
EISAGWGH STHN ANALUSH II
6o Full�dio Ask sewn

'Askhsh 1. Jètoume fn(x) =
(
1 +

x
n

)n
, x ∈ R. Exet�ste thn fn wc proc thn kat� shmeÐo sÔgklish s�

olìklhro toR, kai wc proc thn omoiìmorfh sÔgklish sta diast mata (−∞, a) kai (a,+∞), ìpou a tuqìntac
pragmatikìc arijmìc.

LÔsh. Gia k�je x ∈ R èqoume lim
n→∞

fn(x) = ex.
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'Ara fn → f kat� shmeÐo (s� olìklhro to R), ìpou f (x) = ex. T¸ra

sup
x>a
| fn(x) − f (x)| = sup

x>a

∣∣∣∣∣
(
1 +

x
n

)n
− ex

∣∣∣∣∣ = sup
x>a

ex

∣∣∣∣∣∣∣∣
1 −

(
1 + x

n

)n

ex

∣∣∣∣∣∣∣∣

 ≥ lim
x→+∞

ex

∣∣∣∣∣∣∣∣
1 −

(
1 + x

n

)n

ex

∣∣∣∣∣∣∣∣

 = +∞,

diìti lim
x→+∞

ex = +∞ kai gia k�je polu¸numo p(x) èqoume lim
x→+∞

p(x)
ex = 0 (efarmìzoume diadoqik� L' H�opital,

tìsec �orèc ìsec kai o �ajmìc tou poluwnÔmou). 'Ara fn 9 f omoiìmorfa sto (a,+∞). EpÐshc,

sup
x<a
| fn(x) − f (x)| = sup

x<a

∣∣∣∣∣
(
1 +

x
n

)n
− ex

∣∣∣∣∣ ≥ lim
x→−∞

∣∣∣∣∣
(
1 +

x
n

)n
− ex

∣∣∣∣∣ = +∞,

diìti lim
x→−∞

ex = 0 kai gia k�je polu¸numo p(x) èqoume lim
x→−∞

|p(x)| = +∞. 'Ara fn 9 f omoiìmorfa sto
(−∞, a). �

'Askhsh 2. 'Estw f : R → R dÔo �orèc paragwgÐsimh, tètoia ¸ste h f ′′ eÐnai �ragmènh. Jètoume
fn(x) = n( f (x + 1/n) − f (x)), x ∈ R. Exet�ste wc proc thn kat� shmeÐo kai thn omoiìmorfh sÔgklish thn
akoloujÐa fn.

LÔsh. 'Estw M > 0 tètoio ¸ste | f ′′(x)| ≤M gia k�je x. ParathroÔme ìti

lim
n→∞

fn(x) = lim
n→∞

f
(
x + 1

n

)
− f (x)

1
n

= f ′(x).

'Ara fn → f ′ kat� shmeÐo. T¸ra, apì to �e¸rhma mèshc tim c èqoume

fn(x) =
f
(
x + 1

n

)
− f (x)

1
n

= f ′(x + an,x)

gia k�poio 0 < an,x < 1/n. P�li apì to �e¸rhma mèshc tim c
f ′(x + an,x) − f ′(x)

an,x
= f ′′(x + bn,x)

gia k�poio 0 < bn,x < an,x. 'Ara

| fn(x) − f ′(x)| = | f ′(x + an,x) − f ′(x)| = an,x| f ′′(x + bn,x)| ≤ M
n
.

H parap�nw sqèsh isqÔei gia k�je x, epomènwc

ρ( fn, f ′) ≤ M
n
→ 0.
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'Ara fn → f ′ omoiìmorfa. �

'Askhsh 3. BreÐte mia akoloujÐa paragwgÐsimwn sunart sewn fn tètoia ¸ste fn → f omoiìmorfa, ìpou
f paragwgÐsimh, f ′n → g kat� shmeÐo, all� f ′ , g.

LÔsh. Jètoume fn(x) =
1

n + 1
xn+1, x ∈ [0, 1]. Tìte

sup
x∈[0,1]

1
n + 1

xn+1 =
1

n + 1
→ 0,

�ra fn → 0 = f omoiìmorfa. All�

lim
n→∞

f ′n(x) = lim
n→∞

xn =


0, 0 ≤ x < 1
1, x = 1

= g(x).

Profan¸c f ′ , g. �

'Askhsh 4. An f : R→ R eÐnai mia sun�rthsh kai an mia akoloujÐa pragmatik¸n arijm¸n tìte �ètoume
fan (x) = f (x + an). DeÐxte ìti an gia k�je mhdenik  akoloujÐa an èqoume fan → f omoiìmorfa, tìte h f eÐnai
omoiìmorfa suneq c.

LÔsh. Apì An�lush I, gia na deÐxoume ìti h f eÐnai omoiìmorfa suneq c, arkeÐ na deÐxoume ìti an xn, yn
eÐnai duo akoloujÐec pragmatik¸n arijm¸n tètoiec ¸ste xn − yn → 0, tìte f (xn) − f (yn)→ 0. 'Eqoume

| f (xn) − f (yn)| = | f (xn) − f (xn + (yn − xn))| ≤ ρ( f , fyn−xn )→ 0,

diìti h yn − xn eÐnai mhdenik . �

'Askhsh 5. 'Estw fn(x) = n2x(1 − x)n, x ∈ [0, 1]. Exet�ste thn fn wc proc thn omoiìmorfh sÔgklish.

LÔsh. Gia k�je x ∈ [0, 1] èqoume lim
n→∞

fn(x) = 0. 'Ara fn → 0 kat� shmeÐo. An h sÔgklish  tan omoiìmorfh
�a eÐqame

lim
n→∞

∫ 1

0
fn(x)dx =

∫ 1

0
lim
n→∞

fn(x)dx = 0.

All�
∫ 1

0
fn(x)dx = n2

∫ 1

0
x(1 − x)ndx = n2

∫ 1

0
(1 − t)tndt = n2

[
tn+1

n + 1
− tn+2

n + 2

]1

0
=

n2

(n + 1)(n + 2)
→ 1.

Enallaktik�, h sun�rthsh x(1 − x)n, 0 ≤ x ≤ 1, èqei mègisto sto
1

n + 1
. Epomènwc

ρ( fn, 0) = sup
x∈[0,1]

(
n2x(1 − x)n

)
= fn

( 1
n + 1

)
=

n2

n + 1

( n
n + 1

)n
→ +∞.
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'Askhsh 6. 'Estw fn : [0, 1]→ R suneqeÐc. Upojètoume ìti fn → f omoiìmorfa, gia k�poia f . DeÐxte ìti

lim
n→∞

∫ 1

1/n
fn(x)dx =

∫ 1

0
f (x)dx.
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LÔsh. AfoÔ fn suneqeÐc kai fn → f omoiìmorfa, h f eÐnai suneq c sto [0, 1], �ra �ragmènh. Epomènwc
up�rqei M > 0 tètoio ¸ste | f (x)| ≤M gia k�je x. 'Etsi èqoume∣∣∣∣∣∣

∫ 1

1/n
fn(x)dx −

∫ 1

0
f (x)dx

∣∣∣∣∣∣ =

∣∣∣∣∣∣
∫ 1

1/n
fn(x)dx −

∫ 1

1/n
f (x)dx −

∫ 1/n

0
f (x)dx

∣∣∣∣∣∣

≤
∫ 1

1/n
| fn(x) − f (x)|dx +

∫ 1/n

0
| f (x)|dx

≤
(
1 − 1

n

)
ρ( fn, f ) +

1
n

M→ 0.

�

'Askhsh 7. 'Estw f : R → R suneq c sun�rthsh. DeÐxte ìti h f eÐnai omoiìmorfo ìrio miac akoloujÐac
sunart sewn oi opoÐec eÐnai asuneqeÐc se k�je shmeÐo.

LÔsh. Jètoume

fn(x) =



f (x) − 1/n, x ∈ Q

f (x) + 1/n, x < Q
.

Oi fn eÐnai asuneqeÐc se k�je x diìti an p�roume mia akoloujÐa �ht¸n qk kai mia akoloujÐa �rrhtwn αk
tètoiec ¸ste lim

k→∞
qk = lim

k→∞
αk = x, tìte

lim
k→∞

fn(qk) = lim
k→∞

( f (qk) − 1/n) = f (x) − 1/n

kai
lim
k→∞

fn(αk) = lim
k→∞

( f (αk) + 1/n) = f (x) + 1/n.

EpÐshc gia k�je x èqoume

| fn(x) − f (x)| =



| f (x) − 1/n − f (x)|, x ∈ Q

| f (x) + 1/n − f (x)|, x < Q
=

1
n
.

'Ara ρ( fn, f ) = 1/n→ 0. Epomènwc fn → f omoiìmorfa. �
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