
EISAGWGH STHN ANALUSH II

2o Full�dio Ask sewn

'Askhsh 1. Exet�ste wc proc th sÔgklish tic parak�tw seirèc.

∞∑
n=1

1
√

n
sin

1
√

n
,

∞∑
n=1

sin
1
n2 ,

∞∑
n=1

sin2 1
n
.

LÔsh. 'Eqoume

lim
1
√

n sin 1
√

n
1
n

= lim
sin 1

n2

1
n2

= lim
sin2 1

n
1
n2

= 1.

'Ara, apì oriakì krit rio sÔgkrishc, h pr¸th seir� apoklÐnei en¸ oi �llec duo sugklÐnoun. Sthn �skhsh

aut , h idèa gia thn epilog  twn akolouji¸n 1/n kai 1/n2 sto oriakì krit rio sÔgkrishc eÐnai ìti gia

polÔ mikr� x, to sin x eÐnai perÐpou Ðso me x. 'Etsi, sthn pr¸th seir� gia par�deigma, ìtan to n eÐnai polÔ

meg�lo, to sin
1
√

n
eÐnai perÐpou Ðso me 1

√
n . �

'Askhsh 2. 'Estw an mhdenik  akoloujÐa �etik¸n arijm¸n. DeÐxte ìti h seir�

∞∑
n=1

an
n sugklÐnei.

LÔsh. ParathroÔme ìti n√an
n = an → 0 < 1 kai to sumpèrasma èpetai apì to krit rio �Ðzac. �

'Askhsh 3. 'Estw p > 0. Exet�ste wc proc th sÔgklish tic seirèc

∞∑
n=1

(
n√n − 1

)n
,

∞∑
n=1

1
npn ,

∞∑
n=1

(
lnp n

n

)n

.

LÔsh. 'Eqoume

lim
(

n√n − 1
)
= lim

1
np = lim

logp n
n
= 0.

'Ara, apì thn prohgoÔmenh �skhsh, oi seirèc sugklÐnoun. �

'Askhsh 4. 'Estw an mhdenik  akoloujÐa �etik¸n arijm¸n. DeÐxte ìti up�rqei upakoloujÐa akn tètoia ¸ste

h seir�

∞∑
n=1

akn sugklÐnei.

LÔsh. AfoÔ an → 0 up�rqoun k1 < k2 < · · · < kn < · · · tètoia ¸ste akn <
1
n2 . All� h seir�

∞∑
n=1

1
n2 sugklÐnei.

Apì krit rio sÔgkrishc, h seir�

∞∑
n=1

akn sugklÐnei. �

'Askhsh 5. 'Estw an mia akoloujÐa mh arnhtik¸n arijm¸n tètoia ¸ste h seir�

∞∑
n=1

an sugklÐnei. 'Estw

t¸ra akn mia upakoloujÐa thc an. DeÐxte ìti h seir�

∞∑
n=1

akn sugklÐnei.

LÔsh. 'Estw sn kai tn oi akoloujÐec twn merik¸n ajroism�twn twn

∞∑
n=1

an kai

∞∑
n=1

akn antÐstoiqa. Tìte

tn =
n∑

j=1

ak j ≤

kn∑
j=1

a j = skn .

Parathr ste ìti h prohgoÔmenh anisìthta, genik�, den �a  tan swst  an oi ìroi thc an eÐqan aujaÐreta

prìshma. AfoÔ t¸ra h seir� sugklÐnei, h sn eÐnai �ragmènh, �ra kai h skn eÐnai �ragmènh. Epomènwc h

tn eÐnai �ragmènh, sunep¸c h

∞∑
n=1

akn sugklÐnei. �

'Askhsh 6. 'Estw an �jÐnousa akoloujÐa �etik¸n arijm¸n tètoia ¸ste h seir�

∞∑
n=1

an sugklÐnei. DeÐxte ìti :
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(1) nan → 0.

(2) H seir�

∞∑
n=1

n(an − an+1) sugklÐnei.

LÔsh.

(1) Jètoume bn = nan. ArkeÐ na deÐxoume ìti b2n → 0 kai b2n+1 → 0. 'Eqoume

b2n = 2na2n = 2(a2n + · · · + a2n︸            ︷︷            ︸
n �orèc

) ≤ 2(a2n + a2n−1 + · · · + an+1) = 2
2n∑

k=n+1

ak ≤ 2
∞∑

k=n+1

ak.

All� lim
n→∞

∞∑
k=n+1

ak = 0 diìti h seir� sugklÐnei (h our� miac sugklÐnousac seir�c teÐnei sto 0). 'Ara

b2n → 0. EpÐshc,

b2n+1 = (2n + 1)a2n+1 ≤ (2n + 1)a2n =
2n + 1

2n
2na2n =

2n + 1
2n

b2n → 0.

(2) 'Estw sn kai tn oi akoloujÐec twn merik¸n ajroism�twn twn

∞∑
n=1

an kai

∞∑
n=1

n(an − an+1) antÐstoiqa.

'Eqoume

a1 − a2 = a1 − a2

2(a2 − a3) = (a2 − a3) + (a2 − a3)
. . .

n(an − an+1) = (an − an+1) + (an − an+1) + · · · + (an − an+1).

AjroÐzontac kat� mèlh tic parap�nw isìthtec paÐrnoume

tn = (a1 − an+1) + (a2 − an+1) + · · · + (an−1 − an+1) + (an − an+1)

= sn − nan+1 = sn −
n

n + 1
(n + 1)an+1.

All� h sn sugklÐnei,
n

n + 1
→ 1, kai (n+ 1)an+1 → 0 apì to (1). 'Ara h tn sugklÐnei kai m�lista sto

Ðdio ìrio me thn sn.

�

'Askhsh 7. 'Estw sn h akoloujÐa twn merik¸n ajroism�twn thc seir�c

∞∑
n=1

1
n
. DeÐxte ìti

1 + ln
n + 1

2
≤ sn ≤ 1 + ln n,

kai sumper�nete ìti lim
sn

ln n
= 1.

LÔsh. Gia k�je k ∈ N kai k�je x ∈ [k, k + 1] èqoume
1

k + 1
≤

1
x
≤

1
k
. Oloklhr¸nontac thn anisìthta wc

proc x p�nw sto [k, k + 1] paÐrnoume

1
k + 1

≤

∫ k+1

k

dx
x
≤

1
k
.

'Ara gia k�je k ≥ 2 èqoume ∫ k+1

k

dx
x
≤

1
k
≤

∫ k

k−1

dx
x
.
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AjroÐzontac gia k apì 2 wc n paÐrnoume

n∑
k=2

∫ k+1

k

dx
x
≤

n∑
k=2

1
k
≤

n∑
k=2

∫ k

k−1

dx
x

⇒

∫ n+1

2

dx
x
≤

n∑
k=2

1
k
≤

∫ n

1

dx
x

⇒ 1 +
∫ n+1

2

dx
x
≤

n∑
k=1

1
k
≤ 1 +

∫ n

1

dx
x

⇒ 1 + ln
n + 1

2
≤ sn ≤ 1 + ln n.

Diair¸ntac thn prohgoÔmenh anisìthta me ln n paÐrnoume

1
ln n
+

ln(n + 1)
ln n

−
ln 2
ln n
≤

sn

ln n
≤

1
ln n
+ 1.

PaÐrnontac ìria k�jwc n → ∞ èqoume to 
htoÔmeno. H �skhsh aut  lèei ìti h armonik  seir� teÐnei sto

�peiro {tìso gr gora} ìso kai o log�rijmoc. Par� taÔta, to n prèpei na gÐnei p�ra polÔ meg�lo gia na

mporèsoume na poÔme ìti to sn eÐnai {perÐpou Ðso} me to ln n. 'Enac hlektronikìc upologist c, me akrÐbeia
4 dekadik¸n yhfÐwn, èdwse :

s109 =

109∑
n=1

1
n
� 21.3005, ln 109 � 20.7233.

�
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