
Kef�laio 10Phgè twn majhmatik¸n VI:Ta polÔgwna met� tonEukle�dh
10.1 T� q�same sto Bibl�o d'Sthn Prìtash d' 16 o Eukle�dh kataskeu�zei èna kanonikì 15-gwno enapo-jètonta èna isìpleuro tr�gwno se èna kanonikì pent�gwno (Sq ma 10.1).Peplegmènh se aut  th lÔsh e�nai h parak�tw genik  arq :E�n mporoÔme na kataskeu�soume èna kanonikì r-gwno kai èna kanonikì
s-gwno kai epiplèon gnwr�zoume arijmoÔ x, y tètoiou ¸ste xr+ys = 1, tìtemporoÔme ep�sh na kataskeu�soume èna kanonikì rs-gwno.Qreiazìmaste tìxo �so me to 1/rs tou kÔklou kai x, y ìpw parap�nw.Tìte,
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.'Ara, o sunduasmì autì d�dei to zhtoÔmeno tìxo. Sthn per�ptwsh tou 15-g¸nou e�nai
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.Ef' ìson gia k�je arijmoÔ r, s me mègisto koinì diairèth (r, s) = 1, mporoÔmena qrhsimopoi soume ton Eukle�deio Algìrijmo (z' 1,2) kai na broÔme x, y me109



110 KEF�ALAIO 10. PHG�ES VI: POL�UGWNAthn zhtoÔmenh idiìthta, odhgoÔmaste eÔkola sthn per�ptwsh (3) tou kata-lìgou th epìmenh paragr�fou. Ennoe�tai, ìti h genik  morfopo�hsh e�naisÔgqronh. O Eukle�dh den e�qe kanèna lìgo na parajèsei thn genik  arq (3); tou qrei�zetai mìno h eidik  per�ptwsh pou diapragmateÔetai.

Sq ma 10.1: H kataskeu  tou kanonikoÔ dekapentag¸nou.
10.2 Ti gn¸rize o Eukle�dhMporoÔme me ti opoiesd pote epiful�xei na jewr soume ìti o Eukle�dh�gn¸rize� thn (3) parak�tw, kai opwsd pote kai autì kai o pro-eukle�deiosuggrafèa tou Bibl�ou d' gn¸rizan ti tetrimmène parathr sei (1) kai (4):1. Gia k�je n > 1, to kanonikì 2n-gwno e�nai kataskeu�simo.2. Ta kanonik� 3-gwna kai 5-gwna e�nai kataskeu�sima.3. E�n ta kanonik� r-gwna kai s-gwna e�nai kataskeu�sima kai (r, s) = 1.tìte kai to kanonikì rs-gwno e�nai kataskeu�simo.4. E�n to kanonikì n-gwno e�nai kataskeu�simo kai o k diaire� ton n, tìtekai to kanonikì k-gwno e�nai kataskeu�simo.



10.3. TI �EKANE O ARQIM�HDHS 111Dedomènwn twn (1)�(4), to prìblhma gia to tuqa�o n an�getai se dun�meipr¸twn pi, p 6= 2. 110.3 Ti èkane o Arqim dhMe k�poia sugkekrimènh parallag  th mejìdou th neÔsh, o Arqim dhkataskeÔase to kanonikì ept�gwno kai me thn sun jh neÔsh to kanonikìenne�gwno. ToÔth h neÔsh d�nei thn lÔsh th triqotìmhsh th gwn�a:A doÔme to sq ma 10.2 kai a proqwr soume me an�lush kai sÔnjesh:An�lush: 'Estw o kÔklo kèntrou M kai akt�na r kai h euje�a DEC meth apìstash CE = r doje�sa.Qrhsimopoi¸nta ti a' 32 kai a' 5 br�skoume gia ti α, β ìti
α = ∠MDE + ∠MCD

= ∠MDE + ∠MEC

= ∠MDE + 2∠MDE

= 3β.

Sq ma 10.2: H Arqim deia triqotìmhsh gwn�a me neÔsh.SÔnjesh: 'Estw doje�sa gwn�a α < π/2. Qar�ssoume apìstash XY = rston kanìna kai ton glistr�me sth jèsh ìpou to X br�sketai sthn proekte-tamènh euje�a AB, to Y e�nai ep�nw ston kÔklo kai h XY pern� apì to C.H gwn�a β e�nai α/3.1Από το Θεμελιώδες Θεώρημα της Αριθμητικής: Για κάθε n > 1 υπάρχουν πρώτοι
p1, . . . , pj ξένοι μεταξύ τους και φυσικοί m1, . . . , mj τέτοιοι ώστε n = p
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112 KEF�ALAIO 10. PHG�ES VI: POL�UGWNAEfarmog : Triqotome�tai gwn�a π/3 ¸ste β = π/9. Me thn 2β sto kèntrotou kÔklou kataskeu�zetai to kanonikì eggegrammèno enne�gwno.10.4 Ti apèdeixe o GaussO Carl Friedrich Gauss (1777�1855) arq�zei to episthmonikì tou hmerolìgiome thn parak�tw kataq¸rhsh.To jemèlio sto opo�o bas�zetai h dia�resh tou kÔklou, e�nai h gewmetrik tou dia�resh se dekaept� mèrh, kai oÔtw kaj' ex .O èfhbo Gauss den e�qe brei mìno thn kataskeu  tou kanonikoÔ dekae-ptag¸nou, all� ep�sh kai ti genikè arqè p�sw ap' aut n. Sthn pr¸th toudhmos�eush2 gr�fei:Gia èna perittì pr¸to p, to kanonikì pi-gwno e�nai kataskeu�simo me ka-nìna kai diab th e�n kai mìno e�n i = 1 kai p = 22k

+ 1, dhlad  o p e�nai ènaarijmì tou Fermat.Den e�nai ìloi oi arijmo� tou Fermat pr¸toi. L.q. oi arijmo� F5, . . . F23e�nai gnwstì ìti e�nai sÔnjetoi. Kat� sunèpeia, apì th stigm  pou den e�naiakìmh gnwstì kanèna genikì apotèlesma gia to pìte èna arijmì Fermate�nai pr¸to, to prìblhma kataskeu  tou kanonikoÔ eggegrammènou n-g¸nouparamènei anoiktì.310.5 Pw to èkane o GaussJa parajèsoume th mèjodo tou Gauss gia thn per�ptwsh tou kanonikou penta-g¸nou. Sto migadikì ep�pedo, to kanonikì n-gwno par�statai apì ti n-ostèr�ze th mon�da, dhlad  apì ti r�ze th ex�swsh
zn − 1 = 0.ToÔte oi r�ze e�nai oi
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2π
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k
, k = 1, . . . , n,2Disquisitiones Arithmeticae, Αριθμητικές ΄Ερευνες, 1801.3Σύμφωνα με το θεώρημα του Gauss το κανονικό εννεάγωνο δεν είναι κατασκευάσιμο,

πράγμα που δείχνει ότι η μέθοδος της νεύσης είναι ισχυρότερη από αυτή του κανόνα και του
διαβήτη.



10.5. PWS TO �EKANE O GAUSS 113kai ep�sh isqÔei ìti an ζ1 = ζ tìte ζk = ζk, k = 2, . . . , n. MolataÔta, oparap�nw tÔpo den bohj�. Gia thn per�ptwsh tou pentag¸nou (Sq ma 10.3)ja qrhsimopoi soume thn ex�swsh
0 = z5 − 1 = (z − 1)(z4 + z3 + z2 + z + 1).

Sq ma 10.3: H mèjodo tou Gauss gia to kanonikì pent�gwno.O pr¸to par�gonta d�dei thn lÔsh ζ1 = 1 kai den èqei �llo endiafèronplhn tou ìti stajeropoie� thn jèsh tou pentag¸nou ston monadia�o kÔklo.Epeid  ìle oi lÔsei e�nai mh mhdenikè, diairoÔme ton deÔtero par�gonta me
z2 kai pa�rnoume

0 = z2 + z + 1 + z−1 + z−2

= z2 + 2 + z−2 + z + z−1 − 1

= (z + z−1)2 + (z + z−1) − 1.Me autì to mikrì tèqnasma, jètoume w = z + z−1 kai katal goume sthntetragwnik  ex�swsh
w2 + w − 1 = 0, pou èqei lÔsei ti w1,2 =

1 ±
√

5

2
.



114 KEF�ALAIO 10. PHG�ES VI: POL�UGWNA'Ara loipìn, oi pèmpte r�ze th mon�da pou e�nai diaforetikè tou 1, ikano-poioÔn ti
z + z−1 =

1 ±
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,An ζ e�nai m�a pèmpth r�za th mon�da diaforetik  tou 1, tìte to �dio isqÔeigia thn ζ2 kai oi parap�nw exis¸sei d�doun
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4ta opo�a e�nai kataskeu�sima, ìpw fa�netai kai sto Sq ma 10.3 (b): 'Estwto orjog¸nio tr�gwno me korufè ta 0, (kèntro tou kÔklou), i/2, (−1)/4(kataskeu�sima). Apì to Pujagìreio je¸rhma, h akt�na tou e�nai √5/2. Mekèntro to (−1)/4 kai me aut  thn akt�na, fèretai kÔklo pou tèmnei ton prag-matikì �xona (th di�metro tou kÔklou pou or�zetai apì ta 0, 1) sta shme�a
ℜ(ζ) kai ℜ(ζ2).Apomènei na prosdioriste� to fantastikì mèro y tou ζ = x + iy. Epeid 
x2 + y2 = 1, pa�rnoume
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5.'Ara h pleur� f tou kanonikoÔ pentag¸nou kai h diag¸nio tou d d�dontai apìti
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5.H sÔgkrish th ex�swsh w2 + w − 1 = 0 kai aut  pou d�detai sthn deÔterhan�lush tou pentag¸nou, ma d�dei na katal�boume ìti toÔth e�nai h afh-rhmènh ous�a tou probl mato. O Gauss èftase eke� y�qnonta to genikìprìblhma kai qrhsimopoi¸nta to nèo ergale�o twn migadik¸n; o Eukle�dhdiapragmateuìtan k�je per�ptwsh qwrist�. H gen�keush kai h afhrhmènhdiapragm�teush èkanan to prìblhma prosb�simo kai thn lÔsh di�fanh.


