
KATA SHMEIO KAI OMOIOMORFH SUGKLISH AKOLOUJIWN SUNARTHSEWN
Se ìlec tic enìthtec pou akoloujoÔn kai aforoÔn akoloujÐec kai seirèc sunart sewn, me I �a sumbolÐ-

oume k�poio di�sthma tou R (opoioud pote tÔpou). EpÐshc, an A ⊂ R tìte me χA �a sumbolÐzoume th
qarakthristik  sun�rthsh tou A dhlad  th sun�rthsh

χA(x) =


1, an x ∈ A
0, an x < A

.

Orismìc. 'Estw f , g : I → R. Jètoume

ρ( f , g) = sup
x∈I
| f (x) − g(x)|.

H posìthta aut  (mporeÐ na eÐnai �peirh) onom�zetai apìstash twn f kai g.

ParadeÐgmata.
(1) An f (x) = sin x, g(x) = 0, x ∈ R, tìte ρ( f , g) = 1.
(2) An f (x) = 1/x, g(x) = 0, x > 0, tìte ρ( f , g) = +∞.

Orismìc. 'Estw fn mia akoloujÐa sunart sewn fn : I → R kai f : I → R.
(1) Lème ìti h fn sugklÐnei kat� shmeÐo sthn f ( fn → f kat� shmeÐo), an gia k�je x ∈ I èqoume

lim
n→∞

fn (x) = f (x). IsodÔnama:
Gia k�je x ∈ I kai k�je ε > 0 up�rqei n0 tètoio ¸ste gia k�je n ≥ n0 èqoume | fn (x) − f (x)| < ε.

(2) Lème ìti h fn sugklÐnei omoiìmorfa sthn f ( fn → f omoiìmorfa), an lim
n→∞

ρ( fn, f ) = 0. IsodÔnama:
Gia k�je ε > 0 up�rqei n0 tètoio ¸ste gia k�je x ∈ I kai k�je n ≥ n0 èqoume | fn (x) − f (x)| < ε.

Parathr seic.
(1) H diafor� an�mesa stouc dÔo orismoÔc eÐnai h ex c : Sthn kat� shmeÐo sÔgklish to n0 exart�tai

kai apì to ε kai apì to x. Sthn omoiìmorfh sÔgklish to n0 exart�tai mìno apì to ε. 'Etsi h
apaÐthsh na èqoume omoiìmorfh sÔgklish eÐnai isqurìterh apì thn apaÐthsh na èqoume kat�
shmeÐo sÔgklish.

(2) Gewmetrik�, h fn sugklÐnei omoiìmorfa sthn f an gia k�je ε > 0 up�rqei n0 tètoio ¸ste gia k�je
n ≥ n0 h grafik  par�stash thc fn �rÐsketai se mia lwrÐda pl�touc 2ε gÔrw apì th grafik 
par�stash thc f .

ParadeÐgmata.
(1) H akoloujÐa fn(x) = x + 1/n, x ∈ R, sugklÐnei kat� shmeÐo kai omoiìmorfa sthn f (x) = x.
(2) H akoloujÐa fn(x) = x/n, x ∈ R, sugklÐnei kat� shmeÐo sth mhdenik  sun�rthsh. Den sugklÐnei

omoiìmorfa diìti ρ( fn, 0) = +∞. An ìmwc periorÐsoume to pedÐo orismoÔ twn fn sto di�sthma [0, 1],
tìte èqoume omoiìmorfh sÔgklish diìti ρ( fn, 0) = 1/n→ 0.

(3) H akoloujÐa fn me fn (x) = xn, x ∈ (0, 1), sugklÐnei kat� shmeÐo sth mhdenik  sun�rthsh diìti
lim
n→∞

xn = 0 gia k�je x ∈ (0, 1). H akoloujÐa den sugklÐnei omoiìmorfa diìti ρ( fn, 0) = 1 9 0.
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(a') fn(x) = x + 1/n
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(�') fn(x) = x/n
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(g') fn(x) = xn
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(4) H akoloujÐa fn me fn = nχ(0,1/n] sugklÐnei kat� shmeÐo sth mhdenik  sun�rthsh diìti gia k�je
x ∈ R up�rqei n0 tètoio ¸ste gia k�je n ≥ n0 èqoume fn (x) = 0. H fn den sugklÐnei omoiìmorfa
sth mhdenik  sun�rthsh diìti ρ( fn, 0) = n 9 0.

(5) H akoloujÐa suneq¸n sunart sewn fn(x) = e−nx2 , x ∈ R, sugklÐnei kat� shmeÐo sthn asuneq 
sun�rthsh χ{0} (pantoÔ mhdèn ektìc apì to shmeÐo 0 sto opoÐo paÐrnei thn tim  1). Ja doÔme
parak�tw ìti ìtan sumbaÐnei autì h sÔgklish den mporeÐ na eÐnai omoiìmorfh.
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(a') fn = nχ(0,1/n]
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(�') fn(x) = e−nx2

Je¸rhma. 'Estw fn : I → R mia akoloujÐa sunart sewn kai f : I → R. An fn → f omoiìmorfa tìte
fn → f kat� shmeÐo.

Apìdeixh. 'Epetai �mesa apì touc orismoÔc. �

Parat rhsh. To antÐstrofo tou prohgoÔmenou �ewr matoc, ìpwc eÐdame sta prohgoÔmena paradeÐg-
mata, DEN isqÔei.

Je¸rhma. 'Estw fn, gn : I → R akoloujÐec sunart sewn. 'Estw epÐshc f , g : I → R kai a, b ∈ R. An
fn → f kai gn → g kat� shmeÐo tìte a fn + bgn → a f + bg kai fngn → f g kat� shmeÐo.

Apìdeixh. Gia k�je x ∈ I èqoume lim
n→∞

(a fn (x) + bgn (x)) = a f (x) + bg (x) kai lim
n→∞

fn (x) gn (x) = f (x) g (x). �

Je¸rhma. 'Estw fn, gn : I → R akoloujÐec sunart sewn. 'Estw epÐshc f , g : I → R kai a, b ∈ R.
(1) An fn → f kai gn → g omoiìmorfa tìte a fn + bgn → a f + bg.

(2) An fn → f kai gn → g omoiìmorfa kai epiplèon oi f , g eÐnai �ragmènec, tìte fngn → f g omoiìmorfa.

Apìdeixh.
(1) 'Eqoume

|(a fn (x) + bgn (x)) − (a f (x) + bg (x))| ≤ |a| | fn (x) − f (x)| + |b| |gn (x) − g (x)|
gia k�je x ∈ I. Epomènwc

sup
x∈I
|(a fn (x) + bgn (x)) − (a f (x) + bg (x))| ≤ |a| sup

x∈I
| fn (x) − f (x)| + |b| sup

x∈I
|gn (x) − g (x)| → 0.

'Ara a fn + bgn → a f + bg omoiìmorfa.
(2) Ac upojèsoume t¸ra epiplèon ìti oi f kai g eÐnai �ragmènec, dhlad  up�rqei M > 0 ¸ste gia k�je

x ∈ I èqoume | f (x)| ≤ M kai |g (x)| ≤ M. Efìson fn → f omoiìmorfa, up�rqei n0 tètoio ¸ste gia
k�je n me n ≥ n0 kai k�je x ∈ I èqoume | fn (x) − f (x)| < M kai �ra | fn (x)| ≤ | fn (x) − f (x)| + | f (x)| ≤
2M. Sunep¸c

| fn (x) gn (x) − f (x) g (x)| = | fn (x) gn (x) − fn (x) g (x) + fn (x) g (x) − f (x) g (x)|
≤ | fn (x)| |gn (x) − g (x)| + |g (x)| | fn (x) − f (x)|
≤ 2M |gn (x) − g (x)| + M | fn (x) − f (x)|

gia k�je x ∈ I kai k�je n ≥ n0. Epomènwc gia n ≥ n0 èqoume

sup
x∈I
| fn (x) gn (x) − f (x) g (x)| ≤ 2M sup

x∈I
|gn (x) − g (x)| + M sup

x∈I
| fn (x) − f (x)| → 0.

'Ara fngn → f g omoiìmorfa. 2
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Parat rhsh. Sto (2) tou prohgoÔmenou �ewr matoc, h upìjesh ìti oi f kai g eÐnai �ragmènec eÐ-
nai aparaÐthth. Pr�gmati, h akoloujÐa fn (x) = x + 1/n, x ∈ R, sugklÐnei omoiìmorfa sth sun�rthsh
f (x) = x diìti ρ( fn, f ) = 1/n→ 0, all� h f 2

n den sugklÐnei omoiìmorfa sthn f 2 diìti ρ( f 2
n , f 2) = +∞.
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