
SUNEQEIA, OLOKLHRWSIMOTHTA KAI DIAFORISIMOTHTA
ORIWN AKOLOUJIWN SUNARTHSEWN

Je¸rhma. 'Estw fn : I → R mia akoloujÐa suneq¸n sunart sewn, kai f : I → R. An fn → f omoiìmorfa
tìte h f eÐnai suneq c.

Apìdeixh. StajeropoioÔme x0 ∈ I. Ja deÐxoume ìti h f eÐnai suneq c sto x0. 'Estw ε > 0. AfoÔ fn → f
omoiìmorfa, up�rqei n0 tètoio ¸ste sup

t∈I

∣∣∣ fn0 (t) − f (t)
∣∣∣ < ε. AfoÔ fn0 suneq c sto x0, up�rqei δ > 0 tètoio

¸ste gia k�je x ∈ I me |x − x0| < δ na isqÔei
∣∣∣ fn0 (x) − fn0 (x0)

∣∣∣ < ε. Epomènwc gia k�je tètoio x èqoume

| f (x) − f (x0)| ≤
∣∣∣ f (x) − fn0 (x)

∣∣∣ +
∣∣∣ fn0 (x) − fn0 (x0)

∣∣∣ +
∣∣∣ fn0 (x0) − f (x0)

∣∣∣ < 3ε.

�

Parat rhsh. H upìjesh thc omoiìmorfhc sÔgklishc eÐnai aparaÐthth sto prohgoÔmeno �e¸rhma.
Pr�gmati, h akoloujÐa suneq¸n sunart sewn fn(x) = e−nx2

, x ∈ R sugklÐnei kat� shmeÐo sthn asuneq 
sun�rthsh χ{0}, �ra h sÔgklish den mporeÐ na eÐnai omoiìmorfh.

Je¸rhma. 'Estw fn : [a, b]→ R mia akoloujÐa (Riemann) oloklhr¸simwn sunart sewn kai f : [a, b]→ R.
An fn → f omoiìmorfa tìte h f eÐnai oloklhr¸simh kai

lim
n→∞

∫ b

a
fn (t) dt =

∫ b

a
f (t) dt.

Apìdeixh. 'Estw ε > 0. AfoÔ fn → f omoiìmorfa, up�rqei n0 tètoio ¸ste sup
a≤t≤b

∣∣∣ fn0 (t) − f (t)
∣∣∣ < ε. AfoÔ h

fn0 eÐnai oloklhr¸simh, up�rqei diamèrish P = {a = t0 < t1 < · · · < tN = b} tètoia ¸ste

U
(
fn0 ,P

) − L
(
fn0 ,P

)
< ε.

Epomènwc

U ( f ,P) − L ( f ,P) =
(
U ( f ,P) − U

(
fn0 ,P

))
+

(
U

(
fn0 ,P

) − L
(
fn0 ,P

))
+

(
L

(
fn0 ,P

) − L ( f ,P)
)

≤
N∑

k=1

(
sup

tk−1≤t≤tk
f (t) − sup

tk−1≤t≤tk
fn0 (t)

)
(tk − tk−1) + ε +

N∑

k=1

(
inf

tk−1≤t≤tk
f (t) − inf

tk−1≤t≤tk
fn0 (t)

)
(tk − tk−1)

≤
N∑

k=1

sup
tk−1≤t≤tk

∣∣∣ f (t) − fn0 (t)
∣∣∣ (tk − tk−1) + ε +

N∑

k=1

sup
tk−1≤t≤tk

∣∣∣ f (t) − fn0 (t)
∣∣∣ (tk − tk−1)

≤ 2 sup
a≤t≤b

∣∣∣ fn0 (t) − f (t)
∣∣∣

N∑

k=1

(tk − tk−1) + ε < ε (2 (b − a) + 1) .

'Ara h f eÐnai oloklhr¸simh. EpÐshc èqoume∣∣∣∣∣∣
∫ b

a
fn (t) −

∫ b

a
f (t) dt

∣∣∣∣∣∣ ≤
∫ b

a
| fn (t) − f (t)| dt ≤ sup

a≤t≤b
| fn (t) − f (t)| (b − a)→ 0.

�

Parat rhsh. H upìjesh thc omoiìmorfhc sÔgklishc eÐnai aparaÐthth sto prohgoÔmeno �e¸rhma.
Pr�gmati, èstw {q1, q2, . . . } mia arÐjmhsh twn �ht¸n sto [0, 1]. Tìte h fn = χ{q1,...,qn} eÐnai mia akoloujÐa
oloklhr¸simwn sunart sewn sto [0, 1] h opoÐa sugklÐnei kat� shmeÐo sthn mh oloklhr¸simh sun�rthsh
χQ∩[0,1]. 'Ena �llo par�deigma eÐnai h akoloujÐa fn = nχ(0,1/n]. H fn eÐnai mia akoloujÐa oloklhr¸simwn
sunart sewn sto [0, 1] h opoÐa sugklÐnei kat� shmeÐo sth mhdenik  sun�rthsh. All�

∫ 1

0
fn (t) dt = 1 9 0.

EÐdame ìti h omoiìmorfh sÔgklish diathreÐ th sunèqeia kai thn oloklhrwsimìthta. H omoiìmorfh
sÔgklish, genik�, DEN diathreÐ th diaforisimìthta.

ParadeÐgmata.
(1) H akoloujÐa fn(x) = |x|1+ 1

n , −1 ≤ x ≤ 1, sugklÐnei omoiìmorfa sthn mh diaforÐsimh sun�rthsh |x|.
(2) H akoloujÐa gn(x) =

1
n

sin(nx), x ∈ R, sugklÐnei omoiìmorfa sthn mhdenik  sun�rthsh. All� h
akoloujÐa twn parag¸gwn g′n(x) = cos(nx) den sugklÐnei oÔte kat� shmeÐo.
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(g') g′n(x) = cos(nx)
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