
TA KRITHRIA OLOKLHRWMATOS KAI SUMPUKNWSHS

Je¸rhma (Krit rio oloklhr¸matoc). 'Estw f : [1,+∞)→ R suneq c, �jÐnousa, mh arnhtik . Tìte h seir�
∞∑

n=1

f (n) sugklÐnei an kai mìno an h akoloujÐa xn me xn =

∫ n

1
f (x)dx sugklÐnei.

Apìdeixh. 'Estw sn h akoloujÐa twn merik¸n ajroism�twn thc seir�c. AfoÔ h f eÐnai �jÐnousa èqoume

f (k + 1) ≤ f (x) ≤ f (k) gia k�je x ∈ [k, k + 1], k ∈ N. Oloklhr¸nontac wc proc x paÐrnoume∫ k+1

k
f (k + 1)dx ≤

∫ k+1

k
f (x)dx ≤

∫ k+1

k
f (k)dx.

'Ara

f (k + 1) ≤
∫ k+1

k
f (x)dx ≤ f (k).

AjroÐzontac gia k apì 1 wc n èqoume

n∑
k=1

f (k + 1) ≤
n∑

k=1

∫ k+1

k
f (x)dx ≤

n∑
k=1

f (k).

Epomènwc
n∑

k=1

f (k + 1) ≤
∫ n+1

1
f (x)dx ≤

n∑
k=1

f (k).

IsodÔnama

sn+1 − f (1) ≤ xn+1 ≤ sn.

Apì thn teleutaÐa sqèsh sunep�gontai ta ex c :

• An h seir� sugklÐnei tìte h sn eÐnai �ragmènh. 'Ara kai h xn eÐnai �ragmènh, epomènwc sugklÐnei

diìti eÐnai aÔxousa.

• An h xn sugklÐnei tìte eÐnai �ragmènh, �ra kai h sn eÐnai �ragmènh, epomènwc h seir� sugklÐnei.

�

Par�deigma. 'Eqoume

∫ n

1

1
(x + 1) ln(x + 1)

dx = ln(ln(n + 1)) − ln(ln 2)→ +∞. 'Ara apì krit rio oloklh-

�¸matoc

∞∑
n=1

1
(n + 1) ln(n + 1)

= +∞.

Je¸rhma (Krit rio sumpÔknwshc tou Cauchy). 'Estw an mia �jÐnousa akoloujÐa mh arnhtik¸n arijm¸n.

Tìte h seir�

∞∑
n=1

an sugklÐnei an kai mìno an h seir�

∞∑
n=0

2na2n sugklÐnei.

Apìdeixh. 'Estw sn, tn oi akoloujÐec twn merik¸n ajroism�twn twn seir¸n

∞∑
n=1

an,

∞∑
n=0

2na2n antÐstoiqa.

'Eqoume

s2n+1−1 = a1 + (a2 + a3) + (a4 + a5 + a6 + a7) + · · · + (a2n + · · · + a2n+1−1)

≤ a1 + 2a2 + 4a4 + · · · + 2na2n = tn.

Dhlad  s2n+1−1 ≤ tn (∗). Ap'thn �llh

s2n+1 = a1 + a2 + (a3 + a4) + (a5 + a6 + a7 + a8) + · · · + (a2n+1 + · · · + a2n+1 )

≥ a1 + a2 + 2a4 + 4a8 + · · · + 2na2n+1

=
1
2

(2a1 + 2a2 + 4a4 + 8a8 + · · · + 2n+1a2n+1 ) =
1
2

(a1 + tn+1).

Dhlad  tn+1 ≤ 2s2n+1 − a1 (∗∗). An h

∞∑
n=0

2na2n sugklÐnei, tìte h tn eÐnai �ragmènh, �ra kai h s2n+1−1 eÐnai

�ragmènh apì thn (∗). Epomènwc h sn eÐnai �ragmènh, sunep¸c h

∞∑
n=1

an sugklÐnei.
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An h

∞∑
n=1

an sugklÐnei, tìte h sn eÐnai �ragmènh, �ra kai h 2s2n+1 − a1 eÐnai �ragmènh, epomènwc h tn+1 eÐnai

�ragmènh apì thn (∗∗). Sunep¸c h
∞∑

n=0

2na2n sugklÐnei. �

Par�deigma. 'Estw p > 0. Tìte

∞∑
n=2

1
(ln n)p = +∞. Pr�gmati, apì krit rio sumpÔknwshc, arkeÐ na

deÐxoume ìti

∞∑
n=1

an = +∞ ìpou an =
2n

(ln 2n)p . All�
an+1

an
= 2
( n
n + 1

)p
→ 2 > 1. 'Ara apì krit rio lìgou

∞∑
n=1

an = +∞.
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