multiplying) H, G is equal to the square
on A. Thus, as H is to A, (so) A (is) to G [Prop. 7.19].
And A measures G. Thus, H also measures A, (despite
A) being prime (and) not being the same as it. The very
thing (is) absurd. Thus, the greatest (number) D cannot
be measured by another (number) except (one of) A, B,
C'. (Which is) the very thing it was required to show.

Proposition 14

If a least number is measured by (some) prime num-
bers then it will not be measured by any other prime
number except (one of) the original measuring (num-
bers).

Al T Br—
F +—— Cr—
Fr— D———

For let A be the least number measured by the prime
numbers B, C, D. I say that A will not be measured by
any other prime number except (one of) B, C, D.

For, if possible, let it be measured by the prime (num-
ber) E. And let E not be the same as one of B, C, D.
And since E measures A, let it measure it according to F'.
Thus, F has made A (by) multiplying /. And A is mea-
sured by the prime numbers B, C, D. And if two num-
bers make some (number by) multiplying one another,
and some prime number measures the number created
from them, then (the prime number) will also measure
one of the original (numbers) [Prop. 7.30]. Thus, B, C,
D will measure one of E, F'. In fact, they do not measure
E. For E is prime, and not the same as one of B, C, D.
Thus, they (all) measure F, which is less than A. The
very thing (is) impossible. For A was assumed (to be) the
least (number) measured by B, C, D. Thus, no prime
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Eav teeic dpripol €€fic dvdhoyov Goty ENdytoTol TéhYv
TOV a0TOV AGYOV EYdVIwyY adtolc, dVo omnoloolv ouv-
tedévTec TpoOg TOV honov mpdtol elo.
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"Eotwoav tpelc dpriuol €€fic dvdhoyov EldyioTol Tiv
TOV 00TOV AdYOoVv ExOvimy avtoic ol A, B, I' Myw, &1L tév
A, B, T 800 onotoioby cuvtedéviec mpodg TOV hotndv mpéTol
eloty, ol pev A, B npoc tov I, ol 8¢ B, I' npoc tov A xol
g€t ol A, I mpog tov B.

Eivipdwoay yap €hdylotol dprduol tév tOV adTov
Aoyov éxdéviov toic A, B, I' 8lo ot AE, EZ. ¢avepov
o, &t 6 pev AE autov mohhanmhaoidoac tov A nenoinxey,
tov 8¢ EZ molhaniaoidoac tov B menolnxev, xol €t 6 EZ
gauToV Tohhamhaoldoas Tov I menolnxev. ol énel ol AE,
EZ &hdyotol elow, npdstol mpog dAARhoue eiolv. Edv B¢
800 dprduol teéTol TPdC AAANAOUC GOy, Xol CUVAUPOTEROG
TpOC Exdtepoy TP®BTOC Eotiv: xal 0 AZ dpa TpOC Exdtepoy
v AE, EZ npitéc éotv. dhha uny xoi 6 AE mpoc tov
EZ np@toc oty ot AZ, AE 8pa npoc tov EZ mpéstol eiow.
gav 8¢ BVo dprduol mpds Tva GpLduoV TEdToL GOy, xol 6
€€ aOTEY YEVOUEVOS TPOC TOV AOLTOV TpHTOC €0ty (HOTE
6 &x v ZA, AE mpoc tov EZ np®téc éotiv: Hote xal O
&x v ZA, AE npoc tov and tob EZ npitéc eotv. [€dv
yoe 800 dprduol Tpdstol TPog dAARAOUE Goty, 6 Ex ToD EVOC
ATEBY YEVOPEVOC TROC TOV AOLTOV TpdTdC E0Tv]. AN &
&x v ZA, AE 6 &nod o0 AE éot peta 1o éx tiv AE,
EZ- 6 dpa ano 100 AE petd 100 éx tév AE, EZ npoc tov
and w0l EZ np@téc éotv. xal éotv O pev dno 1o AE
o6 A, 60t éex v AE, EZ 6 B, 6 8¢ ano tob EZ 6 I' ol
A, B dpa cuvtedévteg npog tov I' npdstol elowv. ouolng 81
Oeilopev, 6Tt xal ol B, I' npodc tov A mpéstol glow. Aéyw
o, 6t ol ol A, I' mpoe tov B npdtol elow. énel yap 6 AZ
Tpo¢ Exdtepov TtV AE, EZ mp&toc éotwv, xal 6 dno tod
AZ mpoc tov éx 6V AE, EZ npdtéc éotv. dAAG T8 Ao
00 AZ oot giotv ol dno tav AE, EZ petd tob Ol éx tév
AE, EZ- ol ol no tev AE, EZ &po peta tol Sig Oo tév
AE, EZ npoc tov Uno tév AE, EZ npdtol [eiot]. Siehdvtt
ol ano v AE, EZ peta 100 dnag Uno AE, EZ npoc tov
Uno AE, EZ npétol elow. €u diehdvt ol and v AE, EZ
Gpa mpog tov Uno AE, EZ mpdstol eiowv. xal Eotiv O pev

number can measure A except (one of) B, C, D. (Which
is) the very thing it was required to show.

Proposition 15

If three continuously proportional numbers are the
least of those (numbers) having the same ratio as them
then two (of them) added together in any way are prime
to the remaining (one).

ArH—— : : |

C |

Let A, B, C be three continuously proportional num-
bers (which are) the least of those (numbers) having the
same ratio as them. I say that two of A, B, C added to-
gether in any way are prime to the remaining (one), (that
is) A and B (prime) to C, B and C to A, and, further, A
and C to B.

Let the two least numbers, DE and EF, having the
same ratio as A, B, C, have been taken [Prop. 8.2].
So it is clear that DF has made A (by) multiplying it-
self, and has made B (by) multiplying EF, and, fur-
ther, EF has made C (by) multiplying itself [Prop. 8.2].
And since DE, EF are the least (of those numbers hav-
ing the same ratio as them), they are prime to one an-
other [Prop. 7.22]. And if two numbers are prime to
one another then the sum (of them) is also prime to each
[Prop. 7.28]. Thus, DF is also prime to each of DE, E'F.
But, in fact, DF is also prime to FF. Thus, DF, DE
are (both) prime to EFF. And if two numbers are (both)
prime to some number then the (number) created from
(multiplying) them is also prime to the remaining (num-
ber) [Prop. 7.24]. Hence, the (number created) from
(multiplying) F D, DE is prime to EF'. Hence, the (num-
ber created) from (multiplying) FD, DE is also prime
to the (square) on EF [Prop. 7.25]. [For if two num-
bers are prime to one another then the (number) created
from (squaring) one of them is prime to the remaining
(number).] But the (number created) from (multiplying)
FD, DE is the (square) on DE plus the (number cre-
ated) from (multiplying) DE, EF [Prop. 2.3]. Thus, the
(square) on DFE plus the (number created) from (multi-
plying) DE, E'F is prime to the (square) on EF. And
the (square) on DE is A, and the (number created) from
(multiplying) DE, EF (is) B, and the (square) on EF
(is) C. Thus, A, B summed is prime to C. So, similarly,
we can show that B, C' (summed) is also prime to A. So
I say that A, C' (summed) is also prime to B. For since
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anod toU AE 6 A, 6 8¢ Uno tov AE, EZ 6 B, 6 8¢ ano tob
EZ 6T. ol A, I dpa cuvtedévtes npoc tov B npdstol eiow
Omep €del del€ou.

DF is prime to each of DE, EF then the (square) on DF
is also prime to the (number created) from (multiplying)
DE, EF [Prop. 7.25]. But, the (sum of the squares) on
DE, EF plus twice the (number created) from (multiply-
ing) DE, E'F is equal to the (square) on DF [Prop. 2.4].
And thus the (sum of the squares) on DFE, EF plus twice
the (rectangle contained) by DE, E'F [is] prime to the
(rectangle contained) by DFE, EF. By separation, the
(sum of the squares) on DE, EF plus once the (rect-
angle contained) by DFE, EF is prime to the (rectangle
contained) by DE, EF." Again, by separation, the (sum
of the squares) on DE, EF is prime to the (rectangle
contained) by DFE, EF. And the (square) on DE is A,
and the (rectangle contained) by DE, EF (is) B, and
the (square) on EF (is) C. Thus, A, C summed is prime
to B. (Which is) the very thing it was required to show.

T Since if o 3 measures a2 + 82 + 2 « 3 then it also measures o + 32 + a 3, and vice versa.

.
"Edv 800 dprduol tpéstol mpdg dAARAoLE Gaty, oux ool
O¢ 0 TMPETOC TEOC TOV dBeUTEPOY, OVUTWS 6 BeEUTEPOC TPOG
gAhov Twé.
A

IR |

Abo yap derduol ol A, B npdstol mpog dAAAAoug Eotw-
oov: Ayw, 6Tl o0x Eotv O 6 A mpoc tov B, olUtwe 6 B
TEOC BAAOV TWVE.

El yop duvatéy, éotw Gc 0 A mpoc tov B, 0 B mpog
tov I'. ol 8¢ A, B npdtot, ol 8¢ mp&tol xal EAdytoTol, ol B¢
ENGyrotol Gprduol yetpolot Tolg Tov abTov AGYoV €yoviog
lodic 6 te Nyobuevog TOV Nyoluevov xol 6 ENOUEVOS TOV
gndpevov' Yetpel doa 6 A tov B b¢ Nyoluevog fiyoluevov.
HETEEL 88 %ol Eautov: O A dpa tobe A, B petpel npdtoug
6vtac mpodc dAARhous: dmep dTomov. obx dpa Eoton G 6 A
Tpo¢ oV B, oltwe 6 B mpog tov I' dnep €del Se€an.

’

148
Eav &owv 6coldnrotobv dprduol Efic avdhoyoy, ol 8¢
Bxpol adTEY Te&TOoL TEOE GAARAoUE Gotv, oUx EoTal ©O¢ O
TP@ToC TPEOS TOV BedTEPOY, 0UTWE 6 EoyaToc TPOS GANOV

Proposition 16

If two numbers are prime to one another then as the
first is to the second, so the second (will) not (be) to some
other (number).

Ar————

Ct |
For let the two numbers A and B be prime to one
another. I say that as A is to B, so B is not to some other
(number).
For, if possible, let it be that as A (is) to B, (so)
B (is) to C. And A and B (are) prime (to one an-
other). And (numbers) prime (to one another are) also
the least (of those numbers having the same ratio as
them) [Prop. 7.21]. And the least numbers measure
those (numbers) having the same ratio (as them) an
equal number of times, the leading (measuring) the lead-
ing, and the following the following [Prop. 7.20]. Thus,
A measures B, as the leading (measuring) the leading.
And (A) also measures itself. Thus, A measures A and B,
which are prime to one another. The very thing (is) ab-
surd. Thus, as A (is) to B, so B cannot be to C. (Which
is) the very thing it was required to show.

Proposition 17

If any multitude whatsoever of numbers is continu-
ously proportional, and the outermost of them are prime
to one another, then as the first (is) to the second, so the
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Twd.
"Ectwoav 6codnnotodv dprduol €€fic dvdhoyov ol A,
B, I', A, ol 8¢ 8xpol adtésv ol A, A npdStol mpdg dAARhouC
gotwoay: Myw, 6Tt 00x éoTv & 6 A mpoc tov B, oltwe 6
A o Bhhov T
Ar—

Br———

El ydp Suvatédv, éotw e 6 A mpoc tov B, oltwe 6 A
Tpo¢ TOV B EvahAdE dpa oty G 0 A mtpog tov A, 6 B npog
wov E. ol 8¢ A, A npétot, ol 8¢ mpdtol ol ENdyLoToL, ol 08
ENGyotol Gprduol yetpolot Toug Tov abTOv AGYOoV €xoviog
lodxic 6 te NYoUPevog TOV fHyoluevoy xol 6 Enduevog TOV
gmépevov. peTpEel dpa 6 A tov B. xal oty e 6 A mpoc
twov B, 6 B mpog tov I'. %ol 6 B dpo tov I' petpel” dHote
xol 6 A tov I petpel. ol émel éotv d¢ 6 B mpog tov T,
6 I' mpog tov A, yetpel 8¢ 6 B tov I, petpel dpa xal 6 T
oV A. GAR 6 A tov I éuérper dote 6 A xol tov A petpel.
METEEL BE ol €autdv. 6 A Gpa Tolg A, A petpel mpdtoug
Ovtoc Tpodc GAAAAoUS” drep EOTl ABUVTOV. 0UX Spa EoTol
& 6 A mpoc tov B, oltwe 6 A mpoc dhhov tvd émep Edel
det€ou.

4
\n -
Abo Gprdudsv dotéviwy emoxédacdo, el Suvatodv oty
abTolc TEitov GVAhoYOV TEOCEUEELY.
Ar— T |

Bt ! At |

last will not be to some other (number).

Let A, B, C, D be any multitude whatsoever of con-
tinuously proportional numbers. And let the outermost
of them, A and D, be prime to one another. I say that as
Aisto B, so D (is) not to some other (number).

A————

B——m

For, if possible, let it be that as A (is) to B, so D
(is) to E. Thus, alternately, as A is to D, (so) B (is)
to F [Prop. 7.13]. And A and D are prime (to one
another). And (numbers) prime (to one another are)
also the least (of those numbers having the same ra-
tio as them) [Prop. 7.21]. And the least numbers mea-
sure those (numbers) having the same ratio (as them) an
equal number of times, the leading (measuring) the lead-
ing, and the following the following [Prop. 7.20]. Thus,
A measures B. And as Aisto B, (so) B (is) to C. Thus, B
also measures C. And hence A measures C [Def. 7.20].
And since as B is to C, (so) C (is) to D, and B mea-
sures C, C thus also measures D [Def. 7.20]. But, A was
(found to be) measuring C'. And hence A also measures
D. And (A) also measures itself. Thus, A measures A
and D, which are prime to one another. The very thing is
impossible. Thus, as A (is) to B, so D cannot be to some
other (number). (Which is) the very thing it was required
to show.

Proposition 18

For two given numbers, to investigate whether it is
possible to find a third (number) proportional to them.
Ar——— Ct !

"Eotwwooav ol dovéviec dVo dpwdpol ol A, B, xoi
déov Eotw Emoxédacion, el Suvatdv Eotv avtoic tpitov
GvahoYOV TEOCEURETY.

Oi o1 A, B fitol npdStol mpog dAARhouc eloty 1) ob. xai €l
TpGSToL TPOC GAAThoUC eloty, §EdecTaL, BTl ABUVATOY EOTIV
abTolC TEitov GvahoYoV TEOCEUEELY.

ANNa O un) éotwoay ol A, B mp&tol npodc dAARAov,
xal 6 B gautov nohhamhacidoos tov I' noeltw. 6 A 81 tov
I' fitoL petpel 1} 00 yetpel. yetpeltow mpdtepov xatd Tov A-
6 A Gpo Tov A ntodanhacidoog tov I' tenolnxev. dhha uny
xal 0 B gowtdov molhamhaoidoag tov I' nemoinxev: 6 dpa

B+ ! Dt !

Let A and B be the two given numbers. And let it
be required to investigate whether it is possible to find a
third (number) proportional to them.

So A and B are either prime to one another, or not.
And if they are prime to one another then it has (already)
been show that it is impossible to find a third (number)
proportional to them [Prop. 9.16].

And so let A and B not be prime to one another. And
let B make C' (by) multiplying itself. So A either mea-
sures, or does not measure, C. Let it first of all measure
(C) according to D. Thus, A has made C' (by) multiply-
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éx v A, A loog ¢otl 16 &no tol B. Eotwv dpa ¢ 0 A
Tpoc Tov B, 6 B npoc tov A- toic A, B dpa tpitog dprduoc
dvéhoyov mpoonienton 6 A.

ANNG 1) un petpeltow 6 A tov I Méyw, 6n toic A, B
ABOVATOV E0TL TR(TOV AVIAOYOV TPOGEVRELY dpLdudy. €l Yo
duvatdy, mpoonueriotw O A. 6 dpa éx &V A, A loog éotl
6 ano tol B. 6 8¢ dno 1ol B éotv 6 I' 6 dpa Ex iy A,
A Tooc goti 16 I'. dote 6 A tov A nolanhactdoog ToOv
I' menoinxev: 6 A dpa tov I' yetpel xota tov A, dAAat unv
Uméxeitan xal uf HeTEGY Omep dTomov. oUx dpa duvaTév
¢on toic A, B tpitov dvdhoyov mpoceupely dorduov, dtav

6 A tov I un yetpfj dnep €deL delou.

.

Tedv dpriudy dodévinv émoxédacio, téte duvatdy
€oTv a0TOl TETUPTOV AVAAOYOV TPOGEVRELY.
Ar——

"Ectwoayv ol do¥évtec tpeic dprduol ol A, B, I', xol déov
gotw emoxédoodar, ndTe duvatév EoTy aTOlC TETUPTOV
Gvdhoyov TEOGEVEELY.

W e .

Hrol obv obx eiow &€fic dvdhoyov, xal ol 8xpot adTiv
TpGTOL TROC dAARAoUC eloty, 1) €EFic elotv dvdhoyov, xol ol
Bxpot abTEV olx elol mpdtol Tpde dAAAAove, T olte E&fic
elowv dvdhoyov, olite ol dxpol adTEY TEEToL TEOS dAARAOUC
elotv, 1) xol E€fic elotv dvdhoyov, xol ol dxpol abT@Ev Te&TOoL
TpOC GAANhouC eloiv.

El pev obv ot A, B, T" é&fic elowv dvdhoyov, xal ol
. N ~ T Y
Gxpol avtdsy ol A, I' mpdStol mpog dhhihoug eioty, BEdeTAL,
STl ad0OVaTdY EoTy adTOlS TETAPTOV GVANOYOV TPOCEUPELY
Gprdudv. un Eotwoav 81 ol A, B, I' é€fic dvdroyov tév
SxpdSv TEAYY BVIWV TE®TwY TEOg GAANAoLE.  Aéyw, 6T
xol oltwe addvaTéy Eoty adTolc TéTapTov dvaAhoyov mpo-
oeupely. el ydp duvatéy, mpoceuphiolw 0 A, Hote eivan K¢
Tov A mtpoc tov B, tov I mpoc tov A, xal yeyovétw dbe 0 B
npoc tov I, 6 A mpoc tov E. xol énel oty de pev 6 A npog
twov B, 6 I' npoc tov A, b¢ 8e 6 B npoc tov I', & A npodg
tov E, 8" Toou dpat g 6 A mpoc tov I, o T' mpoc tov E. ol
de A, I npdStot, ol 8¢ mp&tol xal EhdyloTol, ol 8¢ ENdyloTot

ing D. But, in fact, B has also made C (by) multiplying
itself. Thus, the (number created) from (multiplying) A,
D is equal to the (square) on B. Thus, as A is to B, (so)
B (is) to D [Prop. 7.19]. Thus, a third number has been
found proportional to A, B, (namely) D.

And so let A not measure C'. I say that it is impossi-
ble to find a third number proportional to A, B. For, if
possible, let it have been found, (and let it be) D. Thus,
the (number created) from (multiplying) A, D is equal to
the (square) on B [Prop. 7.19]. And the (square) on B
is C. Thus, the (number created) from (multiplying) A,
D is equal to C. Hence, A has made C (by) multiplying
D. Thus, A measures C' according to D. But (A) was, in
fact, also assumed (to be) not measuring (C). The very
thing (is) absurd. Thus, it is not possible to find a third
number proportional to A, B when A does not measure
C. (Which is) the very thing it was required to show.

Proposition 191

For three given numbers, to investigate when it is pos-
sible to find a fourth (number) proportional to them.
Ar——m—

Let A, B, C be the three given numbers. And let it be
required to investigate when it is possible to find a fourth
(number) proportional to them.

In fact, (A, B, C) are either not continuously pro-
portional and the outermost of them are prime to one
another, or are continuously proportional and the outer-
most of them are not prime to one another, or are neither
continuously proportional nor are the outermost of them
prime to one another, or are continuously proportional
and the outermost of them are prime to one another.

In fact, if A, B, C are continuously proportional, and
the outermost of them, A and C, are prime to one an-
other, (then) it has (already) been shown that it is im-
possible to find a fourth number proportional to them
[Prop. 9.17]. So let A, B, C not be continuously propor-
tional, (with) the outermost of them again being prime to
one another. I say that, in this case, it is also impossible
to find a fourth (number) proportional to them. For, if
possible, let it have been found, (and let it be) D. Hence,
it will be that as A (is) to B, (so) C (is) to D. And let it be
contrived that as B (is) to C, (so) D (is) to E. And since
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as Aisto B, (so) C (is) to D, and as B (is) to C, (so) D
(is) to E, thus, via equality, as A (is) to C, (so) C (is) to E
[Prop. 7.14]. And A and C' (are) prime (to one another).
And (numbers) prime (to one another are) also the least
(numbers having the same ratio as them) [Prop. 7.21].
And the least (numbers) measure those numbers having
the same ratio as them (the same number of times), the
leading (measuring) the leading, and the following the
following [Prop. 7.20]. Thus, A measures C, (as) the
leading (measuring) the leading. And it also measures
itself. Thus, A measures A and C, which are prime to
one another. The very thing is impossible. Thus, it is not
possible to find a fourth (number) proportional to A, B,
C.

And so let A, B, C again be continuously propor-
tional, and let A and C not be prime to one another. I
say that it is possible to find a fourth (number) propor-
tional to them. For let B make D (by) multiplying C.
Thus, A either measures or does not measure D. Let it,
first of all, measure (D) according to E. Thus, A has
made D (by) multiplying E. But, in fact, B has also made
D (by) multiplying C. Thus, the (number created) from
(multiplying) A, E is equal to the (number created) from
(multiplying) B, C. Thus, proportionally, as A [is] to B,
(so) C (is) to E [Prop. 7.19]. Thus, a fourth (number)
proportional to A, B, C has been found, (namely) E.

And so let A not measure D. I say that it is impossible
to find a fourth number proportional to A, B, C. For, if
possible, let it have been found, (and let it be) E. Thus,
the (number created) from (multiplying) A, F is equal to
the (number created) from (multiplying) B, C. But, the
(number created) from (multiplying) B, C'is D. And thus
the (number created) from (multiplying) A, F is equal to
D. Thus, A has made D (by) multiplying E. Thus, A
measures D according to E. Hence, A measures D. But,
it also does not measure (D). The very thing (is) absurd.
Thus, it is not possible to find a fourth number propor-
tional to A, B, C when A does not measure D. And so
(let) A, B, C (be) neither continuously proportional, nor
(let) the outermost of them (be) prime to one another.
And let B make D (by) multiplying C. So, similarly, it
can be show that if A measures D then it is possible to
find a fourth (number) proportional to (A, B, (), and
impossible if (4) does not measure (D). (Which is) the
very thing it was required to show.

T The proof of this proposition is incorrect. There are, in fact, only two cases. Either A, B, C are continuously proportional, with A and C' prime

to one another, or not. In the first case, it is impossible to find a fourth proportional number. In the second case, it is possible to find a fourth

proportional number provided that A measures B times C. Of the four cases considered by Euclid, the proof given in the second case is incorrect,

since it only demonstrates that if A : B :: C' : D then a number F cannot be found such that B : C :: D : E. The proofs given in the other three
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Proposition 20

The (set of all) prime numbers is more numerous than
any assigned multitude of prime numbers.

A——

B |
C! :
E D F

Let A, B, C be the assigned prime numbers. I say that
the (set of all) primes numbers is more numerous than A,
B, C.

For let the least number measured by A, B, C have
been taken, and let it be DFE [Prop. 7.36]. And let the
unit DF have been added to DE. So EF is either prime,
or not. Let it, first of all, be prime. Thus, the (set of)
prime numbers A, B, C, EF, (which is) more numerous
than A, B, C, has been found.

And so let EF not be prime. Thus, it is measured by
some prime number [Prop. 7.31]. Let it be measured by
the prime (number) G. I say that G is not the same as
any of A, B, C. For, if possible, let it be (the same). And
A, B, C (all) measure DE. Thus, G will also measure
DE. And it also measures FF. (So) G will also mea-
sure the remainder, unit DF, (despite) being a number
[Prop. 7.28]. The very thing (is) absurd. Thus, G is not
the same as one of A, B, C. And it was assumed (to be)
prime. Thus, the (set of) prime numbers A, B, C, G,
(which is) more numerous than the assigned multitude
(of prime numbers), A, B, C, has been found. (Which is)
the very thing it was required to show.

Proposition 21

If any multitude whatsoever of even numbers is added
together then the whole is even.
D E

A B C

For let any multitude whatsoever of even numbers,
AB, BC, CD, DE, lie together. I say that the whole,
AFE, is even.

For since everyone of AB, BC, CD, DE is even, it
has a half part [Def. 7.6]. And hence the whole AF has
a half part. And an even number is one (which can be)
divided in half [Def. 7.6]. Thus, AF is even. (Which is)
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the very thing it was required to show.

Proposition 22

If any multitude whatsoever of odd numbers is added
together, and the multitude of them is even, then the
whole will be even.

D E

A B C

For let any even multitude whatsoever of odd num-
bers, AB, BC, CD, DE, lie together. I say that the
whole, AE, is even.

For since everyone of AB, BC, CD, DF is odd then, a
unit being subtracted from each, everyone of the remain-
ders will be (made) even [Def. 7.7]. And hence the sum
of them will be even [Prop. 9.21]. And the multitude
of the units is even. Thus, the whole AF is also even
[Prop. 9.21]. (Which is) the very thing it was required to
show.

Proposition 23

If any multitude whatsoever of odd numbers is added
together, and the multitude of them is odd, then the
whole will also be odd.

E D

A _BC

For let any multitude whatsoever of odd numbers,
AB, BC, CD, lie together, and let the multitude of them
be odd. I say that the whole, AD, is also odd.

For let the unit DFE have been subtracted from CD.
The remainder CE is thus even [Def. 7.7]. And CA
is also even [Prop. 9.22]. Thus, the whole AF is also
even [Prop. 9.21]. And DF is a unit. Thus, AD is odd
[Def. 7.7]. (Which is) the very thing it was required to
show.

Proposition 24

If an even (number) is subtracted from an(other) even
number then the remainder will be even.

A C B

For let the even (number) BC have been subtracted
from the even number AB. I say that the remainder C' A
is even.

For since AB is even, it has a half part [Def. 7.6]. So,
for the same (reasons), BC also has a half part. And
hence the remainder [C' A has a half part]. [Thus,] AC is
even. (Which is) the very thing it was required to show.
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Proposition 25

If an odd (number) is subtracted from an even num-
ber then the remainder will be odd.

A C D B

For let the odd (number) BC have been subtracted
from the even number AB. I say that the remainder C' A
is odd.

For let the unit CD have been subtracted from BC.
DB is thus even [Def. 7.7]. And AB is also even. And
thus the remainder AD is even [Prop. 9.24]. And CD is
a unit. Thus, CA is odd [Def. 7.7]. (Which is) the very
thing it was required to show.

Proposition 26

If an odd (number) is subtracted from an odd number
then the remainder will be even.
A C D B

For let the odd (number) BC have been subtracted
from the odd (number) AB. I say that the remainder C'A
is even.

For since AB is odd, let the unit BD have been
subtracted (from it). Thus, the remainder AD is even
[Def. 7.7]. So, for the same (reasons), C'D is also
even. And hence the remainder C'A is even [Prop. 9.24].
(Which is) the very thing it was required to show.

Proposition 27

If an even (number) is subtracted from an odd num-
ber then the remainder will be odd.
A D C B

For let the even (number) BC have been subtracted
from the odd (number) AB. I say that the remainder C' A
is odd.

[For] let the unit AD have been subtracted (from AB).
DB is thus even [Def. 7.7]. And BC is also even. Thus,
the remainder C'D is also even [Prop. 9.24]. C'A (is) thus
odd [Def. 7.7]. (Which is) the very thing it was required
to show.

Proposition 28

If an odd number makes some (number by) multiply-
ing an even (number) then the created (number) will be
even.
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For let the odd number A make C' (by) multiplying
the even (number) B. I say that C' is even.

For since A has made C (by) multiplying B, C' is thus
composed out of so many (magnitudes) equal to B, as
many as (there) are units in A [Def. 7.15]. And B is
even. Thus, C is composed out of even (numbers). And
if any multitude whatsoever of even numbers is added
together then the whole is even [Prop. 9.21]. Thus, C is
even. (Which is) the very thing it was required to show.

Proposition 29

If an odd number makes some (number by) multiply-
ing an odd (number) then the created (number) will be
odd.

>

C |

For let the odd number A make C (by) multiplying
the odd (number) B. I say that C' is odd.

For since A has made C (by) multiplying B, C is thus
composed out of so many (magnitudes) equal to B, as
many as (there) are units in A [Def. 7.15]. And each
of A, B is odd. Thus, C is composed out of odd (num-
bers), (and) the multitude of them is odd. Hence C'is odd
[Prop. 9.23]. (Which is) the very thing it was required to
show.

Proposition 30

If an odd number measures an even number then it
will also measure (one) half of it.
A——

Ct |

For let the odd number A measure the even (number)
B. I say that (A) will also measure (one) half of (B).

For since A measures B, let it measure it according to
C'. 1say that C' is not odd. For, if possible, let it be (odd).
And since A measures B according to C, A has thus made
B (by) multiplying C. Thus, B is composed out of odd
numbers, (and) the multitude of them is odd. B is thus
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odd [Prop. 9.23]. The very thing (is) absurd. For (B)
was assumed (to be) even. Thus, C is not odd. Thus, C
is even. Hence, A measures B an even number of times.
So, on account of this, (A) will also measure (one) half
of (B). (Which is) the very thing it was required to show.

Proposition 31

If an odd number is prime to some number then it will
also be prime to its double.

Ar——
B——

C J

D———

For let the odd number A be prime to some number
B. And let C be double B. Isay that A is [also] prime to
C.

For if [A and C1] are not prime (to one another) then
some number will measure them. Let it measure (them),
and let it be D. And A is odd. Thus, D (is) also odd.
And since D, which is odd, measures C, and C is even,
[D] will thus also measure half of C' [Prop. 9.30]. And B
is half of C. Thus, D measures B. And it also measures
A. Thus, D measures (both) A and B, (despite) them
being prime to one another. The very thing is impossible.
Thus, A is not unprime to C. Thus, A and C are prime to
one another. (Which is) the very thing it was required to
show.

Proposition 32

Each of the numbers (which is continually) doubled,
(starting) from a dyad, is an even-times-even (number)
only.

A—
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D |

For let any multitude of numbers whatsoever, B, C,
D, have been (continually) doubled, (starting) from the
dyad A. I say that B, C, D are even-times-even (num-
bers) only.

In fact, (it is) clear that each [of B, C, D] is an
even-times-even (number). For it is doubled from a dyad
[Def. 7.8]. I also say that (they are even-times-even num-
bers) only. For let a unit be laid down. Therefore, since
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A 01" 008evoc dAhou petpniioeton topeE tév A, B, I'. xal
gotwv Exaotoc iV A, B, I" dptiog 6 A dpa dptidxic Sptiog
€oTL uévov. duoiwe O detfouey, &t [xol] Exdrepoc tév B,
I' dptidmic dptidc ot uovov: Snep €det Set€au.

)\ ’
Y.

‘Edav dpududg tov fiulouy €y meploody, GpTidng me-
ELocdg EOTL UOVOV.

At |

Aprduog yap 6 A Tov Auiouy ExEtw TeplocdV AéYw, OTL
6 A dpTidnic teplocdec EoTL HoVOV.

‘Ot pév olv deTidmnig Teplocdg EOTLY, PAUVEROY: O Ydp
Auioug abTol TEpLocOC (Y PETEEL adTOV dpTLdxXIC, AéYw OY),
6Tl ol povov. el yap €oton 6 A xol dptidc dpTloc, Ue-
Tendioeton Uno detiou xatd dptiov dpLiudy: Hote xal O
Auioug avtol petpninoetor Lo dptilou dprduot meplocoe
Gv Omep €otlv dromov. 6 A dpa dpTidnic TEPLOCOS E0TL
uévov- émep €deL deiou.

AO'.
"Edv dpriuoc unte w6y anod duddog diniactalouévev 1,

unTe tov Yuouv Exn Teploody, deTidxne Te dpTidc ot xal
dptidxnie meploode.
A J

Aprduog yap 6 A pnite @V dnd duddog dinhactalouévey
gotw pnRte TOV AUIoLv Ex€tw TEPIOOOVT Aéyw, 6TL 6 A
Gptidxnie T€ EoTwy BpTiog xol dpTIdniE TEPLoTOC.

‘Ot ygv obv 6 A dptidng oty dpTiog, Qavepby: TOV
Yo AUIoLY 0UX EYEL TEPLOTOVY. AEYW BY), 6TL Xal dETIdXLS TE-
plocde E0Tv. €4V Yo TOV A téuvempey diya xal Tov fulouy
a0tol Slya xol ToUTo el TMOWGSHEY, XATUVTACOUEY Elc Tiva
Gprduov neplocdy, O¢ petprioel OV A xotd dptiov dpriuoy.
el Ya&p o), xatavtioopey eic dudda, xai Eoton 6 A T@EV Ao
duddoc dimhaotalouyévwy: Omep oy Umdxerton. GHote 6 A
dpTidnie TeplocdV EoTiv. Edelydn B¢ xol dpTidxnic BpTiog. 6
A Gpo GpTidxic TE JpTioC E0TL Xl dpTIdNic TEPLoaOS” BTep
€0eL detou.

any multitude of numbers whatsoever are continuously
proportional, starting from a unit, and the (number) A af-
ter the unit is prime, the greatest of A, B, C, D, (namely)
D, will not be measured by any other (numbers) except
A, B, C [Prop. 9.13]. And each of A, B, C is even. Thus,
D is an even-time-even (number) only [Def. 7.8]. So,
similarly, we can show that each of B, C'is [also] an even-
time-even (number) only. (Which is) the very thing it was
required to show.

Proposition 33

If a number has an odd half then it is an even-time-
odd (number) only.

Al |

For let the number A have an odd half. I say that A is
an even-times-odd (number) only.

In fact, (it is) clear that (A) is an even-times-odd
(number). For its half, being odd, measures it an even
number of times [Def. 7.9]. So I also say that (it is
an even-times-odd number) only. For if A is also an
even-times-even (number) then it will be measured by an
even (number) according to an even number [Def. 7.8].
Hence, its half will also be measured by an even number,
(despite) being odd. The very thing is absurd. Thus, A
is an even-times-odd (number) only. (Which is) the very
thing it was required to show.

Proposition 34

If a number is neither (one) of the (numbers) doubled
from a dyad, nor has an odd half, then it is (both) an
even-times-even and an even-times-odd (number).

Al |

For let the number A neither be (one) of the (num-
bers) doubled from a dyad, nor let it have an odd half.
I say that A is (both) an even-times-even and an even-
times-odd (number).

In fact, (it is) clear that A is an even-times-even (num-
ber) [Def. 7.8]. For it does not have an odd half. So I
say that it is also an even-times-odd (number). For if we
cut A in half, and (then cut) its half in half, and we do
this continually, then we will arrive at some odd num-
ber which will measure A according to an even number.
For if not, we will arrive at a dyad, and A will be (one)
of the (numbers) doubled from a dyad. The very oppo-
site thing (was) assumed. Hence, A is an even-times-odd
(number) [Def. 7.9]. And it was also shown (to be) an
even-times-even (number). Thus, A is (both) an even-
times-even and an even-times-odd (number). (Which is)
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Edav 6o 6codnnotoby dprdupol e€fic dvdhoyov, depou-
peddsol 8¢ and te ToD deutépou xal Tol Eoydrtou lool TE
TeOTW, €otal OC 1) Tob SeuTtépou Unepoy 1) TEOC TOV TEETOV,
obtwe 1 tol Eoydtou Umepoyl| mpog ToLg TEO €owtol
TdvToC.

Z

BEAK®

"Ectwoav 6mocodnnotoby dprduol e€fic avdloyov ol A,
BI', A, EZ dgyduevol ano ehayiotou 100 A, xal dgnericde
ano tob BI' xal 100 EZ 1o A loog éxdrepoc tév BH, ZO-
Ay, 6t Eotiv e 6 HI' mpoc tov A, obtwe 6 EO npog
Touc A, BT, A.

KeioOw yop 16 yev BIN' iooc 6 ZK, 16 8¢ A Toog 6 ZA.
xal €nel 6 ZK 16 BT loog éotiv, &v 6 ZO 16 BH Tooc €otiy,
hourtog dpo 6 OK hownds w63 HI' oty Tooc. xal énel Eotwy dg
6 EZ mpog tov A, obtwe 6 A mpocg tov BI' xol 6 BI' npog
Tov A, loog 8¢ 6 pev A 6 ZA, 6 8¢ Bl 16 ZK, 6 8¢ A 6
20, €otw dpa ¢ 6 EZ npoc tov ZA, obtwe 6 AZ npdc tov
ZK xol 6 ZK npoc tov ZO. dehévt, o 6 EA mpoc tov AZ,
oVtwe 6 AK npodc tov ZK xal 6 KO npoc tov ZO. €otwv dpa
xal ¢ €lg TEY NYOUUEVWY TTPOC Eval TGV ETOUEVRY, 0DTKC
gnavteg ol Hyoluevol Tpog dnavTog Toug Enopévous: €0ty
Gpa &g 6 KO mpoc tov ZO, oltwe ot EA, AK, KO npoc
toug AZ, ZK, ©Z. looc 8¢ 6 yev KO @ I'H, 6 8¢ ZO 3
A, ol 8¢ AZ, ZK, ©Z toic A, BTI', A- Eouwv dpa dc 0 I'H
Tpoc Tov A, obtwe & EO npoc touc A, BI', A. Eotwv dpa
&¢ 1) Tob Beutépou Umepoyn mpdc TOV MedTov, 00TKe 1) ToD
goydtou Lrepoy T TEOS TOLUC PO Eautol mavtac: émep Edel
OetEan.

 This proposition allows us to sum a geometric series of the form a,
(ar —a)/a = (ar™ —a)/Sn. Hence, Sp, = a (r™ —1)/(r — 1).

’
AF.
"Edv éno povddog onocotobv dpriyuol e€Tic Eéxteddoty év

] Buthaclovt dvahoyia, Ewe ol 6 clunog cuvteldele Tpdstog
yévnton, xol 6 olunag Enl TOV EoyoTov ToAAATAACLOGUELS

the very thing it was required to show.

Proposition 357

If there is any multitude whatsoever of continually
proportional numbers, and (numbers) equal to the first
are subtracted from (both) the second and the last, then
as the excess of the second (number is) to the first, so the
excess of the last will be to (the sum of) all those (num-
bers) before it.

Al |
B G C

Dt |
E L KH F

Let A, BC, D, EF be any multitude whatsoever of
continuously proportional numbers, beginning from the
least A. And let BG and F'H, each equal to A, have been
subtracted from BC' and EF (respectively). I say that as
GCisto A,so EH isto A, BC, D.

For let F K be made equal to BC, and FL to D. And
since F'K is equal to BC, of which FH is equal to BG,
the remainder H K is thus equal to the remainder GC.
And since as FF is to D, so D (is) to BC, and BC to
A [Prop. 7.13], and D (is) equal to F'L, and BC to FK,
and Ato FH,thusas EF isto FL,so LF (is) to F K, and
FK to FH. By separation, as FL (is) to LF, so LK (is)
to K, and KH to F'H [Props. 7.11, 7.13]. And thus as
one of the leading (numbers) is to one of the following,
so (the sum of) all of the leading (numbers is) to (the
sum of) all of the following [Prop. 7.12]. Thus, as KH
isto FH, so EL, LK, KH (are) to LF, FK, HF. And
KH (is) equal to CG, and FH to A, and LF, FK, HF
to D, BC, A. Thus, as CG is to A, so EH (is) to D,
BC, A. Thus, as the excess of the second (number) is to
the first, so the excess of the last (is) to (the sum of) all
those (numbers) before it. (Which is) the very thing it
was required to show.

3

ar, ar?, ar3,---arn—1

ar . According to Euclid, the sum S,, satisfies

Proposition 367

If any multitude whatsoever of numbers is set out con-
tinuously in a double proportion, (starting) from a unit,
until the whole sum added together becomes prime, and
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TOLf] Tvat, 6 YEVOUEVOS TENELOC EOTOL.

Ano yop povddog éxxelobdwooav docodnmotolv dprdy-
ol év 1] dirhaciovt dvahoyig, Ewc ob 6 obunoag cuvtedelc
npGstoc Yévntaw, ol A, B, T', A, xal 16 olunavt ioog €otw
6 E, xal 6 E tov A tolanhacidoog tov ZH nowelte. Aéyw,
6Tl 0 ZH téheidc EoTiv.
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“Ocol ydp elowv ol A, B, I';, A 18 mhdet, tocobtol dno
tob E elMigpdwoay v 1] dirhaciovt dvaroyia ol E, OK, A,
M- 8 loou dpa Eotiv e 6 A mpoc Tov A, obtwe 6 E npog
tov M. o dpa éx t@v E, A Toog €oti 16 éx tév A, M. xai
gorv 6 éx TV E, A 6 ZH" ol 6 éx tév A, M Gpoa Eotiv 6
ZH. 6 A Zpo tov M nolManhaotdoog tov ZH nemoinxev: 6
M 8pa tov ZH peteel xotd tdc év 16 A povddac. xal €0t
dudc 6 A+ Buthdiotoc Bipa Eotiv 6 ZH 1ol M. eiol 8¢ ol ol M,
A, OK, E é&fic dinhdotol ddiilwv: ol E; OK, A, M, ZH dpa
€&iic dvdhoyov elow v tfj dimhaoiovt dvahoyia. dgpneHode
on and tob deutépou ol OK xal tob éoydtou tob ZH 6
et 16 E loog exdtepog t@v ON, ZE- €otv dpa GO 1)
tol deutépou dprduot Umepoy ) mEOC TOV TEBTOV, OVTWS 1)
tol éoydtou brepoy) mpodg ToLC Mo EouTtol mavtoc. €0ty
Gpa ¢ 6 NK mpoc tov E, oVtwe 6 ZH npoc tobe M, A,
KO, E. xai éotv 0 NK Toog 165 E* xal 6 ZH dpa loog ol
toic M, A, OK, E. €ott 8¢ xol 6 ZE 8 E Toog, 6 8¢ E
toic A, B, I';, A xal tfj povédi. éhog dpa 6 ZH Toog éotl
ol ¢ E, OK, A, M xal tolc A, B, I', A xol tfj yovéd
xol petpeitan O adT@y. Aéyw, 6T xal 6 ZH 01’ 00devoc
&hhou petendioeton mapeg v A, B, I', A, E, OK, A, M
xol Tfic pwovddoc. el yop duvatdy, uetpeitw Tic Tov ZH 6
O, xat 6 O undevt v A, B, I', A, E, OK, A, M éotw o
adToc. uol o60dxic 6 O tov ZH petpel, tocabton povadeg

the sum multiplied into the last (number) makes some
(number), then the (number so) created will be perfect.

For let any multitude of numbers, A, B, C, D, be set
out (continuouly) in a double proportion, until the whole
sum added together is made prime. And let E be equal to
the sum. And let £ make F'G (by) multiplying D. I say
that F'G is a perfect (number).

A H
B —
Cr—

Dt |

P——————

Q>—<

For as many as is the multitude of A, B, C, D, let so
many (numbers), F, HK, L, M, have been taken in a
double proportion, (starting) from E. Thus, via equal-
ity, as A is to D, so E (is) to M [Prop. 7.14]. Thus, the
(number created) from (multiplying) E, D is equal to the
(number created) from (multiplying) A, M. And FG is
the (number created) from (multiplying) F, D. Thus,
F@ is also the (number created) from (multiplying) A,
M [Prop. 7.19]. Thus, A has made F'G (by) multiplying
M. Thus, M measures F'G according to the units in A.
And A is a dyad. Thus, F'G is double M. And M, L,
HK, FE are also continuously double one another. Thus,
E, HK, L, M, FG are continuously proportional in a
double proportion. So let HN and FO, each equal to the
first (number) E, have been subtracted from the second
(number) HK and the last FG (respectively). Thus, as
the excess of the second number is to the first, so the ex-
cess of the last (is) to (the sum of) all those (numbers)
before it [Prop. 9.35]. Thus, as NK is to E, so OG (is)
toM, L, KH, E. And NK is equal to E. And thus OG
is equal to M, L, HK, E. And FO is also equal to F,
and E to A, B, C, D, and a unit. Thus, the whole of FFG
isequal to F, HK, L, M, and A, B, C, D, and a unit.
And it is measured by them. I also say that F'G will be
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gotwoay v 16 11 6 II Gpa tov O morhamhaoidoas tov ZH
nenolnxev. GAN& uny xol 6 E tov A molhamhaoidoas tov
ZH menolnxev: Eotv Gpa G¢ 6 E npog tov II, 6 O npog tov
A. %ol émel ano povadog éEfic avdhoyov eiow ol A, B, T,
A, 6 A Gpo U’ 00BeVOS Bhhou dprduol petpnifoetar Topes
v A, B, T'. xol OUnoxertar 6 O o0devi tiv A, B, I' 6 adtdc:
oux Jpa yetprioel 6 O tov A. GAN" &g 6 O mpog tov A, 0
E npoc tov II- 008¢ 6 E &pa tov II petpel. xol oty 6 E
Tpdtog: TC 8¢ mpdstog dptdudg TEOg dmavTa, OV UT| METEET,
Tp&Toc [Eoww]. ol E, IT dpa tpdtol tpoc dhMAhoue eiciy. ol
O¢ mpdSToL xal EAdyLoTOoL, ol BE EAdyloToL ueTPOoUoL TOLE TOV
a0Tov Adyov Eyovtac iodxig 6 Te fyoluevoc TOV HyYoUuevoy
%ol 6 Endpevoc ToOV Endpevov: xal Eotv G 6 E mpoc tov 11,
6 O mpocg tov A. iodxic dpo 6 E tov O petpel xol 6 11 tov
A. 6 8¢ A U1 0UBeVOC dANov petpelton tapeé @V A, B, I
6 IT Gpa evi t@v A, B, T' éotv 6 adtéde. éotw 16 B 6 adtdc.
xal 6ool eioty ol B, I', A 16 nAndel tocoltol eidfpdwoay
ano tob E ol E, OK, A. xai ciow ol E, OK, A t0ic B, I', A
&V 16 a0t ANoYw: 8V loou dpa oty (e 6 B mpog tov A 6
E npoc tov A. 6 dpa éx t@v B, A Toog éotl 16 €x 6V A,
E- &\ 6 ex tav A, E Toog €0t 16 ex t@v I, O ol 6 €x
v II, O dpa loog €otl T8 &x ey B, A. ot dpa cxc 6 11
npoc tov B, 6 A npoc tov O. xat oty 6 IT w6 B 6 adtéde:
xol 6 A dpa te» O éotiv 6 adtode dmep ad0vVatov: 6 yop O
Uméxertan undevt &V Exxelévwy 6 abtég: oux dpa tov ZH
petpoet tic dpuoc maped tév A, B, I', A E, K, A, M
xal Tfic povddoc. xai €delyn 0 ZH twoic A, B, I', A, E, OK,
A, M xal tfj povédt loog. téhetog 8¢ dprduoe Eotv 6 Tolc
gautol pépeoty loog v téhelog dpa oty 0 ZH- dmep €del
Oei€an.

T This proposition demonstrates that perfect numbers take the form 27—1 (2" —

measured by no other (numbers) except A, B, C, D, F,
HK, L, M, and a unit. For, if possible, let some (num-
ber) P measure F'G, and let P not be the same as any
of A, B,C, D, E, HK, L, M. And as many times as P
measures F'G, so many units let there be in Q. Thus, Q
has made F'G (by) multiplying P. But, in fact, £ has also
made F'G (by) multiplying D. Thus, as E is to @, so P
(is) to D [Prop. 7.19]. And since A, B, C, D are con-
tinually proportional, (starting) from a unit, D will thus
not be measured by any other numbers except A, B, C
[Prop. 9.13]. And P was assumed not (to be) the same
as any of A, B, C. Thus, P does not measure D. But,
as P (is) to D, so E (is) to . Thus, E does not mea-
sure () either [Def. 7.20]. And F is a prime (number).
And every prime number [is] prime to every (number)
which it does not measure [Prop. 7.29]. Thus, F and Q
are prime to one another. And (numbers) prime (to one
another are) also the least (of those numbers having the
same ratio as them) [Prop. 7.21], and the least (num-
bers) measure those (numbers) having the same ratio as
them an equal number of times, the leading (measuring)
the leading, and the following the following [Prop. 7.20].
And as F is to @, (so) P (is) to D. Thus, F measures P
the same number of times as () (measures) D. And D
is not measured by any other (numbers) except A, B, C.
Thus, @ is the same as one of A, B, C. Let it be the same
as B. And as many as is the multitude of B, C, D, let so
many (of the set out numbers) have been taken, (start-
ing) from F, (namely) E, HK, L. And E, HK, L are in
the same ratio as B, C, D. Thus, via equality, as B (is)
to D, (so) E (is) to L [Prop. 7.14]. Thus, the (number
created) from (multiplying) B, L is equal to the (num-
ber created) from multiplying D, E [Prop. 7.19]. But,
the (number created) from (multiplying) D, E is equal
to the (number created) from (multiplying) @, P. Thus,
the (number created) from (multiplying) @, P is equal
to the (number created) from (multiplying) B, L. Thus,
as Q isto B, (so) L (is) to P [Prop. 7.19]. And Q is the
same as B. Thus, L is also the same as P. The very thing
(is) impossible. For P was assumed not (to be) the same
as any of the (numbers) set out. Thus, F'G' cannot be
measured by any number except A, B, C, D, E, HK, L,
M, and a unit. And F'G was shown (to be) equal to (the
sumof) A, B, C, D, E, HK, L, M, and a unit. And a
perfect number is one which is equal to (the sum of) its
own parts [Def. 7.22]. Thus, F'G is a perfect (number).
(Which is) the very thing it was required to show.

1) provided that 2" — 1 is a prime number. The ancient Greeks

knew of four perfect numbers: 6, 28, 496, and 8128, which correspond to n = 2, 3, 5, and 7, respectively.
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