
EISAGWGH STHN ANALUSH II

7o Full�dio Ask sewn

'Askhsh 1. 'Estw f : [0, 1] → R suneq c, tètoia ¸ste

∫ 1

0
xk f (x) dx = 0 gia k�je k = 0, 1, 2, . . . . DeÐxte ìti

f = 0.

LÔsh. AfoÔ èna polu¸numo eÐnai grammikìc sunduasmìc dun�mewn tou x, èqoume ìti

∫ 1

0
P · f = 0 gia

k�je polu¸numo P. Apì to �e¸rhma tou Weierstrass, up�rqei akoloujÐa poluwnÔmwn Pn sto [0, 1] tètoia
¸ste Pn → f omoiìmorfa. Epomènwc

0 ≤
∫ 1

0
f 2 =

∫ 1

0
f · f =

∫ 1

0
( f − Pn + Pn) · f =

∫ 1

0
( f − Pn) · f ≤ ρ(Pn, f )

∫ 1

0
| f | → 0.

Epomènwc
∫ 1

0 f 2 = 0. AfoÔ h f eÐnai suneq c èqoume ìti f 2 = 0 (an to olokl rwma miac mh arnhtik c

suneqoÔc sun�rthshc eÐnai 0 tìte h sun�rthsh eÐnai tautotik� Ðsh me mhdèn). 'Ara f = 0. �

'Askhsh 2. Exet�ste wc proc th sÔgklish th dunamoseir�

∞∑
n=1

naxn, ìpou a ∈ R.

LÔsh. H aktÐna sÔgklishc eÐnai 1 giatÐ
n√na → 1, �ra to di�sthma sÔgklishc eÐnai (−1, 1). Gia x = 1 h

seir� sugklÐnei an a < −1. ApoklÐnei an a ≥ −1. Gia x = −1 h seir� sugklÐnei an a < 0 apì to krit rio

Dirichlet. Den sugklÐnei an a ≥ 0. Parathr ste ìti an a < −1, tìte, apì to krit rio Weierstrass, h

sÔgklish eÐnai omoiìmorfh sto [−1, 1]. �

'Askhsh 3. 'Estw ìti h aktÐna sÔgklishc thc dunamoseir�c

∞∑
n=0

anxn eÐnai R. UpologÐste tic aktÐnec

sÔgklishc twn

∞∑
n=0

am
n xn kai

∞∑
n=0

anxmn, ìpou m ∈ N stajer�.

LÔsh. 'Eqoume

lim sup |am
n |

1/n =
(
lim sup |an|

1/n
)m
=

1
Rm .

'Ara h aktÐna sÔgklishc thc pr¸thc seir�c eÐnai Rm. T¸ra

|x| < R1/m ⇒ |xm| < R⇒
∞∑

n=0

|anxmn| < ∞

kai

|x| > R1/m ⇒ |xm| > R⇒
∞∑

n=0

|anxmn| = ∞.

'Ara h aktÐna sÔgklishc thc deÔterhc seir�c eÐnai R1/m. An gia ton upologismì thc aktÐnac sÔgklishc thc

deÔterhc seir�c �èlame na qrhsimopoi soume ton orismì, �a èprepe na parathr soume ìti h akoloujÐa

twn suntelest¸n thc seir�c den eÐnai h an, all� h akoloujÐa

bn =

an/m, an to n eÐnai pollapl�sio tou m
0, diaforetik�

,

dhlad  h akoloujÐa

(a0, 0, . . . , 0, a1, 0, . . . , 0, a2, 0, . . . , 0, a3, 0, . . . ),

ìpou to ak emfanÐzetai sthn km-�èsh. Epomènwc h |bn|
1/n eÐnai h

(|a0|, 0, . . . , 0, |a1|
1
m , 0, . . . , 0, |a2|

1
2m , 0, . . . , 0, |a3|

1
3m , 0, . . . ),

apì to opoÐo prokÔptei ìti lim sup |bn|
1/n =

(
lim sup |an|

1/n
)1/m

. �

'Askhsh 4. Exet�ste wc proc thn omoiìmorfh sÔgklish th seir�

∞∑
n=1

(−1)n x2 + n
n2 sto [−a, a], a > 0. Sug-

klÐnei h seir� apìluta gia k�poio x?
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LÔsh. 'Eqoume

(−1)n x2 + n
n2 = (−1)n x2

n2 +
(−1)n

n
= fn(x) + an.

H

∞∑
n=1

an sugklÐnei apì krit rio Dirichlet, �ra sugklÐnei omoiìmorfa wc seir� stajer¸n sunart sewn.

EpÐshc

| fn(x)| ≤
a2

n2 .

All� h

∞∑
n=1

1
n2 sugklÐnei, �ra apì krit rio Weierstrass, h

∞∑
n=1

fn sugklÐnei omoiìmorfa. Epomènwc h

∞∑
n=1

(−1)n x2 + n
n2

sugklÐnei omoiìmorfa wc �jroisma omoiìmorfa sugklinous¸n seir¸n. Apìluth sÔgklish den èqoume se

kanèna shmeÐo diìti
∞∑

n=1

∣∣∣∣∣∣(−1)n x2 + n
n2

∣∣∣∣∣∣ = ∞∑
n=1

x2 + n
n2 ≥

∞∑
n=1

1
n
= +∞.

�

'Askhsh 5. Exet�ste wc proc thn kat� shmeÐo kai thn omoiìmorfh sÔgklish th seir�

∞∑
n=1

1
1 + n2x2 , x > 0.

LÔsh. H seir� sugklÐnei kat� shmeÐo diìti h

∞∑
n=1

1
n2 sugklÐnei (oriakì krit rio sÔgkrishc). Jètoume

f (x) =
∞∑

n=1

1
1 + n2x2 , sn(x) =

n∑
k=1

1
1 + k2x2 , x > 0.

Tìte

ρ(sn, f ) = sup
x>0

∣∣∣∣∣∣∣
∞∑

k=1

1
1 + k2x2 −

n∑
k=1

1
1 + k2x2

∣∣∣∣∣∣∣ = sup
x>0

∞∑
k=n+1

1
1 + k2x2 ≥

1

1 +
(

n+1
n+1

)2 = 1
2
.

'Ara h sÔgklish den eÐnai omoiìmorfh. Par� taÔta, h sÔgklish eÐnai omoiìmorfh se k�je di�sthma thc

morf c [a,+∞), a > 0, apì krit rio Weierstrass. �

'Askhsh 6. ApodeÐxte ìti h

∞∑
n=1

(−1)n

√
n

sin
(
1 +

x
n

)
sugklÐnei omoiìmorfa se k�je di�sthma thc morf c

[−a, a], a > 0.

LÔsh. 'Eqoume

(−1)n

√
n

sin
(
1 +

x
n

)
=

(−1)n

√
n
·

[
cos 1 · sin

x
n
+ sin 1 · cos

x
n

]
= cos 1 ·

(−1)n

√
n
· sin

x
n
+ sin 1 ·

(−1)n

√
n
·

[
cos

x
n
− 1
]
+ sin 1 ·

(−1)n

√
n

= cos 1 · fn(x) + sin 1 · gn(x) + sin 1 · an.

'Eqoume

| fn(x)| ≤
|x|

n3/2 ≤
a

n3/2 .

All� h seir�

∞∑
n=1

1
n3/2 sugklÐnei, �ra apì krit rio Weierstrass h

∞∑
n=1

fn sugklÐnei omoiìmorfa. EpÐshc

|gn(x)| ≤
|x|2

n5/2 ≤
a2

n5/2 .
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All� h seir�

∞∑
n=1

1
n5/2 sugklÐnei, �ra apì krit rio Weierstrass h

∞∑
n=1

gn sugklÐnei omoiìmorfa. Tèloc,

h

∞∑
n=1

an sugklÐnei apì krit rio Dirichlet, �ra sugklÐnei omoiìmorfa wc seir� stajer¸n sunart sewn.

Epomènwc h seir�
∞∑

n=1

(−1)n

√
n

sin
(
1 +

x
n

)
sugklÐnei omoiìmorfa wc �jroisma omoiìmorfa sugklinous¸n seir¸n. �
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