
EISAGWGH STHN ANALUSH II

8o Full�dio Ask sewn

'Askhsh 1. BreÐte poièc apì tic akìloujec sunart seic eÐnai metrikèc sto R.

(1) d(x, y) = |x − y|2.
(2) d(x, y) = |x2 − y2|.

(3) d(x, y) = |x − y|3.
(4) d(x, y) = |x3 − y3|.

LÔsh.

(1) d(1,−1) = 4 > 2 = d(1, 0) + d(0,−1). H trigwnik  anisìthta den isqÔei, �ra h d den eÐnai metrik .

(2) d(1,−1) = 0. H apìstash dÔo diaforetik¸n shmeÐwn eÐnai mhdèn, �ra h d den eÐnai metrik .

(3) d(1,−1) = 8 > 2 = d(1, 0) + d(0,−1). H trigwnik  anisìthta den isqÔei, �ra h d den eÐnai metrik .

(4) • d(x, y) = 0⇔ |x3 − y3| = 0⇔ |x − y|(x2 + y2 + xy) = 0⇔ x = y.
• d(x, y) = d(y, x).
• d(x, y) = |x3 − y3| ≤ |x3 − z3| + |z3 − y3| = d(x, z) + d(z, y).

'Ara h d eÐnai metrik .

�

'Askhsh 2. Sto RN �ewroÔme tic metrikèc

d1(x, y) =
N∑

k=1

|x(k) − y(k)|,

d2(x, y) =

 N∑
k=1

|x(k) − y(k)|2
1/2

,

d∞(x, y) = max
1≤k≤N

|x(k) − y(k)|.

DeÐxte ìti d∞ ≤ d1 ≤
√

N d2 ≤ N d∞. Dhlad  oi treic metrikèc eÐnai {sugkrÐsimec}.

LÔsh. 'Eqoume

d∞(x, y) = max
1≤k≤N

|x(k) − y(k)| ≤
N∑

k=1

|x(k) − y(k)| = d1(x, y) =
N∑

k=1

1 · |x(k) − y(k)|

≤

 N∑
k=1

12

1/2  N∑
k=1

|x(k) − y(k)|2
1/2

=
√

N d2(x, y) =
√

N

 N∑
k=1

|x(k) − y(k)|2
1/2

≤
√

N
(
N max

1≤k≤N
|x(k) − y(k)|2

)1/2
= N d∞(x, y).

H pr¸th anisìthta lèei ìti to maximum N mh arnhtik¸n arijm¸n eÐnai mikrìtero   Ðso apì to �jroism�

touc. H deÔterh anisìthta eÐnai h anisìthta Cauchy­Schwarz. H trÐth anisìthta lèei ìti to �jroisma N
arijm¸n eÐnai mikrìtero   Ðso apì N �orèc to maximum. �

'Askhsh 3. 'Estw X sÔnolo kai d1, d2 duo metrikèc sto X. Jètoume d = d1+d2. DeÐxte ìti h d eÐnai metrik .

LÔsh. EpalhjeÔoume tic treic idiìthtec :

• d(x, y) = 0⇔ d1(x, y) + d2(x, y) = 0⇔ d1(x, y) = 0 & d2(x, y) = 0⇔ x = y.
• d(x, y) = d1(x, y) + d2(x, y) = d1(y, x) + d2(y, x) = d(y, x).
• d(x, y) = d1(x, y) + d2(x, y) ≤ d1(x, z) + d1(z, y) + d2(x, z) + d2(z, y) = d(x, z) + d(z, y).

�

'Askhsh 4. 'Estw (X, d) metrikìc q¸roc. Jètoume ρ(x, y) =
√

d(x, y). DeÐxte ìti h ρ eÐnai metrik .

LÔsh. H ρ profan¸c ikanopoieÐ tic idiìthtec ρ(x, y) = 0 ⇔ x = y kai ρ(x, y) = ρ(y, x). Gia na deÐxoume ìti

ikanopoieÐ thn trigwnik  anisìthta, qrhsimopoioÔme to ìti
√

a + b ≤
√

a +
√

b gia a, b ≥ 0.

ρ(x, y) =
√

d(x, y) ≤
√

d(x, z) + d(z, y) ≤
√

d(x, z) +
√

d(z, y) = ρ(x, z) + ρ(z, y).

Genikìtera, an 0 < p ≤ 1, tìte h (d(x, y))p eÐnai metrik . Autì prokÔptei apì to ìti gia 0 < p ≤ 1 kai

a, b ≥ 0 èqoume (a + b)p ≤ ap + bp. H anisìthta aut  apodeiknÔetai wc ex c. JewroÔme th sun�rthsh
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f (t) = (1 + t)p − 1 − tp, t ≥ 0. Tìte f ′(t) = p(1 + t)p−1 − ptp−1 ≤ 0 giatÐ p − 1 ≤ 0. 'Ara h f eÐnai �jÐnousa.

Epomènwc gia b , 0 èqoume f (a/b) ≤ f (0) = 0. Dhlad (
1 +

a
b

)p
− 1 −

(a
b

)p
≤ 0,

apì to opoÐo prokÔptei to 
htoÔmeno an pollaplasi�soume kai ta duo mèlh me bp. An b = 0 tìte h

anisìthta eÐnai profan c (èqoume isìthta). �

'Askhsh 5. 'Estw (X, ρ) metrikìc q¸roc. Jètoume σ(x, y) =
ρ(x, y)

1 + ρ(x, y)
, x, y ∈ X. DeÐxte ìti h σ eÐnai metrik .

LÔsh. 'Eqoume

• σ(x, y) = 0⇔
ρ(x, y)

1 + ρ(x, y)
= 0⇔ ρ(x, y) = 0⇔ x = y.

• σ(x, y) = σ(y, x).

• ParathroÔme ìti h sun�rthsh f (t) =
t

1 + t
, t ≥ 0, eÐnai aÔxousa giatÐ f ′(t) =

1
1 + t2 > 0. 'Ara

σ(x, y) =
ρ(x, y)

1 + ρ(x, y)
= f (ρ(x, y)) ≤ f (ρ(x, z) + ρ(z, y)) =

ρ(x, z) + ρ(z, y)
1 + ρ(x, z) + ρ(z, y)

=
ρ(x, z)

1 + ρ(x, z) + ρ(z, y)
+

ρ(z, y)
1 + ρ(x, z) + ρ(z, y)

≤
ρ(x, z)

1 + ρ(x, z)
+
ρ(z, y)

1 + ρ(z, y)
= σ(x, z) + σ(z, y).

�

'Askhsh 6. 'Estw A to sÔnolo ìlwn twn akolouji¸n pragmatik¸n arijm¸n. Dhlad 

A = {x : x = (xn)n∈N, xn ∈ R}.

Gia k�je x = (xn)n∈N, y = (yn)n∈N ∈ A, �ètoume

d(x, y) =
∞∑

n=1

1
2n

|xn − yn|

1 + |xn − yn|
.

DeÐxte ìti h d eÐnai metrik .

LÔsh. H d eÐnai kal� orismènh diìti gia k�je x, y ∈ A èqoume

d(x, y) =
∞∑

n=1

1
2n

|xn − yn|

1 + |xn − yn|
≤

∞∑
n=1

1
2n < +∞.

T¸ra, h d(x, y) eÐnai mia seir� mh arnhtik¸n arijm¸n, �ra

d(x, y) = 0⇔ (∀n)
(
|xn − yn|

1 + |xn − yn|
= 0

)
⇔ (∀n) (xn = yn)⇔ x = y.

Profan¸c d(x, y) = d(y, x). Tèloc, an f eÐnai h sun�rthsh thc prohgoÔmenhc �skhshc, èqoume ìti

d(x, y) =
∞∑

n=1

1
2n

|xn − yn|

1 + |xn − yn|
=

∞∑
n=1

1
2n f (|xn − yn|) ≤

∞∑
n=1

1
2n ( f (|xn − zn|) + f (|zn − yn|))

=

∞∑
n=1

1
2n

(
|xn − zn|

1 + |xn − zn|
+
|zn − yn|

1 + |zn − yn|

)
=

∞∑
n=1

1
2n

|xn − zn|

1 + |xn − zn|
+

∞∑
n=1

1
2n

|zn − yn|

1 + |zn − yn|

= d(x, z) + d(z, y).

�

'Askhsh 7. 'Estw C1([a, b]) to sÔnolo ìlwn twn suneq¸c paragwgÐsimwn sunart sewn sto [a, b]. Dhlad 

C1([a, b]) =
{
f : [a, b]→ R | f paragwgÐsimh, f ′suneq c

}
.

Gia k�je f , g ∈ C1([a, b]) �ètoume
d( f , g) = sup

t∈[a,b]
| f ′(t) − g′(t)|.

Exet�ste an h d eÐnai metrik .

LÔsh. H d eÐnai kal� orismènh diìti oi f ′, g′ eÐnai suneqeÐc, �ra to sup eÐnai peperasmèno. All� h d den

eÐnai metrik  diìti an �èsoume f = 0, g = 1, tìte d( f , g) = 0. �
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'Askhsh 8. 'Estw R([−1, 1]) to sÔnolo ìlwn twn Riemann oloklhr¸simwn sunart sewn sto [−1, 1]. Gia

k�je f , g ∈ R([−1, 1]) �ètoume

d1( f , g) =
∫ 1

−1
| f (t) − g(t)|dt.

Exet�ste an h d eÐnai metrik .

LÔsh. H d1 den eÐnai metrik  diìti an �èsoume f = 0, kai

g(t) =

0, t , 0
1, t = 0

,

tìte d1( f , g) = 0. Parathr ste ìti an periorÐsoume thn d1 sto C([−1, 1]), tìte, ìpwc èqoume pei, eÐnai

metrik . �

3


