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Lecture la. Magnetic moment of atoms

Let an electric current / flow in a closed loop C

It gives rise to a magnetic moment (a vector)

/
u:2}£r><ds.

If we assume one electron (charge e, mass m,) orbiting around the loop

p =L,

where
ey = ge|e|/2me is the gyromagnetic ratio.

o L is the angular momentum of the electron.

Fixed length vector

An electron is orbiting around the atom in a fixed orbit (due to
quantization) and p is a vector of fixed length.
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A magnetic moment in an external field

Energy of p in an external magnetic field B
E=—p-B.

Since || = p is fixed, the only parameter is the angle 1) between
and B,
E = —uBcos .

Torque

Changes of the energy due to the angle i generate a torque

ol B sin
T=—=— SI1
aw Iu’ b
in vector form,
T =pn X B.

S. Komineas Micromagnetics, 2020



Equation of motion

For the angular momentum we have H
dL/dt =T

The equation of motion for the magnetic
moment is

dp
—_— = X B
o YK

= Yop X H, B = poH, 7o = Ypo-

Let the magnetic field H = He, = (0,0, H)

The equations for the components pt = (,ux,,uy,,u,z) are

px = YoH Hy P =wL Hy
Ly —YoH px = § £y = —wL s
pz =0 pz =0

where w; = YoH.
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Precession

Solution of the equations of motion ® The component of p parallel

in 0 ) to H remains constant.
= 1 sin 6 cos(wt
= ( @ The projection of p on the

fy = —psing sin(wer) plane perpendicular to H is
f; = jtcos B (=const.) (fhx,s ,uy) and it rotates.
where p = |p| is constant and 6 is e The moment p performs
the constant angle between u, H, precession around H.
and wy is called the Larmor H
frequency.
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Example (A complex variable)

Recast the equation for a magnetic moment f in an external field H
using a complex variable,

ML = Py + l./"l'y'
The equations of motion for iy, (1, are combined in the form
foo = —iwp py

with solution
—iwyt

u1 = psinfe

[Exercise. Try to carry out the above calculation.]

Exercise (Precession of a magnetic moment in an external field)

Solve numerically the equation of motion for a magnetic moment in an
external field. Check whether you obtain the above analytical solution.
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A field with values on the sphere, u(s) € S*

Assume a field u = u(s) defined in the real
space, s € R, and taking values on the unit
sphere, u € S2.
Such a field is realised by a vector u € R?
with unit length u? = 1. For any parameter
s of the problem we have

9 d du

u=1=—(uuy=0=u-—=0.
ds ds

Any derivative of u is perpendicular to u (it belongs to the tangent plane

of the sphere at u).
du

— =uXf, for somef.
ds
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Lecture 1b. Spins - exchange interaction

Ferromagnets

are materials that present non-zero net magnetization (at zero field). This
is due to neighbouring moments that interact and tend to be aligned.
The magnetic moments are primarily due to the spin of electrons.

Neighbouring spins are aligned due to exchange interaction.

At the level of two individual spins S1,Sso, the energy due to exchange
interaction is modelled as

—J 51 0 SQ, J: exchange constant.

For J > 0 and perfectly aligned spins the exchange energy has a
minimum.

® The exchange interaction induces magnetic order.

Antiferromagnets, Weak Ferromagnets, etc

are materials that present magnetic order (at zero field).
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Two spins

[n the energy E = —JS1 - So, each spin plays the role of an external field

for the other one. Therefore, the equations of motion are
Slz./SlXSQ, S22J52><Sl.

Note that, the change of the one spin affects the dynamics of the other
one. That means that we have a system of coupled equations.

We could loosely imagine that Sy is precessing around Sg, while Sg is

slx /‘52

Exercise (Dynamics of two spins)

precessing around S7.

Study the dynamics of two exchange-coupled spins S1,Ss.
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A spin chain

Consider a chain of N spins S;, i=1,2,--- /N.

The energy of the system is

N—1
E = _JZSZ . SH_l.
i=1

Each spin Sy interacts with two neighbours at k 4+ 1,k — 1.

Chain of aligned spins.
51{ 52{ 53{ 54{ 55{ 56} 57{ Ss{ 59{ 510{
Chain of spins (not fully aligned).

PPV Y LT
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Dynamics of a spin chain

The equation of motion for every Si(t) is

Sk = JSk X (Ska1 + Se-1) k=23,--- ,N—1

S, =S, X fr fi=—%55-

Exercise (Exchange-coupled spins)
Consider o spin chain and the corresponding system of equations. (o)
Specify possible initial conditions and (b) solve the initial value problem
numerically .
Consider the following.

o All spins S; should have the some fixed length |S;| = s.

o Try the uniform configuration S; ='s for ol i, where § is a constant

vector (for example 8 = ses).

o Try perturbations of the above uniform configuration.
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Conservation of energy. Single spin.

The energy of a spin in a magnetic field is

E=—g.usS -H~ —S-H.

The energy is conserved under S=SxH

We have that S = S(t), therefore

E dE
E_E B H.sxH) =0
dt dS dt

That means, that during spin precession, the energy is conserved.
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Damping effect. Single spin.

Try a friction force

— = friction.
dt

The term S X (S x H) is

o Perpendicular to S (i.e., keeps S on the sphere §% = 1).
o Perpendicular to S x H (i.e., drags S to H).
Write the equation for a spin S under damping

§=—S><(S><H).
dt

Note the vector identity
S x (S>< H) = (S-H)S— (S'S)H: (S'H)S—SZH.
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Energy loss due to damping

Spin dynamics with damping

Under both conservative and damping terms we have the equation

%f:SxH—an(SxH).

where ¢ is a damping constant.

The energy decreases under damping

dE _dE S
dt  dS dt
= aH-[(S-H)S - S°H] = (S-H)? — S?H? < 0.

What will happen if a spin is placed under H with damping when
t — 00? What will the energy then be?

~—H-[(Sx H)—aS x (S x H)]
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Dynamics of a spin chain under damping

Spin dynamics with damping

Under both conservative and damping terms we have the equation

dS
Tt’k ZS/< ka—OéSk X (Sk ka).

where « is a damping constant.

Exercise

How does the energy of a chain of spins behave under damping?

What do we expect to happen with the spin configuration when t — 00?
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