
EISAGWGH STHN ANALUSH II

1o Full�dio Ask sewn

'Askhsh 1. UpologÐste, an up�rqoun, ta ìria twn parak�tw seir¸n.

(1)

∞∑
n=2

1
n2 − 1

.

(2)

∞∑
n=1

n + 2
n(n + 1)2n .

LÔsh. Ta merik� ajroÐsmata kai twn duo seir¸n eÐnai thleskopik�.

(1)

sn =

n∑
k=2

1
k2 − 1

=

n∑
k=2

1
(k − 1)(k + 1)

=
1
2

n∑
k=2

(
1

k − 1
−

1
k + 1

)
=

1
2

n∑
k=2

(
1

k − 1
−

1
k
+

1
k
−

1
k + 1

)

=
1
2

n∑
k=2

(
1

k − 1
−

1
k

)
+

1
2

n∑
k=2

(
1
k
−

1
k + 1

)
=

1
2

(
1 −

1
n

)
+

1
2

(
1
2
−

1
n + 1

)
→

3
4
.

'Ara h seir� sugklÐnei sto 3/4.
(2)

sn =

n∑
k=1

k + 2
k(k + 1)2k =

n∑
k=1

(
1

k2k−1 −
1

(k + 1)2k

)
= 1 −

1
(n + 1)2n → 1.

'Ara h seir� sugklÐnei sto 1.

�

'Askhsh 2. Exet�ste wc proc th sÔgklish tic parak�tw seirèc.

(1)

∞∑
n=1

(√
1 + n2 − n

)
.

(2)

∞∑
n=1

√
n + 1 −

√
n

n
.

(3)

∞∑
n=2

1
np − nq , gia k�je p, q ∈ R me 0 < q < p.

(4)

∞∑
n=1

1
n1+1/n .

(5)

∞∑
n=1

(
n√n − 1

)
.

(6)

∞∑
n=1

(
1 − e−1/n

)
.

(7)

∞∑
n=1

1
n ln(1 + 1/n)

.

LÔsh.

(1) 'Eqoume

√
1 + n2 − n =

1 + n2 − n2

√
1 + n2 + n

=
1

√
1 + n2 + n

.

EpÐshc

1
√

1 + n2 + n
1
n

=
n

√
1 + n2 + n

→
1
2
.

All� h armonik  seir� apoklÐnei, �ra apì oriakì krit rio sÔgkrishc, h seir� apoklÐnei.
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(2) 'Eqoume
√

n + 1 −
√

n
n

=
1

n
(√

n + 1 +
√

n
) ≤ 1

n
√

n
=

1
n3/2 .

All� h seir�
∞∑

n=1

1
n3/2

sugklÐnei, �ra apì krit rio sÔgkrishc, h arqik  seir� sugklÐnei.

(3) 'Eqoume
1

np − nq

1
np

=
np

np − nq → 1.

H seir�
∞∑

n=1

1
np

sugklÐnei an kai mìno an p > 1. 'Ara, apì oriakì krit rio sÔgkrishc, h seir�

∞∑
n=2

1
np − nq

sugklÐnei an kai mìno an p > 1.
(4) 'Eqoume

1
n1+1/n =

1
n n
√

n
≥

1
2n
.

All�
∞∑

n=1

1
2n
= +∞,

�ra apì krit rio sÔgkrishc, h seir� apoklÐnei.

(5) ParathroÔme ìti h akoloujÐa

(
1 +

1
n

)n

eÐnai �nw �ragmènh apì to 3 (eÐnai aÔxousa kai sugklÐnei

sto e - An�lush I). Epomènwc, gia n ≥ 3 èqoume

(
1 +

1
n

)n

≤ n. Sunep¸c
n√n − 1 ≥

1
n
. All� h

armonik  seir� apoklÐnei, �ra apì krit rio sÔgkrishc, h arqik  seir� apoklÐnei.

(6) ParathroÔme ìti

lim
1 − e−1/n

1/n
= lim

x→0

1 − e−x

x
= 1.

H armonik  seir� apoklÐnei, �ra apì oriakì sÔgkrishc, h arqik  seir� apoklÐnei.

(7) ParathroÔme ìti

lim
1

n ln(1 + 1/n)
= lim

x→0

x
ln(1 + x)

= 1.

'Ara h akoloujÐa
1

n ln(1 + 1/n)
den eÐnai mhdenik . Epomènwc h seir� den sugklÐnei, sunep¸c apoklÐnei afoÔ apoteleÐtai apì

�etikoÔc ìrouc.

�

'Askhsh 3. 'Estw an mia akoloujÐa �etik¸n arijm¸n tètoia ¸ste h seir�

∞∑
n=1

an sugklÐnei. DeÐxte ìti h

seir�

∞∑
n=1

ap
n sugklÐnei gia k�je p ≥ 1.

LÔsh. AfoÔ h

∞∑
n=1

an sugklÐnei, h an eÐnai mhdenik , �ra up�rqei n0 tètoio ¸ste an < 1 gia k�je n ≥ n0.

Epomènwc gia k�je n ≥ n0 èqoume ap
n ≤ an, kai to sumpèrasma èpetai apì to krit rio sÔgkrishc. �
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'Askhsh 4. 'Estw an akoloujÐa �etik¸n arijm¸n. DeÐxte ìti h seir�

∞∑
n=1

an sugklÐnei an kai mìno an h seir�

∞∑
n=1

an

1 + an
sugklÐnei.

LÔsh. 'Eqoume
an

1 + an
≤ an, �ra apì krit rio sÔgkrishc, an h

∞∑
n=1

an sugklÐnei tìte kai h

∞∑
n=1

an

1 + an
sug-

klÐnei. AntÐstrofa, an h

∞∑
n=1

an

1 + an
sugklÐnei tìte

an

1 + an
→ 0, epomènwc up�rqei n0 tètoio ¸ste

an

1 + an
<

1
2

gia k�je n ≥ n0. 'Ara gia k�je n ≥ n0 èqoume an <
2an

1 + an
(giatÐ ?) kai to sumpèrasma èpetai apì to krit rio

sÔgkrishc. �

'Askhsh 5. 'Estw an, bn akoloujÐec �etik¸n arijm¸n tètoiec ¸ste oi seirèc

∞∑
n=1

an kai

∞∑
n=1

bn sugklÐnoun.

DeÐxte ìti h seir�

∞∑
n=1

anbn sugklÐnei.

LÔsh. AfoÔ h seir�

∞∑
n=1

an sugklÐnei, h akoloujÐa an eÐnai mhdenik , �ra �ragmènh. Epomènwc up�rqei

M > 0 tètoio ¸ste bn ≤ M gia k�je n. 'Ara anbn ≤ Man gia k�je n kai to sumpèrasma èpetai apì to

krit rio sÔgkrishc. �

'Askhsh 6. 'Estw an, bn akoloujÐec �etik¸n arijm¸n tètoiec ¸ste oi seirèc

∞∑
n=1

a2
n kai

∞∑
n=1

b2
n sugklÐnoun.

DeÐxte ìti h seir�

∞∑
n=1

anbn sugklÐnei.

LÔsh. 'Eqoume ìti (x− y)2 ≥ 0, �ra xy ≤ 1
2 x2 + 1

2 y2, gia k�je x, y ∈ R. IdiaÐtera, anbn ≤
1
2

a2
n +

1
2

b2
n gia k�je

n, kai to sumpèrasma èpetai apì to krit rio sÔgkrishc. �
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