
SEIRES ORWN ME AUJAIRETA PROSHMA - TO KRITHRIO DIRICHLET

Sthn par�grafo aut  den k�noume kamÐa upìjesh se ì,ti afor� ta prìshma twn ìrwn twn seir¸n tic

opoÐec exet�zoume. Kanèna apì ta krit ria pou èqoume dei mèqri t¸ra (ektìc apì to krit rio Cauchy) den

mporeÐ na efarmosteÐ ap� eujeÐac se tètoiou eÐdouc seirèc.

Orismìc. Mia seir�

∞∑
n=1

an lème ìti sugklÐnei apìluta, an h seir�

∞∑
n=1

|an| sugklÐnei.

Je¸rhma. An h

∞∑
n=1

an sugklÐnei apìluta tìte sugklÐnei.

Apìdeixh. 'Estw ε > 0. AfoÔ h

∞∑
n=1

|an| sugklÐnei, apì krit rio Cauchy up�rqei n0 tètoio ¸ste gia k�je

m > n ≥ n0 na isqÔei

m∑
k=n+1

|ak | < ε. Epomènwc

∣∣∣∣∣∣∣
m∑

k=n+1

ak

∣∣∣∣∣∣∣ ≤
m∑

k=n+1

|ak | < ε kai to sumpèrasma èpetai apì to

krit rio Cauchy. �

Par�deigma. H seir�

∞∑
n=1

sin n
n2 sugklÐnei apìluta diìti

∞∑
n=1

∣∣∣∣∣ sin n
n2

∣∣∣∣∣ ≤ ∞∑
n=1

1
n2 < ∞. 'Ara sugklÐnei.

Parat rhsh. To antÐstrofo tou prohgoÔmenou �ewr matoc DEN isqÔei. Gia par�deigma, h seir�
∞∑

n=1

(−1)n−1

n
den sugklÐnei apìluta diìti

∞∑
n=1

∣∣∣∣∣∣ (−1)n−1

n

∣∣∣∣∣∣ = ∞∑
n=1

1
n
= +∞.

Par� taÔta sugklÐnei. Pr�gmati, èstw sn h akoloujÐa twn merik¸n ajroism�twn. Ja deÐxoume ìti oi

upakoloujÐec s2n kai s2n+1 sugklÐnoun sto Ðdio ìrio. ParathroÔme ìti s2n+2 − s2n =
1

2n + 1
−

1
2n + 2

> 0,
�ra h s2n eÐnai aÔxousa. EpÐshc

s2n =

(
1 −

1
2

)
+

(
1
3
−

1
4

)
+ · · · +

(
1

2n − 1
−

1
2n

)
=

1
1 · 2

+
1

3 · 4
+ · · · +

1
(2n − 1) · (2n)

≤ 1 +
1
32 + · · · +

1
(2n − 1)2 ≤

∞∑
k=1

1
k2 .

Dhlad  h s2n eÐnai aÔxousa kai �ragmènh, epomènwc sugklÐnei. T¸ra s2n+1 = s2n +
1

2n + 1
, �ra kai h s2n+1

sugklÐnei sto Ðdio ìrio. SumperaÐnoume ìti h seir� sugklÐnei.

Orismìc. Mia seir� h opoÐa sugklÐnei all� den sugklÐnei apìluta (ìpwc h prohgoÔmenh) lème ìti sugklÐnei

upì sunj kh.

H sÔgklish miac tètoiac seir�c ofeÐletai ìqi mìno sto apìluto mègejoc twn ìrwn thc, all� kai stic

allhloanairèseic pou prokÔptoun apì th sunÔparxh �peirou pl jouc �etik¸n kai �peirou pl jouc

arnhtik¸n ìrwn.

Je¸rhma (Krit rio Dirichlet). 'Estw an, bn akoloujÐec pragmatik¸n arijm¸n tètoiec ¸ste :

(1) H akoloujÐa twn merik¸n ajroism�twn thc seir�c

∞∑
n=1

an eÐnai �ragmènh.

(2) H bn eÐnai �jÐnousa kai mhdenik .

Tìte h seir�

∞∑
n=1

anbn sugklÐnei.

Apìdeixh. 'Estw sn h akoloujÐa twn merik¸n ajroism�twn thc seir�c

∞∑
n=1

an. AfoÔ h sn eÐnai �ragmènh,

up�rqei M > 0 tètoio ¸ste |sn| ≤ M gia k�je n. 'Estw t¸ra ε > 0. AfoÔ bn ↘ 0, up�rqei n0 tètoio ¸ste
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0 ≤ bn ≤ ε gia k�je n ≥ n0. Epomènwc gia k�je m, n me m > n ≥ n0 èqoume∣∣∣∣∣∣∣
m∑

k=n+1

akbk

∣∣∣∣∣∣∣ =
∣∣∣∣∣∣∣

m∑
k=n+1

(sk − sk−1)bk

∣∣∣∣∣∣∣ =
∣∣∣∣∣∣∣

m∑
k=n+1

skbk −

m∑
k=n+1

sk−1bk

∣∣∣∣∣∣∣ =
∣∣∣∣∣∣∣

m∑
k=n+1

skbk −

m−1∑
k=n

skbk+1

∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣
m−1∑

k=n+1

skbk −

m−1∑
k=n+1

skbk+1 + smbm − snbn+1

∣∣∣∣∣∣∣ =
∣∣∣∣∣∣∣

m−1∑
k=n+1

sk(bk − bk+1) + smbm − snbn+1

∣∣∣∣∣∣∣
≤

m−1∑
k=n+1

|sk ||bk − bk+1| + |smbm| + |snbn+1| ≤ M
m−1∑

k=n+1

|bk − bk+1| + 2Mε = (∗)

all� h bn eÐnai �jÐnousa, �ra

(∗) = M
m−1∑

k=n+1

(bk − bk+1) + 2Mε = M(bn+1 − bm) + 2Mε ≤ 3Mε.

Apì krit rio Cauchy, h

∞∑
n=1

anbn sugklÐnei. �

Parat rhsh. To �e¸rhma exakoloujeÐ na isqÔei an upojèsoume ìti h bn eÐnai �jÐnousa apì k�poio

deÐkth kai met�.

Par�deigma. H seir�

∞∑
n=1

(−1)n

np sugklÐnei gia k�je p > 0. Pr�gmati h
1
np eÐnai �jÐnousa kai mhdenik ,

kai h akoloujÐa twn merik¸n ajroism�twn thc

∞∑
n=1

(−1)n eÐnai �ragmènh. To sumpèrasma èpetai apì to

krit rio Dirichlet. Parathr ste ìti h seir� sugklÐnei apìluta mìno gia p > 1.
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