
SEIRES SUNARTHSEWN

Orismìc. 'Estw fn : I → R mia akoloujÐa sunart sewn kai f : I → R. JewroÔme thn akoloujÐa twn

merik¸n ajroism�twn sn me sn =

n∑

k=1

fk.

An sn → f kat� shmeÐo tìte lème ìti h seir�
∞∑

n=1

fn sugklÐnei kat� shmeÐo sthn f kai gr�foume :

∞∑

n=1

fn = f kat� shmeÐo.

An sn → f omoiìmorfa tìte lème ìti h seir�
∞∑

n=1

fn sugklÐnei omoiìmorfa sthn f kai gr�foume :

∞∑

n=1

fn = f omoiìmorfa.
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ParadeÐgmata.

(1) H gewmetrik  seir�
∞∑

n=0

xn sugklÐnei kat� shmeÐo all� ìqi omoiìmorfa sth sun�rthsh f (x) =
1

1 − x
sto di�sthma (−1, 1). Pr�gmati, an sn eÐnai h akoloujÐa twn merik¸n ajroism�twn, tìte

sn(x) =

n∑

k=0

xk =
1 − xn+1

1 − x
→ 1

1 − x
= f (x) kaj¸c n→ ∞

ρ(sn, f ) = sup
x∈(−1,1)

∣∣∣∣∣∣∣
n∑

k=0

xk − 1
1 − x

∣∣∣∣∣∣∣ = sup
x∈(−1,1)

∣∣∣∣∣∣
xn+1

1 − x

∣∣∣∣∣∣ = +∞.

H seir� den sugklÐnei gia kanèna x èxw apì to di�sthma (−1, 1).

(2) H seir�
∞∑

n=1

xn

n
, x ∈ [−1, 0], sugklÐnei omoiìmorfa sth sun�rthsh f (x) = − ln(1 − x). Pr�gmati,

stajeropoioÔme tuqìn x ∈ [−1, 0], oloklhr¸noume th sqèsh
n−1∑

k=0

tk =
1 − tn

1 − t

apì x wc 0 kai paÐrnoume

−
n∑

k=1

xk

k
= ln(1 − x) −

∫ 0

x

tn

1 − t
dt.
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Epomènwc, an sn eÐnai h akoloujÐa twn merik¸n ajroism�twn thc seir�c, tìte

|sn(x) − f (x)| =
∣∣∣∣∣∣
∫ 0

x

tn

1 − t
dt

∣∣∣∣∣∣ ≤
∫ 0

x

|t|n
|1 − t|dt ≤

∫ 0

x
|t|ndt =

|x|n+1

n + 1
≤ 1

n + 1
.

PaÐrnontac sup wc proc x èqoume ρ(sn, f ) ≤ 1/n → 0, �ra h sÔgklish eÐnai omoiìmorfh. Parath-
� ste ìti gia x = −1 èqoume

1 − 1
2

+
1
3
− 1

4
+ · · · = − f (−1) = ln 2,

dhlad  upologÐsame to ìrio thc enall�sousac seir�c.

Parathr seic.

(1) An oi fn eÐnai suneqeÐc kai
∞∑

n=1

fn = f omoiìmorfa, tìte h f eÐnai suneq c giatÐ h akoloujÐa twn

merik¸n ajroism�twn apoteleÐtai apì suneqeÐc sunart seic.

(2) An oi fn : [a, b]→ R eÐnai oloklhr¸simec kai
∞∑

n=1

fn = f omoiìmorfa, tìte h f eÐnai oloklhr¸simh

diìti h akoloujÐa twn merik¸n ajroism�twn apoteleÐtai apì oloklhr¸simec sunart seic. EpÐshc
∫ b

a


∞∑

n=1

fn(t)

 dt =

∫ b

a
lim

n


n∑

k=1

fk(t)

 dt = lim
n

∫ b

a


n∑

k=1

fk(t)

 dt = lim
n

n∑

k=1

∫ b

a
fk(t) dt =

∞∑

n=1

∫ b

a
fn(t) dt.

Je¸rhma (Krit rio Weierstrass). 'Estw fn : I → R mia akoloujÐa sunart sewn. Upojètoume ìti up�rqei

mia akoloujÐa Mn mh arnhtik¸n arijm¸n tètoia ¸ste h seir�
∞∑

n=1

Mn sugklÐnei kai | fn(x)| ≤ Mn gia k�je x ∈ I

kai k�je n. Tìte h seir�
∞∑

n=1

fn sugklÐnei apìluta kai omoiìmorfa sto I.

Apìdeixh. Gia k�je x ∈ I h seir�
∞∑

n=1

fn(x) sugklÐnei apìluta apì krit rio sÔgkrishc. Jètoume f (x) =

∞∑

n=1

fn(x).

Ja deÐxoume ìti
∞∑

n=1

fn = f omoiìmorfa. Gia k�je x ∈ I èqoume

∣∣∣∣∣∣∣
n∑

k=1

fk(x) − f (x)

∣∣∣∣∣∣∣ =

∣∣∣∣∣∣∣
n∑

k=1

fk(x) −
∞∑

k=1

fk(x)

∣∣∣∣∣∣∣ =

∣∣∣∣∣∣∣
∞∑

k=n+1

fk(x)

∣∣∣∣∣∣∣ ≤
∞∑

k=n+1

| fk(x)| ≤
∞∑

k=n+1

Mk.

'Ara sup
x∈I

∣∣∣∣∣∣∣
n∑

k=1

fk(x) − f (x)

∣∣∣∣∣∣∣ ≤
∞∑

k=n+1

Mk → 0 kaj¸c n→ ∞. Epomènwc
n∑

k=1

fk → f omoiìmorfa. �

Parat rhsh. To prohgoÔmeno �e¸rhma exakoloujeÐ na isqÔei an upojèsoume ìti | fn(x)| ≤ Mn gia k�je
x ∈ I kai k�je n ≥ n0, ìpou n0 dedomènoc �usikìc arijmìc.

Par�deigma. H seir�
∞∑

n=1

sin nx
n2 sugklÐnei omoiìmorfa s� olìklhro toR diìti

∣∣∣∣∣
sin nx

n2

∣∣∣∣∣ ≤
1
n2 gia k�je x, kai

h
∞∑

n=1

1
n2 sugklÐnei. Sto sq ma (g') �aÐnontai oi 10 pr¸toi ìroi thc akoloujÐac twn merik¸n ajroism�twn

thc seir�c.
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