
TA KRITHRIA LOGOU KAI RIZAS

Je¸rhma (Krit rio lìgou). 'Estw an akoloujÐa �etik¸n arijm¸n tètoia ¸ste
an+1

an
→ `.

(1) An ` < 1 tìte h seir�

∞∑
n=1

an sugklÐnei.

(2) An ` > 1 tìte

∞∑
n=1

an = +∞

Apìdeixh.

(1) An ` < 1 epilègoume ε0 > 0 tètoio ¸ste ` + ε0 < 1. AfoÔ
an+1

an
→ `, up�rqei n0 tètoio ¸ste∣∣∣∣∣an+1

an
− `

∣∣∣∣∣ < ε0 gia k�je n ≥ n0. Epomènwc gia k�je n ≥ n0 èqoume
an+1

an
< ` + ε0, kai �ra

an+1 < an(` + ε0) < an−1(` + ε0)2 < an−2(` + ε0)3 < · · · < an0 (` + ε0)n−n0+1.

All� h seir�

∞∑
n=1

(` + ε0)n sugklÐnei (gewmetrik , 0 < ` + ε0 < 1). 'Ara apì krit rio sÔgkrishc, h

seir�

∞∑
n=1

an sugklÐnei.

(2) An ` > 1 epilègoume ε1 > 0 tètoio ¸ste ` − ε1 > 1. AfoÔ
an+1

an
→ `, up�rqei n1 tètoio ¸ste∣∣∣∣∣an+1

an
− `

∣∣∣∣∣ < ε1 gia k�je n ≥ n1. Epomènwc gia k�je n ≥ n1 èqoume
an+1

an
> ` − ε1, kai �ra

an+1 > an(` − ε1) > an−1(` − ε1)2 > an−2(` − ε1)3 > · · · > an0 (` − ε1)n−n0+1.

All�

∞∑
n=1

(` − ε1)n = +∞ (gewmetrik , ` − ε1 > 1). Apì krit rio sÔgkrishc

∞∑
n=1

an = +∞.

�

Je¸rhma (Krit rio �Ðzac). 'Estw an akoloujÐa mh arnhtik¸n arijm¸n tètoia ¸ste n
√

an → `.

(1) An ` < 1, tìte h seir�

∞∑
n=1

an sugklÐnei.

(2) An ` > 1, tìte
∞∑

n=1

an = +∞.

Apìdeixh.

(1) An ` < 1 epilègoume ε0 > 0 tètoio ¸ste ` + ε0 < 1. AfoÔ n
√

an → `, up�rqei n0 tètoio ¸ste∣∣∣ n
√

an − `
∣∣∣ < ε0 gia k�je n ≥ n0. Epomènwc gia k�je n ≥ n0 èqoume

n
√

an < ` + ε0, kai �ra an < (`+ε0)n.

All� h seir�

∞∑
n=1

(` + ε0)n sugklÐnei , �ra apì krit rio sÔgkrishc, kai h

∞∑
n=1

an sugklÐnei.

(2) An ` > 1 epilègoume ε1 > 0 tètoio ¸ste ` − ε1 > 1. AfoÔ n
√

an → `, up�rqei n1 tètoio ¸ste∣∣∣ n
√

an − `
∣∣∣ < ε1 gia k�je n ≥ n1. Epomènwc gia k�je n ≥ n1 èqoume

n
√

an > ` − ε1, kai �ra an > (`−ε1)n.

All�

∞∑
n=1

(` − ε1)n = +∞. 'Ara apì krit rio sÔgkrishc

∞∑
n=1

an = +∞.

�

Parathr seic.

(1) Sta krit ria lìgou kai �Ðzac, an
an+1

an
→ +∞   an n

√
an → +∞, tìte

∞∑
n=1

an = +∞.

(2) Ta krit ria den efarmìzontai an ` = 1. Pr�gmati,

lim
1

n+1
1
n

= lim
1

(n+1)2

1
n2

= lim
n

√
1
n
= lim

n

√
1
n2 = 1.

1



All� h seir�

∞∑
n=1

1
n
apoklÐnei, en¸ h

∞∑
n=1

1
n2 sugklÐnei.

ParadeÐgmata.

(1) H

∞∑
n=1

n!
nn sugklÐnei diìti

(n+1)!
(n+1)n+1

n!
nn

=

( n
n + 1

)n
→

1
e
< 1 (krit rio lìgou).

(2) H

∞∑
n=1

(
1 +

1
n

)−n2

sugklÐnei diìti
n

√(
1 +

1
n

)−n2

=

(
1 +

1
n

)−n

→
1
e
< 1 (krit rio �Ðzac).
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