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Kscpo'O\ou.o 1

Ms‘cpbxoi Xo')pm

1.1 Oprioumog
‘Eotw X éva un xevé olvoro. Mo arewovion d : X x X — R Aéyetan perpikn oto
X (h ovvdpTnon arndotaons oto X)) av yia x&le z,y, z € X wxovorowobvtat ta e€hc:
(M1) d(z,y) >0,
(M2) d(z,y) = 0 av xo uévo av & =y,
(M3) d(z,y) = d(y, ),
(M4) d(

To Levydpt (X, d) Myetow perpikds xdpos. To otouyela tou X Aéyovion onueia tou
Ywpou, xou o apdude d(z,y) andotaon tou x and o y. Ou (M1)—(M4) elvon ta
abidpata TG UETPLXAC.

z,y) < d(z,z) +d(z,y) (tprywvn oviodtnta).

Eoto (X, d) évac uetpinde yopog, xor Y éva un xevéd urtochvoro tou X. Ocw-
polue Tov meploptoud e d oo Y x Y. Opllouue dnhadi d: Y x Y — R détovtac

d(z,y) = d(z,y)

v xdde z,y € Y. Elxoha eréyyouue 6t o (V,d) elvon peTpLedg Ydpog: 1 d
wavorotel to adudpota (M1)—(M4).  Aéue 6t o (Y, d) elvon évac vmdywpos tou
(X,d). H d elvor n uetpxr| mou endyetat oo Y and my d.

Alvouue t@pa xdmoto anAd mopadelypato UETpX@Y Ywpwy. Kdmnow and avtd
elvar eWdLxéc TepLITOOELS YEVIXOTEPWY TapadelyUdtwy ta onola Yo eEeTdoouUE ovohu-
W oTNV ENOUEV opdypapo. Xe xdde neplntwon enokniedote 6Tl LxavonolovvTaL
o aELOUATO TS METELG.

() H mpaypatin evdeia. Oewpolue 10 cbvoro X = R twv mpayuotixedy oprd-
MY, UE UETEWXH TNV
d(z,y) = |z —yl.



(B) O EuxAeideiog xhpog. Oewpolue 10 cOVOLAO OA®V TwV SLATETAYUEVODY M-
Wwv & = (&1,...,Em) TeayUaTX®y opududy, ue Ty EukAeldea petpirry: ov ta
z=(&1,-.-,&m) xou y = (M, ...,Mm) avhixouy otov R™, opiloupe

dz,y) =V(E —m)?+ -+ (En — )2

(v) O xwpog axohovdhtdy Lo, O yopoc X =l anotelelton and dheg tug ppary-
uéveg axohoudiec mparyuotixdy aprdudy: 1 oxohoudo z = (&1, ..., &, - --) (Yo ouv-
toula Ya ypdpovue x = (&) avhxet otov X av undpyet My > 0 (nov e€aptdton and
v axorovda z) dote

Isod0vaua,
z = (&) € X < sup{|&] : k € N} < +o0.

Optlovue v andotaon 8o @poyuévey axohouhov & = (&), y = () we eihc:
d(z,y) = sup{|& — k| : k € N}

(3) O xdeog cuvapthoewy Cla,b]. Eotww [a,b] éva xhelotéd ddotnua oto R. O
yweoc X = Cla,b] anoteheiton and dhec Tic ouveyeic ouvapthoec f : [a,b] = R (ta
onueta ToL YHEOL Elval CUVIPTAHTELS).

H andotaon 8o onueiwy tou yodpou oplleton we e€hc: av f, g : [a,b] — R elvor
ouveyelc ouvapThoeLs, Yétouue

d(f,9) = max [f(t) —g(t)]
t€fa,b]

(to max opiletar xahd: 1 |f — g| elvon ouveyhc oo [a, b], dpa nodpver uéyiotn TwY).
O uetpnée ydpos mou opiletan étot, ovufBoiileton ue Cla, b] xon Méyeton ydpog twy
ouvexdy ouvaptrioewy oo [a,b).

(e) H Svaxpity petpixy. Oewpolue tuydv un xevé cbvoro X, xan yia xdde
z,y € X opllovue
1 ,avz#y,
d(z,y) = {

0 ,avz =y.

H d etvow n dtakpizr} petpikry oto obvoro X.

1.2 TITopadelypoto UETELXMY YOPWY

() O xpog B(A) teov ppayuévwy cuvapticewy oto A. Oewpoliue TUYOY Un
xev6 obvoro A. Mia ouvdptnon f: A — R avixel otov B(A) av xat uévo av elvon
peayuévn (dnhadr, av sup{|f(a)| : a € A} < +00.) Av f,g € B(A), opilovue v
andoTACT TOUS UECL TNG

d(f,g) = sup|f(a) — g(a)|-
a€A



Mapatnefiote mpwta 6Tl N andotaon elvar xold opouévn: agol f,g € B(A), unde-
youv Mg, My > 0 tétool wote: yia x&de a € A, |f(a)] < My xou |g(a)| < M.
Enouévoc, yia xdde a € A éyouue

£(a) = g(a)| < |f(a)] + lg(a)] < My + M,,

dnhadh

0 < d(f.g) = sup|f(a) = g(a)| < My + My < +o0.

a€
Ou (M2) xon (M3) eréyyovtar ebxoha: av f,g € B(A), téte
d(f,9) = sup|f(a) — g(a)| = sup|g(a) — f(a)| = d(g, ),
a€A acA

pee

df,9)=0 = sup|f(a) —g(a)] =0

a€
vy xdde a € A, |f(a) —g(a)] =0
via xdde a € A, f(a) =g(a)
= f=g.

T Ty tprywvid ovicémta: éotw f,g,h € B(A). T xdde a € A éyouue

|f(a) — g(a)] |f(a) — h(a) + h(a) — g(a)]
|f(a) = h(a)| + [h(a) — g(a)]
sup |f(a) — h(a)| + sup |h(a) — g(a)]

d(f,h) +d(h, g).

by

ININ

"Ereton 61U

d(f,g) = sup |f(a) —g(a)] < d(f,h) +d(h,g).

(B) Ouv ypor axolouvdidy £,. Eotw 1 < p < co. Ta onuela tou ywpouv £, elvon
oL axolouttieg mparypotixdy aptdudy z = (&) yio Tic onoleg

o0
Z |€k|p < +00.
k=1

Opiomog (ouluyelc extdéteg). Eoww 1 < p < +o00. O oguluynig exdéng g touv p
optleton uéow g

Anhadh, ¢ =p/(p—1). O ¢ elvar . awtde peyahdtepog and 1, xow Aoyw oupuetplog
e (%) o p elvon ue ™ oeLpd Tov 0 cLLYAS exdéTng Tou ¢. Aéue howdy 6TL oL p xou
q elvar ovlvyels exdiéres. Hapatnpodue 6T, av p xou g elvon culuyelc exdéteg,

ptqg=pg = (p—-1(¢-1)=1



Av howndv opicouue f(t) = tP~1 ¢t € [0,+00), téte N f elvor yvnolwg adfovoa,
xon oplletan 1 avtiotpopn cuvdptnon g e f. Aev eivon dboxolo var dodue 6T
g(s) = s771, s € 0, +00). Mpdyuar,

g(f() = [f@B)7~" = =Dl = ¢,

IIpwv opioovue v andotacn dVo onuelwy tou £y, Yo Selfovue dVo XAaoIXES avaod-
Ttec: v avioétnTa Tou Holder xon tnv avioétnta tou Minkowski. Baowé pdro
oty anddeléy) toug Tallel 1 avieétnTa Tou Young.

Avioétnta tou Young. Eotw f : [0, +00) — [0,4+00) ywnolws atéovoa, ouvexnis
kat eni ovvdptnon, ue f(0) = 0. Av g elvar n avtiotpopn ouvdptnon wns f, tdte
ya kde a,b > 0 1wxvet

ab < /Oa f@@)dt + /Obg(s)ds.

Andderdn: Kdvte éva oyrua:

To ywéuevo ab etvon to euPadov Tou oploywviou. Ye xdde neplntwon,

a b
ab< E; + E» = / f(t)dt +/ g(s)ds.
0 0

Iobtnta toylet av xou wévo av b= f(a). O

Eqgapuoyy: Iolpvouue f(t) =P, p > 1. H avtiotpogn tne f elvou n g(s) = s771,
6mou ¢ elvar 0 ouluyhg exdétne Tou p. And Ty avicdTa Tou Young, yio x&e

a,b>0,
a b
abg/ tp_ldt—l-/ s 1ds,
0 0
dInhady
p a
(1) abga——kb— , a,b>0.

p q



Mtat dhhn omddetgn tne aviodtnrag (1) unopel vo Sodel ue ) Pondeta twv xuptdy
xa xolhwv cuvapthcewy. Eotw C éva Sidotnua oto R. M cuvdptnon f: € — R
Aéyeton kUpTH AV

(2) flz+ (1 =t)y) <tf(x) + (1 -10)f(y)

yiaxdde z,y € C xart € (0,1). H f Ayeton yrnoilws kuptrj av onotednote £yovue
wotnra oty (1) éneton 6tz =y. H f : C — R Méyeton koidn (avtiotowya, yrnoiws
kolAn) av n —f elva xvpth (avtioTolya, yvnolws xvpty).

H ouvdptnon f : (0, +o0) — R ue f(z) = Inx elvor yvnolwe xolhn (Exer apvntixd
deltepn mapdywyo). Av howndy x,y > 0 xau t,s € (0,1) ue t +s =1, té1e

(3) In(txr + sy) > tlnz + slny = In(z'y*).
‘Eneton 611
(4) oly® <tx + sy,

pe oo uovo av © = y. Eotw tdpa a,b > 0 xou p, ¢ ouluyelc exdétec. E@apuo-
Covtag v (4) ue x =aP, y =b? xau t = 1/p, s = 1/q, nalpvouvue v (1). Iodmta
oyLeL uévo av a? = be.

Avioétnta touv Holder (1889) Eotw p,q > 1 ovluyels exétes. Av

=)€Ll , y=m) €Ly,

tote n z = (&pny) € b, kar

] ] 1/1) 00 1/‘1

> 1&ml < <Z|§k|p> (Z |77k|q> :

k=1 k=1 k=1
Anoédergn: Kdvovue mpdta Ty emmAéov unddeon 6t

[ee] o0
Dol =" Il = 1.
k=1 k=1

T xdde k£ =1,2,..., and v (1) éyouvue

&b, Il

1€enn| = [&k|Ime] < .

Ipoo¥étovtag xatd uéin nalpvouue

o0
> L&kl
k=1

IN

1 — 1 —
=D G+ =D Il
pk*l qk:l

1 1
__|__:]_,
p q
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dnhadh v aviobétnta tov Holder 67 auth tnv eduxr neplntwon (ylol;).
Lot yevi mepintwon: unopoue va utodéoovue 6t z,y # 0 (yatl;), ondte
opllovue

é.k 77;6 — Tk
(5, Jelm)' P (52 ke
!

Ané tov tpbdmo oplopol toug, o (&), (1) xavoTolody Tig
o0 o0 o0 o0
(994 |7k | /
617 = =1= =D Iml*
; kz::l > €kl kz::l >t el kz::l

A6 o mpddto Briua tne anddeing (to epapudlovue yia tic (&), (1)), PAénovue bt

& = keN.

oo

IHAAEDS [

oo 1/p oo 1/q <1
k=1 it (Ot 16 1P) 7 (O o=y 1Mk ]7)

Srhad

00 00 1/p 0o 1/q
Sl < (Sar) (Smr) o
k=1 k=1 k=1

IMapathienon: ‘Otav p = 2, o culuyhc exdétne tou p elvar 0 ¢ = 2, xat N aviedTnTa
tou Holder ue p = ¢ = 2 dev elvan dAAn and v avwodenra Cauchy-Schwarz: Av
T = (gk))y = (Uk) € 627 TOTE

oo oo o0
D 1l < (| D 1€ | D Il
k=1 k=1 k=1

Aviodtnta tov Minkowski (1896) Eotwp > 1. Av e = (&) € {p kary = (1) €
ly, ToTe n 2 = (& + M) € £p xat

00 1/p 0 1/p 00 1/p
(Z €k +77k|p> < (Z |§k|p> + (Z |77k|p> :
k=1 k=1 k=1

Anddeln: Av p =1, n aviednta nodpvel T LoppT

Z €k + i | < Z 1€ +Z ||
k=1 k=1 k=1

7 onolo enondeeton ebxoha ool |€ + ni| < |&k| + k| Lo xdde k € N.
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Eotww 6t p > 1. T x&de n € N éyouue:

> 1€k + el D 16k + melP Mk + il
k=1

k=1

DL+ el 16kl + k)

k=1

n n
= > Lkl ]+ D 6k + kP e
k=1 k=1

IN

T xardéva and ta Sbo adpolouata epapudlovue Ty avicdtnto Tou Holder ue ex-
Vétec p, g (T adpolouata €xouy n Gpouc, ol 1 aviedTnTa Loy Vel o 67 aUTH TNy
neplntwon - yiotl;). Tote,

Su = > 1+l
k=1

n 1/q n 1/p n 1/p
< (Z & +nk|q<P—1>> (Z |fk|P> + (Z |nk|p> ,
k=1 k=1

k=1

xow enewdh g(p — 1) = gp — p = p, nodpvouue

n 1/p n 1/p
S < Sp/1 (Z |£k|‘°> + (Z Inkl”>
k=1 k=1

Av S, > 0, Sonpotue ue Sp/?, xon ool 1 — ¢ = Exouue

n 1/p n 1/p n 1/p
<Z|€k+nk|p> < <Z|€k|p> +<Zlnk|”>
k=1 k=1 k=1

00 1/p 00 1/p
(zw) +(z|nk|p) |
k=1 k=1

(Av S, =0, t61€ auTh N TEReUTAloL avtobTNTA Loy VEL 00TWE 1y SAAWS.) Aol to 8eZLd
HENOC Elvon TEMEPUCUEVD, TO UPLOTERPO TOPUUEVEL PparyUEvo aveddoTnta and To n.
Agrvovtag to n vo el oTo dnelpo, cuunepalvouue 6Tt N 2 = (§ + Mi) € £ xou

00 1/p 0 1/p 00 1/q
(Z |k +77k|”> < <Z|€k|p> + (Z |77k|q> - O
k=1 k=1 k=1

Mropolue tdpa va opioovue Ty e€c LeTph dp otov £y, p > 1: av © = (&) €
Ly xou y = (mi) € £p, opllovue

0 1/p
dp(may) = (Z |€k - 77k|p> .
k=1

A

IN
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To a&iduorta (M1)—(M3) e petpinhic eéyyovton dueoa. H tprywvixd aviedtnta
elvar ouvéneta g avioétnac tov Minkowski: Ilpdyuatt, av z = (&),y = (k), 2z =
(Ck) € £y, TOTE

dp(z,y)

I
YU
[]e
7~
kol
|
=
ol
)
N——
—
S~
)

IN
QL
NgE
™~
B
|
I
Eal
=
N——
g
~
3
+
—~
NNk
£
|
P
Eal
=
N——
=
bS]

p(z,2) + dp(2,y).

Apa, 0 £, ue tn uetpwt dp, €lvar YeTpLxdg YHPog.

1.3 Tomnoloyixég €vvoLeg

(o) Eotw (X, d) uetpixde ywpeoc. T xdde zp € X xou r > 0,

1. H avoiktn urdAa ue x€vtpo xo xou oxtiva r elvat 10 cOvolo
D(zo,7) ={y € X : d(y,z0) <r}.

2. H xdaotn urdAa ue x€vtpo xo xou oxtiva r elvat 10 obvolo
B(wo,r) = {y € X : d(y,0) <1}.

3. H opaipa ue xévipo xp xou axtiva r elvar To abvolro

S(zo,7) ={y € X : d(y,z0) =7}

[TAPATHPHSEIZ

(i) T %8s z9 € X xou r > 0 woylel kg € D(xzo,r) C B(xo,T).

(il) Mropel duwe vo oLuBel S(zg,r) = 0 (topdderyua: SoxpLth UeTEXY).

(iii) S(xo,r) = B(zo,r)\D(x0,7).

e auté to uddnua ol uetpxés Va elvar (wg éva Badud) puolohoynés - yLo Topd-
detyua, ot ogalpeg Vo elvar mdvtor un xevég.

(B) Eow zp € X xou e > 0. H D(xg,¢) hyeton e-meproyn tou zg. Av xg € AC X,
T0 o MEYETAUL €0wTePLkd onueio Tou A av undpyet € > 0 tétolo dote D(zg,e) C A.

‘Eva utocUvoro A tou X Aéyeton avoiktd av x&de onueio tou A elvor ecwtepind
tou onueto. TNa tydév A C X, 10 cowtepiké A° tou A elvar 10 ghvolo Ghwv Twv
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gowtepxY onuelwy tou A. To A° elvon 1o yeyahitepo avowxté utochvolo tou A.
To A elvon avouxtd av xon uévo av A = A°.

() Mo axohoudia (zy,) onuelov tou (X, d) ovyrdiveioto & € X (ypdpouue ©,, — )
av limy 00 d(x, ) = 0. IooSOvaua, av yio x&de € > 0 undpyet ng = ng(e) € N ue
v WdTnTor Yo xde n > ng, d(x,,z) < €.

Am\éc ouvéneleg Tou oploUoL Elval Ol TEUXET.

(i) Av z, = x xou zp, = y, TOTE T = y (LovadxdTNTO TOU 0plov).

(ii) Av &, — z, 0t 1 (zy) elvon ppayuérvn (dnhadnh, vndpyer ¥AeloTh UTdAa oTOV
X mou mepléyel bhaL Tl T5,).

(i) Av z, = @ xou yp, = y otov X, 61 d(2p, yn) — d(z,y).

(3) "Eva utoctvoro K tou X Aéyeton kAewotd av: yio xdde (x,) oto K ue x, = x €
X, éneton 61t & € K. To K elvow xhetotd av xou wévo av 1o X \ K elvor avouxtd.

To zp € X Ayeton onueio enagris tou K av yia xdde € > 0woyder KND(xg,€) #
0. To clvoro twv onuelwy eragrc Tou K ouufolileton ue K, ovoudletor kAetoth
njkn (A kAewotdnra) tou K, xau elvon 10 UixpbTERO HAELGTE GUVORO TOL TEPLEYEL TO
K. To K eivor xhetoté av xou uévo av K = K.

(e) Eoto (X, d) xou (Y,d) 800 petpwxol yopot. Adue b1t uta omexévion T : X — Y
elvon ovveyfic 010 T € X av yia xdde € > 0 undpyer 6 > 0 pe v WoTnTOE AV
d(z,x0) < 0 t6te d(T'(z),T(x0)) < e. H T elvow ourvexris av elvar cuveyric oe x&le
ro € X.

Ioybouy ta e€rc:

(i) H T elvor ouveyhc oto 2o & av 2, — To ¢ tpoc ™y d, t6te T'(2,) — T'(z0) 0¢
Tpo¢ Ty d.

(ii) H T etvon ouveyhc & yia xdde A C Y avowxtd, 1o T 1H(A) elvon avoxtd unoc)-
voho Tou X.

Ynuetwon: BeBawwdeite 611 dha ta mapandvew odg elvon yvwotd, uall ue tig anodel-
Eelg Toug (€xouv yivel oto uddnua «Ewaywyr otnv Avédluon IIy).

Optowds 'Eotw (X, d) uetpidc yopoc. Evo utoctvoro M tov X Aéyeton mukvd
otor X av o
M =X.

(Anhoady, av yia xdde © € X vndpyet axohovdia (z,) oto M ue z, — z. Iooddvaua,
av v xdde z € X xou xde € > 0 woyver D(z,e) N M #0.)

O (X, d) héyeton draywplopog av undpyet aprdunoipo M C X nou elvar tuxvo
otov X.

ITAPAAEITMATA
(o) Oewpolue Ty mparyuatix evdela R (ue ) wetpweh d(z,y) = |z —y|.) O R elvon

Sraywplowoc: to chvoro Q v pntev ebvar oprduholuo, xo. Q = R (av z € R xou
e > 0, t6te undpyet pntoc oto (z — e,z +¢), dnhadf D(z,e) NQ # 0.)

(B) O ywpoc axorovddy Lo, dev elvon Staywplowos. T va to anodetZouvue, Yo
Baolotolue otny ax6houdn YEVIXT TUpATHETON:
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IopatAenon: Eow (X, d) uetpixds yodpoc. Ag unodécouvue 61l unopolue va
Beolue x;,i € I otov X (I éva cOvolo Jetxtedv) ot A > 0 TOU XAVOTOLOOY TNV
Tote, xdde tuxvd M C X €yel TouAdylotov téoa otolyela oo to I.

Anédelgn: Ouundhec D(zi, A/2), i € I elvor Eévec. Av to M elvar tuxvd, oe x&de
D(z;,\/2) undpyet xdnowo m; € M. Av i # j, téte m; # m; agos D(z;,A/2) N
D(z;,\/2) = 0. Apo, n f : I — M ue f(i) = m; elvar éva tpog éva. Anhadyy, to M
€yEL TOLAYLoTOY Téoa oToLyEela oo To I. i
Y10 mapddetyua tou Lo, Vewpobue to olvoro A = {x = (&) : & € {0,1},k € N}
Kdéde axoroudia ue 6pouc 0 1) 1 elvon gporyuévr, dpa A C l.

Mapatnpodue ott av = (&), y = (k) € A xaw z # y, téte d(z,y) =1 (yori;).
Yougwva ue v moapathApnon, av M elvor Tuxvd LTOGUVORO ToU Lo, TOTE To M EyeL
TouldyLoToV THo oToLyEla oo To A.

Ouwe, to dtaydvio emuyelipnua tou Cantor Selyvet Tt To A elvon urepapLiuioLo.
‘Enetar 61t xdde muxvd unochvoro tou o elvon unepaptiuroyuo, dnAadh o o dev
elvan draywplowuoc.

(v) O ydpoc axohoudixv £y, 1 < p < 0o elvon Staywplowos. Oewpolue T0 6OVOLo

M={y=0n,.-..,m,0,0,...) :n € Ny, € Q}.

To M elvan aprdurowo (yotl;) Oa detfovue 61t M = £,. Eotw z = (&) € £, xou
€ > 0. Udyvouvue y € M tétowo wote dp(z,y) < €.

Mopatnpodue ta e€he:
(i) H oewpd >, |&|P ouyxhiver, dpa undpyet n € N tétoto dote

oo
Sp
P
< —=.
>l 3
k=n+1
(ii) T x8de k = 1,...,n unopolue va Beolue pntd 0codhnote xovtd ctov &.
Mmnopolue howndv va Bpolue pntd 1y, , kK =1,...,n Tou vo LxavoTotel TNy
eP
|€ — n|? < o’ kE=1,...,n.

[Tpoo¥étovtag, €youue
> ole —ml” < 5
k=1 2

Opllovue y = (N1,-.-,Mn,0,0,...). Tédte, y € M xou

n 00 1/p
dy(x.y) = (Zm—mu S |sk|‘°>
k=1

k=n+1

P ep\ /P
< (54‘5) = €.

Agol tax € £, xon e > 0 Ao TuydvTa, toyler M = £, (dpa, o £, elvor StaywploLuoc).
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1.4 Aoxnoelg

1. Eotww X 10 00voho OAwV Twv dlateTaryUevmy m-8dwv and 0 4 1. Anladh, X =
{0,1}™. Opilouue d(z,y) = 10 TMAYOS TV CUVTETAYUEVODV OTIC OTOLES SLaPEPOLY
oL m-&dec = xou y. Ael€te 6tL N d elvon wetpinn.

2. Oewpolue tov C[0,7] ue andotaon v d(f,g) = maxycio,- |f(t) — g(t)]. Av
z(t) =sint xou y(t) = cost, Ppelte Tov ixpdtepo T > 0 yia Tov onolo y € B(x, ).

3. Ael&te 6t éva un xevéd A C (X, d) elvon avouxtd av xa u6vo av elvon €veor and
AVOLXTEC UTHAES.

4. To xg Myeton onpelo ovoodpevons tov A C (X, d) av yia xdde € > 0 unopolue
va Bpolue y € A, y # xo €00 Kote d(zo,y) < €. Aeilte 6T 0 Z( elvon onuelo
GLOOMPELOTC TOU A av xot U6vo av Yo xdde € > 0 n D(zo,e) nepéyet dnetpo onueia
Tou A.

5. Av A, B C (X,d), delfte 6t AUB =AUB xaw ANB C ANB.

6. Eotw (X,d) uetpixde yopoc, xou § # A C X. H &idperpog diam(A) tou A
optleton and v diam(A) = sup{d(z,y) : z,y € A}. Aei&te ot

() A C B = diam(A) < diam(B).

(B) diam(A) = 0 <= 10 A elvow uovocOvolo.

7. Eotww A, B un xevd unochvola Tou Uetpixol yopeou (X,d). H arndotaon d(A, B)
wwv A, B oplleton ané v d(A,B) = inf{d(a,b) : a € A,b € B}. Acilte 6u
ANB # ) = d(A,B) = 0. Adote mopdderyuo XAELGTOV X0t LEVWY UTOGUVOAGY
A, B wou R? ue d(A, B) = 0.

8. 'Eotww B un xevé unosivoho tou uetpixot yopou (X, d). H ardotaon wov z € X
and 1o B opiletar and v d(x, B) = inf{d(z,b) : b € B}. Acei&te 6t yio x&de
z,y € X wybet |d(z, B) — d(y, B)| < d(z,y).

9. Av A C (X,d), delfte 61t © € A av xou uévo av d(z, A) = 0. Acifte 61t av A
elvat xhetotd unoohvoro touv X xow © ¢ A, téte d(z, A) > 0.

10. 'Eotww (X, d) yetpiode yopos, xau A, B Eéva, xhelotd utoctvola tou X. Aceilte
ot undpyel f: X — [0, 1] ouveyhc ouvdptnon, ue tny Womto: f(a) = 0 yia xdde
a € A, xa f(b) =1y x&e b € B.

11. Oewpolue T0 XOPO § OAWY TV AXOAOLILLY TparyuaTXdY aptiuny. Eotw (my)
axohoudia Vetdy apriudy, ue >, my < 4+00. Opilovue anbéotaon d otov s G
elhc: av z = (&), y = (k) € s, Vétouue

oo

d(l’,y) :Zm |fk—77k|

k.
=L & — el

Ael&te 61 0 (s,d) elvon yeTpLxdS YWEog, xou utokoylote tn Sudueted Tou.
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12. Acel&te 6t yio xdde &,..., &, € R,

(&l + -+ 1&D* <n (&) + -+ &) -

13. (o) Bpeite uta oxohovdio z = (&) nou €yet bpo 10 0, adhd z ¢ £, yio xdde
p>1

(B) Aei&te 6t av z € £, yio xdrowo p > 1, t6te & — 0.
14. Bpeite x = (&) tétola @ote x ¢ €1 olN& z € £, yio x&de p > 1.

15. Oewpolue To xWpo Bla,b] 6wy twv gpayuévey f : [a,b] — R ue andotoon ty
d(f,9) = subscap) | f(t) — g(t)]- Aeilre 6L 0 Bla, b] Sev elvor Sraywplowoc.

16. Oewpolue 10 yweo Cla,b] 6wy twy cuveyodv f : [a,b] = R ue anbdotaon vy
d(f,g) = maxiciqp) | f(t) — g(t)]. Ael&re 6L elvan Soywplooc.

17. Ael&te 6t 1 exdvo avoxtod GUYOROL UEGL GUVEYOUS ATEXOVLONG UETAED UE-
TPV XWpwY JEV EIVOL OVAYXATTIXE AVOLXTO GUVORO.

18. Eow f,g : [a,b] = R ocuvveyelc ouvapthoels, xou é6tw p,q ouvluyelc exdétec.
Aei&te my aviedtnta tou Holder

b b 1/p b 1/q
| / f(t)g(t)dt|§</ If(t)lpdt> (/ |g(t>|Q> .

AelZte v aviedntar tou Minkowski

(/ @) + gt 'pdt> (/ 1) |”dt>1/p+</a blg(t)|Pdt>

19. Eoww f : [a,b] = R ouveyfc, xou 0 < ¢ < p < r < +00. Aellte 6T

b b =5 b =
/ If(t)lpdt§</ If(t)l"dt> (/ If(t)l’"dt> .

1/p
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Ynodellelg - anavifoetg

1. HapatnpRote 6ttave = (€1,...,&m) xouy = (N1,...,0m) € X, t6t€: av {k = Nk EYOLUE
| — M| = 0, evd av & # M éxovue |& — mi| = 1. Apa, To TAY0C TV cLUVTETAYUEVLDY
oL OTOLES JLAUPEPOLY OL T XA Y LGOUTAL UE

2y) = > 1€k —mel-
k=1

Thpa unopolue edxola vor eEAéyZovue 6Tt N d elvo UETELXY:

(o) d(z,y) =D 1y 1€k — M| > 0, pe wbtnroer uévo av | — mi| = 0 yia x&de k, Snhodr av
&k = M YL x80e k, Snhadh av z = y.

(B) d(y,z) = 3202y Ime — &kl = 200y 16k — ] = d(z,y)-
(v) Avz = (&), y = (m) % z = (k) € X, téTE

ZI&-WI—ZI &k — Ck) + (Ck — k)|
k=1

> Ek—Ck|+Z|Ck—Uk
k=1 =
= d(z,2) + (Zyy)-

d(z,y)

IA

2. Eyovue y € B(z,r) av xot povo av d(z,y) < r. O uwxpdtepoc r yio 1o onolo Loy Vel
ALTY N AVLOOTNTA EVOL 1) ATOCTOON TWV T XL Y:

d(z,y) = Oréltax |sint — cost| = orélﬁgxw(smt —cost)?

= max (1 —sin(2t)) = V2.

o<t

3. Eow 61t A = UjerD(z;,1;) 6nov z; € X xau r; > 0. Ava € A, téte undpyet ip € T
ywt to onolo a € D(ziy,Tiy). Oftouvue r(a) = riy, —d(a,zi,) > 0. And v Tprywvixh
avioonTa,

D(a,r(a)) C D(wiy, rig) C A.

To tydv a € A elvar eowtepxd onuelo tou A, dpa 10 A elvar avouxto.

‘Ectw A avowté vrnoctvoro tou X. Ta xdde a € A unopodue va Bpodue r(a) > 0
této0 wote a € D(a,r(a)) C A. Tore,

A= U D(a,r(a))

a€A

4. YTrodétovue np®ta 6TL T0 To elvan onueio cusodhpevons tou A. 'Eotw dtt undpyet e > 0
tétolo ote 1o D(zo,e) N A va elvon nenepacuévo clvoho. Anhadh,

D(zo,e)NA={xo}U{y,...,yn}
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Yoo xdmola y; # To (Tovhdylotov éva tétolo y; uTdpyet, and Tov opoud tou onuelov
cucopevonc). Oétovue €1 = min{d(zo, y1),...,d(zo,yn)} > 0. Tore,

D(x0751) nNA= {x0}7

to onofo elvan dtomo, TdAL and TOV 0pLOUG TOU ONUEIDL CUGGWREVONG.

Avtiotpoga: unodétovue 6tL xdde neployy) Tou A nepLéyet dnetpa onpela touv A. Tére,
yio x&de € > 0, to D(zo, ) N A elvan dnetpo cbOvolo, dpa €xel otolyelo dlapopetind and 1o
xo. 'Emeton 6t 10 o elvon onueio cuoohpevons tou A.

5. (o) Agob A,B C AU B, éyovue A,B C AUB. "Apa,
AUBCAUB.

Avtiotpoga, éotww x € AUB. Yndpyouy zn, € AU B ue z, = z. Xwplc neploploud
MG YEVWOTNTAS UTOpoLKE Vo utodécoupe 0Tt dretpol dpol tng (zn) Beloxovior oto A.
Anhadn, vndpyouvy k1 < k2 < ... < kp, < ... tét0l0L GoTE Th,, € A. Ago0 T, — =,
énetan 6TL T, — o. Aol xx, € A, cuunepaivouue 6T & € A. Av dmewpor bpot g ()
Boloxovtor 6to B, ue tov (S0 tpémo Brénovue 6L & € B. Te xdde nepintwon ¢ € AU B,
onoTE

6. () Av AC B, t6te {d(z,y) : z,y € A} C {d(z,y) : z,y € B}. Apa,
diam(A) = sup{d(z,y) : z,y € A} <sup{d(z,y) : z,y € B} = diam(B).

(B) Av A = {a}, t6te diam(A) = sup{d(z,y) : z,y € A} = sup{d(a,a)} = sup{0} = 0.
Av L vndpyouv a1 # as oto A, té6te diam(A) > d(a1,a2) > 0. Apa, diam(A) = 0 <=
1o A elvar povoslhvolo.

7. (a) 'Eoww w € AN B. Tére,
0 <d(A,B) =inf{d(a,b) :a € A,b € B} < d(w,w) =0.
Anady, d(A, B) = 0.
(B) Optloupe ta unochvora A = {(n,0) : n € N} xou B = {(k, 1) : k € N} tou Euxhel-
Sewou xpou R Téte AN B = 0, ta A, B eivor xhewotd yrotl 6ha o onuela toug ebvor

UELOVOUEVDL, KOl
d(A, B) < d((n,0),(n,1/n)) =1/n

yio x&de n € N, dpa d(A,B) = 0.

8. 'Eotw z,y € X. T'a x&¥e b € B éyouvue d(z,b) < d(z,y) + d(y,b). Agol d(z,B) <
d(z,b), cvunepaivoupue bt

Aol autd woylet yia xdde b € B, nalpvouue

d(z,B) —d(z,y) < inf{d(y,b) : b € B} = d(y, B),
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dnhadn

‘Ouota Brénovyue ot d(y, B) —d(z, B) < d(z,y). ‘Apa,
|d(z, B) — d(y, B)| < d(z,y).

‘Eneton 6t n d(+, B) : X — R elvon onolduoppa cuveyic.

9. (o) Eow = € A. Trndpye. axohovdia (z,) oto A ue z, = z. Téte, 0 < d(z, A) <
d(z,zn) = 0. Apa, d(z,A) = 0. Avtiotpoga, av d(z,A) = 0, téte yia xéd¥e n € N
unopolue va Bpodue z, € A ue d(z,z,) < 1/n, ondéte , — = xa awtd onuoalver 6tL
r €A

(B) Agol = ¢ A xon 1o A elvan ¥hewotd, undpyeL r > 0 tétotog wote D(z,r)NA = 0. Autd
onuaiver 6t d(z,a) > r yia xdde a € A, dpa d(z, A) >r > 0.

10. T xdde z € X éyouvue d(z, A)+d(z, B) > 0. Av 1o &dpotoua awtd o (oo ue undéy,
Yo elyoue d(z, A) = d(z,B) = 0 xou agod ta A, B elvar xheotd, and v tponyoluevn
doxnon Vo elyoue x € AN B, 1o onolo elvon dtomo yatl ta A, B €youv vnotedel Eéva.
Opllovue f: X = R pe
d(z, A
fa) = oA
d(x, A) +d(z, B)

O rnoapovouaotic dev undevileton, dpa n f elvan xoh& opiouévn. Eriong, n f elvon ov-
veyhe yeatl ou d(-, A) xau d(-, B) elvar ocuveyele ouvaptioes and v Acxnon 8. Aol
d(z,A),d(z,B) > 0, elvar povepd 61t 0 < f(z) <1 vy xdde z € X.
Télog, av a € A tote

_ d(a, A) _
f(a) d(a,A) + d(a, B) 0,
evw av b € B téte
d(b, A) d(b, A)

11. H d elvon xoh& opiouévn, yiotl av = (&) xoaw y = () € s, T0TE

€k —
E m g mp < +00.
k1+|€k—7lk|_ ‘

Auté Belyver tautdypova 6t 1) Sduetpog tou (s,d) elvar diam(s) < Y°p7 | my.

And e WBudétntes g uetpxs, N Lovn nou ypeedletar éheyyo elvol 1 TELYWVLXT ovL-
oot av © = (&), y = (k) xow z = (C) € s, 101 Y x&0e k € N, ypnowlonoldvrog
10 YeYovds 6t 1 elvon ab€ovoa oo [0, 4+00) xow ™y € — mk| < €k — Gl + [k — ],
nalpvouyue

€6 — | €5 — Cil + 1Sk — i
L+ —mel = 14 &k — Gl + |G — n]
€k — Gkl n Ik — mn
L+ 1€k — Cel + 1k —mel 1416k — Gl + 1Sk — 7]
|€x — Gkl n Sk — x|
Tl =Gl TG — |

A
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ITpooVétovtac we npog k apod tohhanhaotdoovue ue toug Jetixole my, €youvue

= €k — M
d(z,y) = §mk|7
= 116k — ]

S 1€k — S |G — |
< m + m
- ; T+ lek — Gl ; ST 1Ck — e
= d(z,2) +d(z,y).
Télog, av ndpovue zar = (M, ..., M,...) 6tov M >0, xou y = (0,...,0,...), éxovue

. o M M
diam(s) > d(war,y) = 3 Mk 37 = T a7 2™
p—y k=1

%o apod HLM 1 6tav M — oo, nalpvouue

M [e ) [e )
diam(s) > sup d(xa,y) = | su my = mp.
(5) > sup d(ans.y) (M>P01+M>; =3

Anhady), diam(s) = Yy, M.

12. Ané v avioétnta Cauchy-Schwarz,

[§] + -+ €l Lojéu|+---+ 1|6l
(14 + 1) (@) 4+ 16l
V(6P +-+16al?)

Tdhdvovtag oto teTpdywvo nalpvouue to {ntoduevo.

1/2

IN

13. (o) Holpvouvue & = m, k € N. Tére, & — 0 btav k — 00, UGS TO XpLTHRLO

ouunOXVWoTG delyvel 6t
oo

1
2 P = T

k=1

yio x&de p > 1. ‘Apa ( ¢ ly yio Oha T p > 1.

;)
In(k+1)
(B) Trodétouvue 6t © = (&) € £y yia xdmow p > 1. Torte,

Z |€e]? < +o0.

k=1
Agob 1 oepd cuyxhiver, taipvouue |€x|P — 0. Encton 6t €| — 0, dpa & — 0.

14. Aoxwdote & = £. 'Eyovue Y 5o, + = 400 (0 cpuovind oetpd omoxhiver), duws yio
xdde p > 11 oepd Y o0 | = ouyxhiver (Avéduon II).

15. Tw x&de z € (a,b) Yewpolue ) cuvdptnon fz : [a,b] = R nou opileton we e&hg:
fo(t) =1lava <t <zxou folt) =0av e <t <b Kdde f, elvonw ppayuévn, dpa avixel
otov Bla,b]. To nhidoc twv f, elvon unepoapriuiolso (boa ta onuela tou (a,b)).
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Ectww z < y oto (a,b). Téte, undpyet to ue < to < y. Avtd udc Siver f (to) = 0 xon
fy(tO) =1 ’APOC:

d(fe, fy) = sup{[fa(t) = fu (})] : t € [a, b]} > [fa(to) — £y (to)| = 1.

Yo uetpwd yoeo Bla,b] BeAxope vrepapriuioysa to thidog onuela (tig fz) mov avd dbo
anéyouv andotacn tovkdyotov lon ue 1 (elvon axpBide lon ue 1 - yiotl;). And yevuwh
TopAThENON, 0 Xeog dev unopel va elvon Staywplotuog.

16. Aclyvouue npdta to e€hg: av p(t) = ao+ait+---+amt™, a; € R, elvan éva ToALGVLUO
o710 [a, b], T6te Yo xdde € > 0 unopoldue va Bpodue tolvdvuuo q(t) = bo+bit+- - - +bpt™
ue pnrtolc ouvvtekeotéc by € Q, tétowo dote

d(p,q) = max |p(t) —q(t)] <e.
t€la,b]
IMpdyuatt, av M = max{|al, |b|}, yia xdde i = 0,1,...,m unopolue va Bpodue b; € Q

€100V OTE .

2 = bl < 3 )
Téte, av oploovue q(t) = bo + bit + - - - + bt™, yiot x&¢e t € [a, b] éxovue
lp(t) —a(®)] = (a0 —bo) + (a1 = bi)t + -+ + (am — bm)t™|
< lao —bol +lar = bl - [t] + - + |am —bm] - [t]™
€ € €
M+ 4 — =M™
< m+1+M(m+1) + +Mm(m+1)

€.

Arpadt, d(p,q) < <.

Optlovue D = {q(t) = bo+bit+---+bmt™ : m € NU{0}, b; € Q}. To D elvar aprduriouuo
olUvoro. Av f € Cla,b] xaw e > 0, and to Yedpnua tov Weierstrass vndpyeL TOALOGVLUO P UE
Tpayuatixols cuvteheotée, tétow wote d(f,p) < £/2. Anb tnv Tponyoduevn napatienon,
undipyeL ¢ € D yia to omolo d(p,q) < £/2. Apa,

e €
d(f,q) <d(f,p) +d(p,g) < 5+ 35 =e.

Aol 1 f xou 0 € Hray XSV, Brémovue 6t D = Cla,b]. Apol 1o D eivon aprduriowuo,

o Cla,b] elvon Saywpliotuoc.

17. O¢étovue X =Y = R ye ) ouvidn petpwn d(z,y) = |z — y|. Opllovue f: R - R
e f(z) = 0 yia xde z € R H f elvow ouveyhg, ahhd Sev oTéhvel To Un xevd avouxtd
urocUvolra Tou R ot avowxtd utocivola tou R: av §§ # A C R avowtd, téte f(A) = {0},
t0 ornolo dev elvar avouxto.

18. (o) ©érovpe A = (f|f|p)l/p xw B = ([ |g|q)l/q. Av A=0% B =0, téte and
cuvéyela v f, g Brémovue 6t f =0 % g = 0 oo [a, b], ondte 1 aviodnTa yiveton 0 < 0.
Av A >0 xow B > 0, xpnoLUonoudvTos Ty avtooTnta Tou Young yedpouue

> £(t) 9(t) > £ lg(®)]
/aTg?dt < /aTgTdt
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IN

"(LIFOP | 19l
[ GEet )
L 1l
p Ap q B

‘Apa,

/abfg < AB= (/ab|f|p)l/p (/ab|g|Q)1/q.

(B) Av p =1, n aviodtnTa Tov Minkowski elvo amhh:

Jir+as fan+id=[11+ [

Av p > 1, yenowonotwvtac Ty avicdétnta tou Holder ypdgpouvue

[ir+ap

/|f+g|p’1|f+g| S/|f+g|”’l(|f|+|gl)
/|f+g|p*1|f|+/|f+g|p*1|g|

(/'f+g|(“>q)1/q (/|f|p>11/p
(Joes)" ()"
() (o) "+ () ")

7

vl (p—1)g = p. Av 10 opLotepd Yéhog elvon Yvhcto Jetixd, Srnpidvrag pe (f |f + g|p)1/q
xoL yenotuonowdvrag ty 1 — % = 1 naipvouyue

IN

+

'

(Jiear)™ = ([irear) " < (fur) "+ (fror)"

Av [|f +g|? =0, téte Sev éxouue tinota va delfouye.
19. Iapatnpolue 6TL oL o = % xou B = ﬁ elvon ouluyelg exdéteg xaw p = £ + %

Egopuélovac v avieétnta tou Holder yu tic £/ xau |f|7/?, noipvouue

[ur = [
(f (Ifl‘”‘*)“)l/a (/ <|f|”ﬁ>ff)w

pP—a

(i)™ (Jur) ™

IN




Kscpo’c)\ou.o 2

IIA¥peLg uetpLxol yogou

2.1 Axolouvdieg Cauchy - nihvpeig petpLxol ywpou

Opiowds Eotw (X, d) évac uetpindc yodpoc. Mio axohoudia (z,,) otov X Aéyeton
axodovdia Cauchy av yia xde € > 0 undpyet ng = no(e) € N tétotoc Hote

n,m > ng = d(z,,Tm) < €.

‘Eva and ta o Boaowd anoteréouata oty «Avdiuon Iy elvon to e€nic: i
axorovda () mporyHaTiX®dY aptdudy cuyxAlver av ot ubvo av elvor axoloudio
Cauchy.

To napandve dev toyler oe kdde yetpxd yopo (X,d). Tlopdderyuo: ndpte
X = (0,1] ye oméovoon ty d(z,y) = |z — y|. H oxohoudia z,, = L elvar Cauchy
oahhd dev ouyxhivel oe onuelo tou X (1o onuelo 0, oto omolo N (x,) «¥éley va
ouyxhivet, dev avixet atov X.) Aoxiudote vo didoete auotnen anddelln touv 6t dev

undpyel ¢ € X tét0l0 OOTE T, — 2.

Trdpyouv TAVIWS GPXETES OMOLOTNTES avdUESH 0T Vewplol TwV axoAOUTLOY
Cauchy tuydvroc petpol yopou (X, d) xow Ty avtiotoyn dewpia oto R.

Ilpétaom 2.1.1 Av n (zy,) ovykAiva oo x, téte n (zy,) elvar akoloviia Cauchy.
Anédergn: Eow € > 0. Agol z,, = z, undpyet no = no(e) € N tétoloc wote

n>ng = d(z,z,) <

N ™

Av howndy n,m > ng, T6TE

d(Tp, Tm) < d(Tp,z) +d(z,20) <

23
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Aéue 611 éva olvoro A C X elvon gpaypévo av vndpyouy xg € X xarr > 0 tétola
wote A C B(zg,r). M oxohovdia (zy,) elvor gpaypérn av undpyouy o € X,r >0
TETOLOL WOTE

Vn €N, z, € B(zo,r).

Ilpértaom 2.1.2 KdOe axolovdia Cauchy (z,) elvar gpayuévn.

Anddegn: Ilalpvouue € = 1. YTrdpyel ng € N t€tot0c dote: av n,m > ng, TOTE
d(zp,zm) < 1. EBwdtepa,

n > ng = d(Tn,Tn,) < 1.
Maipvoupe r = max{d(x1,Zn,) + 1,...,d(Tn,—1,Tn,) + 1}. EXéyEre 6t
d(zpn,®n,) <T
yia xéde n € N, Snhadh dhot oL bpot g (2,,) Beloxoviow oty B(2n,,T). O
Ilpétaom 2.1.3 Eotw (z,) axolovdia Cauchy. Ymobérovue ét vrndpyovr x € X

kat vrakolovdia (zy, ) tns (zn) pe xr, — x. Tdte, Ty — & (av Aotndy pa axolovdia
Cauchy éxer ouykdivovoa vrakolovllia, téte ouyklivel.)

Anéderdn: Eow ¢ > 0. H (zg,) ovyxhivel oto 2, dpa undpyet ng € N tétolog
wote

€
n>ng = d(z, g, ) < 7

Aol n (xy,) elvoar Cauchy, undpyet n1 € N tétotoc Hote

€
n,m > ny = d(p,Tm) < 3

O¢touue ny = max{ng,ni}t. Av n > ns, té1€ ky > n > no > ny, dpo

€

d(mnamkn) < 5;
%o kn > n > na > ng, dpa

d(z,zyp,) <

N ™

ITpoc¥étovtag, BAémovue 6TL av n > na,
d(l‘, xn) < d(:L‘, mkn) + d(mkn ) xn) <

Anhadn, T, — . O

Ogtouds Eotw (X, d) uetpinde yodpoc. O X Aéyetor mArjpng av xdde axoloudia
Cauchy (z,) otov X cuyxhiver (oe onuelo tou X).

Me Bdon autév tov opoud, o X = (0,1], ue uetpw v d(z,y) = |z — y|, dev
elvar TAjeng.

O ouunayeis uetpixol ydpot udg divouv uia tpedtn evpelar xhdon TAHewY UETEL-
%OV Ydpwv (Yuundeite 6tt, o X elvon ovunayrc & Y(zy,) otov X, undpyouy € X
xau vraxolovdia (2, ) e () UE Ty, — T):
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Ilpétaom 2.1.4 KdOe ovurayng petpikds xdpos (X,d) elvar mAripns.

Anédegn: Eotw (z,) axohoudia Cauchy otov X. Agob o X elvar ouumaytc,
urdpyet uraxohovdia (zg, ) ™e (@) ue zg, — ¢ € X. And v Ipdtaon 2.1.3,

T, —x. O

Apyébrepa, Yo ypetaoTolUE Eva XpLTrplo yia To TOTE Evag LTOYWEOS EVOS TAPOUS
METEXOV Ywpeou elvon Threng:

Ilpétaom 2.1.5 FEotw (X,d) perpikds xyipos, kat éotw Y évag vndywpos tov X.
() Av 0 Y elvar mAipns ws mpog tny enayduevn petpixn, téte o Y elvar khewotd
unooUvodo touv X.

(B) Av o (X,d) elvar mArjpns kat 0o Y elvar kAewotd vrnootvodo touv X, téte 0 Y elvar
TANPNS WS TPOS TNV €mayOUeEVn UETPLKN.

Ewdtepa, av o X elvar TAnpng, téte o €lvar Y mAnpng HeTpikds Xdpos av kat évo
av o Y elvar kA€ot vroovvolo tov X.

Anoden: (o) Eoww z, € Y xou zy, = z € X. H (z,,) ouyxhivel otov X, dpa elvan
axohoudio Cauchy otov X (Mpbtaon 2.1.1). H ombotacn d otov Y elvar amhéde o
neptoplopée e d, dpa n (,) eivar Cauchy otov Y. O'Y eivar mhhpne we mpog ty d,
dpo 1 (T5,) ouyxhiver o€ onueio tov' Y. H obyxhion auth elvon Tautdypove o0yxAon
w¢ Tpo¢ TNy d oTtov X, xou and yovadixdtnTa Tou oplov, To dplo meEmeL va elval To
z. Anhadni, x € Y. Autd anodewxviet 6tL 10 Y elvon xhetotd urtocivoro tou X.

(B) Eotw (z,,) axohovdiow Cauchy otov Y. Agol z, € Y C X, n (z,) elvor
axoroudia Cauchy otov X. O X elvon mAfpng, dpa undpyer ¢ € X tétolo Wote
T, — z. Enoyévec, z € Y. Ouwc 10 Y elvor x\ew0td, dpo & € Y. Anhadi, z, —
otov Y. O

2.2 IIMfpelg etpLxol Ywpot - Topadelyota

Mua yevinh Topatripno) yia Tov TpoTo UE Tov onolo Selyvouue 6Tt évag UETELXOC Y-
pog elvar Tipng: Yewpolue TuyolLoa axolovdia (z,) mou elvon Cauchy otov (X, d),
Xow

(o) evrorniloupe to onuelo & oto onolo Va mEénel var cUYXAVEL 1) (2,,) (oToL Xxha-
owd napadelypota, TOND cuyvd wdc Bondder n TAnpdTnTa Tne TparyUaTic eulelog).

(B) delyvouue 6Lz € X.

() Selyvoupe 61 &y — T WS TPOC TN UETEWXT d.

ITgoétaocy 2.2.1 O EuvkAeidelog xdpos R™ pe pegpuxny Ty

m 1/2
d(z,y) = (Z(fk - 77k)2>

k=1

elvar TAnpng.
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Anédeln: Eotww (x,) oxohovdia Cauchy otov R™. Tpdgpovue z, = (&n1,s - -+, Enm),
gnk € R
‘Eotww € > 0. H (z,) elvor Cauchy, emouévac undpyet no(e) € N ue tnv dibtnra

n,s > ng = d(z,, ;) < €.
Yy meplntwor| woag autd onuaiver 6t

m

1/2
(%) n,s >no => (Z(gnk —~ gsk)2> <e.

k=1
H Baow mapatripnon elvon ot

m

1/2
Vk = 1, cee, I, |€nk - €Sk| < (Z(fnk - 531@)2) <e.

k=1

Enopévac, av n,s > myo, 16t yla xde k = 1,...,m yoplotd €youue
|£nk - €Sk| <e.

Auté onualvel 6ty xdde k = 1,...,m n axohovdia (&) elvor Cauchy oto R.
Ané v mAnpdtnta Touv R énetan dtL undpyouy &1, ..., & € R tétowol dote

§n1 _>€1 ) ) gnmﬁgm

xadde n — oo. Opilovpe v = (&1,...,&m) € R™, xou péver va del&ouue 6T
d(zy, ) — 0 xadde n — 0o.
Emotpépouue otny (x): yia xdde n, s > ng €yovue

m 1/2
(Z(&nk - 651«:)2) <e.

k=1

Y1adeponolo0UE TO N XAl AP VOLUE TO § VO THEL GTO GTELRO:

m 1/2 m 1/2
(Z(Enk - Esk)2> — (Z(Enk - fk)2> .

k=1 k=1

Apa, yio xdde n > ng €youue

m 1/2
d(xn,x) = (Z(ﬁnk - §k)2> <e.

k=1

Aol 1o € > 0 Hrav Tuydy, BrAénovue 6t d(z,, ) — 0. Anhadn, z, — 2. O
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IMpdétaoy 2.2.2 O xdpos loy v ppayuévwy akolovddr, pe petpikn tny
d(z,y) = sup{|& —me| : k € N}

elvar TAnpng.

Aréderdn: Eotw (z,) axoloudo Cauchy otov lo. Tpdgouvue z, = (§ni) =
(g’ﬂl)'--,gnk,...).

‘Eotww € > 0. H (z,) elvor Cauchy, dpa uvndpyel no(e) € N ue v Wtétnta
(%) Vn, s > ng, sup{|&uw — &kl k € N} <e.
Enouévwe, av n, s > ng €yovue yio xdde k € N ywplotd
(xx) [€nk — Esk| < .

Auté onuaiver bt ya xdde k € N n oxohoudia (€,x) elvon Cauchy (w¢ mpoc n) oo
R. Apa, undpyouv & € R tétoloL wote

€n1_>€1 s e, gnkﬁgka (n—>oo)
Optlovue « = (&,..., &, ...). Ipénel npodtar var detovue 61 & € L.
Enotpépovtag otny () xou otodeponoldvag s = ng, €YOVUE

Vn >ng Vk € N, |€nk _€n0k| <e€

xat, yro xde k € N,
|€nk - £n0k| - |£k - 6nok|

xadde n — 00. Apat, € — Enok| < € v x&de k € N, dnhadn
VEEN, [&k| < |&nok| +e.

OUOS Tyy € loo- Apa, undpyer M > 0 tétow0g HGOTE [Engr| < M vy x&de k € N.
‘Eneton 6t supy, [€x| < M +¢€, dnhadi 2 € lo.
Enlong, and tnv (xx), agrivovtag 10 § — 00 €YOUUE:

Vn > no Vk €N, |Gk — & <e,
dnhadn, yio xdde n > nyg,
d(xp,x) = sup{|&ur — &k| : k € N} < e.

Agob 10 € > 0 ATay tuydy, T, = T ©S TEOS TNV d. o

Opropog. O yapog ¢ anoteleiton and ohec g cuyxhivouoeg axolovdies mparyuo-
v apducdyv. Kdéde cuyxhivouoo axoloudio elvar @payuévr, enouévwe o c elvon
uToaUVOAO 0L L. Tov BAénouue oav UTOYWEO TOU Lo, UE HETELXH TNV

d(z,y) = sup{|& —m| : k € N}.

Oewpolue enlons T0 YWPo ¢y TwY UNdeVX®Y axolouhodv (z = (k) € co av xou ubévo
av & — 0 6tav k = 00) oav undywpo Tou c.
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IMpotaocy 2.2.3 O1c kat ¢y €lvar TAnpels pegpiiol xapoL.

Anddedn: O celvon €€ 0plouol UTdYwEOS TOL log. LOUPwve Ue TNy Ilpdtaon 2.1.5,
yia vou del€oupe ot elvon mhipne opxel vo Sel€ouue 6Tt elvon xheloTd UTOGUVONO TOU
ls.

‘Eotw z = (§) € & Anhadh, undpyouy z,, = (Enk) € ¢ Ue z,, — z. Ipémel va
del&ovue 6t € ¢, dnhadn 6tL N (&) ouyxhiver oto R. Apxel vo detZouue bt n (&)
elvar Cauchy oto R.

‘Eoww € > 0. Agob z,, = z, undpyel ng € N tétoloc dote d(z, z,) < € yia xdde
n > ng. Anhody,

(1) Vn>nogVk €N, |& — &l <e.

Kpatdue éva uévo n: tov ng. H xp, = (Epor) avixer otov ¢, Snhadf ouyxhive,
dnrady) elvaw Cauchy. ‘Apa, undpyel ko € N tétolog wote

(2) Vs, > ko, |€nos - €n0r| <E.
Tére, yenowonowdvtag tic (1) xou (2) BAémovye 61, yia xdde s,1 > ky,

|£s - £r| S |£s - Engs| + |£nos - Engr| + |£ngr - £r|
< e4+e+te=3e

Apat, n (&) elvon Cauchy, dnhadh z € ¢. Aol € C ¢, o ¢ elvon xhelot6d UTOGOVONO
0L lo.

[ o deltepo toyuptoud, éotw & = (§) € To. Anhadn, undpyouvy z, = (§ur) € co
ue zp, = x. Ipénel vo del€oupe btL & € co, IAadh ot & — 0 dtav k — oo.

‘Eoww € > 0. Agob z,, = z, undpyel ng € N tétoloc dote d(z, z,) < € yia xdde
n > ng. Anhody,
(3) vn Z no Vk € N) |£k - Enk| <e.
H z,, = (&nor) avixeL otov ¢, dpa, undpyet ko € N tétotoc dote
4) VEk > ko, |&nok] <e.
Tére, ypnowornodvtas Tic (3) xo (4) BAénovue 6T, yio xdde k > ko,

1€kl < [€k = Enok| + [€nok| <+ = 2e.

Apar, & — 0 otav k£ — 00, Snhadh = € ¢p. O

IIpotaocy 2.2.4 O xdpos €y, 1 < p < 400, elvar mArjpng.

Anéderdn: Qo uundolue ty anddelln g Hpdtoaong 2.2.1. Eow (z,) axorovdia
Cauchy ovov £,. Tpdwovue x,, = (Enr) = (nts--->&nky---)s Enk € R
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‘Eow ¢ > 0. H (z,) elvar Cauchy, emouéveg undpyet no(e) € N ue ty diétnta

00 1/p
(%) n,s >no = (Z [ gsm) <e.

k=1

Apa, yio xdde n, s > ng xow x&de k € N éyouvue

0o 1/p
|&nk — & < (Z &k — fsk|p> <e.

k=1

Anhadn, vy x&de k € N n axorovda (€nr) elvor Cauchy (wc npog n) oto R And

Ty mAneotnTa tou R, undpyouy &1, ..., &, ... € R tétool dote
i =&, oo, Gk &k
xadde n — oo, Optlovue x = (&1, .. -, &k, - - ). Hpéner mpddtar va SelZovue étL & € ).

Kpatdue N € N otadepd, xon and v (*) éyoupe

N 1/p
Vn,s > mo, (Z |Enk — fsk|p> <g,
k=1

et
1/p

N 1/p N
(Z €k — §sk|p> - (Z €k — €k|p>
k=1 k=1

xaddg § — 00, ONOTE

N 1/p
Vn > no, (Z|€nk—5k|p> <e,
k=1

xou agprivovioag o N — 0o malpvouue

o) 1/p
() Vn > no, (Z |&nk — fk|p> <e.
k=1

Anhodi, Ty oo n = ng, N (§ur — &) € Ly, xou 0ol (€nk) € €y, and TRY aviobTNT
tou Minkowski BAénovue 6t © = (&) = ((&k — k) + &nk) € Cp.
Emniéov, n (xx) elvon toodOvaun ue v

Vn > ng, d(z,z,) <e,

an’ OTOL GUUTEPAVOLUE OTL Ty — T. ad

K\elvouue auth v mopdrypopo Ue UePLXd ONUAVTIXE TUPUDELYUATH UETELXDY
YWewV Tou dev elvar TAYPELS:
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(o) Oewpolue to lvoro Q twv prTey aptdudy, ue uetpxh Ty d(z,y) = |z —y|. O
(Q, d) dev elvor Thpne: elvor LTdYLPOS TS TparyuaTixAc evdelag, XL av o TARENC
Yo €npene va elvar xhewotd vmoobdvoro tou R. Ouwe, Q = R

(B) Oewpolue 10 ywpo Cla,b] Twv cuvexdy cuvapthoewy f : [a,b] = R, ue uetpu
™mv

d(f,9) = max [f(t) - g(t)].

t€la,b]

O (Cla,b],d) elvon mhfong petpxds xdpoc (doxnon). Oswpolue tov undyweo X
tou C[a, b] mou anotekeitor and tor ToAvGVLUA P : [a,b] = R. And 1o Oedpnua Tou
Weierstrass, yioa xdde f € Cla,b] xou xdde € > 0, unopolue va Bpodue TONUGOVLO
p € X TETOLO WOTE

d(f,p) = [nax, |f(t) —p(t)] <e.

Anadh, X = Cla,b] # X (urdpyouv ouveyeic f mou Sev elvor toludvuua). Apa, o
X Bev elvon xhewot6 ocvolo tou Cla, b], xou and Ty Mpbtaon 2.1.5 cuunepalvouue
6t o X dev elvon mhipng.

To nopodelyuota (o) xow (B) elvor xotd *dmolov TeOTo «TEYYNTEY: ZEXWVACUUE UE
gvay AN Yweo (tny mparypotixd eulelal 1 TO YWPO TWY CGUVEYDY GUYHPTHCEWY GTO
[@,b]), xou ThHoowe éva YVACLO TUXVG LTOGUVOAS TOL (ToLE EPNTOVES i ToL TOAVWYLUA)
ooy UTOY WP TOL, UE TNV enayOuevn dnhadh uetpxr. A@od o undywpeods Hog Sev
elvar xhewotode, dev umopel va elvar mAHeNG HETEWOS Xdpos. Ac dolue X éva o
OUCLICTIXG TIORAdELY AL

(v) Oewpolue 10 ywpo X twv cuveywv cuvapthoewy f @ [0,1] = R, tdpa buws e
Lot GAAN UEeTEWh:

d(f.g) = / F(8) — g(t)]dt.

EOxola ehéyyouue 6 1 d ueavorotel ta afdpata (M1)—(M4).

O (X,d) 8ev eivow mAhpng: Opllovue wia axohoudia cuvey®v cuvapthoewy (fy),
n >3, otov X wc e&ic:

0 ,0<t <3,
) =qn(=3) L3<t<an=f+i,
1 ,ap <t<1
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(1) H (fy) elvor axoroudia Cauchy we npoc v d: éotw n > m. Tore,

Am

xou (BAéne Tyhua),

11
=5+

1+
2 ” 2

= Qn,

A(fur f) = AWVW4M+[%UW4M+LWM—M|

J,

/2 m

1
-

N | =

|fn_fm| <ap—

‘Eotww tdpa € > 0. Trdpyel ng € N ye nio < g, xou av n,m > ng, TOTE

d(fn, fm) <

dnhadh, n (frn) elvon Cauchy.

(2) Ac urnodéoouue 6T f, —
Arpadi,

xodoe n — oo, Ewdixdtepa,

1
< —

1
— <e,
m No

f (¢ mpoc v d) yio xdmola cuvey f 1 [0,1] — R.

/Wm (t)ldt 0

1/2 1/2
osA UWﬁ=A [Fult) — £( |ﬁ</ua- Hldt 0,

xow ool 1 f elvon ouveyhc oo [0, 1], mpénet va woyler f(t) =0, ¢t € [0,1/2].

‘Eotww tpa § € (1/2,1).

Trdpyer no € N této0 dote § + £ < § yio xdde

n > ng. Tote, yia xdde n > ng €yovue

) =1, te]o,1].
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Ouwc,
1 1
0< /5 Fult) — F(0)]dE < / [Fult) — F(B)]dE 0,
dipot
1
/6|1—f(t)ldt=0

(yrati;). Amd tn ovvéyewa e f, ovunepaivouue 6tL f(t) = 1 yio x&de t € [4,1],
xat ool To § At Tuydy oto (1/2,1), éneton 6t f(t) = 1 v x&de ¢ € (1/2,1].
‘Eneton 6t 1 f elvar aouveyhc oto onuelo to = 1/2, to onolo elvon drono agol 7 f
utotédnxe ouveyrhc oto [0, 1].

Boefxapue axohovdior Cauchy (f,) otov X, n onola 8ev ouyxAiver (we npoc tnv
d) oe otowyelo tou X. Apa, o (X, d) dev elvar TApne. m|

2.3 IIMjpwon petpLxol Xo')pou*

To cbvoro Q v pntddv aprdudy pe ) ouvhdn uetew d(z,y) = |z — y| dev elvon
TAReNS UETPWOS Ywpeog. «llpoodétovtdey Tou buwe xdmola onueta, Talpvovue TNV
e mparyuatixy) evdela R To R elvor 1 «mhipwony tov Q. To R\Q anoteheiton
axpLBee amd To GpLa exelvwy Twv axolovddyy Cauchy cto Q mou derv cuyxiivouv
oto R (ta dpta mou «helmouvy).

Oa dolue (ev ouvtouia) Ue ToLdY TpdTo x&de peTPdC YOpoc X unopel va «yively
TLXVOS UEGA GE €V TAET UETEWXS Y WO X (o onoloc eivou UE [LoL EVVOLAL UOVAdIXOS
xaw Méyetar mArpwon tou X). H Siadacia tne mhfpwong Baoiletar axpBde oto
Lovtéro «Q — Ry.

Opronds Eotww (X, d) xou (Y, p) dbo uetpuxol ywpot. Mo anewxdvion T : (X, d) —
(Y, p) Méyetan wopetpia av Statneel tic anootdoets. Anhady, av yia xdde x1, 2 € X
oy el

p(T(z1), T (22)) = d(x1, z2)-

Hopotneriote 6t uia toopetplo elvar ndvta éva mpog évar av T'(z1) = T'(x2), 61
0= p(T(21), T (22)) = d(z1,72) = 71 = T>.

Avo uetpuol ywpol X xar Y Ayovton woopetpiiol av undpyet I : X — Y woopetpla
enl. Abo wwouetpxol ywpot ovotacTxd Tavtilovtar, apod ta onuelo Toug Bploxovion
oe avTioTolyio €val TPog €val Xal Ol AMOGTACELS DLATNEOVVTOL.

Oevpnua 2.3.1 FEotw (X,d) petpikds xdpos. Yrdpyer mApns Hetpikds xdpos
(X, d) o onolog éxer mukvd vndywpo W nov elvar wopetpids e tov (X, d).

Ibéa tng andbeiéng: Pavtaoteite tov X cov un nhipn ywpeo, 6mwe oto Lyfua (xow
€yete oto Yuahd ooc 1o Q). Yrdpyouv axoloudiec Cauchy otov X nou dev €youy
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6pto otov X (.. 1 (zn) mOU xataAAYEL 0TO %eVE: de «Bploxely t0 bpLd e péoa
670 X0p0). ANec, bnwe N (yn), ovyxhivouy oe xdmoto y € X.

(1) Optlouvue Lo oyéon tooduvapliac ~ 6To 6UVOho Twv axolovdidy Cauchy touv X:
() ~ (2)) <= d(zp,z,) = 0.

Axohoviiec, 6mwe 1 (yn), ToL cuyxAivouy ot y € X elvon 1ood0vapec ue otodepéc
oxohoudiec:
Yn =y € X = (yn) ~ (4,9, .- ).

Ocewpolue t0 oOvoho X twv xAdoewv twoduvauioc tne ~ (mpénet BéBotor mpwTa vo
delZete 6T 1) ~ elvon oyéon Looduvaulog).

(2) O X unopel va Yewpndel oav utoshvoro tou X: avy € X, 610 y oviotouyel
puotohoyd 1 otadepr| axohoudior Cauchy (y,y,...), xaddc xar 1 xhdon g, Tou
elvow oTouyelo Tou X.

Av y # y' otov X, t61€ dev unopel va woyle (y,y,...) ~ (¥, y',...) (ytl;)
"Apa, drapopetind onuela Tou X opllouv dapopetinéc xhdoews aTov X.

(3) TuuBoiilovue to otouyeto Tou X ue 2, G, . . ..

(4) Tlwe opilovue petpuxh gA otov X; Eotw &, € X. Oewpolue TuYOVIES avTLTpo-
oonoug (x,) € X, (yn) € Y, xon 9étouue

d(z,9) = lim d(zn,yn).

n—o0

Ipéner npddta var SetZouue 6Tt awtd To Gplo undpyet. Ouunieite btL ot (x,,), (yn) elvar
axohovdiec Cauchy: and Ty TELYWVLXT OVIEOTNTA,

(20, Yn) — d(@m, Ym)| < d(Tn, ) + d(Yn, Ym) — 0

xadae n,m — 00. Apa, N (d(zp,yn)) elvor Cauchy oto R, xou éxet 6plo.

Ipéner axdua vo Setfovue 6Tl 1 EMAOYH TV AVTLRPOoOTWY (Ty) € T xot (Yn) € ¥
dev éxeL onuaota, xou 6t 1 d wavorotel ta aiduoata e wetpwdic (Aoxnon). Etot,
oplotnxe o (X, d).
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(5) OpiZovue W = {b : b € X}, 6nou b, b € X, elvar 1 xhdom e oradephc
axohroudiog (b,D,...).

Mopotnehote 6t d(by, by) = limy, o0 d(by, by) = d(by, by) av by, by € X. Anhadi,
nT:(X,d) = (W,d) ue b — b eivor 1oopetpla eni.

(6) Téhoc, delyvouue 61t o (X,d) elvan Thipng, xou 61 W = X (Aoxnon).
(7) Av (X, d) elvor. évac dAhog TMENE UETELHGS YMROS TIOU €XEL TUXY LTGRO LGO-

uetpd ue Tov (X, d), tote anodevieTan 6t on (X, d) xou (X, d) elvon ioouetpLxol.
Anhadyy, n Tthjpwaon tou (X, d) yiveton «xatd povadind tpdmoy.

Aev Yo ypnowuonotioovue to anotéhecua mou meptypddaue. Tor uior Aemtouepn
anddetln, delte m.y. to BPAlo tou E. Kreyszig.

2.4 To Oswpnua Tou Baire

Yxonde uog elvon vo amodel&ouue 1o Yedpnua tou Baire otnv axdloudn uopen:

Oedpnua 2.4.1 Eotw (X, d) nAripns petpikds yopos. Av (F,) elvar pna axoloviia
KAewotdy vroowddewv tov X térowa dote X = J,, F,, téte tovddyiotov éva and
ta F), éxel un kevd eowteptkd.

Opiopds. Eotw (X, d) petpude yopog, xon éotw § # A C X. H diduerpog tou A
optleton and v
diam(A) := sup{d(z,y)|z,y € A}.

ITAPATHPHEZEIS.
(i) 0 < diam(A) < +o0.
(ii) diam(A) < 400 & 0 A elvor pparyuévo.

(iii) diam () = diam(A).

[ v amddetgn tou Oswprjuatog Tou Baire Vo ypetaotobue tov &g yopaxtn-
pLou6 oL mhipous ueTptxol ydpou (Cantor):

Oevpnua 2.4.2 Fotw (X,d) petpixds ydpos. O X elvar mAipng av kar udévo
av yua kdle pOivovoa akodovdia Fy D Fy D ... D F, D ... kKAQlOTdY Un kevay
vroowrdlov tov X pe diam(F,) — 0, vrdpyer z € X wérow wote (o, F, = {z}.

Anodeldn: (=) Apxel va delZovue 6t (2 F, # 0. T, av 2,y € (), F,, t6te
0 < d(z,y) < diam(Fy,) — 0,

Snhadh d(z,y) = 0, dpo & = y. Av howndv o (), Fy, elvon un xevd, téte Yo elvon
[LOVOGUVOMO.
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Lo vou SelZoupe 6L to (), Fy, elvor un xevé, Sovkevouue ¢ e&fc: agol xdde
F,, # 0, unopolue va emthé€ovue z,, € F,,, n € N.

Ioyveiowdg. H () eivar axohovdio Cauchy otov X.

Anédergn: Eotw € > 0. Agol diam(F,) — 0, undpyet ng € N tétolog dote: v
xdde n > ng, diam(F,) < e. Avn > m > ng, 10T€ Ty, Tm € Fy (n (F) cvo
pdivouoa), dpa

d(xn, Tm) < diam(F,,) <e. O

O X elvon miAeng xon n (2,) elvon axohoudia Cauchy, dpa undpyer ¢ € X ue
T, = . Ou detfovue o1t x € (| F:
Eotw m € N. 'Exovue Ty, Tmt1, Tmt2, ... € Fyy xow 2, = z, dpo z € F,, =
’ 4 7 oo
Fr. Agod to m Aoy tuyoy, z € (7, Fn.

(<) Eow (z,) axorovdia Cauchy otov X. Optlouvue:
F ={zp,Tnt1,...} = {&m :m >n},

xow B, = F!. Ago0 n (F}) etvor gdivouca axoroudio un xeviv cuvérev, 1 (F,)
elvar @iivouoa axoloudia XAELGTOY UN XEVOY GUVOAWY.
Ioyveiowdg. diam(F,) — 0.

Anodedn: Eow ¢ > 0. H (z,,) elvar axohoudior Cauchy, dpo undpyet ng € N
Tét0l0¢ WoTE: Ylot Xd0E n, m > ng, d(Ty, ) < €. AV hoimdv n > ng, téTE Yoo x&dE
z,y € F! woybel d(z,y) < e (yratl;) enouévoc

diam(F),) = diam(F}) <e. O

Ané tov woyupoud xon Ty utddeoh uag, éneton 6t (o, F,, = {z} i xdmowo
x € X. Torte,
0 < d(zy,r) < diam(F,) — 0,

dNAadh xy, — . Apa, 0 X elvan mArene. O

IIapatrjpnon. H unddeon diam(F,,) — 0 dev elvon mepitth. Idpte F,, = [n,+00)
n € N. Kdde F, eivar xhetotd vnocOvoro tov R, xow F; D F» D ... D F, D
ouoe Mooy F =0 (yuot;).

)
ey

IIpwv ddoouue v anddelln touv Oewpruatog tou Baire ac dolue ylo xdmwg
amholoTepn TPdTACT:

Ilpétaon 2.4.1 FEotw (X, d) perpikds xdpos, kar G1, Ga avoyytd nukvd vroovvola
v X. Téte, to G1 NGy elvar (avorytd) nukvé vroovvodro touv X.

Arédergn: Eotww D(zg,70) avolyth undha otov X. Oélouue va delovue bt

D(Z’U,TU) N G1 N G2 7é @
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To G eivar tuxvé otov X, dpa undpyet 1 € D(xg,70)NG1. To D(xg,79) NGy elvan
avoLy T, deo To x1 elvan ecwteptd tou onuelo. Enouévwe, undpyet rp > 0 tétolog
wote

D(xl,rl) g D(xo,ro) N Gl.

Ouwc 10 Gy elvar Tuxvd, dpa UTEEYEL
Tro € D(a:l,rl) NGy - D(CE(),T()) NG NGs.

AY])\O(SY,], D(CE(),T()) NG1 NGe 7é 0. O

Eivow @avepd o1, enaywyxd, unopolue va dellouvue ot av Gi,...,Gy, elvon
avoLy Td TuxvE LTOGOVOAAL TOL UETELXOL YWpov (X, d), téte To (Blo toydeL xou yior Ty
Toun touc. Av o (X, d) elvon TApng, unopolue va del€ovue xdtt napandve (Baire):

Oedpnua 2.4.3 Eotw (X, d) nAipns petpikds xdpos. Av (Gy,) elvar pa axoloviia
avoytdy mukvdy vroouvridwr tov X, téte to (), G, elvar Tukvd vmootrodo tov
X.

Aréderdn: Eotww D(xg,70) avoryth undha otov X. Oélovue va delfouue 6t

D(l‘o,T‘o) N (ﬁ Gn> 7é @

Aol to Gy elvar Tuxvo, undpyet £ € D(zo, ro) NGy, i agob to D(zg, ) NGy elvan
avoly o, undpyel r1 > 0 (unopolue udhiota vo utodéoouue bt r; < 1, utxpalvovtde
TO oV YPELOoTEL) WOTE

D(xl,rl) g D(xo,ro) N Gl.

(Idpte MWt XAUTEAANAN ovoLYTH LTGRO UE XEVTPO TO 1, XU UETE, XAELOTH WE
uxpbdtepn oxtivar). To Gy elvar muxvd, dpa umdpyet z2 € D(zq,71) N Ga, xou T0
D(z1,r1) N Gy elvar avolytd, enouévwe unopolue va Bpolue 0 < 1o < 1/2 tétolo
hote

D(CEQ,TQ) g D(a:l,rl) n GQ.

Enaywywd, Bploxovue , € X xon 0 <, < 1/n, tét0ta GOTE
D(xp,rn) € D(xp—1,"n-1)NGp, neN.

Ané v xatooxeun,

D(x1,71) D D(x2,72) D ... D D(xp,m0) D - -.

xou diam(D(zyp, 1)) < 2r, = 0. O X elvar mAeng, ondte to Oedpnua tou Cantor
uog e€oopalilet ot

ﬂ D(xp,rn) = {.7;}

yia xdnow = € X. Tote,
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(i) z € D(zy,r) C D(zp_1,7—1) NGy C G, yio x&0e n € N, dnhodf) = €
Ny G-

(11) T € D(a:l,rl) - D(CE(),T()) NGy - D(xo,ro).

Anhadn,

D(I’U,TU) n (ﬁ Gn> 7é w a

To Oewpnua 2.4.1 elvor cuvénela Tou Bewpruatog 2.4.3:

Anéderdn tov Oewphuatog 2.4.1: 'Eotw (X, d) mhipne uetpinde ydpoc, xou (Fy,)
axohoudia xhelotdy unocuvbrwy tou X, o dote X = J,-, Fy.

Troétovue 6t B = 0 yia xdde n € N, Opilovue G,, = X\ F,. Kdde G, eivor
avoLyté, xou

G, =X\F,=X\F;, =X\l =X,
dnhadn xdde Gy, elvon avolyté xar tuxvo otov X. And 1o Oedpnua 2.4.3,

() Gn# 0= X\ ] F.#0.
n=1 n=1

Auto avtipdoxel mpog Ty undleot). Apa, TouldytoTtov éva and ta Fy, €xel un xevé
ECWTEPLXO. ad

To Oedpnua touv Baire Yo tod€et oAb onuavtixd pOAo GTN UEAETN TWY YWOEPKY
Banach. I'ia v dpa, divouue teeic epapuoyég and Tig onoleg yiveton @avepn 1 Loy 0g
Tou:

(1) To Vedenuoa tov Osgood (1897) Eotww f,, : [0,1] = R, n € N, ouveyeis
ouvaptioes. Trodérovpe én ya kdde t € [0,1] n akolovdia (f(t)) elvar ppayuévn.
Téte, undpyovr [a,b] C [0,1] kar M > 0 térowa dote

Vte[a,b]Vn e N, |fa(t)] < M.

(Aniadn, n (fn) €lvar opoiduoppa gpayuévn ovo [a,bl.)

‘Eva mopdderyua mpy amd tny anddelln: ndpte oav f, TRV cuVAETNOY OTO GYHUAL.
EOxoha ehéyyoupe ot yia xde t € [0,1], fo(t) — 0 xaddc n — oco. "Apa, 7



38

(fn(t))nen elvon pparyuévn yio x&de t.

H (fn) Sev elvar ouotopopga gpoayuévn oo [0, 1], yiorl maxejo 1) [fn ()| = n — oo.
‘Ouwe 1 (fy) etvor ouotbuopga gporyuévn m.y. oo [5,1], yuatt fr, =0 oto [1,1] av
n > 2, xu |fi(t)] <1 oto [%,1]. Arnhady,

Vte[1/2,1]Vn €N, ()] < 1.

Anddeldn tov Yewpfuatog: a xdde m € N opllovue
Ap ={t€]0,1]:Yn €N, |fn(t)] < m}.
(a) Kdde A,,, elvon xhewotd: av ty, € Ay, xow ty — ¢, 16T
VneN, |fu(ty)] <m
XalL, Amd TNV CUVEYELL TV fr, €YOVUE fr(tr) = frn(t) xodde k — 00, dpa
vneN, [fu(t)] <m,

Srhad ¢ € Ap,.

®) [0,1] =U,>_, An: Eow t € [0,1]. And my unddeon, n (f,(t)) etvon pporyuévn,
dnhadry undpyel My > 0 tétolog wote, Y xdde n € N, |fn(t)] < M. Trndpye
m =m(t) € Nue m > My, xor vyt autd 10 m €xovue t € Ap,.

(v) O [0,1] elvon mhfpng ueTpde ywpoc, ondte 1o Oewpnua tou Baire poc eZaopa-
AZet 6Tt %8moLo Ay €XEL UN XEVO ECWTEELXG, SNAadh undpyet didotnua [a,b] C Ary,,.
‘Ouwe tote, 1 (frn) elvon ouotbuoppa poyuévn oto [a, bl:

Vt€ [a,b]¥n €N, |falt)] < mo. O

(2) Hpdédtaon. Eotw f:[1,00) = R ourexrisc ouvdptnon pe tny ibidtnta:
Ve >1, lim f(nz)=0.
n—oo

Téze, f(y) = 0 kaOdsy — oo.
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Ano6delln: 'Eow € > 0. Opllovue

Apn={z>1:Yn>m|f(nz)| <e}.
(o) Kdde Ay, elvon xhewotéd: av @y, € Apy, xon g, — x, T6T€ Yo xdde n > m, and v
ocuvéyela ¢ f oto nx,

f ()| = Jim |f(na)| < e.

Apa, x € Ay,
B) [1,00) = U, _; An: Eotww z > 1. Ané v unddeon, f(nz) — 0. Apo, undpyet
mo € N tétoloc Gote, yia xdde n > myg, |f(nz)| <e. Anhadi, x € Ay,
(v) O [1,00) elvon mAApne HETEXOC PO (XAELOTH LTOOVUVONO TNG TPUYUATIXAS
eudelac). And to Oedpnua Tou Baire, xdmoto Ay, €xel un xevéd ecwtepind. Anhadm,
urdpyouv m € N xou [7,d] C Ap,. Hopoatnpolue o e€hc:
1. Av z € [y,9], t6te | f(nz)| < e vy xdde n > m. Anhady, |f(y)] < e yra xdde
() y € [my,mdé]U[(m + 1)y, (m+1)0]U...
2. Trdpyet k > m tétolog dote, yia xdde s > k, s6 > (s+ 1)y (apxel vo dohéZouue
kE>~/(0—7).) Tore,

kv, k0] U [(k 4+ 1), (k+ 1)d]U ... = [ky,00).
Ané my (%) éneton 6T, yio xdde y > ky, | f(y)] <e.

[ tuydv e > 0 Berxope M (= kry) > 0 tétolov dote | f(y)| < e yraxdde y > M.
Apa, limy, o f(y) =0. O
(3) pdtaom. Ocwpolue to xdpo C[0,1] twr ourexdy ouvvaptioewr oo [0,1], ue
petpirn) Ty d(f, g) = maxcpoq) | f(t) — g(t)]. To obvodo M twr f € C[0,1] mov dev
éxovr mapdywyo oe kavéva onpelo tou [0,1] elvar tukvé otov C|0,1].

Oo yenowonoticovue To Oewpnuo tou Baire xou 1o e€ig Afupo
Adppa 2.4.1 Ta kdOe ovvexny f:[0,1] = R kat xkd0e € > 0, unopodue va Bpolue
g:10,1] = R owveyn kar katd tuniuata ypappukn, pe tny idtna d(f,g) < e.

[H g Méyetar katd tunpata ypappikr ov vndpyet dwoépon P = {0 =t < t1 <
... <ty =1} tétow dote 1 g va elvar ypouuw o x&e (ti—1,t;), i =1,...,N]

Anodedn: O yenoyonoltioouuEe TNy opoouoper cuvéyeta tne f: [ 1o Socuévo
e > 0 undpyet 0 > 0 tétotoc dote: av t,s € [0,1] xou |t — s| < & tote | f(s) — f(t)] <
g/2.
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Bploxouue guowxé opududé N mou wavornoel ™y 1/N < 4§, xou ywpllovue o
[0,1] o N foo tufuate. Mobpvouue Snhadh ) Stawépion P = {0, +,..., 221 1},
Optlovue g étol dote va elvan ypopuuixy oe xdde [%, %], i =1,...,N, xou ot
dxpat xde UTOBLUCTAUATOS VoL GUUTLTTEL UE TNV f:

g(i/N) = f(i/N), i=0,1,...,N.

‘Eow t € [0,1]. Trdpyet delxtne 1 < i < N tétoloc Hote % <t < . Tore,
(%) 1F@®) =g < |F(#) = FG@/N)| +F(@/N) = g(B)].
Ouwc, .
‘t— %‘ <= | - £H/N)| < 3,
o, omé T YpaixdTTa TNE g oto [LE, ] xon to yeyovée 6t | £ — A = & < 4,

BAémouue 6T

‘f(%) —g(t)‘ - ‘g(%) —g(t>‘ < ‘g(%) —g(i]‘vl)‘ _ ‘f(%) —f(i]_vl)‘ <t

Enotpégovtag oty (x), BAénouue ot |f(t) — g(t)| < 5+ 5 = . Aol to t Aray
Tyoy, d(f,g) < e. O

[ xéde n € N dewpolue to 6Ovolo
1 1
D, = {f € C[0,1]:Vt€[0,1] Jy € (t—ﬁ,t-i—g)ﬂ(o, 1) :fly)=f@)] > n|y—t|}.

Ioyvpiowods. Kdde f € ()~ Dy elvon ouveyfhic, toudevd napaywylown cuvdpetnon.

Anodegn: Eotw f € (), Dn. Do xdde t € [0,1] xaw xdde n € N, vndpyer y, =
Yn(t) € (0,1) tét010 GOTE [t — Y| < = 301 | f(yn) — ()| > nlyn — t|. Agol yn #1t,

UYn —> T, noU
i |10 =10 _

n—oo UYn — t ’

dev undpyet n f'(t).

Apxel hownév va det&ovue bt 1o (), Dy elvar muxvéd otov C[0, 1], xan, cbupwva
ue To Oewpnuo tou Baire, apxel vo del&oupue dtL xdde D, elvon avorytd xow Tuxvo.

Ioyvpiomdg. Kdde D, eivon avorytéd vnosvvoro tou C[0, 1].

Anéddeln: Eivar mo edxolo va dellouue 6L 10 ouvumiipwuoa DS tov D), elvon
xhewtd. ‘Eotw fr € DS xou fr, = f w¢ npog v d (awtd onuaiver 6tL n obyxhon
elvow ouoLouopyn - yiatl;)

Agob fi, € D¢, undpyet ty € [0,1] tétoo dote, yia xdde y € (0,1) we |y —tr| <
1/n vawoyle | f(y) — f(tr)| < nly — tg].
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Aol t, € [0, 1], undpyouy t € [0, 1] xou uraxoroudia (ty,,) e (tr) ue tx,, — t.
Oo detfovue 6Tt av y € (0,1) xou |y —t| < 1/n, t6te |f(y) — f(t)] < nly —t| (ondre,
feDg.)

‘Eotww e >0 xou y € (0,1) pe |y — t| < 1/n. HMupatnpodue to e€hic:

(i) Av yg,, =y + (tg,, —t), TOT€ Y, — Y. Apa, yia ueydha m éyouue yi,, € (0,1)
xu |Yk,, — th,.| =y —t| <1/n. Ondre,

|fkm k) = from (tkm)| <nly —t|.

(i) H f elvow ouotbuoppo cuveyhc xat ty,, — t. Enlong, yi,, —y = tx,, —t = 0.
Apa, yia ueYdAa m Loy boLvy oL

If() = fe )l <e 5 ) = Flyr,)l <e.
(iii) I yor peydha m, d(fr,., f) < e (0ol fr,, = f.)

Iodpvoupe m téo0 Ueydho tou va xavorototvtar to (1), (if) xou (iil), xor ypd-
(POULUE
lfw) = fOF < 1f@) = FWra) I+ 1 k) = From Wro)| + [ i k) = Fr (i)

o () = )+ 1 () — F(D)]

< e+d(f, frn) +nly =t + d(fr,., f) +¢

< nly —t| + 4e.
To e > 0 Hrav tuydy, dea | f(y) — F(t)| < nly—t|. Autd woylbel yiato tuxdvy € (0,1)
ve |y —t| < 1/n, dpa f € DS, O
Ioyveropdg. Kdade D, eivon ntuxvéd uroostvoro tou C0, 1].
Anédedn: Eow f € C[0,1] xou éotw € > 0. And to Afuua, undpyet g : [0,1] = R
ouveyfc, xaTd TURUTA Yeauuxr, Tétow wote d(f,g) < £/2. Enouévwe, apxel va
Beolue h € D, tétowa wote d(g, h) < /2.

H g etvon xatd turuora ypauuwr, dnhadh vndpyouv 0 =ty < t; < ... <ty =1
ol HOTE N g va elvan ypouuxr oe xdde (ti—1,t;). Eotw I; n xhlon g g oo
(tio1,ti).

Optlouue uta uixph «odoviwthAy cuvdptnon w : [0,1] = R tétowa wote: 0 <
w(t) < e/2 omo [0,1], xou oL xhioews Tng w elvar (xot” amdAuTn TR (oEC xou) UEY -
Notepec and n +max{|l;| : j =1,...,N}. Oétovue h = g + w, ondte
€

d(g,h) = [nax lw(®)] <35
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Oa deiZovue 61t h € D,: Eoww t € [0,1]. YTrdpyet deixtne ¢ < N yio tov onolo
t € [ti—1,t;]. Emiéyouue |s| < 1/n 1600 uixpd dote oto ddotnua Ue dxpa o t, t+ s
ot g xor w va ebvon xon ot 800 ypoixés (to s umopel vor elvon VeTind 1 apvnTind).
Av y etvan éva onuelo tTou avorytob dwaothuatos Ue dxpa t, t + s, éxouue y € (0,1),
ly —t| < 1/n, xou

) ~ A > fwly) —w(®)] - lo(s) o)
> () o = = lly =1
= nly —t|.
Apa, h € D, 0

2.5 Aoxvoeg

1. 'Eow (x,) gpayuévn oxohoudia otov (X, d). Elvow 1 (zy,) Cauchy; Tuyxhivey,
2. 'Eotw (zp) xou (yn) 800 axohouvdiec Cauchy oto petpind yopo (X,d). Aellte

6TL N axohoudlol TEAYATIXGY opUGY @y, = d(Zr, Yn) CUYXALVEL.

3. Oewpolue dVo uetpwég di xou da oto (Bto chvoro X. Trodétouue 6T uTdpyouy
a,b > 0 tétoloL Kote: v xdde z,y € X,

ady (z,y) < da(z,y) < bdi(z,y).

AeiZte 6tL uta axoroudia (x,) otov X elvow Cauchy otov (X, dy) av xou uévo av
elvow Cauchy otov (X, ds).

4. 'Ectww (z,) oxohovda ot va uetpnd yopo (X, d), tétola dote

o0
d(@n, Tny1) < +00.

n=1
Ae{&te 6T n (zp) elvon Cauchy.

5. Eotww (X, d) yetpide ydpos. Av xdle xhewot undha B(z, r) tou X elvon mAdeng
METPXOS YWPOE WS TEOC TNV ERAYOUEVN UETELXY, TéTE 0 X elvon mAfjeNC.

6. Eotww (X, d) yetpunde ywpos, xat M nuxvé vnocbvoro tou X. Av xdde axorouvdio
Cauchy otouyelwy tou M ouyxiivel otov X, té1e 0 X elvon TAAeng.

7. OewpolLue 10 GUVORO Z v axepalwy Ue Uetpx Ty d(m,n) = |m — n|. Aellte
6t 0 (Z,d) elvar TAApne UETPXOS YWPOC.

8. Ocwpolue t0 o0voho N Twv QuodY pe petpd Ty d(m,n) = |+ — 1|, Acifte

6t o (X, d) dev elvon mhiong ueTpds Ydpog. mr
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9. Eotww U un xevé, avolyté uvrtocivoro tou R. Opilouue ) cuvdptnon

1
z,U¢)  d(y,U°)

oto U x U. AeiZte 6t o (U, p) elvon TAhpnc UETpOS YDpOC.

10. (o) Aelgte 6t o yopoc Cla,b] twv cuveydy cuvaptioewy f : [a,b] — R ue
wetpw vy d(f, g) = max;e[q,p] |f(t) — g(t)] elvonr mhApNC.

[AelEte mpdta 61t d(fr, f) = 0 av xon uévo av f,, = f ouotduoppa.]

11. "Eotw cgo C Ly 0 UTOYWpoc Tou anoteheltar and dhec Tic oxohovdiec z = (&)
Ty onolwy ot bpol elvar Tehxd Undév. Anhady, x € cop av xou Ubvo ov LTpPYEL
ng € N tétotog dote & = 0 yio x&de k > n,.

Ael&te 6L 0 cop dev elvon TAENC.

12. Oewpolue 10 R ue petpd v d(z,y) = |arctanz — arctany|. AelZte 6t nd
elvon petpwr, ol o (R, d) dev elvon TAHENC.

13. Oewpolue tov LTdYWEo Y tou Cla,b] mou amoteelton and dhec T cuveyElc
fila,b] = R ue f(a) = f(b). Ael&te 6t 0 Y elvor mhApnc.

14. Aci&te 6t xdde un xevé oOvolo X ue ) dronepltr) uetpuy) yivetar mhipng
METELUOC Y WPOC.

15. Oewpolue tov Cla,b] ue petpwh v d(f, 9) = fol |f —g]. Aeite bt n (fn) ue

elvar axolouvdia Cauchy, ahAd Sev cuyxiivel.

16. Ocwpolue Tov coo We uetph Y d(z,y) = Y opo ;) [& — mk]. (Hopatnprhote 6t
a6 elvon éva tenepacuévo ddpotouo: undpyel n(x,y) € N tétotoc wote &, =, =0
v xde k > n(z,y).) Actite 6t 1 axohovdio z, = (1, 35,..., —5,0,0,...) elvon
axohoutia Cauchy we mpog Ty d, ahhd dev cuyxhivel otov (coo, d).

17. '‘Eow X m\feng yetpinde xweoc, Y uetpxog yweog, xat f : X — Y ouveync.
Ael&te 6t av (Ay) elvar pdlvovoa axohouvdior Un XEVOY XAELOTGY UTOGUYOAWY TOL
X ue diam(Ay) — 0, t6te (N, 4An) =, f(An).
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Ynodellelg - anavifoetg

1. Oy Tl&pte ac molue v axohovdia ar = (—1)* oto R. Eivar gpoyuévn, add
|ak — ak41] = 2 yia xdde k € N, ondte n (ar) dev elvan axoroudia Cauchy. Agod Sev elvon
Cauchy, dev cuyxhivel.

2. T xdde m,n € N éyouvue
d(Tn, yn) < d(@n, Tm) + d(@m, Ym) + d(Ym, yn),
dnhadn,
Qn S d(xn,xm) + am + d(ynyym) = Qn — Qm S d(xn,xm) + d(yn,ym)

Abyw ovupetplog,
lan — am| < d(2n, Tm) + d(Yn, ym).
‘Eotw € > 0. Agod ot (zr), (yn) elvor Cauchy, uropolue va Bpodue ng € N tétolov dote
av n,m > nog, 10T
d(Tn,zm) < %, d(Yn,ym) <

N ™

Téte, yia x&de n, m > no, .
2
Apa, 1 (an) elvaw axoloudia Cauchy oto R, ondte cuyxhivel.

€
|an—am|<§+ =e.

3. Trodétovue 6t N (z,) elvan axohovdia Cauchy otov (X,d1). Eotw € > 0. Tndpyet
no € N tétolog dote, av m,n > no 167€ d1(Tn, Tm) < €/b. Téte, av m,n > no,

d2(Tr, Tm) <b-d(Tn,Tm) < b% =e,

xaw ool to £ > 0 Arav Tuydy, 1 (zn) elvar oxohovdia Cauchy otov (X, d2). H aviiotpogn
xotebiuvor elvat eVIEADS avahoyn.

4. Eow € > 0. Agod Y d(xn, Tni1) < +00, undpyer N € N tétolog dote

o0

Z d(Tn, Tny1) < €.

n=N

Avk>I1> N, t6te

d(zi, ) < d(zi,wi41) +d(Tig1, Tige) + - + d(Tk—1, k)
< Zd(mn: Tnt1)
n=l[
< Z d(Tn, Tnt1) < €.
n=N

Apa, 1 (zn) elvon axohouvdio Cauchy.

5. 'Ectw (z,) axohoudia Cauchy ctov X. Eyouvue el 6tv xdde axolovdia Cauchy eivor
@payuévn. YTndpyouv howndv € X xau r > 0 tétola dote: yia xdde n € N,

Zn € B(z,r).
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H B(z,r) elvar nhipne vetpinde yodpoc ue tny enayduevn uetpwy| (and v unddeon),
xou 1 (zn) elvaw Cauchy otov X, dpa Cauchy xou otov (B(z,r),d). Enouévec, undpyet
zo € B(z,r) tétow0 dote d(xn,xo) = 0. Anhad¥, Tn — 2o otOV X.

H (zn) Arav tuyolboo axoroudio Cauchy otov X, dpa o (X, d) elvon nhripne.

6. Eoctw (z,) axohoudia Cauchy ctov X. To M elvor nuxvd vrochvolo tou X, dpa yia
x&de n € N unopolue vo Bpodue w, € M ue my WBomta d(zn, wn) < 1/n.
‘Eotw € > 0. Aol n (zn) elvar Cauchy, undpyer no € N tétolog dote: yio x&de
n,m 2 no,
€
d(Tn,Tm) < 3

Enlong, vndpyet n1 € N tétowoc dote 1/n; < /3. Av Yéoovue ny = max{no,n1}, téte
Yo Xde n, m > nz €Y0VUE

d(Wn,wm) < dWn,ZTn) +d(Tn, Tm) + d(Tm, W)

1 € 1

< 4o+ —
n 3 m

< S4f4i-c
3 3 3 7

Enouévec, n (wy) eivar Cauchy oto M. Ané tnv vnddeoy| uag, undpyet € X tétolo dote
d(wn, ) = 0. Ouwe, d(wn,zn) < 1/n, Shadf d(wn,zn) — 0. Apa,

0 <d(zn,z) <d(xn,wn)+dwn,z) >0+0=0.

Anhady, £, = x. Aol 1 (zn) Aoy tuyolvoa axohovdia Cauchy otov X, o (X, d) elvon
TAReNG.

7. 'Eotww (z,) axoroudia Cauchy oto Z. T'a e = 1/2 > 0, Bploxouue no € N tétoov dote,
av n,m > ng t61€ d(xn, Tm) < 1/2. EWdxbtepa, yia xdde n > ng €youvue

d(Tn, Tny) < 3
Ouwe, and tov optoud e UeTphc, EXoVUE d(Y, Tny) > 1 av § # Tn,. Avtéd onualver bt
Ty = Tng YL XG0 N > no. Anhadn, n (z,) elvar tehxd otadepn, ondte cuyxhiver (yior;).

8. Opllovue z, = n. H (z,) elvar axorovdio Cauchy otov (N, d): éotw € > 0. TrdpyeL
np € N tétol0¢ dote 1/np < /2. Tote, av m,n > ng €Y0LUE

1 1 1 1 2
d(zp,zm) = d(n,m) = ‘E_— <-—+4+—=-—<—X<e

m n m = no
Ac uno¥éoovue 6t udpyet k € N tétotog Wote £, — k ws npog Ty d. Tote,

1 1 1 1
xodg n — 00. Ouwg, 1/n — 0, dpa 1/k = 0 to onolo elvon dtomo.
Bpfixape axohouvdio Cauchy otov (N, d), n omola 8ev cuyxhivel ws mpoc ty d. Apa, o
(N, d) dev elvon mAfpne.

9. Tapatnpodue 6t av z,y € U, téte d(z,U°) > 0 xou d(y,U°) > 0 (yratl to U elvon
xhewot6 xou z,y ¢ U®). Apa, 1 p oplletar xahd.
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Aev elvar d0oxolo va ehéyiete 6t n p elvan uetper. To mo evdiagépov onuelo elvar
ot

11
d(z,U¢)  d(y,U°)

p(z,y) =0= |z —y| + =0=|lr—yl=0=2z=y.

‘Eotw (zn) axohovdia Cauchy otov (U, p). Twa xdde € > 0 undpyer ng € N tétotog Do,
av m,n > ng TOTE

0 S |zn - Z‘m| S P(Z‘n,xm) <eg,
dpar ) (zn) elvaw axohovdio Cauchy xow otov (R, |- |). Trdpyet howndv z € R tétoio dote
|zn — 2| = 0. Eniorg,

1 1

< —_
0\ im0 ~ dam, U9

< p(@n, Tm) <,

dhadh, 1 (1/d(xr,U®)) elvow Cauchy otov (R, |- |), dpa elvor ppoyuévn. Trdpyer hotndv
M >0 ue v WBomtar yia xde n € N,

L <M= d(z,,U°) > L

d(zyn,U*) M
Aol T, = z g npog TV | - |, éxovue d(zn, U®) — d(z,U°), xou
d(z,U°) = lim d(z,,U°) > L >0,
n— 00 M
dnhady z € U. Téhog,
p(x,Tn) = |z — Tn| + L - L — 0.

d(z,Uc¢)  d(zn,Uc)

10. Ané tov oploud tng petpwxic Tov Cla, b,

d(fn,f) >0 < Ve>03ne(e) EN: Vn>ng d(fn,f) <e
& Ve>03dne(e) eN: Vn>ng tm[a>§]|fn(t)—f(t)| <e
€la,

< Ve>03dno(e) EN: Vn>no Vt € [a,b] |fu(t) — ()] <e,
10 ornolo elvar axpLBdc 0 oploude e ouotduopyne clyxhone e (fn) oy f.

Eotw thpa (fn) axohouvdia Cauchy otov Cla,b]. Eotw € > 0. Trdpyet no(e) € N

TETOLOC WOTE
vn7m 2> o d(f”:fm) <g,
dnhadn,
Vn,m > no Vt € [a,b] |fa(t) — fm(t)] < e.

Avté onuaiver 6t n (frn) elvan opotduoppa Cauchy. And yvwotd dedpnua (Avdivon II),
undipyeL cuveyfic cuvdptnon f : [a,b] = R tétowa dote fr, — f ouotbuoppa. Onwe eldaue
TapATdve, aLTd Yedweton Wwodivaua ot Lopeh d(fr, f) — 0.

Agol n (fn) fitav Tuyoloa axoroudia Cauchy ctov Cla,b], o Cla, b] elvon nhripnc.

11. Apxel va del&ovue 6Tt 0 coo Bev elvan xhetotd UTOGUVONO TOL Lo (Yiortl 0 foo elvor
TMpng).
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Opllouvue
1 1 1 1 1
xn:(l,i,...,ﬁ,o,...), x:(l,i,...,;,n+1,...)E(oo\co().
Tore,
1 1 1 1
d(xn,z) = 1-1f,...,|=—=[,|0— yeee p = — 0.
(@n, @) sup{| | n n+1 } n+1

BeYxope (£n) 0t0v €00 HE T — T € oo \Coo. Apat, 0 coo SV elva xAeloTtd LTOGHVONO TOL
lo.

12. Aev elvan d0oxoho va ehéyiete ta aluduata e petpxic. To uoévo onueio mou
xeeLdletar mpoooyy elvon n ALTLOAGYNOT TNS CUVETAYWYNS
d(z,y) = |arctanz — arctany| = 0 = = =y,

7 onola buwe TPOXVOTTEL duesa and o YEYOvoS 6t 1 f(x) = arctan z elvon yvnolwg adfou-
oa, dpa éva Tpog éva, oto R.

Do va Set€oupe 61t o (R, d) Bev elvar mhApng, opllovue z, = n. H (z5) elvor axoroudia
Cauchy otov (R, d): éotw € > 0. Aol lim, ;o arctanz = /2, undpyet no € N tétotog
ote |1/2 — arctann| < £/2 ywa xdde n > ng. Téte, av m,n > ng €xovue

d(xn,m) = d(n,m)=|arctann — arctan m|
< |7/2 —arctann| + |w/2 — arctan m|
< f4i=¢
2 2

Ac vno¥éoovue 6t udpyet w € R tétolog wote T = w ws npoc Vv d. Tote,
d(zn,w) = 0 <= |arctann — arctan w| — 0 <= arctann — arctan w

xodde n — 00. ‘Ouwe t6te arctan w = 7/2, 1o onolo elvon dtomo.
Bpfixape axohovdio Cauchy otov (R, d), n omola 8ev cuyxhivel ws mpoc tny d. Apa, o
(R, d) dev elvonw mAfpng.

13. O Cla,b] elvar mhApnc, enouévac apxel va Setovue 6t 0 Y elvon xhewotd urtocivoro
tou Cla,b]. 'Eotww f, fn : [a,b] &> Ryue fn €Y xou d(fn, f) = 0.
Ané v unddeon tou xdvovue, frn(r) = f(x) yioa xdde x € [a, b], dpa

fala) = f(a),  fa(b) = (D).
Ouwe fn €Y, dpa fn(a) = fn(b) yio x&de n € N. "Eneton bt
f@)= lim fu(a) = lim fu(b) = f(b)
dnhadh f €Y. Autd anodewviel 6t o Y elvon xhewotd vostvoro tou Cla, b].

14. 'Eotw (zn) axohovdia Cauchy ctov X. T e = 1/2 > 0, Bploxovue no € N tétolo
®oTE, av n,m > ng TOT€ d(Tn, Tm) < 1/2. Edwxdtepa, Yo xdde n > ng €xovue

1
d(Tn,Tng) < 3
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Ouwc, n d elvon 1 Sroxprty) uetpueh, Snhadh d(y, Tny) = 1 av y # Tn,. Autd onualver 6t
Tn = Tny YL x40€ N > no. Anhadi, 1 (zn) elvar tehuixd otadepy], ondte cuyxhiver (yiori;).

15. Kdvte éva oxfua. ‘Botw m < n. Ot f,, fm cuunintouv oto [-3,1] (loec e 1/V/1).

‘Apa,
1/n? 1/m? 1
0 1/n2 \/E
l/m‘2 1 1
n—m
il mm(an - )
1/n2
1 m 2 2 1 m
T n w2 m n m n?
1 1 1
m n o m
‘Eoctw € > 0. Trdpyet no € N tétolog wote — < e. Avn >m > no, t61€
1 1 1
d(fn, fm)=——-—-< —<e¢
m n " no

Apa, 1 (fn) elvor oxohovdia Cauchy.
‘Eotww 6w vndpyet f : [0,1] = R ouveyrc, tétowa wote d(fn, f) — 0. T xdde 6 > 0
Beloxouue no € N tétot0 Gote 1/ng < 6. Téte, yio x&de n > ng éxouvue
1
— — £( \

Y
0 < /‘— ‘dt</ £ dt
s Wt 1/n2 1Vt )

// )= 10l < [ 15200 - s(oa

d(fn, f) —

‘Apa,

/;‘%-f(t)‘dtzo:f(t): L iep.

Wa
To 6 € (0,1) Arav Tuxdy, dpa f(t) = % oto (0,1]. ‘Ouwc téte, lim,_, 4+ f(t) = 400, 10
omolo elvon dromo agol f € C[0, 1].

16. Av n > m, t61¢
donen) =3 |-+ X | °\+ 0-0= > m< 2 @
k=m+1 n+1 k=m+1 k=m+1

‘Ouws M oepd Y37, 75 ouyxhlver, dpa av ude 3doouy & > 0 undpye. no(e) € N tétolog
WoTE, Yo xdde m > no
1
Z 5 <Ee.

k=m+1

‘Eneton 6t av n > m > no, 161€ d(Tn, Tm) < £. Anhad¥, 1 (z,) elvor oaxohovdia Cauchy
OTOV Coo -
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Ac vrnodécovue 6t T, — & = (€x)r € coo. Oa delouvyue bt & = 5 yraxdde k € N, o
onolo elvon dromo (yratl téte, = ¢ cop). Eotww 6t undpyet ko € N rsrotog Gote Ery # 1/K3.

Anhadin, ‘ﬁko - Flg‘ =a > 0. Tote, yia x&de n > ko toydet

d(xn, Z‘kQ_ék"+ |€k|>‘k2 ko | =

«,

10 onolo elvon drono ool d(z,,z) — 0.

‘Al\oc tpbémoc: Sel&te 6Tl 0 coo pE aUTH TN petexn Sev elvon xhetotd unoclvolo Tou £
(yrortl autd elvon cipxeto;).

17. "Exovue (he, An C Am yia xd9e m € N, dpa

f (ﬁ An) C f(Am) yia x&de m € N.
"Eneton 6t
f(ﬂ An> C () fAm) =) f(An)
n=1 m=1 n=1

T tov avtiotpogo eyxhewoud: éotw y € (o, f(An). T xdde n € N, undpyet zn € Ap
t€towo dote f(zn) =y.

Agol diam(A,) — 0, n (zn) elvor axoroudia Cauchy (Yuundeite vy anddelln tou
Yewpruatog tou Cantor). O X elvow mhieng, dpa undpyer ¢ € X yia to onolo n — .
Auté to onuelo z avixel oto (), An (i Ty axpiBeia, (), An = {z} - Yuundelte ndh
v anddeln Tov YewpRuatos tou Cantor). Téhog, apol n f elvan cuveyhg, Exovue

f(z) = lim f(z,) = hm y=y.

n— 00

Anhadh, y = f(z) € f(ﬂff:l An).
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Xo')poz. UE vépptoc

3.1 T'poppixol yweol

3.1.1 'Eva un xevé obvoho X Aéyetor ypaupukds xdpos (f Stavvouatikds xdpos)
mdvew and o R av elvon epodiacuévo ue dVo mpdiels
+: X x X —» X (tnv npdoleon)
xou
R x X = X (tov mohhanmhaotaoud)
TOU LXAVoToLoLY ta €€1¢:

(I) A&idpara tng mpdoleons: yio x&de z,y,z € X,

lLLo+y=y+u

2.+ (y+2)=(x+y)+=

3. Trdpyer éva otowxelo 0 € X tétolo dote, yio xéde ¢ € X, 0+ z = z.

4. Tw xdde = € X undpyer (uovadixd) —z € X tétow0 bote & + (—z) = 0.
Anhadn, to X elvar avtiuetodetind ouddo ue Ty npdén tng tpdodeonc.
(II) A&idpaza tou moAamdaoiaopov: yio xdde z,y € X xou A, pu € R,

1. AMpz) = ().

2. lz ==z.

3. Mz +y) = Az + Ay.

4. A+ p)z = Az + px.

"Aueoeg GUVETELES TWY OELOUATOY TOU YPOUMIX0D YOPOUL VAL, VLol TapddELYUdL, O

0x=0, M=0 —z=(-1)z

ol
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T ouvéyeta Ya ypnotuonotolue eleblepa tétolou eldoug Wibtnteg (n Soun tou
Yoouuxol ydpou Vo Yewpndel, oe yevués ypaupés, yvwoty). To otouyela tou X
Yo Myovtan onuelo (1 xon daviouota).

3.1.2. TTapadeiypata (o) O R™ yivetor ypodulxoc Ympoc UE TEAEELS TiC
(617"'7£m) + (n17"'7nm) = (61 +’r’17"'7£m +nm)7

At -5 8m) = A&ty -5 Abm)-
Etxoha ehéyyouue 6t 0 = (0,...,0) xou —(&1, ..o €m) = (=€1, v ry —Em).

(B) To clvoro s TwV axoAoVILOY TEAYUATLXOY opLdU®Y YIVETOL YooUIXES XDpOS av
oploouue tpbdodeon xou tohhamhactooud xatd ouvtetoyuévn: av & = (), ¥y = (Mk),
xou A € R, Uétovue

c+y=(+m) , Ar=(A&).

(v) Av A # B xon F(A) elvar t0 oOvoho 6wV twv cuvapthAcewy f : A — R, téte
0 F(A) yiveton ypauuixos yweog av oploovue tpdodeot kol TOAATAAGLACHS XAt
onueto: av f,g € F(A) xou A € R, opllovue f + g, A\f € F(A) Vétovtac

(F+9)@®) =fB) +9) , (M) =Aft) , teA

3.1.3 Av X elvan évac ypauuwds yopog xou Y éva un xevé unochvoho tou X, 1o
Y Aéyeton (ypouuwdc) vmdywpos tov X av yia xdde z,y € Y xou A,y € R €youvue
Ar+puy €Y.

EOxoha eléyyouue 6t 0 Y elvon undywpog tou X av xow uévo av o Y eivon
YOuUUIXOC YWPOG UE TPJEELS TOUC TEPLOplotols Twy +,- ota ¥V X Y xou R x YV
avtiotoya. O Y Aéyetow pvrowog vrdywpos tou X av elvor umdyweos tou X xou
Y # {0}, X.

IToAAG omd tar xhoowxd Topadelyator Ypwy ToU TopoUctdlouy EVOLUPEROY YL
™ Tuvaptnotox?; Avdhuon elvan uTdywpoL Tov s N xdrowou F(A):

(1) O Lo elvor ypouuixde ydpoc: av A, € Rxow = (&),y = (k) elvar pparyuéves
axorovdiee, t6te N AT + py = (A& + pyr) elvor poryuévn,.

(2) O c etvar ypopuixde ydpoc: av & = (&),y = (M) € ¢, téte undpyouy a,b € R
t€tola Wote & — a, N — b. Tote, yia xdde A, u € R €yovue A, + un — Aa + pb.
Anhadi, Az + py € c.

(3) O ¢ elvon ypauuwde ywpoc: av = (&), y = (k) € co xou A,y € R, tdte

& =0, m > 0= A+, = 0= Az + py € co.

(4) 0 ¢y, 1 < p < 400 elvon YpouuUIXGS XOPOS: oV

[ee] [ee]
Sl <00, D |mklP < 4o,
k=1 k=1
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toTE, Yoo xde A, pu € R, and v aviedtnta tov Minkowski,

00 1/p 00 1/p 00 1/p
(Z A&k + l“?k|p> <Al (Z |§k|p> + [ul (Z |77k|p> < o0,
k=1 k=1

k=1

Snhodh (Ak + pnk) € L.

(5) O B(A) elvon ypouuixde yopoc: av ot f,g: A — R elvar gpayuévec ocuvaptiioelg
xaw A, p € R, tote n Af + pg elvon gporyuévn cuvdptnon.

(6) O Cla,b] etvon ypauuixos ywpoc: av ot f, g : [a,b] — R elvor cuveyeic cuvapth-
oelc, Tote N Af + pg elvon cuveyhc yio xdde A, p € R. Tehelwe avdhoya, oL cuveyd
napoywylowues ouvapthioeic Clla, b], oL tapaywylowes ouvapthoeic Dla,b], o Rie-
mann ohoxhnpwolues ouvapthces I[a, b] elvar ypouuixol vndyweol tou Fla, b].

3.1.4 Av z1,..., Ty elvor doavdouata ToU Ypouxol yweoL X, TOTE Ypaujikog
ouvrdvaouds Twy x; elvan xdde didvuoua Tng Lop@nic

ML+ F AT, N ER

Av M C X, M # 10, t6te o urndywpos rmov mapdyetar and to M (ypdpovue span(M)
f (M)) elvar 10 5OVOLNO GAWY TWV YRUUULXOY GUVBLOCUGY oTolyelwy Tou M:

span(M) = {\iz1 + - -+ A : A E Rjz; € M,m € N},
Edxoha BAémovue 6t 0 span(M) elvon 6vtws utdywpos touv X.
3.1.5 Av zy,...,2, € X, Mue 6Tt ta z; elvon ypaupkd aveEdptnra ov
MT1 4+ ATy =0= X1 = ... = A\ = 0.

Iood0vaua, av xavéva T; dEV YPAPETAL GOV YPOUIXOS CUVBLACUOS TWwV Tj, j # i.
Aéue 611 1o menepacuévo obvoro {x1,...,Tm} elvor ypopuixd aveZdptnto av T
T1,. .., Ty elvon ypauuxd aveldpmnro. IId yevud, éva un xevéo M C X Aéyeton
ypappikd aveEdptnto av xdde menepaouéro uTOGUVOLG TOL elvol YpauULXd aveEdp-
™mro.

Toz1,...,2m Myoviaw egapTnuéva av vndpyouv A; € R oyl 6hoL undév, tétolo
OOTE AM1&1 + -+ AT = 0. Eva M # B Myeton eZopTnUévo oy €YEL TETEPACUEVO
eZapTnuUévo UToGOVONO, av dNhad” UTdEyOLY EEUPTNUEVD X1, ..., T, € M.

Mapadetypata. (o) Ttov Cla, b, 10 cOvoro M = {1,¢,... .tV ...} elvow ypopuixd
avegdptnto: Ac unoldécovue 6t A\g + At + - - + ANty =0 vy xdmoto N € N, xo
AN # 0. Auté onualver bt to mohudvuUo P(t) = Ao + At + -+ AntN undevileton
TawToTXd 070 [a, b]. Apa xou 1 N-01 ToU mapdywyoc elvor tawtotxd 0 oo [a, b].
‘Ouoxg,

PWN)(t) = N\y #0,

drono. ‘Apa, 10 M elvon ypouuixd aveZdptnto (yiatt;).
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(B) Opilovue dpr =0 av n # k xow Op, =1 av n = k. To cbvoho M = {e,, : n € N}
(6m0L ey, = (dnk)ken) elvon ypouuwxd aveZdptnto otov s (ZnyRoTe), dpa XL oTOUG
ly,1 <p<oo,c, xoco.

3.1.6 Aéue 61 0 yopog X éyel memepaouévn idotaon av undpyer n € N tétotog
Gote
1. Ytov X undpyouv n 1o tAflog yeauuixd aveldptnta SLavOoUITA T1, . . . , Tn.
2. Av k> n+1, onowdnrote k Stavdouato tou X elvon ypouuxd eZoptnuéva.
‘Enetat 61t w0 21, . . ., Ty TAPAYOULY TO YWp0: X = span{zi,...,zn} (doxnon).
O X éyel dmepn dudotaon av X # {0} xou 0 X dev éyel tencpacuévn ddotaon.
Anhadn, av meptéyel dnewpo ypauuxd avedpTnTo LTOGUVORO.
IHapdderypa: O Cla, b] xou oL ywpot £,, 1 < p < oo elvon anelpodidoTtatot.
3.1.7 'Eva urtooOvoho M tou X Aéyetan Bdon (Hamel Bdon) tou X av elvon ypoy-

wwed avegdptnTo xan mapdyet tov X. AvaBdiovue ty anddeln tou Oswpruatog
"Yropéng Bdong:

Ocwpnua Kdle ypaupixos yopos X éxer Bdon. Onoteodnmote dvo Pdoes tov X
éyovr to (010 mAn0og otowelwy.

To mifdog twv cToyelwy poag Bdong tou X Aéyetan didotaon tou X.

3.2 Xowpol ue vopua - Xwpolr Banach

Oprtouds. Eotw X évag ypouuixds yodpoc. Mia ouvdptnon || - || : X — R Aéyeton
vippa av avorolel ta e€ng: v xde x,y € X xau A € R,

(N1) [Jz[| = 0.

(N2) |z]|=0& z=0.

(N3) [[Az]l = [A] l|]]-

(N4) [lz + yll < ll=ll + [lyll-

(n vépua Tou dtavbouatog T «UETPELY TNV andoTact) Tou & and to 0, xou {ntdue vo
EYEL TS TG QUOLOAOYIXES WLOTNTES TTOL 1) amboTaoT Yo EMPENE v EYEL.)

Kdde vépua endiyer pio petpikr) otov X: vy xdde z,y € X, opilovue
d(z,y) = |lz - yl|.
Ilpotaoy 3.2.1 Hd elvar petpin.
Arédetdn: (M1) d(z,y) = ||z —yl| > 0, and v (N1).
M2) d(z,y) =0 |lz—y||=0z—-y=0& 2=y, and v (N2).

(M3) d(y,z) = |ly = z[| = [(=D)(z =)l = | = 1| |2 = yl| = [l = y|| = d(z,y), an6
v (N3).
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(M4) d(z,y) = [le—yll = [(z = 2) + =yl < llz =2l + |z —yll = d(z, 2) + d(z,y),
and v (N4). m|

Opiomos. Xdpos Banach elvan évoc mAfeng ywpeoc Ue vopuo (dSnhady, évac ypou-
MXOC YWpog ue vépua Tou elvar TAHENS WS TEOS TN UeTEWY| d oL ETdyETOL Omd TN
vépua.)

Mopadetypate. (o) Ttov R™ opllovue v ||z|| = V& + -+ &2, bmov =

(&1, ..., &m). EOxoha eNéyyouue 6t 1 || - || elvon vépua (n tprywvin aviobtnta elvon
N aviodtnta Tou Minkowski ue p = 2.)

Ty Hopdypago 2.2 eidoue 61t 0o R™ elvar mhipne we mpoc tn wetpwxd| d(z, y) =
V2orey 1€k — mi)?. Apa, o (R™, ]|+ ]]) etvon yépoc Banach.

(B) Trov £y = {z = (&) : Dok [€k|P < o0}, 1 < p < 00, opllovue

0 1/p
lz]| = (Z |€k|”> :
k=1

00 1/p 50 1/p
(Zwmp) = (lAl”Zml”)
k=1 k=1

0 1/p
Al (Z |§k|”> = AL lz]l-
k=1

H tprywvind avioétna glvon 1 avicdt o tou Minkowski. Apa, o £, elvon ydhpog Ue
vopuoa. Yty Hapdypago 2.2 eldaue 61t 0 £, elvon mhipne we mpog tn UeTEX)

00 1/p
,y) = (Z & — 77k|p> :
k=1

Apa, 0 £, 1 < p < o0, elvon ywpoc Banach.

IMopatnerote 6T

[[A]]

(v) H ||z|| = sup{|&| : k € N} elvar vépuar otov £o. Eyovue el 61t 0 £y elvon
TAPNG WS TPOS TNV

d(z,y) = sup{[&k — x| : k € N},
Apa, 0 Ly elvan ytdpog Banach. Ou ¢, ¢ elvon xhewotol undywpeol tou Ly, dpa yWpol
Banach.
(8) O Cla, b] elvar. ydpog Banach ue vépua v || f|| = max;cpq,5 | f(1)]- EXéyEte e
AETTOUEPELES.

() HIfllI'= f |f(t)|dt elvon enionge vépuoc oTOV C’[a b]. Eidoaue duwc 61t o Cla, b
dev elvor Thpne we tpog v d(f, g) f |f (&) —g(t)|dt. Apa, o (Cla,b], || -]|") etvon
YWEOS UE VOpUAL, AAAS Gyt YWPOC Banach

H enduevn mpdtaon cuvdéel T Ypouuxy UE TNV TOTOAOYLXT Sour| Vo YHpou
HE VopUaL:
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Ilpétaom 3.2.2 Ye kdOe xydpo e vépua, ot ||-|| kat +, - €lvar ouvexels ovvaptioes.

Anodergn: Ti evvoolue U’ autd: TEOTU-TOTA, AV Ty, T € X, 16T T, = & 0Tov X
av ot L6vo av d(zy, ) — 0, dnhadh av ||z, — z|| = 0. Koatémy, yia vor eréyZovue
N ouvéyela wiag ouvdptnong f, apxel va det€ouue 6Tt

Tn = ¢ = f(xn) = f(2).

(o) H||-|| etvar ovvexns: Imtdue, zn, = & = ||zl — ||z||. Autd duwe éneton and
™mv
[llzll = llzall] < llz = zall,

agol ||z — z,]| — 0.

(B) H + etvar ovvexris: ©éhouue va dellouue 6TL av T, — T ol Yp — Y, TOTE
Ty + Yn = T +y. Autd elvon cuvénela tng

1(@n +yn) = (@ + Yl = |(zn —2) + (o = Y| < [len =zl + llyn — yll = 0.
(v) H - elvar ouvexng: Oa dellouue 6Tt av Ay — A oL &, — T, TOTE ATy —> AT.
Cpdipouue
() Az = Anzall = Az = 2n) + (A = An)zl] < |An| [z = znll + [l2]] [A = Anl.

Hopatneriote 6T, agod Ay — A, undpyer M > 0 tétotog Gote |A\p| < M, n € N.
Onére, n () yiveton

1Az = Anzp|l < M|z = 2u| +[lz]| [A = An| = 0. O

Kdde uetpunr) mou emdryeton amd vopua €xel mpdodetec WBLOTNTES: elvon «XaAhy
uetpxr| (topotnehote 6t otny anddelln e Mpdtaong 3.2.1 dev ypnoytomoufdnxoy
dAeg oL WBLOTNTES TN VOPUOC):

IMpotacy 3.2.3 Eoww X ydpos e vipua, kar d n enayduevn uetpikr). Tote, ya
kdle z,y,z € X kair kd0e X € R, éxoupe

L d(z +z,y+2) =d(z,y),

2. d(\z, Ay) = |Nd(x,y).
An6deldn: (o) d(z + 2,y +2) = [[(z +2) = (y + 2) || = [le =yl = d(z, ).
(®) d(Az, \y) = [|Az = Ayll = [A(z = )l = [Al [l =yl = [Md(z, y)- O
IMopddetypo: Xtov s,

= b & —
d(m,y)_;2k1+|£k_nk|
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elvar petpuer). O s elvon Ypouuxdg ywpog, dune 1 d dev endyetar and xdmotor vopua
|| - || otov s: Ya €mpene var xavornotel Ty

d(2x,0) = [|22]] = 2||z|| = 2d(z,0),

dnhady| yra xdde © = (&) € s Yo elyoue

Auto Bev woyler (ndpte, yio nopddetyua, z = (1,0,...).)

Optowés Eotw X ywpog ue vopua. H povadaia urda Bx tou X elvow 1 xheloth
pmdha we xévteo 0 xon oxtivar 1. Anlady,

Bx ={x € X :||z|| < 1}.

Ipétaot 3.2.4 Ye kdle ydpo ue vépua X, n povadaia prdla Bx elvar ovvolo
KA€10TO, ppayuévo, kKUpté kal CUHUETPIKS WS TPoS To 0, e N KeVe €0wTEPLKO.
Arédergn: (o) H Bx elvar gpayuévn: Bx C D(0,2).

B) Av |lzp|l < 1 xw z, — x, 61€ ||z]] = limy, ||z,]] < 1. Anhadh, n Bx elvow
xAeLoTd ohVolo.

(v) H Bx elvow xvpth: av z,y € Bx xou A € (0,1), téte
1Az 4+ (1 = Nyll < [[Az]] + [|(L =Nyl <A+ (1= A) =1,

dnhadh, Az + (1 — Ay € Bx.

(d) Av z € By, tte || —z| = |lz]] < 1, dnhadf —z € Bx. "Apa, n Bx elvow
oLUUETPL WS Tpog To 0.
(e) D(0,1/2) C Bx, dpo B # 0. O

3.3 X0yxAiom osLpwy

"Exouue el tov opioud tne ouykAivovoas akodovdiag oe éva ydpo UE VOpUd: oy
Ty, € X, n €N, téte Mue 6t z,, > x av ||z, — 2| = 0.

Tehelwe avdhoya, uta axohoudia (z,,) otov X héyetow akodovdia Cauchy av yio
xdde € > 0 undpyel ny = no(e) € N tétoloc dote

n,m > ng = ||z, — | <e.
O X elvon ypoulxog Y0eoc, ENOUEVRSC UTOPOUUE Vo TPooDETOUHE TOUS GPOLC

(e axohoudiog otov X. Autd odnyel oe ula Quotohoyxr) yevixevon tng évvolag
e ouykAivovoag oelpds oe avdalpeTo Yweo Ue vopua:
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Opgtoudg (o) Eotw (x) axohovdio otov X. H axoloudia (s,) twv pepikdr alpor-
opdror e (z) opiletar and v

Spn=T1+-+x, n=12...

Av undpyer z € X TéT010 WOTE Sy, — T, TOTE NEUE OTL 1) gapd Yo, T, oUYKALVel
070 T, XL YPAPOLUE
o0
r = Z T -
k=1

(B) Aéue 6t n oapd > i,z ouyKkAlvel anoAUTwg, oy

o0
D llzell < +oo
k=1

(dnhadn, av N oepd TearyUaTx@y optdudy ||z1]] + [|z2|] + - - - ouyxAiver oto R.)

IMpétaon 3.3.1 Eotw X ydpos Banach. Av 'Y 1o x), cvykAivel atoddtws otov
X, téte ovyrAiva otov X.

Anodelgn: Eow () axohovdio otov X, pe tny Bétnra Yooy ||| < co. Av
wéc ddoouv € > 0, undpyet no(e) € N tétoloc Gote, yia xdde n > m > no,

lzmsall + -+ [lznll <e.
Téte, av n > m > ng,
llsn = smll = llZmer + - + 2ol < Tmial] + - + [lzal] <e.

To e > 0 Hrav TuYdY, dpa 1 (sp) elvan Cauchy. O X elvor T fpng, dpat 1 s, cUYXALVEL
oe xémoto & € X. Auté €€’ oplool onualvel 6t n Yoo Tk oUYXAVEL GTO 2. o

H Womra tne Hpdtaong 3.3.1 yapaxtnpilel Toug TAARELS YWPOUS UE VOpUAL:
IMpotacy 3.3.2 Av oe éva xdpo X e vépua, kde arodvtws ovykAivovoa oeipd
ovykliver, tite o X elvar mAnipng (elvar xdpos Banach).

1

Anéden: 'Eotww (7,) oxohoudio Cauchy otov X. Tw e = 5, & = 1,2,..,
umopoluUE vo Bpolue (yiotl;) n < ng < ... < ng < ... TETOLL WOTE

1
Vn >m > ng, ||xn_$m||<ﬁ-

Ewwotepa,
ng >ng > n — ||mn2 —fﬂan < 57

1
ng >Ny > Ny = ||Tpy — Tn,|| < 927
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XL, YEVLXA,

1
Ng+1 > N > np = ||mnk+1 - xnk” < 2_k

yia xde k € N. Apa,

(oo}
k=1

H Y 02, (@, — Tn,) oUYXAVEL amollTLC, 0TéTE (amd Ty unGBeoH] Uag) ouYXAVEL:
undpyet ¢ € X TéT0l0 OOTE

NE

(mnk+1 - mnk) -,

k=1

I, T,y — Ty — . AR, Ty, — THTy, . Aciloue 61U 1 (7,,) €xEL cUYXAIVOLGY
vroxohoutia. Efvor duwe xow axoloudio Cauchy, dpa ocuyxhiver otov X (IIpdroon
2.1.3). Ernetan 61t 0 X elvar mAdeng. ad

‘Exovtag otn Siddeot| pag v évvola g cLYXAivouoag GELRdS, UTOPOUUE Vol
oploovue uia évvola «Bdorney Stapopetixn and authyv e Hamel Bdong:

Oprowdg Mua oxohovdia (ey) Aéyetar Bdon Schauder tou yopeou X, av e, € X,
n €N, xou xdde x € X ypdoeton xatd Uovadixd TpdTo oTN Lop®n

00
r = E Ap€n.
n=1

(umdpyouv dnhadn Lovadixol a, = an(x) € R tétoloL Wote
|z — (a1e1 + ... + amen)|| = 0

xadds m — 00.) H oewpd Y07 | ane, elvor To avdntuyua Tou T wg Tpoc T Bdon
(€n)-

IMopdderypa Av 1 < p < 400, 1 axohoudia (€,) Ue e, = (I ) elvar Bdon Schauder
tou £, (e&nynfoTe).

Ilpétaom 3.3.3 Eotw X ydpos ue vépua. Av o X éxer Bdon Schauder (en)nen,
téte 0 X elvar draywpliotjog.

Anoédegn: Opllovue M = {3 | gnen :m € N,q,, € Q}. To M elvon aprdufiotuo.
‘Eotw z € X xow e > 0. Trdpyouvv an, € R, n € N té€tol0L doTe

00
Tr = E an€n,
n=1

dpa undipyer m € N ye tnyv WuoTnTaL

i 5
||a: — Zanen” < 5
n=1
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T xdde n =1,...,m, Bploxovue ¢, € Q tétoloue Bote

1)
lgn — an| |len]| < .

Téte, Yo qnen € M, xou

m m m
lz =" aneall < flo = D" anenll + 1D (@n = an)en]
n=1 n=1 n=1
€ m
< ) + Z lan — qul [lenll
n=1
c CymE
2 T "o T
‘Apa, M = X. |

Ynpetwon: To 1936, o Mazur pohnoe av woylel o avtiotpogo tng Ipbdtaong 3.3.3:
av dnhady, xdle dywpelowoc ywpog Banach éyer Bdon Schauder. To epdtnua
anodelydnxe e€atpetind doxoho: to 1973, o Per Enflo édwoe apvntixd andvinon.

3.4 Aoxroeig
1. AvY xou Z elvan umdywpot tou X, delfte 6t 0 Y N Z elvon undywpog tou X, eved

0 Y U Z elvon undywpos tou X av xou wovo avelte Y C Zelte Z C Y.

2. (o) Aet&te 61, av 1 < p < r < 00, téTE Yoo ®8e z € R™ 1oy et
11
lzlly < @l < ne ™ ||l

Bepelte Staviouata z yia o onola 1oy el lodTNTA OTLC TOPATEVL AVIOOTNTES.

(B) AciZte 6t vy xdde € > 0 undpyet N € N tétolog dote: av N < p < 400, té1¢
v xdde z € R™ woylel

[zl < llzllp < (1 + &)l[7]]oo-

3. Eotw X ydpoc ue vépua. Aei&te 6t nxhetoth 9xn Y evéc ypouuixol utoyteou
Y tou X elvon ypouuixde undywpog tou X.

4. AcelZte 6T o évay yopo ue vopua (X, || - ]), yo xdde € X xou r > 0 woylet

B(z,r) = D(z,r).

5. 'Eow X ydpoc pe vépua, xou Y évag ypouuixog undyweog tou X. Acelfte o1t
av Y £0, t6te Y = X.
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6. Eotww X ypauuixde yopoc, xou || - ||, || - ||" d0o vépuec otov X. Ael&te 6u
llz|| < [|lz]]" yo xdde 2 € X, av xou uévo av Bx 1.1y € Bx,||-||)-

7. O coo mepéyeton oe xde £y, 1 < p < oo. Aellte 6t elvon muxvde otov £p,
1 < p < +00, oyt buws oTov Lo

8. Oewpotue 10 S = {x € log 1 Y oy || < 1}. Aellte 6L 10 S elvon xhetot6 oTOV
01 (xon otov £og) ¢ Tpoc TV ||z]| = sup{|&x| : k& € N} xou €xel xevd eowtepnd.
AciZte 6t 0 £y ue vépua Vv ||z|| = sup{|&k]| : k € N} dev elvor ydpoc Banach.

9. Ytov {1 opllovue

el =2

Z( )I&

ActZte 6t n || - || etvor vopua. Elvar oodovoun ue ty [lz|| = Y77, |&|; Etvor o
(01,11 - 1I") xopoc Banach;

10. Eotw X n-3tdototog TpoyUatinds YRuUULXOS YWROS, XOUL T, . . ., Ty OLAVOCUO-
o Tou mapdyouy tov X. Térte, yio xdde z € X undpyouv Ar,...,An € R (6
avoryxaoTind povadixd), tétowa Hote T = Yo, Aiwi. Opllovue

||z|| = inf { SNl hi eRz = Zmi}.
=1 =1

Aei&te 6tL o (X, || - |]) elvon ydpoc ue vopuaL.

11. Eotw C0,1] o ydpoc twv ouveyde mopaywylowwy f : [0,1] — R, ue vépuo
™y

11 = e { s £, o, 1701 .

0<t<1
ActZte 6t n || - || etvon dvtwe vépua, xou ét o (CH[0,1],]| - ||) etvor ydpoc Banach.
12. Tvov ¢y Yewpoltue v ||z||' = Y00, |§—2| Aei&te 61t 0 (co, || - |]") lvorn xdpoc ue

vopua, oG dev elvan ywpoc Banach.

13. Ocewpolue Tov cop ooy UTdYweo T0U . Eotw y, = (0,...,0,5,0,...),
n € N Aci&te 6w n Y, [|ynll cuyxhiver, acdlhd n Y-, yn dev cuyxdivel otov Y. Tu
GUUTEPOLVETE;
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Ynodellelg - anavifoetg

1. (o) T Ty tour: vrodétouue 6Tt z,y €Y NZ xouw A, u € R. Apod z,y €Y xwo Y
elvon Ypouxoes LTOYWEos ToL X, talpvovue Az +puy € Y. Ouolwe, Ax+py € Z. Anhady,
A+py€eYnNZz.

B)Twmmvévwon: avY CZ wote YUZ =Z,evdoav Z CY t6te YUZ =Y. e xdde
neplntwon, o Y U Z elvon ypauuxdg undyweos tou X.

Avtiotpoga, ac unodécovue 6T 0 Y U Z elvon ypouuixds urdywpos tou X. Me tny
unédeon 6t undpyouvy y € Y\Z xou z € Z\Y, Yo xatahiZovue oe drono. Ipdyuatt, agpol
y,2€YUZ, éyovue y+2€Y UZ.

Avy4+zeY tote (y+2)—y €Y vyl o Y elvon undywpog, dnhad z € Y 1o onolo
elvow dromo.

Avy+z€ Z t6te (y+2) — 2z € Z vyl o Z elvan undywpoc, dnhadh y € Z o onolo
elvaw dhL droro.

Agob Bev unopoly va oylbouy tautdypova ot Y\Z # O xou Z\Y # B, éyouvue elte
YCZcee ZCY.

2. (o) Ael&te Ty e&ig aviobtnra: avr > 1 xava,b > 0, té1e (a+b)" > a"+b". Enaywywd
BAénovue 6tL av r > 1 xa ai,...,an > 0, tétE

(@ar+--+an)" >al +- +ay.
Eotwp<r. Ave = (&,...,&) € R, éyouue
2l = (] + -+ €nl™)" " = (&) 4 -+ (1€al")7 = &1 + - + nl” = Il

ondte ||z||» < ||z|lp (xenouwonowoaue Ty mponyoluevn aviodtnia v o 7/p > 1 %o

ar = |&k|P). Iodmra woybetav e =0hz=¢€;,i=1,...,n.
T Ty dhAn avisdtnta yenotuonoolue Ty avicétnta tou Holder:

lell; = 16l T4+ 6”1
P

< (Qaly 7+ () ?) ()

sk

2}
= llellfn'"",

1 1
doa ||z]|p < ||z||rn? " 7. Iobtnta woylet av z = (1,...,1). H nepintwon r = oo elvow amhy.

(B) Ané 10 (@) éxovue ||z < ||z|lp < nP|2]|oo Yo xdde p > 1 xou x80e z € R™. Eotw

£ > 0. Agod n'/? — 1 étav p — oo, undpyer N € N térotoc dote n'/? < 1+ ¢ yua xdde
p > N. Toéte, yia xde p > N wylel 1|

zllo < llzllp < (1 +8)[zllo, = €R™

3. Eotw z,w €Y xou A\, p € R. Trdpyouy zn,wn € Y UE 2n — 2 ot wy — w. Agod o
Y elvan ypopuuixds undyweos tov X, yio xdde n € N éyovue Az, + pw, € Y.
Ouwc ot npdelc Tou X elvan ouveyels we mpog T vépua, dpa

AzZn + pwn = Az + pw.

Auté onuaiver 6t Az + pw €Y.
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4. H B(z,r) elvar xhetotéd obvoro xou D(z,r) C B(z,r). ‘Apa,
D(z,r) € B(z,r).

Avtlotpoga, éotw y € B(z,r), y # x. Opllovue yn = = + A\n(y — z), 6mouv (An) YVnolug
abEouoa axohovdio Vetixdv aptdudy ue bpto to 1. Téte yp, =+ + (y —x) =y xou

llz = yall = 1A (y = )l = Aally = 2f| < ly =[] <,

SMAadh yn € D(z,r) xou yn — y. Eneton 6t y € D(z, 1), xou agod 10 y € B(z,r), y #
Aoy tux6v, B(z,r) C D(z,r).

5. Aol Y° # ), undpyouvv y € X xou r > 0 tétowa dote D(y,r) C Y. EWlduxdtepa, y €Y.

‘Eow z € X, x #y. Téte, y+ %ﬁ € D(y,r) (yiatl;), dpa

r r—y

——0 €Y.
2 ||z —yll

y+
Ouwc o Y elvan ypouuixds undywpeog tou X, ondTe YENoLULOTOLWVTAS TNV TAEATHENoT OTL
y € Y malpvouue
roT—y
2 ||z —yll
To z Atav tuyody, dpa Y = X.

EY —=z—-yeY =rzeY.

6. 'Eotw 6t [|z|| < ||lz|' yia x89e = € X. Av z € Bix ), t61€ ||z]|' < 1. Apa,
lz|| < |lz]|” < 1, To onolo onualver 6tL & € Bix,|.y- Anradh, Bix -1y € Bx, 1) -
Avtiotpoga, urnodétovue 6t Bix .y € Bx,. ) xor Yewpolbue twydv z € X\{0}.

Tore,
!

T T
_— :1:>—€BX,./ QBX,.
‘ Izl =l [CHIRID [CHRE
dnhodn
x llzll
< <L
=l ll=Il

H ||0]] < ]|0]|" woyder cav wwétnra, ondte detfaue bt ||z]| < ||z]]" yio xdde z € X.

7. (o) Eow z = (&) € £y, 1 < p < oo xaw e > 0. Agod > 727 [€x|P < 400, undpyet
N € N térolog Gote Y07y 1y [kl < €.
Optlovpe w = (&1,...,€N,0,...) € coo. Tére,

00 1/p
|z —w| = ( > |€k|p) <e,

k=N+1

Snhadh D(z,e) Ncoo # . Apod to £ > 0 xon 10 T € £y Ao TUYOVTA, CUUTEPAIVOLUE 6T
0 coo elvar TuxvoS otov £, 1 < p < +o00.

(B) BOewpolue 10 z = (1,...,1,...) € bos. Av w € cpo, LTdpyeL N € N tétoL0G DOTE
wy = 0 v xdde k > N. Apa,

||x — w|| =sup{|l —w|:k €N} > |1 —wn|=1.
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Anhad¥ d(z, coo) > 1, To onolo onualvel étt D(x,1) Nego = 0. Apat, 0 coo Sev elvon Tuxvde
otoV loo .

8. () Eotw 2, = (§nr) €5, dnhadh Y-, |€nr| < 1 yia xdde n. YTrodétovue 6t 2, = & =
&k) € boo. Tore,
sup{|énr — &kl : Kk €N} =0

xoddc n — 00, dpa yia xdde k € N éyovue Enp — &k xadde n — oo, T xdde N € N
€YovuEe

N e}
Z|§nk| < Z|§nk| <1,
k=1 k=1

N N
> lél = lim Y e < 1.
k=1 k=1

Aol auté woyler yia xdde N, éreton ot Ypo, [€e] < 1, Snhadh z € S. Autd anodeixvier
6t 10 S elva xhewotd ooV .

(B) ©a delloupe 6L 10 S €xeL xeVh ecwtepd otov (L1, ]| - |lee.) - dpa xou 670V £oo. Eotwd
6T undpyovy & € S xaw € > 0 ue v WdTHTAL

{z€b:|lz—z|., <e} CS.

Mrnopotue va vtodéoouue 6Tt undpyouv dretpot deixtec k1 < ke < ... < ky < ... ylo TOUC
omoloug &x; > 0 (ahhubds doudebouue ue ta opwntxd &x). Bploxouue n € N 1600 ueydho
wote Ne/2 > 1 xon opllovue &, = &py + 5, by = Ehn + 5, %o & = &k yiat GhOUS
Toug dhhoug k. Téte to &' = (&) € 41, ||z — 2|t = 5 < &, xot

> > Ne
>l :Z|§k|+7 >1,
k=1 k=1

dnhadh ' ¢ S. Atono, yatl elyoue unodéoe 6t €1 N D(z,e) C S.

(Y) 'Eotww 6tv 0 (€1,]| - ||e.,) etvon ydpog Banach. Téte, o £1 elvor xhewotd LTOGOVONO TOU
Lo ¢ Tpog TNV || - |lee, (vratl;). T x&de n € N opillovue

Fo=nS={zeli:) |&]<n}
k=1

Kdbde F), elvon xhetotd utocdvoho tou £1 wg teog TV || ||, , xou éxeL xevd ecwtepixd oTov
(L1, 1] |t ): v T0 NS mepLelye pundha axtivac r > 0, téte T0 S Vo mepLeiye undha axtivog
r/m, dtono and to (B).

Tao F,, elvon xhewotd umochvoha tou £1 ue xevé ecwtepd xa £1 = o, Fn (yatd;).
Avuté elvon dromo and to Yedpnua tou Baire. Apa, o (€1, - ||e. ) dev elvor ydpog Banach.

9. H|| || opteton xahd, yLott av = € £1 éxouue

Sal+Y (147)lal<2Y lal+ 3 Y lal < +o.
— k=1 k=2

k=1 k=2

2
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H uévn WBidtnta e vépuoc mov ypetdletor npocoyd, etvoe 1 ||z||" = 0 = = = 0. 'Exouue

S+ (1 + %) &l =0,
k=1 k=2

an’ énou natpvouue & = 0 yia xdde k > 2 xow D77, & = 0. Autd o 800 pdg Sivouv xon
v &1 =0, dpo xz = 0.

Oa detfovue 6t 1 || - ||" xow n cuvhdne vopua || - || otov £ elvon loodOvauec. Agpod o
(41,1 - ]]) etvor ywpog Banach, auté Selyver apéowe bt o £1 elvar thpnc wg npog v || - ||/
(ywti;). Eyxouvue:

lz|' =0 =2

N |

ol <2 16kl +

k=1

Sl <23 lel+ 53 leel = Szl
k=2 k=1

k=1

now

lll

> lel = el + > I
k=1 k=2

= |26 =2 G+ Dl
k=1 k=2 k=2

< DG HID &I+ D 16
k=1 k=2 k=2

< oG] 2D 16l
k=1 k=2

<

— — 1
2 (2‘;&‘ + ; (1 + E) |§k|>
= 2lz|l".
Eopue 6t 1|zl < ||zl < Z||z|| yio x8de z € €1, dpa ou Bbo vépueg elvan 1ooSOVaES.

10. To z; napdyouv tov X, enouévwe xde & € X ypdgpetal UE TOUAAYLGTOV Evay TEOTO
ot Wopph & =Y 0, Niwi. Apa, T0

m m
g |Ai| 1z = E Aix;
i=1 i=1
elvow un xevoé xan xdtw peayuévo and to 0, ondte N
m m
||z|| = inf E [Ai] : z = E AiZ;
i=1 i=1

oplletan xard. Ipopavade, ||z|| > 0 yia xdde z € X.

la to (N2): Eow 6u ||z|| = 0. Térte, yia xdde k € N vndpyouv Agk) TéT0l0L OTE
> |/\Ek)| < goxwx =y, /\Ek)mi. Agot |/\Ek)| < 1/k, éyouvue Agk) — 0 yut x&de
i < m. IIdpte onoad¥inote \iépuoc || otov X. Téte, z =3 1", APz — S, 0.2 =0

oc mpog v || - ||, dpa z = 0.
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Il to (N3): Eotww ¢ € X xaw a € R. Tt tuydv € > 0 undpyouvv A; € R tétolol dote
z=3 " Niwi xou ||z|| < D07 [Ni| < |z]| +e. Tére, az =D 0, (aXi)zi xou

m

> laxi| <lal - ||| + lale = [laz|| < |al - |lz]| + |ale.

i=1
Agol 1o € fitav wydy, |laz|| < la| - ||z||. Tekelwe avdhoya Selyvouue v avilotpopn
aviootnTa.
I to (N4): Bow z,y € X xon e > 0. Trdpyouv Ai, pi € R tétolon dote z = D10, i,
Y= D00 Mt o

Yol <zl +e D il < llyll +e
i=1 i=1

Téte, o +y = >0, (M + pi)xi xon

m

m m
Dol <IN+ Dl < llell + Nyl + 2.

=1 i=1 i=1
‘Apa,

lz +yll <37 1x + gl < llell + Iyl + 2,
i=1

%o apoV To € RTav TYdY, madpvouue Ty ||z + ¥l < Jlz|| + ||yl

11. Edxoha ehéyyouue 6t 1 || - || eivor vépua otov CH0,1]. Ag unodécouue b1t (fn) ebvar
o axohoudio Cauchy otov C10,1]. Twx xdde ¢ > 0 undpye. no € N tétolog dote: av
nym > no, w0t ||fa — fll < 2, S0 1o — full* < 2 30t [[fh — fiull” < 2, bmov || |
n cuvidng vépua otov C[0,1]. O C[0,1] etvow TAdeng, ot (fn) xou (fr) elvon axohoudieg
Cauchy, dpa vndpyouv cuveyelc f,g : [0,1] — R tétoeg dote fn — f xou f;, — g
ouoduoppa. And yvwotd Yewpnua (Avéhuon II), n f elvow mapaywylown xu f = g.
Aol 1 g elvon ouveyhe, éxovue f € CH0,1]. Téhog, ||fr — FII* = 0 o ||Ifh — F|I* — 0,
dpa

1fn = Fll = max{||fu — FI", [Ifn = FII"} = 0.
Anadi, fn = f otov C10,1]. H (fn) fitav tuyolboa axoroudia Cauchy, dea o (C[0, 1], ||-
[|) elvon xbpog Banach.

12, H || - ||" oplletor xard: av z = (k) € co, té1€ |&k| — 0, dpo undipyer M > 0 tétolog
dote |&x] < M yuo x&de k € N. Tére,

L6l M
DSk S gp =M<+
k=1 k=1

To afudporto e vopuas eEAEYovTaL EOXONL.

Oua opiooupe axohoudia Cauchy otov (co, || ||'), n onola Sev cuyxhiver. Autd o deller
6t o (co, || - |I) Sev elvon ydpoc Banach.

Optlovue z, = (1,...,1,0,...) € co (n povidec). Eoww ¢ > 0. Trdpyet no € N
tétolog Wote 1/2"° < e. Avn > m > ng, 10T

n

|z — zm|| = — < — <,
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dnhadh 1 (zn) elvon axorovdia Cauchy we tpoc v || - ||. Eotw étL undpyer z = (&) € co
tétowo Oote ||z, — z|" = 0. Agod & — 0, undpyet ko € N tétotoc dote €| < 1/2. Av
n > ko, 10T€

|1 ﬁk |€k 1= &kol o 1
llon — 2l = Z + Z = " oko =2 2k0+1

k=n+1

Auté elvon dromo, agol vnodéoaue 6t ||z, — z||” — 0.

13. Byouvue Yo, llynll = Y02, 25 < +oo. Ta uepwd adpoloyara tne Y., yn etvar

1 1 2
Sk=y1+- -+ Yk :(1’§""’ﬁ’0"") =z =(1/n")nen
otov L. Av uTApyE Y € coo Yot TO OTOlo S — Y, and LovadxdTnTa ToL 0plou (6Tov L)
Vo elyope y = & ¢ coo, drono. Bpfxoue oewpd oTov coo 1 ontolor cUYKAIVEL amOA)TRS AN
dev ouyxhiver. Apa, o (coo, || - ||ee ) BEV elvon ydpoc Banach.



Ke:cpo’c)\ou.o 4

X©pOoL TETELACUEVTS OLAGTACTS

4.1 Boaouxeg LdLotnTEg

H mpdtn x\don ywewv Ue vopua mou Yo UEAETACOVUE Elvor aUTH TV YOEWY TOV, GV
YoouuLxol ywpoL, £youy tenepacuévr didotaot. Eivar hoyud va neptuével xavelg 6t
7 dour toug Yo elvan amholotepn. Yto Kegdharo autd Yo Solue apxetéc xahég Toug
WBLoTNTES, (oW XL UEPLXEC ONUAVTIXES DLUPOPES TOUS OO TOUC YWPOUS GMELRNG
didoTaone.

Aupa 4.1.1 Eotw X ydpos pue vépua, kat €0tw 1, . .., Ty ypappikd aveEdptnta
Savvouata otov X. Yrdpyer pua otadepd ¢ > 0 (mov ebaptdrar and tn vépua xkai
ané ©d Ty, ..., Ty), térowa dote ya kdde ay,. .., am € R va woydea

c(lar] + - +lam|) <llarzr + - + @]

(6nAadn, av o1 ourtedeoTés a; elvar «ueydlowy, téte o idvvoua a1y + -+ + A,
bev umopel va éyer «avlaipetay pikpn vépua.)

Anodedn: O delouue mpwta dtL uTdpyeL ¢ > 0 tétolog dote

m
i=1
Ac unodéoouue 6Tt awtd Sev Loylet. Tote, yio xdde k € N undpyouv Bfk), s 1(7’16) c

Roue 17 18] = 1 0o
3 1
1821 4+ - + B0l < 7.
Anhadh, av Yéoouue y B = S ,Bl(k):ri, éyouue |ly®|| — 0.

69



70

Yxeptouacte wg effc: agol yia xdde k woyleL m Yoo, |,8£k)| = 1, edixdrepa
v xdde k €youue |,8£k)| < 1. "Apa, undpyel unaxohoudio (B%ks)) e (B%k)) oL
ocuyxAlvel oe xdnowov 1 € R.

Kouwtdue topo v (B;ks)): TAL, |ﬂ§k> < 1, emouévwe umdpyel unaxoloudio
(Békls)) ™me (Béks)) e Békls) — B2 € R. Ouwg to1E, B%kls) — B1 (etvor voxohovdia
e (81)).)

Kdévovtag m Bruata, Beloxovue Bi,...,0m € Rxow by < ks < ... <k, < ...
TETOLOUC WOTE

Vi=1,...,m, B*) 53,
Opllovue y = B1z1 + - - - + Pmxm. Tote,

m k. m k.
lly =y * =138 = Bl <318 = B il — 0.
=1 =1

Apa, yn) — y xow agol [|y=)]| — 0,
Ilyll = lim [ly*)|| =0,
n—o0

dnhadn, y = Briz1 + - + Bmm = 0. Ta z1,...,2m éyouv unotedel ypauuxd
aveldptnta, dpa f1 = P2 = ... = fBm = 0. Ouoxg,

160 = lim S 185 = lim 1=
215 = fim 3 16,7 = Jim 1 =1,
= 1=

0 onolo glvan dtono. Autd amodexviel Ty (*).

'Eotw thpa tuydvies a1, ..., am € R Ava; =...=apy =0, t61¢

m
0= ||G,1£l71 + - +am$m|| > CZ|Gi| =0.
i=1

Av A=3%"lai| #0, opllovue B; = a;/A. Téte, 3.1, |Bi| = 1, onbte n (x) dlver

1
||Z(a1:v1 +---+amxm)|| =||f1z1 + -+ Bmaml| > ¢

1, LwodLvoua,
m
larzy + -+ + amen|| > cA =c E la;|. O
i=1
Xpnowomowdvtag awtéd o Afuua, Selyvouue xdmotec Bacxég WLOTNTEC TV YO-

PWYV TETEPACUEVNC LA TAONC:

Ocwpnua 4.1.1 Eoww X xdpos pe vépua, kat éotw Y undywpog tov X mov éyet
renepaouérvn didotaon. Tote, oY elvar mArpng. Eiwdikdtepa, kdle ydpos menepa-
ouérng ddotaong pe vépua elvar mAnipns.
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Anéderdn: YTrodétrovue 6t dimY = n, xou otadeponootue uio Bdon {eq,...,en}
tou Y. Eotw (y™) axohoudia Cauchy otov V. Kéde y(™ ypdopeton povooiuovta
UV YPOULULXOS GUVSVOCUOS TWY €;:

n
Z/(m) = Z aEm)ei-
i=1

Eotww ¢ > 0. Agol n (y(™) eivor axoroudia Cauchy, vrdpyer mo(e) € N tétoloc
Gote: av m, s > my, tote |[y™ —y)|| < e. Anhody, ya x&de m, s > my,

n
||Z(a§m) — ags))ei” <e.
i=1

Ta e; elvon ypouuwxd avegdptnta, dpa, and to Afuuo undpyel ¢ > 0 tétolog GoTe:
yia x&9e m, s > myg,

n

n
CZ |a§m) — aES)| < ||Z(a§m) — ags))ei” <e.
i=1

i=1

EWlwétepa, yio xdlde i = 1,...,n xat xdde m, s > my,

(yrotl;). ‘Apa, yraxdde i =1,...,n,n (aEm)) elvow axohoudior Cauchy oto R. Omére,

LUTdPYOLY ai, . - ., a4, € R TéTOlOL BOTE
agm) —a 5, ... a%m) — an.

Optlovue y = aje; + --- + ane, € Y. Torte,
n
ly =y ™1 <" las = ai™ | fleill = 0,
i=1

Smhodi, '™ = y. ‘Apa, 0V elvou Thfpnc. H

Enueiwon: Ltny Hpebtaon 2.1.5(a) eldoue 6t av (X, d) elvon évac uetpeds ydpog,
té1E (& MAHENG LTdYWESS Tou elvon xAelotdg. H mapathenon auth xou to Oedpenua
4.1.1 éyouv v &g dueon cuvéneta:

Ocwpnua 4.1.2 Eoww X xdpo§ pe vipua, kat éotw Y vrndywpog tov X mov éyet
remepaouéyn idoraon. Tote, oY elvar khewotds ooy X.
Anodedn: And o Oetdpnua 4.1.1, o Y elvar mAreng. a

Egapuoyi: Av X elvai évag anepodidotarog ywpos Banach, téte kdOe fdon Hamel
wov X elvar vrepaptdunoiun.
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Anddern: Tnodétovue 6t o X €yel dmelpn apriunotun Bdon Hamel
€1,€62,...,€En,...

Optlovue Y, = (e1,...,e,). Kdle Y, éyel nencpaouévn didotaom, enouévng elvar
AeLoTHS UTOYWPOS Tou X.
And v AN Thevpd, xde © € X elvon memepaouévos ypauuixde cuYBLACUOS

TV en, dpa
oo
X = U Y,,.
n=1

‘Ouwe, o X etvon mAnpns. To Bewpnua tou Baire uag Aéel 6L xdmotoc Y, €xel un
kevd eowtepikd. Tndpyouvv dnhadf n € N, z € Y),, xon r > 0 tétola dote

{zeX:|lz—z| <r} CY,.

Auté odnyel oe dromo: éotw w € X. Trdpyet A > 0 yio 10 onolo ||Aw|| < r. Tore,
x4+ dw €Y, (yl;). Ouwc z € Yy, xou 0 Y, elvon ypouuxdc urdywpoc tou X.
Apa,

1
w:X((a:—k/\w)—a:)EYn.

‘Eneto 61t Y, = X. Auté elvar drono, yatl o X elvar anepodidotartoc. O

Yuvéraa: Av X elvon évag ypauuxde ytpoc mou €yel dmetpn aprduroun didotoon,
167 6moLa vopUa xt av oploouue otov X amoxheleton var tdpouue ydeo Banach. ‘Eva
Tétolo Tapddetyua wog Sivel o ydpog Pla, b] twv tohuwviuwy oto [a,b] (eEnyrote).

Opgtopds Eotw X évac ypouuwde yopos. Avo vopuee || - || xau || - ||" otov X
Aéyovtan 1000Uvapeg av umdpyouy Yetxol apriuol a,b tétolol wote, Yo xde © € X

allz|] < [lz]|" < bll|.

Ilpétaom 4.1.1 FEotw || - || kat || - || wodbvaues vipues otov X. Av xp,z € X,
TdTE
|z — xn|]| = 0 & ||z — 2] — 0.

(6nkadn, xn, — = otov (X, || -||) av kat pévo av &, —  otov (X, ||-]|"): ot 6o ydpor
éxour akpifds Tis e ouykAivovoes akodoviieg.)

Anédelin: Av ||z — z,]| = 0, ot ||z — zn|| < Lz — 2] = 0. Anhady,
|z — z,|| — 0.
Ouota, av ||z —x, ]| = 0, t61€ ||z —2, ]| < bl|lz—2p| = 0, Snhady

r—x,|| = 0.
O

Ilpétaom 4.1.2 Eotw || - || kat || - ||" wodlvaues vépues orov X. Av A C X, tdre
0 A elvar kAewtd orov (X, || -||) av ka1 pdvo av to A elvar khewotd orov (X, -|')-
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Anoden: Trodétouue 6Tt 10 A elvor xhewot6 otov (X, || - ||). Eow z, € A ue
Ty = ¢ e Tpoc TV || - ||, And v Hpbtaon 4.1.1, z, — 2 wc npoc v || - |, xou
agol to A elvar x\etoTd we Tpoc TV || - ||, éreton 6Tt & € A. Apar, to A elvon xhewotd
ws mpog T || - [I".

H avtiotpogn ocuvenaywyr amodetxvieton evieA® avdAoya. O

Ot 0o autéc [lpotdoeic odnyoly oto e€hc:

Ocwpnua 4.1.3 Avo 10060vapes vopues orov ypapuiks xwpo X opilovv tnr (da
tonoloyla otor X.

Aréderdn: Eva A C X elvar avouytd we mpog v || - || av xow uévo av elvar avolyté
ws mpog Ty || - || (yrath;). O

Auté nou unopel va Setfet xavelc elvon o1, oe éva ydpo tenepaouévne Stdotaorg
onoteadnnote dVo VopUES elvor LoodVVIUES:

Ocdenua 4.1.4 FEotw X ypaupikos xapos nenepaouévng didotaons. Av || - || ka
|| - || elvar %o vipues otov X, téte vndpyour a,b > 0 pe tnr 16idtnta: ya kde
r€e X,

allz(] < [ll|" < bl

Aréderdn: Trnodétovue 6t dimX = n, xou éotw {er,...,en} Ut Bdon tou X.

Ané to AMjuua 4.1.1 (to epapudélovyue yior v || - || kat yia v || - ||), urdpyouv ¢, ¢’
TETOL OOTE, Yol XAE ay, ..., a, € R

n
S lail < llares + -+ + anenl)

=1
YOl
n
/ | < !
c la;] < |laier + - - + anenl|’.
=1
‘Eotw ¢ € X. Tndpyouvv ay,...,a, € R tétol0l dote & = aje; + -+ - + apen. Tote,

1]

n
larer + -+~ + anenll <D Jail Jleil]
i=1

n
< (maxfed) Y-las
isn i=1
max ||e;]| "
< ———¢ > lai
¢ i1
max ||e;
< wﬂalel—k---—kanenﬂ'

1
= Il
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6nov a = ¢/ max||e;||. Ouota,

max ||e;]|’
el = larer + - + anen|l < 22Xl

| = bl

Apa 0 {ntoduevo woyleL ue

c _ max||eg|'

= | b= O
max ||e;]| c

To Oewpnua 4.1.4 uag Aéel howndy 6Tl Ge €va YOPO TEMEPACUEYNS SLdoTaoNg,
OAEC OL VOpUEC ETdYoLV Tnw (Bla Tomodoyla: €va cOVoho elvar avolyTd we TPOC OAEC
g duvartég vopueg otov X 1) 8ev elvon avoryto Yo xoulor o’ ouTES.

KXelvoupe auth tnv moapdypapo He €va Topddetyuo vopuwy mou dev elval Loo-
SOvaee. OewpolUE TOV YROUULXG XMPO oo TwV axohouth®y & = (&) mou €youy
TENEPACUEVOLC To TAKDOC un undevixols dpoug. Anhadm,

1‘6600<:>E|HIENCV]C>TLI, fk =0.

Optlouvue dbo vbpues ooV coo:
o0
l2lloo = max{lé] - k €N}, lell =) [él-
k=1

Hpogpavae, ||z]|e < ||z|l1- Ou deilouue 6Tt Sev undpyet b > 0 tétolog dote
Vee X, ||z|i < b||z]|co-

Av vnpye tétotoc b, 9étovtoc =, = (1,...,1,0,...) Yo elyoue
n = [lzalli < bllenllo = b,

x auT6 yia xde n € N, drono. O X etvon BéBonar ametpodidotatoc.

4.2 YUUTAYELR XOU TENEQACUUEVT] OLACTACT

O opioude g cuundyelag Tou Yo YeNnoLULoToooVUE lvol auTéS TN akoAovdiakiig
ouvurndyeas: ‘BEotw X ydpoc ue vopua. Eva un xevd vtocbvoro M tou X Aéyeton
ouunayés av ya xde oxoroudia (zy,) oto M undpyouv & € M xou vraxoloudio
(@k,,) ™c (zm) TéT0W0 DOTE ||T — Tk, || = O.

m |

IMpotaoy 4.2.1 Av to M elvar ovunayés, tote elvatl kA€loté kar gpaypévo.
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AnédeEn: (o) To M elvon xhetoté: éotw x € M. Yrdpyet (z,,) 010 M ye T, — .
Agob 1o M elvan cuunayég, vndpyovv y € M xor xg,, = y. Aol duwg T, — =,
Vo npéneL o, — . Apo, v =y € M. Anhadh, M C M.

(B) Oa delZoupe 6Tt undpyer A > 0 tétoloc vote ||z|] < A vy xdde = € M.
Ao umdpyovy &y, € M, m € N, ue ||z,| > m. And cuurndyewa, undpyouv
z € M xou zp, — x. Tote, ||zi, || = ||z||. Ouwe, and ty emhoyh oV Ty,
|z, || = oo. Atoro. o

To avtiotpogo tng Ipdtaong 4.2.1 dev elvon owoté. I mapdderyua, ac Yewpr-
oouue 10 M ={e, :n € N} otov £1. Avn #m, 16t€ ||len, — en|l1 = 2.

To M elvor xhetotéd xan ppoyuévo (3elZte t0), ahhd dev elvan ovumayéc. H
axohoudia (e) oto M dev €yel cuyxhivouvoo uraxoloudio: av elye, ot dpot g Yo
gnpeme va elvon TeEAxd 0 évag xovid oTov dAlov, evé omotodritote Sbo an’ autolg
€youv andotaon (on Ue 2.

Oenpnua 4.2.1 FEoww X xdpos nenepacuévng didotaons e vépua, kar éotw B #
M C X. Tére, to M elvar ovunayég av kat pévo av elvar kA€oté kat gpayuévo.

Arnédeldn: (<) Yrodétouue 6t dimX = n, xou éotw {e1,...,en} Yd Bdon tou
X. Eoctw )y, = agm)el + -+ a%m)en, axohovda oto M.
To M elvon gpayuévo, dpa undpyer A > 0 tétolog wote

ai™er + -+ al™ep|| = |loml < A, m €N

Ané o Afuua, undpyet ¢ > 0 tétotog dote
n
CZ |a£m)| <|lzm]| <A, meN,
i=1

xatL, Onwe axpeBhe oty anodelln tou Afuuatog 4.1.1, Beloxovue ki < kp < ... <
km < ...xow a; € R t€t010UC OoTE

Km
alf™) a0 alkm) S,

Optlovue = ajeq + - - + apey. Tote,

n

Iz — 2, |l = |3 (ai — ¥ )eil| < lai — al*™| [lesl| - 0,
=1

i=1

dnAadh ox,, — x. Téhog, x € M agold xg,, € M xou 1o M elvon xhewotod. Kdde
axorowdia tou M Eyet cuyxhivovoa (oto M) uraxoloudia, dpa to M elvar cuunayéc.
O

Ye ypouc menEpacUEVc ddoTaong, Tor cuuTayh elvar axelBoS To XAELGTE o
pearyuéva ohvola. Y Toug AnelpodldoTaToug YMeoug auto tavet va toylet. Ko udii-
ota, 1 povadialo undha Bx evdc anelpodidotatou ydpou X dev elvor moté cuumayhic.
H anédei&n autod tou anoterécuatog Baotleton oe Eval YEWUETPLXG AR
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Afppa tou F. Riesz (1918) Eotw X ydpos pe vépua, xar Y, Z vrdywpor tov
X. TmoOérouue dut 0 Y elvar khewotds, yvriowos vndywpog tov Z. Tote, ya kdle
0 € (0,1) vrdpyer z € Z téroo dote ||z|| =1 ka

d(zY) = nf{||z — gl y € Y} > 6.
ArédetEn: OY elvon yviotoc undywpeos Touv Z, dpo undpyet v € Z\Y. O Y elvon

xhewotoc xar v ¢ Y, enouévec undpyet 1 > 0 tétotoc Bote D(v,r)NY = . Anhadr,
[lv =yl > 7 yia xdde y € Y. Eneton 61t

d(,Y) =inf{|lv —yl|:y €Y} =a > 0.
Agol 0 € (0,1), éyovue a/f > a. Apa, undpyet Yo € Y tétol0 tdoTe
a
llv = woll < Ik

Optlouue z = IIZ:ng (mpogavixs yo # v, dpa |[v — yo|| # 0.) Tére, ||2]| = 1, xon
z € Z ywtl v,yp € Z xou 0 Z elvon ypouuixos undywpog tou X.

Oa delfouue 6t ||z —yl| > 0 yra xdde y € V. Mpdyuart, av y € Y éyouue:

R ) _ ||v=(wo +1lv = wolly)
lz=yll = |i—F—v||=
[l = oll o= yoll
_ v =(yo +1lv —golly)ll o llv = (o + llv = yolly)
[l = oll - a/f
a
> — =40
- a/a Y
vyt yo + |[v —yolly € Y (0 YV elvar undywpoc). i

Ocwpnua 4.2.2 Eoww X ydpos pe vipua. O X éxel nenepaouévn didotaon av
kat uévo av n Bx elvar ovunayng.

Andden: Av o X éyel nenepacuévr Sudotaon, téte ) Bx elvar cuumayhc: €xouue
del 6Tt ) Bx elvar TdvTa XAELOTO Xou PparyUEVo GUVONO, OTOTE TO CUUTERUCUA ETETOL
and 10 Oetpnua 4.2.1.

Méver va det&oupe ot av o X elvon anelpodidotartog, tote 1 Bx Sev elvar cuu-
nayfc. Oo 1o del&oupe xataoxeudlovtac wid axohoudia (z,) otov X ue ||z, ]| = 1,
n € N, nou wavornotel Ty

N | =

(téte, n (@) meptéyeton oty Bx xau elvon gavepd 61 Sev €xel ouyxAivouoa uraxo-
houdia.)

1. Zav 21 emAéyouyue onotodrnote Sdvuoua tou X pe |jzq|| = 1.
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2. Emdoyn wov z2: O Y7 = (z1) éyel nenepoouévn didotaon, dpo elvon xhetotég
unoywpeog ou X. Agol o X elvar amelpodidotatog, o Y elvon yvriolog undyweog
wou X. Egopudélovue to Afuua tou Riesz ue Y =Y, Z = X xouw § = 5: undpyet
Ty € X e ||z2]| = 1 xon d(z2, Y1) > 1/2. Eldwdtepa, agold z1 € Y7, BAémoupe 6Tt
|22 — 21| > 3.

o~

3. Ernaywyikdé Bripa: Trodétovue 6Tt €youy emtheYel o X1, . . ., Tk ETOL OOTE ||Tp —
Tl > 1/2avn #m, n,m € {1,...k}. Opllovue Y}, = (z1,...,zx). Onwe npwy,
0 Y} éyel menepacuévn ddotao, dpa elvon xAeloTdg xou Yvioloc undywpog Tou X.
Ané to Afuua tou Riesz ue V =Yy, Z = X xou 0 = %, undpyer zp1 € X ue
|ze+1ll =1 xou d(xg41,Ye) > 1/2. Aol z1,. ..,z € Yy, éncton 610

I
loes il > 5, G=1, 0k
Mol ye v enaywywr unddeoy), autd onualver 6t

lza]] = llz2ll = - .. = [lepa )l = 1,

xat, av n #m oto {1,...,k+ 1}, t6te

1
n—Tml > =.
n = 2mll >

Enaywywd, opllovue axohovdia (z,) ue tic Wiotntee mov YEAoUUE. i
Ac Yuundolue tdpa LepES EQUPUOYES TNG CLUTEYELOS OTLS CUVEYElS GUVORTH-

OELC METOED UETPLXWY YOPWV:

() Av T : (X,d) = (Y, p) ovvexris ovvdptnon, ket M C X ovunayés, téte to

T (M) elvar ouunayés.

Anodein: Eotw (yr) oxohovdo oto T(M). T xdde k vndpyer z, € M tétolo

oote T(xr) = yr. To M elvou ovunayée, dpo undpyouv (z,) xou © € M e

zy, — x. H T elvon ouveyhe, dpa T(z, ) = T'(z). Ouwe, T(xk,) = Yk, Apa,

Y, = T(z) € T(M). O

B) AvT : (X,d) = (R, |-]) ovvexris ket M C X ouunayés, téte n T malprer uéyon
kat eAdyroTn Tiun oto M.

Anédergn: To T'(M) elvon cvunayéc uToclvoro Tou R, dpa XAELGTO XaL QEAYHEVO.
Ago0 elvar gpaypévo €yel sup xou inf, xau ool elvar xhelotd, 1o sup elvor max xow
o inf elvor min. Anhadr, vndpyouv a,b € R tétoia dote a < T'(z) < b yio xdde
x € M, xou ta a,b etvon tuéc tne T oto M: Trndpyouy z1,x2 € M tétowa dote

T(x1) =a<T(z) <b=T(x2)
yio xdde x € M. a

Tougwva ue 1o Oedpnua 4.2.2, npénel xavelg vo elvor oA TPOCEXTIXOS UE V-
T{oTOLYEC TPOTACELS VLo XAELGTE X0 QPEAYUEVA UTOGUVORA AMELPOBLACTATMDVY YDPWY:
Tal XAELOTE o Qparyuéva Sev elval TaVTA GUUTOYT], X0 1) GLUTEYEL TaY TOAD OU-
oot yior Ty anddetin v (o) xou ().
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4.3 Aoxvoeilg

1. Eoww || - || xou || - ||" 300 woodbvaues vépues oto ypouuixd ywpeo X. Acei&te ot
untdpyeL ouotopoppiouos f 1 Bix ) — Bix,.|1)- Aniadh, n f elvor cuveyrc, éva
Tpog évar xou emt, xan 1 F1 etvan ouveyTC.

2. (o) AciZte oty xdde 1 < p < ¢ < +00, 0 £, TepLéyEToL YVAOLYL OTOV {4, XOL O
¢, mepLéyETOL YVTOW OTOV Co.
(B) E€etdote av ot vopuec || - ||p o || - || glvon toodbvapues otov £, (p < q).
(v) E€etdote av woylet co = Uy <pe oo bp-
3. Act&te v e&hc mapahhayn Tou Afupatoc tou Riesz: av o Y elvor undywpog tou
X mou éyel nenepoaouévn didotaor, tote undpyel ¢ € X e ||z|| =1 xou d(z,Y) = 1.
Yrddeén: Mdpte v € X\Y. O Y elvan xhewotéc, doa d(v,Y) = a > 0. Bpelte
Yn €Y tét0100 G01E a < || —yy|| < a+ L. H (yn,) mepéyetor o8 xotdhhnhn xhetoth
umndAa tou Y, n omola elvon oupraynig.
4. AcelZte 6u évac uetpindec xopos (X,d) mou éyel dnelpa onueia oL UETEXH THY
dranepLt) weTpLxy, Sev elvon cuuTayhC.
5. Av o X elvar ouumayrc uetpdg ywpeog xou 10 M xAewotd unoclvolo touv X,
161€ T0 M elvon ovumayéc.

6. Kdlde ovumayrc uetpunde yweog etvon Staywpelowiog.

Yrédeitn: Ouunideite tov l0odlvauo oploud e cuumdyeag and Ty «Avdivon Ily.
7. Botww X,Y uetpwol ywpor, o X ocvunayhc, xar T : X — Y ouveyng, €va mpog
éva xau enl. Ael&te 6t 7 T~V - X elvau ouveyng.

8. Ytov yopo C[0, 1] Yewpolue tn ouviin vopua || f|| = maxseio,1) | f(t)|- Xe xdde

ulor amd T ToPOXATw TEQLNTWOELS, Bpelte To cbvolo

{ge K:|If —gll=d(f, K)}.

(o) K elvor to 6Uvoho twv otodepldv cuvapthoewy, f tuyoboa otov C10, 1].
(B) K = {ax :a € R}, f otodepn.

(v) K ={g€C[0,1] : g >0, [ g(t)dt > g(0) + 1}, f = 0.
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Ynodellelg - anavifoetg

1. Oul|-]] xou ||-]|" etvon toodbvayueg, dpo undpyouv a, b > 0 tétolo dote allz|| < ||z]|” < bl|z|]
vy xéde x € X.
Opiloups f : B(X,ll'\l) — B(X,||-\|’) 945 f(O) =0 xou

_ =l 7
flx) = ||m||’$’ x #0.

(o) H f elvon xohd opiouévn: av & € Bix .y, © # 0, téte ||z|| < 1 dpa

[l
1@ = =Fllzll =zl <1,

IR

8‘{])\0(8‘!’] f(l‘) € B(X,||-\|’)~ Avze = 6, 01€ f(l‘) = 6 S B(X,||-\|’)-

(B) Aciyvouue mpdra 0 cUvEXEW TS f: oV Ty — Lo WS Tpoc TV || - || xou zo # 0,
161€ and VY Lwoduvauio Twy vopu®y Tatpvouue ||z, || = ||zoll, Tn — To wg mpoc TV || - ||’
(ywatl;) xon ||znl|” = ||zol|” > 0, ondte and tn cuvéxela Tou TOANATAACLAGHLOD WS TEOS TNV
|- |I" ouurepaivouue 61

we mpog v ||+ |
Av ||zn]] = 0 téte ||z0]]" = 0 amd v wwoduvapla Twv vopudy, xat ||z, ||/||z.|" < 1/a
av zn 0 f(zn) =0 av z, = 0. Xe xdde neplntwon,

1 b
n ,<_ n ,<_ nl|| —
1f(za)ll" < —llznll” < =[lzall = 0,

Srhad” f(z,) — 0= f(0). Encton 6t 1 f elvor cuveyfc.

(v) H f elvon enl: av y # 0 xou lyll" < 1, t6te o = = (lyll'/llylDy éxer vépua
llzll = llyll" < 1 xon (eréyEre 10)

-
~
8
N

I

= T =y.
[z’

(8) H f elvow éva mpoc évar: av f(z) = f(z1) xon & # 0, téte 1 # 0 (yol;) xou

llz]] [l ]
(*) x = 1.
el

Avuté onualver 6tL 1oz, 1 elvon cuyypauuxd xou udhota ¢ = tx1, t > 0. Apa, 1 ()

nalpveL T Lop®N
el _ tll=]
el el

tr —=zr=tr=—=1t=1,

onéte x1 =x. Av rdh z =0 xau f(z1) = f(0) = 0, elvon pavepd bt 21 =0 = .

(E) H f_l . B(X,||-\|’) — B(X,ll-\l) Op[CETO(L and myv

“ry oyl
W=,y
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‘Onwe oo (B) Seiyvouue bt n 1 elvon ouveyhe. Apa, 1 f eivor ouotopoppLoude.

2. (o) Eoww z = (&) € £p. Tote Y oo, |k[P < 400, dpa [€x| = 0. T peydha k €xouue
0 < |€k] < 1 xon agod p < g Prénovpe 6L 0 < |€k]? < [€k|P. And xpithplo clYxpeLomg
> orey k]? < 400, Snhadh @ € £y. Apa, £y C 4.
O eyxhewoude eivan yvhowoc. To z = (1/kY/?) € £\l (yiati;).
(8) T xdde n € N opllovue z, = (1,...,1,0,...) (n wovddec xar UETE UNdEVLXA).
Tore,
|zally _ n'/?

1_1
= =nr 7 — 400
[znlly  n/a *

6tay n — 00. Anhadh, Sev urdpyel b > 0 tétowo dote ||z||p < blz||q Yo x&de x € £,. Apa,
ot 8Vo vopuec dev elvar Loodhvapues.

(v) Hodpvouue & = m, k=1,2,.... Téte, & — 0 btav k — 00, duwe to xpLthpLo
ouunLXVWoTNG delyvel 6t

Zlnk+1 =t

1

k=
vy x&9e p > 1. Apa © = (1n(k1+1))k6N € co\ Up>1 &p.

3. Eow v € X\Y. Ago0 o Y éyeL nenepacuévn Sudotaon, elvar xhetotdc undywpoc tou
X, xow agol v ¢ Y éyovue d(v,Y) = a > 0. Ia x&dde n € N unopodue va Bpolue y, € Y
UE TNV WLoTNTYL

1
a<|lv—yall <a+—
n

(Buundette Tov optoud e d(v,Y)). T xdde n € N éyovue
1
lyn =yl < llyn —vll +llv —yll <20 + 14— < 2a +2.

Anhadyy, n axoroudia (yn) neptéyxeton otnv B(y1, 2a+2) mou elvon cuunayég ocbvolo yiatl o
Y éyel nenepacuévn ddotaon. Apa, vndpyel voxorouvdia (Yk, ) ™S (Yn) VE Yr, = Yy €Y.

Téte, |lv—yl| = lim ||v — yn|| = a. AnhadA, undpyer TAnctéotepo Tpog To v ornuelo Tou
Y. Suveylovue énwe otny omédetin tou Afupotog tou Riesz. Optlovue z = (v —y).
Téte ||z|| =1 xow yia xdde z € Y

v
Iz — 2|l = [[— -2 > =1
a a a a

)

yiotl y +az € Y (oY elvor ypauuixdg undyweog touv X). Act€aue 6t d(z,Y) > 1 xou
agol d(z,Y) < ||z — 0] = ||z|| =1, éyxouvue d(z,Y) = 1.

4. YTrdpyet axorovdia (z,) otov X ue x; # xj av i # j (0 UETPOS LS Y WpOg EXEL dTELPL
onuela). H (zn) Sev uropel va éxer suyxhivovoa vaxoroudia: av (z, ) elvon onoladhrote
vraxohovdia g (zn), TéTE Y xdde n # m éyxovue d(zk,,Tk,,) = 1 (yrazl;), ondte
(zk, ) dev elvow Cauchy (dpa, 8ev ocuyxhivel). Bprxaue axoloudia otov X nou dev éyet
oLyxhivouosa uraxohoudio. Apa, 0 X dev elvan cLUTAYAS.

5. Eotw () axoloudia oto M. Agod z, € X xou o X elvor cuunayhg, uTdpyouv
vraxohovdia (zk,) ™e (zn) xaw z € X tétowa Bote T, — . Ouwc Tk, € M xou 1o M
elvaw xhewotd, dpa x € M. Autd anodewxviet 6t to M elvan cuunayée (yoti;).
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6. I xdde n € N unopolue va ypdpouue

X = J D(,1/n).

r€EX
Agol o X elvar ouumayrg, UTAEYOLY Tni, - .., Tukn) € X TéTOL OOTE
X = D(xn1,1/n) U...UD(xpkm), 1/n).

Opllovue M = {zn; :n € Ny j =1,...,k(n)}. To M elvow apruioyo we aptduiolun
€vwoT TeEnEpacUEVRY cLVOAWY. Oa delfouue 6Tt elvan Tuxvd otov X.

Eow z € X xou e > 0. Yrndpyer n € N tétowo dote 1/n < & xou vndpyer j <
k(n) tétowo dote © € D(znj,1/n). Téte, xn; € M xou d(z,znj) < 1/n < &, dnhadh
D(z,e) N M # 0. Apa to M elvor muxvd xon, agod to M elvar apdufoyio, o X elvor
dlaywploLuoc.

7. Botw éunT™' Y = X Sev elvon ouveyhic oe xdmoto yo. Téte undpyouv € > 0 xou
Yn — Yo TETOLL WOTE d(Tﬁlyn,Tflyo) > e v xdde n € N. Oewpobue o, = Tflyn HOlL
Tro = T71y0 e X.

O X elvan ocuunoyic, dpa undpyet vtaxoiouvdia (Tk, ) e (Tn) UE Tk, = w € X. And
) ouvéyewa g T nalpvovue yi, = Txr, — Tw. AQod yn — Yo, EXOVUE Yk, — Yo, dpa
yo = Tw. Anhadn,

Tk, = T_lykn - w = T_lyo.

Auté elvor drono, yotl d(T  yr,, T 1yo) > € yia x&de n. To &romo delyver 6t n T7!
elvar ouveyTc.

8. (o) Eotw f € C[0,1] xau M = max{f(¢t) : 0 <t <1}, m=min{f(¢): 0 <t <1}. Ay
g € K, t6te g(z) = c € R oto [0,1]. Araxplvouyue tpelc neptntdoeLc:

l.e<m=|f—-gll=M—-c>M-—m.

2.¢c>M=|f—gll=c—m>M —m.

3.m<c< M =>||f — gl = max{}M —c,c—m} > sz,

Ané o mapoamdve éreton 6t d(f, K) = M2 = d(f, go) émou go(x) = 2E2 o710 [0, 1].

(B) Eotww f(z) = ¢, z € [0,1]. Téte, yia xdde g(x) = ax oto K éyouue ||f — g|| =
maxo<e<1|c — az|.

1. Ave >0, téte Shec oL g(x) = ax ve 0 < a < 2¢ wavonoovy y ||f —g|| = c = d(f, K).
2. Av ¢ <0, t6te bheg oL g(z) = ax ue 2¢ < a < 0 wavorowdy Y || f —gl| = || = d(f, K).

(v) Av g € K, t61e ||lg — fIl = maxo<z<i [9(2)] = maxoca<i1 g(x). Ouow,

(+) 1<g)+12 [ g0 < max (o)

Apa |lg — fIl > 1, xow agod n g € K Hrav tuyoboa, d(f,K) > 1. 'Ecw 6t undpyet
g € K vy v onola [|lg — f|| = 1. Téte éxovue wotnta otny (%), doa 0 < g < 1 xon
fol g(t)dt = g(0) + 1 = 1, ondte 1 g elvan cuveyhc ouvdptnon ue g(0) =0, 0 < g < 1 xou
fol g(t)dt = 1, 1o ornolo elvon drorno (yrati;).
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Ané v éhn mhevpd, d(f, K) = 1. Tlpdypat, v xdde wixpd e > 0 opilovue g-
we g:(0) = 0, g = 140 oto [6,1] xo g ypoauuxh oto [0,e]. Av § = %7 éte
fol g=(t)dt = 1. Apa, g- € K xau

€/2

"Eneton 61U

d(f’K) < eEI(I)IJr (1+#:/2)> =1.

Apa d(f, K) =1, ad\d dev vrdpyeL g € K pe v Woma ||f — g|| = d(f, K).



Kscpo’c)\ou.o D

TeheoTég xoL GUVAETNCOELDT,

5.1 ®Ppayuevol yeouuLxol teAecTEG

‘Eotw X xow Y d0o ydpol pe vopua. Ipapuikds tedeotns and tov X otov Y elvon
ploc ameweovion T 1 X = Y mou ueavomotel tny

T(Azy + pxe) = AT (z1) + pT'(z2)

yioe xdde 1,22 € X xou A, 0 € R T ouvrouia o ypdgpovue Ty, T'xy xhw, avtl
yioo T(z1), T(z2).

O nuprjvag tou T eivow to obvoro Ker(T) = {z € X : Tz = 0}, xou n etcdva tou
T eivaw o obvorho R(T) ={y € YTz € X : Te =y} ={Tz:z € X}. O nuphvac
xow 1) exxéva evée ypauuwoL teheoth T : X — Y elvan ypauuxol undywpol twv X
xou Y avtioTouya.

Ou X xou Y €youv tonoloylo mou endyeton amd TLC VOPUES TOUC, UOC EVILOPEREL

Aountov var Solue ToTe évag Yeouixog tehecthic T X — Y elvon ouveyns. Sexwvdue
E TOV 0pLoUb TOL @payuévou TEAEOTH:

Ogiopol (o) Eotw X xou Y ydpol ue vépua. Evae ypouuwxde teheotic T : X = Y
Aeyeton gpayuévog ov undpyel otadepd ¢ > 0 TéTola HOTE

(%) ITz|ly < cll2l|x

v xdde z € X (ywplic xivduvo abyyvong, oto e&fc Ya ypdipouue amhads || - || xon yiot
g 800 vopuec.)

(B) Av o T elvou gpayuévos, opilovue ™ vdpua ||T|| tov T cav ) ixpdtepn
otadepd ¢ v Ty omola N (x) wydel yia xdde z € X.

e Auté to min undpyeL: Yewpoliue t0 cOVoho

Cr = {e>0: ¥z € X, ||Tal| < dlz|}.

83
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Av o T eivon gparyuévoc, autéd 1o cOVORo elvar un xevd xot xdtw @eayuévo and to 0.
"Apat, oplleton 1o inf Cr xon woytet inf Cr € Cr yiatl to Cr elva xhewotod (doxnon).
Apa, 1

IT|| = min{c >0:Vz € X, [|Tz| <c|z|}

optleton xaAd, xan txovomolel Ty

1Tl < [IT[| l=]], =€ X.

"Evag dhhog, e€icou yprowuog, tponog optopod tng vépuag tou T' diveton amd Ty
oaxdhoudn mpdTaoN:

IMpétaon 5.1.1 Eotw T : X = Y ¢payuévos tedeotrs. Torte,

|| z|]
|IT|| = sup =———+ = sup [|Tz| = sup ||Tz|.
Dllell T aen lz||=1

Anddeldn: Av x # 0, tote 10 y = x/||z|| €xeL vopua |ly|| = 1. Apa,
Tx
7l _ |z (“ ”) | =Tyl < sup |||l

||l lzl|=1

Aol to & # 0 Arav Tuydy, xon agol {z : ||z|| = 1} C Bx,

T
] < sup [|Tz|| < sup |Tz]|.
220 ||| qu_ 2B

(1)

Anb v &M Theupd, av & € Bx \{0}, téte

Tx Tx
T < | Tz|] < sup I ||’
llzll — 2z0 |l=ll
dipot
(2) sup ||Tz|| < sup ]
2€Bx w0 |zl

Ané g (1) xon (2) émeton 6Tt o tpia sup tne Hpdraone elvon ioa.
Ané tov oploud e vopuac éxovue ||Tz|| < ||| ||z|| < ||T|| yio xéde 2 € By,
ETOUEVWC

3) sup [Tz < [|Tl-

r€Bx

Téhog, ago 1 ||T]| elvon n utxpdtepn otadepd yior tv onola ||Tz|| < cf|z|| yio x&de

x € X, xan ool
17|
1Twl] < (su T ) el
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yio x&de w € X, éyovue

Tz
(1) 17| < sup L2
270 [l
H rpdtn woétnra tne Mpbraone éneton thpa and i (3) xon (4). O

H enduevn Hpdtaon dixarohoyel Tov 6p0 «vopUd TEAEGTA:

Ilpétacn 5.1.2 Fotw B(X,Y) to olvolo twv gpayuévar tekeotdv T : X — Y.
To B(X,Y) elvar ypappuixds xdpos, kav n || - || : B(X,Y) - R ue T — ||T|| elvar
vopua.

Anodedn: AvT,S: X = Y gpayuévol teheotéc xan A € R, téte
() [[AT)a|| = [AT|| = [A[ [Tl < AT flz]l, dnhadh o AT elvon gporyuévoc xou
[IAT|| < |A|T)]. Emmiéoy,
AT = Sup, A T'z|| = Sup, AL [T]| = |A Sup, [T|| = AT
"Apa, xavoroteiton to (N3).

B) 1T +S)z|| = |Tz+Sz|| < Tl +|Szl| < (T[] l2[[+IS1] llzll= QTN+ ST 1],
dnradh o T' + S elvon pparyuévocg, xou

1T+ S[I < I + IS]]-
‘Eneton to (N4), xot 10 61t 0 B(X,Y) elvar ypopuixde yweoc (oe cuvduaoud Ue 1o
TPONYOVUEVO).

Téhoc ||T] > 0 (mpogavéc), xar av ||T|| = 0, t6te 0 < ||Tz|| < ||T|| l|z|| = 0 yra x&de
z€X,dMadh ||Tz||=0= Tz =0ywaxdde z € X. Apa, |[T||=0=T=0. O

IHogadeiypota (o) H tavtotikn araicdvion I : X — X elvor @poryuévog TEAecTAC,
Xt
1]l = sup [[Iz]| = sup ||z[|=1.

llzll=1 llzll=1

(B) Oewpolue 1o ypauuxd yodpeo P[0, 1] twv tohvwviuwny p : [0,1] = R, xou optlovue
T : P[0,1] = P[0,1] ue Tp =p' (n mapdywyoc ToAuwvOUOL EVOL TOMIWYLUO, 8pd O
T opileton xahd.)

EOxoha eNéyyouvue 6t o T elvon ypouuixde TEAEOTHC:

T+ pq) = Ap+pg) ="+ pg' = XTp+ pTq.

‘Ouws o T dev elvon gparyuévos: €otw py(t) = t". Ltov P[0, 1] Yewpolue we cuvhdung
v [Ipll = maxiep [p(t)], dpa lIpnll = 1, n € N AN pp,(8) = nt"™", dpo
[[pL,]] = n. Enetor 6T

sup [|Tpll > [|Tpall = lIppll = n
lpll=1
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yia xdde n € N, dpa o T Sev elvan gpayuévos (yroris).

(v) OloxAnpwtikol tedeotés. Oewpolue tov C0, 1] ue vépua v
If]l = max [f(#)],

te[0,1]
XOL ULYL GLVEYY| GLVRTNOT
K :[0,1] x[0,1] = R

Optlouue T : C[0,1] = C[0,1] ue

(TF)(t) = / K(t,)f(s)ds.

H K Nyetou muprjrag touv T'. Ilpéner vo det€ouue 61t o T elvor xahd optouévog,
Inhadn 6L n T'f elvan cuveyhc: €youue

(THE) - (THE) = /O{K(t,S)—K(t',S)}f(S)dS

IN

/0 K (t5) — K (£ 5)] |£(s)]ds

IN

17 / K(t,5) — K (¥, 5)|ds.

‘Ouwce, n K elvon ouotduoppa cuveyhic oto [0,1] x [0,1], dpat av ude Sdoouy € > 0
urdpyet § > 0 tétotog dote

[t —t'| <6 =Vs, |[K(t,s) — K(t',s)] <e.

Apa,
t = 1| <6 = [(TH)E) = (THE) < NIflle,

x awTé amodewviet Tt ouvéyela tne T f. H ypauuixdtnto tou T’ eéyyeton ebxola.
[ var det€ouue 6t o T elvan paryuévog, TapaTnEoUHE OTL AOYW GUVEYELNS TOU
nphiva I undpyet M > 0 pe tnv iétnta | K (¢, s)| < My xdde (¢, s) € [0,1]x[0,1],
onote

(THW)| = / K(t,5)f(s)ds| < / K (1, 5)[|£(5)|ds

IN

1
M| / ds = M| f]|

yior e t € [0, 1], dgar T ]| < MIIf]I

H ITp6taon mou axohoudel meplypdpel TOUS QPOYUEVOUS YPUUULXOUS TEAECTES
ToL 0ptlovTaL Ot YWEOUC TEMEPACUEVNS dLdoTAOTG:



87

Ocwpnua 5.1.1 Eow X,Y ydpor pe vépua, dimX =n < oo, ket T : X = Y
ypaupixos tedeotris. Tote, o T' elvar ppaypévos.

AréderEn: Eoww {e1,...,en} pia Bdon tov X. And 1o Boowd Afuua touv Kega-
Aadov 4, av T = arer + - - - + ape, € X, TOTE

n
CZ lai| < llater + -+ -+ anen|| = [|2]],
i=1

6mou ¢ > 0 otadepd mov e€aptdtan wévo amd T vopua xan T Bdon tou X. Eneton
oL

n n
Tzl = ||T(Z Giei)” = ||ZGiT6i||
i=1 i=1
< ol e < (pmax I7e) 3 o
i=1 == i=1
max ||Te;]|
< ——lzll.
Apa o T elvon pparyuévoe, e ||T]| < (max; ||Tes|)/c. |

duotohoynd, évac yoouuxée tekeotic T+ X — Y da Aéyetan ouvexns av yLa
xde zg € X xow e > 0, undpyel d = (e, o) > 0 téTol0g dhote

|z — 20| <6 = ||[Tx — Txo|| < €.

IoodOvoua, av: x, = = otov X = Tz, = Tz otwov Y. Oa dellouue 61 évag
yYoouuxog terectic 11 X = Y elvan cuveyhc av xon uévo av efvon gpayuévoc.
Ocevpnua 5.1.2 Eoww X,Y ydpot ue vépua, kar T : X =Y ypappukds tekeotrs.
() OT elvar ovvexris av kar pérvo av elvar gpayuévos.

(B) Av o T elvar ouvvexns o€ éva onuelo zp, tote elvar Tavtol ouveys.

Amnéderdn: (o) Eotw 6t o T elvon ouveyrc. Tote, elvar cuveyhic ato 0. Halpvovtog
e =1>0, Beloxouue § > 0 tétol0 WoTe

lz]| < 6 = ||Tz|| < 1.
Ouwg téte, yia xdde y # 0 Yewpolue to dy/2||y|| (mou éxet vépua uxpdtepn and

d), xou Ypdpouvue
7 (5) | < 1= ol <
2|yl 67

‘Ereton 6t o T ebvan gpaypévos, xau [|T| < 2.
Avtiotpoga: unodétouue 6t o T elvon gparyuévog, xon Yewpolue tuydy zg € X.
Av x, = xg, t61€

ITzn = Txol| = IT(zn = zo)l| < ||IT| l|zn = 2oll =0,
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dpot T'xy, = T'xo. Anhadn, o T' elvan cuveync.
(B) Yroétouue 6Tt o T elvar cuveyhc oto xo. Eotw yo € X xat yp, — yo. Oéhovue
v, del&oupe 61t Typ — Tyo. 'Ouwc, yn — yo + To — o (yLotl;), dpa

T(Yn — Yo +x0) = Tyn — Tyo + Txo — Ty,

an’ 6mou €neton N Ty, — Tyo. |

K\elvouue aut) Tnv mopdypapo UE UEPIXES AMAES TORATNPHCELS TAVW GTOLC PPy Ué-
VOUC TEAECTEC:

1. Avo T : X = Y elvaw gpayuévog, téte 0 KerT' elvon kAetotds undywpos tou
X.

2. AvoT: X =Y elvon pparyuévog, xouw X' elvon évag undywpoc tou X, té1€ 0
neploptonde Tou T otov X elvon pparyuévog teheoTthc.

3. 'Eow Y ydpoc Banach, xou Ty : Xo = Y g@payuévog teheathic mou oplleton
o’ évav muxvo undywpo Xg tou X. Tote, o Ty enextelveton xotd Lovadixd
Tp6T0 ot Ppayuévo teheot| T : X — Y we ||T|| = ||To]l-

H anddeln autehv v Lloyuplotdy aghvETIL Gy doXNGT GTOV AVAY VOOTH.

5.2 Tpoppixd cuvocp'cv]csosLS'r']

Eotw X ypauuwxdg yweog. Yuvaptnooedég etvon €vag ypoauuxog tehectic F: X —
R. Av o X elvar ydpoc pe vopua, T6TE T0 cLVAPTNOOEWES F' AéyeTon gpaypéro oy
elvon gparyuévoc teesthc and tov (X, ||-]]) otov (R, |-|). Enopévec, 6,1t anodellaue
OTNY TEONYOVUEVT TapdYpaPo UETAUPERETAL aUTOVCLO ESW:

Ocwpnua 5.2.1 Eoww X ydpos je vipua, kat F' : X — R ypaupuké ovvaptnooet-
0éc. To F elvar gpayuévo av vrdpyet ¢ > 0 tétowog wote, ya kdle x € X,

|F(z)| < cll=]].
H véppa wov F elvar n pikpdtepn térowa otallepd, kat woovtal pe

IF|l = sup |F(z)|. O
llzll=1
TMapadeiypata (o) H vépua tou yodpouv X # {0}, ||+ ]| : X = R dev elvor ypouutxd
ouvaptnooeéc. Av frav, Y elyoue ||z]| + || — z|| = ||z + (—=)||, dnhad? 2||z|| =0
yia xdde = € X.

(B) Oewpotue tov X = R, xou otadeponotodue a = (aq,...,a,) € X\{0}. Opilou-
ue F': X = R, ue

F(m):F(glaygn):alfl"‘+an£n
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H F eivor ypouuixd cuvaptnooetdéc (10 «EowTeptxd YWOUEVOY UE T0 a). Av otov
R™ Yewprioovue v Euxheldela vépua || ||, tote and v avicdtnra Cauchy-Schwarz
nolpyvouue

|F(£L’)| |a1£1 +"'+an£n|

n /2 , 1/2
(zw) (zw)
=1 i=1

= llall fl{-

IN

Anhadn, to F elvon ppayuévo ouvaptnooedée, xou ||F|| < |lal|. Entmiéoy,

|F(a)| = af + -+ aj, = [lal?,

Anhodn,

[Ell = [lall-

(v) Opilovue F : Cla,b] - R ue F(g) = f;g(t)dt. To F elvar ypolxd ouvoptrn-
coewéc otov Cla, b], o

b

[F(g)] < / lg(#)|dt < <maX |g(t)|> (b—a)=(b—a)llgll
@ t€la,b]

"Apa, 0 F elvon pporyuévo xou ||F|| < b—a. Av ndipouue oav go T otodepr; cuvdptnon

go(t) =1, téte ||go]| = 1 xou

1]l = Sup, [F(9)] = |F(g0)] = b—a.
g =

Aga, |IF|l = b - a.

(8) Ocwpolue mdL tov X = Cla,b] pe vopua v [|g|| = maxe(q,p) |9(t)], otodepo-
ToLolUE xdmoto ty € [a, b], xou optlovue F' : Cla,b] - R ue F(g) = g(to).

H F eivor ypauuxd ouvoptnooedéc, xou |F(g)| = |g(to)] < |lgl]- Apa, || F|| < 1.
Malpvovtac go = 1, eéyyouvue ot || F|| = 1.

Opriouog 'Eotw X ywpog ue vopua. O ovikds ywpos tou X elvan o ypouuixdg
Y®poc X TV PpayUEVRY YRoUUXWY cuvapTnooed®y F 1 X — R. Aniody,

X* = B(X,R).

O X* elvon unxevéc: nF: X — Rue F(z) =0 yia xdde € X, elvar gporyuévo
Yeouuxd cuvaptnooedés. To noapadelyuoata tou mponyhdnxay delyvouv ot av m.y.
X =R" 4 Cla,b], t61e 0 X* elvar mohd «mhovatdtepocy and to {0}. Ttnv mporyua-
TOTNTA, Yo x&de Ypo X Ue vopua, 0 X* nepléyet ToAG un TETPLUUEVA QPparyUEVaL
ouvapTNooedY. Autd duwe anontel apxet| Sovketd (Oedpnuoa Hahn-Banach).
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Oprowds Eotw X ypauuixde xdpog, xaw W ypouuixog undywpeog tou X. Opilou-
ue 1o xapo mniiko X /W oa ypouuxd yopo we e€hc: opilovue mpdta uta oyéon
tooduvautog ~ otov X, Yétovtog

r~y<=—=zc—yecw

Téte, o X/W elvan 0 ydpoc twv xhdoewy tooduvaulog [z] = & + W e npdletc tig
Alz] = [Az] xou [z] + [y] = [z + y]. Hopatnehiote ot [2] = 0 av xow ubvo av © € W.
Aéue 61 o W éyer ouvdidotaon 1 otov X av yio 1o Yweo tniixo X/W éyouvue
dim(X/W) =1. Av o W éyel ouvdidotaon 1 xaw zg € X, 161 0 29 + W Aéyeton
vnepenimedo.
H Ipétacm mou axoloudel, Sivel Tn oyéon avaUESH O LTOYWEOUS CUVBLACTAONS
1 xon ypouuixd cuVoETNOOELSY:

IMpotaocy 5.2.1 Eoww X ypaupikis yopos, kar W ypappuikds vndywpog tov X. O
W éxer ovvdidotaon 1 av kat pévo av vrdpyel un undevikd ypaujiks ouvapTnooeldég
f: X >R pueKerf =W. Ado ypaupuxd ovvaptnooadn f,g éxovr tov (bo wupriva
av kai uévo av vrdpyer B # 0 térow dote g = Bf.

Anéden: Eotww f: X = R, f # 0 ypouuxd ovvaptnooedéc. O muphivac W =
Kerf tou f elvar ypopuuixds undyweoc tou X, xown f : X/W = Ryue f(a + W) =
f(x) elvon oouopproude yoauuxdy xoewv (yat;). Apa, dim(X/W) = 1.

Avtiotpoga, av o W éyel cuvdidotaon 1 otov X, t6te UNdpyEL LoOUOPPLOUOS
T:X/W = R Opilovue f: X = Rue f(z) =T(x+W). To f elvor ypopuuxd
ouvoptnooedée, f # 0, xou Kerf = W.

INa to debtepo loyuploud, av g = Bf, B # 0, t6te npogavie Kerf = Kerg.
Avtiotpoga, éotw f,g : X = R ypouuwd cuvaptnooedn ue Kerf = Kerg. Av
f =0, dev éyouue tinota va anodelfovue. Eotw howndy g € X ye f(zg) = 1
(undpyet, yratl;). ‘Enetow 61 g(mg) # 0. Téte, vy xdlde & € X éyovue

z — f(z)zo € Kerf = g(z — f(z)w0) = 0 = g(z) = g(20) f(2).
Anhodh, g = Bf, ue B = g(wo). 0

Ac unodécouue Topa 6T Eyouue xou pLo vopua || - || otov X.

IMpotaocy 5.2.2 Eoww X ydpos pe vépua, kar éotw W uvndywpos tov X ouvdid-
owaong 1. Tére, éva and ta 600 ovuPatver: Efve o W elvar kdewotés otov X 7o W
elvar tukvds otov X.

AnédetEn: O W oelvor % autdc ypauuxde undywpoc tou X. Av o W dev elvan
xhewotée, téTE Lndpyet © € W\ W, xow agod o W éyel ouvdidotaon 1 éyouue
[2] € span([z]) (Onhadh z = Az + w yio xdmota A € R xaw w € W) v xdde z € X
(yratl;), dpa W = X. o
Hapatnipnon: Ou xhewotol ypauuwxol undyweol cuvdidotaong 1 elvar axpelBdc ot
TUPTIVEC TV PPAYHEVOY YROUUULXDY cuvaptnooed®y: av f : X — R elvon gpory-
Lévo ypauuxd cLVAPTNOOEWES, TOTE amd Tn cLvEyew tou f elvon Qavepd OTL O
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W =Kerf = f~1{0} etvor xhetot6c ypouxds unbywpos tou X, xou and v Ipd-
taon 5.2.1 o W éyet ouvdidotaon 1. Oa anodel&ouue tov avtiotpogo Loyuptoud cay
cuvéneta Tou Oewpriuatoc Hahn-Banach.

5.3 Xwpol TEAECTOV - ouixol Y Wweou

‘Eotww X,Y dbo ywpot ue vépua. Ttny Hopdypapo 5.1 eldaue 6t 0 yodpos B(X,Y)
TWV PEAYUEVWY Yeouxwy TEAEoTOV T+ X — Y elvan Ypouuixds ydpog Ue vopud,
6Tou
IT)| = sup ||Tall, T €B(X,Y).
lzl=1
To Oedpnua mou axohoudel anavtd oto epdtnuoa: t6te 0 B(X,Y) elvon mAheng;

Ocwpnua 5.3.1 Eoww X kat Y ydpor jpe vépua. Av oY elvar xdpos Banach,
téte 0 B(X,Y) elvar xdpos Banach.

Andden: Eotw (T,) axolovdia Cauchy otov B(X,Y), xou éotw € > 0. Trdpyet
no(e) € N tétowc WoTE, av 1, m > ng TOTE

(%) T — Tl < e.
Ytodepornowolue ¢ € X. Av n,m > ng, téH1E
| Tnz = Tz = [|(Tn = Ton)2|| < [ Tn = Tl ll=]] < el]]].

Auté onualver 6t n (Thz) elvon axohovdior Cauchy otov YV (yiatl;), xou agob o YV
elvon Theng, umdpyeL ¥, € Y Ttétolo hdote Tt — Yp xadde m — 00.
Opilovue T': X — Y ue

Tr =y, = lim Tpx.
m—0o0
O T elvar ypauuwde tehectic: av o1, 2 € X xou A, p € R, t6te
T(Axy + pr2) = lim Tp(Azy + pas)

m— 00

= lim (\Tpz1 + pTmas)

m—r o0
= Alim Tz +p lim Tze
m— 00 m—r00

= XNz, + pTxs.
Enotpépouue oty (). Eotw x € X ue ||z]| = 1. Av n,m > ng, t61€
[Tna = Trz|| < ellz]| =&,
xo opriVOVTOC TO M VoL THEL GTO ANELPO, TalpVOLUE

[Tz =Tzl <&, [lz|| =1,
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dnhadn,

(xx) |T, —T|| = sup ||Thz —Tz| <e.

llzll=1

Auté Belyver 80o mpdrypata: (o) yio xdde n > ng, T, — T € B(X,Y), xaw agob o
B(X,Y) elvan ypapuuixos yopeos xaw T, € B(X,Y),

T =T,—(T,—T) € B(X,Y).

(B) Anb v (), v xdde n > ng(e) éxovue ||T, — T|| < e. Apa, T, = T otov
B(X,Y). O

IMépropa 5.3.1 Av o X elvar xdpos pe vépua, téte o X* ue vépua wny ||F|| =
Sup||, =1 | F'(2)| elvar xdpos Banach.

Arédetdn: O X* elvar 0 B(X,R). O R elvar nhipng we mpoc v | - |, ondte to
Unroduevo mpoxintel auéows and o Bewpnua 5.3.1. |

Optopds (o) O T : X — Y Aéyeton 1000ppropds av lvor ypauuixde, Eva pog éva
xou entl tekeothig, xaw ot T : X =+ Y, T-1:Y = X elvar PEAYUEVOL TEAECTEC.

B) OT : X = Y Myetow 100UETPIKGS 100UOPPITUSS oV EIVOL LOOUOPPLOUOS XA,
emtnhéov, v xdle z € X woyle ||Tz|| = ||z]|.

ITapatnproes (i) O T elvon éva mpog éva av xow u6vo av KerT = {0}.
(ii)) Avo T : X = Y elvar ypouuixoe, éva mpog éva xou extt, xou || Tz|| = ||z]|, z € X,
tote o T elvan LoOUETEOSC LOOUOPPLOUDE.

Ao yopor X xor Y ue vopua Ayovion wopetpiid 10010p@Lkol oy LTEPYEL LOO-
uetpdg touopplopog T : X = Y. And ) oxomnd tng Yuvaptnotaxic Avdlvong,
dVo tétoloL yopol tavtilovtal: £ouv TNV (Blal YpauuLx XaL TOTOAOYLXY dourn, apod
o onuelo toug Beloxovton oe éva mpog éva avtioTolyla Tou Slatneel Tic anooTdoelg
20U T YeoULXY) Soun Tou Yweou.

Me 1 Borideia Tne évvolac Tou LOOUETELXOU LOOUORPLOUOU UTOPOVUE VoL BWCOVUE
TOAD CLYXEXPUIUEVT TEPLY T TOU SUIXOU Y(PoL Yiol dpXETE XAAoLXE TapadelyUaTaL
ywewv Banach:

Ocwpnua 5.3.2 Ocwpolue tov R* pe tyy EvkAeldeia vépua. O 6vikds tou xdpog
elvar wopetpikd wopoppikds e tov R™. Ipdpovpe (R™)* ~ R™.

Arnéderdn: Opllovue T : (R™)* — R™ wc eZhc: anewxovilovue to f: R” — R oty
n-ada (f(e1),-.., f(en)) € R, 6mov {e1,...,en} n ouviine opdoxavovixd Bdomn tou
R".

Mapatneriote 61t 1o f npoodlopiletar mhfipwe and to Sudvuoua T'f = (f(e;))i<n:
av e = (&) e R, otz =31 Lo = f(z) = >0, & f(eq), dnhadh Eépouue to
f(z) av udc ddoouv Tic GUVTETAYUEVES TOU Z.

Aelyvouue mpidta 6Tt 0 T elvan YpouuLxog, €va Tpog €val xa entl:
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(o) T T ypouuixdTnTaL,

TAf+pg) = ((Af+upg)er),...,(Af + ng)(en))
(Af(e1) +ugler), ..., Af(en) + pglen))
A(f(er),..., f(en)) + pu(gler),. .., g(en))
= MN'f+uTyg.

(B) Tt to évat mpog éva,
Tf=0 = Vi=1,...,n, f(e;))=0
= VzeR", f(z)= Xn:&f(ei) =0
= f=0. -
(Y) Av a = (a1,...,a,) € R, opilovue f(z) = Y i, &a;. Tote, f € (R*)* xou
flei)) =ai,i=1,...,n. Apa, Tf = a. Auté delyver 6Tt o T elvon exnl.

Méver va det€ouue 6t o T elvar Loouetpixdc woouopgiopde. ‘Eotw f € (R™)*.
Téte, f(z) =Y iy & f(ei), xou éyovue Bel 6L éva cuvapTnooEdéc auThC TN LopPhc
€xeL vopua

171l =1I(F(ex), ..., fFlea))[l = [ITf]|. O

Oceopnua 5.3.3 O ({)* elvar wopetpixd 100p0pPLkdS e Tov L.

Anoden: Opilovue T : ff — Uy wc eifc: 'Eotww e = (Ogn) xou f 1 64 — R
pearylLévo yYpauuwé cuvaptnooedéc. EXEyEte toug mapaxdtw oyuptouole:

(i) H (ex) elvar Bdon Schauder tou f1, dnhadr, xdde = = (&) € €1 ypdpeton
(wovoohuavta) oty woph & = Yooy Ekek.

(ii) To f elvon ouveyée, dpa f(z) = Yoy &ufler), z € X.
Oplloupe T(f) = (f(er),..., fler),...). Oa delovue 6Tt 0 T elvar ooUETPLXOC
LOOUOPPLOUOC.

() O T etvar kakd opropévos. To xdde k € N éyxovue |fer)| < |IfIl llexll = IIf]]
(yatl |lex]l = 1.) Apa,

(%) 1T fllso < I£II-

Ewwotepa, T'f € lo.

B) Av [lally = 3252y €] =1, w6te

> &k fler)
k=1

o0

<> Ik £ (en)l

k=1

[f(@)] =

IN

(sup £te0)l) 3 16 = 17
k=1



() I/l = sup [f(2)] < ITfllo-

llzlli=1

And te (%) xou (x%), vy xde f € €7 woyler |Tflleo = ||fI] SnhadA, o T eivon
toouetploL.)

(v) H ypopuixdmnta tov T eléyyetan eOXONQ.
(3) AvTf =0, t6te yia xd0e k € N éyovue f(ex) = 0. Apa, yio x&e x € ¢4,

fl@)=>"&fler) =0=>f =0.
k=1

Agol KerT = {0}, o T elvar éva mpog €va.

(e) Eoww a = (a1, ...,ak,...) € Ly (UTdpyet howtdy M > 0 tétoloc wote |ag| < M,
k e N.) Optlouue f(z) =Y 1o, &ray. Tote,

[F@)] <Y 1€l lar] < (St;plakl)zml < Mfzll-

k=1 k=1
Apar, f € L, xaw agol f(eg) = ag, Tf = a. Anhadf o T elvon enl. O

Oewpnua 5.3.4 Arv 1 < p < +o0, tdte o [ elvar woueTpikd 100110pPLROS pe TOV
4y, 6novu q o ovluyng exdétng tou p.

Arnédeldn: H (ef) elvor Bdon Schauder tou £, (eNéyEte t0). Kdde x = (&) € ¢,
Yedopeton wovooruavta otn opeh & =y, Eker, xou av f 1 £, — R elvon pporyuévo
Yoo cuvaptnooedés, tote f(x) =Y, & fler)-

Optlovue T : by — £y ue Tf = (f(e1),.--, flex),--.)-

() O T etvar kadd opopévog: Tlpénel va delfouue 6T, yia x&de f € £} oy Ve

Yoilfler)]? < +o00. Eow N € N. Opilovue v, = | f(ex)|?/ f(er) av f(ex) # 0, xou
Y = 0 cdhoe. Tote,

N
> 1 f(er)]?
k=1

N N
Z'ka(ek) =f (Z%%)
k=1 k=1
N 1/p
A1l <Z|7k|p>
k=1
N 1/p
= |Ifl <Z|f<ek>|<q-1>p>
k=1
N 1/p
= I/l (Zlf(ek)|q> :
k=1

IN
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"Ereton 61U

1—1

N P N 1/'1
(Z If(ffk)l") <fll= (Z If(ek)|q> < (1111,

k=1 k=1

xou aprivoviog 0 N — 00, nalpvouue

[e%s) 1/q
(%) ITfllq = <Z|f(6k)|q> < [I£1l,
k=1

7o onolo BéPona delyvel xon 6tL T'f € £,.

() Av f € £;, ypnowonotdvtac v aviodtnTo Tou Holder BAénouue o1

|f(z)| = |Z§kf(€k)| < Z|€k| |f(ex)]
k=1 k=1
o /P /oo 1/q
< (Z |fk|ﬂ’> (Z |f<ek>|q>
k=1 k=1
= Alzlly IT£llq-
Apa,
() /1l = S |f (@) < IT flq-
Ané tic (*) xou (%) BAémovue 6L o T eivan woouetpior Y xdde f € £, ||Tf|| = [ f]-

(v) EOxoha ehéyyouue 6Tt o T elvon ypoluuxds xow €voL Tpog €val TEAECTHC.

(®) Eoww a = (a1,...,ak,...) € £y. Anhadn, Zk lag|? < +o00. Opilovue f(z) =
Y orey Erag. Tote,

lf(z)] < Z|§k||ak|
- /4 / s 1/p
< (zw) (zw)
k k=1

= llallg [[l,-

Apa, f € Ly, xon ool f(er) = ax, Tf = a. Anpadf o T elvon exnl. a
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5.4 Aoxroeig

1. 'Bow T': C[0,1] = C[0,1], ue (TF)(t) = [y f(s)ds, t € [0,1].
(o) AelZte 6t o T elvon QporyUévoc, YeaUULXOS XaL Vo TPOG EVal TEAEOTHC.
(B) Beette v exéva R(T) wou T

(v) Evaw 0o T~ : R(T) — C10,1] gpporyuévoc;

(d) Beelte v |T|.

2. Opllovue T : by — £y ¢ e€hc: av ¢ = (&1,&2,...,&k, .. .), 9étovue Tx =
(&2,83,...).

(o) AelZte 6t o T oplleton xohd, xon elvar QporylUévos Ypoyluixde TENecTAS.

(B) Opilovue T, = ToTo---oT (n gopéc). Bpeite v [|T,]], n € N, xou t0
lim,, || 7|

(v) Av z € {5, Beette o lim, || T, z]|.

3. Xvov C[0,1] opilouue ||f|| = max_i<¢<1|f(t)]. Trmohoyiote tic vopues twv
Topoxdtw ouvaptnooedny F : C[—1,1] = R:

(@) Flg) = JZ, g(s)ds — g(0).

(B) F(g) = 9(1/2)4—9(—21/2)—29(0)‘

4. Optlovue F : €1 — R ye F(z) = Y 1o, &. Acite 6t 10 F elvon ypouuxd
ouvaptnooedéc. Elvon gpayuévo; Av var, mowd efvon 1 vopuo tou;

5. Opilovue T,S : C[0,1] = C[0,1] ue

(TF)(t) =t / f)ds . (SH) = L),

(o) AelZte 6t ou T, S elvor gporyuévol ypouixol TEAECTECS.
(B) Bpette toug T'o S xar SoT. Elvor owoté 6T oS =SoT;
(v) Troroviote wc [|T|, (S]], [T 0 S| xon ||S o T

6. Oewpolue to tplywvo A = {(z,y) € R? :a <z < b,a <y < z}, xou yLo cuveyh
ouvdptnon ¢ : A = R. Opllouue T : Cla,b] = Cla,b] ue

@@ = [ i@
Aci&te 61t o T elvar QporyUévog YpouULXOS TEAEGTHC, XL
1T} < (b = a) max{|¢(z, y)| : (z,y) € A}.

7. Oewpolpe to ywpo C10, 1] Twv cuveyde Tapaywyiowey cuvapthoewy oo [0, 1].
Ytov C10, 1] Yewpolue Tic vopuES

1= ([ 1)

1/2 1/2

C e = (/01|f'|2) +170).
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AetZte 6t o towtotixde teheothc I 1 (CH0,1],] - [l1.2) — (CH0,1],]| - |l2) elvor
PEAYUEVOC.

[YrdbeaEn: Meplopioteite Tpdta otov yopo {f € C 1 f(0) = 0}, xou epopudote Ty
avicdtnra Cauchy-Schwarz.]

8. Eow X o ywpoc 6Awv tov gpayuévey f @ R — R ue vopuoa my ||f]] =
sup;ep |f(t)]. Opllovue T : X = X, ue (T'f)(t) = f(t — a), 6mov a > 0 doouévn
otadepd. Eivon o T ypauuwde; Poaryuévo;

9. Eotww X,Y yopor ue vépua, T, T € B(X,Y) xou xp,x € X. Acllte 6T, av
T, > T xou x, = x, 101 Tz, = Tx.

10. Eow F : X = R un undevixd ypapuuxd cuvaptnooetdés. Acite 6t 1o F elvon
PEAYUEVO oV xaL U6vVo av urdpyet 6 > 0 tétowo dote F(B(0,6)) # R

11. Eoww X yopoc ue vopua, xou F' € X*, F # 0. Aeléte 6t

1
IFI= S F@ =11

12. Eotw X ancipodidotatog yweog Ue vopua. Aelgte ot undpyel YpoUxo Gu-
vaptnooewés F 1 X — R nou dev elvan gparyuévo.

13. Eow T : X = Y ypauuixdc tehectic Ue v e€ic Widtnra: av x, — 0 atov
X, t6te n {||Tx||} elvon poaypévn. Aetéte 6t o T elvar gporyuévoc.

14. 'Eotw X, Y yopot ue vépua, xow T : X — Y €va mpog €va, pooyéVos YeoUULXOS
teheothc. Ael&te bt o T elvon ooueTpixde LooUop@Lods av xou Wévo av T'(Bx) =
By-.

15. Eotw X yopog ue vopua, xou M* C X*. Opllouue
NM*)={zxe X :VFe M, F(z)=0}.

Ael&te 6t to N(M*) eivar xhelotdc ypouuxos undywpeos tou X.
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Y rodeielg - anavIRoELg
1. (o) Do x&de ¢t € [0,1] éxovue

(@n@i=1 [ feas < [ 15las <l [ as =11 <150,
dpo
1751l = g 1T O] < 17

‘Eneton 6t o T etvon gpayuévoe xan ||T|| < 1. T my ypouuxdtnta tov T nopatnpoldue
ottav f,g € C[0,1] xon a,b € R, téte

t t t

Taf+ba)®) = [ (@fs)+b)is=a [ fas+b [ gls

a(Tf)(t) +b(Tg)(t) = [a(Tf) + b(T9)](t),

doa T'(af + bg) = a(Tf) + b(Tg). H Tf elvan cuveyde nopaywylown cuvdptnon, apol
(Tf) = f. Auvtd anodewviel 6t o T elvon xahd oplouévog, aAld xon 6T elvan éval Tpog
gvar

Tf=Tg= (Tf) =(Ty) = f=y.

(8) Onwc nopatpricaue oto (o) n Tf elvar cuveyde napaywylown xo (Tf)(0) = 0.
Avtég elvar axpdg oL cuvapTHoELS ToL avixouy oty ewxdva R(T') touv T. Ilpdyuatt, av
g € C*0, 1] xor g(0) = 0, Yewpolue ™y f = g’ € C[0,1]. And to Veuehiddec Vedpnua Tou
ameLpootixod hoylouol €youue

(Th)(t) = / f(s)ds = / d (s)ds = g(t) — g(0) = g(t),
Sradh, T'f = g.

(v) Twa xdde n € N, n ocuvdptnon fn(t) = t" elvan cuveyde napaywylown xa fr,(0) = 0.
Ané 10 (B), fo € R(T) xou [T (f2)](t) = fu(t) = nt™ " . Apa,

1T~ (Il _

n_
T=n

Il

(ywot;). Eneton 61t 0 T Bev elvar wpayuévog: av Hrav, da eiyoue ||T7| > n yio xdde
n € N (yuati;).

(d) Av ndpovue f =1 oto [0,1], téte ||f]|| =1 xon (Tf)(¢) = fot ds =t. Apa,

Tl > |1 = tl=1
1Tl 2 ITfl = max 1t = 1,
10 ornolo anodewxviel 6t ||T']| = 1.

2. () O T opileton xahd, yrotl
ITall = 5" Jl? < 316l = el < +oo,
k=2 k=1

dhadh Tz € £o. H Buo avicétna delyver 6t o T elvon gpayuévoc xau ||T|| < 1. H
yoouuxotnto tou T eéyyeton edxola.
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(8) Enaywywd Setyvouue 6t Tz = (§nt1,&n+2, - -.). Tt vopua tou T, €youue ||Th|| <

T .. |7 = IT||™ < 1. Ioylel wotnta, yrotl
[Tnentilla _ 1
ITnll 2 SF—F = =7 =1
lentallz 1
EWlwétepa, limp oo ||T0| = 1.
(Y) Av z € 2, t6te [|Tuz|l2 = /D072, 41 €k = 0 6tav n — oo (ovpd cuyxhivovoag
oepdc). Anhadh, Tpx — 0 yio x&de = € Lo, |

3. (o) T x&de g € C0, 1] éxovue

|F(g)] = I[lg(S)ds—g(O)l < [1 lg(s)lds +1g(0)] < 2lgll + llgll = 3llgll-

Apa, to F elvon ppayuévo xau ||F|| < 3. Ta xdde pixpd € > 0 opllovue g- € C[—1,1]
Vétovtag g- =1 ota [—1, —¢] xou [, 1], 9-(0) = —1 xou enextelvovtag ypouuxd ota [—¢, 0]
xou [0,¢]. Tote ||gs|| = 1 xon

IFll > |F(g)| = / (s

—€ 0 € 1
= ‘/ ds+/ gE(s)ds—f-/ gE(s)ds—f-/ ds—f-l‘
—1 —€ 0 €

= |[1-e)+04+0+(1—-¢e)+1]=3—2e.
Aol n aviedTa auTh woyeL Yo xdde Uwxpd € > 0, Brémovue ot
1) > lim (3 2¢) =3.
Apa, [|F] = 3.
(B) Twa xd&de g € C[0, 1] éxouvue

|F(g)| — 9(12/2) + g(_zl/Z) —g(O) < |g(12/2)| + |g(_21/2)| + |g(0)|
< ol gl y g = o,

Apa, 1o F elvar gpayuévo xou ||F|] < 2. Opllovue g € C[—1,1] ¥étovtac g = 1 ota
[—1,—1/2] xou [1/2,1], g(0) = —1 xon enextelvovtac ypauuxd ota [—1/2,0] xau [0,1/2].
Téte |lgl| =1 non

11> 1) = |22 4 S g =il L y=2

Apa, [|F[| = 2.

4. Avz € l1, noepd > oo &k ouyxhivel amohltwg dpo cuyxhivel. Avtd onualvel 6Tl 10
F elvow xald opiouévo. H ypopuuixdtnto eréyyeton edxoha:

oo

F(az +by) = Z(aﬁk + b)) = az&c + ban =aF(z) +bF(y).

k=1 k=1 k=1
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"Eyovue
[F(@)| =1 &l <Y [€l = llzlh,
k=1 k=1

dpa o F elvan pparyuévo xou ||F|| < 1. Ioylel wétna, yatl av & > 0 téte

[F(z)l = F(z) =) & = _I&l = |zl
k=1 k=1

5. (o) H ypopuwxdtnta tov T xon S ehéyyeton ebxoha. Enlorng,

1 1 1
@p@i=1t [ feasi<e [ \las <l [ ds= s < )
0 0 0
v x&e ¢ € [0, 1], dpa || T || < ||fIl- Anhadn, o T elvon gpayuévoe xou ||T'|| < 1. Ouota,

I(SH@B = 1tf @) =tfFOI < 1- (£ =[£Il
v x&e ¢ € [0,1], dpa [|SFI| < || fll- Anhad¥, o S elvon gpaypévog xou ||S]] < 1.
(B) Exovue ) )
oS = S =
(@oS)ON =t [ (Shas =t [ sfepas,
xaiL

[(S e T)NIE) = (T f)() = t2/0 f(s)ds.

Aev woybet 61t T oS = SoT. Av loyue, yia v f = 1 Ya nalpvoue

(T o S)(HIE) = [(SoT)(f)](t):>t/0 sds:t2/0 ds=s L =1

v xéde ¢ € [0, 1], to onolo mpogavix dev LoyVet.

(v) Onwc oto (o), edéyyovue 6t [T o S| < 1/2 xau ||S o T|| < 1. IMolpvoviae f = 1,
BA€nouue 6Tl toyxbouy wodTnTES:

1
1T = WSl =lISeTl =1, |IToS]=3.
Enodndebote Ghoug autoldc toug toyuptouole.

6. H Tf elvon ovveyrc ouvdptnon, dnkady o T oplleton xald: av pac dwoovv € > 0,
undpyer § > 0 (uropolue va vodécovue 6tL § < €) tétolog hote av (z,y), (z1,y1) € A
s /(7 = 1) + (y — 107 < 6 vot Exovite [6(z,) — Bt 1) < <.

EWlwébtepa, avr < z1 xaw z1—z < 0 xau (z,y), (z1,y) € A, téte |p(z, y)—p(z1,y)| < €.
‘Eotww < z1 o710 [a,b] ue 1 — x < §. Tore,

(@He)—@n@l = | [ o= [ swniwa
< | [ ewnsa|+| [ e - oo
< [ Rl i@lds+ [ et = sl @l
< (maxla) 171 —2) + 17w — a)
< [(maxlol) +b—a]<llfll
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To £ > 0 Atav tydy, dean T f eivon (ouolbuoppa) cuveyhc.

H ypauuwdétnta tov T eléyyeton edxoha. Téhog, yia xdde = € [a, b]

@n@l = | [ swnrwi|< [ loel-1rwi
< (maxll) £z — )
< [—a)ymax|s]] 151

"Eneton 6t

171 < [0 = o) max 6] 171
Apa, o T elvan pporyuévoc xon | T|| < (b — a) maxa |@].

7. Boww f € C'[0,1] ue f(0) = 0. Tére,

IO

/\/ ' (s)ds| i

[ ([ o) ([ va)a
[ ([ 1 s wa

1

[ s
0

< 2.

Anhadh, | fll2 < ||fll1,2 oe authv Ty Tepintwon. Eotw tdpa tuyoloa f € C1[0,1]. Tére,
N g(t) = f(t) — £(0) wavorowel tv g(0) =0, dpar [lgll> < llgll1,2. Ouwc, g = f' dpa

1113

IN

IN

IN

1/2

ol = ( [ 1 |g'|2)1/2 +lool = ( [ 1 FE) +15O) = O =1l - SO
ENOUEVWS

Ifll2 = llg + FO)ll2 < flgll2 + £ O) < lglls,2 + [F(O)] = [[fl]1,2-

Auté amodewxvieL 6Tl o tavtotixdg teheotic I : (CH0, 1], || - [l1,2) = (CH0, 1], || - ||2) etvon
peayuévos xau ||I]] < 1.

8. Eotww f,9: R = R gpayuévec ouvaptioets xat A, u € R. Tore,

[TAf+pglt) = (Af+pg)(t—a)
Af(t—a)+pg(t—a)
MT () + pu(Tg)(t)
= [ATf+ uTgl(t),
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doa T(Af + pg) = AT f + pT'g, dnhadf o T elvan ypauuxds. Enlong,
(THOT= 11t =)l < sup|f(s)] = 171l

z

apa

1T fIl = sup [(TH)®)] < I £]]-
teER

Apa, o T elvon QpayUévoc.

9. O (Th) xau (zn) elvon gpayuévec axorovdiec otouc B(X,Y) xow X avtiotouya, wc
ovyxhivovoeg axolouvdiec. Ankady), undpyet M > 0 tétolog wote

IToll <M, [lznl| <M, neN
Erouévwe,

”Tn$n - T$||

| Thxy — Ton + Txy — T

I(Tn = T)(zn)|l + [|T(zn — )|
ITn =TI - llzall + 1T - [Jen — ||
M|T, =T+ T - lzn — =[] = 0,

ININ N

10 onolo onualvel 6Tt Tpx, — T.

10. 'Ectw 6t 10 F elvon gpayuévo. Tote, yia xdde z € B(0, 1) éyxovue
|F ()] < 1FI] - flell < I,

dnhadh, F(B(0,1)) C [—||IF], IF||]. Apa, yioe 6 =1 éxovue F(B(0,6)) # R.

Avtilotpoga, ac unodécovue 61t F(B(0,0)) # R yua xdnowo § > 0. IHapotnpolue ot
10 cUvolo F(B(0,6)) elvar xuptd xou cuuuetpixd we npoc to 0 unocvolo tou R (and
Yoo pxdtnTa Tov F - e€nyhiote). Agod elvon yvioto utochvoro tov R, mpéner va elvon
avoxto 1 xhetotd Stdotnua ue xévipo 1o 0. Anhadr, undpye. M > 0 tétolo dote

|zl <6 = |F(z)| < M.
‘Eneton 6Tt 10 F elvon ppayuévo: av « # 0, t61e

oz 2M
Fl— )| <M F < — .
‘ (2”1,”)‘_ — |F(@)| < = lall

11. Av F(z) =1, t6te 1 = F(z) < ||F|| - ||zl|, dp ||z|| > ﬁ Anhady,

. 1
inf{lle] : F(x) = 1} 2

And v &N mhevpd, yio xdde 0 < e < ||F|| undpyet z. € X e ||z:|| = 1 tétolo dote
F(z:) = ac > ||F|| — e (ywri;). Téte, F(z-/as) =1 xon

1 1

1= 2 <=
w STFI=<

Ae




int{llz]| : F(a) = 1} <
xow ool To € > 0 Hray TuyoY, Talpvouue

inf{l|z]| : F(z) = 1} < ——.

12. Oewpolue yia Bdon Hamel tov X. O X elvon anelpodidotatos, ENOUEVHS UTOPOVOUE
v ypdouue auth ) Bdon otn Loppy

{rn:neNyU{y; 11 €T}

[Eeywpilovue dnhady éva dretpo apriuriotuo urnochvoro ude Bdone tou X xou to apud-
uwolue.] Aol ta Ty, y; elvon ypouuwd aveldptnta, xdde T, elvow un undevixd. Opilovue
F : X — R npdta ota otowyela g Bdone tou X, détovtag

F(zn) =nllzall,  F(y:) =0.

Koatény enextelvovue ypauuwxd oe ohéxhnpo to ywpo X (xdde xz € X ypdgetar uovoot

LOVTOL GOV TETEPAUOUEVOS YRUUULXOS GLYBUACUOS XETOLWY Ty Yo XATOLWY Y; - EENYNOTE).

To F elvan ypauuxd cuvapTnooeldés, oums dev elvon gppayuévo yiatl tote Yo elyoue
|F'(22)]

[l

yia x&e n € N, to onolo elvon drorno.

13. 'Eotww 6t o T Sev elvon ppayuévos. Téte, o T Sev elvar ouveyrc oto 0. Autd onuaiver
6t undpyer € > 0 tétowo dote: v xdde n € N vndpyet 2z, € X pe ||zn]| < 1/n xon
1T 2l] > <.

Optlouue x, = —F2— (oot ||T'z.|| > € éxovue Tz, # 0 dpa z, # 0). Tére,

lzn I

[EA L
llznll = =Vl < —= =0,
Vil Vi

ITznll 5 ¢/ s oo,

Vel ~

dnhadh n (|| Tzn||) Sev elvon ppayuévn. KatahiZaue oe dtono, doo o T elvon gparyuévoc.

doo £, — 0. Opwe,

T, =

14. (=) YTrodétouvue 6t 0 T : X = Y elvon oouetpixde Loouopploude, dSnhadh ypouut-
x6c, éva npog éval xou ent, e v Wiotnta ||Tz|| = ||z|| v xdde z € X.

Av x € Bx, t6te ||Tz|| = ||z|| £ 1 dpa Tw € By. Apa, T(Bx) C By.

Avy € By, agol o T elvon éva mpog éva xan entl, undpyetl povadd x € X yia o onolo
Tz =y, xu ||z|| = ||Tz|| = ||lyl| <1, Snradf z € Bx. ‘Apa, By C T(Bx).

Enopévwg, T(Bx) = By .

(<) Aciyvouue npdta 61t o T elvon enl: av y € Y, y # 0, té1€ o € By = T(Bx),
dpa undpyeL ¢ € Bx tétolo wote Tx = Wﬁ Tore,

y="T(lyllz) € T(X).
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Ipogavae, 0 =T(0) € T(X). Apa, T(X) =Y.
O T elvan woyuetplo: av elyaue | Tz|| > ||z]| yia xdnow = € X, téte Yo elyaue

IT(/llzDI] > 1 = T(z/||x|l) ¢ By,

eved z/||z]| € Bx. Auté elvon dtomo, agol éyovue uvrnodéoet 61t T(Bx) = By. ‘Ouow
xatahyovue o€ drono av urnodécouue 6t undpyel € X yua to onolo ||Tz|| < ||zl

Aol o T elvon woouetpla, mpénel va elvar xon éval mpog éva. Apal, elvon Loouetpindg
Loouop@LoUde.

15. 'Eotw z,y € N(M”*) xow a,b € R. T xdde F € M* éyouvyue
F(ax +by) =aF(z)+bF(y) =a-0+b-0=0,

dpa ax + by € N(M™). Anhadh, o N(M™) elvon ypouuxdg undyweos tou X.
‘Eotw topa 61t 2 € N(M™) xow z, = x € X. T x&0e F € M™ éyouvue

F(z) = lim F(z,)= lim 0=0,

n—00 n—00

doa x € N(M™). Enouévwg, o N(M™) elvor xhewotds Ypouixdg umdyxweos tou X.
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Ke:cpo’c)\ou.o 6

Xo')pov. Hilbert

6.1 Xwpou Hilbert

Opiomog ‘Eotww X ypouuixds ydpos. Mia ouvdptnon (-, ) : X x X — R Aéyeton
€0WTEPLKS YLYOjEvo oy LxavoroLtel ta e€ng:

(o) (z,z) >0, yro x&e z € X.

B) (z,z) =0 <z =0.

(v) (z,y) = (y,z), yroa x&de z,y € X.

(B) (M1 + Ao, y) = Ai{x1,y) + A2 (22, y), yio x&0e x1, 22,y € X xou A\, Ao € R

And e (a)-(8) émeton Ot (z, Ad1yr + Aay2) = A (z,y1) + Ao{z,y2) yio x&de
Y1,Y2,¢ € X xou A, A2 € R Enlong, 2 =0 (z,y) =0 yra xdde y € X.

Mopadeiypata (o) Stov RY ) av 2 = (&), y = (nx), optlovue
N
(@,y) = &
k=1
(B) Zrov by, av z = (&), y = (mk), opllouue
(@,y) = &
k=1

(H oepd 3, &xmi ouyxhivel amolbtwg, and v avicdtnta Cauchy-Schwarz xa and
T0 YEYOVOC OTL 3, €2 < 400, D, Mh < 400.)

(v) Evov Cla,b], av f,g : [a,b] = R, opilovue

b
(f,9) :/ f(t)g(t)dt.

Ou Wibtnree (o)-(8) tou ecwTepLxol Yvouévou enaindedovton ebxoha xou ota Tpla
TopadelyuorTaL.
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Ilpétaom 6.1.1 (aroétnra Cauchy-Schwarz) Eotw X xdpos pe eowtepikd yvi-

pevo. Av x,y € X, tdre
(2, 9)| < V{x, 2) v/, y)-

Ioétnra wxver av kai pdévo av ta x kar y etvar ypaupikd ekaptnuéva.

Anddelin: Av y = 0, téte n oviobtya toylel ooy tobtnTa, xou 1o 0,2 elvon ypo-
Ld e€opTnuéva.

Botw y # 0. Opilouue P: R — R ue P(\) = (z — Ay, z — \y). Téte, P(A) >0
v xdde A € R, Snhody

(z,7) = 2X\(z,y) + N*(y,y) >0, AeR

Auté onualver 6t n draxpivouso Tou Telwvduou P(A) elvon uwpdtepn ¥ lon tou 0.
Anhodh, 4(z,y)? — 4z, z)(y,y) <0, an’ dnou Todpvouue TV

[z, 9)] < V@, )/ (Y, 9)-

Iodtnta €xouue av xar udvo av 7 Swaxplvouca tou P etvon 0, Snhady), oy xon uévo o
0 P éyel Sk pila Ag. Ouwc,

P()\[)):O<:>.T:>\0y,

InAady), av Ta T,y elvon YpouUuxd eapTnuUEévaL |
Opllovpe || - || : X — R ue ||z|| = /(z,2z). H avioémto Cauchy-Schwarz udc

enttpénet va del&ouue 6t 1 || - || elvon vopuo

Ilpétaom 6.1.2 FEotw X xdpos pe eowtepikd ywdpevo. H || - || + X = R, pe

||| = /{z, x) elvar vépua.

AnodeEn: (o) ||z|| = /(z,2) > 0, xu ||z]| =0 & (z,2) =0 & z = 0.

®) [Nl = /(M) = /A2 (z,2) = A/, 2) = A [l]]-
() |z +yll? = 12l + 20z, p) + lyll* < ll=* + 2l [yl + llyl1* = (]l +1ly])?*, oxd
TS WLOTNTEC TOU ECWTEPLXOL YVOUEVOL xou TNy aviedtnta Cauchy-Schwarz. o

O (X, ]]-]1) etvor xddpoc e vopua, xou éyoupe St btL ot (z,y) = x4y, (A, z) = Az
elvar ouveyeic we mpoc y || - ||. To eowtepxd yivduevo eivar xt autd cuveyéc we
meoc Ty || - |

Ilpétaom 6.1.3 Eotw X xdpog e eowtepikd yvduevo, kai || - || n enayduern
vépua. Av x, — T kai y, =y s mpog tnv || - ||, tdre

(Tn,yn) — (z,9)-
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Anodedn: I'odgpouue

|<mnayn - y> + (mn - a:,y>|
Ty Yn — ) + (T — 2,9)]
znll llyn — yll + llzn — || [|lyl]-

|<xn;yn> - (may>|

INIA

H (z,) ouyxhivet dpa etvar pparypévn, xat ||y, — yl| = 0, ||z, — || = 0. Apa,
{Zn,yn) = (z,y). O

Ou napoxdtey ToutéTnTeS Elvon amhés ocuvénetee tou optouol e || - ||:

(i) Kavovag tou mapadAnhoypdupou. Do xdde z,y € X,
Iz +yll* + llz — I = 2[|=]* + 2lly[I*.
(ii) ITudaydpero Fedpnuo.. Av z,y € X xou (z,y) =0, té1e

e +yl* = llzll* + llyll*.

ITapatipnon: M vopua || - || otov ypouuxd xodpo X, mpoépyeton and EcwTEPLXS
YLVOUEVO oV XalL UOVO OV LXOUVOTIOLEL TOV %av6vaL Tou mapahknhoypduuou. (Yrédaén:
unodéate 6Tl 1 ||-|| LxavomoLel Tov xav6ve ToL TPUAANAOY POV, XatL oploTE (X, Y) =
Hllz +yl? = llz — y||*}. Aetite 6t elvor ecwtepid yvéuevo, xau enalndeloTe 6Tt
Nl - || etvon n enoryduevn vépua.)

OpLowég 'Evag ywpog ue eowtepind yvouevo Aéyetar Ydpos Hilbert av elvor mhApng
ws Tpog TN vépua || - || Tou endyeton and T0 ECWTEPLXS YIVOUEVO.

Iapadetypara: (o) Eyouue 3¢l 61t 0 Euxheldetog ydpoc R™ xow o £y elvon mifipels wg

mpoc ™V |lz|| = /D1 & Apa, elvan ydpot Hilbert.
(B) Zrov Cla,b], n | fllz = fab[f(t)]zdt TPOEPYETAL OO ECWTEPLXO YLVOUEVO, OANG
dev elvar mAeng (Yuundeite avdhoyo entyelpnua yio Ty || fll1 = fab |f(t)|dt.)

(¥) O Cla, b] pe v [ flloo = maxieia ) [ f(2)] ebvon mhfipne, ahddn ||+ [loo Sev mpogoye-
TOL A6 ECWTEPIXO YVOUEVO, Yot Sev LxavoTotel Tov xavdva ToL TopaAANAOYEAUULOU
(rndpte my. f(t) =1—t, g(t) =t otov C[0,1].)

6.2 Kodetotnta

Opiomog (o) Aéue 6Tt dVo Blavbouata Z,y Tou YOEOoU UE ECWTEPIXS Yvbuevo X
elvar opBoydna (f kdOeta), xou ypdgpouue = Ly, av (z,y) = 0.
(B) M owxoyévewa {e; 1 i € I} C X Néyetaw opfokavovikry, ov

1 ,i=y,
<ei76j> :{
0 ,i#7.
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ITapatnpnoe: (o) To 0 eivon xddeto oe xdde = € X, xou evan to povadixd otolyelo
Tou X mou €yel authAy TNy WoTTAL

(B) Av {e; 1 i € I'} elvor o opYoxavovixh owoyévewa otov X, 161€ o {e; : i € I}
etvor Ypouuxd aveZdptnto oivoho. Ipdyuott, av > p_; )\kelk = 0, t6te Y100 xdde
Jj=1,...,n é&ovue

- <Z )\keik,eij) = Z)\k<€ik,€ij> = )\j.
k=1 k=1

Av {z, : n € N} elvon uta ypopuuwxd aveEdptntn axohouvdia otov X, téte e
™ Owodikaoia Gram-Schmidt mou nepiypdpeton otnyv enduevr Hpdtaon, Beloxouvue
opdoxavovix| axohoudia {e, : n € N} otov X mou elvon «ioodlvauny ue ty {zy :
n € N} pe my efc évvora

Ilpétaocy 6.2.1 FEotw X xdpos pe eowtepikd ywvduevo, kat {x, : n € N} ypaj-
pikd aveEdptnen axolovdia orov X. Yrdpyer opfokavovikn axolovdia {e, : n € N}
pe v didnta: ya kdle k € N,

span{ey,...,er} = span{zy,...,Tx}.

Andden: Opllovue ta e enaywyxd: nopatneriote 6Tt z, # 0, n € N. o k =1,

Vétouue e; = 1 /||z1]|. Mpogavix, |le1]] = 1 xou span{z; } = span{e; }.
Trodétovue 6L €xouv oploTel T e, ..., e EToL WoTe: (e, e;) = 044, 1,5 < K,
xou span{zy, ...,z = span{ey,..., e}
OETOVUE Ypt1 = Tht1 _Z?:1<xk+1, eiyei. Hoapatnpolue 6t ygy1 # 0, ahhiode Yo
elyome Tpy1 € spanfes,...,ex} =span{zi,..., Ty}, 4T0T0 QOO T T1, . .., Tk, Tt1

elvar ypoppuxed avedotnta. Eniong, vy j =1,...,k,

k
(ykJrl)ej) = xk+1)e] E karl:ez euej>
i=1

= (Trt1,€5) — (Tht1,€5) = 0.

Apat, 10 ept1 = Yrt1/||Yr+1]] oplleton xahd, xou Tt ey, . .., ept1 lvon opoxavovixd.
Télog,
ex+1 € Span{$k+1,€1, B ,Ck} g Span{mla B ,.’L'k;+1},
prees
Thy1 € span{yri1,€1,...,er} Cspanfer,...,ex,€pq1}.

‘Apa, spanfer, ..., eg+1} = span{zi, ..., Tpt1}. g
Ewwkn) mepintwon: Av X ydpoc Ue eowtepixd ywouevo, xor F unbywpoc nene-
paocuévne dudotaone (dimF = n < o00), tot€ 0 F éyer Bdon {z1,...,zn}, xou 0
opYoxavovixonoinon Gram-Schmidt ude Sivel ud opdoxavovixr Bdon {ei,...,en}

tou F. Kd&Oe z € F ypdgeton 6N Lopgh & = Y i, Ai€;, xol

n

(.’L',ej>zz>\i<€i,€j>:>\j, jzla"'an

i=1
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Anhodn,

Ané 1o [Tudaydpeio Oedonua,

n

n
||‘/I’.||2 = Z ||<.’I},6i>6i||2 = Z(xaei>27 x € F.
i=1

i=1

Y1 ouvéyewa, ueketdue to e€ng medlBAnuo: divovton évag yweoc X ue vopud,
évag unoywpog F' tou X nenepaouévne Sudotaong, xou yia xdde © € X opilovue

d(z,F) = inf{||lz -yl :y € F},
Vv anéoraon tov x and tov F'. Oa deifouue 61l undipyel yo € F' oto onolo «midvetony
n anéotaon: ||z — yol|| = d(z, F).

Mpdryuart, and tov oploud e d(z, F'), unopodue va Bpolue ¥, € F tétola wote
1

Ewdwoétepa, yn € By1,2(d+1))NF, 1o onolo elvar cuurayéc obvolo yratl o F €yet
TETEPAUOUEVT] BLdoTAOT), dpar LTdEYEL UTaxoloudia yi, — yo € F. 'Encton 61t

[l = yoll = lim ||z — yg, [| = d(z, F).

To yo umopet var uny elvor Lovadixé: otov R? ue vépuo Ty

(&1, &)1l = max{|&1], €21},

av “d‘POUHE T = (171) xou B = {(5150)751 € ]R}v TOTE d(CE,F) =1, xau ||glj - y“ =1
avy = (£,0) ue 0 <& <2

Oa Sobue 6Tt av 1 || - || TpoépyeTar and ecwtePLxd YVOUEVO, TOTE TO TANOLEGTEPO
Tpo¢ o T onuelo tou F' elval LovoouavTa 0plougvo:

IIgbtaot 6.2.2 Eotw X xdpos pe eowtepikd ywvduevo, kar F vndywpos tov X
didotaons n, pe opfokavovikr Bdon tny {ey, ..., en}. Avx € X, téte to mAnoiéotepo

7 3 n ’ n 7.
mpog to x onpeio tou F elvar to Y., (x,e;)e;. EmmAéor, tox — ) . (x,e;)e; elvar
kdOeto otov F.

Anédelgn: Iopatnpolue tpwtadtLto z—Y 1w (z,€;)e; elvon xdeto otov F. Apxel
vou del&oupe 6t elvan xddeto oe xdde e;, j =1,...,n. ‘Ouwg,

<1. - Z(mvei>eiaej> = <1‘,€]‘> - Z(x)ei><eivej>

= <1‘,€]‘>—<1‘,€]‘>:0.
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n

‘Eow y € F. Trdpyouy Ar,..., A, € R o dote y =3, | Aje;. Tore,

n n

|l - ZAi@in =l = > (weden) + Y ((w,e1) — Mei|”,

i=1 i=1
xou tor dVo Sravbouata efvon opdoywvia, ondte to [udaydpeto Oedonuo udc dtvel

n
Iz = Nel?
i=1

Hw - Z(x, 6i>€i||2 + Z((x, ei) — \i)?
> lz— Z(m,ei)eiHQ.

i=1

Emuniéov, wobtnta umopel vo toylel uévo av A; = (z,e;), 1 = 1,...,n, dnhadf av
n

y =iz (T e O

Ynuavtuel ouvéneta e Hpdtaone 6.2.2 elvan 1 ariodtnta tov Bessel:

Ilpétaom 6.2.3 Eotw {e, : n € N} oplokavovikrj akodovdia oe évav yopo X e
/ / / ; ; 00 2 ,
cowteptkd ywipevo. Tore, ya kdde x € X n oapd Y~ | [(z,en)|* ovyrdive, kat

o0
Y s en)® <l

n=1

AnédeEn: Eotw N € N Oewpolye tov utdywpo Fy = span{es,...,en}, xou

eapuolovue tnv Hpdtaon 6.2.3. To tAnotéotepo mpog t0 © onuelo Touv Fiy elvon t0
N N . . ,

Yoner (@ en)en, xow 10 x — Y (T, en)e, elvon xddeto otov Fy. Apa,

N N
lz* = llz =Y (z,en)enl® + 1Y (z, endenll®
n=1 n=1

Y

N N
> (1D (wendenll’ =D (z,en)*.
n=1 n=1

Aol n avioétna oylet yia xdde N, nalpvouue

o0
Y @ e’ <zl O
n=1

6.3 Opdoywvio cupumifpwua - TEoBoAEG

‘Eoww H yopoc Hilbert, xou éotw M xhelotée ypauunde unbywpos tou H (evdeyo-
uévwe anetpodidotatog). Ou delZouue dtL, xou 6’ auThAV TNV TEplnTwon, To TEdBANU
e BéEATIOTNG TPOGEYYLONE EXEL Lovadixh Moo
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IMpdétaom 6.3.1 Eoww H xdpos Hilbert, M kleiotds ypaupuikés vndywpog tov H,
karx € H. Yrdpyer povadikd yo € M téroo ddote

Iz = yoll = d(z, M) = inf{||lz —yl| : y € M}.

To povadiké avtd yo € M ovuBoriletar pe Pur(x), kar ovoudletar mpoBoliy tou
otov M.

Anodeln: Oétovue § = d(x, M). YTrdpyet axohovdia (y,) otov M tétola BoTE
|z — ynll — 0.
Ané tov xavbvaL ToU TUEAAANAOY PSLUOL,

lyn — ym”2 = [|(n—2) + (- ym)||2
= 2llyn — 2l” + 2llym — 2l” = [|(Yn + ym) — 22

+
= 2llyn — 2l* + 2y — all® — 4 LTI — 2,

Ouwe, L2t e M, oo ||L2t8n — g|| > 6. Enoyévoec,

||yn - ymH2 < 2||yn - .7;”2 + 2||ym - .7;”2 —46% — 26° +26° — 46° = 0.

"Apat, 1 (yn) elvar axohovdia Cauchy otov H. O H elvan nhpng, dpa utdpyet yo € H
TETOLO0 WOTE Yp — Yo. Emeton 6t yo € M (o M elvan xhewot6c), o ||z — yol| =
lim, ||z — y.|| = 9.

Lot povadindtnta, YenotuoTolo0UE xoL TEAL TOV XovOVAL TOU TORIAANAOYedU-
wou. Av ||z —y|| =6 = ||z — ||, tote

0<ly -yl

y+y' 2
=

20|z = y'lI* + 2lle - ylI* - 4| =

< 2624262 —46% =0.
Apa, y =y 0
To x — Py(z) elvon xou oty «ametpodidotaty nepintwony xddeto otov M:
ITpétacn 6.3.2 Me tig vrotéoes tng Hpdraons 6.3.1, x — Py(x) L M.

Andde&n: Octovue z = x — Py(x), xou Selyvouue 6t (z,y) = 0 yio xdde y € M.
‘Eow y € M. Oswpolue tov F = {y, Py(x)} C M. Téte,

d(z, F) < ||z|| = d(z, M) < d(z, F),

6mouv 1 teleutala avicomta toylel yatl F C M, xou 0 mpwtn ywtl Pa(z) € F.
Aol ||z — Py ()| = d(z, F), xo o F éyeL nenepaouévn SLdoTtaor, €YOVUE

x — Py(z) L F.

Ewduwétepa,  — Py(z) Ly, Snhadn (z,y) = 0. =
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IMépiopa 6.3.1 Av H ydpog Hilbert kar M kAeiotds yrijotog vndywpos tov H,
tote vndpyer z € H, z # 0, térowo dote z L M.

Anéden: Eotw x € H\M. Malpvovue z = x — Py(x) # 0. O

IMépropa 6.3.2 Evas ypapuikds vrdywpos F' tov H elvar tukvds av kat poévo av
T0 povadiké Sdvvoua tov H nov elvar kdOeto otov F' elvar to 0.

Anédeln: (=) YTrolétouue 6Tt o F elvon muxvée otov H, xau 6 (z,z) = 0 yia
x&e x € F.

‘Eotww y € H. Agol o F elvon nuxvée, undpyet oxohoudia (y,) € F UE yp — y.
Téte, 0 = (z,yn) — (2,y). Apa, (z,y) = 0. Agol (z,y) = 0 yia x&¥e y € H,
gxouue z = 0.

(<) Ac unodéoouue 6T o F Bev elvor nuxvée otov H. Téte, o F elvon yviiolog
xhelotég undyweog tou H. Apa, undpyet z #0, z L F.
EWlwértepa, z L F, droro. a

IMapatienon Av o X elvon Y®poc UE ECWTEPIXS YWWOUEVD, OANS Oyt Thpnc, TTe
7o Ilopoua 6.3.1 umopel vo unv toyVeL.

DN mopdderyua, YewpolUe TOV YOPO Cop TWV TEAXA UNDEVLXMY oXOAOUT®Y, UE
£0WTEPXS YWWOUEVO T0 (T, Y) = D oy Ekmi- Opllovue f i coo = Rue f(z) =, %’“
To f elvon ypouuwd cuvaptnooetdée, xou elvon @payuévo yiott

¢ ) 1/2 1/2
f@l = 1> 31< ( k—) (Zfi)
k k
1/2
1 /
= (%) el
k
Apa, o muphvag tou f, M = {x € coo : ), % = 0} elvar xAeloTOS YPOUULXOS

UTOYWPOC TOL cop. Emione, o M elvar mpogavde yvHiowo utochvoho Tou cop.
Ac unodéoovue 6t z L M, z = (G, (2, - - .). Aol y, = e1 —nep, € M, éyovue

<Z)yn> =¢ —n¢ =0, neN

Av (4 #0, t6te ¢, = (1/n # 0, n € N, drono, yatl 1o z Yo elye dhec tou TIC
ouvtetayuévee un undevixée. Apa, (4 = 0, xt awtd ude divel ¢, = G /n=0,n €N,
dnhadh z = 0.

BAénouvue howmdy 6T, av xan o M elvar XAeLoTdS, To UOVO BLAYLCU TOU Cop TOU
elvar xddeto otov M eivor o 0.

Optopos Eotww H yopoc Hilbert, xav A C H, A # (). Opilovue
At ={re H:Va€ A, (z,a) =0}

O At etvor sxeotde ypouuixde undywpoc Tou H (doxnon).
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Ocwpnua 6.3.1 Eoww H xdpos Hilbert, kat M kAeloté§ ypapjuikés vndywpos tov
H. Téve, H=M & M~*. An\adhj, kdde x € H ypdperar povoorjuavta otn popgr

rT=x1+x2, T1 €M, .’EQEML.

Anédedn: Eotww v € H. Tpdgovue x = Py () + (¢ — Pu(x)). And t oulhnon
ou éyet mponynel, Py(x) € M xon & — Py (z) € M.
Av zy + 29 = 2 + b xou my,2) € M, 22,7 € M+, t67€ T0

y=x —x) =x9 —xh e MO M+
yiott oo M, M+ elvon vréywpor, dpa y L y, to onolo onuaiver 6t y = 0. Apa,

T = &) xa T2 = o, an’ 6nou EneTol 1 LOVASLXOTNTO TOU TEOTOU YRUPHS. o

IIépiopa 6.3.3 Eoww M # {0} khaotds ypaupikds vndywpos touv ydpov Hilbert
H. Optlovue Py : H — H e Py(x) = Py (a1 + 22) = 21, dn0v & = 21 + 22 1w
oto Qeddpnua. O Pyr elvar gpayuévos ypappixos tereotrs, kat ||Pa|| = 1.

Anodeldn: Av e =21 + 22, 2/ =) + xh xou A, p € R, 161
e+ px' = (\zy + pxh) + \as + pah) € M+ M*,

OTOTE
Py Az + pz') = Axy + pxy] = APy (z) + pPa ('),

dpa 0 Ppr elvon ypauuwxog teheothic. Enlong,
1Py (@)I17 = lleall® < Nlzall” + w2l = [lz1 + 22l = [|=]1%,

dnhadh o Py etvan ppayuévos, xat ||Par|| < 1. Av zg € M, 29 # 0, téte Pyr(x0) =
xo. Apa,
(121 (o)l

1Pyl > ————
1ol

=1

6.4 To Oewpnua avanapdotacns Tou Riesz

‘Eotww H # {0} xtpoc Hilbert. Xe auth v napdypago Yo Sodue bt o H* meptéyel
«mOMAGy GuVaETNoOoEWSY, Tar ontola avamaploTavTon UE TOAD GUYXEXPUUUEVO TEOTO Ao
o ototyela Tou H.

Adppa 6.4.1 Ta kdle a € H, n fo, : H - R pe fo(z) = (z,a) avijxer orov H*,
xal || fall = = [lall -
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Anédedn: ‘Eyouue

fa(Az + py) = (Az + py,a) = Mz, a) + ply,a) = AMfa(z) + pfa(y),

e
[fa(@)] = [z, a)| < [la]| [|]-
Apa, fo € H* xau ||fall < llal|l- Térog, av a # 0,

[fa(@)] _ [{a,@)] _
||fa|| Z ||a|| - ||a|| - ||a||
Av a =0, mpogavixe ||fal| =0 (fo = 0). m|

To Oedpnua tou Riesz udc Mel 6t xdde f € H* avanoplotaton cav f = f, yw
xdmoto a € H:

Oedpnua 6.4.1 (Ocdpnua avarapdotaons tov Riesz) Eotw H xdpos Hilbert, ka
f € H*. Trdpyer povadixé a € H téroo ddote f = f,.

Anéden: Opilovue M = Kerf = {z € H : f(z) = 0}. O M elvor »heotde
yoouuLxég uTdyweog Tou H.

Av M =H, t6te f =0 xo f = fo.

Av M # H, téte vndpyet z # 0, z € H nou elvar x&deto otov M (yratl;). Tore,
v xdde y € H €youvue

F(F2)y = fy)z) = f(2)f(y) = F(y) f(z) = 0.
Apa f(z)y — f(y)z € M, xon agol z L M moafpvoupe

G- fWn =0 = (2= Fu)z)
— ) =T ),

Gl
omov a = f(2)z/]|z]]2. H uovaduxétnra tou a elvon andf. Av f(y) = (y,a) = (y,a’)
yiaxddey € H,tétea—a’ Ly yaxddey € H. Apa, a =a'. |
II6piopa 6.4.1 Eotw H ydpos Hilbert. H aneicérion T : H — H* ue T(a) = f,
elvar ypappuxnj wopetpla eni (100UETPLKES 100UOPPLOTLES).
Aréderdn: (a) T ™) ypapuuwdtta e T, nopatnpodue 6t

Fratpe () = (@, Ao + pa’y = Xz, a) + plx, a) = Ma(z) + pfo (x),
dipot

T(A\a+ pa') = fratpa = Mo + pfor = AT(a) + pT(a’).

(B) A6 to AMuua, ||T(a)|| = || fall = llal]. Anhadh, n T elvon oouetplo.
(v) Av f € H*, undpyet a € H tétowo wote T(a) = f, = f, and 10 Oevpnua
avanapdotaone tou Riesz. Anhadn, n T elvon enl. i
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6.5 Opdoxavovixeg Bdoelg

Optowés Eotw X Swywplowog ywpog Ue ecwTERXd Yivouevo. Mio optoxavovixt
axohoudia {e, : n € N} Aéyetar oplokavovikry Bdon touv X, av

X = span{e, : n € N}.

Enueiwon: Auté dev onuaiver 6t 1 {e, : n € N} elvow Bdon Hamel tou X. T
nopddetyua, 1 cuviing opdoxavovixy| axohoudia (e,) otov £y elvon opdoxavovixh

Bdon (yratis), dyt duwe ahyeBpuxh Tou Bdon.

IMedétaoy 6.5.1 KdOe diaywplotjios xipos X e eowteptd ywipevo, éxel opfoka-
vovikny Bdon.

Anoéden: O X elvon dwaywpelowog, dnhady undpyer aprdunoyuo tuxvé utochvolo
{z, :n € N} tou X. Opilovue Y = span{z, :n € N}, onéte Y = X.

Mapaieinovrog dtadoyxd exelval T T, To omolo Ypdpovtow ooy YpouLxol cuv-
duaouol TWY TEONYOUUEVWY TOUC, TolpVOUUE €va Ypauuxd aveZdptnto {y, : n €
N} C {z, : n € N} tét010 OoTE

Y = span{y, : n € N}.

Me tn dtadixaotio Gram-Schmidt, Beloxouue opdoxavovixy| axohouvdia {e, : n € N}
étola HoTe span{yi, ..., yr} = span{es,...,er} v xdde k € N. Edwdrepa, ¥V =
span{e, : n € N}. Apa,

X =Y =span{e, :n € N}. O

IIapazripnon: Av o X éyel opdoxavovixr Bdon {e, : n € N}, téte elvan Staywplowuoc.
To M = {Zgil anen : N € Nya, € Q} elvon aptdurowuo tuxvéd unocdvoro touv X.

Ilpétacm 6.5.2 Fotw X xdpos pe eowtepikd yvduevo, kat {e, : n € N} opoka-
vovikn Pdon tov X. Téte, av v € X éyovue

(0() r = 22021@5’ en>en;
©®) llzl* = 2202 Kz, en) .

Anoden: Eow z € X, xawe > 0. Apob X = span{e, : n € N}, undpyouv N € N
X Ag, ..., Ay € R tétola dote

N
||a: - Z )\nen” <e.
n=1

‘Ouwe, otov Fiy = span{ey,...,en} éxovue

N N

||a: — Z(a:,en)en” < ||a: — Z)\nen” <e.

n=1 n=1
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Anhody,
N N
[l)|* — Z($76n>2 = ||« - 2:(516,%)6””2 < e2.
n=1 n=1

(eréyZte v televtalo LodtrTa Eexwvdvtog and to delld péhoc.) Térte, yia xdde
M > N,

M M

0 < o= (wenen]” =l =D (z,e0)
n=1 n=1
N N )
< lal? = D (wen)” = [lz = D (@, endenl|
n=1 n=1
< &%

Aol 10 € > 0 Atav Tuydy, autd onuaivel 6Tt

(o) ZnM:1<$,€n>€n =z xoddc M — 00, Snhadh

o0
T = Z(w, €n)en-
n=1

@) llzl]> = =M (2, e0)? = 0 xaddc M — 0o, SrhadH

00
2 = [@en)’. O
n=1

Av howndv 1 {en} elvon opdoxavovuer| Bdon tou X, téte xdlde x € X éyel avd-
TTUYHE OS Tpoc TNV {en}, UE ourtedeotés Fourier Toug (T, ep), XL 1 vopUa TOU T
vrohoyileton amd v [|z||? = 3, (7, en)>.

IMépropa 6.5.1 Kdle daywplouos xapos Hilbert H elvar woouetpikd 100poppLkos
e tov ls.

ArnéderEn: O H éyer opdoxavovixt Bdon {en : n € N}. Opllovue T : H — {5 ue

T(:L’) = ((Z’,61>, ) (maen>> . )

(o) O T etvon xahd optouévoc, yortt Zn(aj,en>2 = ||z||* < +o0, dpa T(z) € L.
(B) H ypopuixdtnta tou T ehéyyeton e0XONAL.
(v) ||T(a:)||%2 =3 (@, en)? = ||z]|?, dpo o T etvor oouetpla (dpa xou éva Tpog évar).
(d) Eow (a1,...,an,...) € . Opilovue zny = Egil anen. Toéte, av N > M
€YOLUE
N

lzn — za])* = Z az =0

n=M+1
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xadode N, M — 00, xou awtd delyver 6t 1 (zn) elvon axohoudia Cauchy otov H. O
H elvar mAfpeng, doa umdipyet € H t€t0l10 OOTE Ty — T.
‘Exovue (xN,em) = (z,em) xoddc N = 0o, xour av N > m,

xN;em E anen;em = Q.

Apa, (%, €m) = am, m € N. Téhog,

T(z) = ((z,em))men = (4m)men,

dpo 0 T' etvown ent. |

6.6 Aoxnoeig

1. BEotww X yopoc ue eowtepixd Yvouevo, xa. éotw z,y € X. Acléte ot
(o) Ly av xou ubvo av ||z + ay|| = ||z — ay|| yio xdde a € R.
(B) x Ly av xaw ubvo av ||z + ay|| > ||z|| yio xdde a € R.

2. Eoww H yopoc Hilbert, 2, y, otn wovadiaia undha tov H, xat (zy,yn) — 1.
Agl&te 6t ||Tn — ynl] — 0.

3. Eow H yopoc Hilbert, xat x,, 2 € H ue tc Wdtnec: ||z,]| — |||, xon, yia
x4 y € H, {xn,y) = (x,y). Acllte 6t ||z, — x| — 0.

4. Eow X y®pog Ue e0wTepNd YVOUEVO, XU Z1,...,Ty € X. Acite 6Tt
>l = ]| = nz il = | z:mzll2
i#j

Av ||z, — zj|| > 2 vy i # j, Sel€te 6tL av (il undha nepLéyel OAoL ToL x5, TEEMEL VoL
€yeL axtiva ToLAdyLotov \/2(n — 1) /n.

5. Eotww X ydpoc ue eowtepind YWWOUEVD, XL T1,...,%, € X. Acllte 6T
n 2
§ Y =2 E:Ilwzll
=+1 i=1
6mou 10 efwtepnd ddpooua glvor Thvw and dhec tic axohovdies (e1,...,€,) €

{-1,1}™
6. 'Eoww X yopog pe eowtepnd ywouevo, xou A, B un xevd utocOvola tou X, Ue
A C B. Aci&te 6T

() AC AL, (@) BEC A, (y) AN = At
7. BEow H yopoc Hilbert, xou Y unéywpoc tou H. Acetéte 6t 0 Y elvar xhelotdg
av o uévo av Y =YL,



120

8. 'Eotww M, N xkewotol utdywpol evog yweou Hilbert. Aei&te 6t

(M+N)"=M*nN+ | (MnN)*=ML+NL

9. Adote mopdderyua yweou Hilbert H xou ypouuixod undyweouv F' tov H ue tny
Wiétnro H # F + FL.

10. 'Eotww H ywpoc Hilbert, xoau W, Z xhewotol undywpot Tov H ue tnyv 3idtntor av
weWxuzeZ,t6tew Lz (oo W xon Z elvon kdOetor). Aellte 61 o W+ Z elvon
AAELOTOS LTOYWPOS Tou H.

11. Xe évav yopeo Hilbert H, Jewpodue 80o xhetotole vnoywpoug M, N, xou Tig
avtiotolyeg oploymdvieg npoBoréc Py, Py. E€etdote av woylel mdvia Py o Py =
PN o PM

12. Oewpolue tov C[—1, 1] ue ecwtepxd ywouevo o (f, g) f f(t)g(t)dt. Beei-
1€ 10 0pYoxavoVIXO GOVONO TOU TPOXUTTEL AV EQUPUOCOVUE TN BLaBoncGLoc Gram-
Schmidt otic 1,t, 12

Bpeite a, b, c € R tétolouc dote va ehayloTomoLeltal To

1
/ (t* — a — bt — ct?)%dt.

—1

13. 'Eotww T : H = H @payuévog ypouux6c Tehectic, Tou omolou 1 ewxdvar elvan
uovodidototn. Ael&te bt undpyouy u,v € H tétola dote

T(z) = (z,u)v, z€ H.

[Trédeién: YTrdpyer v € H tétowo wote T(x) = Ayv, x € H. Aelte dbunz — A,
elva paryUévo ypauuixbd cUVAPTNOOELSES, XOL YPNOLLOTOLACTE TO VEMENUL AVOITAL-
pdotaone tou Riesz.]

14. 'Eotw W xhewotdc ypouuixode unoxo)pog Tou ywpou Hilbert H, xou f € W*.
AciZte bt undpyer wovadind f € H* tétowo dote flw = f o ||l = ||fllw-.
[Trédeién: Oedpnuo avarapdotaonc tou Riesz otov W]

15. Eotw X ywpoc ue eowtepixd yvbuevo, xou {e;} opoxavovixr axdhouvdio otov
X. Av z,y € X, del&te 6Tt

o0

D s er)(y, exd| < llell - [lyll-
k=1

16. 'Eotw Y xhewotde undywpog tou yodpeou Hilbert H, xou {ey, : n € N} opdoxavo-
v Bdomn tov Y. Ael&te 6L av x € H, t61€ 10 mhnotéotepo onuelo tou Y mpoc to
z elvon t0 Y7 (z,en)en.

17. Ael&te 6t 1 ouviing oploxavovixy| Bdorn tou fa éxel tny e€hc Widtntor

Vfel;, f(e,) —0.
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18. Eow H ywpoc Hilbert, xou (z,,) opdoyodvior axohoudia otov H (dnhoady), av
n # m, 16t z, L x,.) Téte, n Y., &, cuyxhivel av xat uévo ov n Y. ||z,
OLYXALVEL.
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Y rodeielg - anavIRoELg

1. (o) T x&de a € R éyouue
Iz + ayll” = lle — ayl|* = llell* + 2a(z, y) + llayl]* = l|lz]|* — 2alz,y) + llayl,

dnhadn, -
af{z,y) =0.

IMatpvovtog a = 1, BAénovue o6tL = L y.
T v avtiotpopn xateduvon, av L y yio xdde a € R éyovue

Iz + ayll” = lll” + llayll” = llz — ay|*.
(8) Tio xdde a € R éyovue
llz +ayl® > Nlzll” = llzll” + 2a(z, y) + a’[ly]l” > [|=]1%,

Srhadh,
2a(z,y) +a’||z]|* > 0.

Avonpdvtac e a xou nalpvovtag a — 07, Brénovue 6t (z,y) > 0, evd natpvoviaga — 07,
Brémovue 6t (z,y) < 0. Apa, (z,y) =0.
T v avtiotpopn xateduvon, av L y yio xdde a € R éyovue

Iz +ayll” = llell” + llayll” > ll]*.

2. YTddvouue Ty ||zn — ya|| oT0 TETRAYOVO:

lznll® + llyall® = 2(2n, yn)
< 2—2(xn,yn) = 0.

0 < lzn — yn||2

Apa, |lzn — yull = 0.

3. YTddvouue ™y ||z — z|| oT0 TETRPAYWVO, X ePapu6lovue TV LTddEoN YL Y =

0 < lon —all® = llall® + [|l2]|* — 2(zn, 2)
2 2
=zl + [l2)” = 2(z, z)
2 2 2
= l=lI” + llzlI” = 2[l2|" = 0.

Apa, ||zn — z|| = 0.

4. Me anhéc mpdieic Prénovue OTL

Sllwi =l + 1D will? =D (lwll® = 2(@i, z5) + llos11°) + O wi, > ;)
i2j i=1 i2j i=1 =1
= (=1 lwll® =2> (@i, z) + ) llwill> +2> (zi,25)
i=1 i<j i—1 i<j

n
= ny |l
i=1
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Av ||z; — zj|| > 2 btav i # 7, téte yia x&e y € X €youue

i#j=|l(zi —y) — (z; —y)ll > 2.

Trodétouue btL undpyouv y € X xau r > 0 tétowa wote |ly —zif| <r, i =1,...,n. Tére,
n(n —1) 2
=4 < Y ll@i—y) — (@ -yl
i#j

n n
_ 2 2
= ny e —yl? = 1Dz —nyl
i=1 i=1
n n
< ny flm—ylP<nd 0
i=1 i=1

2 2
= n°r.
"Eneton 61U

2

r? >

2(n_1):>7‘2 Z(n—l).

n n

5. Avn =1, éyouvue ||z|* + || — z||* = 2||z||*.
Il to emaywywd PAua, yedpouue

k41 9 k 9 k 9
E H E €iTq = E H E €ii + Th41|| + H E €iTi — Th41
ei=%1 i=1 ei=%1 \ i=1 i=1

k
2 Z (HZ&I’Z
e;=%1 i=1
k
2 Z HZ&xl

e;==%1 i=1

2
+ ||1‘k+1||2>

2
+2- 28 |lepr||?

k
22" lzill” + 2 2" ||zgga]?
i=1
k+1

2"yl
i=1

X ; Stadoyuxds 5 Anhoypd Yk e
pnotuonoooue Sladoyixd: TOV XAVOVIL TOU TUPUAANAOYRAULOU YLOL TOL ) - | &;T; XoL
ZTr+1 (Yio x80e ETNOYH TWV €1, ..., EL), TNV ETAYOYLX URGVEST VL& T T1,. . ., Tk, XOL TO
yeyovée 6t o {—1,1}F éyel 2% otowyela.

6. (¢) 'BEotw = € A. Anb tov oplouéd tou A*, yia xdde y € AL éyovue (z,y) = 0. Ouwc
aUTO onualveL OTL

re (ANt = AT
Agob 10 € A frav Tuydy, éxouue A C AT+
(B) Avz € BY, w6t z L y yio x&de y € B. Apob A C B, auté onuaivel 6t = Ly yiot
x&de y € A, dpa x € AL,
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(Y) Egapuédlovtac to (o) yia 1o AT ot 9éom tou A, éyovue
AL (At - qtet

Ané v SN mhevpd, agod A C AL 1o (B) udc diver
AL gyl gt

Enouéveweg, AT+ = A+,

7. O Y eivan (médvra) xheotéc yoauude undyweoc tou H, dpa, av Y = Yt téte o
Y elvar xAetotdc.

T v avilotpogn xatedduvon: Eépovuce 61t Y C Y| ooxel howndy va Setfouue 6t
Y+ CY. Bow z € Y. Agol o H eivor ydpoc Hilbert xaw 0 Y xhewotdc undywpde
T0U, T0 T YPAPETAL LOVOCHUOVTY 6T Wopph & = y + 2, 6mov y € Y xou 2 € Y. ‘Ouwg,
teYtt xauy €Y CYLL dpa

zzx—erlL.

Agob z € Y NYL éyovue 2z L 2. Apa, z = 0. Autd onuaivel 61t =y € Y, ot apol
w0 ¥ € Y1 frav tuydy, énetan b1t Y =YL,

8. Agob M, N C M + N, éyovue (M + N)= C M+ N+, pu
(M 4+ N)* c M-nN*.

Avtiotpoga, é0tw © € M- N Nt xaw w € M + N. Téte, w = m + n yio xdmotow m € M
xow n € N, xau agol L m, n nalpvouue

(z,w) = (z,m) + (z,n) =0,
Smhadh, z L w. Eretow btz € (M 4+ N)*, Snhadh
M*NN* C(M+N)*.

Auté anodewvier ™y tpdTn wétyre. Tua ™ debtepn, Bdovue oty mpdtn Toug M-, N+
ot Véon twv M, N: éyouue

M AN = (Mt NYE

xow ool ou M, N elvaw xAewotol, mtalpvouue
MON=(M"4+N")".

IMaipvovtac opdoywvia cuuminpduata, BAénovue 6t

(%) (MNN)* = (M*+ N

Méver va delfovue 6t av F elvon évag ypauuixde undyweoc tou H, téte FH-t = F
(onuetdote 61t 0 M + N+ unopel va uny eivar xhetotde unbywpeog tou H). Tty Acxnon
7 eldaue 6 F C F1+ xou agod o F1+ eivan xhewotéc éneton éu F C FH4. Av unfipye
z € FYH\F, téte 10 un undevixd dudvuoua z — Pr(z) 9o avixe otov F- N F+ = {0}
(ywati;), o onolo ebvar dromo. Apa, éyouvue Lobtnia, xa Yétoviag F = M+ + N+ oty
(%) €youue to Intoduevo.
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9. Oewpolue tov H = {3, xou cav F nalpvovue tov undywpo coo mov amotehelton and tic
teAxd undevixée axorovdiec. Ilpogavae F # H, vyl

1 1
(1,5,...,5,...) 662\000.

Ané Ty &N Thevpd, en € cop YL xdde 1 € No Av howmdy y € ¢y, 0 y = (1) mpémer var
LXALVOTIOLEL TLC
nn:@/;en):O; nENa

Smhadh y = 0. Apa, cgy = {0}. Tére,

1
coo + coo = coo # 2.

10. 'Eotww z, = wy + 2, axohovdia otov W + Z, 1 onola cuyxhivel o xdnow « € H. Ou
dei&ovue 61t LTdpyoLy w € W xou z € Z TéTol HOTE T = w + 2. Autd anodewxviel 6Tt o
W + Z eivaw xhetotde vndywpoc tov H (yiatl;).

H (z,) ouyxhive, dpa elvon axoloudio Cauchy: éyovue ||z, —zm|| = 0 xoddc m, n —
00. ‘Ouwe, and v xadetdtnra wv W xon Z, xau and to ITudaydpeto Oedpnua, Exovue

”’wn - wm||2 + ”Zn - Zm||2 = ”il:n - $m||2;

xou awt6 delyvet 6t oL (wr), (2n) elvon axohouvdiec Cauchy otouc W, Z avtictorya. Ou W, Z
elvar xAetotol undyweoL Tov H, dpa elvon TAYpeLs cav ueTpwxol yweot. Enouévwe, undpyouy
w €W xow z € Z tét0ldl OCTE Wy, —> W XA 2Zn, —> 2. 'Eneton 61t T, = Wi + 20 — w + 2,
%o and yovadwotnta tov oplov, t =w+z € W + Z.

11. Ztov R? Yewpolue toug M = {(z,0) : x € R} xan N = {(z,z) : « € R}. Tére,
(Pu o Pn)(1,1) = Py (1,1) = (1,0),

(P o Par)(1,1) = Py (1,0) = (% %) .

’ApO(, PM o PN 7& PN o PM.
Ioyler duws wotnta av M L N: vy xdde x € H éyouvue

(P o Py)(z) = (Pn o Pu)(z) =0,
BT])\O(Sﬁ PM [¢] PN = PN [¢] PM =0.

12. Ou tpelc npwteg ouvapthoels mov tpoxOTToLY and TNV opdoxavovixomoinon elvar ot
e€hc:

— 1 —
(@) fi(t) = 7 = 75
(V) _
B) £o(t) = T3l = [t
_ B VA=) () . [a5 42 1
) i) = Jm=@ = mnr = Vs E —3)

IMapatneodue 6t

a,b,c

1
mm/|#—a—w—dWﬁ:J%ﬂamﬁ»
-1
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enouévee unopolue va Bpodue ta Béltiota a,b, ¢ Beloxovtag to mhnoéotepo onuelo tou
(1,t,t?) mpog Ty t1. 'Ouwg, oL fi, fa, fa elvow opdoxavovued Bdon tou {1, t,t2), dea 1 Aon
dlveton amd vy

90 = (&, A0+ 21RO + 6 B O = ... = 262 = 2,
t0 omnofo Jlvet 3 6
a:—g, b_O, C—?

13. YTrovétovue 61t R(T) = span{v} yio xdnowo v # o. Téte, yia xdde z € H €yovue
T(x) = Ao,

6mov 0 Ay € R e€aptdron and to . Mnopolue va unoloyloovue 10 Az péow touv T we
e€ng:
v
T =X (,0) = A =(Tx, — ).
(Tz,v) (v, v) < T ||v||2>

IMopatneodue 6t 10 f : H — R nou opiletan and tny

£@) = (7o, 1o )

elvan QpayUEVo YPoUUXO GUVIPTNCOEWES: 1 YPUUULXOTNTA ENEY YETOL EOXOAL, XOL
o I3

F@ =Tz ) < ITell- | | < e

Ané 1o Yedpnua avanapdotaong tou Riesz, undpyer uw € H tétolo dote

Az = f(z) = (z,u), z € H.
Apa, T'(x) = Agv = {(z,u)v v x&de x € H.
14. O W elvon xwpog Hilbert, dpa to Yedpnua avanapdotaons tou Riesz uag divelr povadixd

w € W tétow0 wote
f(@) =(w,z), €W

Aol (npogavix) w € H, uropolue va oploovue f : H — R ue
f(x) = (w,z), =z € H.

Téte, 1o f elvor ppayuévo ypauuixd cuvapooedéc otov H, enexteiver o f, xou
1 £llw= = llwll = 1| £|l~

Mével va Set€ovue 1 uovadxétnta: €otw 6Tl xdmoto g € H™ wxavornotel ta nopandvew.
Téte, and 1o Yedpnua avanapdotaorns touv Riesz otov H, undpyet u € H tétolo wote

g(z) =(u,z), x€H.
‘Ouoc téte, (w —u, ) = 0 yio x&9e & € W, onbte w —u = z € W. Tére,

2 2 2
llull™ = {lw[]” + 1|2
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ané 1o Tludaydpeto Jewpnua (eEnyhote), xow agod |lu|| = |lgl| = ||f|| = ||f|| = ||w||, mpémret
va éyouue ||z]| =0, to onolo diver z =0 = w = u. Encton 611 g = f.

15. Egapuoélovue npwta v avicdtnta Cauchy-Schwarz, xou xatémy v avicédtnta tou

Bessel:
oo /2 /o 1/2
(Z($’6k>2> (Z(y7ek’)2>

k=1 k=1

> I, ex)(y,e)]

k=1

IA

IN

llll - llyll-

16. Ectw y to thnoéotepo onuelo tov Y npoc 1o z. Agod y € Y xou n {en : n € N} elvan
opYoxavovixt Bdomn tou Y, 1o y ypdyetal otn Lopph

(oo}

y= Z(y: en>en-

n=1
Ouwe Eépovue 6Lz —y LY xaw e, € Y yia xée n € N. Apa,
(1‘ - y,6n> =0= (1’,6“) = (y,en)

yia x&e n € N. Zuvdudlovrtog To Topandve, TolpVoLUE

=)
y=3 wenten
n=1

17. Eoww f € £5. And to Yedpnua avarapdotaone tov Riesz, undpyel y € £z tétolo dote

f($)2<y,$>, 51:6(2-

EWlwébtepa, f(en) = (¥, en). Ouwg, and tny Tawtdtnta Tou Parseval éyoupe

[o%e}

S (g, en) = Ilyl> < +o,

n=1
bpat, (y,en)? = 0, Shadh f(en) — 0.
18. O H elvou mhfipng, dpat N Y. Trn SUYXAIVEL av xou UGVO av 1) axoloudiar TV UERLXDY
adpotoUdtwy sm = Y, &, elvar Cauchy. ‘Ouwg, av [ > m éxouue

1
st = smll® = l@msr + - +@l> = D [lwall’,

n=m-+1

ané to IMudaydpeto Yedpnua. Apa, N (sm) elvow Cauchy av xow uévo av 7

m
tm =y _ llzall”
n=1

eivar axohovdio Cauchy oto R, Snhadh av xaw uévo av 1 oetpd S0, [|zx||” cuyxhiver.
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To @)so')pv]ptoc Hahn - Banach

7.1 To Afuua tov Zorn

‘Eotw M éva un xevé obvoro. Mia oyéon < oto M Aéyeton pepikny Oudtaén av
weavorotel tor e€ie:

(1) vt x&de a € M, a < a (avoxhaotixh LBLOTATA).

(2) av a <bxo b < a, téte a = b (avtiovupeTplxn WBLOTHTA).

(3) ava <bxwub<c, t6te a < ¢ (UeTaBotind LTI,

To M Méyeton téte pepikd dratetayuérvo ovrodo (ws mpoc v <). Amd Tov oploud
patvetar 6Tt untopel oto M va uTdpyouy a xou b yio Tar omolor Vo uny oy Vet xauulo

and tic a < b xow b < a (téte, Mue 611 o a xou b dev ouykpivovtar) To a xou b
ovykpivortal av oy Vel ToLAdytotov ula and Tica < b b < a.

(o) "Evor un xevé utoohvoho A tov M Aéyeton olikd Satetaypévo (f alvoida) av
onoladrimote dUo otolyeia Tou cuyXplvovTaL.

B) Ay W #0, W C M xor u € M, Mue 6T t0 u elvor dvw gpdyua yio to W oav:
v xdde € W woyber ¢ < u. 'Eva unocbvoro W tou M urnopel var €xel ¥y vor uny
€xEL v podryuaL.

(v) To r Ayetow péyoro otoyeeio tou M av yio xdde © € M wybet z < 7. Av 10
M éyel uéyioto otouyelo, tote avtd elvan wovadixd (doxnor).

(d) To m € M Nyetaw peyotiké ororyeio tov M av: yia xdde © € M ue m < x
woybet m = x. Anhadn, av dev undpyel atowyelo tou M yvrowa UeYahlTEPO amd TO
m. ‘Eva uepwd dwatetayuévo cbvoho M umopel var €xel # vor unv €yeL UEYLOTIX
otowyelo. Av to M éyel uéyioto otoiyelo, toTE ALTO elvar To Uovadxd UEYLOTIXG
otouyeio tou M (yiois).

Ioagadeiypata (o) To cbvoro R twv mpayuotixdy aptdudy ue tn ouvhdn didtadn
elvo éval ohxd dtotetoryuévo oOVoho Tou dev TEpLEYEL UEYLOTIXS oTouyelaL.

129
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(B) Eow X # 0 xu M = P(X) 10 cOvoho 6hwv twv utocuvohwy tou X (to
duvapoovrodo tou X). Opllovue < oto M wc einic:

A<B<<= ACB.

H < elvon pepudd Sdtaln oto M (xow av 1o X €yet neptoodtepa and éva otolyela,
téte undpyouv A, B € M mou dev ouyxplvovtow: mdpte my. A un xevd, yviolo
unoobvoro tou X, xou B = X\ A.) To M éyel éva (oxpBdc) ueyotxd ototyelo, to
X (7o omolo glvor t0 Uéytoto atolyeio tou M).

(v) Oewpolue 10 clvoho M = R, n > 2, 1wV SOTETAYMEVOY N-E3WV TEAYLOLTIXOY
apdudy. Av z = (&1,...,60),y = (M1, yMn), Mue oLz < y av & < 0 v
x&e ¢ =1,...,n. To M elvon uepxd datetaryuévo we mpog Ty <, xot Sev TEPLEYEL
MEYLOTWS oToLyelaL.

(3) Oewpolue 10 clvoho M = N twv puaxdy aptdudy, xat Aéue 6t m < n av o
m Swoupel tov n. H < elvon pepund| didtadn oto N (ta otoryela 3 xau 7 tou N dev
ouyxpivovta.) To A ={3-2% : k =10,1,2,...} eivor ohuxd Sratetaryuévo uToohvoho
tou N. To N dev nepiéyet yeyotixd ototyela wg mpog Ty <.

Av Yewprficouue 1o cbvoro P = {2,3,5,7,11,...} tov mpdtwr aptdudy ue ty
B ddtaln <, 161 (de otoryelo tou P elvon peytotixd. IIda ue v <, 10
{2,3,4,8} éxeL 600 ueyotind otouyelo: 10 3 %o To 8 (EAEYETE TOUC TAPATAV®L LY U-
pLouolc.)

Adfupo tov Zorn Eotw M # 0 éva pepird datetayuévo ovvoro (ws mpos tnr <).
YroOérouue 6t kdOe alvoida A C M éxa dvew gpdyua oto M. Tdte, to M éyet
TOUAdX10TOV €va JLeEVIOTIKS OTOLYElo.

Ac donwudoovue va «anodelfovuey authv Ty mpdtaon: to M elvar un xevo,
nalpvouue Aowndy xdmow x4 € M. Av 1o x;1 elvor yeyiotind €yovue to {nroluevo,
ohhLdS uTdpyEL Tz € M ue 1 < g, xou T0 {T1, T2} elvor ahvoida. Av 1o x4y elvan
UEYLoTXS €xouue to {nroluevo, aAA®g undpyel 3 € M ue 1 < Tp < T3 xou
0 {21, 22,23} elvon ahuotda. Buveyllovtag étot, Beloxovue peyiotixd ototyelo z,
1 @Tdyvovue ohuoida {z, : n € N} Auth éyer dvw @pdyua, €otw Y1 and Ty
unoleon. Av 1o yi elvor Yeyliotxd, tekewwdooue. AMde; Luveyilovue dnwe xou
mpwv. Autd mou dev elvan gavepd elvar av auth 1 dwadcacia Yo wog ddoel xdmota
oTLYUY| UEYLOTLXG oTolyelo Tou M.

o tnv axpiBetar, n uédodog autr dev unopel va ddoet anddelén: to Afuuc tou
Zorn elvon 1006Uvauo pe to aloua e emthoyhc, xa Yo 1o deytolue cav aflwpa
OTN UEAETY) .

O tpoémrog ue tov omolo ypnouuonoteitar o Afuua tou Zorn Yo yivel xodopdg ue
v anddetln tou e€hc Yewpruatos (tnv onola elyoue avoBdiher):

Qewpnuo 7.1.1 Kdde ypaupuxds yopos X # {0} éxear Pdon Hamel.

Anddeln: Oewpolue 10 cOvoho M S AWV TwV Ypauuixd aveEdpTnTwY UTOGUVOAWY
wou X. To M elvor un xevé: agol X # {0}, undpyer € X, x # 0. To {z} elvow
Yoouuxd aveZdptnro, dpa {z} € M.
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Opllouue ddtaén < oto M, Yétoviac A < B & A C B. H < elvon yepu
dudtodn (mopotnehote dtL oE évay YpouUxd Xtpeo, utopolue va éyouue Sbo Eéva,
dpor un ouyxplowa, YeoUIXd avedptnTo GOVONA.)

Ioyverowodsg. To (M, <) wavornotel Ty unddeon tov Afupatoc tov Zorn.

Anéderdn: Eotw A C M ohxd Swatetayuévo. Tpdgouue A = {A; : i € I}, 6mov
x&de A; elvon ypouuxd ave&dptnto vtoolvoko touv X, xou, av 4,5 € I, téte elte
Ai g Aj elte A]' g A,

Optllouvue U = [J;e; Ai- Hpogavag, U C X xa A; C U v xdde @ € 1.
Aelyvovue 6t U € M, dnhadn 6t 1o U elvon ypouuixd aveldptnrto. Autd Yo dellet
6t 1o U elvon dvw gpdyua tou A oto M.

Eow z1,...,2, € U. Agob x, € U, k = 1,...,m, undpyouv A; ,..., A;
ol wote Ty € Aj. To A elvon ohuxd Swatetaryuévo, dpa tar A;, ouyxpivovton
avd 800. Agol elvar nemepaouéva To TAfdog, undpyet ko téTowo wote A;, C A,
k=1,...,m. Anhadf, z1,...,2m € 4;, . To Ay elvon ypouuxd aveldptnro, dpo
0 {T1,...,2m} C Ajy elvon % auT6 ypouxd aveldptnto. Aol to {z1,...,Tm}
Aty To Tuy 6V nenepaoUévo utocUVolo tou U, to U elvon ypouuwd aveldptnrto. O

Tdpa, epapuoleton 1o Afuua tov Zorn: To M éyel peyiotixd otoiyeio B. To
B eivan ypouuuxd ave€dptnro, xou yio vo det&ouvue 6t elvan Bdon apxel var Sobue 6t
nopdyet Tov X.

‘Eotww Y = span(B). Troldétouue 61 Y # X. Torte, undpyer z € X\Y, dnhadn
T0 2 Bev YpdpEToL GOV TENEPAUOUEVOS YPOUUIXOS GLYBLACUGS oTolyelwy Tou B. Ou
detZouyue 6t 0 BU{z} elvon ypouuixd aveZdptnto: Av Az +- -+ A& + 12 = 0,

tote p o= 0, NS To 2 Yo Aoy YEOUUIXOS GUYBLAOUOS TWV T1, ..., Tm. Apd,
Mz 4+ Apzm = 0, xat agob 1o B elvon ypouxd aveldptnto, Ay = -+ = Ay, =
0.

Apat, to B dev elvar ueyotxd otoyelo touv M. To B U {z} avixer oto M xau
neptéyet yviola to B. Auté elvan dromo.
‘Enetar 61t X =Y = span(B), dnhad| o B elvon Bdon. a

Ympeiwon: H ovolo e anddelne Peloxeton oto tehevtaio Bruc. Ouotaotind
det€aue 6L av B elvon évar ypoixd ave€dptnto utocUvolo tou X mou Sev topdyet
Tov X, t6te UmopoLue va emextelvouue to B oe éva yviowa UeyaAUtepo cUvolo
B' = B U {z}, nou elvar enlone ypapuixd avedpmro. To Afuuo touv Zorn udg
EMLTPETEL VO LOYUPLOTOVUE TNV UTopE TN LEYLOTLXOU YRuUUIXd AveEdpTNTOL UTOGUYOAOU
Tou X. Auté dev emexteivetan, dpa mapdyel T0 XOpEo, dpa etvon Bdo.

Ye tétoleg TEPITTOOELS, 6OV TO {NTOVUEVO Elvar XATOLL KUEYLOTLXT] ETEXTIOTY,
T0 Arjupa tou Zorn eivon e€oupetixd ypriotwo. To Oedpnua Hahn-Banach etvor, 6mwg
Yo Sovue, axplBig éva Jedpenuo ETEXTAOTS.

7.2 To Oswpnua Hahn - Banach

Optowés 'Eow X ypouuxde yodpeoc, xou p : X = R. To p Aéyeton vroypappiko
ourapTnooeldég, av txavonotel to e€Nc:
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(@) p(z +y) < p(z) +py) Yo xdde z,y € X,
(B) p(Az) = Ap(x) yra x&de A > 0 xou xdde & € X,
dnrady), av elvan unompocietind xan Vetind ouoyevée. Ilopatnerote 6t dev ama-
To0UE TO P vor alpver un apynuixéc Twéc, ovte Ty p(Az) = [Ap(x), A ER (av n p
EYEL xL qUTEC Tig WOTNTES, TOTE AéyeTan nuvdpua.)

EOxoha eléyyovtar ot p(0) = 0 xou p(—z) > —p(z), z € X (doxnon).

IMapadeiypato (o) Av f 1 X — R elvon ypouuxd cuvaptnooetdée, tote ta f,|f]
elval LTOYPUUULXE GUVAETNCOELSY).

(B) Kéde vopua || - || : X — R elvor vnoypouixd cuvoptnooetdéc.

(v) Hp: € — R ue p((&)) = limsupéy, elvon unoypauuixé cuvaptnooedés ooy
loo.

Oevpnuo 7.2.1 (Oedpnua enéktaons tov Hahn) Eotw X ypappikds yopos, kai
p: X = R vnoypaupiké ovvaptnooerdés. Eotw Z ypappikos vrndywpos tov X, kat
f:Z — R ypappuxé ovvaptnooadés e tny 1didtnta: ya kdde ¢ € Z,

(*) f(z) < p(a).

Téte, vndpyel Ypaupiks ouvapTnooetdés f : X = R térow dote
(a) f(z) = f(z) av x € Z (w0 f etvar enéxraon wov f),
B) f(z) < p(z) ya kdde z € X.

(o) Mapatnerote 6 dev uTodéToupe xouulo Totohoyxh Soun yia To yopo X (elvon
ATADC EVOC YROULULXOC YOPOC.)

(B) Onwe Yo dobue, to ovalaotxd Bhua e anddeling elvar va Sodue mods Yo eme-
xtelvouye 1o f amd évav umdywpo W oe évav undywpo Wi mou €yel «ula Sidotaom
TOEATIAVGY, UE YPUUULXO TEOTO Xt Ywpelc var YoAdoeL 1 (). And T oLy Tov autd
elvor duvartd, To Afuua Tou Zorn uac eEacpoliler Ui UEYLOTIXH eméxtacny f,
oty (6nwe Yo Sodpe) unoypeolton va €xel tedlo optouol ohdxhnpov tov X.

Apyilovue howmdv ue o e€hc Afuua:
Afupa 7.2.1 Me nig vrnobéoes tov Ocwpnuatos, ag vroléoovue emmAéor ot ya
kdrolov ypaupiké vrdywpo Wi tov X o onolog nepiéyet tov Z, éxovue Bpetl f1 : Wi —
R térowa doze fi|z = f xar fi1(z) < p(z) yia kdOe x € W;.

Eotw y € X\Wi, kat Wy = span{Wi,y}. Tdre, vndpyet fo : Wo — R tétoa
dote folw, = f1 kat fo(z) < p(x) ya kdle © € W,

AnoderEn: Kdde z € Wy ypdpeton povooniuarta otr Uopgh

z=x+ \y
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yioo xdmow © € Wi xaw A € R (doxnon). H ypapuuixn enéxtaon fo mou {ntdue
Tpocdlopileton Aowndy Hovoohuavta and v Ttuh @ € R nmouv Yo emiéEovue cay
f2(y). Av O¢oouvue f2(y) = a, téTe TRETEL VoL EyouuE

(1) fa(2) = fo(x) + Afaly) = f1(z) + Aa,

apod {ntdue to fo vau elvon ypouxd xon va enextelvel 1o fi. H &\ Widtnta nou
Untde and 1o a elvon 1 e€hc: Do xdlde © € Wi xan xdde A € R,

(2) fi(@) + Xa < p(x + Ay).

Iood0vapa, malpvovtac ur’ 6dguwv tig (1) xou (2), Intdue a € R pe ty Wdmtor yo
xéde ¢ € Wy xou xdde A > 0,

(3) file) +da <plz+Ay) . file) = Aa < plz - Ay).

Enewdn to p elvon Yetind opoyevég xan to fi ypauuixd otov Wi, 1 (3) elvon tood0vopn
ue o e€hc: yia xdde € Wi xou xdde A > 0,

W A resrEa) A e,

xou eneld) o W elvon undywpog, toodivaua {ntdue a € R tétolo dote: yio xdde
z, ' € Wi,
fi(a") = p(a’ —y) <a < plx+y) - fi(x).

Mid tétolo enthoyy| Tou a elvar duvarth av xon wévo av yia xdde z, 2’ € W,

fil@) + fi(z") < pla’ —y) + plz +y).

Ouoc,
flz)+ @) = flz+a)
< plx+a')
= p((&' —y) + (z +y))
< pla' —y) +plr +y),

amd TNV UTOYEAUUXOTNTO TOL P, TNV Yeauuwotnta tou fi otov Wi, v fi < p
otov Wi, xou 10 YeEYOvoC 6Tt T0 p optletan oe ohdxAnpo tov X. Autd anodetxvieL 1o

Aupuo. O
Ano6den tov OewpApartog: ‘Eotw W n owxoyévela bhwv twv Leuyopodv (W, fi)
TOU LXAVoOToLoLY Ta €€1¢:

(o) 0 W7 elvor ypowuuxde undywpog tou X, xou Z C Wh.

(B) wo f1: Wy — R elvon ypauuwd, xau fi|lz = f.

(v) fi(z) < p(z) yro xdde x € Wy.

H W elvar un xevi, agol (Z,f) € W. Opilouvue ddtain < otnv W d€tovtag
(W1, fr) < (Wa, fa2) av xaw uévo av Wy C Wy xou falw, = fi.



134

To (W, <) elvon pepind dtatetarypévo ovvoro. Oa delfouue 6t xavorotel Ty uno-
eomn tou Afjupartoc tou Zorn: ‘Eotw C = {(W;, f;) i € I} o aduoida oto (W, <).
Opllovue W' = ;o ; Wi o f': W' = R ue f'(z) = fi(z), z € W;. Anodewxvdouue
e0xola OTL:

icl

() O W' elvon ypoppixde uvndywpog tov X, xoaw Z C W; C W' yio xdde i € I (Yo
YpelooTelTE TO YEYOVOS OTL awv ¢, § € I tote, elte Wy C W elte W; C Wy, agol 1 C
elvar ovoido.)

(B) H f" opileton xod, eivon ypouuwx, xou f'(z) < p(z) v xdde x € W' (x €3
Vo ypelaotelte T0 yeYovog 6t av 4, § € I t6te, elte filw, = fi elte filw, = f; apod
n C elvon ahuoida.)

(v) T xdde i € I, f'lw, = fi.

‘Enetaw 61t (W', f') € W, xou to (W', f') elvan dvew @pdryuo tne C.

Ané 1o Afupoa tov Zorn, to (W, <) éyet peyiotxé otoyelo (Wo, fo). And to
Afupa 7.2.1 Brénovue 61 Wy = X Av by, o nodpvope y € X \Wo, xou optlovtag
W§ = span{Wy, y} o enexteivaue 1o fo oe fi : Wi — R, onéte to (W, fo) Yo oy
yvioLa pueyahitepo anéd 1o (W, fo), dromo.

H f=fo: X = R elvar n {nroduevn enéxtoon g f otov X. o

Y10 mhaiolo Twv ypwy Ue vopua, o Ocwpnuoa Hahn-Banach Siatundvetar ou-

vidwe oty e€hc Lop@n:

Oewpnuo 7.2.2 (Banach) Eotw X xdpos pe vépua, Y ypappukdés vrndywpos tov
X, kar f:Y = R gpayuévo ypaupuxd ouvvaptnooeidés. Antaon,

[1f]

y«= sup |f(z)| < +oo.
z€Y,||z||=1

T'dte, vmdpyet f: X = R gpayuévo ypaupré ovvaptnooadés pe fly = f rxa
AN = flly=. (Ankadn, vrdpye ovvexris eméxtaon tou f otov X, ue Satripnon
g véppas.)

Andédeln: ‘Eyouvue |f(z)] < ||flly=llz|| yioa xdde 2 € Y. Opllovue p: X — R ue
p(x) = ||flly=||z]]. To p elvor vroypauuXd cuVaPTNOOELDES:

(o) T TV Loy poIXSTATA, THPATNEOVUE GTL

pix+y) = fllv-llz +yll < IFllv=lll + [yl
= [ flly=ll=ll + 1 f]ly=llyll
= p(z) +p(y).
(B) To p elvon Yeuxd ouoyevéc: av A > 0, téte
p(Az) = [[flly-|IAzll = Al flly« [zl = Ap()-

An6 to Bedpnua enéxtaonc tou Hahn, undpyer yoauund enéxtaon f: X — R e
f, tétowa wote

(1) f@) <pe) = flly-llzll, @ €X.
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IMofpvovtag 10 —z ot Yéomn ToL T XoL YENOLUOTOWOVTAS TN YeauuixdTnta Tou f,
BAénouvye 6T

(2) —f(@) = f(=2) <p(=2) = Iflly-l =zl = Ifly-llz]l, =€ X.
Ané e (1) xon (2) ovunepaivouue 61, yia xde z € X,
| F@)] < [1Fly=ll]l-

Apo, f e X*, xou [|f]] < ||fllye- And v &hn mhevpd, agol fly = f, naipvouus

Ifll=" sup [f(@)]> sup |f(x)]=]f|

zeX,||z|l=1 z€eY,||lz||=1

Y*-

Arpodt, [|FIl = [1£[ly-- O

To Oedpnua 7.2.2 udc Aéet 61t 0 X* elvor «mhololog oe cUVAPTNCOELSHY. LNy
enduevn nopdypapo Yo dobue torkés epapuoyéc autol tou eldouc. Alvouue e3¢ éva
TPWTO TUPASELYUAL.

Igdétaocn 7.2.1 Eotw X xdpo§ MHe vOpua, Xi,...,Ty ypappikd aveEdptnta Owa-

viopata otov X, kat ay,...,an € R Trdpoye f € X* térowo dote f(x;) = ay,
1=1,...,m.

Arédeldn: Oétouue YV = span{zi,...,Tn}. O Y éye ddotaon m xou tar Sovd-
OUOTA L1, - - -, Ly, OYNUTiCOVY Bdomn tou. Optlovue fo: Y — R e

fo (i Aimz’) = ikiai-
=1 =1

Téte, folx;) = az, xou 10 fo elvon PporyUévo yoauuxd cuVapTNooEWEéS oTov Y, apot
oY éyel nenepaouévn didotaon (napatneiote 6Tl to fo elvar xohd oplouévo, oot
x&de © € Y ypdyeton Lovochuavta oty woph & = Y0, AiT;.)
Ané 1o Oewpnuo Hahn-Banach, to fo éxel @poyuévn ypouuxni enéxtoaon f €
X*. Hpogavax,
f(a:i):fo(a:i):ai, 1=1,...,m. O

7.3 Egoapuoyeg
() O X* mepLéyer «moAN&» cLVAETNCOELSY,
Ocopnua 7.3.1 FEotw X # {0} xdpos pe vépua, kat xo € X, 29 # 0. Trdpyer

ppayuévo ypaupé ovvaptnooadés f : X — R wérowo dote ||f|| = 1 kar f(zo) =
[Izol|-
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Anéderldn: Ocwpolue tov undywpo Z = span{zo} mou mopdyeton and To To, XoL
optlovpe f: Z = R ye f(Azo) = Allzo||. To f elvon ypogupuind, xou
|f(Azo)|

f Z+ = sup —
1llz = Sup Sz

A7 7o Oevpnua Hahn-Banach, undpyet f:X = R gpoyuévo ypauuixd cuvaptr-
coewdée, ve ||fIl = |Ifllz- = 1 xon

f(@o) = fxo) = llzoll. O
Ilépiopa 7.3.1 Av X # {0}, vdre X* # {0}.
AnddelEn: Av xp # 0 xau f bnwe oo Oebdpnua 7.3.1, téte f # 0. o
Ioy Vel udhiota xdtL moAd Loy LEGTEPO:
Ocwenua 7.3.2 Eoww X ydpos pe vépua, kar x € X. Tore,

lzll = macx |£ ()],

AnéddelEn: Ané 1o Ochpnuo 7.3.1, undpyer f € X*, [If]l = 1 ue f(z) = ||z]|. Apa,

(%) sup |f(2)] > |f(2)| = ||]l.
I7l=1
An6 v M mhevpd, av [|fll =1 w6te [f(2)| < [If[] ]l = [l]]- Apa,
() sup |f(z)| < ||z]].
l7l=1

. To sup elvow max Aoyw tou f. |

Amé g (x) xou (xx), ||z = sup)p= | f(2)

Enpetwon: Tvopilovue 731 6t || f]| = supj, =1 |f(z)] yioe xdde f € X* (a6 Aoy
OULVETELYL TOU 0pto oD TG Vopuas teheoth.) To Oedpnua Hahn-Banach, oty popey
Tou Oewprhuatog 7.3.2, udc diver ) dulxh) oyéon (||| = sup) =1 [f(2)|: N vépua ToU
T «mdvetony ooy TLUn xdmotou f and T povadiata ogalpa Tou duixod Yweou.

Ilopiopa 7.3.2 Av f(z) = f(y) yua kdOe f € X*, téte x = y.

Anodedn: |z —yl| = supyp =y [f(z —y)| = supp =y |f(2) — f(y)| = 0, Spar z = y.
O

Ynuetwon: Aéue 6tL 0 X* daywpiler 1o onuela Tov X: av £ # y, T61€ LTAPYEL
f e X* tétowo dote f(z) # f(y).
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(B) O 3eltepog SUixdg EVOG X WeoL e Vopua - Autonadeis Ydpot

Eotw X yopog ye vépua. Eyouue el 1L 0 X* elvon ydpog Banach pe vépua
v ||f]| = sup{|f(z)| : ||z|| = 1}. Mnropolue Aotndv va utkficouue yia tov (X*)*,
TO YOPO OAWY TWV PEAYUEVDY YROUULX®Y cuvapTnooedwy F @ X* — R, ue vépua
™y

I1Fll = sup [F(f)].
I£lx+=1

T euxohior ypdpoupe X** := (X*)*. O X** elvon o dedtepog duikds tou X.

Kdde 2 € X opller pye guolohoyxd tpémo éva ctoiyelo 7(z) tou X** w¢ e€hc:
optlovue 7(z) : X* = R, ue

[r(@)](f) = f(z), feX".
Adppa 7.3.1 To 7(x) elvar gpaypévo ypaupkd ovvaptnooedés otov X **.

Arédergn: EXéyyouue mpdta T yoouuuxotn o tou T(x): Av f,g € X* xou A, u € R,
ToTE

[T(2)](Af + pg)

(Af + pg)(z)
= A(z) + pg()
= Ar@)](f) + plr()l(9).
Eniorng,
e @O = 1f@)] < fIl =l = =] [l f]l, feX™

Apa, T(x) € X** xou ||7(2)]|x= < ||z x- O

Adppa 7.3.2 H anaxovion 7 : X — X** pe x — 7(x) elvar ypaupukn wopetpia.
Eiducdtepa, n T elvar éva mpog éva.

Anoden: (o) Eotw 1,22 € X xou A, A2 € R Ta xdde f € X* €youue

[Tz + Aez2)[(f) = f(Aiz1 + A2xa)
= Mf(@1) + A2 f(22)
= Ai[r(z0)](f) + Ae[r(22)](f)
= [Air(z1) + Ao (22)](f).

Apa, T(A1@1 + Aama) = MiT(@1) + A7 (22), INhadA N 7 elvon yporuuxs.

() Eow z € X. An6 to Bedpnua 7.3.1, undpyel f e X* tétow dote ||f]| = 1 xau
f(@) = |zl Aga,

I7(@)llx-+ = sup [[r(@)](H)] > [[r@)](H)] = f(2)] = |lz].

l7l=1
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Anhady, ||7(z)||x++ > [|z]|. Eto mponyoluevo Afuua eldaue 6t Loylel xou 1 avti-
oTpogn aviodtnTa. Enouéveg,

17 (@)[[x= = [l,

xou N T elvon toouetpla.
() Toogavic, 7(x) = 0 = [r(@)llx- = 0 = ||e]l = 0 = = = 0. Erewdfi n v
elvan ypouuua, owtd delyver 6L N T elvon €va Tpoc €va. O

‘Aueon ouvénela v 300 Anuudtwy elvor o eEAC:

Ocwenua 7.3.3 Kde yopos X e vipua eupureetal jLe guotodoyikd tpdno 100-
petpikd otov X** péow tng T : X — X** mov opiletar and tny

Hapatnefoerg (1) O X elvor ydpoc Banach av xou uévo av o 7(z) elvor xhewotodc
umdyweos Tou X **. Tlpdyuatt, o X** elvan mhipne xon o 7(X) ypauuxde vdywpoc
Tou X**. O 7(X) elvon xhewotde av xou (évo av elvon TAHeng, duws o T(X) elvon
LooueTpd toopoppuxde ue tov X. Apa, o T(X) elvon mAHeng av xon uévo av o X
elva TAjng.

(2) Oprowdes H anewdvion T Méyetan kavovikij epputevon tou X otov X**. O
X Myetow avroradris av 7(X) = X**, dnhadf av n 7 elvon enl. Tote, o X elvon
LOOUETOLXE. LoOHOPPLXOC UE Tov X **,

(3) H wiubtnra tne awtonddetas dev elvar loodlvoun ue Ty Umapin LOOUETELXOU 160~
HoppLopol avdpeoa otoug X xar X**. Av o X elvon awtonodic, téte elvar .ooue-
Towd LoouopPd UE Tov X *¥, olhd UE TOAD Loyupd TEOTO: 1 XoVOVIXT EUQUTEVOT
T elvan woouetpla ent and tov X otov X**. O James (1951) éyet Scdoet nopdderyuo
XWpou Tou elval LOOUETELXE LoOHOopPOC UE ToV BeUTEPO duind Tou, Ywelc va eivor
o tomonde.

(4) Trdpyouy Todol un avtoradelc ywpot. Ipdto-tpdta, évac Yhpog e vépua Tou
dev elvar mAHeng Sev umopel va elvon automodrc (yratt;).

O ¢ dev etvor avtonadne, yrorl cf ~ €1 xau €7 ~ l. Av o ¢y Hrav avtonadic,
THTE 0L o Ao Log Vo ety LOOUETPLXE tooopPol. AuTé dev umopel vo oy Ve, apol
0 ¢p elvar draywployog eved o fo O)L.

O 41 dev elvar awtomodic. Av ftay, Yo ATay LOOUETPLXE LooUoppIXdS UE Tov L5,
dnAad”y o L5, Yo hray daywplowog. ‘Onwg Yo Sobue oTny ENOUEVY LUTOTAEAYPAUPO,
autd Yo ohonve OTL xon 0 Lo elvon Starywploluog, dromo.

IIpétaom 7.3.1 O /4, 1 < p < oo, elvar avtornadrs.

Ano6degn: Tlpéner va del€oupe ot 7(€y,) = (£3)*. Ouundeite 6T, yo xdde f € €5
undpyet y(f) = (M) € £y o0 bote f(x) =Y, &me Yo xdde x = (&) € £,
HS,: 0 — {; ue Sp(f) = y(f) elvon woopetplo enl. Avtlotorya opileton 1

P
Sy ly = L.
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Boww F € (6;)*. To Fo S, €}, dpo undpyer z € £, tétolo dote
(FoS, ) ((m)=>_ &m, y=0m)€Lly
k
Aciyvouue 6t 7(x) = F. Eotw f € £;. Trdpyer y = (nx) € £, tétolo dote

Fle) =" &,
P

dnhadh, y = Sp(f). Ouwce t61e,

F(f)=FoS," 0S,(f) = FoS, () =& = f(z) = [r(@)](f).
k

Apa, F=7(z). To F frav tuydy, dpa 7(€,) = £5*. O

p

(v) O X* 8iver mAnpogopies yia Tov X.
Ty 7.3(a) eldapue 61t 0 X* Saywpiler ta onuela tov X. To Oedpnua mou

axohoulel delyvel 6t o X™* dwaywpilar onuela and kAeioTols VToydpous:

Ocevpnua 7.3.4 Eotw X xdpos e vopua, Y yvijoiog kA€L0ToS vndywpos tov X,
kar o € X\Y. Av

0 = d(xo,Y) = inf{||zo —yl[: y € Y},

téte umdpyet f e X* térow éote ||fl|x- = 1, f(y) = 0 ya xdde y € Y, km

Aréderdn: Oewpolue tov utdywpo Z = span{Y, zo}. Kdde z € Z ypdpeton povo-
oRUaVTA 0TN MopPN T = Y + Az, Yia xdmota y € Y xaw A € R. Opllovue f: Z — R
HE
f(@) = fly + Azo) = 0A.

Tote, f(y) =0 ya x&e y € Y, xou f(xo) = 0. Ipénet va deifovue 6t 10 f elvan
ppayuévo otov Z, xot || f|lz+ = 1. Katémy, yenowornotdvrog to Oewpnua Hahn-
Banach enexteivovue 1o f oe xdnowo f € X* ue e {nrodueves Widtnies (eéyEte
70.)

To f elvar ppayuévo: 'Eow x =y, + Axg € Z. Av A #0,
F@] = 1A= | inf flzo ~ o]

< Al

1
o + Xy1

= Az + w1l = l=].
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Av A =0, t6te |f(z)] =0 < ||z]

. Apa, feZ* xa||fllz- < 1.

Avtiotpogn aviodtnta ya v || f||z-: Trdpyouv y, € Y ue ||zo —yn|| — J. Eniong,
gyouue 6 > 0, yatl o YV elvon xhetotde xon xg ¢ Y.
I xd&de n € N éyouue 0 # o — yn € Z, dpa

- 4]
llzo —wall  llzo = yall

1]

xadode n — oo. Apa, ||fllz- = 1. |

Xpnowonowdvtae o Oedpnua 7.3.4, delyvouue o e€hc:
Ocedpnua 7.3.5 Av o X* elvar diaywpliotjiog, tote o X elvar diaywpiojos.
Anddeldn: Oo ude ypeetaotel éva Afuua:

Adppa 7.3.3 HSx- ={f € X* . ||f]| = 1} elvar draywploiun ws tpos tny erayd-
JLEVT) UETPLKT).
Anédelln: Trdpyer M oprduroyto tuxvd utocbvoro tou X*. Opilovue

My ={g = f/IIfll: f € M\{0}}.

To M elvon aprdunowwo vtocOvoro e Sx=, xou Yo del€ovue 6Tt elvar TUXVO GTNY
Sx.
‘Eotw f € Sx-. Yrndpyer axohovda {hi} oto M pe hy — f. Apa, ||hi|| —
IF1l = 1, Snhadt), tehuxd hy, # 0. Ouly, = hy /|| hg|| avhixouy oto My, xou
hy

Ll = _
Sl Hf ||hk||‘

1
e (1= —
Hf ¢ ’“( ||hk||>H

1
< 1 = el + el 1 - |

Apa, M, = Sx-. a
Anéderldn tou Oewphuatog: Oewpolue {g, : n € N} apriurioluo nuxvéd vnoct-
voho tng Sx-. Tt xde n € N éyouue [|gn|| = sup, =1 [gn(z)| = 1, dpar umdpyer
Tn € X, ||z|| = 1, 11010 woTE

(el > 5

In(Tn 9"

Opllouue Y = span{z, : n € N}. H déa elvow 61t enetdf 1o g, elvor nuxvd otny
Sx+, TEEMEL XAl TO Xy, VAL elvait «muxVEy oty Sx, ondte ¥ = X, 10 onolo Yo Sel€et
6t o X elvon darywplotuog.
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Avotnph anédetin: Eotww 6t Y # X. Téte, anbd o Oewpnua 7.3.4, undpyet
f e X* térow dote ||f|| = 1 xou f(y) = 0 yia xéde y € V. Edixdrepa, f(z,) = 0,
n €N

Tote, yia xdde n € N,

17 = gnll > [(F = gn) (za)| = | (@0) = gn(@n)| = lgn(za)| > 1/2,

domo, yitl 10 {gn : n € N} elvow muxvd oty Sx-.

Apa, Y = X. 'Ouwg, 0 Y elvou Soywplowuoc: oL tenepacuevol ypouuixol ouv-
duaouol Twv T, Ye pnrols cuvtekeoté elvon muxvol otov Y (doxnor). Apa, o X
etvow dtaywploluoc. O

7.4 Alaywplotixd Jewpuota

Opiowds Eotw X ytpoc ue vopua, xar A, B un xevd utocivola tou X.

(o) Aéue 611 T A, B daywpilovtat, av undpyouy f € X* xou A € R tétowa dote:
fla) > Xy xdde a € A, xan, f(b) <\ yia x&de b € B.

(B) Aéue 6t ta A, B draywpilovtar yvijowa, av undpyouy f € X* xoau A € R tétow
wote: fa) > Xy xdde a € A, xon, f(b) < A yra x&de b € B.

O époc duxonohoyeitor and 1o yeyovég 6t 1o {z € X : f(z) = A} elvon éva
xhelot6 UTepeTinedo, To onolo ywpellel tov X oe 300 EEVOUC «NULYDEOLCY EX TWYV
onolwv o évac neptéyel o A xau o dhhog to B.

Ta Soywptotind Yewpruata mou Yo culNTHCOVUE APOPOLY XUETA GOVONA, XL
N anddetln toug Booileton TOAY ovotacTtxd oto Oedpenuo Hahn-Banach. 'V awté
XL AVOUPEPOUAOTE O7 AUTA UE TOV 6p0 (YEWUETELXY Uop@Y| Tou Oewpruatoc Hahn-
Banachy.

Afupa 7.4.1 Eoww X xdpos ue vépua, kar A C X avorytd kat xkuptd, pe 0 € A.
Optlovue
ga(z) =inf{t > 0:z € tA}.

Téte, to ga elvar éva un apvnuikd vroypap ks ouvvaptnooeldés, vrdpyer M > 0
TéT010 HOTE

(%) qa(z) < Mljz||, ze€X
() A={zr e X :qa(z) <1}

Anoden: H ga opileton xard: to A elvon avoryto xon meptéyet to 0, dpa umdpyet
4 > 0 tétowo dote D(0,0) C A. Ercton 6t av 0 # x € X, téte (§/2]|z||)x € A, dpa
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2lz]] € {t > 0: x € tA} xou w0 oUVOAO AUT6 Elvor XdTw PEoryUEVO ard To 0, dpa
€)EL UEYLOTO %dTw @pdrypa. Emlong,

2
qa(z) < <llzll,

Snhadh 1 (%) woyler ue M = 2/4 (av = 0, téte and v xvptdtnta Tov A éneton
6t 0 € tA vy xdde ¢t > 0 (yatl;), dpa ga(0) =0.)

Aelyvovue topa tic SO0 WLOTNTES TOL LTOYPUUULXOL GuvapTNooeols: Eotw
A > 0. Tére,

ga(z) = inf{t >0:  xctA} =inf{t >0:z € (t/\)A}
= Ainf{(t/A):t >0, z € (t/\)A} = Ainf{s > 0: 2 € sA}
= Aga(z).

[ty unonpocdetixdtnta, éoww x,y € X xouw € > 0. Ywdpyouv t,s > 0 tétowa
Oote t < qa(z) +¢e,5 < qaly) +e, xux € tA, y € sA. Anbd v xvptdtnta Tou A
€Y OUUE

tA+sA=(t+s)A

(yatls), dpo . +y € (t + s)A. Eneton 6t
ga(z +y) <t+s <qale) +qaly) + 2,
xan ool o € > 0 oy TLYOV,

ga(z +y) < qalx) +qaly).

Téhog, delyvouue 61t A = {z € X : qa(x) < 1}. Av ga(z) < 1, té1e undpyeL T
€100 Wote ga(zr) < r < 1xow z € rA C A. Avtiotpoga, av = € A, enedh) 10 A
elvar avouyté undpyel t > 0 t.w = 4 tr € A (doxnon), ondte ga(z) < l%_t <l. O
Ockpnua 7.4.1 Eotw X xdpos pe vopua, kar A un kevéd, avorytd kuptd vnooy-
volo tov X mov bev mepiéyer to 0. Tére, vndpyer f € X* e mr idistnra f(z) > 0
yia kde x € A. Ankadn, to f daywpilet To A and wo {0}.

Anéden: Eotww zg € A. To A' = xg — A elvar avorytd, x0ptd xor TEPLEYEL TO
0. Xougova e 1o Afuua utdpyet Vetind unoypoixd cuvaptnooedéc ¢ : A — R
TETOLO OOTE

q(z) < Mjzl], =eX,

xaw q(z) <1 av xow uévo av x € A. Edwodtepa, q(ro) > 1 (yLatl;).

Ocwpolue tov LdYweo W = (xg) ToL TaEdYEL TO Tg, xou opllovue f: W — R
ue f(Azo) = Ag(wo). H f gpdooeton and 10 ¢: av A > 0, téte f(Azg) = ¢(Azg), evd
av A <0, tote f(Azo) < 0 < g(Azp). Enlone, f € W* yiatl

|F(Azo)| = [Mg(zo) < MIA] [Jzo|| = M| Azo]-
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An6 to Oedpnuo Hahn-Banach, n f enextelvetan oe f € X* ue ||f]| = ||f]lw-.
Téhog, yio x&de x € A éyovue g —x € A', dpa g(zo — ) < 1, an’ dmou Bhénouvue
oL

F(xo) — f(x)

= f(zo — ) < q(zo — ) < 1.
Maipvovtac ur’ édy xou TV g(zo) > 1, cuunepalvovue bt

Ve A, f(z)> f(zo) —1=g(zo) —1>0. O

Oceopnua 7.4.2 FEoww X ydpos pe vépua, kar A, B Eva kuptd olvoda, e to A
avowtd. Tdre, vndpyovr f € X* kar A € R térowa dove: f(a) < A av a € A, xat
f(b) > Xavb e B. Av to B elvar ki autd avoytd, tite ta A, B Oaywpilovtar
yvnoa.

Anode&n: Otouue G = A—B:={a—b:a € A b € B}. Ebxoha ehéyyovue
6t o G elvar xvpTo, xa ool G = (Jycg(A —b), 10 G elvor avoryto. Amd tny
ANB # 0 éneton 61t 0 ¢ G. And 10 nponyoduevo Jedpnua, urdpyel f € X* tétolo
oote f(z) > 0y x&de z € G.

Eowae€ A, be B. Téte,a—b e G dpa f(a—0b) > 0. Anhadh, f(a) > f(b).
Trdpyet Aowndy A € R ye v Widtna

(%) sup{f(b) : b€ B} < A <inf{f(a):a € A}.
To A éyet unotedel avolytd xou xuptd, dpo o f(A) elvar éva avorytéd didotnua oo
R (doxnom), dpo n () diver

Vae A, f(a)>X , VbeB, fb) <A\

Av xou o B elvar avouyt6, 161 10 f(B) elvan enlong avolyté Sidotnua, dpa f(b) < A
yia xde b € B, dnhad ta A, B droywpellovtar yvActa. O

Téhog, delyvouue évar Slaywelotind Fewpnua yia EEvaL XAELGTA Xl XUPTE UTO-
obvoha tou X, av éva and autd elvar cuvunayés. O yenoulonolioovue To eENg

Mo

Adupa 7.4.2 Eoww X ydpos pe vipua, K ouvurayés vrootvolo tov X, kar A
avorytd vrnoovrolo tov X ne K C A. Tore, vndpyerr > 0 térowo dote

K+ D(0,r) C A,
orov K+ D0,r)={x+y:ze K, ||yl <r}={ze X :dz K)<r}.

Anodedn: o xdde ¢ € K €yovue x € A xou 10 A elvon avolyto, dpar uTdpyet
ry > 0 tétowo wote D(z,ry) =2 + D(0,7;) C A.
Tore,
K C U D(z,r;/2),
zeK
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xow ool 1o K elvan ouunayég, utdpyouy 21,.. ., T, € K tétow dote
K CD(zy,r:,/2)U---UD(zp, s, /2).

©étovue r = min{ry, /2,...,7s,, /2}. Tére,

m
K+ D(0,r) C U(a:l +D(0,7,,)) CA. O
i=1
Ocekpnua 7.4.3 Eotw X xdpos e vipua, kar A, B 6Vo &éva kewotd kuptd vmo-
oUvoda tou X. Av to B elvar ouunayés, téte ta A, B diaywpilovtar yvioa.

Anéderdn: Agol ta A, B elvan Zéva, to ouunayéc B meptéyeton oto avoyté X\ A4,
xa and to Afuua undpyel r > 0 tétowo dote B+D(0,7) C X\ A, an’ 6nou nolpvouue

(B+ D(0,r/2))N(A+ D(0,7/2)) = 0.

Ta A+ D(0,7/2), B+ D(0,r/2) eivar avorytd xou xvptd: xuptd yiatl to A, B xou
D(0,7/2) elvon xvptd, xar avoiytd vt n D(0,7/2) elvar avouyté obvoro. And to
Oedpnua 7.4.2 Siaywpllovton yviola, dpa To (8o toyleL xou yio Tot UToGOVONS Toug
A, B. O
IMapathenon: Av ta A, B unotedolyv anhde xAewotd, tdte 10 Oebdpnua 7.4.3 madet
v woylel. T mopdderyua, oto B2 Yewpolue o A = {(z,y) : y < 0} xou B =
{(z,y) : @ > 0,2y > 1}. Ta A, B elvor xhewotd, xuptd xon E€va, ahhd dev Stoywpl-
Covtan yvriota.

7.5 Aoxvoeg

1. Aci&te 6Tt n andluTn T YROUULXOU GUVIPTNOOELSOUS EVOL UTOYQOIIXO GU-
VOPTNOOELdES.

2. Acl&te 61 xdde vopua ElVOL UTIOYPUUUIXG CUVIPTNCOELDES.

3. Eow X ytpoc ue vépua, xar p : X — R vnonpoodetxnd cuvaptnooedés (dev
utodétoupe dnhadn 6t elvon Yetnd ouoyevéc.) Aellte ot

(o) Av p(0) = 0 xou t0 p elvan ouveyéc oo 0, ToTE Elvor cuveyéc oe xde zg € X.
(B) Av p(z) > 0 é&€w and wid ogalpa {z : ||z|| =7}, té1€ p(x) > 0 Yo x&de z € X.
4. 'Eotww p €va unoypauuixd cuVopTnooedéc atov Yeouuxo yoeo X. Opilouue
Z = (zo), xau f(x) = ap(zo) av x = axg € Z. Acllte 6T 10 f elvar ypouulxd
ouvaptnooeéc xau f(z) < p(x), © € Z.

5. 'BEotw X ypouuixog yopog xat p : X — R unoypauuixd cuvaptnooewdéc. Aeléte
6TL LTdEYEL YpouUd cuvaptnooedés f 1 X — R tétoo dote

—p(—z) < f(z) <p(z), zelX.
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6. Eotw X ydpoc ue vopua, xou (fn) peayuévn axoloudio otov X*. Ael&te ot
undpyel f € X* ye v Wbidtna

liminf,, f,(z) < f(z) <limsup,, fn(z), =z € X.

7. AelZte 6L av 0 X éyet TouldytoTtov n to TARdoC Yo ixd aveZdptnTa Staviouo-
Ta, ToTE xou 0 X ¥ €yel Touhdylotov n o TARYOC yYpauuixd aveldpTnTa SLatvOCUOTA.

8. 'Eotww Y xhelotdg undywpog tou xkpou e vopuo X, tétolog wote: av f € X*
xau fly =0, w6t f=0. Aclre 61t YV = X,

9. Eotww Y undywpog evéc yodpou ue vopua X. Opllovue
A={feX":Y CKerf}.

Acifte 611 Y = {Kerf : f € A}.

10. Eotw X xo Y ydpor ue vopua. Av T : X — Y ypouuwxode teheothc, detéte
o6t o T elvon @payuévoc av ot U6vo av

M = sup{f(Ta) : Jo] < 1, || < 1} < +oo.

Y auth v mepintwon, dellte 6 ||T|| = M.

11. BEow X yopoc ue vopua, xou A un xevo urnocOvolo touv X. Acigte ot
z € span(A4) av xou ubévo av, yio xdde f € X* ye fla =0, woylel f(z) =0.

12. T xdde undywpo Y tou yopou ue vépua X, opilovue
NY)={feX":VyeY, f(y)=0}

(o) AelEte 6t 0 N(Y) elvan xhetotoc ypouuixde undyweog tou X *.

(B) Ael&te 6t av Y7,Y5 elvan xhetotol ypouutxol undywpol tou X xou Yy # Ys, t6te
N(¥1) # N(Ya).

13. 'Eoww X,Y ydpol ue vépua, xou T : X = Y @payuévoc yoouxéc TEAEcTAC.
Opllovpe T* : Y* — X* yue T*(f) = foT. AclZte 6t o T™ oplleton xahd, elvor
peayUEVOC Ypoixds TehecThg, xou ||T*|| = ||T|.

14. Eow X,Y 30o ywpot ue vopua, xar X # {0}. Aetéte 6 av o B(X,Y) elvan
ARG, TOTE 0 Y elvon mAeng.
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Y rodeielg - anavIRoELg

1. Eow f: X — R ypauuix6 cuvaptnooedée, xau p(z) = |f(z)|. Av z,y € X, téte
p+y) =|f(+y) =If(=) + f)] < @) +1f W) =p(z) +p(y).

Avz € X xoau A >0, tot€

p(Az) = [f(Az)| = [\ f(z)| = A[f ()] = Ap().

Apa, 1o p elvon unoypaUUULXS cUVAPTNCOELSEC.

2. Eotww || -] : X — RT. Onwg npilv, ehéyyovue 6L yio xéde z,y € X xou A > 0, 1oy bouy
oL
lz +yll < llzll + llyll, 1Azl = Al llz]l = A=,

amd TS YVWOTES WLOTNTES TNG VOpUOG.

3. (a) To p elvon cuveyéc oto 0 xow p(0) = 0, dpat yia Socuévo € > 0 undpyet § > 0 tétolo
wote
Izl <0 = Ip(2)] <.

‘Eotw o € X xaw e > 0. Av ||z — o] < 0, téte xou ||zo — z|| = ||z — z0|| < I, onbre
Ip(z — xo)| <&, |p(xo—1)|<e.
Anéd v unonpoodeTixdtnTa ToL P,
p(z) — p(wo) < p(x —wo) < |p(w —wo)| <&
xot

p(zo) — p(z) < p(xo — ) < |p(xo — )| <&,
dpa |p(z) — p(zo)| < . Anhadi, to p elvon cuveyéc 61O To.
(B) Eotw r > 0, xou ag urodécovue GtL yia xdmolo zo Ue ||zo|| = r woyder n p(zo) < 0.
Tote,
p(2z0) = p(xo + x0) < p(x0) + p(x0) = 2p(x0) < 0.

Ouwg, ||2zo|| = 2r # 7, dpa 220 ¢ {z : ||z]| = r}. And v unddeoh pog, p(2zo) > 0, To
ornolo elvar dromo. Apat, p(z) > 0 xou oty {z : ||z|| = r}.

Avr =0, t6te p(z) > 0 yia x&9e z ¢ 0. Ouwg, p(0) = p(0+0) < 2p(0) dpa p(0) > 0.
Anhadi, p(z) > 0 v xdde z € X.

4. To f elvon mpopavds Ypouuxd, yiatl av A, p € R xauw = axo,y = bxo € Z, té1e
f((Aa + pb)zo) = (Aa + pb)p(zo)
= Map(zo)) + p(bp(zo)) = A () + pf(y)-

Ty aviednta f(z) < p(x) nopatnpodue bt av a > 0, téte f(axo) = ap(zo) = p(azo),
eved av a < 0, tote

FQz + py)

f(awo) = —f((—a)xo) = —p(—awo) < p(awo),

apol xdde uroypouuxd cuvaptnooedéc tavornotel Ty —p(—=z) < p(z).
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5. Tafpvouue tuydv o # 0 otov X. Oewpolue tov Z = (zo), xou opilovue g : Z — R,
ue glazo) = ap(zo). And tnv Aoxnon 4, 1o g elvon ypouuxd cuvoptnooeldéc otov Z, xou
wavorotel ™y g(z) < p(z) otov Z.

Anéb 1o Jedpnua Hahn-Banach, vndpyet f : X — R ypauuixd cuvaptnooeldés, tou
EMEXTELVEL TO g, O LXAVOTIOLEL TNV

f(@) <p(x), =elX.

Téhog,
—f(@) = f(-z) <p(—z) = f(z) 2 —p(-x), ze€X.
Anpadh, —p(—z) < f(z) < p(z) yia xdde z € X.

6. To p(z) = limsup fr(z) elvor unoypauuwd cuvaptnooedéc otov X. Av z,y € X, téte

pz+y) = limsup fu(z+y) = limsup[fn () + fu(y)]
< limsup fa(z) + limsup fa(y) = p(z) + p(y),
xor av A >0,
p(Az) = limsup fn(Az) = limsup[Afn(z)] = Alimsup f. (z) = Ap(x).

Topa epapudlovue ™y Aoxnon 5: undpyet Ypauuwxd ocuvaptnooedéc f : X — R, tétowo
WoTE
liminf f,(z) = —limsup fo(—z) < f(z) < limsup fn(z), z € X.

7. 'Eow z1,...,Tn voouuwxd aveldpotnta dtavdouata otov X. Eépouue 6Tt yia xdde
ETLAOYN TEAYUATIX®OY aptdudy at,. .., an, vidpyet f € X* e f(z;) =a;,i=1,...,n.
Mrnopotue Aowndy va Bpodue fi,..., fn € X tétola Wote

filzj) =0i5, 4,j=1,...,n.
To fi,..., fn elvon ypapuwd aveZdptnro: av t1fi + ... +tnfn =0, 16T Yo x&e j < n
€xouvue
0=(t1fi4...+tafo)(x;) =tifi(x;) 4+ ... +tufulz;) =1t; -1 =1t;.

Apa, t1 =...=t, =0.

8. Eotw z € X\Y. Awol o Y elvow xhewotodg xou ¢ ¢ Y, undpyer f € X™ mou wavornotel
o €Nt

fly)=0, yey, |fll=1, f(z)#0.
(Baow epapuoyy tov Yewpruatoc Hahn-Banach). Auté elvan drono, yiatl n vnddeon pog
el OTL
Apa, Y = X.
9. Eotw y €Y. Trdpyouv yn €Y ye yn — y. N x&de f € A éyovue f(yn) =0, n €N,

dpa

f(y) =lim f(yn) = 0.
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Anpad¥, y € Kerf. AgoG 1o f € A fitav tuydy, y € N{Kerf : f € A}. Apob 1oy €Y
ATay TuYOY,

Y C m{Kerf : fe A}l
"Eotw 6TL 0 eyxhewoude elvon yvihotog. Téte, undpye. z € N{Kerf : f € AN\Y. Ané o
Yedpnua Hahn-Banach, urdpyet g € X~ ue ||g]l = 1, 9(2) # 0 xo g(y) = 0 yraxdde y € Y.
Tére, g € A xou z ¢ Kerg, to onolo elvan droro.

10. To de&ud uéhog toolton UE

M = sup sup f(Tz)| = sup ||Tx|v,
lzllx <1 \Ilflly=<1 Izl x <1

and to Yedpnuo Hahn-Banach (yia to Tz € V). Ouwe, o T elvon ppayuévos av xat ubvo
av

sup ([ Tzlly < +oo,
llellx <1

xon t67e || T|| = supy, <1 1Tz]| (Kepdhowo 5).

11. 'Ouota pe v 8. Av Y = span(A4), nopatnpriote bt

flaA=0< fly =0.

12. (o) O N(Y) elvon ypouxds undywpog tou X*: av f,g € X™ xou A\, u € R, 161 Y120
x&de y € Y éyouvue

(Af +ng)(y) = Mf(y) +pgly) =X 0+p-0,
Smhadh Af + pg € N(Y).
O N(Y) etvou xherotés: av frn € N(Y) xon fn — f € X7, 161€ yia xdde y € Y éyouvue

n—oo n—oo
dnhadh f € N(Y).
(B) Eotw Y1,Ys xhetotol undywpor touv X ue Y1 # Ya. ‘Eyouvue 8o nepintdoelc: elte
undpyer y € Y1\Yz elte undpyer y € Y2\Yi. Etnyv npdtn meplntwon, agod o Ya elvow
XAELTOC Yoo uxds uTdywpeog Tov X xau y ¢ Yz, unopodue va Beolue f € X* ue T
WBLétnes
f|Y2 =0, ”f” =1, f(y) #0
TéTE, f € N(YQ)\N(Yl), deOL N(Yl) ;é N(YQ)
Evtehdg avdhoya, av undpyet y € Y2\Y1, Beloxouue f € N(Y1)\N(Y2).

13. H foT : X — R elvar ypouuxn oav cOVIEST YRUUUIXWY GUVAPTACE®Y, Xt Yiol xdde
r € X,
[T (ON@)] = [£T2) < AL ITlly < A ITI - [lell,
Snhadh T (f) € X™ xau ([T (A < (ITl - I £1]-
Avuté Belyvel 6t o T™ opiletan xohd, xou

(%) 1711 < 1T
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[H yoopxétnta tov T™ ehéyyeton ebxoha:

T*(Mf +pg) =M +pg)oT =XfoT)+pulgeT)=AT"(f) +uT"(g).]

D v woétra wv ||T|| xa ||[T7|] yenoiwonowiue to dedpnua Hahn-Banach: 'Eotw
z € X. Téte, Tx € Y xow vndpyel f € Y™ tétow dote ||f]| =1 xow f(y) = ||yl = ||Tz||.
Apa,

1Tl fly) = (foT)(x) = [T"(H](x)
IO - Nl < NN - (1D - el

170 - Ml

IN

Apa, |T|| < |T|, xow and v (%) éneton to {ntoduevo.

14. Stadepororotue f € X pe ||fll = 1. Eotw (yn) axohoudia Cauchy otov Y. Opllovue
Ty : X —>Y ue Th(x) = f(x)yn. Tore,

ITn = Tl

llzllx <t llzllx <t

sup |[f(2)(yn = ym)lly = ( sup If(ar)I) Myn = ymll

WAL 1yn = ymll = llyn — ymll,

dhadh, n (Tn) elvow axohovdio Cauchy otov B(X,Y). Agold o B(X,Y) éyer vrotedel
TAhENG, UTdpyEL @payUévoc Yeauuxds teheotic T 1 X — Y tétoloc wote T, — T, dnhady

(%) T(z) = lim (f(x)yn), =€ X.

n—oo

Agol f # 0, undpyer ¢ € X ue f(z) = 1. Térte, av oploovue y = T'(x), éxovue yn — ¥
and my (*).
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Bawouxa dewpriparta yLro yoeoug
Banach

Yxonde uoc oe autd o Kepdhowo elvan vor amodetouue tpla faoixd Yewpruota yLo
teleocTéc oe Ydpoug Banach: to Yedpnua ouolbuoppou gedyuatog, to Yedpnua
QVOLYTHC OMELXOVLOTG Yol TO YedENUA XAELGTOD YpapAaTog. LTtny anddelé)] toug
YenousonoLeitar ovoLacTixd to Yedpnua tou Baire: elvon Snhady) anoteléouata nou
APOPOLY TANPELS YWEOUS UE VOPUAL.

8.1 To Yewpnua OLOLOLOREPOL PEAYTUATOG

Yy Iopdypagpo 2.4 eldaue o Yewdpnua tou Osgood: av {f,} elvon utor axorouvdio
ouveywv ouvaptioewy oto [0,1] ue v Wibtnra n {fn(t)} va elvon gporyuévn yo
xdde t € [0,1], téte undpyer vrodidotnua [a,b] Tou [0,1] oto onolo n {fn} elvon
ouotbuopga ppaypévn. H anddeln Booliotnxe oto Yedpnua tou Baire.

To Yedpnua 0UOLOUOPPOL PEAYUATOS DLATUTOVETOL Yo Uld axohouda TEAECTOY
T, € B(X,Y) mov éyouv v Wibtnra n {7, (z)} va elvon pparyuévn otov Yy xdde
z € X. Av o X elvon mhpng, n ypouuwotnta twv T}, xou 1 anAf Wéa tne anddet-
&ne tou Yewpruatog tou Osgood poc divouv 6t ot vépuee || T, elvar ouotbuoppa
(EoYUEVES:
Ocewpnua 8.1.1 Eotw X yodpos Banach, Y xdpos ue vépua, kar T, : X = Y
ppayuévor ypapuikol tedeotés, n € N TrmoOérouue du, ya kdle x € X vndpyet
M, > 0 téroiog vote

|Thzlly < My, neN

(6nkadn, n {Tha} elvar ppayuévn axolovdia otor Y). Tére, vndpyet M > 0 téroiog
boTe

IT.l <M, neN
(onAaon, n {{|Tul|} etvar ppaypévn).
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Ano6dergn: o xdde n € N opllovue
A ={z € X :sup ||Thz| < k}.

(o) Kdde Ay elvar xhetotd unootvoho tou X: éotw xj € Ay ue x; — x. [ xdde
n € N éyovue ||Thz;|| < k vy xdde j, dpa xon

[Tnz|l = lim [|Tpz;]| < k.
j—o0

Aol autd oyle yia TGV N, ExovuE T € Ay.

(B) H unddeor pog eZaopoiler 61t

o=
k=1

Mpdryuatt, av ¢ € X, undpyer M, > 0 tétoiog wote sup,, ||[Thz|| < My, xou ov
ndpouue ky, > My, k, € N, Do éyovue x € A, C J, Ax.

(v) O X elvou miipne xou tor A xhetotd. And 1o Yedpnuo tou Baire, undpyel ko € N
TETOLOC OOTE TO A, VO EYEL UT XEVS EcWTEELXG. Anhadn, undpyouy zo € X xavr > 0

TETOLN WOTE
D(ZU(),T) g Ako-

Eotww z € X, x #0. Tore,

r
——ax €D CA
Zo , To + 2||:v||$ (1‘0,7‘) = ko>

dpa, yia xdde n € N,

| Toll < ko xou ||T;, (350 + >|| < ko.

P
Tore,
'S 'S
17 (2||x||“““> =7 (m * 2||w||”3> + Tn(=ao)|
T
< |1 (x i M”“”> I+ T o)
< 2k,

Xpnowonowbvtag Eavd ) ypauuxdtnta Tou I' xon 10 YEYOVOS OTL 1) VOpUaL Elvon
Yetixd ouoYevrg, TalpvouuE

4k
Tl < =2 o]

‘Enetar 6t [|T,]] < % yioe xdde n € N. O

Ac dolue thpa LEPES EVIELXTIXEC EQUPUOYES TOU YEWPHILATOS OUOLOUOPHOU PEdy-
yotog:



153

Ilpétaom 8.1.1 Eotw X xdpos ue vépua, kar {x,} axolovdia orov X. H {z,}
elvar ppaypérvn av kar pévo av ya kde f € X* n {f(z,)} elvar gpayuévn owo R.

Anodedn: (=) Trodétouvue 6t undpyer M > 0 tétotog dote ||z,|| < M, n € N.
Tére, yia xdde f € X* éyovue

[f(@n)] < [IfI lzall < MIIFl, neN.

Anhadh, n {f(x,)} elvon pporyuévn.

(<) Oewpolue toug Ty, = 7(zp) : X* = R ue T f = [1(2,)](f) = f(zn). And v
vndVeon o, n {T f} elvon poyuévn yia xdde f € X*. O X* elvan ydpoc Banach,
ondte epapublovtag To YedEnUO OUOLOUOPPOU PEAYHATOC EYOUUE

sup [|zn | x = sup ||[7(zn)][[x+ = sup [|Tn[| < +o0.
n n n

Anhadh, n {llzn||} elvon poaypévn. O

Avdhoyo mopddelyo o8 GUYXEXELIEVD YDPO:

ITpétaom 8.1.2 FEotw y = () axoloviia mpayuatikdy aprdudy ue tny €€rg 1616-
ra: ya kdle v = (§) € co, N oeipd Y, Exnp ovykAiver. Tére, y € €. AnAaon,

> Ink] < +o0.
k

Anoden: Optlovue T, : g — R, we T,((&)) = ZZ:1 ey Kdde T, elvon
PEAYUEVO YPAUUULXO GUVAPTNOOELIEC:

Tzl = 1D &l <D 1€l il
k=1 k=1

< (zm)supm
k=1 k
n
( |77k|>||56||co-
k=1

n
ITall <D Ial-
k=1

IoyGe udhiota wodtnTor av oploovue

A

Apa,

0 ,k>n,

& =
sign(ne) , k <mn,
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éyouue ¢’ = (&) € co, xou ||2']] < 1. Ouowc,
n n
To(a') = sign(m)mk =Y nel-
k=1 k=1

Agot

|| <1,

n
I Toll > T (2')| = D Imal-
k=1

Ao my unddech| pag, av ¢ = (&) € co, tOT€ TO Y ) &k = limy, 22:1 & =
lim,, Tz undpyet. ‘Apa, n {Tha} elvor gporyuévn. And to Jedpnua ouoLduoppou
ppdryuatoc (o co elvon TAAENS), malpvouue sup,, || Ty || < 400, dnhadh

o0 n
> Ikl =sup Y |mk| < +oo.
k=1 " og=1

Apa, y = (nr) € 41. O

To Yedpnua oUOLOUOPPOL PEAYUATOS YENOLUIOTOLEITOL GUYVE YLOL THY <XOTA-
oxeLNy avTimapadelyUdTwy oty Avdivon. O tpdémog elvar 0 e€hc: Av Ty, : X = Y
ue sup,, || Tul| = 400, té1€ LTdPYEL € X TéTowo Wote sup,, ||Tn(z)|ly = +o0.

IMopdderypo (anoxhivoucee oewéc Fourier). ‘Eotw f : [—m, 7] — R ouveyhc ou-
véptnon. H oepd Fourier tng f elvow 7

(%) a_20 + Z (@m cos mt + by, sinmt),

m=1
OOV OL CUVTENECTEC Ay, by DlvovTon amd Tic

Ay = % 7; f() cos(mt)dt , by = % 7; f(t) sin(mt)dt.

To epwtnua mov Yo woc anaoyolfoel elvar av yio xdde cuveyr f xon xdde t €

[—7, 7] N oepd (%) cuyxhiver (oo f(t)). Xenowonoudvtag To Yedpnua olotduoppou
podyuatoc, o dobue 6Tl 1 amdvtnor etvon apvnTueA:

Ilpétaom 8.1.3 Trdpyer owvexns f : [-m,m] = R tng onolag n oepd Fourier
anoxAiver oto onuelo tog = 0.

Anéddel&n: Ocwpolue tov C[—m, 7] ue vopua v [|f]| = maxei_r A |f(t)]. O
(Cl—=m, ], || - 1) elvon yodpoc Banach. Opllovue T), : Cl—m, 7] = R, ue

Qo °
Tnf = ? + Z G,y
m=1
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™y T dnhadh tou n-otol pepxol adpolouatoc e (x) oto tp = 0. Aldg,

umopolue va ypdouue (yiori;)

1 n 1 sm(n + §)t
§+Zcosm T2 sind
m=1 2
Anhody,
1 (™ sin(n + )t
) . sin 5
'Exouue

151 < 5 [ Ol s (5 [ laol) i

-7

dpa o T, elvon pparyuévog, xon

1 ™
170 < 57 [ laa(olat

Emuniéov, av f ouveyhc ue ||f|| = 1 nou «mpooeyyilewy v sign(gy,), t6te

1f~ o [ st = - [ i

-7 2w -7
Anhadn,
1 ™
172l = 5- [ lan(olat.
T J—n
Ouwg,
1 [T 1 [ |sin(n + 3)t| 1 [ |sin(n + 3)t|
o | D=5 | gtz - |
2r J_ . 2 Jo | sin 3| T Jo t
yiott [sin 2| < % ot0 [—, 7], ou Vétoviog v = (n + 3)t Talpvouue
1 2n+1)7 | o
i x L[,
™ Jo v
2n k+1)m | o
1 (
_ _Z/ |smv|dv
s =0 - v
1 2n 1 (k+1)7
N invld
ﬂ'kX_;}(k-i—l)ﬂ'/k,r | sinv|dv

2 2% 1
=D D dnd
k=0
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xadde n — 0o. Anhady, sup,, ||Tn|] = co. Apa, undpyer f € C[—n,w] tétowa HGote
N (Tnf) vo unv elvon gporyuévn. Autéd onualver 6t n oepd Fourier tng f amoxivet
oto tg = 0. O

Alvouue thpa [ior eQopUoYY TOL VEWPRUATOC OUOLOUOPPOL QEEYUATOS, GTNHY
aprduntxh ohoxhfpwon: Oewpolue éva Sudotnua J = [a,b] xou 1o yoeo Cla,b] ue
™ ouvAdn vopua || fl| = maxierap) | £ (1)]-

M pétodog apifuntikng olokArjpwong oto J elvon utor EMAOYY TEOYUATLXY
aELUGY a1, ..., Gy xou oNuelwy ¢ < - -+ <ty oTo J.
Av T t;, a; éxouv dolel, tote v xdde f € C[J] extyudue To fab f()dt yéow

tou adpolouartog
Z a; f (t:).
i=1

Av ta ti,a; éxovy emheyel <oWOTAY, TEPLUEVOLUE LTS TO GJPOLOUA VO KTTIPOGEY-
yilewy xald o ohoxAfpwua e f. Aev elvan ddoxolo vo del xavels 6TL, 6w xon
var emAEEOLUE T 4, a5, UTOPOUUE Vo xortaoxevdoovue f € C[J] yio tnv omola to
o@dAuo v elvar ueydho: mdpte Ty, v f vor undeviletar oe Aol oL t; xan VoL ExEL
TOAD) PEYAAN LY o€ xdmolo dAlo t € J.

Oplloupe uta md ouyxpotnuévn dadikaoia apiuntikns oAokAipwons oto J we
eZnc: T xdde n € N Jewpolue o mohu@YLUL

fO(t):]-: fl(t):t) PR fn(t):tn)

(n) (n) (n)
0

n n n z 7,
),tg),...,t%) 0y ..,y € R, tétola dote

oL EMLAEYOLUE t(() €Jxua

n b
(%) Zag")fj(tﬁ.”)):/ fitdt, j=0,1,...,n.
=0 a

(n) (n)

Tétoieg emAoyég undpyouy TOAAEC: TdpTE, ac TOVUE, TUYOVTA ty @ < t @ < --- <
t e J. Téte, To cVoTNUA (%) UE Y VEOOTOUS TOUS agn) nofpveL TN Lop®n
n . .
o pitl _gitt ]
S anEny = e o
i=0 j+1

(n)

To cbotnua autod €xel Aon wg mpog a,; ~ yratl 1 opilovoa

det [(1)7]"
€ [( i) ]i,j:l
elvon un undevixy| (opilovoa Vandermonde). Agpol hotndy enhéZovue to tg")

Stopilovue uovooruavta To agn)

, TPOO-
€ToL OOTE

n b
Ty yo0 (F3) = 3 a™ f (") = / fi)dt, j=0,1,...,n.
=0 a
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Adyw ypouuxdTTog ToU dELeTEPOL oL Tou deElol ENOUS we Tpog f, émeton OTL

b
(n) ol Za t(n) /p(t)dt

yLae x&de mohuvwyuuo p : [a,b] = R nou éyel Badud uxpdtepo 1 (oo tou n.
©¢tovpe Ty, = T(n) alm)s XL Mue 6t n (T,) elvon wiat adikaoia aprduntikig

odoxAnpwons cto J: Tuox wéide f € C[J] optlovue

Z a; t(n)

xaw Zépovue 6tL xdde Ty, elvon axpipris ota tohvwvuue Boduod < n. To epdtnua
mou npoxUnteL glvon av Yo x&de cuveyn f : [a,b] — R woydet

b
(s5) To(f) = / F(t)dt

6tav n — oco. H amdvtnon divetow amd 1o axdroudo dewpnua touv Polya:

Ipétaon 8.1.4 Mia dwadikaota apiiuncikis okorkArpwons (T,) = (T ) ,n)) 6T
rapandvo, wkavonoel Tny (x%) yia kdbe f € Cla,b] av ka1 uévo av UTE(;/IOXél M >0
Térolog dote, ya kdle n € N,

znj ™| < M.
=0

Anédegn: Kdade T, : Cla, b] — R elvon ypouuixd cuvaptnooeldée, xat

n

1Y a M) < el ] )]
=0 =0
(2 |a£">|> I1£1l

=0

dnhady| to T, elvon gparyuévo, xou ||T|| < D0, |agn)|.
Emuniéov woylel wdtnra yatl unopolue va oploovue f : [a,b] — R ouveyh ue
|f(®)] <1 o7 [a,b] xou

T (£)]

IN

1 , agn) > 0,

-1 , agn) <0,

onoTE

n n
1Tl 2 [12()] = 3 aPsign(af™) = 3 o]
=0 i
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H anédeitn e (<) e Hpbdraone Yo uog Sdoet v déa yia 10 0 ovufBaivet. Av
uripyet M > 0 tétotog wote Yo |a£n)| <M,neN, e ||T,|| < M,neN O
Baowée napatneroelg elvan d0o:

(o) Ané v xotaoxevh, av p : [a,b] — R elvor nohudvuuo (Boduod ac nodue
m), t61e Yo x&de n > m, Ty(p) = fabp "Apa, Ty(p) — f;p xS m — 00, YL
%x&e TOALOYLUO.

(B) Ta mohuwvuua etvor tuxvd otov Cla, b] (Vedpnua Weierstrass). Av hotrndv
uoc ddoouy f € Cla,b] xow € > 0, undpyel TOAUGVUUO P UE TNV WLbTNTA

lf —pll = max [f(t) — p(t)] <e.

t€la,b]
Tore,
b b b b
Tnf_/f‘ S |Tnf_Tnp|+Tnp_/p‘+/p_/f‘
a a a a
b
< Tl 1S ol + |Top - [ p‘+(b—a)llp—f||
b
< Me+ Tnp—/ p‘+(b—a)5.
a

Ago0 T,,p — f; D, Yt n > ng(e) éyovue

b
Tnf—/ f‘<(M+1+b—a)5,

. . . . b
xa ool o € > 0 Ataw Tuyoy, énetan 6t T f — [ f.

H anédeln e (=) elvon dueon cuvénela tou Yewphuatos oUoLdop@oL Gpdry-
uotoc: Av T, f — fab f ywxdde f € Cla,b], téte n {T)f} elvon pporyuévn yio xdde
f. Enouévwc, sup,, [|Th]] < +oo.

Ouos, [ITll = Tizolai”] n € N. Apo,

w3l = M < 420,

" =0

8.2 To Jewpnua avoLyTtng ANELXOVLOTG

Opiowds Eotw X xou Y uetpuol yodpor, xou T': X = Y cuvdptnon. H T AMéyeton
avorytn areukdrion av yio xde A C X avouytd, to T(A) elvon avorytd unochvolo
Tou Y.

AvT : X = Y ouveyne, n T dev elvon amopaltnta avolyth: ylor Topddetya, 1
T:(0,27) - R ue T'(z) = sinx elvaw ouveyhe, adhd T((0,27)) = [-1,1].



159

Ocewpnua avolythg anetxoviong Eoww X katY ydpot Banach, ki T : X =Y
ppaynévos kar enl ypauuikos tedeotris. Tote, o T' elvar avoytn anetkovion.

Baowxd pého otny anddetén Yo nallet to e€c:

Aqupa 8.2.1 Av X,Y yopor Banach, T : X =Y @payuévos kat enl ypappukos

tedeotns, téte to T(Dx(0,1)) mepiéyer avoytri undAa pe kévtpo to 0 otov Y.

Anéderdn: Briua 1 Oewpolue v avolyth undha Dx (0,1/2) touv X. Agod
kDx(0,1/2) = Dx(0,k/2) , k=1,2,...,

Loy el

X = G kD (0,1/2).
k=1

Agob o T elvar ypopixds xat entl, Tolpvouue

Y = T(X) = [j KT (Dx(0,1/2)).
k=1

Apa,
Y = | JkT(Dx(0,1/2)) = | J kT(Dx(0,1/2)).
k=1 k=1

O Y elvor miApng, xon xdde kT (Dx(0,1/2)) xhetotd. And 1o Yedpnua tou Baire,
urdpyet ko tétotog Kote to koT(Dx(0,1/2)) va neptéyet pia undho Dy (yo,d) otov
Y. Anhoadi,

(1) Yo +DY(076) - kOT(DX(O)]-/Q))

Brpa 2 'Eotw y € Dy(0,0). Tote, yo +y € kT (Dx(0,1/2)), dpa undpyet oxo-
Mouvdia z, € Dx(0,1/2) tétowa dote

koT (zn) — yo +y-

Enlong, yo € koT(Dx(0,1/2)) (yiazi;), dpa undpyet axorovdia !, € Dx(0,1/2)
TETOLA OOTE
koT (z7,) = yo.

Téte, x,, — 2!, € Dx(0,1), xon
koT (x, — x},) = koT'(z,,) — koT (z,) = y.

Anhadn,
Yy € koT(Dx(0,1)).

Apa,
(2) T(Dx(0,1)) 2 Dy (0,0/ko) = Dy (0,4")



160

otov Y, 6nou &' = §/ko.

BAua 3 Edaue 6t 1 xhewoth 9hixn e T (Dx (0, 1)) meptéyet uio avolyth undio
Dy (0,¢") otov Y. Mével va Sobue 6t o (8o to T(Dx (0, 1)) éxer tnv (Bio tdoétnro.
Ocwpolue ty Dy (0,0'/2). Eotw y € Y ue |ly]| < d§'/2. Tére,

v € STOx0,079) = TDx (0, 1/2),

dpo undpyet 1 € Dx(0,1/2) tétowo wote

!

)
Iy - Tanll < 55

Tote, y — Tw1 € 5T (Dx(0,1)) = T(Dx(0,1/22)), dpa undpyeL z2 € Dx(0,1/2%)

TETOLO WOOTE ,

ly — Ta1 — Tas| < %

Enoaywywd, Bploxovue z,, € Dx(0,1/2") ue v Wdidtna
Py

(%) ||y—Tx1—---—T:rn||<W.

H axolouvdia z,, = 1 + - - - + x,, elvow Cauchy otov X: av m > n, t61€

lzm = zall = |lzm + -+ Toga ]| < floml] + -+ |T0ga |
1 1 1
< 2—m+"'+W<2—n.

O X elvon mAfprc, dpa umdpyel € X tétolo OoTE 2, = . Ilapatnpolue 61
1 1 1
lzall = llz1 + -+ all < lzall + - Hllznll <lleall + 55+ 4 55 <lleall + 5

Apa,
. 1
2]l = lim [|zn]| < [lz1l] + 5 < 1.
Anhadi, x € Dx(0,1). Anb v (%), T(z,) = T(x1) + -+ T(xn) = y. Ouwc
zZn = © xou o T elvan ouveyhe, doa T'(z,) — T'(z). Anhad?, T'(z) = y, x autd
onualver 6t y € T(Dx(0,1)).
To y € Dy (0,6'/2) frav tuydy, dpa

T(Dx(0,1)) D Dy(0,8'/2). O

Anddelln tov Yewphuatog avorythg anewxéviong: Eotw A C X avouyté. O
delZoupe ot 10 T(A) elvon avoytd: éotw y € T(A). YTrdpyer ¢ € A tétowo dote
Tz =y. To A elvon avouytd, dpa vndpyet 7 > 0 tétolo wote Dx(z,7) C A.

Ané 1o Afupa, undpyet 6 > 0 tétoo wote T(Dx(0,1)) O Dy(0,6). Tére,

T(Dx(0,r)) = T(rDx(0,1)) = rT(Dx(0,1)) D rDy (0,5) = Dy (0, 57).
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Av y' € Dy(y,or), té6te y' —y € Dy(0,dr), dpo undpyet z € Dx(0,r) tétolo Wote
T(z) =y —y. Enctow 61t x + 2z € Dx(z,r), xou T'(z + z) = y'. Anhadn,

T(4) 2 T(Dx(2,1) 2 Dy (y,6r).

To y € T(A) frav tuydy, dpa 1o T(A) elvar avoryté. O
IT6piopa 8.2.1 (Ocdpnua avtiotpopns araxévions) Eotw X, Y ydpor Banach,
ket T : X = Y gpayuévos, éva mpog éva kar eni, ypauuikds tedeotrs. Tdte, o
T71:Y = X elvar gpaypuévos ypaupikds tedeots.
AnédetEn: O T opiletor xohd xou elvor ypouxde tehectic (yott;). Agod o

T etvon avouyth amewxdvion, yio xdde A C X avouytd éyovue 6t to (T1)71(A) =
T(A) etvon avoryté utochvoho tou Y. Apa, o T elvar cuveync.

|

8.3 To Yewpnua xAetctol YpaPHUATOG

To tehevtalio Baoixd Jedpnua autol tou Kegahatou elvar 1o Yedpnua xhewotol ypo-
PHUATOC, TO OTolo Uag dlvel €va TOAD YENOLUO XELTAELO YLl VO EAEYYOUUE oV EVOg
YeUULXOS TEAEOTNAS Elval ppayuévog.

Opiowds Eotw X, Y yodpol ue vopua, xat éotw T : X — Y ypauuixde telectic.
To ypdenpua touv T elvow 0 cOVOIO

NT)={(z,y):y =Tz} C X x Y.

O T éyeL khewoté ypdenua av toylel 1o e€Ac:

Av x,, = z oov X, y, = y otov Y, kav y,, = T(z,,), n € N, zdre
y=T(z).

Ioodvapua, av to I'(T') elvon xhewotéd unoclvoro tou X x Y, ue vépua my. tnv
(2, ) = llzllx +[lylly (doxnon).

Ocwpnua xAetotod yeaphuatog Fotw X,Y ydpor Banach, kai T : X = Y
ypaupikds tedeotris. Av to ypdenua T'(T) tov T elvar khetotd vrootvolo tov X XY,
tote 0 T elvar ppaypévos.

Anodelgn: Oewpolue tov X X Y ue vopua my |[(z,y)|| = [|z]lx +|lylly- O X xY
elvow T\ipne: av 2z, = (Zp,Yn) elvar axohoudia Cauchy otov X x Y xow € > 0,
undpyet ny € N tétolog dote, yia x&de n > m > nyg,

e > |lzn — zmll = l(@n = T, yn — Y|l = |20 — Tmllx + lyn — ymlly-

Téte duwe, ||z, —Tml| < € ot ||yn — yml| < €, dSnhadh ot (24,), (yn) elvar axoroudieg
Cauchy otouc X, Y avilotorya. Ov X, Y elvon mhrpeie, dpa undpyovv z € X xou
y €Y tétold OoTE Ty — T XL Yy > Y.
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Ouwe téte, av z = (z,y), EYouue
12 = zull = llz = zull + |ly — ynll = 0.

Apa, zp, — 2.

Ané v vnddeon uag, to I'(T') eivar xhetotd unochvolo tou X X Y, xow edxoa
ehéyyouue 6Tt elvan Ypouuxdg umdywpog tou X x Y. Aol o X x Y elvar ydpoc
Banach, to I'(T") elvow ypoc Banach.

Opilovpe P :T'(T) — X ue P(z,Tz) = x. O P eivar ypouutx6c TENECTHS, %ol

Pz,Tz)=0=2=0=Tr=0= (z,Tz) = (0,0),
dpa o P elvon éva mpog éva. Ilpogavae, o P etvow enl. Téhog, o P elvon gporyuévoc:
1Pz, T2)|| = [lzllx < [lzllx +[[Tzlly = [[(z,T2)llxxy-

Anhadn,

[Pl < 1.
A6 to Yewpnua avouythc ametxdviong, o P~ : X — I(T) ue P~ (z) = (z,Tz)
elvar gparyuévoc. Anhady, undpyer M > 0 tétolog dote, yio xdde ¢ € X
ITzlly < llellx + |ITzlly = Iz, T2)llxxy = 1P~ @)llxxy < Mla]x.

Enopévog, o T elvar gpayuévoc. O

8.4 Aoxroeig

1. 'Eotww X ywpoc Banach, Y ydpoc ue vépua, xou T, : X —= Y @payuévol
yoouuixol teheotés. Ymodétouue 61 yia xdde & € X n axorovdia (Thz) elvon
Cauchy. AcetZte 6t n (||Th]]) elvon pporyuévn.

Av emmhéov 0 Y elvon mAeng, detéte dtL undpyet T : X — Y @poyuévoc ypou-
w6 teheotic tétotog dote Tpr — T vy xdde z € X.

2. Aci&te 6t n minpdnta tou X elvon amapaltnTn 6To Yetdpnua ouoLdLoppou pedy-
LOTOS: TWHPTE TOV Coo OOV UTOYWPO TOU Lo, ot 0piote Ty : coo — R pe T (x) = né,.

3. Av X yopoc ue vépua, xou z, = x otov X, 161€ f(2,) = f(z) yra xdde f € X*.
Ioy el o avtiotpogo;

4. 'Eotww X yopog ue vopua, xou (xg) axohovdio otov X tétowa dote Y, | f(zr)] <
+00 vy xde f € X*. Ael&te 61 undpyel otadepd M > 0 tétola dote

D@l < Mf]
k=1

yia xdde f € X*.
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5. Eoww X yopoc Banach, (f,) geayuévn axohouvdia otov X*, xou €, > 0 tétoa
oote: g, — 0 xon, yio xdde z € X vndpyet Ky > 0 tétowo wote | fr(z)| < Kpep yia
x&de n € N. Aelgte 6t ||fn]| — 0.

6. Eotw X,Y ydpot Banach, xau T}, € B(X,Y), n € N. Acellte 6t ta e€rc elvan
LoodVvauoL:

(o) sup,, || 7| < +o0.

(B) T xde = € X, sup,, [|Thz|| < +00.

(v) T xdde ¢ € X xou g € Y™, sup,, |9(Th2x)| < +00.

7. Botww X,Y yopolw Banach, xoau T : X = Y qpayuévog xon enl yoouuxde teke-

othe. Ael&te 6tL undpyer M > 0 tétoloc dote: Y x&e y € YV undpyet € X ue
T(x) =y xou ||| < Mlly].

8. 'Eotww X ypouuixds xodpog, TAheng o mpog Tl VOpUES ||-|[1 xou ||-||2. Trodétouvue
ot
lznllt = 0 = ||znll2 = 0.

Ael&te 6L oL dVo vopueg elvar LoodUVaUEC.

9. OewpolUe TOV Coy oav LTOYWEO TOU Lo, xot optlovue T : coo —+ coo Ye Tx =
(&, %2, 2,...). Aci&te 6t o T elvan ypouixoe, gpoyuévog, éva Tpog évar xou ent.
Eivor 0o T ppaypévos; E&nynote.

10. 'Eow X,Y yopol. Banach, xou T : X — Y qpayuévog, ypouuixog, éva mpog
éva xou entt teheotric. Ael€te bt undpyouy a,b > 0 tétowol dhote

allz|| < [|Tz|| < bf|«||

yio x&e x € X.

11. 'BEotww X,Y yopol ue vopua, T1 : X — Y 1eheothc UE xAeLGTd Ypdipnua, xou
Ty : X =Y gpayuévoc tereotric. Aelte ot o T1 + Th éxel xheotd yodpnua.

12. 'Eotww X,Y yopot ue vopua, xou T' : X = Y ypauuxdc telectric UE xAELOTO
yodpnuo. Ael&te otu:

(o) Av C C X ouvunayéce, téte 10 T(C) elvon xhetotd otov Y.

(B) Av K CY ovurayée, t61€ 10 T~ (K) elvon xhewotd otov X.

13. Acei&te 10 Vedpnua avtioTpopne aneEdVLoNS XPNOLLOTOLOVTAS TO YEWENUL XAEL-
o6ToU YPUPHUATOG.

14. Eow X,Y yopow Banach xou T' : X = Y ypouuixos tekeotic pe v elhc
Wotntor av ||z,|| = 0 xou f € Y™, téte f(Tz,) — 0. Acilte 61t o T elvan
PEAYUEVOC.

15. '‘BEotww X yopoc Banach, xou x,, = 2 otov X. 'Eotww (fy,) axoloudia otov X*,
ot Hote fo(x) — f(x) yio xdde z € X. Aei&te ot fr(zn) = f(2).



164

16. 'Eotww X,Y ywpol Banach, xou T': X — Y éva mpog €va, @paryévog ypouuLxde
teheothc. Aelte 6t o T : R(T) — X elvon gporyévoc av xou uévo av o R(T) =
{Tz:z € X} elvar xhewotdc LTOYWEROC TOL Y.

17. Eow X,Y ydpot Banach, xou T' : X — Y ypopuuwxdc tereotric. Aetéte 6t o
T elvan pporyuévog av xar uévo av yio xde g € Y* éyovue go T € X™.

18. BOcwpolue tov C[0,1] xor tov uTdywed Tou C0, 1] mou amoteheltor and Ghec
Tic f mov éyouv ouveyt tapdywyo f' oto [0, 1]. Optlouue C10,1]: X — C[0,1] ue
Tf=/f".

(o) AeiZte 61t 0 T €yel xhetotd YpdpnuaL.

(B) O T Bev elvon gpaypévoe (yratt;). Tu cuunepalvete;
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Y rodeielg - anavIRoELg

1. Kdde axorovdia Cauchy eivon gppoyuévr, dpa n unddeon vac diver to e€hg: yio xdde
z € X noxohovdia (Thx) elvan gpayuévn. Apod o X elvan yodpoc Banach, anéd to dedpnua
ouoLbuoppov pedyuatoc undpyet M > 0 tétotog dote ||Th|| < M vy xdde n € N.

Me tnv emmhéov unddeon 6t o Y elvon mhvpng, éxovue: yia xdde z € X n (Thz) elvon
axohoudio Cauchy, dpa undpyet to lim, Thz € Y. Opllovue T: X =Y ue

Tzr := lim T,x.
n— oo

Méver va Setfouue 6Tt 0 T elvon QpayUEVOg YpoLUXOS TENEOTAS: Yo xdde z,y € X xou
a,b € R éyovue Thx — Tx xou Ty — Ty, dpa

Tn(ax +by) = aThx + Ty — aTz + bTy.
‘Ouwg, and tov optopd tou T éyovue Ty (az + by) = T(azx + by). Apa,
T(ax + by) = aTz + bTy,

dnhadyy, o T elvon ypouuxde. T va Sellovue b1t o T elvan QpayUévoc, Topatneolue OTL,
and 1o np®To Wépog, éxovue [|[The| < M||z|| yia xéde z € X xown € N. Agod Thx — Tx,
BAénouyue 6T

ITz]| = lim || Tnz|| < Mllzl|, z€X

dnhadr o T elvon gparypévog, xou ||T)| < M.

2. Oewpolue Tov coo KE Vopua TNV ||z|| = supy, [€k]. Opllovue Ty : coo = R, ue Th(z) =
n&n. Kdde T, elvon ypouuixd cuvaptnooetdéc, xat

|Tnz| = nlén| < nlz],

dpat, x&de T, elvan pporyuévo xau || Tn|| < n. Exovue Th(en) = n, dpa ||Tn|| = n (yori;).
Avuté Selyvel 6t axohovdia (||Tn|]) dev elvon @payuévn.

And v dAAn mhevpd, xdde x € coo elvon teAxd undevixh axohouvdia, dpo LTdEYEL
no = no(z) tétolog wote Tn(z) = n&x = 0 yia x&de n > ng. Anhadh, n axorovdia (T x)
elvon ppayuévn yia xdde = € coo-

To Yedpnua ouolbuopgou gedyuatos Sev epapuoletar ed6, yiatl o coo Sev elvon TAn-
ene-

3. Av z, — x, t61e yia x&e f € X ™ éyouvue
|f(zn) — f()

dnhadh f(zn) — f(z).
To avtiotpoo Sev Loy let: av, yLa TapddeLyua, otov £z TPOLUE Trn = e, Ta Stavdouata
e ouvivoug opdoxavovixng Baong, Exouue

fen) = 0= f(0)

vy xédde f € €5 (Aoxnon 17, Kegdhowo 6). Ouwe, |len|| = 1 yia xdde n € N, dpot dev
toyLeL 6t e, — 0.

=f(@n =) <IfI- [l2n — 2]l =0,
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4. Opilovue Ty, : X* — £y, ue
T"(f) = (f(xl)a N ~;f(z")a0a0a o )

Kdde T, elvon ypouuixds teheotis, xon

1T (Aller = D1 @)l < DA llzell = (Z |I$kll> A1
k=1 k=1 k=1

Apa, o Ty, elvan gpayuévog, xan ||Ta]| < 37, okl H vnddeon e D72, | f(xr)| < +00
v xéde f € X*, wog el 6T 1 axoroudia (T (f)) elvor ppoyuévn otov £1 yio xdde
f € X" (yiatl;). O X* elvow ywpoc Banach, dpa epapudletar 10 Yedpnua opotduoppou
pedyuatoc: undpyet M > 0 tétoiog wote ||Tn (f)|] < M||f|| yia xdde n € N, dnhadn

> @l < Mf)
k=1
vy xdde f € X* xou xdde n € N, dnhady,
> @l < Mf)
k=1
vy x&e f € X (yiotl;).
5. Oewpolue v axolovdia (gn) = (if") otov X*. And tnv unddeon,
lgn(2)] < Kz, n €N,

dnhadh, n (gn) wavornolel Tic urodéoels Tov Vewpriuatog ouoLduopYoL Pedyuatoc. Aol
o X elvar ydpoc Banach, undpyer M > 0 tétolog wote

llgnll < M, ne€N=||ful]l < Men =0,

dpa, || full = 0.
6. Az6 1o (o) oto (B): av z € X, téte

[Tnzll < ITull - llll < (sup [ITa 1) - Izl
dpa

sup [Tz || < (sup | Tol)) - ]| < +oo.
Ané 1o (B) oto (v): bnwe nply, yio xdde x € X xow g € Y, éyouue

sup |g(Tnz)| < sup(llgll - [[Tnz]) = llgll - sup [[Twz]] < +o0.

Arné 1o (v) oto (B): T xdde g € Y™, 1 axohovdia (g(Thz)) elvan pporyuévn oto R. X1

Yewpla eldape 6t avtd poc divel 6t n (Thx) elvan pporyuévn otov Y.
Ané 1o (B) oto (a): avtd elvon axpBidc 1o Vedpnua ouoLOUOPPOL PEYUATOC.

7. O T elvon avowth anewxoviorn. EWldudtepa, undpyet § > 0 tétotoc wote T(Dx(0,1)) D
Dy (0,6) (Quundeite to Baowd Muua otnv anddelln tov YewpHuatoc avotic areXdvL-
one).
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Eow 0 # y € Y. Tére, dy/2||ly|| € Dy (0,6), dpa undpyet z € X ue ||z < 1 xou
Tz = 0y/2||lyl|. ©étovue z = 2||y||z/d. And tn ypouuwxdnta tou T,

2||y||z> Ayl 5y
T(x)=T = =y,
(=) ( 5 5 2yl

prdeih

2lyll - 121 _ 2
ol = ZELEL < 2y,

10 ornolo elvar to {ntoduevo, ue M = 2/4.

8. Oewpolue ToV TAVTOTXO TENECTY
(G- = (G- l2)-

O I elvon ypopuixode, éva mpog éva xou entl, xat 1 unddeon pog Sivel 6tL o I elvon cuveyhc
o710 0, dpa ppayuévos teheothc (yratl;). Aol o X elvon mhipeng ws mpog tic 800 vopuUES,
10 Yedpnua avtiotpoene anewxdéviong uag Met 6t o I7H =T : (X, |- |l2) = (X, || - |l1) eivo
enlong ppayuévos.

Trdpyovv howndy a,b > 0 tétowol dote: v xdde = € X,

lzll2 = 11(@)ll2 < allelly, el = 117" @)l < blle]l2.

Ot 300 aviootnteg delyvouv 6tL oL 8o vopueg elvar toodbvouec.

9. EOxoha ehéyyovue 61 o T elvon ypouuxds wwouoppiouds. O T Y — X oplleton
ané Ty
Tﬁl(y) = (711; 2n2,3ms, .. )
"Eyovue
|Tz|| = su 1] < =
up B < sup ] = o,
dpa o T elvan ppayuévoce, xou ||| < 1 (woyldet wwdtnta - yiatl;). ‘Ouwne, yia xdde n €xovue
T~ (el _ limeall _
llexl lleal ’

dpa 0 T™1 Bev elvon ppayuévoc. To Vedpenua aviiotpopne ancuxdviong Sev epapudletar,
yiatl 0 coo Sev elvon TAerG.
10. O T elvon gpayuévoc, dpa nalpvovtac b = ||T|| éxovpe

[Tz|| <bllell, =€ X.

Aol o T elvan ppayuévog, ypauuxds, éva npog éva xon enl, xow apod ot X, Y elvan yodpot
Banach, ané o Yedpnua aviiotpopng anexdviong o T~ elvar gpayuévoc. Av z € X,
6t v =T Y(Tx) dpa

llell = 1T~ (T2)| < N7~ - 1T,

Snhad woyleL o N apLoteph aviebtnTa, Ue a = 1/||T71].

11. YTrodétovue 6t z,, = = otov X xau (11 + To)(zn) = y otov Y. Ou delouue 6t

(T1 +T2)(1‘) =Tx+Tox =y,
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onéte o T éxel xhewotd ypdonua.
Aol o T> elvan ppayuévog xou Tn — &, EXOLUE

Toxy — Tox.
Ouwg toTte,
Tizn = (T1 + T2)(zn) — Toxn — y — Tox.

Aol o T éyel xhewotd ypdonua, autd onualvel ott y — Tor = Tiz (yuotl;), dnhadh to
{nrobuevo.

12. (o) 'Eotw yn = Txy ot0 T(C), Ue yn — y ot0ov Y. Oa dellovue 6t y € T(C), dnhadA
ot undpyer ¢ € C tétowo wote y = Tx.
Agol 1o C elvon ouvurayée xou ¢, € C, vndpyouvv unaxohovdia (zr,) e (zn) xou
z € C, tétow Hote Tk, — x. Tote, apol 1 (Y, ) elvor voxohovdia tng cuyxhivouvocog
axohoudiag (yn ), éxovue
Txk, = Yk, — Y-

O T éyeL xhewot0 YRIONUA, Tk, —> T XU Yi, — Y. Apa, y =Tz € T(C).

(B) Bow 2, =Ty, € T HK), ue 2, = 2 € X. Oa Seifouue 6L undpyet y € K
ue x =T 1y.
Agol 1o K elvar cuunayéc vtochvoro tou Y, umdpyouv (Yi, ) xou y € K tétowa dote

Yk, =TT, = y.
Ouowe, Tk, = x, xau o T éxel xhetotd ypdpnua. Apa, y = Tx.
13. Eow X,Y ywpot Banach, xow T : X = Y @payuévog, ypauuxos, €vo Tpog €va xoL
ent teheotic. T va Setfouue 6t o T 1 Y — X elvar ppayuévog, apxel va Sei&oupe o1t

€xEL XNELOTO YPdPNUAL.
‘Eotw yn =y otov Y, xou &, = T 'y, — x otov X. Oa Seifovue bt

r=T "y Tz =y.

(n woduvapia e€nyelton and to 6t o T elvon éva tpog éva xon exnl). O T elvan ppayuévoc,
xow T, = x. Apa,
yYyn =Txn = Tx.

Ouwe, éxovue xoL ™y Yo = y. And yovaduotnta tou oplov, y = Tx.

14. Apxel va deifovue 61t o T éxer xhewotd ypdpnua. Yrodétovue 6T £ — = otov X
xotw Tx, = y otov Y. Oa detouvue 6ty =Tr.

I xdde f € Y™ woydouy ta e&hg:
() Aol Tz, = y xow 10 f 1 Y — R elvon ocuveyég,

f(Tzn) = f(y).
(B) Ané v urddeon, apod x, —z — 0,
f(T(zn =) = f(T2n) = f(T2) = 0= f(Txn) = f(T2).
Anpady, vy xdde f € Y™, f(Tz) = f(y). Ouwe autd onuaivel 6t

y=Tzx
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(Baoweh cuvénela tov Yewpruatoc Hahn-Banach elvor 6t 0 Y™ «Sraywpiley ta onuela tou
Y).

15. IMoapatnpoldue mpodta 6t Yo TS fr : X — R wavomotobvtan ot unodéoelc tou Yewpn-
uatog ouoLbuopgou pedyuatos. O X elvar ydpog Banach xou yio xélde z € X n axohovdia
(fn(2)) elvow gpayuévn (yratl ouyxivel). Apa, vdpyer M > 0 tétolog Hote

Ifll <M, neN

Téte ||fl] < M (Bréne Aoxnon 1), xau yenouonoldvtas 1o YeYovos 6t fr(z) — f(x)
BAénovue 6T

|fn(2n) = f(2)] |fn(2n —2) + fu(z) = f(2)]
|fn(@n — )| + [ fn(2) = f(2)]

M|zn = [l + [fn(2) = f(x)] = 0,

IAIA

Smhadh, fo(zn) = f(2).

16. Av o R(T) eivor xhewotdg undywpog tou Y, t61e elvon yodpog Banach, xoaw o T :
X — R(T) elvon gpayuévoe, ypouutxde, éva npoc éva xa enl tehecthic. And to Yedpnua
avtlotpopng anewéviong, o T~ : R(T) — X ebvar ppayuévoc.

Avtiotpoga: éotw 6t 0 T™' : R(T) — X elvon gpoyuévog, xou é0tw yn € R(T) ue
yn =y €Y. Oa dellovue 6Tt undpyel z € X tétolo dote Tx = y.

Trdpyouy Tn, € X e Tan = yn, xat apod o T~ elvor ppayuévog, éxovue

(%) llen = @mll = 1T~ (yn =yl < NT 7 lyn = ymll

v %8 n,m € N. 'Ouws 1 (yn) ovyxhiver otov Y dpa elvar axoroudia Cauchy otov Y,
xaw and v (%) ocvunepaivovue 6t N () elvar axohoudia Cauchy otov X. O X elvoe
TN, dpa undpyel £ € X tétolo WoTE Ty — .

O T elvan ppoyuévog xow n — T, Spat Yn = Txp — Tx. And povaddtnta Tou oplov,

y =Tz € R(T),
dnhadh to R(T) elvon xhewoto.
17. Av o T elvan gpayuévocg, t6te yia xéde g € Y 10 go T : X — R elvan gppayuévo
YoULLLXS GUVAPTNOOELSES (W GOVIEST GUVEY DY YPULULXMY CLUVIPTHCEWY), dNAadh go T €
X",
T v avtiotpopn xatevduvon, ue ty vnddeon g € Y = go T € X* Selyvouue
6Tt 0 T €xel xAewoT6 yYpdpnua, onoTe elvon PpayUEvos: €0Tw & — & otov X xow Tx, — y

otov Y.
Av g e Y™, and ™ pla yeptd éxovue

Tan =y = g(Tza) = 9(y),
xou amd TV ST, aod go T € X™ xou xp — , EYOVUE
9(Twn) = (g0 T)(xn) = (90 T)(x) = g(Tx).

Anhadi,
g(y) =9(Tz), geY~
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xou apol 0 Y Suarywetlet ta onuela tou Y, nadpvovue y = Tx. Eneton bt o T €xet xheotd
YeapnLaL.

18. (o) Av fn — f otov C'[0,1] xou T, — g otov C[0, 1], t61€ é)0OLUE TLC OUOLOUOPPES
cuyxhiocelg
fo = £, fa—r g

Etvor yvewoté 6t e avtég tic unodéoels éxovue f' = g oo [0, 1], dnhady
T(f) =9
Avuté Selyvel 61t o T €xer xhewotd Ypdpnua.

(8) Bewpodue tic cuvaptioets fr : [0,1] = R, ue fn(t) =t". Téte ||fn]l =1 yio xdde
n, A&
(Tfa)(t) =nt"", te[0,1],
Shad¥, ||T frll = n. Autd Belyver 6t o T dev elvon gpoyuévos (yioti;).
To dedpnua xhewoTol Ypapuatos Sev e@apudleton 6’ aUTHY TNV TEPITTWOT, XL AVTO
onuaivel (avayxaotind) bt o C0,1] Sev eivor ydpoc Banach.



Ke:cpo’c)\ou.o 9

To ﬂsd)pvqpoc G‘COLﬂEPOl') mqpue:t’.ou

9.1 XuoTokég - Jewpnua otaldepol onuelou

Opiomog (o) Eoww (X, d) uetpids yodpog, xou T @ X — X uid ouvdpon. To
z € X Myetow otalepd onuelo e T av T'(z) = x.
(B) H T Myeton ovotodrj otov X, av undpyel 0 < a < 1 tétotoc wote, yia xdde
z,y €X
d(T(x),T(y)) < ad(z,y).

Oceopnua otadepod onueiov (Banach) Fotw (X, d) petpixds yopos. Yrodérov-
pe ot o X elvar mnpng, kat 6nt T : X — X elvar jud ovotoAn ovov X. Tote, n T
éxel akppas éva oralepd onjuelo.

Anédeén: Opllovue draBoyixd toug dpoug utde axohovdiac (x,) otov X we e&ic:
emhéyouue TuYOY o € X, xon Vétouyue
T = T(.T()), Ty = T(Cﬂl) = TZ(CE()), r3 = T(CEQ) = T3(Cl70), .
Tevixd,
Tn = Tn(ﬁl?o), n €N

H (z,) elvar axohoudior Cauchy ctov X: av m € N, té1e

d(mm+17 xm) = d(Txm, Tmmfl)
ad(Tym, Tm—1)
= ad(Txm-1,TTm—2)

a2d(1’m,1 ) xm72)v

IN

IN

xa, ouveyllovtag pe Tov (Blo tpémo, BAémovue ot

d(Tmi1,Tm) < a™d(x1,70), meEN

171
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Av m > n, yenowwonol®dvtag Ty TponyolUEVn EXTUNGCT XoL THY TELYWWLXT avledTn-
T, madpvouue

d(@p,zm) < d@m, Tm-1) + d@m-1,Tm—2) + ... + d(@nt1, Tn)
< @™ (@, m) + a7 2d(w, w0) + - - 4 a”d(w1, o)
1 _ am—n
= a"d(x1,x0) 1—a
< @)

l1—a

Agol 0 < a < 1, égovue a™d(z1,20)/(1 — a) = 0 xaddc m,n — oo. Apa, n (zm)
elvow axohoudia Cauchy. O (X, d) elvon mhipng, emouévews undpyet € X tétolo
WOoTE Ty — . 'Eyovue

d(z,Tz) < d(z,zpm)+d@y,Tx)
= d(z,zpm) +d(T2pm-1,Tx)
< d(z,xpm) +d(zm—_1,z) =0,

door d(z, Tx) =0, dnhod) Tz = 2.
Av urfpye xt dAho otodepd onueio y tne T', Yo elyoue

0<d(z,y) =d(Tz,Ty) < ad(z,y),

droro, agoL 0 < a < 1. O

H anddeién touv Yewpuatoc ude Siver xar extiunon yia 1o 1600 xovtd Beloxs-
uoaote oto otadepd onuelo e T' uetd to m-0t6 Briua g Sradixaciag Tou mEEL-

yedope:

IIépiopa 9.1.1 Eorww T : X — X ovotodn dnws ato Ocdpnua, kat z9 € X. Ay
x €fvar to otadepd onuelo tns T, tdte

m

(a) d(xpm,z) < {~d(z1,20),

a

(B) d(l’m,l’) S ﬁd(mm;mmfl)-

Anddedn: Ytny anddelln tou Yewpruatog eldope 6tL, av s > m TOTE

am

1—a

d(xs, Tm) < d(x1,x0)-

Agrivovtag 10 5 Vo TdEL 6TO AMELRO, EYOUUE T4 — T, GO

am

d(z, ) = lim d(zs,zm) <

§—00 —Qa

d(x1,x0)-

[ to (B) Yewpolue ty

Yo=ZTm-1 » Y1=2Tm , .-+ 5 Ys=Tm—14s — T.
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Egapudlovtac to (o) yio tnv (ys) ue s = 1, naipvouue

a
d(y1,z) < md(yla Yo),
dnhadn

a
d(l’m,l’) S Tad(l’m,l’mfl). O

ITohb ouyvd Eépoupe 6t n T : X — X elvou 6UGTOM o€ €var uTooUVolo Y tou X
(%o by oe oNdxAnpov tov X). Av 10 Y elvon xhetoto, thte emAéyovtac To zp € Y
xow e€aopolilovtag 6Tt Ghot ot bpot g (zy,) Yo napaueivouy 6to Y, unopolue vo
Bpotue otadepd onuelo e T oo Y (dpa, otov X):

ITapdderypa. 'Eotw (X,d) mhipne uetpuds yodpos, xou T @ X — X. Trodétouue
6t n T elvar ouotold (vl xdmowo 0 < a < 1) oe wid xhewoth umdha Y = {z € X :
d(zg,z) <r}, 6mov g € X xour > 0. Av d(zg,Tzo) < (1—a)r, téte n Ty = T™xo
ouyxAivel oe otadepd onuelo e 7.

Anéoaén: Apxel va del€ouvue 6Tl xdde ., avixel oto Y. Xtny anddetlrn tou Yewpr-
patog atodepol onueiou eldoue 6t

d(Tm, Tn) < a4

Maipvovtog, n = 0, éyovue

1 1
d(ﬁ?m,.fl?()) S md(ml,mo) = md(TCEO,.’I}O) < 1—a

dnhad, T €Y, m €N O

9.2 Egopuory otig dLagpopLxéc eELowaoeLg
Ocewpolue tn draopu! e€lowon ' = F(t, f), ue apyxfy cuvdixn v f(to) = xo.
Oceopnua 9.2.1 (Picard) FEotw F ouvexnrs ouvdptnon oto opoydvio

R={(t,a) : |t - to| <a, ]z — w0l < b},
térowa dote |f(t,z)] < M ya xdle (t,x) € R. YmoBérovue énut n F ikavororel
ovvinkn Lipschitz wg mpog tn 6evtepn petafAntn: vrdpyet L > 0 térotog dhote, ya

rde (t,z), (t,y) € R,
|F(t,z) — F(t,y)| < Lz —yl.
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Anddatn: Oewpolue tov mhipn uetpd ywpo CJ], J = [to — h,to + h], ye petpixh
my d(f,g9) = maxes |f(t) — g(t)], xou Tov LTOYWPO

Cr ={f € ClJ]:[f(t) — xo| < Mh}.

O C1 elvar xhewotde undywpoc tou C[J], dpa mAiene. H f elvon Moon e e&lowong
av xau hovo av T'f = f, 6mou

(THE) =0+ [ Fs, f(s))ds, te .

to

‘Eyouue |f(s) —xo| < M1 <D, dou (s, f(s)) € R yio xdde s, xow  F' elvon ouveyhc
oto R, dpa 0 fti F(s, f(s))ds etvaw xohd optopévo. Eniong,

t
(TF)(E) - to] = / Fs, f(s))ds| < Mt - to] < Mh,
to
dpar,
f e = Tf e (C].
Téloc,

t

{F(s,f(s)) = F(s,9(s))} ds

to

L (max|f(s) = g(s)|) It ol
(Lh)d(f,9),

xor 0 < Lh < 1, dpa n T eivon cvotoli: d(Tf,Tg) < (Lh)d(f,g).

Ané o Yedpnua otadepol onueiou, undpyel uovaduy f € Cp ol dote T'f =

£, drhodt

[(T)(E) = (Tg)(®)]

IN

IN

fit) =z + tF(s,f(s))ds, teJ,

to
ondte ' = F(t, f), xou f(to) = wo- O

Enuelwon: H anddeiln tou Yewpruatos otaepol onuelou delyvel 6tL unopolue va
ndpovue N Aoon f cav 6plo Tng axoloudiog
t
fn+1 (S) =y + F(S, f(S))dS,

to

Eexwvmvtag and tuyoloa fo € Cf.
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9.3 E@opuorr otig 0AoxXANpwTLXEG EELOWOELS

(o) E&lowom Fredholm. Eotw J =[a,b], kat K : J xJ - R, g: JJ = R oureyeis
ouvaptiioas. Av |K(t,s)| < M oto J x J, kat |p| < 1/M(b— a), téte n

b
t) +,u/ K(t,s)f(s)ds
a
éxel povadikry Avon oo J.

Anédeén: Opllovue T : Cla,b] — Cla,b], ue

(TH +u/Kts

Apxel va delouvue 6t n T elvon cuostord (yratl;). Ouwe,

AT = max|(TH() - (Th)
b
= [nlmax| [ K(t5)(f(s) = h(s))ds

< ot (max 76) ~ 1(6)1) (-
= (M- a)}d(f ).

Aol |p|M((b —a) < 1, 1o Jedpnua otadepol onuelov ude eZacpariler povadixy
fo € Cla,b] tétow wote T fo = fo. |

(B) Egiowom Volterra Eotw J = [a,b], ket K : I x J = R, g : J = R oureyeis
owvaptioes. Tote, yia kdle p € R, n

b
t)+,u/ K(t,s)f(s)ds

Andbaén: T x&de f € C[J] opllovue

éxel povadikry Avon oo J.

(TF)(t +,u/Kts telJ

EOxoha ehéyyouvue 6t o T(f) € C[J]. Anhadh, T : C[J] — C[J]. T xd&de
f,h € C[J], éxovue

[(TH(E) = (Th(B)] = — h(s))ds

< ul(max |K|)d(f, h) / s
—  |ul(max |K])d(f, h) (¢ — a).



176

Enaywywd detyvouue 61t

m m m m (t — a)m
() (T F)(@) = (T R)(O)] < |u™ (max | K|)™ =—r=—d(f, h).
Eraywyixé Briua:

(™) (E) = (T h)(8)]

|l / K(t,s) {(T™f)(s) = (T"™h)(s)} ds

t _\m
< lelmax &) [l nax ) S s
_ m+1
=l s )
Anb v (x) mpoxdnteL 6L
AT TR = s |0 ~ (T R)0)

<l e ey L s,

[ peydho m éyouvue |u|m(max|K|)m% < 1. Apa, n T™ elvon cuaTOMf GTOV
Cla,b]. Eneton 6t nT™ éyel otodepd onueio: undpyet fo e v BLomta T™ fo = fo.
Av mdpoupe tuyolou f € Cla,b], tote (T™)"f — fo xodde n — 0.

Maipvovtog f =T fo, €xovue

n— 00 n— 00 n—o00

H fo elvor 1o uovadixéd otadepd onueio e T', yatl xdde otoadepd onuelo e T
elvon xou otodepd onuelo tne T, xaw n T™ éyer uovadixd otoadepd onuelo (elvan
GULOTOMY). m|

9.4 Aoxroeig

1. Kde cuctodi T : X — X elvar ogotduoppa cuveyrc.

2. Acl&te ue éva mapddetypo 6t 1 mAnpétnTa Tov X elvon ouctaoTd Yol THY
anddetgn tou Yewpriuatog otadepol onueiou.

3. EBow T : [l,400) = [1,+00) ue To = z + L. Aclite 6t av z # y 6t
Tz —Ty| < |z —y|, adhd n T dev éyet otadepd onuelo.

4. Av n T elvar ouatohd, tote n T, n € N elvon cusTtolr). Ael€te 6Tl T0 avtioTpogo
dev Loy Vet yeVLXE.

5. Eotw X ocuunayrc yetpude yopog, xou T': X — X ouvdptnon ue ty WBLétnta
d(T(z),T(y)) < d(z,y) yioxdde z # y otov X. Aellte 6t n T éyet otadepd onuelo.
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6. Eotw g : [a,b] = R ouveyde mapaywylown cuvdptnon, ue gla) < 0, g(b) > 0,
xot 0 < ¢ < ¢'(z) < d oo [a,b]. Xpnowonolfote 1o Yedpnua Tou otadepol anuelov
yio vou Bpelte xahf) Tpooéyyon e tovadxhc (yratl;) Aoone e g(z) = 0 ovo [a, b].
Yrdédaln: Ocewpelote ouvdptnon f(z) = & — pg(x) v xotdhhnho p, xon Beelte
otadepd onuelo g f.

7. Eow f :[a,b] = R ouveyde napaywylown ocuvdptnon, xat zo anhy plla e f
oto (a,b). AelZte 6 n
f(x)

A=

elval GUOTONY O ULdL TIEPLOYT) TOU o, XU GUUTEPAVETE OTL AV EEXLVACOLUE UE T1 O
aUTAY TNV TEpLoy N xa oploovue (2,) Yéow TG Tnt1 = g(Tn), TOTE T,y — To.

8. Alvetar to ypauuwéd cvotnua e€iodoewy © = Az + b, 6tov A = (a;j)i j<n XU

b= (b,...,bn). Av
n
Z|aik| <1
k=1

yia xdde ¢ = 1,...,n, dellte 61 10 clotnua éyel uovadxh Abon. Aceigte étu 7
AOoT auTH TalpVETAL GOV TO 6PLO TNG T1, T2, ..., Tn, ..., OTOL 1 € R auvdaipeto, xou
Tpt1 = Az, + .

9. (o) To (3o ue v Aoxnon 9, av yia tov mivaxo A vtodécovue 61t

n
D olari|l <1, j=1,...,n.
k=1

(B) To do, av unodécovue bt

zn:i:a?j <1

i=1 j=1

10. Acite 6t 10 mpdBhnua apywxdy Ty f = |f]'/2, £(0) = 0 éyer Aoewc Tic
f =0 xa g(t) = t|t|/4. Epyetan autéd oe avtigaon ue to Yedpnuo tou Picard;
Bpeite xt dhAheg Mooelc.

11. Bpeite dAec g apyxéc GUVITXES YLal TS OTOLEC TO TPOBANUA JPYXDV TULOY
tf' =2f, f(to) = xo (o) dev €xer Moo, (B) éxer neploodrepes and uio Noon, (y) €xet
axpBog ula Moo,

12. Oewpolue TV ohoxknpwtxt e&lowon

b
(+) f(@) = / Ky, f(n)dy + 6(z),

ue ovveyelc K xau ¢, xou v K va ixavonotel cuvdnxn Lipschitz g poperic

|K(£L’,y,21) —K(w,y,22)| S M|Z1 - 22|'
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AelEte 6t 1 (%) el povadinh Mon av |p| < m

13. Adote v ohoxhnpwti e€lowon

) — 1 / e~ f(s)ds = g(t)

omov |p| < 1, nalpvovtac fo = g xou optlovtac frpp1 = T fp yio xortddnin T

14. Aivovtan évag ywpocg pe vopua X, Evag @poryUévog Yoouuxog teheothic I : X —
X, xou éva ouunayés xou xVptd vtoctvoro K tou X ue my Widtna T(K) C K.
Ae{Ete 6t o T éyer otadepd onuelo oto K (Oedpnua Markov-Kakutani), axohou-
YOVTOG ToL TopoxdTw BAuoTo:

(o) ©¢rovue T tov tawtotixd tereoth, TH =T o...o T (k popéc). Aeifte 6L 0
1 n—1
Sp==-> T N
. ,; n e

elvon pparyuévos, ypouuixos, xau S, (K) C K.
(B) AciZte 6t oL Sy avtiuetatilevton: Sy 0 Sy = Sp o Sy, m,n € N.
(v) T x&de nq,...,ns € N ioylet

Spy0...08, (K) C Sy, (K).

() Eoww (Y,d) ouunoayhc yetpnde yodpos. Av (F,) oaxohoudia ¥ ELGTOV LTOCUVS-
Awv Tou Y ue v ot (o, Fie # 0 v x89e n, tote (o, F, # 0.

() Moy Sn(K) # 0.

Q) Avz e Ny Sp(K), w6eT(z)—z € 2 (K-K), bmov K—K = {u—v:u,v € K}.
(n) Avz e, Su(K), téte T(z) = 2.

i<n
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H Cw? tou Stefan Banach

10.1 Ta mpwta Ypovia

‘Evoc and toug YeyaAlTepoug wodnuatixols Tou EooTtol aukva, o Stefan Banach
ouvdéeTon UE €val eLpl Qdoud YeEUEMWIOY ot YVACLWY UadnUoTXwdy, eldxd othy
neployn e Luvoptnotondic Avdhuone. Ltnyv [lodwvia, Yewpeitar edvindg fewag.

O Banach yevvidnxe tnv Tetdptn, 30 Maptiov Tou 1892 otnv Kpaxofia, oto
Ievixé Noooxoueio tov Ay. Aaldpou. Ta ovéuata Tou TEMTOL Xat TOL JEUTEPOU
yiatpod mou exteloloay unneecia otov VdAouo, xodde xon g uatag mou xotd
ndoo TdovoTTa EPEPE OE TEPAC TOV TOXETO, elvo xatayeypauuéva ota apyela tou
vocoxoueiov. To motomounuxnd yevwhoewe avagépet 6Tt untépa tou Banach Atoav
n Katarzyna Banach, xou étt notépac tou Atav o Stefan Greczek, évag xat®dtepog
dnuoboog undAinhoc. Ou yovelc dev Aitav mavtpeuévol.

O Banach dev yviploe noté tn untépa 1o, 1 0ol TOV EYXATENELPE AUECWS UETA
™ Bdntio Touv oty Pouctoxadolud) Exodinoto tov Ay. Nuxohdiov, otic 3 Anpiliou
Tou 1892. Apxetéc popéc o Banach npoondinoe vo udier xdtL yU' avthyv and tov
TaTéPal ToL, AANd To HUoTHpLo dev AOUNxE ToTé, Yiatl o TaTépag Tou apEVoLVTAY Vo
amoxohOPEL TNV TAVTOTNHTA TS 1) onotadnnote AN mhnpogopla Yyl to Yéua. O
Greczek ocuviAhle vo amavtd otL elye opxioTel Vo xpathoEL To HUGTXG. Apydtepa
navtpeltnxe 800 Popég, xon améxtnoe €va nondl and TOV TPMTO TOL YEUO XL TEGCERQ
and TN delTeERT) Yuvalxa TOL.

Yougwva ue tov Hugo Steinhaus, o onolog avaxdhuge tov Banach xow ot ou-
VEYELXL fTay OTEVOS plhog xou podnuatindg cuvepydtng tou, o Stefan Greczek xo-
Tayotay and to vpineda touv Jordandw, xou epyaldTay cov UTIAANAOC GTAL XEVTELXS
yoapela twv Bdnpodpduwy tne KeoaxoPlac. ‘Ouws autd dev elvar olfdeto. And
otouyela mou Statnpodvtor atnv Kevtpua) Egopla tne KpaxoBlac, yvwpilovue 6t o
Greczek npocerpidn cav xhnthpac tne Egoploac to 1903. Avo ypdvia apydtepa Tou
aneveudn apyLpols oTawpdS YL TIC UTNPEGLES TOU, xou TEoTYUT ot afLwUaTolyo
e Egoplac. O Greczek nédave to 1968 oe nhuxia 100 etdv, oyeddv euxootnévie
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Ypovia uetd tov Banach.

H owoyevetanr| pudoroylo avagéper 6t o Banach népaoe ta npcdtar ToU YpdvLaL
ue ™ yytd Tov oto Ostrowsko. Elte autd alndelder B} oy, o veapdc Stefan Aty
oAb cuvdedeuévoc uall Tne, xou awcdavotay Ueyohlitepo eBacud Y’ auThy Topd yio
Toug uTohotroug cuyYevelc Tou. ‘Otay aUTH APEMOGTNOE, 0 TATEPASC TOU TOV ECTELAE
otnv KpaxoBla xou eumotedtnxe tny avatpoer tou oe d0o yuvaixeg, tnv Franciszka
Plowa xou v x6pn tng Maria. O Stefan emioxentétay ) yioryid tou cuyvd uéypet
70 Ydvatd TN, xon AToy Top®y oty xndela TNg.

Me o dedouéva tne enoyrc, o Banach Loloe oyetind dveta ue tic Plowa, nou
ATay dpXeTd eUXATAoTUTES. ApXETéC TNYEC cuUPwVoLY 6Tl o Greczek dev Eéyaoe noté
TO Y16 TOU, axdua xt 6tay elye dnuloupyroel T dux Tou voulun owoyéveta. Oyt
u6vo mopelye Totier) owovouxt| Boridela, aAAS SlatneooE XL GTEVY ETUPT UE TIC
Plowa mou enéBAenav Tov Banach uéypl tar ypdvia Tou xohheylou. Ol enagéc matépa
xou yLob ftay euyevixég xou eyxdpdiec. Xe wd xdpta mouv o Banach éotelhe oTov
natépa Tou, o pointrg téte Tou yuuvaciou suyoptotel Tov Greczel yio T ypruoTa
TIOL TOU EBWOE YLOL VoL GUUMETATYEL GE oY ohxn] exdpour; oto Kielce xon o Bouvd
Bopeta e KpoxoBlog.

To 1902, apol telelwoe to dnuotixd oyolelo, o Banach, oe nhudo déxa etdy,
Yedptnxe otny mewtn té&N Tou yuuvaciov Henryk Sienkiewicz tne KpaxoBiag. To
YUUVAGLO, Tou EdeLoTaY ot avlpwmiotixéc onoudés, Bpwoxdtav oto Podwale
(axpBide xdtw and o telyn Tne ToANg) xan ouvidwe amoxahodvtay «Goetzy, yiotl
T0 vouxaouévo xtiplo oto onolo ateyaldtav avixe atov Ludéunopo tne Kpoaxofiag
Goetz-Okocimski.

Ou ovupadntée xar xahbtepot pihol Tou Banach fitav oo Witold Wilkosz (ueh-
hovtixde uwodnuotixds) xow Marian Albinski. Ta amouvnuovebuata tou Albinski
Hog dlvouy T wévn a€iémotn avapopd YU authy v neplodo tng Lwrc tou Banach.
Autég xou o Banach cuvunipav and to 1902 we to 1906, ondte o Marian yetoxt-
viiinxe oto yuuvdoto Sobieski. H outlor authc tne petaxivnong plyvel pog oe xdmota
YAEAUXTNELO TS TOU TYOAXO) GUCTAUATOC 6TO AUGTELOXG XOUUTL TNS SLaueAoUE-
vne tote Hohwviag. O Albinski ypdper 6t cutlor tne uetaxivnong frav n obyxpouo
Tou UE Tov xanyNTh Twv EXnvixddv. ‘Otay oto téhog tou tpidtou e€auivou anep-
plpdn ota ENAnvixd, tou emBARdnxe oxhned yenuatixd mpdotio! Idod T ypdgpet o
Albinski yior toug xoholg oL pihouc:

«O Wilkosz fpde pall you oto Sobieski. Aev &€pw molol av ot dixol Tou Aéyot.
O Banach nopéueive oto Goetz uéypt v amogoltnot tou ota 1910.

Ou enagéc uwou ue tov Banach meploplotnray, duwe o Wilkosz cuvéyioe va tov
Brémer moAD Taxtixd. O Stefan Banach, énwe tov Guuduon, frav xardc gihoc. Hov-
X0<, ARG pe ud euyevixy alodnom tou yoluop, Hray udilov anduaxpos. H ouxovo-
LX) TOL XUTAOTUON TOV UTIOYPEWVE Vo Ttapadidet Wialtepa pardriuoto o€ uixpbtepoug
LordnTé xodme xon o UoInTéS amd To «XEVTPO TNE TOANCY, TOTE TOL BUWS SEV EUoLa-
Ce prwyde. Ilpénet vo npociécw 6Tt 6Toug cuuuainTés Tou éxave Wtaltepo Lo ALoTa
dwpEdy.

O Banach xow o Wilkosz fpdav xovtd uéco and tnyv aydmn toug yio o uodn-
motxd. Yo Sroheluarta, toug €BAenal oLy VA va TpocTooLY var AoGouy odnuoTixd



181

npoBhAuarta. Av xdmoto npdBAinua toug epéhle, 1 EMLGTEOPH TOUC ATO TO TYOAELD
070 onltL xpaToUoE WEES: TepmATONoAY and TO onltl Tou EVEE 6To onltl Tou dhhou
xa avtioTpoga, culntdvTas To el OPES.»

ITpénel v onuewwdel 6Tt To exTadeuTind TEOYEOUUA TOU YUUVAGlou EpLy Ve WLal-
tepa T0 Bdpoc ot xhaoxée omoudéc - Aativixd, EXnvixd, Zévec yiooee, Iotopla
XATL, xoL Oyt oo pondnuotied xou Tig puoxés entotiues. O Banach dev axololinoe
ooy éva tpodypauua omoudwy cuuBiBactd ue Ty xhion tou. IloAd cuyvd dda-
oxotay padnuatxd and avenapxelc avipmdnovs. Apydtepa, dtay Yuudtay auThY THY
neplodo, o Banach 8ev uthodoe xon Tohd ELYEVIXS Yol THY TOLOTNTA Xou TG UEYOSoUg
didaonaiog oTo ayannuUéVo ToU avTXelUEVO.

Eivar evduopépov var del xavelc to wpohdyto mpdypopua tne Sevtépac (yia mo-
pdderyua) tédEng: Opnoxeutind (dVo wpec), Aatvixd (oxt® dpes), ITohwvixd (teelc
opec), Tepuovind (tévte dpec), Iotopia xan Tewypapla (téooepic wpec), Madnua-
wnd (tpelc dpec), Puoxn otopla (S0 dpeg). Tmhpyay xou mpoatpeTind LoduaTa
wdWhe, oyedlou, xahhypaplog, YUUVAOTIXAC, XAl GTEVOYpaplac.

To Modnuotixd dddoxovtay and ta BBAlo «Boaowy Aprduntixny xan ‘AlyeBoay
Tou Brzostowin, xar «ewuetpla xon Pavracioy twv Mocnik-Maryniak.

To yuuvdoio mou mapaxolotinoe o Banach dev Atav Wiaitepa aplotoxpatind,
dratnpoloe duwe oyLEolE SECUOUC UE AVOTERO EXTOUSELTIXG tdRVUATA, OTWE Yo
ToMG S oyohelor e KpaxoBlag. ITohhol axadnuaixol ddoxahot epydlovtay cu-
V& xon ooy xadnyntés yvuvaolny, xdt nov efaopdhile mTohd LPNAS eninedo ot
deutepoBdiuta exnaidevon. Luyxpwouevo ue to Sobieski, to yuuvdoio tou Banach
dev Atay mOAD NG Wwodag, (owg SuwE AUTo Vo NTAV TO UEYSAO TOU TAEOVEXTNUA,
apol 6’ auTd T amoPactoTXd Ypedvia o Banach anépuye Tic apvnTixés eumetpleg
TWV OLYYEOVWY Tou GTa YELToVd yuuvdoto. H évtovn mapoucio twv yévwy tng
aptotoxpatiag o’ auTd, TOAD GUYVE THEEAVE TOUS UoINTES ToU Elyay TATEVOTERT
xatorywyt), Bydloviag otny enLPAvVELS GUVOLCUNUATA XATWTERHTNTIC TOU OdNYOUCAY
otov appiBloud xar T pototodoiio.

Avtideta ue to Sobieski, n atudcpopa oto Goetz Ytoy mohd m6 dvetn. Ko-
vévag amd toug cuuuadntéc tou Banach Sev mpoepydtay and v LvPnAn xowwvia
e KpoxoBiag. O nopdyoviag autdg €xel eldnd Bdpog, %ol ENNPEENCE GAPHS TLG
METAYEVEOTEPES TOALTIXES TAOELS XoU CUUTGUELES TOU. LTOV XATAAOYO TWV OVOUITODVY
e téEne Tou cuunepthauBdvovton ta xaddhou aptoToxpatixd ovéuata Piotr Owca
(mpdBato), Stanislaw Klocek (xo0tooupo), Albin Kawaler (epyévne), xou dhho.

Ou Borduol tou Banach ftav «dpiotay ota Modnuotixd xan tig Puowée Enoti-
HES, «Alay XaA®dSy xou «xohcy ota urdhotta. O Albinski onueldvet:

«H uetplogppociivn tou, ¥ xalbtepa 1 vipotahoolvr tou, elvar 0 Adyog mou dev
XaAOQIlvETAL GTNV PwToYpapial TNg deutépag TEENS oL €xw QUAdEeL. Kdldeton oto
Ypoavio tng tpltne oepdc xan elvon oyedov xpuupévos. H xavoviny tou Yéor frav
OTNY TEATYN OELpd, OTay OUWS eupavioTnxe o pwToypedpos, o Banach enweeridnxe
and Y avaoTdTwor xou €Tpele Tow.»

I3o0 xan pia dhkn meptypopy) Tov Banach and tov Adolf Rozek, cuuuodnt tou
XUTOTLY EYLVE LOTOPLXOC:
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«O Banach ftav euydplotog 6T OYECELS TOU UE TOUS GLUUAONTES, €€ OUWC
and tar padnuotixd dev tov evdiépepe tinota. Av noté wholoe, ythoboe 1660 Yer-
yopa, 660 Ypryopn Hray xou 1 uadnuoatxr tou oxédn. Elye tdéoo ueydhn toydtnta
oTN oxEPN xou TOLES LTOAOYLEUOUS, TOL Ot YU ToU VOULLay OTL ElyE UaVTIXES (o
VOTNTES.»

T rdpyouv evdlagépouoes avapopés Yo T oyéoelg Tou Banach ue tov Yeohdyo
tou oyohelou, Ilatépa Pylko. O Banach tou anniduve cuyvd epwtioec Tou TOTOU
«apol o Bedg elvon mavtoduvauog, unopel var PTEEeL £var Bpdyyo Tou var Uny unopet
vor wetoavhioey;y  BElvaw cagéc 6t elye amd vwplc Tpooywef|oel 0TO OXETTIXLOUO.
Y1g oyohuég putoypaplec Siaxplveton ULl HoeUn, EAAPEOC CUPXACTIXT, AAAS XoL
CUVEGTUAUEVT EXPPACT) OTO TEOCWTOS TOL. AUTY 1] EXPEACT) TOV GUVODEVE WS TO TENOG
TOV YUUVOOLIXOY TOU YpOVRY: 0 EVIOUCLAOHOS TOU YLa TI¢ OToLdES elye avaxonel,
apol and dexamévie ypdvwy o Banach nopdAAnha epyaldtay otal QpoviioThpLa YLa
Vo avTLeETwioet o €£084 tou.

Ané toug exootepTd LOINTEC TOL THEAY TO ATOAUTAPLO YUUVAGIOL GTH YPOVLE.
Tou, €L TLuidnxay pe «ddxpony. O Banach Sev tay avduesd toug, yopaxtnelotnxe
OUWS KTPOXGUEVOCY UoINThc. Ao Toug exxooteptd, d0o Tyay Tpos T Oeoloyia,
oyt otn Nouwy, teeic otny latpwy, €€L ot ®Lhocogua, évac otn Fewnovixy, tpeic
oo IloAuteyvelo, dVo ata Owovouxd, xou évag oe uLd Ltpatiwtixh Axodnuio. Evog
and autolg tou TRyav oto IloAuteyvelo, ftav o Stefan Banach.

Ynueiwon Hpw 1o 1914 1 [Mohwvia Beloxeton xuplwg und pwouxr xuptapytio.
Auto elvon amotéleopor Loxpalwvwy EGVIXGOY ay@OVOY xoL aVTNALOY AVEUECI OF
Loyupdtepous yeltoves (Loundla, IMpwoota, Pwola). Hopd tic uetantdoels tne t0-
XNG TOU Xou TNV XATAGTON] TV EEYEPTEWY, 1) ONUAVTIXOTERY TWY OTOlWY HTaY TOL
1830, 0 hadc avtde, Baowxd aypotixds, tapoével Baditata Ypnoxeuduevos (pwuono-
xadohxde) xou edvixothc.

10.2 H «peyalitepn avaxdiudrny» tou Hugo Stei-
nhaus

Alyo mpdyparto elvar yvewotd yio v meplodo e {wfc tou Banach auéowe uetd
v anogoitnoy tou. Ot dvlpwrol mou tov yvoelav exelvn tny enoyr de Lobv md,
%ol TOMAG amd T VIOXOUUEVTAL EXEVWY TV Ypovwy Sev otinxay, 1 TouNdyLoTov 0
oLy Ypapéas dev xatdpepe vo Tor avoxalUpet. To yeyovota duwe mou etaxoroddIncoy
delyvouv &tL exelva Ta ypdvLa HTay onuavTLXd.

Metd v arogoitnor toug to 1910, o Stefan Banach xou o gpihoc tou Witold
Wilkosz éxavay oyédia yia to uéhhov touc. To cuumépacuoa mou EByohay toay 6T
o wodnuaTixd elyay avoantuydel 16c0 moAD, mou Yo HToy adlVATO Vo XEVOUY XATL
xavoLeYlo ¢’ autdy Tov xAddo, dev elye Aoty xon TGO VONUAL Vo GTIOUdAGOUY
wodnuotixd. O Banach enéhele ulor moAuvteyvixh oyohn, eved o Wilkosz miye va
onouddoel YAdoes. 'Etot, ydpioav. Apydtepa o Banach mapadeydrav ot Aoy
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Tohb aelelc dtav mlotevay dTL dev LTHPYE TAEOV YWEOS Yia audeVTixy| SouAeld oo
pordnuortxd.

H andvtnorn tou notépa tou Banach yiow v anogoitnon xaw v €lcods tou
oto Hohuteyvelo Méyeton ot fArav 1 e€ic: «Trooyédnxa otn untépa cou 61l Vo
oe Bondoloo uéypt awtd to onuelo. And 3o xou mépa eloar Udvoc covy. Kodog
o Banach etowalétav va @iyer yio to Hohuteyvelo tne Lvov, tou édwoe ueptxég
axduo cLUBoUAES: «No ppovtilels Tov EaLTO GOU oL VoL ATOPEVYELS T [UXPOBLOY.
Eivou draotauwpwuévo 6t o Banach, ywplc va cuoldvetar tpocBohr| | Oridn, denoe tny
KopaxoBia ywelc dparyun oto ovoud tou, xou ywelc var TepLUéVeL TEpalTépw OLXOVOULXT
Bordeia amd Tov matépa Tou.

[ tov Wilkosz, nou mpoepydtay and uia atocéBactn owxoyévela tne Kpoxofi-
ag, n xatdotaot fray Tohd dtagopetixy. O natépag Tou oy xodnynthc yvuvaociou,
xou oL xhloelg Tou veapol Witold, T6c0 o1 puhohoyio 660 xar oo Lodnuatixd, elyoy
avaryvwptotel and mohd vwplc. Tn otiyur mov anogoitnoe elye 1dN eaocpoiicet uia
unoTpoQla Yol Vo TEpdoet uepxolg urfves otn Bnputd. T'edgtnxe oto npdypauuc ¢u-
Aoloyiag tou Jagiellonian navemotnuiov, duwg uetd and 8o ypodvia to YOpLloe oo
podnuotixd. Me to Eexivnua tou mpdTou aryxoouiov ToAéuou déyTnxe WL Véon
xodnynth yuuvaotlou oto Zawiercie, eved mopdhAnio cUVEYLOE OTIC axadNUAiXES ToU
emdudes. Ape 1o didaxtopind tou and to Jagiellonian to 1919, xou v venye-
olo Tou o 1920. Méoa oe Aya ypdviar €ytve TaxTindg xodnyNTAS xou XATOTLY THPE
Tov tltho Tou «Boxexpluévouy xadnynth. ‘Hrtav didonuog oav ddoxaioc, €ypade
exAoixeLTXd dpdpal, TEWTAHTUTES EPYAGIES XOU TAVETLOTNULAXS GUYYPSLLOLTAL.

Avtdétwe, o Banach énpene va Beel uévog ta yprjuata yiar var unootnpilel Tig
omoudég tou. To mbavétepo elvon dtu mopedide Wiaitepar wodiuata. Aev mpénet
AoLTtOV VoL TpoX el EXTANET TO YEYOVOCS OTL YPELAOTNXE TEGTEPI YPOVLAL YLOL VOL TERAICEL
TS «EEETAGELS TOU UEGOU TWV GTIOLSOYY: GUUTARPOGCE TLE AMAULTHOELS TWY TRKOTKV 300
eTtdv UbALc to 1914, H emtpony| mou tov e€étace elye npbdedpo tov Jan Bogucki, xou
peTagl twv uehodv g Beloxovtav o uadnuatixde Placyd Dziwinski xou o @uotxog
Kazimierz Olearski.

IToAO AMya mpdrypartar elvor YVwoTtd yLa T evOLapEPOVTE ToL, ToUC PlAouC ToU, Xal
TO TWS TEPVOUGE TOV XaLpd Tou.

Tov IoOAo tou 1914 Eonaoce o npwtog toryxdoutog ntérepos. To Pwowd otpa-
Tebpata enttédnxay, xou o Banach eyxatéhewpe tnv Lvov. O Banach dev unnpétnoe
610 otpatd yia 80o Adyouc: HTav dploTEPdYELpac Xat elye cofopd TEdBANUL UE TO
aptotepd tou wdtl. O Turowicz Aéer 61t o Banach Bprixe Soukeld cav gpyodnyoq
xdmou oty Galicia, yia éva Suwe Sidotnua Tov xopd Tou ToAéuou élnoe otny Kpo-
xofia.  Efvor yvwotd 6t xdmota otiyur n dievdivipia evog nopdevaywyelov tng
Kpaxoflag tou npocégepe xavovuirr Béon xodnynts wodnuatixdy, éuws o Banach
v anéppide. Aev elye xavéva evdiapépov va Souhédel oto yuuvdowo. Towe exelvn
Vv enoyy) va elye 11 anogacioel 6Tt Hiehe var xdvel Epeuval oTaL LodnUATLXAL.

‘Onwg €youvue #d1 nel, mTohd Ayec mAnpogoplec LTdpyoLY Yid TNV meplodo auth
ToU ToAEUOL. Axdua xou ota untewa tou Jagiellonian dev Bpédnxe tinota oyeti-
%6 ue tov Banach, av ot elvon cogéc 6t napaxolovdoloe xdmoteg Stahéelc exel.
To Jagiellonian Spdnxe to 1363 xon oy éva amd tor Yeydha exnondeutixd xévipa
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enl audvec. And 1o 1900, n xvplapyn @uoloyvouic otoug LodnuaTixols xUxAhoug
Tou navemotnuiov Atay o Stanislaw Zaremba (1863-1942), mou evodpxwve ueplxéc
and T onuavtixdtepec Bupwmaixés emotnuovixég nopadooelg. I'evvnuévoc otn Ro-
mandéwka tng Ouxpaviag, elye anogoiticel and to Ivotitovto Teyvoroylac tng St.
Petersburg (Pwota), xou elye mdper didaxtopixd otor padnuatixd and tny Sorbonne
(Tariicr). Ebye mpwtdtunn cvuBolf otn Yewplar TV EANNELTTIXGY o LTEPBONXDY
LEPXAY BLapopx@y EELoWoEWY, o1 Yewpla Suvauixol, xal 6e TEOBAAUTA TNG (o
Inuatixhic puotic. O Wéec tou epapudotnxay apydtepa and tov Henri Poincaré
(1854-1912), T'dAho wadnuatixd, puoxd xow GLhboogo, Tou elye Tepdotia enidpoon
oty xateduvon TV uadnuaTidy Tou ewxootol akva. O Henri Lebesgue (1875-
1941), évac dhhoc onouvdaioc ['dhhoc uadnuatinde, and toug Yeuehwtéc g ody-
xpovne Yewplog Uétpou, xaL dvlpwnog mou dev cuviihle va emonvel, avaryvedplle ™
dOvaun Ty wedddwy Tou xat TNV aViEVTIXOTNTO TwY EUTVEVCEMY TOU, X3 oTN
Lo NUATLX PUOLXH.

Me 3edouévo to x0poc Tou Zaremba cdAd xan TNy ENAeLYn oToLyelwy ya ™) Lwh
tou Banach exelvn tnv enoyy|, unhpye ueydin Sioaudyn YOpw and to av o Banach,
ToL olyoupa dev elye PoOLTNTLXH TALTOTNTA, Tapaxohovdolae 1) Oyt Tic SLaAégels Tou
Zaremba. Avo onoudaiol IIoAwvol podnuatixol tou yvodplav xakd tov Banach, o
Hugo Steinhaus xot o Kazimierz Kuratowski, cuvéxivay npoc 0 9etind) andvtnon.
Tnv (Sta yvodun €youy xow tohhol dihot. O Andrzej Turowicz, mou fitay ToA) xovtd
otov Banach, Aéev:

«Idvtar xuxhogopoloe 1 GHUT, xat To (Blo ToTEVL XL £YW, 6T 0 Banach mopa-
xohoudoloe tig Slaé€elg Tou Zaremba. Katd tn yvodun wouv duwe, autd Sev cuvERn
e QUYEL Yoo T Lvov, odhhd uetd, otav enéotpede otnv KpaxoBio, otn Sidpxeia
Tou TEKOTOU Tayxooulou moréuou. BéPaia, émwe Aéve, o Banach moté dev mapo-
xohoudoloe dlohéelc oe xavovixr Bdomn. Autd pou galveton amolltwe guowd. O
Banach oxegtétav ue aotpamioto toydtnta, eved oL dtaké€elc Tou Zaremba, Tig onof-
£¢ Yvopllw moAD xokd, Atay emoTnUoviXd GPoYES, AAAAL OYOAJCTIXES KoL YEMATES
uwxpéc Aemtopépeec. O Banach dev ypeialdtav noAkég e€nyrioec. ‘Emave tic déeg
otn ouyur, xou cuvidue Bptoxdtay ToAD UTpocTd and Tov olANT. And TV GAAN
ueptd, amd xaupolL eic xoupdv Yo Alele acpahds vor E€pel motd xawvolpytor Véuorta
oulNTolVTaY HOTE Vo Tol SOLAEPEL UOVOC TOU.»

O Banach utholoe otov Turowicz yia tov Zaremba ue ueydio oeBacud xou
Yowpaouo, xau lowg and avtés tig oulnthoeg o Turowicz €Byale o cuunépacua ot
o Banach napaxoloudoloe tig dtaré€elc tou Zaremba. ‘Evo elvon BéBato: o Banach
yvoele ta dpdpo xou ta Booxd epeuvnTind anoteAéoUota ToL Zaremba mohd xoNd.

Kdmoteg evdel€elc yia to av Yo unopoboe o Banach va etoywerioet oto augriéa-
Tpo Tou Zaremba ywplc va elvon ypauuévog oto Jagiellonian, udg divel o yewuéteng
Stanislaw Golab oe éva dpdpo yior Ty totoplor Tou TavETOTNULIOL:

«Hpéner va MdBouue ur’ dduv dtL exelvn TNV emoyf 0 TPOTOS Yla VoL TEPJOEL
EMTUYWS €vag PoLTnNThc amd T Ula ypovid otnv dAAN ftav ula xou Ubvo Tehxt
eZétoon. Amotéleoua qUTOV TOU GUOTAUATOSC HTay oL xoNYNTeS vor uny yvwpllovy
TOUG QPOLTNTES TOUC.»

Eite o Banach nopaxolouvdoloe tic oyohaotixd enelepyacUEVeS SLOAEEELS TOU
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Zaremba 1| 6y, éva elvon BéBaro: t0 ueTayevéoTtepo dxd TOL GTUN SOUAELdC xou
didaonaiiog Yo ity Spauortixd SLopopeTixd.

H Zw? tou Stefan Banach nipe avandvteyn tponh v ‘Avoln tou 1916, 6tov
telelwe ouvuntouatixd cuvavtiinxe ue tov Hugo Steinhaus. Auth n ocuvdvtnon
EUEAE VoL aANEEEL TEAElWS TNV Eary YEAUATLX 0AAd o Tpocwrixr {wY) tou Banach:
péow tou Steinhaus o Banach yvdpioe xou ) pehhovin; o0luyéd tou Lucja Braus.

[Tot6¢ frav o Hugo Dyonizy Steinhaus; I'evviidnxe to 1887 oto Jaslo tng Ga-
licia o Wid owoyéveo EBpoalwv Stavooupévey (o Yelog Tou fitay yvemotos Tolttixdc,
(éNog Tou xowvoBouliov Tne Auvotplac). Av xar oA TEVTE Ypdvia UEYOAITEPOC amtd
Tov Banach, elye uadnuatinr otadiodpoula acuyxeltne eutuyéotepn amd auTHY Tou
Banach. ¥rnolUdace ot Lvov xau cuvéyioe oto Gottingen, émou nrjpe didaxtopixd
pe emBAénovta xodnynth tov D. Hilbert ota 1911. To Yéua tne datpifne tou Atay
oL TPLYWVOUETPXES OElpéc. And to 1920 we to 1941 Aoy xodnynthc LodnuaTidy
oto IlavemotAuto tne Lvov. Metd tov Seltepo mayxdouto méreuo uetoxvidnxe
oto Wroclaw, émou Atav xodnyntic tou Ioavemotnuiov xan uéhog tng Moiwvinic
Axadnuioc Emotnudy. Ly tedeutaia aut neplodo emnoxéptnxe didpopa Havemnt-
othula ot Hvwuéveg Hohiteleg. O Steinhaus xou o Banach dewpotvtan 3putég tng
Madnuotinic Lyohic e Lvov. H Bihoypapio tou nepthauBdver ndve and 170
gpyaoieg ue Véua Tic oepég Fourier, tn Yewplo teheotdy, T Yewplo mdavotitwy,
N Yewplor mouyviev, xat e@apuoyéc Twy voadnuatixody otn Broloyia, Ty tatewxd, o
vouwd, xou ) otattotixy. Hrav eniong onouvdaiog exhoixeuthic twv Uadnuotixdy.

‘Ohat duwe autd cuvéBnoay apyotepa. Tov xoupd Tng cuVEVTNOHC TOL UE TOV
Banach, petd and uyid cOvtoun otpatiwtixf Intela oty ohwvixr Aeyedva tou
Bodnoe v Ilohwvio vo aroxthcer tnv aveloptnolo TNe UE TO TEAOS TOU TRMTOU
nayxooulou Toréuov, etowalotay va mdpet Véorn Bondol oto Havemotiuo Jan
Kazimierz tng Lvov. ¥ta «Amouvnuoveduatdy tou, o Steinhaus neplypdpel tn ou-
vavtnon g e€hc:

«Av xan 1 KponeoPia froy tumxd axoua oe gundieun xatdotaoy, Hroy 731 apxetd
aoQahéc va xdvelg éva Bpaduvd mepinato oto mdpxo T, TN Sudpxela evOC TETOLOU
TepLTdTon, dxouco xotd Addog T Aéewc «uétpo Lebesguey. IIAnolaca to mayxdoe
xou cuoThAdNa oTtoug SVo AdTpelc Twv LodnuaT®y. Mou elray 6t elyoay dhlov éva
piho mou heyotav Witold Wilkosz, xou uou tov enaivecav unepBoixd. Ou 3o véo
Méyovtayv Stefan Banach xor Otto Nikodym.

Ané exelvn ™ otiyur xou HeTd cuvavTOUAoTAY G Xavovix Bdom, xon xodog
exelvo Tov xaupd Bploxovtay oty Kpaxofla oo Wladyslaw Slebodzinski, Leon Chwi-
stek, Jan Kroc xow Wlodzimierz Stozek, anogacicoue va Wpboouue ula podnuotixy
gtonpeia. Yoy eunveuotig tTng 1€aS, TRPOCPERUNXA Ol CUVAVTAGELS Vol YivovTaL GTo
dwudtid wou. H mpddytn pou evépyeta AOLdv fTay VoL Xop@mdow EVal UAVEOTEVIXA GTOY
toiyo. Otav 1 F'odhido unebduvn xtiplou elde Tt elya xdvel, tpouoxpatidnxe —
Yo Eheye o Woxtitng Tnv xadnovyaca vrevivuilovide tne 6Tl 0 WoxThTNG TOV
xTiplou ATay Paxevde GLYYEVAS UOU, XoL UOU CUYYWenoe To audptnua. Elya ouwg
xavet Mddoc. O xprog L. @épinxe cav évag nopadooctaxdc dxapdog onitovoixoxiens,
xalL UEVE aoLYXIVITOS amd Tov LPNAG oxomd Tou eunnpetoloe o mivaxag. [lop’ dheg
T1C SUOXOMES, N ETOLEELN CUVEYME EMEXTEVOTAV: HTAY 1) TEOTN oy Tda PwTdC awTov
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tou etdouc otnv Ilokwvio.y

O Hugo Steinhaus, oto undéroino e Lwrc Tou, ce outhieg ot Ypantd ToU, GU-
veywe oyvetlotay 6t o Stefan Banach ritav n «ueyolbtepn avoxdiuvdmy tne Lwhc
Tou. Auéowg UETE TNV Tuyala TEMTY CUVAVTNOT TOUg, ULd TOAD GTEVY cuvepYaGaia
avamTOyUnxe avdueoo 6” auTéS TIC dU0 TEAEIWS DLUPOPETIXEC TPOCWTIXOTNTES, OU-
vepyooio Tou xpdtnoe moARd yedvia. Ou cuyvéc TAéov cuvavtroec Toug Yivovtay
oto Esplanada Café, otn yovia twv 0ddv Karmelicka xaw Podwale.

‘Eva andyeupa o Steinhaus teptéypade otov Banach évo mpdBAnua nou tpoono-
Yoloe va Aooel Yo ueydho ypovind ddotnua. To mpdBinua agpopoloe T cUYXALON
xATd UECO TV UEPLXGY adpolopdtwy g oelpdc Fourier uidic ohoxhnpdorung cuvdp-
tnone. Alyec uépec uetd, o Banach enéotpede ue tnv tAfen andvtnon. O Steinhaus
Yupdo:

«Buewa éxmhnxtog 6tay, uetd and Ayeg uépeg, o Banach édwoe apvntuer amdv-
wnon. H anddelln nou you €dwaoe elye €val xevd, mou ogelhotay oto dTL ayvooloe 10
napdderyuo Tou Du Bois-Reymond. [pdopue uall éva dedpo, to onolo mopouctd-
otnxe and Tov Zaremba oty Axadnuio tne KpoxoBlog xon, ue ueydin xaduotépnon,
dnuootebnxe to 1918.»

To dpdpo dnuoacieldtnxe oto Aehtio e Axadnuloc e KpaxoBlac. Me awtd, o
Banach éxave 1o vieumolUTo Tou coav uodnuotixde.

H ouvdvtnon ue tov Steinhaus elye xu dAhec cuvénetes yia Ty tpocwmix Lwh
Tou Banach. Ytic 19 OxtwBpelou tou 1920, o Banach navtpebtnxe tnv Lucja Braus
otnv KpaxoBla. H vign mpoepydtay and owxoyévela paotdpwy xor SoOAvE and
uxer; Yoo T mpog to v, Tov xonpd mou yvdpioe tov Banach, ftav ypouuatéog
Tou duxnyodpou Lisowski mou Atav yaunpdc tou mohtixod Yelouv tou Steinhaus. H
owoyévelo Steinhaus éueve exelvo Tov xowpd otoug Lisowski, xou o Stefan yvdpioe
v Lucja v dpa mou Saxtuhoypagoloe Tig ayopedoelg tou Lisowski. H veopn
Lucja tpdfnie auéowe v npocoyr, tou Banach.

Metd to yduo, oL Banach anocOpdnxay ota éon Tatra, xou tépacay o xohoxaipl
toug ot Bidha Gerlach. H B avixe otov yadnuotixd Leon Chwistek xon otnv
adep@pr) Tov Anna Stozek, oOluyo tou Wlodzimierz Stozek mou vitav podnuotinéde oto
Jagiellonian. Ou Chwistek xon oL Stozek nepvoloay exel to xahoxalptar Toug, xaL ota
endueva ypdvia elyay cuyvd @uloievoluevous tov Banach xat tov Sierpinski. Yta
yOpw ddon xar oTic Oydeg evog xplou opewvol motauol, o Banach, o Sierpinski xon
o Stozek éypadav tar oyolxd BiBAo podnuatixdy and ta omolo éuaday LodnuoTtixd
oloxAnpe Yeviég Ilohwvdy wodntdy xo gortntédv tavenotnuio.

Ynueiwon Ttic 28 Touviou tou 1919, n cuviixn twv Bepoodhddv xodepddvet
v Oropén Ilohwvixob xpdtous. To véo xpdrtoc Bpioxdtav otn opalpa ETLEPONS TwWV
Ayyhwy xat twv [dhhwy, mou exelvn tny enoyn emdupodooy (L tpoctateutixn| {odvn
amévavtt oty OxtwBelavh etavdotaor. To cdvopa Tou xpdtouc xardoploTnyoy UdAG
t0 1922-23, ue 10 téhoc ToU «Aeuxol moréuouy evavtiov Tng Pwotac.
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10.3 Fundamenta Mathematicae

Alo and ta TH ONUAVTIXE YEYOVOTA TN ETMOYAS OTO YWEO TNG EMOTAUNG, NTAV 7
eu@dvion tou Principia Mathematica twv Alfred Whitehead xow Bertrand Russell,
Tou exd6UNKE Alyo TpLy TOV TPWTO Moy XGoULo TOAEUO, o 1) eLdr xan yevuxy| Yewpla
e oyetwxotnTac tou Einstein.  Ou IToAwvol Stavooluevolr mopaxolovdoloay Tig
e€ehi&elc ue eviouoiaoud. Ta véa €pyovtay cuvey®e and xdie xatedduvon,.

To Madnuorted firay xt awtd Cwvtavd. O veapde tonordyoc Zygmund Janisew-
ski (1988-1920), mou ubhic elye emotpéder and to Haplot, tpoonadoloe va Stauop(e-
oet éva TEdYpoUa aTOYWY xou dpdong yiar tat IloAwvixd uodnuatind. O Kazimierz
Kuratowski, dieuduvtic, enl oelpdy eTdV UETE TOV JEVTERD TAYHOOULO TOAEUO, TOU
Ivotitottou Madnuoatxdy tne Ilodwvuaic Axadnuicg Emlotnuody, teptypdpet exeivn
v meplodo oto BiBAlo tou «Miode andvag podnuotixdy otny Ilohwvioy:

«ITpog to Téhog Tou mMpwTou Tayxoouiou moréuou, n Kasa im. J. Mianowskie-
go, ula tpdmela mou egunnpetovoe toug Ilohwvolc emothuoves, Wialtepa exelvoug
TOL TPOEPYOVTAY amtd TI¢ enapyleg mou umdyovtay ot Pwotla, (Spuce to meplodixd
«IHHoAwViXH ETGTAUN: OL AVEYXESC TNG, 1 0PYAVWOT| TNS, oL 1 avanTudn tney. Onwg
(palveton Xt ambd To Ovoud, oxonde TN Exdoone fitay va e€acahioer Evo Briuc av-
oAy e amdPewy Yo Ty emotnovixy avdntuén e HMoiwviog, ude ydpoc mou
elye udhc emavaxtioer Ty aveoptnola . Ltov mpodto ToUo TN €xdoong, Tou
eugaviotnxe to 1918, o Janisewski dnuoacievoe éva dpdpo ue titho «Ot avdykes twv
patnuatnikdy oy IHodwviay. Me exmhnrtu caghvela xan axpiBela, napovciaoe
éva tpooyEdo yia tor Hohwvixd podnuatixd. O Janisewski Eextvoloe ue v umno-
Yeon 6t «ou ITohwvol padnuatixol dev mEénel vor apxecToOY 0TO PONO TWY TEAATEOY
xatt OXONOLINTOVY TWV EEVRDV LoINUATIXWY XEVTPWVY, AAAS KTPETEL YOI DEXDXACOLY
évay aveEdpnto péro yia o Hohwvixd wodnuotixdy. Evac and toug xalbtepoug
TPOTOUC Yial var emteLyVel autodg 0 oToyog, TpdTewve o Janisewski, Yo ¥itav ot Ilo-
Awvol poadnuotixol va cuyxevtpwdoly ota oyeTixd otevd tedlo €peuvag oo onola
elyov xowd evdiagépovta, xon — 1o Td oNUavTXd — elyay AT SLedvdde avory vwploué-
V1| oLVELSQOPd. MTa Tedia auTd mepthaufBdvovtay 1 Yewpla cuVOAWY, 1 ToTohoyla,
xow ot Yepéhia v podnuatixdy (Loall xow 1 podnuatiny Aoyixh).»

Méoa 670 veavixd tou evioustacud, o Janisewski npoywpoloe otn Slatdinwon
eVOg TTOND QPLAGBOE0U TPOYEAUUATOC:

«Eftvar afdeta 6t évag podnuatinde dev ypetdleton epyaothpta xo TONOTAOXES
N axpBéc eyxataotdoes. Xpetdletar GUWS TNV XATEAANAN Hodnuotin] atudopat-
po o TG euxarpleg va mopaueivel oe emapy| UE TOUS cuVeRYdTEC Tou. Mid TéTow
atuocponpa umopel vo dnutovpyniel uovo av ot dvlpwrol dovkebouv uali, oe xowd
gpeuvnuxd tpoPBAfuarta. O cuvepydteg elvon oyedOV amapalTnTOL YLa EVaY EQELYNTH.
Arnopovwuévoe, cuvidwe uopalover. O Adyog YU’ autd dev elvon Ldvo 1 Puyohoyxr
EMeLdn xvhTpwy: elvar 6Tt 0 Lovayxoc epeuvnTrc E€pel TOAD AyoTepa amd auTtolg
mou SouvAelouy pall. Mévo to TEAMXS AMOTEAECUATA QTAVOLY G’ AUTOV: LOEEC TOU
elvar HON dpLUES xaL o8 TENELWUEVT) LOPPY|, CUY VA TOND UETE TN oTLYUT TNS dnulovp-
yiag toug, dtay emitéhoug exdidovtar. O uovayixde epeuvntrc dev xatohaBalvel toté
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yratl SnuovpyRinxay xon e tpoéxudav: dev €lnoe TN dadixacia TG cQUENAdTN-
ofc toug uall ue toug dnutovpyolc touc. Efucote moAd uoxpld and o xouiviar xon
o xaldvia dmou dnutovpyolvton Tar Lodnuortixd. Ptdvouue opyd, xou avamdpeuxto
wdc €youv agnhoel tiow. To cuunépacua Aotndy elvon dtL av dev FéAovuEe var uévovue
nlow, TEEmeL vo axohovdioovue ptlooTaoTixés MEYOS0US XaL VoL AVTLUETOTIGOVUE T
pila tou mpolAfuatoc. Ilpénel va prid€ovue éva dixd uag xouive.y

Ipoomadcivtac vo urodellel évav aveldptnto dpduo yia o Hohwvixd uodnua-
wxd, o Janisewski avéhue oe Bddog tic adlnhemidpdoels Twv SLapopny XAABWY TwV
obYYpovey uadnuatixdy, divoviag évay aulevtixd xal TOAOTAOXO YdETn TOU TiC
ontxonotovoe. Emmiéov, mpdtetve n Snulovpyla evog teplodinold tou Yo fitav agple-
PWUEVO amoxAeloTixd oty Yewplar cUVOAWY Xon Tor Yeuéhia Twv Uadnuotixody. Evo
TETOLO TEPLOBLXG, TO TPWTO OTOV XOGUO ToL Vot Elye TOGO CUYXEXPULEVO TIEPLEYOUEVO,
Yo exddétay oe YAdoeg xatavontég yio ) Stedv xowotnta, xou Yo émanle dmhod
péro: Vo mapouciale oToV EMGTNUOVIXG %x6cUo 11 SouAeld twv Ilohwvdy uadnuo-
oy, xou Ty Bl otiyun Yo tpooiixue dpdpa EEvwY cuYYRUPEWY TOU Elyoy TO
{Sia evdiapépovta. Ev ocuvtoula, Ga Arav éva diedvéc dpyavo yia TNV TEPLOYT TWY
Hodnuotindy mou tpowdoloay ot Hokwvol. «Av déhovue vo anoxthoouue d Véon
OTOV EMOTNUOVIXO XOOUO, O TO *8voLue Ue S| uog mpwtoBouklay, elne o Jani-
sewski otnv outAia tou mpog N padnuoTer xowotnTa e BapooBiag. Ou otdyot
Tou emtedydnxay mohd civtoua. O mpidtog toUog Tou Fundamenta Mathematicae
eugaviotnxe to 1920. Exddtec Htav ov Stefan Mazurkiewicz xou Waclaw Sierpin-
ski. Katd tpayu) ocbuntwon, o mpwdtoc autdc TéU0g TepLelye xan T vexpoloyio Tou
Zygmunt Janisewski. IIédave otic 3 Tavouaplou tou 1920: Atav éva amd Tol TOAAS
Youarta wde emdnuiag ducevteplog.

To neplodixd elye peydhn anfynon oto wodnuotixéd xéouo. O Henri Lebesgue,
ToL cLuuEeTelye ot culnTioeLs Yo Ty (Spuom Touv Fundamenta Mathematicae tou
Janisewski, cuuBoUieuoe toug Ilohwvolc uadnuatixols va AdBouv LT’ v «Oheg
g mdavég epapuoyéc Tng Vewplag cUVOAWY, xaL Gyl Uovo T aneudelog EQopUoYES
TIOL TEPLEYPUPAY OL TEOYpaUUATIXES TpoTdoecy. H cbotaon auty| avtavaxholoe dyt
16vo TNV eLhxpwvi] tou emdupior vo TETOYEL TO VEO TEELOdLXG, AN 1o TNV arywvia Tou
yior To UEAAoV NS Yewplag cLVOAWY, ULAC amd TG O ONUAVTIXES OVUTTUGCOUEVES
TEPLOYEC TWV UodnuaTixdv exelvr tnv neplodo.

O Lebesgue €ypage 61 «...nVewpla Bproxdtay €€w and 10 nedio twv podnuatixdy
7oL UeAeTOUoE TO LPNAG Lepatelo TNE Vewplag TV AVUAUTIXOY GUVIPTAGEWYY, oL
e, oxOuo xt av <o e£ootpaxiouos g Yewplog cUVOAWY Miyetl, autd cuuBolvet
wévo yotl ) Yewpla cuvOAwy (N omola, apxetd ewpwvixd, Zemidnoe and ) Yewpla
TWY OVOAUTIXOY GUYAPTACEWY) QAVAXE TOAD YpHouun oTn UEYONOTERY adENGH TS
xow amédelle v adla xat Tov TholTto Tne ot 6houcy. Enlone extiuotoe 61, e€outiag
TWY ETAPY OV oL LBPUTES TNE Slatneoloay UE ToUg AVIADGTES, «BEV UeTovtnxoy
oe medlo peuvag amopovwUEVa amd Tor uTdhoLnal odnuatid. Auté Yo unopoloe
vor elye odnyRoet ot dnutovpyia evos véou, allocEBacTtou (owe ¥Addou, o omolog
ouwe Yo elye mbovdtata pelver yior ToAD xoupd €€w amd TV TEPLOYH TOL YEVLXOU
EVOLAPEPOVTOCY.

H detun enidpaon twv cuuPBouldy tou Lebesgue, xau 1 gvéhixtn epunveia nou
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EdvE OTaL OpLAL TWY EQUPUOY®Y TNE Yewplag cUVOAWY, ElYE GOV AMOTEAEGUAL VOL ELLPAVL-
oto0v ot oelldec tou Fundamenta Mathematicae ToAG onuavtixd dpdpa ue Yéua
N Yewuetpla, Ty Yewpla mdavoTATwy, xou TIC TeLYWwVoUETELXES Gelpég. Me o Adyta
Tou Lebesgue, n Yewpla cuvolwy Zemhipwve T0 ypEog tng oty Yewpla Twv TpLywvo-
HETPXMV GELRGY, apol To aUvodo tou Cantor, ula and Tic mé hounpés avoxaADPels
tou Georg Cantor, mpoéxue and mpofifuata tng Yewplag TV TELYWVOUETELXOY
GELOWV.

Yo anouvnuovebuatd tou, o Kuratowski, culntodvtag tn cuufBoulr; tou Lebe-
sgue, oyohdler 6T éva dAho Vetixd Toug amotéleoua fitav 1 aneleuvdépwon (ota
1929) e ouvaptnotoic avdhuone (Tou xAddou oTov omolo xUplwe CUVELCEPEPE O
Banach) an6 to Fundamenta Mathematicae. H épeuva ot cuvaptnotoxsy avdhuon
odriynoe ot dnuovpyia evée dedtepou edixol neptodixol: tou Studia Mathematica.
E36 duwe €youue @iyeL ToAD unpoctd and tny Lotopia Loc.

10.4 To podnuatixd oty Lvov: 1919-1929

Yty meplodo 1919-29, n anloteutn epeuvnuxy dpactnedtnta Tou Banach, ohhd
X0l 1) GUVELGPORE TOL OTNY avadLopYavwoT Twy Hodnuatixay otny IToiwvia, elyoy
cav anotéAeoua va Yewpelton évag and toug xopugaiouvg Ilohwvois uadnuatixoie.
Yuvéyle tic ouvavtroelc tou Ue tov Steinhaus, culnroloe duwe xow Pe dAlouC
podnuoTtixoie, €xave IAoug xou améxTnoe emapég oty Sledvy| padnuortixs xowdtnTaL.

H dnuooteuon tou mpihtou dpdpou tou Banach oto Aektio tng Axadnuliog tng
Kpaxoflac (1918) tpdBnie v npocoyt Tou Lodnuatixod XGOUoU, TOU vy VOPLOE
ywelc augBoiio o Todévto Tou. To dpdpo elye ueydho eWdixd Bdpog. Ipauuévo and
xowoU ye tov Steinhaus, Arav otn ok YAdoo, xuplapyn YAGCH TG EMGTAUNS
exelvn Ty enoyn, xou elye titho Sur la convergence en moyenne de séries de Fourier.
"Hrav uid onuavtin cuveltopopd otny axudlouvoa tdte Yewpla twv oetpdv Fourier,
n omola elye avantuydel oTic apyés Tov 190u arwdva yio va Bondoel oty eniiuon
TEOBANUATOY TN HadNUATXAC QUOXAC, OIS 1 PETABooT Tng VepudTnTag Xou 1
xouata] Suddoor. X 1ig UEPES UAC, OL POLTNTES TV [UAUINUATIXWY ATOSELXVIOUY JUTO
TO AMOTEAECUA GOV ULd OYETIXS oY) doxNoT, Xall UTOPOVUE Vol T0 SoUUE ooy JUEGO
TopLOUA EVOC A6 T T GNULAVTLXE YEWPHILATA TNS CUVIRTNCLOXTS AVdAUGTC TO OTtolo
anédetle o Banach. Mmnopel pdhiota vor Yewpndel ooy évag and toug ondpouc mou
TeEAxd Yévvnoay Ty agnenuévn uédodo mou orjuepa AEYETOL CUVIPTNOLAXT] AVEALOT).

IToA\ol and toug aoTtépeg Twv Hohwvixdy wodnuatixdy eldav to dedpo xon dpyL-
CaY VoL pWwTOLY UE TEPLEPYELA YiaL Tr) SouAeld Tou Banach. O Steinhaus 31€31de navtod
6TL 0 «aVUTOdIBaxTOCY EAUVE BVoHONA XA TOAUTAOXA o NuaTiXd TEOBAAUATA, TO Eval
HETE TO dAAo.

Exeivn v enoy®, o Banach éypade 1o debtepo dpdpo tou, ubvog auth T @o-
ed: Sur la valeur moyenne des fonctions orthogonales. Ye autéd anédeie 6t 1
axoroudia Twv aELiUNTXGY UEowy ULds opdoxavovixnic axoloudiag cuVIPTACEWY
oLYXAvEL GTO UNdEV oYEdOY avTod — €val ponvduevo Tou Yuuilel Tov oyLpd VOUO
WY UEYAAWY aptiuny otn Yewpla Twv tdavotritwy. Apy6tepd, T0 ANOTEAEGUA AUTO
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oyvponothdnxe and dAloug pwodnuatixois. Iapatnerinxe oxdua 6Tl e eQapuoYY
tou Arjupartog tou Kronecker, n anodelr| tou anhonotelton onuavtixd, Yeyovég nou
nepLépLoe T onuacto Tou dpdpou tou Banach.

Tnv (Sta ypovid, o Banach éypode dhho éva dpdpo, mou eviunwotdlet axdua xou
ofuepa Ue TV xoudpdtntd tou. Eugavictnxe apydtepa oto Fundamenta Mathema-
ticae e titho Sur léquation fonctionelle f(z +y) = f(x) + f(y). orhol podnuo-
ol elyav yeletrioer 0 TEdBANUA va Bpedoly GUVIPTAGELS TOU LXAVOTOLOUY AUTAY
Vv ouvapTnotaxy eElowon, ue tpwtov tov Augustin Louis Cauchy (1789-1857) xotd
Tov 190 awyva. [O Cauchy #rav évac and Toug TEMTOUS LoNUATXOUE TOU EdLOY
avoTtnet| Yeuellwaon tou anelpootixod Aoyiouol. Hrav o dvlpwrog mou dnuioleyn-
o€ oV €-0 0ploub Tou Té6c0 ToAD @ofolvtal oL mpwToeTelC Yortntéc.] Xto dpdpo
oL (uhxoug S0o ceAldwv), o Banach anedelxvue 6Tt uia yetpriolun ocuvdptnon tou
weavorotel Ty Topandvw eZlowon, elvor LToYPEW TS cuveyAg, dpor Ypauutx. To
anotéheoua autéd e€oxohoulel vo ypnoluonotelton, xou Pploxel epapuoyéc oe ToAES
TEPLOYEC TNE Mot NUATLXAC AVAALCTC.

To enduevo dpdpo tou, Sur les ensembles de points ou la dérivée est infinie,
TepLEYEL ULd amddelin tou e€ric Vewpnuatoc: 10 OVOLo Twv onueiwy ota onola 1 de&Ld
TAeLPLN TPy WYOC e cuvdpTnone anelplleton, Exel Uétpo undév. To anotéhecua
Tou Banach Atav woyupdtepo and ta tponyolueva Yvwotd anotehécuato Tou eldoug,
xa, TNV (Star oTiyun, N amodelln mou €dtve Rroy amhovoTERN.

Ta televtator autd 800 dpdpa Aoy TEAYUATING APLGTOVRYAUATA TNS GUYYPOVNS
Yewplag cUVIPTACEWY TEAYUATIX®OY UETABANTOY, xaL ftay udvo 7 apyr Wdc oet-
pdc epyaotdv tou Banach ndvw o’ autd to Yéua. Moébvo yu' autd, o Banach elye
eZoopoMoUEVn TNV amodoyh TNS LadNUATIXAS XOWOTNTOC.

Yta 1920, o Antoni Marian Lomnicki (1881-1941), nou elye udiic mdpet éSpa
oto IloAuteyvelo tng Lvov, mpocégepe otov Banach wid 9éon Bondod. Autyh Atav
n mewTtn enl mANpwuUY axadnuaixr Yéon tou Banach, av xou yéoo oto xodxovtd
Tou cuurepthauBdvovtay To baby-sitting tne uwerc xépnc Tou Lomnicki xon dhAec
avoplddolec aoyolies.

O Banach ouvéyle va amodewxviel ue qpeviipn pudud. Mall ue to @iho tou
Stanislaw Ruziewicz, Bprixav éAec ti¢ cuvapthcels f mou avonololy v odtnta
Fu)f()f(w) = u? + v + w?, wd ekicwon tou elye uekethoer o Maxwell oe oyéon
ue mpofBMiuata e uadnuatixhc puowhc (elye Bpel dhec tic mapaywylotues Nooele
mg). 1o éxto dplpo tou, enéotpede ot Yewplo TwY CUVNPTACEWY UL TporyUa-
A LeToBAnTE, Ty omola eumholTle Ue WEeg and TN véEx VYewplor UETPOL TOU
Lebesgue. Auth Yo Aoy ndvta 1 Yeydhn dOvaur| tou: Ue Wioguy| Tp6To, e@dpuole
VEEC AVAMTUGGOUEVES TEYVXES YLt Vo AOGEL xhaowxd mahid poBAfuata. Autd elye
OLVETELES TOCO YLaL TIC TUALES 000 XoL YLal TLg VEeg Yewplec.

O Banach népaoe éva uépog autric Tng £viovng epeuvnTxd Teplddou 6To oTitt Tou
Lomnicki: Cotoe uall tou xon Sodheve vy’ awtdy. H ueyolitepn xden tou Lomnicki
\ \ ?

n Irena, onueldvet:
«Hpouv €pnfn tote, ota 1920, 6tav o Banach égtace oty Lvov xou eyxatactd-
Inxe o éva Swudtio Tou onitod uoc, otny 0d6 Nabielaka. Extéc and v xouliva

\ Y

xoL To umdvio, to onit pog elye tpla Swudtior v tpanelopia, To UTVOdWUTL,
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xaL To ypagelo tou matépa Uov. Av Juuduar xokd, o Banach xowédtav oto ypo-
gelo. 'Elnoe uall uag uepixolc unveg, uéypl va Beel dixd tou yweo otny Lvov.
Htoav mohb oguvée xon euyevinde, xa dev udc evoyloloe xoddrov. H untépa uou
Wladyslawa ayanoboe tr Aoyoteyvia, xou elye ueydhn culhoyr putiotopnudtwy. O
Banach davelldtav cuyvd BuBhio amd authy, xan ) UnTtépa Lo ElyE vor TO AEEL YLoL TO
600 YPHYopd To TEAELWVE, X TOCES OUCLACTIXES AETTOUEPELES CLYXEATOVCE Und TaL
droBdouatd tou.»

Apyébrepa, o Lomnicki cuvithle vo Sunyelton wotoples yia v anloteutn uviun
ToL TEWNY Bondol Tou, o onolog UTOPOVCE VAl AVUXATACXEVAOEL UE XEE AETTOUERELNL
pudiotophuata ou elye dofdoel TOANG ypovia ey B axduo xan vou apryndel and
HVAUNS 0AOXANp amooTdouaTo amd ouTd tor BiBAla — mdvTor Ue Eval ENAPEMS ELPOVLXO
xou ddev autdpeoxo Gyoc.

To 1920, uetd and morholg Siotaryuols, o Banach éypade tehind tn Sudoxtopixy
drartpB1) Tou we titho «Ilpdelc oe agpnenuéva chvola xou eQUPUOYES TOUC GTLS ONO-
xhnpwtxée elotoecy. Hrav ypouuévn oto Hohwvixd, xouw o 1922 dnuoctedtnxe
n Fadueh tne éxdoor oto Fundamenta Mathematicae ue titho Sur les opérations
dans les ensembles abstraits et leur application auzx équations integrales.

AZle va meprypdipouue awth TN SoLAELd UE xdmoLo AETTOUERELL, OYL UOVO YLortl
Atav 1 dtotelBr) Tou Banach, oAhd xou yiotl neplelye uepiéc amd T méd onuovTi-
x€c 1¥¢ec mou mpootpepe moté. T meptelye Aowndy; Ipdta am’ dha, ewonyoye Uid
apnenUEVn Sour| Tou cpYo6TeEpa ovoudotnxe Xwpos Banach. O Banach €dive aliw-
HoTixd oploud TETOLWY (EVOEYOUEVWS OMELPOBLACTATWY) YWEWY, XAl ELCHYAUYE TNV
€VVOLOL TOU YpoULXoL UeTaoynuatiopod wetafd toug. ‘Eva mhidoc cuyxexpluévwy
TpAdELYUd TRV oL Elyay TeonyouuEvwe weheTnlel To €va aveEdptnTa amd To dAAO,
EUTOLVE TWPA LTS TNV OXETN TN evomolnTxfc Jewplag Twv ypwyv Banach. Ou yve-
otol Euxeldetol ywpot Arav mpogavelc eldixés meptntidaoelg, ToAd mb evdlapépovieg
OUWC ATAY OL AMELPOBLAGTATOL YDPOL GUVIPTACEWY ToL Emanlay oNUAVTIXG POAO GE
TohhoUg xhdBoug tNe xhaoxhc avdiuong. H Sour toug, xon 1 Soun Twv YpoULXOY
METUOY NUATLOUOVY (TEAEGTAV) avdueosd Toug, ftay Toh) Thouctdtepn xou dev ExeL —
axduo xou oTLe Wépes Hog — xatavondel mAhpwe. Av xow autéd ftay To TpoTo dpdpo
Tou Banach oty neployh mov ouepa ovoudletan cuvapTnowakn avdAvomn, n o&iw-
paTixomolnon mou eloNYayE AToy EXTANXTINS TAfENG Xat, Ue uio €évvola, TeAn. (¢
éva Barduo, elvar owoté va todue 6t ) SatplB3) tou Banach yévvnoe évay xAddo ue
avegdptntn Lo wéoa ot uio uépa.

H odfeta elvon 6 mapoduotes Weéeg aliwuatixonolinong wplpalay oe dodpa AWy
podnuotixody g enoyic. To 1921, o Avotplaxde podnuotixds E. Helly ewofyoaye
avtioTouyeg évvotec. O (dtog o Steinhaus elye opicel Tnv €évvola Tou ypouuxod Tele-
o1, xau o Norbert Wiener woyupileton otny autofioypapia tou 61t elye tawtdypova
XAVEL xdmoleg avaahOdelc ooV xhddo. Autéd duwg Tou draywele Tt douleld Tou
Banach ané tn Souvleld 6Awv twv unololnwy, ATay 6TL anouToOOE CAUPHS OL YWEOL
ToL v elva TApELS. Avary vodploe auThY TNy WLOTNTA g Veuehddn xou Edete yuotl
N WiétnTa T elvon amopad Ty Yo vor amodety Yoy Bodid xou yeriowua Yewpruata.
Alo tétola Yewpriuata eugavilovtay 131 otn dwatpBn tou. To mpdto wyvptldtay
6Tl T0 %aTd oNuUEelo 6plo ULAS axOAOVHAG YROUULXDY XL CUVEYWY TEAECTOV elval
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3

UTIOYPEWTIXE YPUUULXOS, AhAG xou ourvexrs, tTehecTtiic. To dedtepo ftav to prutoué-

7

vo Uedpnua otalepot onuelov tov Banach yia cuctohéc. To Yedpnua autd, ulo
TOAD YEVLXH o apnenuévn €xdoon Tne xAaouxrc uedddou Twv Stadoyxwy tpooeyyi-
OEWV TOL EQapULOLOTOY OE TOMES ELBLXEC TIEPLTTMOTELS, Bivel mpaTixy| UéYodo yia Ty
enthuon Swapopny eZlodoeny. H olloa twv 300 Jewpnudtwy frav coprc. Hapeiyoy
XAeWLd oL dvoLyay TOAAEC TOPTES TaLTOYPOVA: Ywpelc autd, xdde tépta ancutoloe
10 dx6 TN avTXAeldL.

Mopd tn onuacto te avaxdiudne tov Banach, 1 tumue Stadixasto tne amovo-
ung tou ddaxtopxol fTay éva Tohd cofapd mEdPinua. YApyoy TOAAS UTOdLAL.
O Banach, mou Htav autodidaxtog xou dev elye mtuylo mavemotnuiov, énpene va
eCanpedel ue umovpywY amdpaor yio va dooet aneudelog eEeTdoELS YLa TNV ATOVOUT
METUTTUYLOXOU SITADUATOS, XdTl Tou €npene va nponynUel tng egétaong yia to di-
doxtopixd. To ueyohltepo duwe mpdBinua Aty o (dog o Banach! Ou xadnyntég
otnv Lvov clvtoua xatdiaBay 6Tt o UAXS T Statpel3hc Tou Banach rtoav €towuo
and xoupd, old o Banach Sev elye xapuuia npddeorn vo xadfoer va 1o ypder oo
xoetl. Amé tn otiyur| mou o Banach anedelxvue to Jedpenud tou, dev evdiapepdtay
%o oA vau to uetotpédel ot exdoouuo yewpdypapo. Bopidtav tn Siadixacio. Ou
axpofacieg g oxédne tov eviouastalay, GUKE 1 LETAPORE TOUS GTO YTl TOV Amw-
Yoloe. O Nikodym duudton méde ou cuvddehgot Tou Banach tov Bondoloay, cuyvd
Tov EeyeholUoay, WOTE Ol LBEES TOL VL YPAPOVTAL:

«O xodnyntic Ruziewicz xadodrynoe évav and toug Bondolc tou va cuvodelet
Tov Banach ot ouyvéc emoxédelg tou ota xagevela tng noAng. Exel, éBpioxe tnv
euxonplor var Tov pwthioet StaxpLtixd yio tr Sovketd tou. Katomy, €ypage tar Yewprn-
motar xa i anodel€els Tou Banach. ‘Otayv dha elyav ypoptel xow daxtuloypapnie,
napovcialav v epyacia otov Banach, xow tou {nrodoay vor xdvel tic dtoplioeic.
Moévov étol ohoxhnpwinxe telxd 1 dwatell) Tou Banachy.

Ye nhuxio euxooloxtd etéhv, o Banach éytve Siddxtwp twv uadnuatixdv. EnBié-
nwy e datpBric Hrav o Antoni Lomnicki.

O Stanislaw Marcin Ulam, goutntic t6te otnv Lvov xou pehhovtinde uadntic
tou Banach, mepiypdiger otor amopvnuovebUaTd Tou TOV TEOTO UE TOV OTolo AmMOVE-
uovtay exelvn tny emoy T daxtopxd oto Iaveniotiuto Jan Kazimierz:

«H dioduastio frav uddhov tumixy. [wotay oe plo ueydhn atfovoa touv tunh-
uotog, yeudtn and ouyyevele xou @llouc. O unodriplog énpene va Qopdel Aeuxt
yeolBdta xow ydvtia. Ot enBhénovtes éByoalav éva AoyldpLo Tou TEPLEYpape To Ep-
Yo xat g dnuooteoes tou unodnelov. Metd and plo mTohd cOvtoun mapovsiaon
ToU JdaxToP0V, Edtvay GTOV LTOYHPLO TO DITAWULY.

H e&étaon yio to Sidaxtopind *EAUTTE TO AVTLXEIUEVO TNE EPELVAC TOL UTOYNPLoU
xow éva oxéua Yéua. O Steinhaus vnédelle otov Banach va emhéZel cav Sebtepo
Véua Ty aotpovouta. O Banach, ue xohéc apyxd npodéoel, entxovmvnoe Ue Tov
xadnynth aotpovoulog Stanislaw Loria yio vo tou {nthcet Ty OAN néve otny onola
Yo e€etalotav. O Loria tou édwoe évay xatdhoyo BBAwy, xat, dtwe EAeye apydTepa,
elye uelvel éxmhnxrog and v taydtnTa Ye tnv onola o Banach xodnueptvd xdhu-
nte v OAn. Ouwe, av xar o Banach diexnepaiwve ue eviouoiaoud ) yadnotaxi
draduxacia, dev mohuvoxeptotay Ty 1déa 6Tl yperdletan vo e€eTaoTel oTO avtixe(e-
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vo. T uépa xou dpa g e&étaong, oL plhol Tou ToV TUPECLEAY UE TEYVIOUI GTNHY
TpoypauUaTIoUEVY afdouca.

Y10 deitlo tou Ilohuteyvelou tng Lvov yia to axxadnuoixd €tog 1920-21, o Ba-
nach avagépeton cav Bonide tou A. Lomnicki oto tuiua podnuatixdy. Ou didaxtt-
%€ UTOYPEDOELS ToL Ty Teelc pec TNV €BdouUdda, 3Tl TOL ToV dPNVeE OUCLAGTIX
aneplonacto otny €peuvd tou. H ehediepn avtadloyr| ey mou mdvta yopoxthptle
™ podnuatua} xowotnta e Lvov, anédwoe cOvtoua xapnole. Exelvn tny emoyr, o
Banach éypage 1o dpdpo Sur le probléme de la mesure, Tov cpyoTEPD SNUOCLEOTNXE
oTOV TETAPTO TOUO Tou Fundamenta Mathematicae.

To 1922, o Stefan Banach mApe tnv vgnyeoia tou. Xto «Xpovixd tou Ilove-
motnuiov Jan Kazimierzy tng Lvov yi to oxadnuaixd étog 1921-22, ot othln
«MPOCWTLXEY, SlaBdlovue:

«Xtic 7 Anpikiou tou 1922, o Ap. Banach nfpe vgnyeoto oto podnuatixd. Ipo-
oeMfpin we Atoxexpyuévos Kodnyntic twv Madnuotixdy pe npoedpixd Sudtoryuo
mou exddUnxe otic 22 Touiiov Tou 1922.»

Ye yeviéc ypouuéc, ol xodnyntéc tou navemotnuiov Loboay okl dveta. To
x6a7t0o¢ {whg oty Lvov ftav yixpotepo an’ ot otn Bopoofia: évag dvipwnog ue
HETELES amonTAoELS UTtopoUoe var {HoEL Aoyixd e uied SoANdplo Ty nuépa.

Yav xodnyntric mavemotnuiou Aowmév o Banach Vo énpene va elvon o %o
owovouw xatdotaon. Autd ouwe dev cLVEBawE oty meplntwor Tou. Apyloe
var £odelel moAD meplocdtepa an’ oo EByale, xou fitav cuyvd ypewuévoc. Ta va
BEATLOGEL TNV OLXOVOULXY) TOU XAUTACTAOT), dpyLoe Vol Yedpet ddontind BiBAia, épyo
oL Thpe oAU oo coPopd. O Steinhaus oyohdlel authy TNV TERlOdO TWY «GYONXDY
BBAlwvy:

«O Banach orataloloe Tov ypdvo xou Ty evépyeld Tou yedpovtac BuBAla aprdurn-
T, dhyePpoc xou Yewuetplog yio to F'upvdoo. To éypage woall ue tov Sierpinski
xat Tov Stozek, oAAd xon u6vog Tou. Adyw TNg eUTELplaC IOV ElYE AMOXTHGEL XAVOVTOG
peovtiotipla, o Banach eiye mhfpn enlyvwon tou 6t xde oplouode, xdde anddelln,
xou x&e doxnon elvon UeYdAn TEOXANON YiaL €Vl GUYYPAUPEN TYOMXWDY EYYELELSIWY
mou evdlapépeTar yia TN ddaoxahion»

IIé xdtw, o Steinhaus xdvel €va meplepyo ahAd amOXOAUTITIXG GYOMO YLoL TG
ouyypapxéEs dpaotneldtnteg Tou Banach:

«Katd m yvourn wov, and tov Banach éheine udvo éva and ta yaplouota mou
TPETEL Vo EYEL EVAC OLYYPAPENS TYOAXWY BBAwV: 1 xavoTnTo Vo cUAAIKBAVEL UE
TN pavTacior ToL ToV YKOEo.»

Ta yedvia 1929 xou 1930, o Banach e€édwoe, oe d0o tdUOUE, XaL TO TOVETL-
onuloxd obyypauua Awagopikés kat OlokAnpwtikés Aoyiouds. ‘Eywve yvwotd yio
NV Ao TNen TPOCEYYLoT TOL 6TO avixeluevo, xal xdAude éva xevd e IToAwvinic
pordnuotixic ByBhoypaploc.

[Tépa amd autéc Tic «mopdmhevpesy aoyohleg, o Banach cuvéyloe To epeuvnTind
TOL TPOYPAUUA, To ontolo amépepe Téooeplc axdua epyaoteg. H tedeutala and avtée,
pe titho Sur la décomposition des ensembles de points en parties respectivement
congruentes, o&ilel Wialtepn pvela. O Banach ty éypade pall ue tov Alfred Tar-
ski, évav @uAboopo xar podnuoatind xatd déxa ypdvia vedtepd tou (o omolog €yive
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apyotepa mpdTavie tou Havemotnuiov e Bapoofiag, xou to 1946 xadnyntric oto
Berkeley, 6mou ftav 0 Wputhc 0AOXATETC EPELVITLXNS OYOATC oTN LodnuaTXr AoyL-
) xan elye tepdotio enldpacn oty avdntuin Tou xAddou ot Hvwuévee Hohiteleg
xar ahhoV). H epyaoio nepiéyet éva dtonodntixd avandvieyo anotéheopa, Tou plyvel
P Gyl Lovo ot Yewpla TV LETPAOLLOY GUVOAWY, AAAS xo 6Ty avTiAndh Los yia
ot Yeuéia TV Ui naTiedy.

T vo e€nyioovue autd to amotélecua, TEETeL va ddcouvue 300 oplouole. Aéue
6Tt d0o umooUVOla UdE UTdAac Talpldlovr, av TO €Vo UETAPEPETOL GTO GANO UE
TEPLOTPOPT TN UTEAAS YOpw antd To %xEvTpo tne. Aéue axodua 6Tt 300 clvola elvon
1o0dUvapa ws mpog nenepacpérn fldomaon, oy UTOPOVUE Vo 0plooUUE SLUGTIAGELS TOUC
oe nenepaoiuéva To TAog xouudtia (o mhitog xoupattdy yio xadéva and to 8o
oOvolaL), ETOL (OTE To avtioTolya xouudTia Twy dVo dondoewy va Tarptdlouy.

O Banach xou o Tarski anédetlav dtt undpyouy d0o Eéva utoalvola Tng Utdhag,
xodévor amd tor omola elvar LooBOVAUO WS TEOS TENEPAUCUEVT] ST UE TNV dE)LXH
umdha. Miot Aydtepo axpiBhc, ohhd mo TURAGTATIXT, TEPLYPAPY) TOU AMOTEAEGUITOS
elvar 1 €€fic: Mnopolue va ywploovue tn undia oe 300 xouudtia, Ue TETO TEOTO
DOTE A6 AUTE TOL XOUUATLOL VoL [UTIOPOVUE VO GUVIRUOAOYHOOLUE dV0 UTdAES Ttavo-
LoLoTUTES UE TNV apytxn. Elvow govepd 6tu vy awtd tar xouudTiar 1) évvola Tou 6Yxou
dev €yel xavéva vonua: aAALLS, 0 6YX0S TNE apytxhc Umdhac Ga ftay {oog ue To
dimAdoLd Tou.

Auth 1 Topddoln didonaon Tng UNdAaS, TOU 0TS UEpEs Uog ovoudletal «To ma-
pddoo twv Banach kar Tarskiy, Yitov ulo and tic avaxohOels Tou €xavay ETLTOXTIXN
Y avayxn enaveEtaong Twv YeUEM®dnY eVvol®dy Twy dadnuotixdy. Eduédtepa,
€Boke Toug HanuaTixoUS var EEETAGOUY TOAD TEOGEXTLXA TO POAO TOU AEYOUEVOU
a&idparog s emdoyris. Eywe @avepd ot umopel va e€acpahileton 1 Onopén wide
TéTolag AdoTAoNG, oYL OUKS Xat 0 TpoToc xutaoxeLhc the. To mapddolo evénvevoe
nohhoUg HadnuoTtixolc xou TROoXIAEsE €vTovo evdlapépov, axdua xou €E€w and Tov
x0¥AO TV ETOYYEAUATLOV podnuatixdy. ‘Htav ula and tig ehdyloteg un tetpyueé-
VEC GUYYPOVES HodnuaTixéc avoxaALPeLg Tou utopoloe xavelc ebxola va teptypdidet
oL GTOUC adaElc.

Avutd ta ypdvia fitay mohG eutuyouéva yior Tov Banach. Xto «Xpovixd tou
Mavemotnuiov Jan Kazimierzy, dioadlovyue:

«AuTé 10 YPOVO, OTWS XoL TIC TEONYOVUEVES Ypoviés, To Trovpyelo Iowdeloc yo-
ehyNoe ddeto o xdmoloug amd Toug xonyNTéS Twv Madnuatixwy xou Twv PuoLxdy
Enotnuoy, dote va yvwploouy and tpodto xépl Tig mid npdopateg eEeAEelc oty eML-
OTHUN XOL VO NULOUPYHCOUY TROCWTLXES ETUQPES UE SLUXEXPUUEVOUC ETULOTHUOVES OE
SMheg yopes. T to étog 1924-25, dd0nxay ddetec (ue mhren uteds) otov xodnynth
Loria yia va cuveyloer tnv €peuvd tou oto California Institute of Technology otnv
Pasadena, xot otov xodnynty Banach ywo va cuveyloer tny podnuotied épeuvd Tou
oto Ilogiot.»

Aev yvwpllovpe m6co onuovtid frav to tadidt tou Banach oty Foukiia ya
v mepontépw e€EMER Tou. H emppor) duwe twv I'dhhwy otn podnuatixd oyolr
¢ Lvov elvan eugavic. O Marek Kac, uodntic tou Steinhaus xon Stoexpruévog
mdavodewentindg apydtepd, YEdpEL:
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«H emppor| tou Lebesgue otn oyohf tng Lvov ftav mohd dueon. H oyohd, mou
ovataoTxd Wpdnxe and toug Banach xou Steinhaus, emuxevtpwvétay otn cuvap-
oo avdhuon, Tt yevixr Yewplo Twv oploydviwy oelp®y, xou T Yewplo mda-
vothtwy. Kauulo and autéc tic Yewplec dev Vo elye mpoywerioel oTto onuepwd tng
Bédoc, ywelc TNV ovoLaoTLX XATAVONGCY] TOU UETPOU XOL TOU OAOXATIPWUITOS TOU
Lebesgue. Ané tnv dhhn mhevpd, ou Wéeg tou Lebesgue dev Berxay noudevd ahhod
THC0 EVIUTIWOLAXES XOL YOVLUEC EQAPUOYES, 600 exel: otnv Lvov.y

Mud poptupta yia tov «3doxaioy Banach divetor and tov Josef Jarymowicz:

<O Banach elye 1o tahévto vo uetadiBet tnv padnuotix yvodon ue xodupd tpomo.
Y10 uddnua wioldoe yaunhoégonva, odkd oty aldouca unhpye novylo: Okol Atay
payeuévol am’ autd mou €heye. XpnotuomoloLoe TOAD ol YADCON, oo Vo Wdg
€heye: xolta ndéco eOxoro xon amho efvon. KatohaBalvaue Tig 3LontepdTNTES TWV VEWY
EVVOLOY, XL auTO6 elvon To L6 onuavTind étay mpwtounalvele ot uid Yewpla. Kotd
xavova, epyotay déxa Ue Sexamévie AEmT xoUOTEPNUEVOS, OUWS GTNY UTOAOLTY
(ion) wpo mpohdBotve vor UdC UETASDOEL TeplocdTepn YVwor and 6cn Yo nolpvoUe
av mapoxorovdoloaue xdmowov dAlov ent dpec. ‘Olol ou dAhoL xadnyntég elyay
UTEPEVTOOT, Xait TtaPESL3aY To udinua Ue vevpxoTnTa. Aev UTOPOUCAY VoL TO XEVOLY
€ToL amAd xon oflacTa 6Twe avTéC.»

Yta anouvnuovebuata tou Marceli Stark SiaBdlouue:

«Exelvn v enoyn, uthpyav téooepig €dpec podnuatixdv oto Jan Kazimierz,
Tic omoleg xatelyay (xatd oewdy tpoohfipewc) ov E. Zylinski, H. Steinhaus, S. Ru-
ziewicz, xou S. Banach. XYuvidwc, to uddnua tng Avdhuong yio touc TEwToETElS
didaondTay xdde ypovid and dapopetind xadnynTy, o onolog xpatodoe TNV (Ba TdEN
xaL o710 deltepo €tog, o o1n cuvéyela dindiuve ceuwvdptar xan xadodnyoloe Toug
{8loug goutntéc o oto Tplto €toc. Metd an’ autd, 6To TeEhevTalo Toug €Tog, oL
poLtnTég mapaxolovdoloay Udvo eldixd UadAuoTa XaL CEULVAPLAL.

Tnv té&n pov elye avordBel o xadnyntrc Steinhaus. Hrov mold ueydin téln,
xa oTi¢ TapadooeLe e Avdhuong ndve and 220 droua cuvwotilovtay ot Eva uxpo
o @LIEaTEO UE TOND PTWYO XAWIATIOUO, 6ToU TOANO! BOAEVOVTOY GTA OXAUALE XoL G
nepBdlio Ty TapatUpwy. ORdXANpo 1o Tufua Twy Madnuotixdy elye ubvo téocepts
Bondole, xou we ex To0TOU 1) TAEN eV elye UolpacTel o8 UPOTEPO TUAUATOL YLoL TLS
(PEOVTLOTNPLOXES AOXNATELS, TIC omoleg elye avakdfBel uovog o xodnynthc Steinhaus,
ywplc xauuio Bordeta.

Ixapporwuévoc ot éva Bédpo unpootd amd évay Uixpd LoupOoTivaxa, XUELIE-
YoLoE oto aupLiatpo. Av xou mpoetoluale TOAG xohd Tig SlohéZels Tov, 0 UECOG
portnTic elye @oBepr} duoxohia oto var Tov mapaxohovdioel. Me authv TV évvold,
o Steinhaus #tav o axpBig avtieto tou Banach, ot Stahé€eig Tou onolou fTay oyt
HOVO OYONICTING TPOETOLUAGUEVES, GAAS xou divoviay pe tétolov Tpémo mou dAoL
oTNV TEEN UToPoVLGAY VA TLS TUPUXONOLITIGOUY.

[péner va e€nyrow uepxd mpdyuata yia T oxéon tou Steinhaus ue toug dh-
Aoug podnuoatixolc tne oyohfic e Lvov. Yrdipyouv xdmoleg mapavoroels, edixd
yia T oyéor tou Banach ue tov Steinhaus... Aéyeton 61 o Banach otpdgnxe npog
TN GLVAETNOLAXY AVEAUCT) XdTw amd TNV emtpeot] Tou Steinhaus. Efyo ndvto tnv me-
PLEPYEL, XOL XATOLOL OTLYUY|, AUECWS UETE TOV SeUTEPO TAYXOGULO TOAEUO, PWTNOA



196

tov (8o tov Steinhaus. O Steinhaus oudnnoe yio Ayo Aentd, xoL xotdnLy ondvinoe:
«Oyi!» O Banach xavidnxe 6" authy v xatedduvon aveZdptnTa, OTeg EXUVE XL 6TAY
dpytoe va Soukelel Tavw 0T Yewplor GUVOAWY, oL, VWRlTERA, TEVW GTO oAOXARpwUA
tou Lebesgue (Atav axdua portnthic T6Te, xou t0 Yéua eV UTHPYE XV GTAL TOVETL-
otnutad Bi3ila). Xowplc augBolia, o Steinhaus enédpooce xatalutind otov Banach:
70 TpWTOo dedpo Tou Banach otig TpLywvoueTpéS oElpEg TpoéxuE amd i eptdTnoT
tou Steinhaus. O Steinhaus tov éncioe va doukédel otic opdoydviee oelpéc. X
dexaetio Tou 20 ftay oA otevol cuvepydteg. Kodde duwe 1 cuvaptnotan avéhu-
o1 dpyLoe Vo anoxtd To dxd Tng Bdpoc, oL dpduol Touc dpytoav va amoxiivouv. O
Banach oynudtioe utd 8ux| tou oudda, ue cuvepydteg Toug Schauder, Mazur, Orlicz
(wordnt tou Steinhaus), xou Ulam (o onolog Eextvnoe cav padntic tov Kuratowski),
%o Geytoay vor SOUAELOUY TEVW GTT| GUVAPTNOLAXT AVIAUGCT] XOL TLIS EQUPUOYES TNG.»

H ovvepyaotia avduecoa otov Banach xou tov Steinhaus 3ev elye tehewdoet: avti-
Vétwe, elye ue ulo évvora yiver Badvtepn. To 1928-29 didaav pall o udinuo Eidikd
Oépata padinuatikng guotkng, xat, to 1929, (Spuoay and xowol éva véo uadnuartt-
%6 meplodixd mou uelke va anoxthioel dledv emppory: to Studia Mathematica. O
Banach eiye dei€et tic npodéoeic toug var xdvouv autd to Bua, oto Luvédplo Twy
IMoAwvaey udnuatixdy mou €ywve otnv Lvov, tov YentéufBplo tou 1927. e éva dpdpo
TIOL TOPEBWOE YLOL T TP TIXA TOL GUVESPLOUL, EYpapE:

«X10 oLVEDPLO EYtve cupég 6TL 1 Vewplor CUVOAWY Xau 1) Epeuval ool YeUEALAL TwY
uodnuotixay etvon eidikdTnta v Hokwvody podnuatidyv. H emtuylo tov Funda-
menta Mathematicae tovilel autéd axplBidq to onueio. Ao Ty dANN Thevpd, N TOAD
OUOPYPY TEPLOY T TWV EQPUPUOYDY TWV UOINUATIXGDY, OTIC 0Tolec cuUTEpLAaUBdve 1
v xou ohOXANeo Tov xAdBo TN uodnuatixhic Quoxic, dev €yel extiundel and
g vedtepeg YeViE twv Ilohwvdy wodnuotixdy, Ty ehaylotwy eotpécewy.»

10.5 Studia Mathematica

Ou onuoavtixdtepeg emotnUovXéc cuvelopopés Tou Banach oty meplodo 1920-30,
fTay 1 dnuovpyla tou meplodixol Studia Mathematica uall ue Tov Steinhaus, xou 7
éxdoar tou BPBNou Théorie des Opérations Linéaires.

To Studia apyxd yenuoatodotinxe and to Yrouvpyeio Edvixnc IMoudelog xon
OpnoxeLUdTwY, oL, oTo YeovLa Tew Tov deUTEPO TayxdouULlo TOAEUO, and ula Sw-
ped tou Josef Pilsudski. O Kazimierz Szalajko, o omoloc ¥tav unedduvoc yior tny
droodlvnon tou meplodixol xatd Ty meplodo 1934-39, avagpépel T Tl €00da TOU TE-
eLodxo0 amd Tig cUVSPOUES HTa oNUAVTIXE, Xt OTL To UPOC TOL AOYUPLAGUOU TOU
elye avouytel oty tpdnela Handlowy avéBouve pe yopyolg puduols. Trrpye eni-
ong éva dpacTAPLO TEGY PO AVTOANAY MDY UE dAAA ordnuortixd Teptodixd, to onolo
eunioltioe dueca T BiBAodxn Tou TUAUATOC UaINUOTIXOY.

H Spuorn tou véou padnuatixold meplodxol avaxowwinxe tov OxtoBplo tou
1929 oto Mathesis Polska:

«O mpwTog toU0g eVOS VEou TEpLodxol, tou Studia Mathematica, eugaviotn-
xe oty Lvov, xdtw and v Siedduvon twv Stefan Banach xou Hugo Steinhaus.
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To meplodixd VYo dnuooctedel epeuINTIES EPYACIES 0TI TEPLOYES TWV Xodoip®Y X
EQUPUOCHEVODY LodnuaTtixdy, xou 1 Bedduvor| Tov oxomedel Vo eTxeVTpwiel oty
GLVOPTNOLAXT AVIAUGT XOL TLS EPUPUOYESC TNG.

To Studia Mathematica Vo Snuocteder dpdpa yoouuéva ota I'ohhixd, ta Iep-
povied, tor AyyAwed, xon tor Itohd. Ta dpdpo mpénel vor unofBddhovtar oe €vay and
Toug exdbteg: tov Kadnynt Stefan Banach, Lvov, St. Nicolaus 4, 1 tov Kadnynt
Hugo Steinhaus, Lvov, Kadecka 14. Kdde t6uoc xootilet 1.5 Sohhdpto oto e€wtept-
%6, xou 12 zlotys otnv IToAwvia. Ta ypageia Tou teplodixot Bploxovton otny Lvov,
otnyv 0d6 St. Nicolaus 4, oto HavemotAuto.»

‘Onwe Brénete, o Banach édwve ) diedduvon tou ypagelou tou, eved o Steinhaus
™ Sievuvon tou oo tou. Ou Banach elyav éva Siauéploua oto «maitdy xti-
pto tou mavemotnuiov. To Sopdwuéva yelpdypapo ETEETE Vo EMOTEEPOVTAUL GTOV
Steinhaus, o omolog eméBAene dheg Tic SladixaoTinéc AenTouépelec TG ExBoomne: Tig
EMAPES UE TOUS EXBOTLXOUC 0{X0UC, TIC AVTAAAAYES UE FANA TTEPLODLXEL, TOL OLXOVOULXL,
TNV TUTOYEUPIXT ETLUENELY, XL SAAQL.

Ye autd 1o onuelo, toptdlel (we Vo oYONACOVUE TNV TpocwTxdTTa Tou Stei-
nhaus. O Andrzej Turowicz nepiypdpet évav dvipwno mou cuVSLalE TOV AVETTUYUE-
vo mparyarTiouo Ue wlo Wialtepr alodnor Tne UETAPUOLXAC, BUO0 YapaXTNELOTIXE ToU
poldlouv amapaitnTa Yo €vay podnuatixd mou urepPaivel T dptar Tng cuUBaTIXg
AOPLEPIC:

«Oa cog dunyndc Evar avéxdoTto mou dixovoa and Tov Steinhaus oto Scottish Café
¢ Lvov mpwv and tov néAeuo, to onolo enavohauBAVETAL XaL GTOL ATOUVUOVEDUATS
tou. O Steinhaus pe pdtnoe: Eépeic mold elvon 0 T ONUAVTIXG EPH TN OAWY TWY
ETOYV;

Tou andvtnoo 6t Sev eiya déa, xou wou eine dtL xdnote, o ula SLEAeER Tov,
o Hilbert eiye nel mwg av yio xdmowo Adyo xowdtay xaw Eunvoloe UeTd and 500
yeovia, dev o pwToloE Yo To LOTOPWUE YEYOVOTA 1 TIC XOWWWXES oAhaYES, aAAS
yio T e€eli€elc mdvew otny unddeon tou Riemann, yiatl avtd fav to mid onuavtiké
TpopANLa.

O Steinhaus elye pla uédodo avdhoyn ue autiv tTou Ywxpdtn. Tou dpeoe va
odnyel Toug aviprdmoug ot Borditepn *aATAVONOT EVOS TEOBANUITOC, XEAVOVTAS EQW-
thoewc. Toug xoAoloe 1660 TOAD GTOV Tolyo UE T EPWTACELS TOU, TOU GTO TEAOG
guevay dpwvol. Xtig avauvicelg tou and to Gottingen, ov Yuuduon xokd, teptypdipet
évay dudhoyo Ue Tn omitovolxoxupd tou. Tnv pdtnoe yiatl teénel xovelc var mAnpdve
(pOEOVC.

— Mdhov mhnpdvouue pdpous Yo vor Stacpohotel To afLouayov Touv aTpatold
Mo,

— Mot tov 9éhouue autdy T0 OTPATO;

— TN v vxdoouue toug I'dhhoug, pavtdlouon.

— Mo yiati vo vixfioouvue toug I'dhhoug;

Ye auté to onuelo, dev umple andvinon. O Steinhaus yenouuonotoboe avthAv
édodo Tohb cuyvd.

O Steinhaus npoonooloe va Sidd&el Toug véoug var elvar tonctxol xon oxplBelc
otn SovAeld touc. O Mazur you SinyRdnxe v totopla Tou TpdTou dpdpou mou,
poLTNTAS axoua, £ypade xon uTEBaike otov Steinhaus. O Steinhaus Yo to tapousiale
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oe ula cuvdvtnon e vadnuatc etarpelag e Lvov. Ao dpeg tply T cuvdvtnon,
xdheoe Tov Mazur xou tou elne:

— Kopte Mazur, nd¢ unopw vo mopouctdow To dpdpo coc, agod dev Uou To
dwoate;
O Mazur éuewve eufBpévinroc.

— T evvoelte xlpte; Xoag 10 TopESWoa YD 0 (Sloc.

— Mou rapadooate téooepls ddetec x6hhec. Kottdlte.
Tu elye ouufel: mpw and tov méAeuo, xuxhogpopoloe éva eldoc TNRVod YopETIoL, UE
ehapptds xitpvony| andypwon. Kodde o Mazur éypage to dpdpo, tou tehelwoe t0
WEAGVL, xou uéoa oty Blachvn Tou, avtl vo tdel va ayopdoel UeAdVL Tpoodece Aiyo
vepd ato uehavodoyeio. O Steinhaus €dwoe 1o dpdpo otov QTwyd cuyypapéa, xon
Tou elme:

— Towg, xOpte Mazur, va ypddote xdmola tpdyuata e86. Av OUWS oXOTEVETE Vol
aplepwoete N {wh 6og oTNY EMOTAUT, xohd Yo XAveTe Vo eQodLaoTelte Ue dompal
YOPTLEL XoL oEXETH UAVPO UENSVL.»

O Steinhaus extuoloe mohb ) cuvepyaoia tou pe Tov Banach. Av xow ¥tav o
dvipwroc mou avaxdiude tov Banach, o tpdtoc tou Sdoxohog, xon dpXETES POPES O
xardodnyntrc Tou, cuvile var anodidel GToV EAUTH TOU TOV TATEWS PONO ToU eEWTE-
pwxol napatnent. ['vopllouue ToAd xohd dtL moAAS xployua BhAuata tpofiday and
autdv: 7 Bpuon e wodnuatiec etarpelog otny KpaxoBia, to Studia Mathematica,
2OWVE Lo AT, oL XOWE EpELYNTIXG amoTEAEoUATA. TTAPYE OUWE HATL TEOYUATL-
%4 Yavudoto oTov yapaxtipa Tou Steinhaus: dev {Hieve, Bondolice toug avipwroug
ywelc vo tepuével avtodlhdrypora, xan fitay Letetdgpwy. Hrav Wavixds urnodripog
Yo GUVEPYOGLOL UE OTOLOVNTIOTE. LTl AMOUVNILOVEDUATE TOU YPJIpEL:

«To 1927, ula cuvepyaoia ue tov Banach odriynoe oto dpdpo Sur le principe
de la condensation des singularités, To omolo dnuoociebtnxe oto Fundamenta Ma-
thematicae O Henkel elye vwpltepo oxeptel 6t xdt tétowo émpene va woylet. O
Stanislaw Saks SidBace to apyixd YeLpdYPUPO, XL LoYUPOTOINTE TO ANOTEAEGUS UaC
xenouonowdviog o Oewpnua tou Baire. Auto Boriinoe to dpdpo uag va e&eliyet
oe uta onuoavt IoAwviny emtuylo Tng emoy R ToL UECOTOAEUOU, GTNY TEPLOYT| TNG
CLYOPTNOLAXNC AVIAVOTG. ..

To 1928, Wpboaue to Studia Mathematica. O mpdtoc téU0S eugaviotnxe otny
Lvov to 1929. To meplodixé elvar aplepwUévo otr cuvaptnoloy avdAuon, xou etvor
To enlonuo dpyavo TN Aeyouevnc oyolfc e Lvov. Méypl tov méheyo, to Studia
exdud6ta ota Fodhxd, tor Tepuavind, tor Ayyhuxd, xow to Itohuxd. Metd tov téheuo,
o Itodued avticataotddnxay and to Pwoowd.y

Ytov nptdto touo tou Studia Mathematica, o Banach dnuocievoe 1o dpdpo Sur
les fonctionelles linéaires, oe 800 uépn. To dpdpo mepielye e€arpetind oNUAVTLXES
Wéec. Xto mpcdto Tou Wépog, Edwve ula anddelln Tou Veuekiddoug Yewprjuatog ené-
ATUONG YRUUULXGY CUVIPTNOOES®Y, X0 UEPLXEC AMAEC AAAG ONUAVTIXES CUVETELES
Tou. YT Yépeg Uag, To Yewpnua autd elvar Yvwotd cav Ocdpnua Hahn-Banach. O
Cepuavog wodnuatixde Hans Hahn to eiye anodeiel vwpitepa, 6uwe o Banach, mou
dev mapaxoloutoloe otevd T BBNoypagia, ayvooloe tnyv Onopéh Tou. Xto dedte-
po uépog, o Banach eworyaye ula oelpd onuavtixdy evvoldy xar anedelxvue tARdog
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omoudalwy Yewpnudtwy. Meta€d dAwv, elohyaye Ty €vvota Tou culuYoUS Tee-
oth, v acdev cuundyeta, xou anédelée Ula TEMTN LopPY| TOL YeEWPHUATOC XAELTTOV
Yeaphuatog, To onolo Yo tehelonotoloe o (Slog Ayo apydtepa.

To 1931, ula véa cepd «Modnuatixddv Movoypaguidvy dpytoe vor exdideton Ue
owovouxy evioyuorn and to Edvixd Tdpuvua Hokitiouol. Tnv exdotixn emuéieia
elyov ot Banach xou Steinhaus ané tv Lvov, xou ot Knaster, Kuratowski, Mazur-
kiewicz xou Sierpinski ané tn BopooBia. O Kuratowski nioteve 6t n dnuovpyia
aUTAC TNE OeLEdE HToy xooploTixXh Yiol To UEAAOY TwV uodnuatixdy otny Holwvia.
I300 mode v mEepLypdpeL:

«Eva and ta mé onuavtixd yeyovéota yior o IloAwvixd uodnuotixd frov n dn-
(ovpylo Tng oewpdc twv Modnuatdv Movoypagudv, ota 1931, Ot nponyolueveg
exdotxég dpaotnetdtntec e€avthobviay otn SNUOGlEUsT) GUVTOUWY EPELVITLXWY Ep-
Yool and to teplodixd Fundamenta Mathematicae xor Studia Mathematica. Elye
ouwe €pdel 1 dpa Yo ulor T ovowwdn cdvileor Twv emTeuyUdTOY TV IToAwvoY
HodnuUaTIX®Y, 1 axdua xoL T oOVIEST GAWY TWV XAABWY TWV UoINUATIXGY 0TOUG
onoloug ot ITohwvol uodnuatixol elyav earpetind onuavtixy cuvetopopd. To apyi-
%6 oyEdo TepAGUPBave TNV EXBOGT LOVOYRUPLAY GTLC TEPLOYESC TNC CUVIRTNOLIXNS
avéluong (Téuog 1 - Opérations linéaires tou Banach), tne dewploc tou ohoxin-
popatoc (Téuoc 2 - Théorie de 1’ integrale tou Saks), e tonoloyioag (Téuoc 3 -
Kuratowski), tne unddeone touv ouveyolc (Téuoc 4 - Sierpinski), xon tne Yewploc
v opBoydviwy oetpdv (Téuoc 5 - Steinhaus xouw Kaczmarz).»

Y10 apywd oyédo npootédnxe xou to BiBAlo Trigonometric series tou Zygmund
(Enuelowon: xuxhogopel oo eMnvixd amd Tic Havemotnuiaxéc Exdboeic Kprne).
‘Ohor autd T Bifhia Aoday 010 QS UEsa G EXTANXTIXG GOVTOUO YEOVIXd SLACTNUAL.
To 1935 elyav 6har exdolel, xau mapauévouy xhaowd oto eldog Toug. To BiBAlo tou
Banach éywe dextéd ue eviouoiaoud. Hpdtor an’ dhoug avtédpacay ov Auepixavol.
O Tamarkin, oyohdlovtde to oto Bulletin of the American Mathematical Society,
Tov tomovétnoe UeTald TwV UEYSAwY NG avdiuong: Volterra, Fredholm, Hilbert,
Hadamard, Frechet, Riesz. "Eypage: «n Theory of Linear Operators glvar oOtwe 1
GAAWS YONTELTUXY, 1) oNuacia TNS OUWS EXTYIATOL TEPLOGOTEPO ATO TS TOALSELIUES
OUOPYPEC EQUPUOYES TNGY.

To BiBiio elye xuxhogopricel vwpitepa ota IloAwvixd, 10 1931. O tithog tov,
Teoria operacyj. Tom I. Operacje liniowe, é3etyve 6t 0 Banach elye oxond vo npo-
YWENOEL TEPAL A TNV YEOUULXT|] GLYVIETNOLAXT AVEALGT), OTH UEAETY TV UT| YPUUUL-
%1V TEAeTTOV. O debtepoc SumS TOUOC dev ohoXANEddnxe TOTE, av xoL, 0PYOTERA, O
Banach avéntu€e ula dewpla tohvwvuuxdy tehectdy vall e Toug cuvepydtes Tou
Mazur xou Orlicz. H mpdtn éxSoon tou BBhiou nepteiye tny apiépworn <A Madame
Lucie Banachy, fitav 256 ceAidwy, xou xéctle 3 SolNdpra.

To 1931, o Banach dnuooteuce diha téooepa dpdpa. To tplto ypnoiuonooboe
0 Oetpnua Tou Baire yia vo anodelZel (ue eZopetind amhd TpémO) TNV UmapEn
oLVEYOUC GLVAPTNONS TTOL BeV EYEL TaPAYWYO GE Xovéva onuelo. Autd ATay YVwoTo
and Ty emoyn tou Weierstrass, o omolog duwc elye ypnouwdonolfoel TOANOTAOXEC
XUTOOXEVES YL VAL TO amodeileL.

Méypr to 1936, o Banach eiye ypdier 47 epyaoieg, xou elye tnv ueydin tuy va
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npooxhniel cav xlplog outhnthc oto International Congress tou Oslo. Audhee va
wAfoet ya Ty «Oswpla Teheotddv xon ™ onuacta e oty Avdivony. O Antoni
Zygmund, xodnyntrc t61e 6to Wilno, xon xatdémy xodnyntric oto Havemotiulo tou
Chicago xon matépag g Auegpxavinic oYoNg TN apUoVIXAS avdhuong, Eypade To
1938 vyl T ouvdvtnom tou Oslo:

«H ovuuetoy? oto Oslo Sev Aoy ueydhn. Ot obvedpol Atay udig 500, Alyol oe
oyéon pe toug 1200 tne Bologna xou toug 700 tng Zupiyng. XoBopdc Aéyoc v autd
ftay 1o mohTixd xAlua. O Itahol cpvAlnxay xatnyopnuatixd vo GUUUETAGYOLY,
avTdpwvTag otov dledvh amoxkeioud nou elye emBindel otny Itaiio. Ov Pdoocol Sev
euavioTXay %L autol, av xau elyav apyxd urtooyedel ot Yo cuuueTelyoy. Axdua
xou oL l'epuavol, mou cuvidwe Ytay Tohudprduot xon TrHyovay TovToL, HToy ATOVTEC.
Auté epunveltnxe cav avtidpaon oto dtL ot NopBnyol Sev elyav otelhel aviinpoow-
neta ot yropth tou [avemotnuiov tng XaidehBépyne, vwpitepa tov (dlo ypdvo.

Ov Auepwavol elyav tn yeyahOtepn oudda, ue 70 padnuoatixodc. Tnv Ioiw-
viot exnpooonnoay ot: Borsuk, Eilenberg, Gruzewska, Lubelski, Sierpinski, Zaran-
kiewicz ané tn Bapoofia, Banach, Kaczmarz, Schauder, Zylinski oané tnv Lvov,
Golab, Wazewski, Zaremba amé tnv Kpaxofia, xoau o Zygmund anéd to Wilno.

Q¢ ouvidwe, umhpyay 800 eWddY outhiec: oL xptec xat oL outAlec avd xhddo. O
aprdu6S TV xVELwY OUALGY Elvat TOAD TEPLOPLOUEVOS: YIVOVTOL TO Tpw!, Xall XPAUTOVLY
ulor dpo. Ou opyavwtée divouv autéc tig outhles ot e€onpetinolc podnuatixoie, ot
omolol TEPLYPAPOLY TLC YEVIXES XaTeLHOVOELS EVEC XAdBou oTov onolo €youv NYETLXd
péro. Mud tétowa npdoxinon Yewpeltar mdvta toAd tunted. O Banach exmpooo-
nnoe toug Hohwvole uoadnuatixols pe tétolo SIEAeEN.»

Axp B¢ mpy and tov néheuo, o Banach yvdpoe ueydheg twéc. Tov Anpihio
tou 1939 e€ehéyn podedpog tne IloAwvuarie Madnuatuaic Etopetac, tne onolag Aoy
cuVdpUTAC elxoot ypdviar vwpltepa. H Etoupela elye mohd évtovn Spaotrnpldtnta.
Metw€0 dhhwy, cuvtévile tic emoxédelc Sdonuwy Evpwnalonv uadnuatixdy otny
Mohwvia, yior Stahé€elc xaw cuvepyaoia ue toug Ilohwvoic podnuotixots. Meto€d
autdv Ntav ot: P. Aleksandrov, E. Borel, E. Cartan, R. Frechet, H. Hardy, L.
Kantorovich, H. Lebesgue, S. Lefschetz, N. Luzin, F. Riesz, I. Vinogradov xot E.
Zermelo.

Y1 9 Touviou tou 1939, o Banach é\aBe Boafelo 20.000 zlotys (rocé avtiotouyo
ToU eTholou wodol xadnynti Auepixavixod Havenotnuiov e emoyic) and v
Mohwvinry Axadnuior Emotnudy, v 1o dpdpo tou Sur les fonctionelles linéaires.
‘Htav o npdto tétoio Bpafelo mou dvdtay oe padnuotind, xaL 10 UeyohlTERO GE
o&lo mou 3dOnxe noté. To mocd xatatédnxe oto Aoyaplacud tou, duwc o Banach
dev unbpece vo 10 ELoTPEEEL TOTE. ZEOTUCE O TOAEUOC, XAl OAOL OL AOYOPLUGUOL
ndywoav. H teketd tng anovourc Yo ywoédtav tov OxtdBpero, ue to Eexivnua e
véag axadnuoixfic yeovids. ‘Ouwe o mdleuoc dpytoe 1o Yentéufpelo, xow OAEC oL
yroptéc avaBifinxay. Tnv 1n Oxtwfelov, o Lofietinde otpatds elye xataAdPBer Tnv
Lvov.
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10.6 Scottish Café

‘Onwe yedger o Zygmund, n Lvov Arav ulo mohd Lwvtavy xou euydplotn toAn ot
dLdipxEL TOU UEGOTIOAEUOL: 1) YEVIXELUEVT atoloBoEla X0 1) GUCGWEEVUEYY EVERYELXL
mou ameheLdepdInxe Ue TNV avoxpuln e aveZdptntne Holwviag, wloloouyv Toug
avidpwrouc va Byodv and Ta ornitior Toug, oTic mAateleg, oToug dpbduoug xar oo
poryalLd.

H yertowid tng Academicka Street, nohd xovtd oto [avemotiuto, ftay éva and
TOL OTEXLOL TV SLAVOOLUEVKDY NS TOANS. 10 voluepo 22 Boioxdtay T Loy opomha-
otelo tou Zalewski, oto onolo oUyvalov ov Lomnicki, Steinhaus xow Kuratowski.
ITohb xovtd tou Bploxovtay to Café Roma xou to Scottish Café. Apyuxd, ot uodn-
patixol ouvavtiobvtay oto Café Roma xdde Yoffatofpado, uetd tic efSouadiaieg
ocuvavVTHoELS Tou ToTXol TapapTAUaTos tne IloAwvuic padnuaturc etoupeiag. Ot
ouvavthoelg yivovtay otny aldouvca ceuwaplnv tou [avemotnuiov, xa tav ToAd
olUvtopeg. Auéowg uetd, n oulitnon uetagepdtay oto Café Roma. O Banach dp-
ytoe vo mnyabver wall toug, xou eZellylnxe o xadnuepvd Yaudva tou uayalol.
ITohb cOvToua GUWS EXVELPIOTNXE UE TOV TPOTO ToL O WXTHTNG avtiuetdmle o
YEEN TOU, %o UETEPEPE OAT TNV TopEd oTNY amévavtt Ywvia, oto Scottish Café.

O ewovoypagnuévog 0dnyog tne Lvov tou 1925, onueldver 6t 1o Scottish Café
Betoxdtav oo 9 e Academicka, avixe otov xOpto Zielinski, xou Arav otént plhwy
Tou oAnTiouod xan TNe Aoyoteyviog, xat avilpwnwy tou Iavemotnulou. To Beddu
elye xohn Lwvtavr wovow|. O cuyypagéac Tou odnyol Sev xdvet eldixn Uvelo Toug
pordnuatixolc: we to 1925, to Scottish dev elye oxdua anoxtAcel Ty edvola Tou
Banach.

To Scottish Café elye Bievvéluxn Staxdounon. Ot popudpives entpdveles twy
Hixpodv Teamelldv Tou tav Yo Eheye xavelc eldixd QTLayEVES Yiar Vo QLANOZEVACOLY
podnuotixote tonoug. Bty dpyh o WoxthTng dev ATay xat 1d6co eviouolddng UEe
authy v Spaotnptotnta. ‘Ouwe, uetd and Alyo o Zielinski ocuvibhoe va unv Sio-
HOPTOPETAL YLOL TNV «XOTACTEOYH» NG Teptousias tou (apydtepa, n xuplo Banach
Tov AHONXE X aydpace €va TOAUGEAMSO TETPAdL0, To omolo e€ellydnxe oo @nuL-
ouévo Scottish book). X10 xdtw-xdtw, autol tov xdovtav oto Tpanélia Tou Sev
firay tuyadol épnBot topaies, odAd coBopol xodnyntéc tou Iavemotnuiov xaw Tou
IToAuteyvelou.

Ou cuvavtroelg v yadnuatxody oto Scottish Café ritav apywd axavévioteg,
TOAL cUVTOUN OULS EYvary xodnUeELYT) CUVATELXL, XYoL THEOY ToL Y AEAXTNELOTLNG ok TjL-
VAC LepoteEAEaTioC oTnY onolo cUUUETELaY Gho xou TeploodTepol. To opynd «UEANY
Atav ot Banach, Stozek, Ruziewicz, Steinhaus, Kaczmarz, Zylinski, xo. o mé6 xov-
Twog ouvepydtng tou Banach, o Mazur. Xtnv oudda mpooydenoay apyoTepa oL
Nikliborc, Auerbach, Schreier, Schauder, Kuratowski, Nikodym, Ulam, Eilenberg,
Orlicz, Eidelheit, Kac, xou Birnbaum. Malebovtav oto xogeveio YOpw oTic 5 UE
7 10 andyevua, xddovtay mdvta ota (o Tpamélia, xat SoUAevay wg apyd TN VoY TA
HE amdAUTY CLYXEVTPWOT), StaxooumvTac Ta Tpanelto Tou Zielinski ye uadnuatixoie
tonoug. ‘Otay duwg Aéue 6Tt «SOVAELAY UE ATONUTH CUYXEVTPWOTY, DEV E(UAGTE
eviehodg axpBelc: dev umrpye cuvdvinon yweic actela, {wneéc culnThoels, QuVES,
xou mtotd. O Banach, yio nopddetyuo, €nve TEPEOTIEC TOGHTNTES XAPE XA HOVLEX,
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xow xdmvile dexddec totydpa.

Oute ot oulntioets Yoy anoxieiotxd podnuotixés. O Stozek, yio mapddetyua,
énoule ouyvd oxdm ue tov Niklibore, xor ou umdhoirol émwvay Tpylpw XaL TOUg
nelpalav. O Auebarch Hrav enlong poviddne oxaxiotic. Kavévag dev nopamovidtay
YLol TO UETPLO QY NTO %O TOTO, GAAL xTavah@vovtay oe Ueydheg ntoootnteg. O Ulam
Yuudtan TNV ATOCULEA TNS ETOYNG:

«O Kuratowski xou o Steinhaus eugavilovtay apoud xou mod. X0yvalav oe éva
evyevéotepo Telonotelo Tou TpocEpepe To xahTEpa YALXS 0Ty Tlohwvia.

Hrav d0oxoho va Eemepdoewc tov Banach, eite oty oulfmon elte ot0 mot6.
Yulnrobooue mpoPBAfuata mou mpotelvovtay enl témou, ywelc va Beoldue ™ Adon
uetd and mohhég wpeg oxédng. Tnv enduevn uépa, o Banach Yo epydtay xpatdvtag
Sidpopat yopTdMiar ToL TEpLelyay To oYU TwV amodelEewy ToL Elye CUUTANEGCEL. Av
dev Nty téheteg ) av elyov xdmoto wixpd Adtog, o Mazur avokdufove vor UToh@oeL
TLC ATEAELEC XOL VO TLC PEPEL OE LXAVOTOLNTLXT UORPY.

IepLté va nodue 6t oL pardnuotixég culnThoels Slaxdmtoviay and xouBévta YOpw
and TNV EMOTAUY, TO TUVETLOTNULOXG XOUTCOUTOALS, TNV TOALTLXH, THY XATAOTUCN
otnyv Ilohwvia. To «umbdhoito cOumavy yior var ¥pMOULOTOLACOUUE TNV £XPEACT) TOU
John von Neumann. H dvodog tou Xithep oty e€ouaia xou 0 oog Tou toyxoouiov
nohéuou fray Boowxd Yéuata culAtnong.»

H alodnon tou yroduop yopaxtiple ty wodnuotixy xowotnta tne Lvov. ITAn-
Yog avéxdota xuxhopopoly yia Ty enoyy) exelvn. ‘Otav xdmnotog douaptupriinxe
otov Auerbach, mpdedpo téTE TOL TURUATOS LOINUATIXGDY, Yio TNV aXATACTAG(N TOL
emxpatoLoe oTn BBAOGAXN TV uodnuaTixdy, auTéc AndvTnoe 6Tl «To Ydog elvon
%xaAUTEPO amd TNV TEEN. Mropel péoa 6o ydog var uny Beelc Toté autd mov Py vere,
amoxheleTol OUWS XA VAL TO YAOELS.»

‘Ohot cuotidvovtay dvetor oty Lvov, axoua xau ot Zévol. To 1938, o Steinhaus
xavovioe ula enioxedn tou Lebesgue oto HavemotAuo Jan Kazimierz, yio vo tov
avayopevoet enitiuo dddxtopa. Now mde meptypdpel o Kac tny wotoplo:

«Tov xoupb tne enloxedhc tou, o Lebesgue evdiagpepdtoy md Ubvo Yo Ta GTOL-
YELOON pordnuotixd. Apvidtay va GLNTAHCEL Yol TO UETPO, TO ONOXAHPWHA, To GOVO-
Aot Borel xou tor toladta. ‘Edwoe 800 dtahéele, e€atpetind ouoppec aAld eEonpetind
OTOLYELWOELS: [0l VLol XUTUOXEVES UE XavOvar xow dtofritn, xow ulor yior pllixd.

H deZilwon ywo tov Lebesgue éywve oto Scottish Café. Ou noapdvteg dev Hrav
TOPOTAVE and dexanévte, ol xanpol Aoy md Sdoxolol. O cepfiLtdépoc uolpoasce Toug
xoTaAOYOUS, X, voullovtag 6t o Lebesgue Yitav IHHohwvoce, é3woe évay xow 6" autdv.
O Lebesgue mepiepydotnxe tov xatdAoyo Ue ToAL coPapd Ogog, xou elne: Merci,
je ne mange que des choses bien définies (Euyoplot®, tpmw pwévo xald oplouéva
TpdryUoTaL).»

To wodnuatixd Atav guoxd to xdpto Yua twv ouvavthcewy. O Ulam tig
Yuuditan xohd:

«Ymheyav cbvtoues e€dpoelg otn cLLATNOY, dUH-TEELS YPUUUES YRAPOVTAY T8V
oto TpanélL, xdmoLog Eeonoloe apvixd oe YENLA, xat axohoudoloay Uaxpéc teplodol
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OLWTNAS, OTOL TVAUE XAPE XL XOLTOVCAUUE AVEXPEAUCTA O Evag Tov dAlov. Ot meld-
Tec ota Sumhavd tpaméllar Euolaloy AmopNUEVOL UE TNV AAAOXOTH GUUTERLPOES. LS.
Ouwe, auth 1 emuovh xan 1 e€GoUNoT 0TN CLYXEVTPWOT GUVLGTOVY TO T GNUAVTIXG
TEOUTALTOVMEVO YLaL THY audevTixy xou dnutovpyuerd uodnuotixr SovAeLd.y

O Steinhaus nopadeydtav 6t 0 TpanélL ot0 0 omolo xddoviav o Banach ue
tov Mazur (apyoétepa, xou ue tov Ulam), Atav to xévtpo tou Scottish Café. Mia
ouvdvtnon xpdtnoe 17 Gpeg. To anotéheoud Tng HTay éva Ye®EnUa YLoL TOUS YWEOUS
Banach, to onofo xavévag dev éypae oo yoptl. Xhuepa, xavelc dev E€pet ndS var To
anodel&el, yiatl, 6nwe éypode o Steinhaus, 6tav éxheloe 1o xagevelo, o LBLOXTHTNG
xarddploe emuelids to tpanéll. AuTth Ntav 1 Yolpa TOAAGY amd Tal YeEWEHUTA TOU
anédetZav o Banach ot ou glhot tou. O Steinhaus Yuudton tov TpdTO SdoLAELdS TOL
Banach:

«O Banach elye exelvn myv xadopdtnto oxédne mouv o Kazimierz Bartel xdmote
anexdieoce «oyeddv ducdpeotny. Iloté dev eumotevdtay TNy TOYN: oLyVd €Aeye
ot N «eAnida elvar ) untépa TV NAWwYy. Xpnouwlonololoe aLTOHY TOV aPopLoUd
evavtiov Tng awotodoilag, T6co ota wodnuatixd 6co xou otny mokitixy. ‘Euolale ue
tov Hilbert 6’ autd 1o Géua: apold anéxhele Ue TopadelyUator GAAL TOL UOVOTATLOL IOV
dev Yo 0dnyoLoay otn Abom, €ptyve 6Ao T0 Bdpog GToV UoVAdXG BPOUO TOU AMEUEVE.
ITIioteve 6Tt ) Aoy avdhuon evée TpofhAuatoc, Teelws avtioTolyn Ue TNV avdiuon
TOL XAVEL Evag oxoThe Yia Ula dVoxoAn Véor, mpénet va odnyel elte otny amddein
eVOC YewphuaTog 1 o€ €val avTLToEAdELY AL,

[Mpénel mdviwe va mod 6t ToANd aflohoya anotedéouata tou Banach xou tng
o ohig Tou Ydnxay, Adyw g EMkeldng oyolaoTixdtnTag Tou Yopaxthptle Tor UEAT,
NS OYONTC, xaL, TpwTov an’ dloug, Tov (o tov Banach. Autéd Ytav yeydin {nuid
v v [lohwvinh emothun.»

O Andrzej Turowicz cuumhnp@veL:

«Avotuyng, autd dev elvar utepBorr. Iliotedw 6t yddnxav meploodtepa ar’
6o0 oinxay. Puowd, o Banach dnuocteuce ta onuavtixdtepa anoteréouatd tov,
Oyt Ouwe 6ha. Mropd va e€nyhow toug Adyoug. Iapriyaye ue tétolo puduod, mou
fitay avixavog va ypduper xou vo dnuoacteboel ta Yewpruatd tou. Kdde npdoBinua
Tou éAUVE Tov odnyoloe ot véa mpoPBAfuata. Kotédnie vo petofBdlel npopopixd
Tig avaxohOdels Tou oty xowodtnta e Lvov. Av dlo 1) tpelc dvlpwrol xddovtay
va Ypdpouv boa toug €heye, TOTE GAo TO €pyo Tou Va elye cwldel. ‘Ouwg, tehelwg
puoLXd, GhoL oy amoppo@nuévol Ue TN dxr toug SouvAeld: dev Yo yoapdullav To
YEOVO ToUG Yla Vo avTlypdouy ta Vempruato Xdmowou dAAoL. Av To Loy vNTOQmVO
elye avaxohugiel otny enoyy| Tou, Yo uTApyE Evag amAdC TEOTOC YLol VoL TEPAOEL OTNY
totoplar 6AN 1 Soueld Tou. ‘Ouwe o Banach élnoe npwv and awtiv v ypuot enoyn.»

‘Eyxet eunwiel xou ypagtel, otny Ilohwvia xon aAlo0, 61t 1 xouktolpa Tng SoLAELdC
oto xagevelo elvar «o ITohwvixdg dpduog yioo Ty podnuatixy épeuvay. Me autdy
Tov 6po mepLypdipeTon 1 ouadixy| epyactia oe avopdddola uéen mou odnyel oty Adom
gpeuvnuxwy mpofinudteny. O Banach duxorolton tov titho tou Snuioupyol autol
T0L GTON doUNELdC.
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To Scottish Book: tu oy xou mdg mpoéxude; Eruepa, elvar éva and to TAEoV
a€rocéBaota xetuiita tou uadnuatixod xécuov. ‘Omwe cuuBaivel pe xdde Yoo,
UEPWEC amb T AETTOUEPELES TNG LoToplog TOL Slapépouy avdihoya UE TO TPOCWTO
mou T agnyelton. Eextvnoe mohd amAd, cav €va xavovixd GYohxd TETPAdo UE
xovteo, Lwypapotd e€mpuilo, to omolo aybdpace 1 cLluyoc tou Banach oamd éva
xatdotnue i@y, oty Tiun v duoulon zlotys. Ilpogavde frav andiacuévn
and Ty ayamnuévn acyohior Tou cL{UYOL TNG KoL TWV QIAWY TOU VoL AEPWVOUV Tal
tpanélla Tou Café ue toug AoyapLaouoic xou tar uardnuoatd toug tpoBAruara. Eiye
cuupwvniel va PUAdCGOUY To TETPABLO oTo BecTidplo xou Vo To Tapadidouy oToug
Hodnuotixols 6tay to {ntoboay, av xou o Steinhaus woyuptlotay 6Tl PPoLEGS TOL
Scottish Book 8ev fitav 00te 0 undhinhog tou Beotiapiov, olte o oepPLtdpog, olTe
xav 0 Woxthtne, aArd o tapuiag tou Café. Tpdpel axduo

«Ta mpoPiAuata tou BBAlou yedypovtay oTic TepLtTéc oeAdeS Stadoyixwy QUA-
AWV, xou ot Tiow oeABES EUEVaY XEVEC TEQLUEVOVTAC TLC amavTHOELS Tou {owg Sivovtay
oTO UEAAOV.»

Omoloodrinote evdiagepdtay, Unopoloe va Yéoet mpofiiuata oto BiBAlo, xon
onoloadfrote Unopoloe va Yeddel tic Adoelc tou. Me ula évvoia, to Bi3hio Atoy
ulor averlonun xown emotnuoviny| éxdoon. O Kuratowski meprypdpel xt autdg
yévvnor tou Scottish Book:

«Xtn ddpxeta Twv ToALdpriuwY cuvavtAcewy Tou yivovtay oto Scottish Café
(to ayannuévo café twv uadnuatdy e Lvov), 1o mAfdoc v VEnY tpofAnudtey
TOL BLATUTIVOVTAY AVEAVOTAY UE TETOLOUS pUILOUE TOU XATOLo OTLYUT| ATOPaGiGTNXE
OTL {TAY OXOTLUO VO YRAPOVTAL GE VL EBLXO ONUELWUATIELO, TO 0Tolo Yol pUAYOTaY
uoéviua oto Café. "Etot, yevwidnxe to Jpuhixd Scottish Book. Amnéxtnoe onuovtixy
EMULOTNUOVIXY], CLVALGYNIOTIXT, Yo LOTOPLXT o&lal, AGYW TV OVOUATWY TOU GUVELGE-
pepay 0’ T avduead toug Bploxovtay xou Tohhol Stoaxexpluévol EEvol.y

To npdto mpéBinua mou unixe oto BuBAilo, tédnxe and tov Banach otic 17
Ioukiouv tou 1935. Méypl 0 1941, nou to B3hio éxdeioe, 193 npofliruota elyoy
xatorypapel amd dexddec Hohwvole xou Eévoug uadnuatixols. Aev oy ouotduop-
(PO XATAVEUNUEVOL AVAUECH GTOUC TLOTOUC YoUWVES TNS LEpoTEAESTOC Tou Scottish
Café. O Banach npocégepe 14 uévoc tou (xar dMa 11 and xowol ue toug Mazur
xat Ulam), o Ulam 40 (xt dAho 15 wall ue dhhouc), o Mazur 24 (st Mo 19 po-
Ll ye dhhoug). Autol ou teelc capnde xuptapyoloay otn cuyxoudr. O Steinhaus
npooépepe 10 mpolhAuata, xou ot dhhot toxtixol Youdvee (Ruziewicz, Auerbach,
Kac, Eilenberg, Orlicz, Nikliborc xou Schreier) and 5-6 o xadévoac. Xe Sidpopa
onueto euaviCovton TpofAiuato Tou E9eToY SLUXEXPUIEVOL TPOTHEXANIUEVOL ETLOXE-
nteg: Frechet, Zygmund, Offord, Kampe, de Feriet, von Neumann, Sobolev, xou
Lyusternik.

Ou cuuuetoyéc dev Aoy OUOLOUOPPOL XATAVEUNUEVES GTO Ypovo. Amd to 193
npoPhiuarta tou BiBAlou, tar 122 unrxay o’ autd otoug mpwtoug €N urveg tng Lwng
tou. Koatémy dpyloe n @iivouca mopelo: 32 to 1936, 13 to 1937, 9 to 1938, 4 10
1939, 7 to 1940, xou 4 to 1941. Onwe ypdgpet o Ulam,
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«mOANG amd tor tpofBAuata iy Tety o 1935. [woétay Aentouepnc avdiuon
yia TV TatedTNTd Toug ey amododoly e xdnolo cLYxEXELUEVO dtouo. H misiodn-
plo Twv TpoBAnudTeY Tou Tpotelvovtay culntobviay ot Bddog ey Vewpnioly dEia
yioo va xotaywenoly emofuwe oto BBiio. Mepwés duwe @opéc tar mpoBAfuaTa
AOvovtay enl TOTOU, xou TOTE OL AMAVTHCELS EUTALVAY AUECWS OTO Tiow GUANO.»

Yt Mya ypdvia tne mparypatixig tou {wng, To Scottish Book avtavoxdholoe v
ot Lwh tng Lvov. Apéowg uetd vy apyr) tou Seutépou maryxoouiouv Tohéuou,
v 1n enteuPplou tou 1939, 1 ndAN npocapThdnxe and ™ Yolietinr ‘Evwon), xou
ovouato YoBletinwy wodnuotixedy 6mws ot Bogolubov, Aleksandrov, Sobolev xou
Lyusternik dpyioav vo eugavilovton 1o BiBAlo, onuddt Tou evBLapépovTtog TwV VEwY
duvdiewy yia T Souketd tng wodnuatixic ool tne Lvov. To tekevtalo npdBinua
mou unrxe oto BiBAio Htav tou Steinhaus otic 31 Matou tou 1941, xan nepietye uia
(Ao TopdEevn GUANOYY| artd apLdunTIXd AnoTEAEGUATA TTOL apopoloay Sloeploelg
onlptwy o€ évar omLpToXoLTo! Metd To Eexivnua TV exdpompaliny avdueca oto Pduy
xa T LoBretn) Evwon, xat tnv xatdindn tg noing and ta epuavixd otpateduoto
T0 xahoxalpt Tou 1941, to BiBiio oTaudtnoe va déyeton TpoBARuaTa.

[Ipwv Eeomdoet 0 mdAeuog, xdnotol podnuotixol etyav apyloel vo xdvouy oyédia
yia T @UAXEN Tou BifShiou. Yougwva ue tov Ulam,

«...To xahoxaipt Tov 1939, otny Tereutala ou enloxedn otn Lvov xou Myeg uépeg
Tpwy TNV emoTtpo@r ou otic Hvouéves Iloteleg, oulnroboa ue tov Mazur to evde-
YOUEVO ToU TOAéUOL (Enu: and to 1935 xou uetd, o Ulam uetaxdutce oto Princeton,
xou wetd oto Harvard, tepvoloe 6une to xahoxaiptar tou oty Ilohwvia). Tevixd, ot
dvdpwrnotl nepluevay dAAN ulo xplon timou Movdyou, xou Sev Yitay TPOETOLLAGUEVOL
v évay Hoayxéouo Horepo. O Mazur elne:

«To evdeyduevo mayxoouiov mokéuouv dev amoxAeletan. Tuv Yo xdvovue ue To
Scottish Book xau tic avéxSoteg ouvepyaoiec uvac; Hnyalvelc otc Hvwuévee Mo
teleg, xan exel Yo eloan aoporic. Av BouBapdiotel ) toAn, Yo ualédw o yelpdypapa
xat to Bif3hlo, Yo ta Bdhw oe évar xiBdtio xon Yo o Hddew.»

Anogaocicope axoua xou Ty tonodecio: dimha oto tépua, oe Eva YATESo To-
doogaipou ota mpodoTiar TS TOANG. Aev Zépw av éyve axpBwe étot. IIdvtwe, to
Scottish Book ené{noe otov mékeuo, ywelc vo tddet o mopouxpd. Metd tov néheuo,
o Steinhaus pou éotethe éva avtiypagpo. To 1957, o uetéppaca otar AYYAxd xoL To
gotelha oe didpopoug pihouc-uodnuatixots, otig Hvwuéveg IloAiteleg xow aArol.»

Y7o International Congress tou ESwufBolpyou, 1o 1958, o Ulam etoluace gwto-
Tunuéva avtiypagpa tou Scottish Book yio toug cuvédpous. ELattiac tou ovépatoc
TOU, APYXd TPOXdAETE UEYSAT alodnoT avdueca oToug 0xodeoToTe Lxwtoéloug,
oL omnoloL amoyontedTnxay dtay Euaday 6Tl 1) oyéon tou ue T Lxwtlo fray ula ani
ouvwvuuia.

[Molh& omd ta mpoBAfuata tou Scottish Book éroulav onuaviixd pdho otny
avdmTugn e cuvopTNoLoXc avdluone ot SAAWY XAIBWY Twy Hodnuatixey. To
medBAnua touv Mazur (un’ aprdudy 153, ue nuepounvio 6 Noeufolou 1936) yior tny
OmapEn Bdong Schauder otoug dayweictuoug ywpoug Banach €uewve éva and ta
XEVTPLXE avoLXTd TROBAAUATA TN cLUVAPTNOLAXAS avdAuong Uéypt Tto 1972, ondte o
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Toundéc uadnuatixde Per Enflo (tdpa oto IavemotAuio Kent tou Ohio) édwoe
apyntx andvtnon. O Mazur eiye unooyedel éva énadlo -ula Lwvtavh yhva- yia
omotov €Auve To TEdBANUA, xou To Beofelo ddUnxE mporyuaTind and Tov (So To Mazur
otov Enflo, o onoloc emoxéptnre ) BopooBia xou édwoe Stahéfelg yior tn Ao
tou. 'Hrtav éva yeyovog mou mpolAfdnxe mohd and to uéoa. Hrav cuvnbhouévo
o npoBAfuata tou Bhiou va cuvodebovton and PBeoBelioc. O Mazur fav o méd
dpaothplog 67 aUTdY ToV ToUEd, oANd ue Ty e€alpeom Tng yhvac, o Bpafeia Tou
Aoy udAhov meld: dud-tpla umouxdhior unbpa 1 évar umouxdh xpaot. O eumatpidng
Steinhaus mpocégepe udvo dVo Bpofela: Tto éva Arav 100 ypauudplo yofudet, xon
T0 dAho éva delmvo 6To o eoTiatoéplo Tou George. O Banach unooyédnxe Beofeio
wovo ulo popd: €vor umouxdil xpaot.

Ou &vou eugavilovton otic oeAldeg tou BiBhiou ue n6 e€wtind Beofela. O von
Neumann e éva umouxdit ovloxu uétpouv > 0, o Ward ue éva yebua oto Cambridge,
xor o Wavre ye @ovtd otn I'evedn. Aev elvon cagéc av xdhuntay xou to €€oda
Tou ta€dol.  Ou Yofietixol xatoxTnTé TPOCEPEPAY EOPTATTIXG. OLVOTIVELLATMOIN:
unpdvtu amd Tov Bogolubov, coundvia and tov Lyusternik. Exelvn tv emoyn, o
o6 TANYUoUOS, EEavTANUEVOC amd TNV TElva Xow TNV XATOY T TS TOANG, dev elye
xoulor Siddeon yia yioptée, xou otpdgnxe ot md mpoxtxd BeoBelo. Trv maywuévn
8n PefBpouapiov tou 1940, o Stanislaw Saks mpoocégepe éval whd UTéLxOV Ylar Eval
TEOBANUAL OYETUO UE VQUPUOVIXEC GUVIPTHTELS.

Metd tov méAeUo, T0 TpwtdTUTO ToL Scottish Book Aple otnv xatoy tng yuvai-
xac Tou Banach, 1 onola to épepe otnv Wroclaw. Metd to ddvato tng Lucja Banach
70 1954 -ctov Tdgo g Yedptnxe «obluyog wodnuatixoty- to Scottish Book népa-
oe ota yépta Tou Yol Tou Banach, veuvpoyeipouvpyol otn Bapoofia, mou 1o €xel we
topa. Utn dexaetia Tou 1980, extédnxe oto Banach Center tou Ivotitodtou Modn-
motxdv e Hohwvinhe Axadnuioc Emotnudy otnv BapooBia. To 1981, to Biio
exd60nxe and tnv Birkhéuser, ue podnuotind xou 1otopd oydhia and tov Daniel
Mauldin.

O Steinhaus, o ornoloc eyxatactddnxe otnv Wroclaw, mopfyyethe vo Tou ayo-
pdoouy éva véo tetpddio. To ovéuace New Scottish Book. Xenowuonoteiton anéd to
1946, xon ta mepleyduevd tou exdidovton taxtixd oto Colloguium Mathematicum,
évar pardnuotind neplodind nou dpuce o Edward Marczewski. ‘Enaile poho avdroyo
ue autév Tou Scottish Book, av BéBoa aparpéoovue tov Banach xat to Scottish
Café. Apywd guiaydtay otnv xown BiBiodxn tov Havemotnuiov e Wroclaw
xou tou Touéa Madnuatixdy tou Iloluteyvelou, xon, uwetd to 1970, uetonavidnxe
oto véo xtipo tou Ivotitottou Madnuatixay. Etot, cuveyiotnxe n napddoon tou
Scottish Book.

10.7 Ta televtala ypovia

Y1g 17 Zenteufpelov Tou 1939, uetd to cbugwvo Ribbentrop-Molotov, n Yofetixy
‘Evwon unfixe otov toAeUo, xo, Tohd clvtoud, o Lofletind otpateduato xotéAaay
v Lvov. H YoBetiny| xatoyh cuvodedtnxe and ualixois Siwyuols xou tohatnwpio
tou [ToAwvixol mAnducuod.
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Auéowe Intidnxayv mhnpogopiec v tov Banach. Ou Tofietixol uadnuotixol
exTL00oOY TOAND T1) GUVELG(ORPE TOL OTNY ETUOTAUT, ot elyoy detéel TOAEC popEég
auThv Toug TNV extiuncy. ‘Etot, o Banach Siatnpoloe xahéc oyéoelc ue Toug Pdooug
xou toug Ouxpavolec. To véo xadeotde Ttou mpooégepe ula Yéon xodnynt oto
Jan Kazimierz -to onolo uetovoudotnxe oe Ivan Franko npog twuv evég Ouxpovod
mouTh- Ty (o oTiyur) mou mAdog Ouxpavol €pyovtay va avaldBouy Yéoelg and
0 Kiefo xar 1o XdpxoBo. O Banach €ywve xoourtopac tne @uolxouadnuatixic
oyohig xou deuduvtAc Tou Touéa YadnuaTXAC avdiuong. Xto (Bto tunue, Berxoy
douketd ou Orlicz, Saks xou Knaster. Metd and npbéoxinon, talidede otn Mboyo.
To BiBAio tou Theory of Linear Operations uetappdotnxe ouéows ota Ouxpovixd.
YoBetxol uadnuatixol 6nwe ou Bermant xar Lyusternik ta€idedov and tn Mboya
otn Lvov. ‘Otav o Bermant potidnxe told fray ta md oroudoto wodnuatixd xévipa
e LoPetinric Evwong, andvinoe: «n Mboya elvon otny mpodtn Véom. ot tn debrepn
dev eluon BéPaoc. Towe to Leningrad, (owg 1 Lvovy.

Exetvn v ernoyn, n Lwh tou Banach 3ev dhhoge mord. Aldoaoxe, cuvéyle tnv
€peuvd Tov, elye Tic SoMTXEC Tou acyolleg, emoxentétay To Scottish Café, xou
€ypape oyolxd BBho. Xta téhn tou 1940, n «Kdxoavn Enuaiay, enlonun LoPletnn
epnueplda tng Lvov exetvn v neplodo, avagpépet ue to auiunto otdA tne:

«...Xt0 Havemotiuto e Lvov, 1o xopivt tng yvdong twv Auvtixdv enopyLodv
e Anuoxpatiac pog, SoUAE0OLY TOMNOL DLIXEXELUIEVOL ETLOTHUOVES TOU - X3Tw ond
g e€oupeTind eLVOiXéC GUVIYXES oL dnutovpyel 1 Lofetxr) Sovaun - Tpowdoly Ta
mhaTLd Toug mpoypduuata. Nto Ioaveriotiuto tng Lvov undpyouv 65 emotnuovixd
TUAUOTa xo ToUEel, xan Tor EAN Toug epydlovton oe 477 SLapopeTind ETLOTNLOVLXS.
TPOYPAULILOTOL. »

IMopoxdtw, undpeyouy cuyxexpUUEVEC TANEoYopies Yio Tov Banach:

«...0v Kadnyntéc Banach xou Schauder ypdgpouv évar exnoudeuvtind Biilo Yew-
ENTAC UNYOVIXAC.>

H Bia epnueplda ude mhnpogpopel 6Tt to 1940 o Banach exhéydnxe dnuotinde
obuBouvlog otny Lvov. Elvar yvwotd 6t yenowuonolnoe tnyv €mppor Tou yio vo
Bondioer v Suwxduevn Horkwvixr xowdtnta. Ou oA otevol deouol Tou ue Toug
YoBletxole emotiuoveg cuveylotnxayv. O Pavel Aleksandrov, onoudaiog Yofiett-
%06¢ Tomohbyoc, £ypade apyotepa otov Kuratowski: «exelva tar ypdvia, yvwplothixoue
xoAd ue Tov Banach, tov onolo elya yvwploer otnv Lvov. Mdc emtoxéptnxe mohhéc
(popéc ot Mboya dmou elya v U vo Tov @uioZeviow xat 6To onitt Youy. Thy
(S emoy”, o Banach exiéytnxe avtemotérhov uéhog tng Ouxpovixhc Axadnulog
Emnotnuov oto Kiefo.

H xotdpynon tou cuugdvou Ribbentrop-Molotov xaw 1 epuaviny| etoBorr) oty
YoBetxr) Evwon Berixav tov Banach oto Kigfo, émou napaxorovdoioe éva uodn-
Hotxd oLVESpLo. Auéows entBBdotnxe oe Eva Tpalvo -To TEAEUTALO TIOL EQPEVYE and
o KieBo mpog v Lvov- xat, aryvodvtoag tov x(vduvo, enéctpede otny owxoyeéveld
Tou. Tov IoOvio tou 1941, 6tav Ta oTpatebuata Tou Xithep unfxay otnv Lvov, oL
Banach Bpédnxav oe mohd d0oxohn Véon. O Banach @oBétav 6t ou I'epuavol Yo
oL {NTovoay VoL AoYOSOTAOEL YLl T EYXJPOLEC OYECELS TOU UE TOUC LOBLETLXOVC.
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ANAG xan To Yeyovée dtL avixe oty Hohwviny) tvevpotiny ehit tov édete oe xivdu-
vo. Tuvedfpdn and v Gestapo ue tny xotnyoplo 4Tl gUTOPELOTAY UE YEPUAVLXO
cLVEARaryUaL, ahAG apédnxe eheblepoc ueTd and Alyec efdouddec. Kdmotol amd toug
voudpndéc tou Ntav 6mwe palvetar UTAeYUEVOL oE TéToleg dpaoTtnpldtnies. Axodua
xo LG GTN PUAXT, XAUTAPEPE Vo amodel&el Ueptnd Vewpruata.

O Jésef Sieradzki, xdrtowog tng Lvov ot didpxeta tng Yofietinfic xatoync,
TEPLYPAPEL TNV aTudoponpa Tou Bactheve oty TOAN:

«Mmoptd va e ywplc unepBolh ot nedaivaue xdde popd mou Enuépwve. O
Omvog ATay 1 Lovn uog avoxoLploT. ‘Ouwe, oxduo XL aUTEC Ol OTAVLES WPEC TOU O
>odEVoC Amd UGS - XATAXOTOS XOL EXVEVPLOUEVOC OO TNV AMOlOLAL XOTOVOY XAOTUXN
epyaoia mov udc enéBahay - EBpLoxe XATAPVYLO GTOV LAXEVO XA YoUEVO XOCUO TWY
TOAOLOY ETLOTNUOVIXODY TOU EVAGYOMTEWY, ETOPoLy VoL UTEPYOLY UE TOV EPYOUO TwV
Cepuavedv.»

Hrav ulo tpayw| enoyr. Me evtolr) tou Himmler, 1 nvevuatin ehit tng Lvo-
v e€agaviotnxe ohoxhnpwtixd. Xtnv Kpoxofia, ou xodnyntéc elyoav cuhhnedel ue
ocuvorTtxég daduxaolieg xon elyov otahel oe otpatdmEda CLYXEVTEWOTC dVo Ypedvia
vwpitepa. H e€ohddpevon twv dtavoouuévwyv tne Lvov elye oyediaotel #dn and to
1939. Elyav xataptiotel d0o Moteg avipodnwy mou Yo extehobvtay. H mpdtn nepiel-
XE ovéuaTa ETGTNOVKDY 1oL SoVAsuay otny [Tohuteyvixh xou v Eumnopudai Yyohn.
H debtepn, ovéparta xadnyntddyv tou Iavemotnuiov. Ot npoetoluacieg elyav yivet
OYONICTLXE: aXOUA Xl O TOTOC Twv exTENécEwY elye mpoemheyel. To Sohogovixd
aUTA OYEdLL EQaPUOoTNXAY UE TAAEN HUCTXOTNTA, OF avTldeon UE T TRPOXANTL-
x4 dnuootec exteréoeic g KpoxoBlac mou elyav poPepd aviixtuno oty Avt
xowy) yvoun. Ewdwd extoudevuévol «exxodopiotécy eupaviotnxay, avéhoBoy Spd-
on axpBoe mlow and o oTEATEDUNTA TOL TAYOLVAY UTPOCTd, €xavay Tn SoUAEd,
xau e€opovioTnxay. ‘Ohn auth 1 SpaotneLdtT T EUQavioTXE W aveldpTntn and TNy
xododrynon tne Wehrmacht.

Tn viyta e 3ng Toviiou tou 1941, 40 Ilohwvol emotAUovES, XardnynTéc, oLY-
yeapels xou davooluevol exteréotnxay and toug Nall xat toug Ouxpavois edvixt-
otéc e «Nachtigally. Avdueod toug Atav ot @llol xou cuvddeipor Tou Banach,
Wlodzimierz Stozek, Antoni Lomnicki, xot Stanislaw Ruziewicz.

Avutéc o exteréoeic Na UbVo 1) apy | ULdc extetauévne enlieans mou elye oxond
Y xataoTpo@T Te Tveudatixhc Lwhc g Lvov. Metd tov ndéAeuo, o Josef Sieradzki
npoondince va Bpel xdmota Aoy eERynon yLa o uoxeheld:

«...Ta Tepuavind eyxhfuota elyay tnYewpla xot T uedodoloyia toug. Av xavelc
ueketrioel TV mpoéheuon xan TNy Puyoroyia AUTOY TV EYXANUATKY, odnyelton oE
€vol TOANOTAOXO Xall GXOTEWS TOT0, 0 GTOYOC OUWS TwV exteErécewy TNE Livov, tnv (Sla
wépa mou o Himmler emoxentédtay tny moAn, elvon tehelng mpogavic. To mdvta €ytvoy
ue aotpamoato ToybTNT, Ywelc Tpogdoels xon vouwés dtadixaotie. H xataoctpopt
ohoxhnpdxdnxe tdéco Yphyopa Tou axdua xor xdmolec I'epuavinéc apyée mdoTnxoy
otov Umvo. Alyec U€peg UETA TIC EXTEAECELS, UTECTUAUEVOL ETALPLAOY TETPEANLOU amtd
t0 Bepohivo, mpoondidnoav vo minoidoouy tov Kadnynts Pilat - Siedvoic xdpoug
eWdwd oty tEYVoroYia Tou TeTpehaiou - o omolog elye UOAC Soropovniel.

Trdpyouv anodeifelc yio 10 61l oL Moteg twv Yuudtwy elyav xataptiotel and to
1938-39: Tnv nuépa g entdeong, dvipwrol tng Gestapo édayvay dbo emothUovES
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Tou elyav HdN meddvel otny nepiodo 1939-41. Tov depuatordyo Leszezynski xan tov
opdauiuoléyo Bednarski. Ilelotnxav yio to 9dvatd toug udvo dtav oL yripeg toug
TaPoLGLOGAY TOL TLGTOTOLNTIXS YorvdTou.

Yyeddv 6ha o ovouata g Aotag elyav mAdoc dnuooiedoewy, oNUAVTIXES avar-
xahOelg, dedvy| BeaBela, dtaxploec xou uetddho. Ou T'epuavol toug e€apdvioay,
axpPBids 6mwe elyav xdver uepxolc oudveg vopitepa oto Gdansk, uévo xau udévo
yratl Atay XA&Bot xow [loawvol.»

O Banach ené{noe and avtiv v emdpour|. Ot cuviixes duwe xdtw and T onol-
ec avayxdotnxe va {loet ot Sudpxeta tne Noaliotiic xatoyhe, ftay ToAd oxAneéc.
H Jadwiga Hallaunbrenner, uodnuotixég ané tnv Lvov, mou o dvtpag tng Michal
fitay Quotxog, Yuudto:

«O Banach udg emoxentétav cuyvd. O dvtpac uou eiye xatapépel va Bpel
doukewd otnv Viehverband, uia emyelonon mov napaoxebole Aouxdvixa deutépag
dahoytic. Egepve oo onltt €va 3hé xpéac T Bdoudda, To yewpdtepo eldoc houxd-
vuou. KatéBala to poAld tne xoulivag xow éptioyva évo xoldve @aoola UE XpEac.
To Bpddu wde emoxéntovtav o Stefan Banach, o Tadeusz Riedl, o xodnyntic -
Mohoyiac Kazimierz Branczyk, xou uepixol dAot mou dev Yuuduor. O Banach Atayv
egoulevouévog, AuoxTovoloe X €0B31VE, EVE TEWY TOV TOAEUO ftay TOAD Suvatodg
xat TeTpdywvog. Metd to delnvo, doylav ™ oLlATnon: Yy TNV XaTdoTACT, GTO
METWTO, TNV AVOLOV] TWV GUUUEY WY, To Avatohxd uétwno, ta véa otnyv [lodwvia,
v Lvov, tic mdavétnreg emPBlwong.»

H doymun puownr| xatdotaon tou Banach dev ¥itav uévo anotéheoua tne YeVxng
nelvag, oG xou NG SouReLdg Tou: TV «EXTPOPELS PeLpdvy oTo Boxtnplohoyixd
Ivotitovto Tou Rudolf Weigl. Apytoe va doukelet exel 1o pdvonwpo tou 1941. To
emdryyeAa auTo elye xou Tar xohd Tou. Mio ewdun xdiptar Tou Ivotitoltou, 1 onola
TOL EMETPETE VoL EMBLWCEL UE GYETLX aopdhela oty xatoy. O yibc Tov Ruziewicz
Yupdton auThY TNV Teplodo:

<... To Ivotitolto mpocéhafe ayeddv dhouc d6aoug elyay dueon ¥ éuueon oyéon
ME TNV eToTAUN, dNAadh Ty mhetodnelo tne dtavdnone otny Lvov. Aolheva xt ey
oto Ivotitovto touv Weigl. Kadouootay oe éva woxpd E0vo tpaméll xon toiloe Tig
Yelpec. Ouudan 6Tt oyedov autéuaTa dpytooy Vo oy natilovTal XOWwiXEs oUddES.
Trrpye éva tpanéll oTo omolo GAOL oL EXTPOPELS oy XoINYNTES TWV AVIPWTLOTLXOY
emtotnueyv. O Banach xou o Knaster xddovtav oto (Slo tpamélt, xot édwvav tny
eviinworn 6t Ntav anoppognuévol oe uadnuatixég oculnthoel. I'vwpllew 6t ot
dudipxetar Tou moAéuou o Banach mapédide padruata oto Y6 tou Tadeusz Riedl.»

O Banach doOhede «otic Peipecy uéypt Tov IoGho tou 1944, ondte éAnge n Nali-
ot xatoyh. Xtig 27 Ioukiov, ta XofBietixd otpateduorta Eavaunrixay otny Lvov. O
Banach avavéwoe tic Pwowég enagéc tou xan ouuueteiye evepyd otny IlavohaBun
Avugaoiotxr) Entponn, ula opydvwon mouv urnoothpllav ol Yolietixol. H enttpony
«...dnuovpyinxe tov Abyousto tou 1941, mpowdoloe Ty avtictaoy twv LABwy
XATA TOU YEPUOVLXOU PUCLOUOU, Xl EVNUEPWVE TNV XOWT YVOUT Yo To ValloTixd
eyxhfuata ot Lofetxy) Evwon, tyv Molwvia, tn Fovyxoohafia, xow SAkec -
pec». Exelvn v enoyr, o Sobolev cuvavtoloe cuyvd tov Banach oto Uzkov, éva
Yépetpo Ayo €€w and tn Mooy
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«ITopd o byvn mou elye aghoel Tdvw TOoL 0 TOAEUOC, XAl TUES TNV APEMGTLAL TOU
tov elye e€aodevicet, o Banach dwatnpoloe ) {wvidvia ota udtio tou. ‘Htav o
{8Loc xowwvixde, euydptoTtog xon Yonteutnds Stefan Banach mou elya del otnv Lvov
TpLy Tov Tokeuo. ‘Etol tov Yuuduon: ondvia alodnon tou ylobuop, evépyeLa, 6uopon
Puyn, ueydho TarévTo.»

Ayéowe mpoopépinxe ula €dpa tou Jagiellonian otov Banach. Tnv déytnxe ue
Yopd, apol Yo SLEUXONUVE %ol TOV EMOVITATELOUS Tou and v Ouxpoavixh TAéov
Lvov otnv Ilohwvia. O Banach noapéueve mpdedpoc e Molwvixhc Moadnuotixic
Erouplag, xou 1 véa - emBeBAnuévn and toug LoPietixolc- xuBépvnor tne IloAwviag
Tou mpoogpepe TN Véon tou Trovpyol IModelag. ‘Ouwe, Tapd Tig Tpoonddelec Twv
YLATPOVY, TO SLIAUUEVO OTXTL TOU XL O XAUPXIVOS TOU PAPUYYI TOV XATEBUAAY.

O Banach nédave otic 31 Auyototou tou 1945, otnv Lvov. Hrav péhic 53 etddy,
yeudtog oyédia yior To wEAhov. Ta véa yia tig emituyleg twv mpdny uadnTody Tou oTig
Hvwuévee Hohteleg elyav apyloel va gtdvouv. Ou tomuxée eqnuepldec tne meptédou
delyvouv to Yprivo tnc emotnuovixrc xowdtntag tne Lvov. IIévte epyaoteg xou éva
BBAio tou Banach xuxhopdenoay uetd to Ydvatd tou. Eiye Soulédel yi' autd ota
XPOVLAL TOL TOAEUOUL.

10.8 Erniloyog

[Tohhéc paptuples BeBardvouy 6t o Banach dev evdiagpepdtay yia tinota €€w and ta
wodnuotixd. ‘Onwg yedpet o Steinhaus,

«O Banach #tav mpdto an’ dha uodnuatixds. H moltiny 8ev tov evdiégepe xan
TohD, M odoppLd Tne @Oone dev Tov eviunwaolale, N Ty vn xat 1 Aoyoteyvia ftay YU
U TOV JELTEPEVOVCES ATOAAVOELS, GUVTOUN dlaheluato amd Tn SovAetd.»

‘Onwe xan vé elvar, TAY0¢ LoTopleg AVATEETOUY TNV EXOVIL TNG UOVOTAEUETIC
xon adLdpopng Yo 6har padnuotixhc didvotag. IIiéd yapaxtnplotind elvon 1 Gpulue
ocuvdvtnon tou Banach ue tov von Neumann:

O von Neumann emoxéptnxe tnv Ilohwvia tpelc @opéc mpv Tov méheuo. Kdde
(opd, UE Tpoowmixés odnyleg Tou Wiener, Tou tatépa TG XUBepvnTLXAC, TpooTdNoe
va teloel tov Banach va petavaoteboetl ot Hvwuéveg Holitelec. H tedeutato Tou
enloxedn oty Lvov Arav 1o 1937. Anaviovtag otnyv mpocgpopd tou, o Banach
PWTNOE:

«Kow méoa elvon Sratedeluévoc va mAnpwoet o Wiener;»

«Auté 10 €youue BN ppovticery andvince yeudtog autonenoiinon o Auepixo-
voe, Balovtag o yépt otny taénn. «Autd elvar €val Toex HE Ty unoypapt; Tou Wiener.
‘Exel onuewdoel uévo to Ynplo 1, unopeic va tpociéoeg dimha 6oo undevind voulleg
OTL amatToOVTALY.

O Banach oxégtnxe v mpdtaon yia (Ld oTiyUy|, XoL ARdvInoe: «ouTd T0 1006
elva TOAD Lo Yo vou apriow v Hokwvioy.



