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Ι.Δ. ΠΛΑΤ�ΗΣ1. Apo to biblio tou Tu:1. De�te ti ask sei tou 8ou kefalaiou. Se pr¸th f�sh mpore�te naparale�yete thn 8.8. 2. Apo to biblio tou Lee:De�te thn elafr¸ diaforetik  diapragm�teush tou efaptìmenou q¸-rou, sel. 41�57. 3. Diafore1. 'Estw F : N −→ M mia C∞ apeikìnish kai p ∈ N .(1) H apeikìnish

F ∗

p : C∞

F (p)(M) −→ C∞

p (N), F ∗

p (f) = (f ◦ F )(p)e�nai omomorfismì algebr¸n. (Aut  e�nai h apeikìnish èlkush-p�sw (pull-back) th F sto p.(2) Sumper�nate ìti to diaforikì (F∗)p : Tp(N) −→ TF (p)(M) pro-kÔptei apì thn F ∗

p w omomorfismì twn düik¸n dianusmatik¸nq¸rwn. H (F∗)p lègetai kai ¸jhsh-emprì (push-forward) th
F sto p.2. 'Estw f : M −→ R m�a le�a sun�rthsh. Sumplhr¸ste ti leptomè-reie sta parak�tw.(1) An p omalì shme�o th f , uparqei q�rth (U, φ = (y1, . . . , yn))gÔrw apì to p tètoio ¸ste φ(p) = 0 kai f = f(p) + y1. Pr�g-mati, afoÔ to p e�nai omalì, èqoume gia k�je sÔsthma sunta-tagmènwn x1, . . . , xn gÔrw apì to p ìti ∂f/∂xi(p) 6= 0. Arig-m¸nta xan� an e�nai apara�thto, mporoÔme na upojèsoume ìti
∂f/∂x1(p) 6= 0. Jètoume

y1 = f − f(p), yi = xi − xi(p), i = 2, . . . , n.1



2 I.D. PLAT�HSTo mìno pou qrei�zetai na upolog�sete t¸ra e�nai ton (Iakwbia-nì) p�naka allag  suntetagmènwn D(y1,...,yn)
D(x1,...,xn)

sto p gia na de�xeteìti to y1, . . . , yn e�nai sÔsthma suntetagmènwn gÔrw apì to p.(2) (H Essian ). 'Estw p kr�simo shme�o th f . Gia Xp, Yp ∈ Tp(M)or�zoume
Hessf(Xp, Yp) =

n∑

i,j=1

∂2f

∂xi∂xj
(p)X i

pY
j
pìpou x1, . . . , xn topikì sÔsthma suntatagmènwn gÔrw apì to pkai

Xp =
n∑

i=1

X i
p

∂

∂xi
(p), Yp =

n∑

i=1

Y i
p

∂

∂xi
(p).De�xte ìti h Essian  den exart�tai apì thn epilog  tou q�rthkai ìti or�zei m�a summetrik  morf  sto Tp(M) × Tp(M).E�n o p�naka th Hessf(Xp, Yp) e�nai m  idi�zwn, to p kale�taimh ekfulismèno kr�simo shme�o th f . Jewre�ste t¸ra gnwstìto parak�tw apotèlesma th Grammik  'Algebra: An G mhekfulismènh summetrik  morf  se ènan n−di�stato d.q. V , tìteup�rqei b�sh {ei} tou V tètoia ¸ste an u =
∑n

i=1 uiei tìte
G(u, u) = (u1)2 + · · · + (ur)2 − (ur+1)2 − · · · − (un)2.To parak�tw je¸rhma, gnvstì w L mma tou Morse e�nai idia�terashmantikì:An p mh ekfulismèno kr�simo shme�o th f , up�rqei topikìq�rth y1, . . . , yn gÔrw apì to p me yi(p) = 0 kai
f = f(p) + (y1)2 + · · · + (yr)2 − (yr+1)2 − · · · − (yn)2.O arijmì n − r kale�tai de�kth tou p.H apìdeix  tou den e�nai apl . Sunist� ìmw thn aparq  thJewr�a tou Morse, de�te l.q kai ed¸
http://en.wikipedia.org/wiki/Morse−theory


