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ǼʌȓȜȣıȘ� �Į� ĬĮ ȤȡȘıȚȝȠʌȠȚȒıȠȣȝİ ĲȚȢ ıȣȞȒșİȚȢ ʌȠȜȚțȑȢ ıȣȞĲİĲĮȖȝȑȞİȢ (!, θ)� ȆȡȠıȑȟĲİ ȩĲȚ ıĲȘȞ șȑıȘ
ȚıȠȡȡȠʌȓĮȢ ĲȘȢ ȝȐȗĮȢ� Ș ȠʌȠȓĮ İȓȞĮȚ ıĲȘȞ țĮĲĮțȩȡȣĳȘ șȑıȘ� ȑȤȠȣȝİ θ = −π/2�

Ǿ țȚȞȘĲȚțȒ țĮȚ įȣȞĮȝȚțȒ İȞȑȡȖİȚĮ İȓȞĮȚ� ĮȞĲȓıĲȠȚȤĮ�

T =
1

2
m!2θ̇2, V = mg! VLQ θ.

Ǿ įȣȞĮȝȚțȒ İȞȑȡȖİȚĮ ʌĮȓȡȞİȚ ĲȘȞ ĲȚȝȒ V = 0 ıĲȘȞ șȑıȘ θ = 0 ȩʌȠȣ Ș ȡȐȕįȠȢ İȓȞĮȚ ıİ ȠȡȚȗȩȞĲȚĮ șȑıȘ
�țĮȚ ȩȤȚ ıĲȘȞ țĮĲĮțȩȡȣĳȘ șȑıȘ ȚıȠȡȡȠʌȓĮȢ� ȩʌȦȢ ıȣȞȒșȦȢ ıȣȝȕĮȓȞİȚ ıİ ʌȡȠȕȜȒȝĮĲĮ ȝİ ĲȠ İțțȡİȝȑȢ��

�ȕ� Ǿ ȁĮȖțȡĮȞȗȚĮȞȒ İȓȞĮȚ L = T − V � ǲȤȠȣȝİ ȝȓĮ İȟȓıȦıȘ (XOHU�/DJUDQJH ıĲȘȞ ȠʌȠȓĮ șĮ ʌİȡȚȜȐ�
ȕȠȣȝİ țĮȚ ĲȘȞ įȪȞĮȝȘ ĲȡȚȕȒȢ�

d

dt
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∂θ̇

)
=

∂L

∂θ
+Q′

θ ⇒
d

dt
(m!2θ̇) = −mg! FRV θ +Q′

θ.

Ǿ Q′
θ İȓȞĮȚ Ș ȖİȞȚțİȣȝȑȞȘ įȪȞĮȝȘ ĲȡȚȕȒȢ țĮȚ įȓȞİĲĮȚ Įʌȩ ĲȘȞ

Q′
θ =

∑

i

fi
∂xi
∂θ

= f · ∂r
∂θ

,

ȩʌȠȣ ȤȡȘıȚȝȠʌȠȚȒıĮȝİ ĲȠȞ ȠȡȚıȝȩ ĲȠȣ İıȦĲİȡȚțȠȪ ȖȚȞȠȝȑȞȠȣ ıĲȘȞ ĲİȜİȣĲĮȓĮ ȚıȩĲȘĲĮ� ǼĳȩıȠȞ r =
! êr� țĮȚ ȤȡȘıȚȝȠʌȠȚȫȞĲĮȢ ĲȘȞ êr = FRV θ ı̂ + VLQ θ ̂� ȕȡȓıțȠȣȝİ ∂r/∂θ = ! êθ� ǱȡĮ Ș ȖİȞȚțİȣȝȑȞȘ
įȪȞĮȝȘ İȓȞĮȚ

Q′
θ = !f · êθ.

Ǿ ĲĮȤȪĲȘĲĮ ıİ ʌȠȜȚțȑȢ ıȣȞĲİĲĮȖȝȑȞİȢ İȓȞĮȚ υ = !θ̇êθ� ȐȡĮ ȑȤȠȣȝİ f = −λ!θ̇êθ țĮȚ

Q′
θ = −λ!2θ̇.

ǹȞĲȚțĮșȚıĲȠȪȝİ ĮȣĲȩ ĲȠ ĮʌȠĲȑȜİıȝĮ ıĲȘȞ İȟȓıȦıȘ (XOHU�/DJUDQJH țĮȚ ʌĮȓȡȞȠȣȝİ ĲȘȞ İȟȓıȦıȘ țȓȞȘıȘȢ

θ̈ +
λ

m
θ̇ +

g

!
FRV θ = 0.

ǹȢ įȠȪȝİ ȝȓĮ įİȪĲİȡȘ ȝȑșȠįȠ ȖȚĮ ȞĮ İȟȐȖȠȣȝİ ĲȘȞ ȖİȞȚțİȣȝȑȞȘ įȪȞĮȝȘ Q′
θ� Ǿ įȪȞĮȝȘ ĲȡȚȕȒȢ İȓȞĮȚ

f = −λυ = −λ!θ̇êθ = −λ!θ̇(− VLQ θı̂+ FRV θ̂).

ǼʌȓıȘȢ ȖȚĮ ĲȚȢ țĮȡĲİıȚĮȞȑȢ ıȣȞĲİĲĮȖȝȑȞİȢ ıĲȠ İʌȓʌİįȠ (x1, x2) ȑȤȠȣȝİ
{
x1 = ! FRV θ
x2 = ! VLQ θ

⇒
{

∂x1
∂θ = −! VLQ θ
∂x2
∂θ = ! FRV θ

ȍıĲİ Ș įȪȞĮȝȘ ĲȡȚȕȒȢ İȓȞĮȚ

Q′
θ =

∑

i

fi
∂xi
∂θ

= f1
∂x1
∂θ

+ f2
∂x2
∂θ

= (λ!θ̇ VLQ θ)(−! VLQ θ) + (−λ!θ̇ FRV θ)(! FRV θ) = −λ!2θ̇

țĮȚ ȕȑȕĮȚĮ ıȣȝĳȦȞİȓ ȝİ ĲȠ ĮʌȠĲȑȜİıȝĮ ʌȠȣ ȕȡȒțĮȝİ ʌĮȡĮʌȐȞȦ�

�



�Ȗ� Ǿ İȞȑȡȖİȚĮ İȓȞĮȚ
E = T + V.

ȆĮȓȡȞȠȣȝİ ĲȘȞ ȤȡȠȞȚțȒ ʌĮȡȐȖȦȖȠ

dE

dt
=

dT

dt
+

dV

dt
=

∂T

∂θ̇
θ̈ +

∂V

∂θ
θ̇ = m!2θ̇ θ̈ +mg! FRV θ θ̇ = m!2

(
θ̈ +

g

!
FRV θ

)
θ̇.

ȩʌȠȣ ȜȐȕĮȝİ ȣʌȩȥȚȞ ȩĲȚ T = T (θ̇), V = V (θ)� ȋȡȘıȚȝȠʌȠȚȠȪȝİ ĲȘȞ İȟȓıȦıȘ țȓȞȘıȘȢ țĮȚ ȑȤȠȣȝİ

dE

dt
= −λ!2 θ̇2.
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