
ANADIATAXEIS KAI GINOMENA SEIRWN

Orismìc. 'Estw

∞∑
n=1

an mia seir� pragmatik¸n arijm¸n kai τ : N → N mia 1-1 kai epÐ sun�rthsh. Tìte h

∞∑
n=1

aτ(n) onom�zetai anadi�taxh thc

∞∑
n=1

an.

ParadeÐgmata.

(1) H seir�

(∗)
1
2
+ 1 +

1
4
+

1
3
+

1
6
+

1
5
+ · · ·

eÐnai mia anadi�taxh thc armonik c seir�c

(∗∗) 1 +
1
2
+

1
3
+

1
4
+

1
5
+

1
6
+ · · · .

ParathroÔme ìti h (∗∗) apoklÐnei. Pr�gmati, an sn kai tn eÐnai oi akoloujÐec twn merik¸n ajroi-

sm�twn twn (∗) kai (∗∗) antÐstoiqa, tìte

s2n =

(
1
2
+ 1

)
+

(
1
4
+

1
3

)
+

(
1
6
+

1
5

)
+ · · · +

(
1

2n
+

1
2n − 1

)
=

(
1 +

1
2

)
+

(
1
3
+

1
4

)
+

(
1
5
+

1
6

)
+ · · · +

(
1

2n − 1
+

1
2n

)
= t2n → +∞.

'Ara sn → +∞ diìti h sn eÐnai aÔxousa.

(2) Up�rqei anadi�taxh thc

1 −
1
2
+

1
3
−

1
4
+

1
5
−

1
6
+ · · ·

h opoÐa apoklÐnei. Pr�gmati, qrhsimopoi¸ntac to ìti

∞∑
n=0

1
2n + 1

= +∞ mporoÔme na epilèxoume

n1 < n2 < · · · < nk < · · ·

ètsi ¸ste

−
1
2
+ 1 +

1
3
+

1
5
+ · · · +

1
2n1 + 1

> 1 (1)

−
1
4
+

1
2n1 + 3

+
1

2n1 + 5
+ · · · +

1
2n2 + 1

> 1 (2)

−
1
6
+

1
2n2 + 3

+
1

2n2 + 5
+ · · · +

1
2n3 + 1

> 1 (3)

· · · (4)

−
1

2k + 2
+

1
2nk + 3

+
1

2nk + 5
+ · · · +

1
2nk + 1

> 1 (5)

· · · (6)

Tìte h an�di�taxh(
−

1
2
+ 1 +

1
3
+

1
5
+ · · · +

1
2n1 + 1

)
+

(
−

1
4
+

1
2n1 + 3

+
1

2n1 + 5
+ · · · +

1
2n2 + 1

)
+ · · ·

apoklÐnei diìti to �jroisma n diadoqik¸n parenjèsewn eÐnai megalÔtero apì n.

Sthn pragmatikìthta isqÔei to akìloujo polÔ isqurìtero apotèlesma tou opoÐou h apìdeixh paraleÐ-

petai.

Je¸rhma (Riemann). An h seir�

∞∑
n=1

an sugklÐnei upì sunj kh, tìte gia k�je s ∈ R up�rqei anadi�taxh

tètoia ¸ste

∞∑
n=1

aτ(n) = s.

Ap� thn �llh, èqoume to ex c :
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Je¸rhma. 'Estw

∞∑
n=1

an mia apìluta sugklÐnousa seir� kai

∞∑
n=1

aτ(n) tuqoÔsa anadi�taxh. Tìte h

∞∑
n=1

aτ(n)

sugklÐnei apìluta kai

∞∑
n=1

aτ(n) =

∞∑
n=1

an.

Apìdeixh. Gia k�je n èqoume

n∑
k=1

|aτ(k)| ≤

∞∑
k=1

|ak | �ra h anadi�taxh sugklÐnei apìluta. 'Estw t¸ra ε > 0.

Tìte up�rqei n1 tètoio ¸ste

∞∑
k=n1+1

|ak | < ε. Epilègoume n0 tètoio ¸ste

{1, 2, . . . , n1} ⊂ {τ(1), τ(2), . . . , τ(n0)}.

Tìte gia k�je n me n > n0 �ètoume

In = {τ(1), τ(2), . . . , τ(n)} r {1, 2, . . . , n1}

kai èqoume∣∣∣∣∣∣∣
n∑

k=1

aτ(k) −

∞∑
k=1

ak

∣∣∣∣∣∣∣ ≤
∣∣∣∣∣∣∣

n∑
k=1

aτ(k) −

n1∑
k=1

ak

∣∣∣∣∣∣∣ +
∣∣∣∣∣∣∣

n1∑
k=1

ak −

∞∑
k=1

ak

∣∣∣∣∣∣∣ =
∣∣∣∣∣∣∣∑k∈In

ak

∣∣∣∣∣∣∣ +
∣∣∣∣∣∣∣
∞∑

k=n1+1

ak

∣∣∣∣∣∣∣ ≤ 2
∞∑

k=n1+1

|ak | < 2ε.

Epomènwc

∞∑
n=1

aτ(n) =

∞∑
n=1

an. �

Orismìc. 'Estw an, bn, n = 0, 1, 2, 3, . . . , duo akoloujÐec pragmatik¸n arijm¸n. Jètoume

an ∗ bn =

n∑
k=0

an−kbk.

H akoloujÐa an ∗ bn lègetai sunèlixh   ginìmeno Cauchy twn an kai bn.

Je¸rhma. 'Estw

∞∑
n=0

an,

∞∑
n=0

bn duo apìluta sugklÐnousec seirèc. Jètoume a =
∞∑

n=0

an, b =
∞∑

n=0

bn. Tìte h

∞∑
n=0

an ∗ bn sugklÐnei apìluta kai

∞∑
n=0

an ∗ bn = ab.

Apìdeixh. Jètoume cn = an ∗ bn. Gia k�je n èqoume

n∑
k=0

|ck | ≤

n∑
k=0

k∑
j=0

|ak− j||b j| =

n∑
j=0

n∑
k= j

|ak− j||b j| =

n∑
j=0

|b j|

n∑
k= j

|ak− j| =

n∑
j=0

|b j|

n− j∑
k=0

|ak | ≤

∞∑
j=0

|b j|

∞∑
k=0

|ak |.

Dhlad  h akoloujÐa twn merik¸n ajroism�twn thc

∞∑
n=0

|cn| eÐnai �ragmènh, �ra h

∞∑
n=0

cn sugklÐnei apìluta.

Ja deÐxoume t¸ra ìti

∞∑
n=0

cn = ab. 'Eqoume

n∑
k=0

ck =

n∑
k=0

k∑
j=0

ak− jb j =

n∑
j=0

n∑
k= j

ak− jb j =

n∑
j=0

b j

n∑
k= j

ak− j =

n∑
j=0

b j

n− j∑
k=0

ak =

n∑
j=0

b j

 n− j∑
k=0

ak − a

 + a
n∑

j=0

b j.

Profan¸c lim
n→∞

a
n∑

j=0

b j = ab, epomènwc arkeÐ na deÐxoume ìti lim
n→∞

n∑
j=0

b j

 n− j∑
k=0

ak − a

 = 0. 'Estw ε > 0. AfoÔ

h

∞∑
j=0

|b j| sugklÐnei, up�rqei n1 tètoio ¸ste

∞∑
j=n1+1

|b j| < ε. EpÐshc, afoÔ

∞∑
k=0

ak = a up�rqei n2 tètoio ¸ste

gia k�je n me n ≥ n2 èqoume

∣∣∣∣∣∣∣
n∑

k=0

ak − a

∣∣∣∣∣∣∣ < ε. Jètoume n0 = max{n1, n2}. Tìte gia k�je n me n > 2n0∣∣∣∣∣∣∣∣
n∑

j=0

b j

 n− j∑
k=0

ak − a


∣∣∣∣∣∣∣∣ ≤

n0∑
j=0

|b j|

∣∣∣∣∣∣∣
n− j∑
k=0

ak − a

∣∣∣∣∣∣∣ +
n∑

j=n0+1

|b j|

∣∣∣∣∣∣∣
n− j∑
k=0

ak − a

∣∣∣∣∣∣∣ ≤ ε
n0∑
j=0

|b j| +

n∑
j=n0+1

|b j|

 n− j∑
k=0

|ak | + |a|


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≤ ε

∞∑
j=0

|b j| +

∞∑
j=n0+1

|b j|

 ∞∑
k=0

|ak | + |a|

 ≤ ε ∞∑
j=0

|b j| + ε

 ∞∑
k=0

|ak | + |a|


= ε

 ∞∑
j=0

|b j| +

∞∑
k=0

|ak | + |a|

 .
Autì shmaÐnei ìti lim

n→∞

n∑
j=0

b j

 n− j∑
k=0

ak − a

 = 0. �

Par�deigma. H sunèlixh thc
1
n!

me ton eautì thc eÐnai h akoloujÐa

n∑
k=0

1
k!(n − k)!

, n ∈ N. Epomènwc

 ∞∑
n=0

1
n!

2

=

∞∑
n=0

n∑
k=0

1
k!(n − k)!

=

∞∑
n=0

1
n!

n∑
k=0

n!
k!(n − k)!

=

∞∑
n=0

1
n!

n∑
k=0

(
n
k

)
=

∞∑
n=0

2n

n!
.
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