
SEIRES PRAGMATIKWN ARIJMWN - GENIKA

Orismìc. 'Estw an mia akoloujÐa pragmatik¸n arijm¸n. Jètoume

s1 = a1, s2 = a1 + a2, . . . , sn = a1 + a2 + · · · + an =

n∑
k=1

ak, · · ·

H akoloujÐa sn onom�zetai akoloujÐa twn merik¸n ajroism�twn thc seir�c

∞∑
n=1

an. Gia èna dedomèno n, o

arijmìc an lègetai n-ostìc ìroc thc seir�c, kai o arijmìc sn n-ostì merikì �jroisma thc seir�c.

• An lim sn = s gia k�poio s ∈ R, tìte lème ìti h seir�

∞∑
n=1

an sugklÐnei sto s kai gr�foume
∞∑

n=1

an = s.

• An lim sn = ±∞, tìte lème ìti h seir�

∞∑
n=1

an apoklÐnei sto ±∞ kai gr�foume

∞∑
n=1

an = ±∞.

Par�deigma. H seir�

∞∑
n=1

1 apoklÐnei sto +∞ diìti an sn eÐnai h akoloujÐa twn merik¸n ajroism�twn tìte

sn = n→ +∞.

Par�deigma. H seir�

∞∑
n=1

(−1)n den sugklÐnei diìti h akoloujÐa twn merik¸n ajroism�twn

sn =

−1, an n perittìc

0, an n �rtioc

den sugklÐnei.

Par�deigma. H seir�

∞∑
n=1

1
n(n + 1)

sugklÐnei sto 1. Pr�gmati

sn =
1

1 · 2
+

1
2 · 3

+ · · · +
1

n(n + 1)
=

(
1 −

1
2

)
+

(
1
2
−

1
3

)
+ · · · +

(
1
n
−

1
n + 1

)
= 1 −

1
n + 1

→ 1.

Par�deigma (H gewmetrik  seir�). 'Estw α ∈ R. Ja exet�soume th sÔgklish thc seir�c

∞∑
n=1

αn.

An α = 1 tìte sn = 1 + 1 + · · · + 1 = n→ +∞, �ra
∞∑

n=1

αn = +∞.

An α , 1 tìte sn = α + α
2 + · · · + αn =

α − αn+1

1 − α
. DiakrÐnoume peript¸seic gia to α:

An |α| < 1, tìte αn+1 → 0, �ra sn →
α

1 − α
, �ra

∞∑
n=1

αn =
α

1 − α
.

An α > 1, tìte αn+1 → +∞, �ra sn → +∞, �ra

∞∑
n=1

αn = +∞.

An α ≤ −1, tìte h akoloujÐa αn+1 den sugklÐnei, �ra h sn den sugklÐnei, epomènwc h seir� den sugklÐnei.

Parathr seic.

• K�je peperasmèno �jroisma mporeÐ na �ewrhjeÐ sugklÐnousa seir�.

• H sÔgklish   h apìklish miac seir�c den ephre�zetai an all�xoume tic timèc peperasmènou

pl jouc ìrwn. San �skhsh, diatup¸ste kai apodeÐxte austhr� thn prìtash aut .

Je¸rhma. An h seir�

∞∑
n=1

an sugklÐnei, tìte lim an = 0.

Apìdeixh. Jètoume s =
∞∑

n=1

an kai èstw sn h akoloujÐa twn merik¸n ajroism�twn. Tìte

an = sn − sn−1 → s − s = 0.

�
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Parat rhsh. To antÐstrofo tou prohgoÔmenou �ewr matoc, ìpwc �a doÔme parak�tw, DEN isqÔei.

Je¸rhma. 'Estw ìti

∞∑
n=1

an = a, kai
∞∑

n=1

= b. Tìte
∞∑

n=1

(λan + µbn) = λa + µb gia k�je λ, µ ∈ R.

Apìdeixh. An sn, tn eÐnai oi akoloujÐec twn merik¸n ajroism�twn twn dÔo seir¸n, tìte h λsn + µtn eÐnai h

akoloujÐa twn merik¸n ajroism�twn thc

∞∑
n=1

(λan + µbn). All� λsn + µtn → λa + µb. �

Parat rhsh. O {pollaplasiasmìc} duo seir¸n, ìpwc �a doÔme parak�tw, genik� den epitrèpetai.

Je¸rhma (Krit rio Cauchy). H seir�

∞∑
n=1

an sugklÐnei an kai mìno an gia k�je ε > 0 up�rqei n0 ∈ N, tètoio

¸ste gia k�je m, n ∈ N me m > n ≥ n0 èqoume |an+1 + an+2 + · · · + am| < ε.

Apìdeixh. H seir� sugklÐnei an kai mìno h akoloujÐa twn merik¸n ajroism�twn sn sugklÐnei. H sn

sugklÐnei an kai mìno an eÐnai Cauchy. H sn eÐnai Cauchy an kai mìno an

(∀ε > 0)(∃n0 ∈ N)(∀m, n ∈ N)(m > n ≥ n0 ⇒ |sm − sn| < ε).

All� |sm − sn| = |an+1 + an+2 + · · · + am|. �

Je¸rhma. An h seir�

∞∑
n=1

an sugklÐnei tìte lim
n→∞

∞∑
k=n+1

ak = 0.

Apìdeixh. 'Estw ε > 0. Apì to krit rio Cauchy, up�rqei n0 ∈ N tètoio ¸ste gia k�je m, n ∈ N me

m > n ≥ n0 na isqÔei

∣∣∣∣∣∣∣
m∑

k=n+1

ak

∣∣∣∣∣∣∣ < ε. PaÐrnontac ìrio sthn prohgoÔmenh anisìthta kaj¸c m → ∞ èqoume∣∣∣∣∣∣∣
∞∑

k=n+1

ak

∣∣∣∣∣∣∣ ≤ ε gia k�je n ≥ n0. Autì shmaÐnei ìti lim
n→∞

∞∑
k=n+1

ak = 0. �

An h seir�

∞∑
n=1

an sugklÐnei, tìte h akoloujÐa

∞∑
k=n+1

ak, n ∈ N, tou prohgoÔmenou �ewr matoc onom�zetai

merikèc �orèc {our�} thc seir�c. Parathr ste ìti h seir� {sp�ei} sto merikì �jroisma kai sthn our�. To

�e¸rhma lèei ìti h our� eÐnai mia mhdenik  akoloujÐa.

Par�deigma (H armonik  seir�). H seir�

∞∑
n=1

1
n
den sugklÐnei. An sunèkline, apì to krit rio Cauchy �a

up rqe n0 ∈ N tètoio ¸ste gia k�je m > n ≥ n0 �a eÐqame

1
n + 1

+
1

n + 2
+ · · · +

1
m
<

1
2
.

IdiaÐtera,

1
n + 1

+
1

n + 2
+ · · · +

1
n + n

<
1
2
.

All�

1
n + 1

+
1

n + 2
+ · · · +

1
n + n

≥
1

n + n
+

1
n + n

+ · · · +
1

n + n︸                               ︷︷                               ︸
n �orèc

=
n

2n
=

1
2

�topo.

Parat rhsh. H armonik  seir� eÐnai èna par�deigma mh-sugklÐnousac seir�c me mhdenik  akoloujÐa

ìrwn.
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Par�deigma. H seir�

∞∑
n=1

1
n2 sugklÐnei. Pr�gmati, èstw ε > 0. Epilègoume n0 ∈ N tètoio ¸ste 1

n < ε gia

k�je n ≥ n0. Tìte gia k�je n,m ∈ N me m > n ≥ n0 èqoume

1
(n + 1)2 +

1
(n + 2)2 + · · · +

1
m2 <

1
n(n + 1)

+
1

(n + 1)(n + 2)
+ · · · +

1
(m − 1)m

=

(
1
n
−

1
n + 1

)
+

(
1

n + 1
−

1
n + 2

)
+ · · · +

(
1

m − 1
−

1
m

)
=

1
n
−

1
m
<

1
n
< ε.

Apì to krit rio Cauchy, h seir� sugklÐnei.
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