PANEPISTHMIO KRHTHS

Tmăma Majhmatikÿn

AristeÐdhc Kontogeÿrghc

OmĹdec Automorfismÿn Algebrikÿn KampÔlwn

Didaktorikă Diatribă

HrĹkleio 1998

Eisagwgă

’Estw C mÐa algebrikă probolikă kampÔlh gènouc g ≥ 2, orismènh pĹnw apì to algebrikĹ kleistì sÿma k, qarakthristikăc p ≥ 0. EÐnai gnwstì ìti h omĹda twn automorfismÿn G thc C eÐnai peperasmènh. Se aută thn ergasÐa meletoÔme thn domă twn omĹdwn automorfismÿn merikÿn sugkekrimènwn oikogeneiÿn kampÔlwn. Epitrèpoume oi oikogèneiec kampÔlwn pou meletĹme na èqoune kai idiìmorfec kampÔlec. Sthn perÐptwsh aută, dhladă sthn perÐptwsh pou mÐa kampÔlh eÐnai idiìmorfh, ja ennooÔme touc automorfismoÔc enìc probolikoÔ, plărouc, mh idiìmorfou montèlou thc ă isodÔnama touc automorfismoÔc twn antÐstoiqwn swmĹtwn sunartăsewn. KrÐname loipìn bolikì na parousiĹsoume thn jewrÐa touc, se ìrouc twn swmĹtwn sunartăsewn kai twn antÐstoiqwn jèsewn touc.

AnalutikĹ h diĹrjrwsh twn kefalaÐwn èqei wc exăc:

Sto prÿto kefĹlaio meletoÔme to parakĹtw prìblhma: JewroÔme mÐa abeliană epèktash F tou sÿmatoc sunartăsewn F_0, me abeliană omĹda Galois A. PoiĹ eÐnai h sqèsh thc omĹdac automorfismÿn tou F_0 me thn omĹda automorfismÿn tou F ? H mèjodoc pou akoloujoÔme, prokeimènou na apantăsoume sto parapĹnw erÿthma eÐnai h exăc: DÐnoume anagkaÐec sunjăkec, ÿste h omĹda A na eÐnai kanonikă upoomĹda thc omĹdac automorfismÿn G_F tou sÿmatoc F . ’Etsi to prìblhma upologismoÔ thc domăc thc omĹdac G_F anĹgetai se èna prìblhma epèktashc miac upoomĹdac H thc omĹdac automorfismÿn G_{F0} tou sÿmatoc F_0 me abelianì purăna A. ’Opwc eÐnai gnwstì ta problămata epektĹsewn omĹdwn anĹgontai ston upologismì twn sunomologiakÿn klĹsewn thc omĹdac H^2(H, A) pou antistoiqoÔn se dedomènh epèktash. Epiplèon dÐnoume krităria ÿste h domă thc omĹdac G_F na exartĹtai apì ton tÔpo diaklĹdwshc thc epèktashc swmĹtwn F/F_0.

Sto deÔtero kefĹlaio, efarmìzoume ta parapĹnw ergaleÐa sta sÿmata sunartăsewn twn kampÔlwn me epÐpeda montèla thc morfăc y^n = f(x) kai kajorÐzoume tic dunatèc domèc twn omĹdwn automorfismÿn, kĹnontac qrăsh twn jewrhmĹtwn taxinìmishc twn peperasmènwn upoomĹdwn thc omĹdac automorfismÿn tou rhtoÔ sÿmatoc sunartăsewn.

Sto epìmeno kefĹlaio, upologÐzoume tic omĹdec automorfismÿn twn swmĹtwn sunartăsewn F_{n,m} twn kampÔlwn x^n +y^m −1 = 0 ìpou n ≠ m, kai h qarakthristikă den diaireÐ ta n, m. H mèjodoc pou akoloujoÔme eÐnai lÐgo diaforetikă apì tic prohgoÔmenec mejìdouc. Ex’ aitÐac thc megĹlhc summetrÐac tou parapĹnou epÐpedou montèlou, mporoÔme na upologÐsoume mia bĹsh olìmorfwn diaforikÿn kajÿc kai thn domă twn hmiomĹdwn tou Weierstrass se sugkekrimèna shmeÐa. Me autì ton trìpo apodeiknÔoume ìti h omĹda μ(m) eÐnai kanonikă upoomĹda thc omĹdac automorfismÿn F_{n,m}. EÐnai endiaferìn na parathrăsoume ìti ìtan m|n kai to n − 1 eÐnai dÔnamh thc qarakthristikăc tìte h omĹda automorfismÿn èqei tĹxh polÔ megalÔterh apì to frĹgma tou Hurwitz sthn qarakthristikă 0. H perÐptwsh n = m ătan gnwstă apì thn ergasÐa tou Leopoldt apì tic arqèc thc dekaetÐac tou 70.

Sto tètarto kefĹlaio, epekteÐnoume èna apotèlesma tou J.P. Serre pou upolìgise tic omĹdec automorfismÿn twn modular kampÔlwn X(p) gia p prÿto kai upologÐzoume tic omĹdec automorfismÿn twn kampÔlwn X(N), gia kĹje fusikì N. ’Opwc proèkeiye, metĹ apì epikoinwnÐa me ton J.P. Serre o parapĹnw upologismìc thc omĹdac automorfismÿn twn kampÔlwn X(N), ătan gnwstìc stouc eidikoÔc thc perioqăc.

Sto teleutaÐo kefĹlaio, upologÐzoume tic omĹdec automorfismÿn twn uperepifaneiÿn Fermat. ApodeiknÔoume arqikĹ ìti kĹje automorfismìc twn uperepifaneiÿn Fermat eÐnai periorismìc enìc automorfismoÔ tou peribĹllontoc probolikoÔ qÿrou kai sthn sunèqeia upologÐzoume touc automorfismoÔc pou diathroÔn thn exÐswsh Fermat analloÐwth. Kai to apotèlesma autì, ătane gnwstì apì to 1987 apì ton T. Shioda. H mèjodoc tou Shioda mou ègine gnwstă apì ton T. Katsura kai afoÔ h didaktorikă mou diatribă eÐqe poiĹ oloklhrwjeÐ.

Ja ăjela na euqaristăsw jermĹ ton epiblèponta kajhghtă k. GiĹnnh AntwniĹdh gia thn boăjeia pou mou prìsfere se ìlh thn diĹrkeia twn metaptuqiakÿn spoudÿn mou. EpÐshc ja ăjela na euqaristăsw ton kajhghtă P. Roquette gia to endiafèron pou èdeixe gia thn ergasÐa mou kajÿc kai ta sqìlia kai tic upodeÐxeic tou. Euqaristÿ epÐshc to ’Idruma

Kratikÿn Upotrifiÿn tou opoÐou upărxa upìtrofoc.

Euqaristÿ idiaÐtera touc goneÐc mou GiĹnnh kai MarÐa kajÿc kai touc fÐlouc kai sunergĹtec mou sto penepistămio Krăthc MarÐna, Dhmătrh, JanĹsh, Giÿrgo.

HrĹkleio 18 DekembrÐou 1988

Perieqìmena

Eisagwgă i

1 Abelianèc epektĹseic 2 1.1 Sunjăkec kanonikìthtac . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3 1.2 EpektĹseic omĹdwn . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5 1.3 EpektĹseic tou Kummer . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6 1.3.1 Diakladÿseic se epektĹseic tou Kummer . . . . . . . . . . . . . . . 7 1.4 Upologismìc thc domăc omĹdoc . . . . . . . . . . . . . . . . . . . . . . . . . 8 1.4.1 Domă omĹdoc kai tÔpoc diaklĹdwshc . . . . . . . . . . . . . . . . . . 9

2 KampÔlec thc morfăc y^n = f(x) 14 2.1 Sunjăkec epektasimìthtac . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16 2.2 Domă omĹdoc . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19 2.2.1 Peperasmènec upoomĹdec thc P GL(2, k) . . . . . . . . . . . . . . . . 19 2.2.2 SunomologiakoÐ upologismoÐ . . . . . . . . . . . . . . . . . . . . . . 20 2.2.3 Kuklikèc omĹdec . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21 2.2.4 Stoiqeiÿdeic abelianèc omĹdec . . . . . . . . . . . . . . . . . . . . . 22 2.2.5 Hmieujèa ginìmena kuklikÿn omĹdwn me stoiqeiÿdeic abelianèc omĹdec 23 2.2.6 Diedrikèc omĹdec . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25 2.2.7 H omĹda A_4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36 2.2.8 H omĹda A_5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40 2.2.9 H omĹda S_4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41 2.2.10 Oi omĹdec P SL(2, q) kai P GL(2, q). . . . . . . . . . . . . . . . . . . 43

3 x^n + y^m + 1 = 0 45 3.1 H perÐptwsh n = m . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45 3.2 H perÐptwsh n ≠ m . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45 3.3 Upologismìc hmiomĹdwn tou Weierstrass . . . . . . . . . . . . . . . . . . . . 46 3.4 Topikă melèth . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51 3.5 Domă thc omĹdac automorfismÿn . . . . . . . . . . . . . . . . . . . . . . . 57

4 OmĹdec automorfismÿn twn modular kampÔlwn X(N) 61

5 OmĹdec automorfismÿn twn uperepifaneiÿn Fermat 65 5.1 UpologismoÐ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 66 :

KefĹlaio 1

Abelianèc epektĹseic

’Estw F_0 èna algebrikì sÿma sunartăsewn, me bajmì uperbatikìthtac monĹda, orismèno upèr enìc algebrikĹ kleistoÔ sÿmatoc k, qarakthristikăc p ≥ 0. JewroÔme mÐa peperasmènh abeliană epèktash F tou F_0 gènouc g_F ≥ 2, me omĹda Galois Gal(F/F_0) = A. EÐnai gnwstì ìti h omĹda automorfismÿn, èstw G, tou F eÐnai peperasmènh. ([11] sel. 368). Skopìc mac eÐnai na susqetÐsoume thn omĹda automorfismÿn G tou F me thn omĹda automorfismÿn tou F_0. MporoÔme na grĹyoume thn mikră akribă akoloujÐa 1 −→ A −→ N_G(A) −→ H −→ 1, (1.1) ìpou N_G(A) sumbolÐzei ton kanonikopoihtă tou A sthn G kai H, eÐnai mia peperasmènh upoomĹda thc omĹdac automorfismÿn tou F_0.

KĹtw apì katĹllhlec sunjăkec èqoume ìti A ⊲ G sunepÿc N_G(A) = G. To gegonìc autì mac epitrèpei na meletăsoume thn omĹda twn automorfismÿn tou F san èna prìblhma epektĹsewn peperasmènwn upoomĹdwn thc omĹdac automorfismÿn tou F_0, oi opoÐec emfanÐzontai san phlÐka G/A. Oi Brandt kai Stichtenoth [4] qrhsimopoÐhsan parìmoiec teqnikèc prokeimènou na upologÐsoun tic omĹdec automorfismÿn uperelleiptikÿn kampÔlwn, dhladă kuklikÿn epektĹsewn bajmoÔ dÔo, enìc rhtoÔ sÿmatoc sunartăsewn. EpÐseic o Brandt [3] sthn didaktorikă diatribă tou, melèthse genikìtera kuklikèc epektĹseic tou rhtoÔ sÿmatoc sunartăsewn bajmoÔ prÿtou arijmoÔ.

Ac upojèsoume proc to parìn ìti A ⊲ G. GrĹfoume thn omĹda A san èna eujÔ Ĺjroisma A = A_{reg} ⊕ A_p, ìpou A_p eÐnai to p-kommĹti thc abelianăc omĹdac A, dhladă h mègisth abeliană p-upoomĹda thc omĹdac A, A_{reg} = A/A_p, (|A_{reg} |, p) = 1. ParathroÔme ìti A_p eÐnai epÐshc mia kanonikă upoomĹda thc G kai ètsi lambĹnoume thn omĹda automorfismÿn G se dÔo bămata 1 −→ A_p −→ G_p −→ H −→ 1, 1 −→ A_{reg} −→ G −→ G_p −→ 1, ìpou G_p sumbolÐzei thn epèktash thc H me A. AfoÔ to sÿma k eÐnai algebrikĹ kleistì, kĹje abeliană epèktash me omĹda Galois tĹxhc prÿthc proc thn qarakthristikă eÐnai epèktash tou Kummer kai kĹje abeliană epèktash me Galois p-omĹda, ìpou p eÐnai h qarakthristikă, eÐnai epèktash tou Artin-Schreir .

SunoyÐzontac, ja prèpei na apantăsoume sta parakĹtw erwtămata:

• KĹtw apì poiec proôpojèseic mporoÔme na exasfalÐsoume ìti A ⊲ G.

• Pwc mporoÔme na perigrĹyoume thn domă thc omĹdoc G, dedomènou ìti A ⊲ G.

• Poia eÐnai h upoomĹda H, twn automorfismÿn tou sÿmatoc F_0, pou epekteÐnontai san automorfismoÐ tou F , dhladă poiì eÐnai to phlÐko G/A.

Ja xekinăsoume apì to prÿto erÿthma:

1.1 Sunjăkec kanonikìthtac

GrĹfoume thn abeliană omĹda A san eujÔ Ĺjroisma^1 kuklikÿn upoomĹdwn A = s⨁ i=1 r_i⨁

j=1 Z_{ni}. ParathroÔme ìti, A ⊲ G an kai mìno an

A_i := r_i⨁

j=1 Z_{ni} ⊲ G, afoÔ suzugă stoiqeÐa èqoun thn Ðdia tĹxh.

Ja epekteÐnoume èna jeÿrhma tou Accola [1] to opoÐo ja mac dÿsei mia ikană sunjăkh ÿste h omĹda A_i na eÐnai kanonikă se olìklhrh thn omĹda automorfismÿn. ’Estw A_i eujÔc prosjetaÐoc sthn anĹlush thc A, ìpwc orÐsthke parapĹnw. H omĹda A_i grĹfetai san eujÔ Ĺjroisma kuklikÿn omĹdwn isìmorfwn me thn Z_{ni}. ’Estw T_λ, λ = 1, ..., r_i oi gennătorec twn kuklikÿn prosjetèwn thc A_i. Endeqomènwc oi parapĹnw gennătorec na stajeropoioÔn diaforetikì plăjoc jèsewn. Gia kĹje s fusikì ja sumbolÐzoume me A^s_i thn upoomĹda thc A_i pou parĹgetai apì ta T_λ pou stajeropoioÔn s to plăjoc jèseic. Duì suzugeÐc automorfismoÐ èqoun to Ðdio plăjoc stajerÿn shmeÐwn. ’Etsi h omĹda A_i eÐnai kanonikă upoomĹda thc omĹdac G an kai mìno an ìlec oi upoomĹdec A^s_i eÐnai kanonikèc upoomĹdec thc G.

Sthn sunèqeia ja sumbolÐzoume me A mia abeliană omĹda isìmorfh me ⊕^t_{i=1}Z_{ni} tètoia ÿste oi t, to plăjoc gennătorec thc A, {T_1, ..., T_t} na stajeropoioÔn to Ðdio plăjoc s jèsewn tou F . Jètoume T = T_1 kai èstw Q mia jèsh tou F pou na stajeropoieÐtai apì ton T. KatĹ thn diĹrkeia thc apìdeixhc autăc ja sumbolÐzoume me n thn tĹxh tou T .

JewroÔme to suzugèc ~T := σT σ^{−1} tou T me èna tuqaÐo automorfismì σ thc G. EÐnai safèc ìti ~T stajeropoieÐ thn jèsh σ(Q). ’Estw F̃^A to sÿma twn stajerÿn stoiqeÐwn tou F upì thn σAσ^{−1}.

Lămma 1.1.1 UpĹrqei sunĹrthsh f ∈ F̃^A, me monadikì pìlo sto q := rest|_{F̃} A σ(Q) o opoÐoc epiplèon eÐnai pìloc tĹxhc κ ≤ γ + 1, ìpou γ eÐnai to gènoc tou F̃^A

Apìdeixh: JewroÔme ton qÿro sunartăsewn

L ((γ + 1)q) = {f ∈ F̃^A : (f) + (γ + 1)q ≥ 0}.

Apì to jeÿrhma twn Riemann-Roch upologÐzoume ìti h diĹstash tou parapĹnw qÿrou eÐnai megalÔterh ă Ðsh me dÔo, dhladă to zhtoÔmeno. □

O divisor thc f, san sunĹrthsh tou F eÐnai

div_F (f) = (f)_0 − nκ ∑ τ∈σAσ^{−1}/ ~T τ (σ(Q)).

’Eqoume loipìn ìti deg f ≤ n^t(γ+1). Ac jewrăsoume tÿra tic sunartăseic h_i := f −T_i∘f kai ac upojèsoume ìti mÐa apì autèc, èstw h h_i, den eÐnai stajeră. Tìte

deg h_i ≤ 2 deg f − r_i ≤ 2n^t(γ + 1) − r_i,

1Oi omĹdec automorfismÿn jewroÔntai pollaplasiastikèc. O parapĹnw prosjetikìc sumbolismìc eÐnai kataqrhstikìc allĹ ton protimoÔme diìti kajistĹ perissìtero safă thn analogÐa me thn grammikă Ĺlgebra

ìpou r_i eÐnai o arijmìc twn pìlwn thc f, lambĹnontac upìyhn thn pollaplìthta. PrĹgmati, gia mia jèsh P tou F

v_P (h_i) = v_P (f − T_i ∘ f) ≥ min {v_P (f), v_P (T ∘ f)} ,

Ĺra an h jèsh P eÐnai ènac pìloc thc h_i tìte h P eÐnai ènac pìloc thc f ă thc T_i ∘f. Epiplèon an P eÐnai ènac koinìc pìloc twn f, T_i ∘ f tìte den eÐnai pìloc thc h_i.

UpenjumÐzoume ìti me s sumbolÐzoume to plăjoc twn jèsewn tou F pou stajeropoioÔnte apì to T_i. Sthn perÐptwsh pou 2n^t(γ + 1) < s

tìte deg h_i ≤ 2n^t(γ + 1) − r_i < s − r_i ≤ deg h_i,

afoÔ kĹje stajeră jèsh tou T_i h opoÐa den eÐnai pìloc thc f eÐnai rÐza thc h_i, Ĺtopo. Sunepÿc oi sunartăseic h_i eÐnai ìlec stajerèc kai Ðsec me mhdèn.

ApodeÐxame ìti h f mènei analloÐwth upì thn drĹsh thc A, dhladă k(f) ⊆ F̃^A. An to sÿma F̃^A ∼= F^A eÐnai rhtì, tìte h sunĹrthsh f tou F̃^A èqei pìlo tĹxhc 1 sto q, dhladă F̃ A = k(f). O gennătorac tou suzugoÔc sÿmatoc F A eÐnai σfσ−1 = f, dhladă F̃ A = F A kai sunepÿc A ⊲ G.

ParathroÔme ìti h A afănei analloÐwto to sÔnolo twn diaforetikÿn jèsewn tou F oi opoÐec brÐskontai uperĹnw thc q. To sÔnolo twn diaforetikÿn jèsewn tou F oi opoÐec brÐskontai uperĹnw thc q apoteleÐtai apì touc pìlouc thc f. To plăjoc touc eÐnai n^{t−1}, sunepÿc afoÔ h omĹda A me n^t to plăjoc stoiqeÐa, afănei analloÐwto èna sÔnolo me n^{t−1} stoiqeÐa, upĹrqei èna stoiqeÐo T^′ ∈ A, tètoio ÿste to T^′ kai to T̃ na èqoun to Ðdio sÔnolo stajerÿn jèsewn.

’Estw G(Q) h omĹda anĹlushc sthn jèsh Q. Sthn perÐptwsh pou (p, |G(Q)|) = 1, (kai γ tuqaÐo) èqoume ìti T^′ = T^i afoÔ gennoÔn kuklikèc upoomĹdec thc kuklikăc omĹdac anĹlushc kĹje jèshc pou stajeropoioÔn.

ApodeÐxame dhladă thn

Prìtash 1.1.2 ’Estw F/F_0 abeliană epèktash me omĹda Galois Gal(F/F_0) = A = s⨁ i=1 r_i⨁

j=1 Z_{ni}. Jètoume A_i = ⊕^{ri}_{j=1}Z_{ni} kai èstw A^{sj}_i h upoomĹda thc A_i pou gennĹtai apì ta stoiqeÐa pou stajeropoioÔn s_j jèseic. Ja sumbolÐzoume me γ(A^{sj}_i ) to gènoc twn swmĹtwn sunartăsewn F^{Asji} . An gia kĹje i, s_j ≠ 0 èqoume ìti

2 |A^{sj}_i |(γ(A^{sj}_i ) + 1) < s_j ,

kai oi tĹxeic twn omĹdwn anĹlushc twn jèsewn pou stajeropoioÔntai apì ta A^{sj}_i eÐnai peleÔjerec, ă γ(A^{sj}_i ) = 0 tìte A ⊲ G.

Ja qrhsimopoiăsoume kurÐwc to parakĹtw

Pìrisma 1.1.3 ’Estw F/F_0 kuklikă epèktash me omĹda Galois Gal(F/F_0) ∼= C_n ìpou F_0 rhtì sÿma sunartăsewn. ’Estw s to plăjoc twn jèsewn pou stajeropoieÐ o gennătorac thc kuklikăc omĹdac C_n. Sthn perÐptwsh pou 2n < s èqoume ìti C_n ⊲ Aut(F ).

Paratărhsh: An to F eÐnai èna uperelleiptikì sÿma sunartăsewn, tìte h uperelleiptikă involution orÐzei mia kanonikă upoomĹda tĹxhc dÔo thc omĹdac twn automorfismÿn.

1.2 EpektĹseic omĹdwn

To prìblhma thc epèktashc thc peperasmènhc omĹdac H me abelianì purăna A, eÐnai h eÔresh ìlwn twn omĹdwn G pou dèqontai thn A san kanonikă upoomĹda kai epiplèon G/A ∼= H. Ta parapĹnw ekfrĹzontai me thn mikră akribă akoloujÐa 1 −→ A −→ G^π−→ H −→ 1 H abeliană omĹda (Z-module ) A apoktĹ thn domă H-module mèsw thc drĹshc dia suzugÐac. Akribèstera, afoÔ o omomorfismìc π eÐnai epÐ, mporoÔme na dialèxoume mÐa section ρ thc H sthn G, dhladă gia kĹje h ∈ H na dialèxoume èna stoiqeÐo ρ(h) ∈ π^{−1}(h). Sthn sunèqeia orÐzoume drĹsh thc H sthn A:

a^h := ρ(h)aρ(h^{−1}), gia kĹje a ∈ A, kai h ∈ H.

ParathroÔme ìti o orismìc thc drĹshc eÐnai anexĹrthtoc thc section. H drĹsh mporeÐ na jeajeÐ wc mia parĹstash β tou H pĹnw stouc automorfismoÔc thc A: β : H −→ Aut(A). H abeliană omĹda A grĹfetai san eujÔ Ĺjroisma kuklikÿn upoomĹdwn: A = s⨁ i=1 r_i⨁

j=1 Z_{ni},

sunepÿc Aut(A) = ⊕^s_{i=1}GL_{ri} (Z_{ni}), ìpou me GL_{ri} (Z_{ni}) sumbolÐzoume touc antistrèyimouc r_i × r_i pÐnakec me stoiqeÐa apì ton daktÔlio Z_{ni}. H anaparĹstash β loipìn, mporeÐ na analujeÐ se èna eujÔ Ĺjroisma β = ⊕^s_{i=1}β_i ìpou β_i ∈ GL_{ri} (Z_{ni}) eÐnai antistrèyimoi r_i × r_i pÐnakec me suntelestèc ston daktÔlio Z_{ni}. Ja sumbolÐzoume me {β_i(σ)}_{k,l} 1 ≤ k, l ≤ r_i, ton pÐnaka pou antistoiqeÐ sthn β_i(σ).

Sthn eidikă perÐptwsh r_i = 1, èqoume ìti GL_1(Z_{ni}) ∼= Z^∗_{ni}.

Ja onomĹzoume duo epektĹseic G_1 kai G_2 isodÔnamec (o anagnÿsthc mporeÐ na elègxei ìti prìkeitai pragmatikĹ gia mÐa sqèsh isodunamÐac) an upĹrqei omomorfismìc ϕ pou na kĹnei to parakĹtw diĹgramma

1 −→ A ↗ ↘ G ϕ ↓ G^′ ↘ ↗ H −→ 1 antimetajetikì. EÐnai gnwstì ìti oi isodÔnamec, katĹ thn parapĹnw ènnoia, epektĹseic taxinomoÔntai apì tic klĹseic sunomologÐac H^2(H, A).

AxÐzei na parathrăsoume ìti eÐnai dunatìn se duo mh isodÔnamec epektĹseic oi {mesaÐec} omĹdec na eÐnai isìmorfec. Gia parĹdeigma ìlec oi epektĹseic thc kuklikăc omĹdac C_p me C_p, ìpou p prÿtoc arijmìc, eÐnai omĹdec tĹxhc p^2, sunepÿc abelianèc. Dhladă upĹrqoun mìno dÔo dunatìthtec gia thn {mesaÐa} omĹda, oi C_{2p} kai C_p × C_{p.} Apì thn Ĺllh upologÐzetai ìti H^2(C_p, C_p) ∼= C_p. FusikĹ, lìgw tou 5-lămmatoc o omomorfismìc ϕ eÐnai isomorfismìc, apì ìpou èqoume to parakĹtw frĹgma: i(H, A) ≤ | |H^2(H, A) | | ìpou i(H, A) sumbolÐzei to plăjoc twn mh isìmorfwn {mesaÐwn} omĹdwn pou pèrnoume epekteÐnontac thn omĹda H me A.

1.3 EpektĹseic tou Kummer

UpenjumÐzoume merikĹ basikĹ stoiqeÐa apì tic epektĹseic tou Kummer.

’Estw F/F_0 abeliană epèktash algebrikÿn swmĹtwn sunartăsewn, me abeliană omĹda Galois A. ’Estw m o ekjèthc thc A, dhladă to elĹqisto koinì pollaplĹsio twn tĹxewn twn stoiqeÐwn thc A. Ja onomĹzoume thn epèktash F/F_0 m-epèktash tou Kummer , ìtan to sÿma F_0 èqei m to plăjoc diaforetikèc m-rÐzec thc monĹdac. H upìjesh aută èqei wc epakìloujo, to ìti (|A|, p) = 1. Ja sumbolÐzoume me Â thn omĹda twn qaraktărwn thc A, dhladă Â = Hom(A, C )). AfoÔ h omĹda A eÐnai abeliană èqoume ìti A ∼= Â.

H parakĹtw prìtash qarakthrÐzei tic epektĹseic tou Kummer.

Prìtash 1.3.1 ’Estw F/F_0 epèktash tou Kummer thc opoÐac h omĹda Galois èqei ekjèth m^′ | m. Ja sumbolÐzoume me M(F^∗) thn upoomĹda tou F^∗, twn stoiqeÐwn twn opoÐwn oi m dunĹmeic anăkoun sto F^∗_0 kai me N(F^∗_0 ) < F_0 thn upoomĹda tou F_0 twn m dunĹmewn tou M(F^∗). ’Eqoume thn akribă akoloujÐa 1 −→ F^∗_0 −→ M(F^∗)^λ−→ Â −→ 1, ìpou h sunĹrthsh λ stèlnei to stoiqeÐo ρ ston qaraktăra χ_ρ, orismèno apì

χ_ρ(s) := s(ρ) ρ , s ∈ A. IsqÔei ìti M(F^∗)/F^∗_0 ∼= A. EpÐshc F = F_0(M(F^∗)) kai to sÿma F eÐnai peperasmèna paragÿmeno F = F_0(y_1, ..., y_r), apì ta y_i ∈ M(F^∗), an kai mìno an ta cosets y_iF_0 gennoÔn thn omĹda M(F^∗)/F^∗.

Epiplèon h sunĹrthsh μ : { M(F^∗) −→ N(F^∗)/F^{∗m} y −→ y^mF^{∗m} eÐnai epimorfismìc me purăna ker μ = F^∗_0 . Sunepÿc

M(F^∗)

F^∗_0

∼= N(F^∗) F^{∗m}_0 ∼= A. Tèloc an ta stoiqeÐa u_1, ..., u_r eÐnai tètoia ÿste ta cosets u_iF^{∗m}_0 gennoÔn thn omĹda N(F^∗)/F^{∗m}_0 , tìte F = F_0(^m √ u_1, ...,^m √ u_r).

Apìdeixh: Jacobson [15] kef. 8.9 II tìmoc.

Ac upojèsoume ìti h F eÐnai mia epèktash tou Kummer tou F_0 me abeliană omĹda Galois A := Gal(F/F_0), thc opoÐac o ekjèthc eÐnai m. Upojètoume epÐshc ìti h omĹda A eÐnai kanonikă upoomĹda thc plărouc omĹdac automorfismÿn G tou F, me Ĺlla lìgia h parakĹtw akoloujÐa 1 −→ A −→ G −→ H −→ 1, (1.2) eÐnai akribăc. H eÐnai mia upoomĹda thc omĹdoc automorfismÿn tou sÿmatoc sunartăsewn F_0. GrĹfoume thn abeliană omĹda A san èna eujÔ Ĺjroisma kuklikÿn upoomĹdwn A = s⨁ i=1 r_i⨁

j=1 Z_{ni}. To sÿma F grĹfetai F = F_0(y_1, ..., y_t) ìpou y_i ∈ M(F^∗), an kai mìno an ta cosets y_iF^∗_0 gennoÔn thn M(F^∗)/F^∗_0 , ă isodÔnama an

F = F_0(^m √ u_1,^m √ u_2, ....,^m √ u_t), ìpou^m √ u_i eÐnai mia m-ostă rÐza tou u_i, an kai mìno an ta u_1, ..., u_t eÐnai stoiqeÐa tou N(F^∗) tètoia ÿste ta cosets u_iF^{∗m}_0 na gennoÔn N(F^∗)/F^{∗m}_0 .

Ja sumbolÐzoume me ỹ_i to diĹnusma (y_{1,i}, ..., y_{ri,i}) 1 ≤ i ≤ s, twn antiprosÿpwn apì cosets tètoia ÿste ta y_{1,i}F^∗, ..., y_{ri,i}F^∗ na genoÔn thn ⨁_{ri} j=1 Z_{ni} < A kai ũ_i to diĹnusma (u_{1,i}, ..., u_{ri,i}) 1 ≤ i ≤ s, tètoio ÿste ỹ^m_i = ũ_i dhladă y^m_{j,i} = u_{j,i} 1 ≤ j ≤ r_i, 1 ≤ i ≤ s.

Gia èna diĹnusma a = (a_i)_{i=1,...,λ} apì edÿ kai sto exăc ja sumbolÐzoume me a^m to diĹnusma (a^m_i )_{i=1,...,λ}. Tèloc me ȳ = (ỹ_1, ..., ỹ_s) (antÐst. ū = (ũ_1, ..., ũ_s) ) sumbolÐzoume to diĹnusma pou apoteleÐtai apì ìla ta ỹ_i (antic. ũ_i), i = 1, ..., s. O isomorfismìc tou Kummer A ∼= M(F^∗)/F^∗_0 mac epitrèpei na grĹyoume thn drĹsh thc G epÐ thc A se ìrouc twn gennhtìrwn ỹ_i, katĹ ton akìloujo trìpo:

σ(ỹ_1, ..., ỹ_s) mod F^∗_0 = (ỹ^{β1 (σ)}_1 , ..., ỹ^{βs(σ)}_s ) mod F^∗_0 ,

ìpou ỹ^{βi(σ)}_i = ( ∏_{ri} ν=1 y^{βi (σ)1,ν} ν,i , ..., ∏_{ri} ν=1 y^{βi(σ)1,ri} ν,i ) mod F^∗_0 kai β_i(σ) ∈ GL_{ri} (Z_{ni}).

Sunepÿc upĹrqei èna diĹnusma B̄(σ) = (B̃_1(σ), ..., B̃_s(σ)) sto F^{∗(r1+...+rs)}_0 , tètoio ÿste σ(ȳ) = ȳ^{β(σ)}B̄(σ). Ta stoiqeÐa B̄(σ) mporoÔn na prosdioristoÔn apì thn exÐswsh ȳ^m = ū. PrĹgmati,

σ(ỹ_i)^m = (_{ri} ∏ ν=1 y^{βi(σ)1,ν} ν,i , ..., r_i∏

ν=1 y^{βi (σ)1,ri} ν,i )_m mod F^∗_0 =

= (_{ri} ∏ ν=1 u^{βi(σ)1,ν} ν,i , ..., r_i∏

ν=1 u^{βi(σ)1,ri} ν,i ) mod F^{∗m}_0 . (1.3)

Sunepÿc,

σ(ũ_i) = σ(ỹ_i)^n = (_{ri} ∏ ν=1 u^{βi(σ)1,ν} ν,i B_{i,1}(σ), ..., r_i∏

ν=1 u^{βi(σ)1,ri} ν,i B_{i,ri} (s) ) = ũ^{βi(σ)}_i B̃_i(σ)^m. (1.4)

H parapĹnw exÐswsh mac dÐnei mia ikană kai anagkaÐa sunjăkh gia na mporoÔme na epekteÐnoume automorfismoÔc tou sÿmatoc F_0 se automorfismoÔc tou F . Sugkekrimèna isqÔei h parakĹtw prìtash:

Prìtash 1.3.2 O automorfismìc σ_0 tou F_0, epekteÐnetai se automorfismì thc Kummer epèktashc F an kai mìno an oi exisÿseic: σ_0(ũ_i) = ũ^{βi(σ)}_i · x̃_i^m, i = 0, ..., s, èqoun lÔseic x̃_i sto F^∗_0 .

1.3.1 Diakladÿseic se epektĹseic tou Kummer

Se kuklikèc epektĹseic tou Kummer isqÔei h parakĹtw prìtash ([26], sel. 111)

Prìtash 1.3.3 ’Estw F_0/k algebrikì sÿma sunartăsewn, orismèno upèr to algebrikĹ kleistì sÿma stajerÿn k. ’Estw n fusikìc arijmìc. Upojètoume ìti u ∈ F_0 eÐnai stoiqeÐo pou na ikanopoieÐ u ≠ w^d gia kĹje w ∈ F_0 kai gia kĹje d | n, d > 1. Sthn kuklikă epèktash tou Kummer F^′_0 = F_0(y), y^n = u o deÐkthc diaklĹdwshc e_P kai to plăjoc twn jèsewn r_P tou F^′_0 pou epekteÐnoun mia jèsh P tou F_0, upologÐzontai wc exăc:

r_P = (n, υ_P (u)), e_P = n r_P , (1.5)

ìpou υ_P eÐnai h diakrită ektÐmhsh tou F_0 pou antistoiqeÐ sth jèsh P .

Sthn sunèqeia F ja eÐnai mÐa abeliană epèktash tou F_0, me omĹda Galois A. ’Estw Q mia jèsh tou F h opoÐa diakladÐzetai sthn epèktash F/F_0 kai èstw P o periorismìc thc sto sÿma F_0. Ja sumbolÐzoume me A(Q) < A, thn upoomĹda anĹlushc pou antistoiqeÐ sthn jèsh Q. H omĹda A(Q) eÐnai isìmorfh me thn omĹda adraneÐac A_0(Q), afoÔ to sÿma twn stajerÿn k, eÐnai algebrikĹ kleistì. ParathroÔme ìti h A(Q) perièqetai mìno se èna eujÔ kuklikì prosjetaÐo thc A. ’Estw yF^∗ ènac gennătorac autoÔ tou kuklikoÔ prosjetaÐou, kai y_1F^∗, .., y_nF^∗ oi gennătorec twn Ĺllwn kuklikÿn prosjetaÐwn thc omĹdac A, kĹtw apì thn taÔtish tou Kummer , ìpwc aută dÐnetai sthn (1.3.1). Sthn epèktash F_0(y_1, ..., y_n)/F_0 h jèsh P den diakladÐzetai, Ĺra diakladÐzetai mìno sthn epèktash F_0(y)/F_0 kai analÔetai plărwc sthn epèktash F/F_0(y). To sÔnolo twn jèsewn pou diakladÐzontai sthn epèktash F/F_0 loipìn, mporeÐ na upologisteÐ kĹnontac qrăsh thc jewrÐac twn kuklikÿn epektĹsewn tou Kummer (prìtash 1.3.3). H parapĹnw paratărhsh apodeiknÔei thn akìloujh Prìtash 1.3.4 ’Estw u_1, ..., u_t stoiqeÐa tou N(F^∗), tètoia ÿste ta cosets u_iF^{∗m}_0 na genoÔn thn N(F^∗)/F^{∗m}_0 . Gia kĹje u_i kai kĹje jèsh P tou F_0 jètoume r_i(P ) := (n_i, v_P (^{m/n}i √ u_i)), ìpou n_i eÐnai h tĹxh tou u_iF^{∗m}_0 sthn N(F^∗)/F^{∗m}_0 . An Q eÐnai mia jèsh tou F upèr to P èqoume ìti e(Q/P ) = n_i/r_i(P ), kai upĹrqoun^{|A|}_{e(Q/P )} jèseic tou F, upèr to P.

1.4 Upologismìc thc domăc omĹdoc

’Opwc eÐdame sthn parĹgrafo (1.3) h domă tou A san H-module perigrĹfetai plărwc apì thn antistoiqÐa Kummer .

H Ðdia jewrÐa mac dÐnei thn dunatìthta na perigrĹyoume ton sunomologiakì kÔklo α ∈ H^2(H, A) se ìrouc twn gennopoiìntwn rizikÿn.

Apì thn prìtash (1.3.2) èqoume ìti oi suntetagmènec tou B̄(σ) eÐnai n-ostèc rÐzec tou σ(ū)/ū^{β(σ)}. Diaforetikèc epilogèc n-ostÿn rizÿn katalăgoun se diaforetikèc epektĹseic tou automorfismoÔ σ se automorfismì tou F. Sthn glÿssa twn epektĹsewn omĹdwn, h epilogă twn n-ostwn rizÿn odhgeÐ se mÐa section ρ : H −→ G. O automorfismìc ρ(σ) orÐzetai wc exăc: ρ(σ) = { y −→ y^{β(σ)}B_σ u −→ σ(u) ∀u ∈ F_0 . Apì thn jewrÐa twn epektĹsewn omĹdwn, o 2-sunkÔkloc pou orÐzei thn sunomologiakă klĹsh α ∈ H^2(H, A) pou antistoiqeÐ sthn epèktash (1.2) dÐnetai apì [·, ·] : { G_0 × G_0 −→ A σ, τ −→ B^{β(τ)}σ σ(B_τ )B^{−1}_{στ} . (1.6)

1.4.1 Domă omĹdoc kai tÔpoc diaklĹdwshc

Se aută thn parĹgrafo, ja prospajăsoume na exetĹsoume thn epirroă tou tÔpou diaklĹdwshc sthn domă thc omĹdac automorfismÿn. EÐnai gnwstì apì tic ergasÐec twn Brand kai Stichtenoth [4], [3] ìti an A = C_q eÐnai kuklikă omĹda tĹxhc prÿtou arijmoÔ, tìte h domă thc epèktashc G kajorÐzetai apokleistikĹ apì thn sqetikă diaklĹdwsh stic epektĹseic F/F_0 kai F_0/F^G. Ja anazhtăsoume sunjăkec gia na isqÔei autì sthn genikă perÐptwsh.

UpenjumÐzoume ìti h abeliană omĹda A èqei tĹxh pou den diaireÐtai apì thn qarakthristikă p.

Ja xekinăsoume thn melèth mac apì thn {topikă} perÐptwsh: JewroÔme thn jèsh P tou F_0, kai èstw H(P ) h upoomĹda thc H pou kratĹ stajeră thn jèsh P . EÐnai gnwstì ìti ([20] sel. 68) H(P ) ∼= E_p(t) ⋊ C_m, ìpou h omĹda E_p(t) eÐnai stoiqeiÿdhc abeliană p-omĹda, tĹxhc p^t, kai h C_m, eÐnai kuklikă omĹda tĹxhc m. An α eÐnai h sunomologiakă klĹsh pou antistoiqeÐ sthn epèktash (1.2) h sunomologiakă klĹsh pou antistoiqeÐ sthn upoepèktash 1 −→ A −→ π^{−1}(H(P )) −→ H(P ) −→ 1, (1.7) isoÔtai me res_{H→H(P )}(α). Dedomènhc thc mikrăc akriboÔc akoloujÐac 1 −→ E_p(t) −→ E_p(t) ⋊ C_m −→ C_m −→ 1, kai tou ìti H^1(E_p(t), A) = 0 (upenjumÐzoume ìti (p, |A|) = 1), h restriction-inflation akoloujÐa dÐnei

1 −→ H^2 ( E_p(t) ⋊ C_m E_p(t) , A^{Ep(t)} ) −→ H^2(E_p(t) ⋊ C_m, A) −→ H^2(E_p(t), A) −→ 1. ’Ara, afoÔ H^2(E_p(t), A) = 0 (upenjumÐzoume ìti (p, |A|) = 1), èqoume ìti

H^2(E_p(t) ⋊ C_m, A) ∼= H^2(C_m, A^{Ep(t)}),

opìte prokeimènou na upologÐsoume thn domă omĹdoc π^{−1}(H(P )), arkeÐ na upologÐsoume thn domă omĹdoc G^′ := π^{−1}_1 (C_m) sthn epèktash: 1 −→ A^{Ep(t)} −→ G^{′ π1}−→ C_m −→ 1. QwrÐc periorismì thc genikìthtac loipìn ja upojètoume ìti H(P ) eÐnai kuklikă.

’Estw Q mia jèsh tou F uperĹnw thc jèsewc P . Ja apodeÐxoume to parakĹtw

Lămma 1.4.1 Sthn perÐptwsh pou h jèsh Q analÔetai plărwc sthn epèktash F/F_0, dhladă an A(Q) = 1, tìte h mikrĹ akribăc akoloujÐa 1 −→ A −→ π^{−1}(H(P )) −→ H(P ) −→ 1, diaspĹtai kai, isodÔnama, h antÐstoiqh sunomologiakă klĹsh res_{H→H(P )}α eÐnai tetrimmènh.

Apìdeixh: JewroÔme ton purăna kerβ thc parĹstashc β : H(P ) −→ Aut(A).

SÔmfwna me thn parapĹnw paratărhsh mporoÔme na upojèsoume ìti H(P ) ∼= C_m. H omĹda kerβ eÐnai peperasmènh upoomĹda thc kuklikăc omĹdac H(P ) ∼= C_m. ’Estw S ∈ π^{−1}(H(P )), tètoio ÿste h eikìna tou π(S) na eÐnai gennătorac thc kuklikăc omĹdac C_m. MporoÔme na dialèxoume gia gennătora tou kerβ < H(P ), to stoiqeÐo π(S)^r me r | m. Ex orismoÔ to π(S)^r dra sto tuqaÐo a ∈ A wc exăc: a^{π(S)r} = S^raS^{−r}. Apì thn Ĺllh afoÔ S^r ∈ kerβ èqoume ìti S^raS^{−r} = a, kai sunepÿc h omĹda π^{−1}(kerβ) pou parĹgetai apì ta stoiqeÐa thc A kai apì to S^r eÐnai abeliană.

’Estw T_1, T_2..., T_κ oi gennătorec thc abelianăc omĹdac A kai èstw n_i h tĹxh tou T_i. Ja sumbolÐzoume me G_i thn abeliană omĹda pou parĹgetai apì ta T_i, S^r.

Isqurizìmaste ìti kĹje p-Sylow upoomĹda thc G_i eÐnai isìmorfh me thn C_pv1 × C_pv2 , ìpou v_1, v_2 eÐnai oi ekjètec tou p sthn anĹlush tou n_i kai m/r se prÿtouc parĹgontec.

PrĹgmati, èstw p ènac prÿtoc diairèthc tou (n_i, m/r). ’Estw G^p_i mia p-Sylow upoomĹda tou G_i, kai A^i h omĹda pou parĹgetai apì ta T_j , j = 1, ..., k, j ≠ i SqhmatÐzoume ton parakĹtw pÔrgo swmĹtwn

G^p_i

F^{Ai} | L := F^{⟨Ai,T ni/pυ1i ⟩} | F_0 | F^{Cpv2}_0 | F^{Gi}

Q_1, ..., Q_pv1 \/ analÔetai plărwc P_1 | diakladÐzetai plărwc p_1

’Opou p_1 eÐnai o periorismìc thc jèshc P_1 sto F^{Cpv2}_0 , kai Q_1, ..., Q_pv1 oi epektĹseic thc jèshc P_1 tou F_0 sto F^{⟨Ai,T ni/pυ1i ⟩} =: L. H omĹda Gal(L/F_0) ∼= C_pv1 . An C eÐnai mia kuklikă upoomĹda tou G^p_i pou perièqei thn Gal(L/F_0) Gal(L/F_0) ≤ C ≤ G^p_i tìte C = Gal(L/F_0). DiaforetikĹ, ja upărqe èna endiĹmeso sÿma

L^C < L_T (Q_1) < L

pou ja antistoiqoÔse sthn omĹda anĹlushc C(Q_1) tètoio ÿste h Q_1 na analÔetai sthn epèktash L_T (Q_1)/L^C kai na diakladÐzetai sthn L/L_T (Q_1). To parapĹnw ìmwc eÐnai adÔnaton, afoÔ oi upoomĹdec miac kuklikăc p-omĹdoc C eÐnai plărwc diatetagmènec wc proc ton egkleismì. H paratărhsh aută mazÐ me to jeÿrhma taxinìmishc abelianÿn omĹdwn mac dÐnoun ìti G^p_i ∼= C_pv1 × C_pv2 . KĹnontac qrăsh tou jewrămatoc taxinìmhshc abelianÿn omĹdwn Ĺllh mia forĹ, paÐrnoume G_i = C_n × ker β Ĺra

π^{−1}(ker β) = A × ker β.

Sunepÿc A ∩ ⟨S^r⟩ = {1} . (1.8)

Epistrèfoume sthn melèth thc π^{−1}(C_m). H omĹda π^{−1}(C_m) mporeÐ na grafeÐ me thn boăjeia gennhtìrwn kai sqèsewn:

π^{−1}(C_m) = ⟨T^{ni}_i = 1, ST_iS^{−1} = T^{βi1 (S)}_1 · · · T^{βiκ (S)}_κ , S^x = 1⟩. (1.9)

Apomènei na upologÐsoume thn tĹxh x tou S. GnwrÐzoume ìti to π(S) èqei tĹxh m, Ĺra S^m ∈ A. Apì thn Ĺllh ìmwc S^m = (S^r)^{m/r} ∈ A sunepÿc (S^m) ∈ A ∩ ⟨S^r⟩ opìte kat’ anĹgkh S^m = 1 apì thn (1.8). Apì thn grafă thc π^{−1} se gennătorec kai sqèseic, pistopoioÔme ìti h omĹda π^{−1} eÐnai èna hmieujÔ ginìmeno.□

’Estw P jèsh tou F_0, kai H(P ) h omĹda anĹlushc thc. UpĹrqoun en gènei s to plăjoc diaforetikèc jèseic Q_1, ..., Q_s pou epekteÐnoun thn P sto F . H omĹda A eÐnai abeliană Ĺra ìlec oi omĹdec anĹlushc twn jèsewn Q_1, ..., Q_s eÐnai Ðsec. ’Estw loipìn A(Q) < A h omĹda anĹlushc miac apì autèc. AfoÔ h jèsh P diakladÐzetai plărwc sthn epèktash F_0/F^{H(P )}_0 èqoume ìti oi jèseic Q_1, ..., Q_s kai mìnon autèc epekteÐnoun thn jèsh p := P ∩ F^{H(P )} 0 sto F .

H omĹda Gal(F/F^{H(P )}_0 ) pou epekteÐnei thn H(P ) me A, dra dia suzugÐac kai metabatikĹ epÐ twn omĹdwn anĹlushc A(Q_i). Dhladă gia kĹje σ ∈ Gal(F/F^{H(P )}_0 ) to σA(Q)σ^{−1} = A(Q). Sunepÿc h A(Q) dèqetai thn domă enìc H(P )-module .

Lămma 1.4.2 An to H(P )-module A grĹfetai san eujÔ Ĺjroisma A = A(Q) ⊕ A/A(Q), tìte h domă thc omĹdac π^{−1}(H(P )) kajorÐzetai apì thn diaklĹdwsh thc jèshc P sthn epèktash F/F_0.

Apìdeixh: H diĹspash A = A(Q) ⊕ A/A(Q) mac epitrèpei thn diĹspash twn omĹdwn sunomologÐac kai idiaÐtera thc sunomologiakăc klĹshc pou antistoiqeÐ sthn epèktash omĹdwn 1.7 H^2(H(P ), A) = H^2(H(P ), A(Q)) ⊕ H^2(H(P ), A/A(Q)).

Sunepÿc, h sunomologiakă klĹsh α ∈ H^2(H(P ), A) pou antistoiqeÐ sthn epèktash 1.7 diaspĹtai se Ĺjroisma α = α_1+α_2, me α_1 ∈ H^2(H(P ), A(Q)) kai α_2 ∈ H^2(H(P ), A/A(Q)).

Efarmìzontac to lămma 1.4.1 sthn abeliană epèktash F^{A(Q)}/F_0, èqoume ìti α_2 = 0. □ Paratărhsh: H diĹspash A = A(Q) ⊕ A/A(Q) eÐnai isodÔnamh me to ìti oi kuklikèc omĹdec anĹlushc A(Q) eÐnai mègistec kuklikèc upoomĹdec sthn A, dhladă den upĹrqei kuklikă upoomĹda thc A, pou na perièqei gnăsia thn A(Q).

Paratărhsh: To prìblhma eÔreshc thc sunomologiakăc klĹshc α ∈ H^2(H(P ), A) mporeÐ na lĹbei kai mia deÔterh morfă {topikìthtac}. JewroÔme tic jèseic p, P, Q twn F^{H(P )} 0 , F_0 kai F antÐstoiqa pou apoteloÔn h kĹje mÐa periorismì thc Ĺllhc. Ja sumbolÐzoume me Com_p(F^{H(P )}_0 ), Com_P (F_0), Com_Q(F ) antÐstoiqa, tic plhrÿseic (sÿmata Laurent anaptugmĹtwn) twn swmĹtwn F^{H(P )}_0 , F_0, F wc proc tic jèseic p, P, Q antÐstoiqa.

Q

P

p F^{Hp}_0

F_0

F Com_Q(F )

Com_P (F_0)

Com_p(F^{Hp}_0 )

Dhladă èqoume anĹgei to prìblhma thc epèktashc ston upologismì thc omĹdac Galois sta topikĹ sÿmata. FusikĹ kai pĹli mporoÔme na èqoume mia akribă grafă gia ton sunkÔklo, h opoÐa prokÔptei apì thn exÐswsh (1.6) jewrÿntac kĹje ìro sthn topikopoÐhsh [·, ·] : { H(P ) × H(P ) −→ A(P ) σ, τ −→ B̂^{β(τ)}σ σ(B̂_τ )B̂^{−1}_{στ} , (1.10)

ìpou gia èna stoiqeÐo f ∈ F me f̂ ja sumbolÐzoume to anĹptugma Laurent tou.

O tÔpoc diaklĹdwshc kajorÐzei thn sunomologiakă klĹsh res_{G→G(P )}α topikĹ. Prokeimènou na apantăsoume sto kajolikì erÿthma, sugkentrÿnoume tic apantăseic apì ìla ta topikĹ problămata mazÐ: JewroÔme ton omomorfismì

H^2(H, A)^Φ−→ ∏ P H^2(H(P ), A) α −→ ∏ P res_{H→H(P )} α (1.11)

Gia na kajorÐzetai h olikă sunomologiakă klĹsh α apì ton {tÔpo diaklĹdwshc} arkeÐ o Φ na eÐnai {èna proc èna} ă isodÔnama

ker Φ = ⋂ P ker res_{H→H(P )} α = {1} Ja dÿsoume mÐa ikană sunjăkh pou na exasfalÐzei ìti h sunĹrthsh Φ, ìpwc aută orÐzetai sthn (1.11), na eÐnai monomorfismìc.

EÐnai gnwstì ìti an h S eÐnai mia upoomĹda thc peperasmènhc omĹdac H tìte h sÔnjesh cor_{S,H} ∘ res_{H,S} eÐnai pollaplasiasmìc me [H : S] ([32], pìrisma 2-4-9) . Dhladă gia S = H(P ) èqoume to parakĹtw metajetikì diĹgramma

H^2(H, A)^{[H:H(P )]}−→ H^2(H, A) res ↘ ↗ cor H^2(H(P ), A) .

O deÐkthc |H : H(P )| tautÐzetai me ton arijmì r_p twn jèsewn tou sÿmatoc F_0 pou epekteÐnoun mia jèsh p tou F^H_0 . IsqÔei loipìn to parakĹtw

Lămma 1.4.3 An r_p sumbolÐzei ton arijmì twn jèsewn tou sÿmatoc F_0, uperĹnw miac jèshc p tou F^H_0 kai epiplèon o mègistoc koinìc diairèthc ìlwn twn r_p eÐnai monĹda, ìtan to p diatrèqei tic jèseic tou F^H_0 , tìte o morfismìc Φ eÐnai monomorfismìc.

Dustuqÿc, o ker Φ den eÐnai se ìlec tic periptÿseic monĹda, kai sunepÿc h domă omĹdac thc epèktashc den kajorÐzetai apì ton tÔpo diaklĹdwshc. An gia parĹdeigma, to F_0 eÐnai èna sÿma sunartăsewn gènouc austhrĹ megalÔterou tou mhdenìc, tìte mporeÐ na upĹrqoun automorfismoÐ tou F_0, oi opoÐoi na mhn stajeropoioÔn kammÐa jèsh tou F_0, sunepÿc oi epektĹseic touc se automorfismoÔc miac abelianăc epèktashc F tou F_0, den gÐnetai na ephreĹzontai apì ton tÔpo diaklĹdwshc. Apì ton tÔpo twn Riemann-Hurwitz prokÔptei ìti an h omĹda H dra qwrÐc stajerĹ shmeÐa epÐ tou sÿmatoc F , tìte 2g_F − 2 = |H| · (2g_F H − 2), dhladă h tĹxh thc omĹdac H diaireÐ thn qarakthristikă tou Euler.

ParĹdeigma:’Estw F_0 èna elleiptikì sÿma sunartăsewn, orismèno epÐ enìc algebrikĹ kleistoÔ sÿmatoc k. H omĹda automorfismÿn tou F_0 eÐnai Ĺpeirh, afoÔ kĹje jèsh P ∈ E := P(F_0) epĹgei èna automorfismì P : { F_0 −→ F_0 Q −→ Q + P . Dhladă to sÔnolo twn jèsewn E tou F_0, apoteleÐ upoomĹda thc Aut(F_0). H omĹda twn automorfismÿn G(0) pou kratĹ stajerì to oudètero stoiqeÐo thc elleiptikăc kampÔlhc E, eÐnai isìmorfh me ([25], sel. 103)

G(0) ∼=

Z_2 an j(E) ≠ 0, 1728 Z_4 an j(E) = 1728, p ≠ 2, 3 Z_6 an j(E) = 0, p ≠ 2, 3 Z_3 ⋊ Z_4 an j(E) = 0, 1728, p = 3 (Z_2 × Z_2 × Z_2) ⋊ Z_3 an j(E) = 0, 1728, p = 2.

Olìklhrh de h omĹda automorfismÿn eÐnai isìmorfh me Aut(F_0) ∼= E ⋊ G(0). JewroÔme H mia peperasmènh upoomĹda thc omĹdac automorfismÿn enìc elleiptikoÔ sÿmatoc sunartăsewn F_0, h opoÐa na epekteÐnetai se automorfismoÔc miac abelianăc epèktashc F/F_0. Upojètoume epiplèon, ìti to gènoc tou F eÐnai megalÔtero tou 2. Apì thn domă thc Aut(F_0), èqoume ìti H ∼= H_{tor} ⋊ H(0), ìpou H_{tor} eÐnai upoomĹda peperasmènhc tĹxhc thc E kai H(0) ⊲ G(0). Oi automorfismoÐ pou epekteÐnoun thn H_{tor} sqhmatÐzoun mia upoomĹda twn automorfismÿn tou F me tĹxh |A|· |H_{tor}| h opoÐa dra eleÔjera epÐ tou F . Sunepÿc to |A|·|H_{tor}| ja prèpei na diaireÐ to 2g_F −2. Sthn eidikă perÐptwsh pou H_{tor} = {1}, èqoume ìti h sunĹrthsh Φ eÐnai monomorfismìc.

KefĹlaio 2

KampÔlec thc morfăc yn = f(x)

’Estw algebrikĹ kleistì sÿma k. Se autì to kefĹlaio ja jewrăsoume kuklikèc epektĹseic tou rhtoÔ sÿmatoc sunartăsewn k(x). JewroÔme to sÿma sunartăsewn F thc kampÔlhc y^n = f(x), ìpou to f(x) ∈ k[x] den eÐnai δ-dÔnamh gia kĹje δ | n. To F eÐnai mia kuklikă Kummer epèktash tou rhtoÔ sÿmatoc sunartăsewn k(x). AfoÔ to sÿma stajerÿn k eÐnai algebrikĹ kleistì, sthn epèktash F/k(x) den emfanÐzetai adrĹneia. H diaklĹdwsh kai h anĹlush twn jèsewn upologÐzetai wc exăc:

’Estw P mÐa jèsh tou k(x) kai èstw υ_P h diakrită ektÐmhsh pou thc antistoiqeÐ. To plăjoc r_P twn jèsewn tou F pou brÐskontai uperĹnw thc P eÐnai

r_P = (n, υ_P (f(x)) (2.1)

enÿ o antÐstoiqoc bajmìc diaklĹdwshc eÐnai e_P = n/r_P .

AnalÔoume to f(x) se ginìmeno anagÿgwn paragìntwn sto k[x]. f(x) = s∏ i=1 (x − ρ_i)^{di} . ’Eqoume ìti

υ_P (f) = d_i an P = P_{x=ρi} −d := ∑_s i=1 d_i an P = P_∞ 0 diaforetikĹ

(2.2)

Apì tic (2.1) kai (2.2) èqoume ìti

e_P = n/(n, d_i) an P = P_{x=ρi} n/(n, d) an P = P_∞ 1 diaforetikĹ

(2.3)

’Estw A_1, ..., A_n oi jèseic tou F pou epekteÐnoun to P_{x=0}, kai Q_{ρi,j} /j = 1, ..., (n, d_i) oi jèseic pou epekteÐnoun thn P_{x=ρi} kai Γ_i i = 1, ..., (n, d) oi jèseic pou epekteÐnoun to P_∞. Apì ta parapĹnw mporoÔme na upologÐsoume touc divisors twn sunartăsewn x, y.

(x) = n∑ i=1 A_i − n (n, d) (n,d)∑

i=1 Γ_i (2.4)

(y) = s∑ i=1 d_i (n, d_i) (n,d_i)∑

j=1 Q_{ρi,j} − (d,n)∑

j=1 d (n, d) Γ_j . (2.5)

PrĹgmati, gia touc suntelestèc tou divisor (y), arkeÐ na parathrăsoume ìti n · υ_Q(y) = υ_Q(f(x)) = e(Q/P ) · υ_P (f(x)). H diaforÐzousa thc diaqwrÐsimhc epèktashc F/k(x) upologÐzetai D(F/k(x)) = s∑ i=1 ( n (n, d_i) − 1 ) (n,d_i)∑ j=1 Q_{ρi ,j} + (n,d)∑

i=1 ( n (n, d) − 1 ) Γ_i (2.6)

Apì ton tÔpo (dx) = D(F/k(x)) − 2(x)_∞ ([13], sel. 455) kai thn (2.6) èqoume (dx) = s∑ i=1 ( n (n, d_i) − 1 ) (n,d_i)∑ j=1 Q_{ρi,j} + (n,d)∑

i=1 ( n (n, d) − 1 − 2n (n, d) ) Γ_i. (2.7)

Apì thn parapĹnw exÐswsh mporoÔme na upologÐsoume to gènoc tou F . PrĹgmati deg dx = 2g_F − 2, Ĺra

g_F = 1 + 1 2 ( ns − s∑ i=1 (n, d_i) − n − (n, d) ) . (2.8)

Jètoume ω := dx/y^{n−1}, kai parathroÔme ìti gia na eÐnai èna diaforikì thc morfăc x^κy^λω, olìmorfo prèpei kai arkeÐ nd − d − n − (n, d) − λd − κn ≥ 0, (2.9) λd_i + n − nd_i + d_i − (n, d_i) ≥ 0, κ ≥ 0 (2.10) Sthn genikă perÐptwsh ta olìmorfa diaforikĹ eÐnai polÔ perissìtera apì autĹ thc morfăc x^κy^λω. Sthn eidikă ìmwc perÐptwsh d_i = 1, dhladă ìtan kanèna peperasmèno shmeÐo thc afinikăc kampÔlhc y^n = f(x) den eÐnai idiìmorfo, tìte oi sunjăkec 2.10 anĹgontai stic κ ≥ 0, λ ≥ 0, kai o T owse [28] apèdeixe ìti to sÔnolo

I := { (κ, λ) ∈ N^2 : nd − d − n − (n, d) − λd − κn ≥ 0 } èqei plhjĹrijmo akribÿc g_F . ’Ara to sÔnolo x^κy^λω, (κ, λ) ∈ I, (2.11) apoteleÐ mÐa bĹsh olìmorfwn diaforikÿn.

Ja perioristoÔme se epektĹseic gia tic opoÐec isqÔei h sunjăkh (n, d_i) = 1 gia ìla ta i = 1, ..., s, ă isodÔnama se kuklikèc Kummer epektĹseic, stic opoÐec oi jèseic pou diakladÐzontai, diakladÐzontai plărwc.

QwrÐc periorismì thc genikìthtac mporoÔme na perioristoÔme se sunartăseic f(x) = s∏ i=1 (x − ρ_i)^{di} , d_i ∈ Z tètoiec ÿste 0 < d_i < n kai d := ∑_s i=1 d_i ≡ 0 mod n, dhladă to epĹpeiro shmeÐo thc kampÔlhc den diakladÐzetai.

Apì thn exÐswsh (2.8) kai lambĹnontac upìyhn ìti (n, d_i) = 1, (n, d) = n lambĹnoume ton parakĹtw tÔpo gènouc: g = (n − 1)(s − 2) 2 .

ApodeÐxame sto pìrisma 1.1.3 ìti upì thn proôpìjesh 2n < s, h omĹda Gal(F/F_0) ⊲ G. H sunjăkh 2n < s eÐnai isodÔnamh me thn (n − 1)^2 < g_F .

Sthn eidikă perÐptwsh k = C kai n = p eÐnai prÿtoc, oi Victor Gonzalez kai Rubi Rodriguez [7] èdwsan mÐa kalÔterh sunjăkh: QrhsimopoÐhsan to gnwstì apotèlesma ìti mÐa kampÔlh C eÐnai èna p−kuklikì kĹlumma thc probolikăc eujeÐac an kai mìno an èqei èna g^1_p eleÔjero bĹshc grammikì sÔsthma kai to ìti h omĹda automorfismwn metajètei ìla ta grammikĹ sustămata thc morfăc g^1_p. Sunepÿc an to grammikì sÔsthma g^1_p, eÐnai monadikì, tìte h kuklikă omĹda Galois Gal(C/P^1), eÐnai kanonikă sthn G. MÐa ikană sunjăkh ÿste èna grammikì sÔsthma g^1_p na eÐnai monadikì eÐnai: 2 ≤ p ≤ g 2 + 1, (2.12)

ìpwc apèdeixan oi Arbarello-Cornalba sto [2], Ĺra, an isqÔei h (2.12), tìte C_p ⊲ G.

2.1 Sunjăkec epektasimìthtac

Ja antimetwpÐsoume s’ aută thn parĹgrafo to antÐstrofo prìblhma. G_0 eÐnai mÐa tuqaÐa peperasmènh upoomĹda thc omĹdac automorfismÿn tou rhtoÔ sÿmatoc sunartăsewn F_0. EÐnai dunatìn na epekteÐnoume kĹje automorfismì tou G_0, se èna automorfismì tou F ?

H parĹstash drĹshc sthn perÐptwsh mac, ìpou h epèktash tou Kummer parĹgetai apì èna gennopoiìn rizikì mìno, anĹgetai se èna omomorfismì β : { H −→ Aut(C_n) ∼= Z^∗_n σ −→ β(σ) mod n , (2.13) H parakĹtw prìtash dÐnei mÐa ikană kai anagkaÐa sunjăkh.

Prìtash 2.1.1 ’Estw D = div(f(x))_0 o rizikìc divisor tou poluwnÔmou f(x) tou sÿmatoc F_0. Upojètoume ìti deg(D) = d ≡ 0 mod n ’Estw σ_0 ènac automorfismìc tou F_0.

(a) Ta parakĹtw eÐnai isodÔnama:

• Gia kĹje automorfismì σ_0 thc G_0 isqÔei

σ_0(D) ≡ β(σ_0)D mod n

• UpĹrqei ènac automorfismìc σ tou sÿmatoc sunartăsewn F tètoioc ÿste σ|_{F0} = σ_0.

(b) Ta parakĹtw eÐnai isodÔnama:

• UpĹrqei ènac automorfismìc σ tou sÿmatoc sunartăsewn F tètoioc ÿste σ|_{F0} = σ_0 kai σT = T σ ìpou T eÐnai gennătorac thc kuklikăc omĹdac Gal(F/F_0). • σ(D) = D. ìpou grĹfontac D ≡ D^′ mod n, gia duo divisors me ton Ðdio forèa, ennooÔme ìti u_P (D) ≡ u_P (D^′) gia kĹje P |D, D^′.

Apìdeixh:

(a) H genikă sunjăkh epektasimìthtac pou dÿsame sthn prìtash 1.3.2 mac dÐnei ìti ìti o automorfismìc σ_0 tou F_0 epekteÐnetai se se automorfismì thc Kummer epèktashc F = F_0(y), y^n = f(x) an kai mìno an h sunĹrthsh

σ_0(f(x)) f(x)^{β(σ0)} , eÐnai n-ostă dÔnamh rhtăc sunĹrthshc sto sÿma k(x). Dhladă kĹje suntelestăc tou kurÐou divisor thc parapĹnw sunĹrthshc eÐnai pollaplĹsio tou n. ’Eqoume loipìn gia u = f(x) div_{F0} ( σ_0(u) u^{β(σ0 )} ) = σ_0(div_{F0} (u)) − β(σ_0)div_{F0} (u)

= σ_0(div_0(u)) − σ_0(div_∞(u)) − β(σ_0)div_0(u) + β(σ_0)div_∞(u).

’Omwc èqoume proupojèsei ìti div_∞(u) = deg(f(x)) eÐnai pollaplĹsio tou n, sunepÿc kai to σ_0(div_0(u)) − β(σ_0)div_0(u) eÐnai pollaplĹsio tou n.

(b) AfoÔ h epèktash σ sto F tou σ_0 metatÐjetai me ton gennătora T èqoume ìti β(σ_0) = 1, kai sunepÿc isqÔei: σ_0(D) ≡ D mod n.

To apotèlesma prokÔptei telikĹ apì to ìti 0 < d_i < n. □

UpenjumÐzoume ìti D = div(f(x))_0. To supp(D) isoÔtai me to sÔnolo twn jèsewn tou F_0 pou diakladÐzontai sthn epèktash F/F_0. AfoÔ C_n ⊲ G, kĹje automorfismìc σ thc G, metajètei tic jèseic tou supp(D). Oi stajerèc jèseic tou supp(D) upì thn drĹsh tou G_0 diakladÐzontai sthn epèktash F_0/F^{G0}_0 .

Orismìc 2.1.2 ’Estw G_0 mÐa peperasmènh omĹda automorfismÿn tou rhtoÔ sÿmatoc sunartăsewn F_0 kai èstw A := {P_1, ..., P_f } to sÔnolo twn jèsewn tou F_0 pou diakladÐzontai sthn F_0/F^{G0}_0 . ’Estw epÐshc A_R ⊂ A èna G_0- analloÐwto uposÔnolo tou A kai β : G_0 −→ Z^∗_n ènac omomorfismìc omĹdwn. Me D_n(G_0, A_R ⊂ A, β) ⊂ Div(F_0), ja sumbolÐzoume to uposÔnolo twn divisors D tou F_0 tètoio ÿste:

• H omĹda G_0 afănei to supp(D) analloÐwto,

• A ∩ supp(D) = A_R,

• (v_P (D), n) = 1 gia ìlec tic jèseic P ∈ supp(D).

• σ(D) ≡ β(σ)D mod n gia ìla ta σ ∈ G_0.

Paratărhsh: ’Estw D ∈ D_n(G_0, A_R ⊂ A, β). Oi stajerèc jèseic tou supp(D) upì thn drĹsh thc omĹdac G_0 diakladÐzontai sthn epèktash F_0/F^{G0}_0 . An σ ∈ G_0 stajeropoieÐ mÐa jèsh P ∈ supp(D) tìte β(σ) ≡ 1 mod n. PrĹgmati , σ(D) ≡ β(σ)D mod n kai v_P (D) ≡ β(σ)v_P (D) mod n Ĺra β(σ) ≡ 1 mod n afoÔ v_P (D) ∈ Z^∗_n.

Lămma 2.1.3 An β(σ) ≡ 1 mod n gia ìla ta P tètoia ÿste σ(P ) = P kai gia ìla ta σ ∈ G_0, tìte to sÔnolo D_n(G_0, A_R ⊂ A, β) den eÐnai kenì.

Apìdeixh: Ja kataskeuĹsoume katarqăn to sÔnolo supp(D). ’Estw mÐa jèsh Q_1 tou F_0 kai èstw h troqiĹ O(Q_1, G_0) tou Q_1 upì thn drĹsh tou G_0. Dialègoume mÐa jèsh Q_2 ektìc tou O(Q_1, G_0) kai jewroÔme thn troqiĹ O(Q_2, G_0).

Me autì ton trìpo mporoÔme na kataskeuĹsoume èna sÔnolo troqiÿn O(Q_i, G_0) tètoiec ÿste

O(Q_i, G_0) ∩ O(Q_j , G_0) = ∅ gia i ≠ j

kai A_R ⊂ ⋃_s i=1 O(Q_i, G_0). JewroÔme èna divisor D o opoÐoc na èqei san forèa tou D

supp(D) := s⋃ i=1 O(Q_i, G_0). Gia kĹje P ∈ O(Q_i, G_0) jètoume v_P (D) := λ(Q_i) · β(σ), ìpou σ eÐnai to stoiqeÐo thc G_0 tètoio ÿste σ(Q_i) = P, kai λ(Q_i) eÐnai opoiosdăpote akèraioc prÿtoc me ton n. Argìtera ja dialèxoume katĹllhla λ(Q_i) ètsi ÿste na exasfalÐsoume deg(D) ≡ 0 mod n. O divisor D eÐnai kalĹ orismènoc afoÔ an σ, σ^′ ∈ G_0 tètoia ÿste σ(Q_i) = σ^′(Q_i) = P tìte σ^′ ·σ^{−1}(Q_i) = Q_i sunepÿc β(σ^′ ) ≡ β(σ) mod n.□

Orismìc 2.1.4 ’Estw G_0 mia peperasmènh omĹda automorfismÿn tou rhtoÔ sÿmatoc sunartăsewn F_0 kai èstw A = {P_1, ..., P_f }, A_R ⊂ A ìpwc kai ston orismì 2.1.2. Ja lème ìti o tÔpoc diaklĹdwshc (G_0, A_R ⊂ A, β) ulopoieÐtai, an upĹrqei kuklikă epèktash F tou F_0 orismènh ìpwc sthn selÐda 15, tètoia ÿste C_n = Gal(F/F_0) na eÐnai mÐa kanonikă upoomĹda olìklhrhc thc omĹdac automorfismÿn G, G/C_n ∼= G_0 kai to sÔnolo A_R na apoteleÐtai apì tic jèseic tou A pou diakladÐzontai sthn epèktash F/F_0.

An o divisor D ∈ D_n(G_0, A_R ⊂ A, β) mporeÐ na kataskeuasteÐ ètsi ÿste

deg D ≡ 0 mod n

kai h Ĺpeirh jèsh P_∞ /∈ supp D, tìte o tÔpoc diaklĹdwshc (G_0, A_R ⊂ A, β) ulopoieÐtai. PrĹgmati, jètoume F = F_0(y), ìpou

y^n = ∏ P ∈supp(D) (x − x(P ))^{vp (D)},

kai x(P ) ∈ k sumbolÐzei to peperasmèno shmeÐo tou P^1(k), pou antistoiqeÐ sthn jèsh P. O isqurismìc prokÔptei apì thn prìtash 2.1.1. Ac shmeiwjeÐ ìti prokeimènou na exasfalÐsoume ìti G_0 ⊲ G arkeÐ na pĹroume

# supp(D) > [n/2] + 1.

Sthn perÐptwsh pou deg D ≡ 0 mod n kai P_∞ ∈ supp D, mporoÔme na broÔme èna metasqhmatismì Möbius a ∈ P GL(2, k) tètoio ÿste P_∞ /∈ Q(supp D), ètsi ÿste o tÔpoc diaklĹdwshc (QG_0Q^{−1}, Q(A_R) ⊂ Q(A), β) na eÐnai ulopoiăsimoc.

Ja upologÐsoume ton bajmì tou D ∈ D_n(G_0, A_R ⊂ A, β). ’Estw σ_0 ènac tuqaÐoc automorfismìc tou G_0 tĹxhc m. To sÔnolo supp(D) diaqwrÐzetai se troqièc upì thn drĹsh tou σ_0 :

supp(D) = k_{σ0}⋃

i=1 O(P_i, ⟨σ_0⟩). ’Estw P ∈ supp(D), kai mÐa P jèsh pou na mhn stajeropoieÐtai apì ton σ_0. H troqiĹ tou P upì thn drĹsh tou ⟨σ_0⟩ eÐnai O(P, ⟨σ_0⟩) = {P, σ_0(P ), ..., σ^{m−1}_0 (P )}

(parathroÔme ìti an P den stajeropoieÐtai apì ton metasqhmatismì Möbius σ_0 tìte den stajeropoieÐtai apì kamÐa dÔnamh tou σ_0.) H parapĹnw troqiĹ antistoiqeÐ ston divisor m−1∑ i=0 λβ(σ^i_0)σ^i_0(P ) :

tou opoÐou o bajmìc upologÐzetai modulo p^a m−1∑ i=0 λβ(σ^i_0) = { λ^{β(σ0)m −1} β(σ_0)−1 ≡ 0 mod p

a an β(σ_0) ̸≡1 mod p^a λm mod p^a an β(σ_0) ≡ 1 mod p^a

, (2.14)

gia kĹje p^a | n tètoio ÿste p^{a+1} ∤ n.

Paratărhsh 2.1.5 ParathroÔme ìti an P ∈ supp(D), ìpou D ∈ D_n(G_0, A_R ⊂ A, β), eÐnai divisor bajmoÔ deg(D) ≡ 0 mod n, kai P eÐnai mÐa stajeră jèsh tou σ ∈ G_0, tìte β(σ) ≡ 1 mod n. An σ èqei duo stajerèc jèseic P_1, P_2 kai P_1 ∈ supp(D), P_2 /∈ supp(D) tìte kat anĹgkhn èqoume (n, m) = 1, ìpou m eÐnai h tĹxh tou σ. PrĹgmati, o bajmìc tou D eÐnai

deg(D) = v_{P1} (D) + ∑ λ_im ≡ 0 mod n. Ja prèpei loipìn (n, m)|v_{P1} (D), Ĺtopo, ektìc an (n, m) = 1.

Lămma 2.1.6 An upĹrqei σ ∈ G_0 tètoio ÿste β(σ) ̸≡1 mod p^a, gia kĹje prÿto p, ìpou p^a | n, p^{a+1} ∤ n , tìte kĹje divisor D ∈ D_n(G_0, A_R ⊂ A, β) èqei bajmì 0 mod n.

Apìdeixh: O σ dra epÐ tou supp(D) qwrÐc stajerĹ shmeÐa, afoÔ β(σ)≢1 mod n. To apotèlesma prokÔptei apì thn exÐswsh 2.14.□

Lămma 2.1.7 Sthn perÐptwsh pou A_R = ∅, dhladă kamÐa apì tic jèseic pou diakladÐzontai sthn epèktash F_0/F^{G0}_0 den diakladÐzetai sthn epèktash F/F_0 tìte mporoÔme na kataskeuĹsoume èna divisor D ∈ D_n(G_0, A_R ⊂ A, β) bajmoÔ 0 mod n.

Apìdeixh: ParathroÔme ìti h omĹda G_0 dra qwrÐc stajerĹ shmeÐa sto supp(D), afoÔ A_R = ∅. ’Ara mporoÔme na pĹroume Ĺrtio arijmì apì troqièc O(Q_i, G_0) i = 1, ..., r kai na jèsoume λ(Q_i) ≡ −λ(Q_{r−i}) mod n. H kataskeuă aută mac dÐnei ìti deg D ≡ 0 mod n. □

2.2 Domă omĹdoc

2.2.1 Peperasmènec upoomĹdec thc P GL(2, k)

Oi peperasmènec omĹdec automorfismÿn enìc rhtoÔ sÿmatoc sunartăsewn dÐnontai apì to parakĹtw

Jeÿrhma 2.2.1 [30] ’Estw F_0 = k(x) èna rhtì sÿma sunartăsewn me sÿma stajerÿn k algebrikĹ kleistì, qarakthristikăc p ≥ 0. ’Estw G_0 mÐa mh-tetrimènh peperasmènh omĹda automorfismÿn tou F_0 kai F_1 := F^{G0}_0 to sÿma twn stajerÿn stoiqeÐwn thc G_0. ’Estw r to plăjoc twn jèsewn tou F_1 pou diakladÐzontai sthn epèktash F_0/F_1 kai e_1, ..., e_r oi antÐstiqoi deÐktec diaklĹdwshc. H omĹda G_0 eÐnai mÐa apì tic parakĹtw omĹdec kai h epèktash F_0/F_1 èqei èna apì touc parakĹtw tÔpouc diaklĹdwshc

1. Kuklikă omĹda C_m tĹxhc m prÿthc proc thn qarakthristikă p me tÔpo diaklĹdwshc r = 2, e_1 = e_2 = |G_0|

2. Stoiqeiÿdhc abeliană p-omĹda me tÔpo diaklĹdwshc r = 1, e = |G_0|

3. Diedrikă omĹda D_m tĹxhc 2m ìpou p = 2, (p, m) = 1, me tÔpo diaklĹdwshc r = 2, e_1 = 2, e_2 = n ă p ≠ 2, (p, m) = 1, me tÔpo diaklĹdwshc r = 3, e_1 = e_2 = 2, e_3 = m.

4. H enallĹsousa omĹda A_4 sthn perÐptwsh qarakthristikăc p ≠ 2, 3 me tÔpo diaklĹdwshc r = 3, e_1 = 2, e_2 = e_3 = 3.

5. H summetrikă omĹda S_4 sthn perÐptwsh qarakthristikăc p ≠ 2, 3 me tÔpo diaklĹdwshc r = 3, e_1 = 2, e_2 = 3, e_3 = 4.

6. H enallĹsousa omĹda A_5 ìpou p = 3, me tÔpo diaklĹdwshc r = 2, e_1 = 6, e_2 = 5, ă p ≠ 2, 3, 5 me tÔpo diaklĹdwshc r = 3, e_1 = 2, e_2 = 3, e_3 = 5.

7. HmieujÔ ginìmeno stoiqeiÿdouc abelianăc p−omĹdac tĹxhc q me kuklikă omĹda tĹxhc m ìpou m|q − 1 kai tÔpo diaklĹdwshc r = 2, e_1 = |G_0|, e_2 = m.

8. P SL(2, q) sthn perÐptwsh qarakthristikăc p ≠ 2, q = p^m kai tÔpo diaklĹdwshc r = 2, e_1 =^{q(q−1)}_2 , e_2 =^{q+1}_2 .

9. P GL(2, q) sthn perÐptwsh qarakthristikăc q = p^m kai tÔpo diaklĹdwshc r = 2, e_1 = q(q − 1), e_2 = q + 1.

2.2.2 SunomologiakoÐ upologismoÐ

An h omĹda C_n eÐnai èna tetrimmèno G_0 module dhladă h sunĹrthsh β ìpwc orÐsthke sthn (2.13) eÐnai tetrimmènh, tìte eÐnai sqetikĹ eÔkolo na upologÐsoume thn omĹda sunomologÐac kĹnontac qrăsh tou {pagkosmÐou jewrămatoc suntelestÿn}: [3]

H^2(G_0, C_n) ∼= Hom (H_2(G_0, Z), C_n) ⊕ Ext (H_1(G_0, Z), C_n) , (2.15)

ìpou o daktÔlioc Z jewreÐtai edÿ san tetrimmèno G_0-module . H omologikă omĹda H_2(G, Z) eÐnai o pollaplasiastăc tou Schur o opoÐoc eÐnai gnwstìc gia ìlec tic peperasmènec upoomĹdec P GL(2, k) [3] pou emfanÐzontai sto jeÿrhma 2.2.1. H omĹda omologÐac H_1(G_0, Z) eÐnai h abelianopoÐhsh^{G0}_{[G0,G0]} thc G_0. KĹnontac qrăsh twn parapĹnw apotelesmĹtwn mporoÔme na upologÐsoume ton parakĹtw pÐnaka sunomologÐac

OmĹda G_0 H^2(G_0, C_n) C_m Z_{(n,m)} D_m 0 an (n, 2) = 1 Z_2 an (n, 2) = 2, (m, 2) = 1 Z_2 × Z_2 × Z_2 an (n, 2) = (m, 2) = 2 A_4 Z_{(n,2)} × Z_{(n,3)} A_5 Z_{(2,n)} S_4 Z_{(2,n)} × Z_{(2,n)} P SL(2, q) 1 an p = 2, p^f ≠ 4 Z_{(2,n)} an p > 2, p^f ≠ 9, p^f = 4 Z_{(6,n)} an p^f = 9

, ìpou q = p^f P GL(2, q) Z_{(2,n)}×Z_{(2,n)} Ja anafèroume epÐshc thn parakĹtw prìtash, thn opoÐa kai ja qrhsimopoiăsoume argìtera

Prìtash 2.2.2 [32, sel. 93] UpĹrqei monomorfismìc

H^2(G, A) = ⨁ p|s H^2(G, A)_p^Φ−→ ⨁ p|s H^2(G_p, A) a = ∑ p|s a_p −→ ∑ p|s res_{(G→Gp)}a_p ,

ìpou h G_p diatrèqei tic p-Sylow upoomĹdec thc G, enÿ h H^2(G, A)_p ja sumbolÐzei to pkommĹti thc peperasmènhc abelianăc omĹdac H^2(G, A), s = |G|.

2.2.3 Kuklikèc omĹdec

AnĹmesa se ìlec omĹdec pou mporeÐ na emfanistoÔn wc omĹdec automorfismÿn enìc rhtoÔ sÿmatoc sunartăsewn, aploÔsterh eÐnai h kuklikă. Ja apodeÐxoume to parakĹtw

Jeÿrhma 2.2.3 ’Estw ìti G_0 := G/C_n eÐnai isìmorfh me thn kuklikă omĹda C_m tĹxewc m, ìpou to m eÐnai prÿto proc thn qarakthristikă tou sÿmatoc k. To sÔnolo A twn stajerÿn jèsewn tou F_0 = k(x), upì thn drĹsh thc G_0, apoteleÐtai apì dÔo jèseic A = {P_1, P_2}. H omĹda twn automorfismÿn G eÐnai isìmorfh me:

a) C_{nm} an toulĹqiston mÐa apì tic jèseic P_1, P_2, èstw h P_1, diakladÐzetai plărwc sthn epèktash F/F_0, dhladă ìtan A_R ≠ ∅.

b) C_n ⋊ C_m an kamÐa apì tic jèseic tou A den diakladÐzetai sthn epèktash F/F_0, dhladă ìtan A_R = ∅.

Apìdeixh:

a) Sthn perÐptwsh aută, mÐa toulĹqiston apì tic jèseic P_1, P_2, èstw h P_1, diakladÐzetai plărwc sthn epèktash F/F_0. An Q eÐnai h monadikă jèsh tou F h opoÐa epekteÐnei thn P_1, tìte h omĹda anĹlushc G(Q) eÐnai kuklikă [20, sel. 68] kai Ðsh me G. H omĹda G eÐnai abeliană kai h sunĹrthsh drĹshc β : C_m −→ Z^∗_n eÐnai tetrimmènh.

b) Sthn perÐptwsh aută kamÐa apì tic dÔo jèseic P_1, P_2 den diakladÐzetai sthn epèktash F/F_0. Ja sumbolÐzoume me π, thn fusikă probolă π : G → G_0.

Apì to lămma 1.4.1 èqoume ìti h mikrĹ akribăc akoloujÐa 1 −→ C_n −→ G −→ C_m −→ 1 diaspĹtai, dhladă G ∼= C_n ⋊ C_m. Epiplèon an S kai T eÐnai gennătorec twn omĹdwn C_m kai C_n antÐstoiqa, tìte h metakuklikă omĹda G, dèqetai mÐa parĹstash se gennătorec kai sqèseic: G ∼= ⟨S, T |S^m = 1, T^n = 1, ST S^{−1} = T^{β(S)}⟩ (blèpe kai exÐswsh (1.9) ). □.

Ja apodeÐxoume ìti oi parapĹnw tÔpoi diaklĹdwshc eÐnai ulopoiăsimoi, kataskeuĹzontac èna divisor entìc tou D_n(C_m, A_R ⊂ A, 1) tètoio ÿste deg(D) ≡ 0 mod n. Ac upojèsoume prÿta ìti kai oi dÔo jèseic P_1, P_2 diakladÐzontai sthn epèktash F/F_0. Oi dÔo troqièc O(P_i, C_m) = {P_i}, i = 1, 2 twn stajerÿn jèsewn P_1, P_2, anăkoun sto A_R kai A_R = A = {P_1, P_2} . O tuqaÐoc divisor D ∈ D_n(C_m, A_R ⊂ A, 1) eÐnai thc morfăc

D = λ(P_1)P_1 + λ(P_2)P_2 + r∑ i=1 λ(Q_i) ∑ P ∈O(Q_i ,C_m) P, gia kĹpoion r

ìpou Q_i /∈ A gia ìla ta i = 1, ..., r. Gia na epilèxoume divisor bajmoÔ 0 mod n, jètoume λ(P_1) ≡ −λ(P_2) mod n, dialègoume ton r Ĺrtio kai λ(Q_i) ≡ −λ(Q_{r−i+1}) mod n.

Ac upojèsoume tÿra ìti h jèsh P_1 diakladÐzetai kai ìti h jèsh P_2 analÔetai sthn epèktash F/F_0, dhladă A_R = {P_1} . O tuqaÐoc divisor sto D_n(C_m, A_R ⊂ A, 1) èqei thn morfă

D = λ(P_1)P_1 + r∑ i=0 λ(Q_i) ∑ P ∈O(Q_i ,C_m) P. ’Eqoume dei ìti h perÐptwsh aută mporeÐ na sumbeÐ mìno ìtan (n, m) = 1, dhladă upĹqoun akeraÐoi κ, λ tètoioi ÿste κn + λm = 1. Dialègoume r Ĺrtio, kai jètoume λ(P_1) = 1, λ(Q_0) = λ kai λ(Q_i) ≡ −λ(Q_{r−i+1}) mod n, i = 1, ..., r. Autì mac dÐnei ìti deg D ≡ 0 mod n.

Tèloc, h perÐptwsh A_R = ∅ eÐnai ulopoiăsimh ìpwc prokÔptei apì to lămma 2.1.7.

Pìrisma 2.2.4 ’Estw G h omĹda automorfismÿn tou sÿmatoc sunartăsewn F, kai G_0 = G/C_n h peperasmènh phlikoomĹda automorfismÿn tou rhtoÔ sÿmatoc sunartăsewn F_0. Ja sumbolÐzoume me π thn fusikă sunĹrthsh G → G_0. ’Estw epÐshc G_0(P ) h omĹda anĹlushc thc jèshc P tou F_0. An G_0(P ) eÐnai kuklikă tĹxhc prÿthc proc thn qarakthristikă p, tìte h omĹda G_π (P ) pou orÐzetai wc G_π(P ) := {S ∈ G : π(S)P = P } , eÐnai kuklikă tĹxhc n · |G_0(P )| sthn perÐptwsh pou h jèsh P diakladÐzetai sthn epèktash F/F_0 . DiaforetikĹ, dhladă ìtan h jèsh P analÔetai sthn epèktash F/F_0, h omĹda G_π (P ) eÐnai to hmieujèc ginìmeno thc C_n ⋊G_0(P ) me drĹsh pou na dÐnetai apì thn T^σ = T^{β(σ)}, ìpou σ eÐnai gennătorac thc kuklikăc omĹdac G_0(P ). Sthn prÿth perÐptwsh β(σ) ≡ 1 mod n.

Apìdeixh: ParathroÔme aplĹ ìti h G_π(P ) eÐnai h omĹda pou antistoiqeÐ sthn upoepèktash: 1 −→ C_n −→ G_π (P ) −→ G_0(P ) −→ 1 || ↓ ↓ 1 −→ C_n −→ G −→ G_0 −→ 1 kai ìti G_π(P ) eÐnai mÐa epèktash thc kuklikăc omĹdac G_0(P )□.

Sto parapĹnw pìrisma parathroÔme ìti an h jèsh P analÔetai sthn epèktash F/F_0 enÿ h Ĺllh epèktash thc kuklikăc omĹdac G_0(P ) diakladÐzetai sthn epèktash F/F_0 tìte G_π (P ) eÐnai kuklikă tĹxhc n · |G_0(P )|. Autì eÐnai dunatìn afoÔ anagkastikĹ (n, |G_0(P )|) = 1 kai C_n × G_0(P ) ∼= C_{n·|G0(P )|}. 2.2.4 Stoiqeiÿdeic abelianèc omĹdec

Jeÿrhma 2.2.5 ’Estw ìti h omĹda G_0 = G/C_n eÐnai isìmorfh me mÐa stoiqeiÿdhc abeliană omĹda E_p(t) tĹxewc p^t, ìpou p eÐnai h qarakthristikă tou k. Tìte h omĹda G eÐnai isìmorfh me thn C_n ⋊ G_0. EĹn epiplèon h monadikă stajeră jèsh P_1 thc G_0 diakladÐzetai sthn epèktash F/F_0, tìte h omĹda G eÐnai isìmorfh me thn C_n × G_0.

Apìdeixh: Sthn epèktash F_0/F^{G0}_0 mìno mÐa jèsh P_1 tou F_0 diakladÐzetai. AfoÔ (n, |G_0|) = 1 h plărhc omĹda automorfismÿn G eÐnai èna hmieujÔ ginìmeno, G = C_n ⋊ G_0. H drĹsh dÐnetai apì thn sunĹrthsh β.

Sthn perÐptwsh pou h jèsh P_1 diakladÐzetai plărwc sthn epèktash F/F_0, èqoume ìti

G = C_n × G_0.

PrĹgmati, èstw Q h monadikă jèsh tou F pou epekteÐnei thn P_1. H omĹda anĹlushc G(Q) = G tautÐzetai me thn omĹda adraneÐac, afoÔ to sÿma k eÐnai algebrikĹ kleistì. ’Etsi G (Q) eÐnai to hmieujèc ginìmeno miac kuklikăc omĹdac tĹxhc prÿthc me to p me mÐa p-omĹda G_1(Q) = G_0. Dhladă to ginìmeno eÐnai eujÔ kai h sunĹrthsh β eÐnai tetrimmènh. □

’Enac divisor sthn D_n(G_0, A_R ⊂ {P_1} , β) dÐnetai apì D = ∑ P ∈A_R λ(P )P + s∑ i=1 λ(Q_i) ∑ P ∈O(Q_i ,G_0) P,

ìpou Q_i /∈ A, i = 1, ...s. Prokeimènou na apodeÐxoume ìti kai oi dÔo tÔpoi diaklĹdwshc emfanÐzontai ja prèpei na dialèxoume ton parapĹnw divisor na èqei bajmì 0 mod n. Sthn perÐptwsh thc plărouc diaklĹdwshc èqoume A_R = {P_1} , opìte paÐrnoume s troqièc O(Q_i, G_0) me λ(P_1) = λ(Q_i) = 1, tètoiec ÿste

deg(D) = 1 + sp^a ≡ 0 mod n,

ìpou p^a eÐnai h tĹxh thc G_0. Autì eÐnai dunatìn, afoÔ (n, p) = 1. Sthn deÔterh perÐptwsh A_R = ∅ kai to epijumhtì apotèlesma prokÔptei apì to lămma 2.1.7.

2.2.5 Hmieujèa ginìmena kuklikÿn omĹdwn me stoiqeiÿdeic abelianèc omĹdec

Sthn perÐptwsh aută h omĹda phlÐko G_0 = G/C_n eÐnai isìmorfh me to hmieujèc ginìmeno miac stoiqeiÿdouc abelianăc p-omĹdac tĹxhc p^t, ìpou p eÐnai h qarakthristikă tou k, me mÐa kuklikă omĹda C_m tĹxhc m, kai m|p^t − 1. Sthn epèktash F_0/F^{G0}_0 diakladÐzontai dÔo jèseic p_1,p_2 tou F^{G0}_0 , me deÐktec diaklĹdwshc e_1 = |G_0| kai e_2 = m, antÐstoiqa.

Jeÿrhma 2.2.6 ’Estw ìti h omĹda G_0 = G/C_n eÐnai isìmorfh me to hmieujèc ginìmeno mÐac stoiqeiÿdouc abelianăc omĹdac E_p(t) tĹxewc p^t, ìpou p eÐnai h qarakthristikă tou sÿmatoc k, me mÐa kuklikă omĹda C_m tĹxewc m, m|p^t − 1. H omĹda automorfismÿn G tìte, eÐnai isìmorfh me C_n ⋊ G_0 an A_R = ∅ ă E_p(t) ⋊ C_{nm} an A_R ≠ ∅.

Apìdeixh:

An kai sthn perÐptwsh aută endiaferìmaste gia stoiqeiÿdeic abelianèc omĹdec tĹxhc dÔnamhc thc qarakthristikăc, ja apodeÐxoume èna piì genikì apotèlesma epitrèpontac sto p na mhn eÐnai dÔnamh thc qarakthristikăc.

Lămma 2.2.7 Ja sumbolÐzoume me E_p(t) :=

t−forèc

Z_p × ... × Z_p mÐa stoiqeiÿdh abeliană p omĹda, tĹxhc p^t, ìpou p den eÐnai aparaÐthta h qarakthristikă tou sÿmatoc k. JewroÔme thn omĹda G_0 = E_p(t)⋊C_m, me (m, p) = 1, pou dra pĹnw sto rhtì sÿma sunartăsewn F_0. Ac upojèsoume ìti h upoepèktash

1 −→ C_n −→ π^{−1}(E_p(t)) −→ E_p(t) −→ 1 (2.16)

thc epèktashc 1 −→ C_n −→ G^π−→ E_p(t)⋊C_m −→ 1 (2.17) diaspĹtai, dhladă π^{−1}(E_p(t)) = C_n⋊E_p(t). Tìte h omĹda G eÐnai isìmorfh me thn C_n⋊ (E_p(t)⋊C_m) an kai oi duo stajerèc jèseic tou F_0, upì thn drĹsh thc C_m, analÔontai sthn epèktash F/F_0 ă eÐnai isìmorfh me thn G ∼= E_p(t)⋊C_{nm} an mÐa apì tic stajerèc jèseic tou F_0, upì thn drĹsh thc C_m, diakladÐzetai sthn epèktash F/F_0.

Apìdeixh: SÔmfwna me thn melèth twn kuklikÿn epektĹsewn, èqoume dÔo dunatìthtec gia thn omĹda π^{−1}(C_m).

π^{−1}(C_m) ∼= C_n⋊C_m ă π^{−1}(C_m) ∼= C_{nm}.

An π^{−1}(C_m) ∼= C_n⋊C_m tìte kĹnontac qrăsh tou monomorfismoÔ Φ ìpwc autìc orÐsthke sthn prìtash 2.2.2, H^2(E_p(t)⋊C_m, C_n)^Φ−→ ⨁ q||G_0| H^2(H_q , C_n),

ìpou h H_q diatrèqei tic q-Sylow upoomĹdec thc G_0, èqoume ìti h plărhc epèktash (2.17) diaspĹtai, afoÔ H_q eÐnai eÐte upoomĹda tou E_p(t) eÐte tou C_m.

An π^{−1}(C_m) ∼= C_{nm} tìte ja deÐxoume ìti G ∼= E_p(t)⋊C_{nm}. PrĹgmati, se aută thn perÐptwsh upĹrqei èna stoiqeÐo R ∈ G tĹxhc nm, to opoÐo gennĹ mÐa upoomĹda thc G isìmorfh proc thn kuklikă omĹda C_{nm}. AfoÔ h epèktash (2.16) diaspĹtai upĹrqei omomorfismìc j : E_p(t) → π^{−1}(E_p(t)) → G. Epiplèon E_p(t) ∼= j(E_p(t)) kai j(E_p(t)) ∩ C_{nm} = 1. PrĹgmati an x ∈ j(E_p(t)) ∩ C_{nm} tìte x^m ∈ j(E_p(t)) ∩ C_n = 1 Ĺra x^m = 1, kai x = 1 afoÔ (p, m) = 1. Autì apodukneÐei to epijumhtì apotèlesma. □

Epistrèfoume sthn apìdeixh tou jewrămatoc 2.2.6. O prÿtoc p ja eÐnai h qarakthristikă tou k. ’Eqoume ìti (p, n) = 1, Ĺra h epèktash (2.16) diaspĹtai. An, epiplèon, mÐa apì tic jèseic pou stajeropoieÐtai apì thn C_m, diakladÐzetai sthn F/F_0 tìte G ∼= C_n⋊ (E_p(t)⋊C_m) diaforetikĹ G ∼= E_p(t)⋊C_{nm}. □.

Prokeimènou na apodeÐxoume thn ulopoiăsh autÿn twn tÔpwn diaklĹdwshc ja prèpei na epilèxoume ton divisor diaklĹdwshc D = ∑ P ∈A_R λ(P )P + s∑ i=1 λ(P_i) ∑ Q∈O(P_i ,G_0) P,

tou D_n(G_0, A_R ⊂ A, β) ètsi ÿste na èqei bajmì 0 mod n. Ja sumbolÐzoume me Q thn monadikă jèsh tou F_0 uperĹnw thc p_1 kai me Q_1, ..., Q_pt tic jèseic tou F_0 upèranw thc p_2. ParathroÔme epÐshc ìti O(Q, G_0) = {Q} , O(Q_1, G_0) = {Q_1, ..., Q_pt } . DiakrÐnoume tic parakĹtw periptÿseic gia to A_R

• A_R = ∅. O tÔpoc diaklĹdwshc eÐnai ulopoiăsimoc lìgw tou lămmatoc 2.1.7.

• A_R = O(Q, G_0) = {Q} . Sthn perÐptwsh aută o omomorfismìc β eÐnai tetrimmènoc.

ParathroÔme ìti oi stajerèc jèseic thc kuklikăc omĹdac C_m eÐnai Q, Q^′ ìpou Q^′ ∈ O(Q_1, G_0). ’Ara, apì thn paratărhsh 2.1.5, èqoume ìti (n, m) = 1. Jètoume λ(P_i) = 1, kai dialègoume ton arijmì s twn troqiÿn tètoion ÿste

deg(D) = 1 + s · |G_0| ≡ 0 mod n.

Autì eÐnai dunatìn afoÔ (|G_0|, n) = (n, m) = 1.

• A_R = O(Q_1, G_0). ’Eqoume ìti C_m < ker β. ’Opwc kai sthn prohgoÔmenh perÐptwsh èqoume thn (n, m) = 1 san mÐa anagkaÐa sunjăkh gia na eÐnai autìc o tÔpoc diaklĹdwshc ulopoiăsimoc. O bajmìc tou divisor pou antistoiqeÐ sthn troqiĹ O(P_i, G_0) eÐnai ∑ P ∈O(Q_i ,G_0) v_P (D) ≡ { 0 mod p^a an β(σ) ̸≡1 mod p^a λ|G_0| mod p^a an β(σ) ≡ 1 mod p^a

ìpou p^a | n, p^{a+1} ∤ n. ’Estw n_0 = ∏ p|n,β(σ)≡1 mod p^a p a. Ja prèpei na dialèxoume to plăjoc twn troqiÿn s tètoio ÿste deg(D) ≡ 0 mod n_0. Autì eÐnai dunatìn jètontac λ(P ) = 1 gia ìla ta P ∈ supp(D) afoÔ o (n_0, |G_0|) diaireÐ to (n, mp) = (n, m) = 1 kai sunepÿc h exÐswsh

deg(D) = p^t + s · |G_0| ≡ 0 mod n_0,

èqei mÐa lÔsh mod n_0.

• A_R = O(Q, G_0) ∪ O(Q_1, G_0). Sthn perÐptwsh aută o omomorfismìc β prèpei na eÐnai tetrimmènoc. Jètoume λ(Q) ≡ −1 mod n, λ(P_i) = λ(Q_1) ≡ 1 mod n, kai dialègoume to s, tètoio ÿste deg(D) = −1 + p^t + s · |G_0| ≡ 0 mod n.

Autì eÐnai dunatìn afoÔ (n, |G_0|) | m kai m | p^t − 1.

2.2.6 Diedrikèc omĹdec

Sthn perÐptwsh aută upojètoume ìti h omĹda phlÐko eÐnai h diedrikă omĹda D_m h opoÐa dèqetai mÐa parĹstash se gennătorec kai sqèseic D_m = ⟨a, b/a^m = 1, b^2 = 1, ab = ba^{−1}⟩. O omomorfismìc drĹshc β : D_m −→ Z^∗_n orÐzetai apì tic timèc tou stouc gennătorec a kai b. β : { a −→ β (a) b −→ β (b) AfoÔ o β eÐnai omomorfismìc omĹdwn èqoume ìti

β(a)^m ≡ 1 mod n, β (b)^2 ≡ 1 mod n, β(a)β(b) ≡ β(b)β(a)^{−1} mod n.

Isqurizìmaste ìti ord (β(a)) ≤ 2. PrĹgmati, an ord (β(a)) > 2 tìte ord (β(b)) = 1, afoÔ h pollaplasiastikă omĹda Z^∗_n eÐnai abeliană kai den mporeÐ na perièqei thn diedrikă omĹda D_{ord(β(a))}. AllĹ tìte β(ab) = β(a)β(b) = β(a) Ĺtopo, afoÔ h tĹxh tou β(ab) eÐnai to polÔ 2. Epiplèon an ord(β(a)) = 2 tìte 2|m afoÔ 1 = β(a^m) = β(a)^m.

DiakrÐnoume treic periptÿseic gia thn Im(β).

Im(β) = {1} ă Im(β) ∼= Z_2 ă Im(β) ∼= V_4.

H trÐth perÐptwsh mporeÐ na emfanisteÐ mìno an m ≡ 0 mod 2. Ja qreiastoÔme to parakĹtw

Lămma 2.2.8 ’Estw n ∈ N kai ℓ akèraioc tètoioc ÿste

ℓ^2 − 1 ≡ 0 mod n.

UpĹrqoun akèraioi n^+(ℓ), n^−(ℓ) tètoioi ÿste

n = n^+(ℓ) · n^−(ℓ) ìpou ( n^+(ℓ), n^−(ℓ) ) = { 2 an n ≡ 0 mod 2 1 an n ≡ 1 mod 2

me thn epiplèon idiìthta:

ℓ ≡ 1 mod n^+(ℓ) kai ℓ ≡ −1 mod n^−(ℓ).

Apìdeixh: O arijmìc n^+(ℓ) (n^−(ℓ) antÐstoiqa) eÐnai o mègistoc diairèthc tou n tètoioc ÿste n^+(ℓ)|ℓ − 1 (n^−(ℓ)|ℓ + 1, antÐstoiqa). An δ eÐnai ènac diairèthc tou n tìte δ|ℓ^2 − 1 = (ℓ − 1)(ℓ + 1) kai o δ diaireÐ kai to ℓ − 1 kai to ℓ + 1 an kai mìno an δ = 2 □

Ja exetĹsoume tic dÔo periptÿseic tou jewrămatoc 2.2.1 gia tic dÔo diaforetikèc ulopoiăseic tou tÔpou diaklĹdwshc sthn epèktash F_0/F^{G0}_0 , xeqwristĹ.

PerÐptwsh A) H qarakthristikă p tou sÿmatoc k eÐnai p ≠ 2, (p, m) = 1. Treic jèseic tou F_1 := F^{G0}_0 , èstw p_1, p_2, p_3, diakladÐzontai sthn epèktash F_0/F^{G0}_0 me deÐktec diaklĹdwshc 2, 2, m antÐstoiqa. Ja sumbolÐzoume me P_{1,i}, P_{2,i}, P_{3,j} , ìpou i = 0, ..., m−1, j = 0, 1 tic jèseic tou F_0 pou epekteÐnoun tic p_1, p_2, p_3 antÐstoiqa.

Jeÿrhma 2.2.9 ’Estw ìti h omĹda G_0 = G/C_n eÐnai isìmorfh me thn diedrikă omĹda D_m, ìpou p ∤ m kai p ≠ 2. XeqwrÐzoume tic parakĹtw periptÿseic gia thn domă thc omĹdac G:

1. Upojètoume ìti {P_{1,i}}_{0≤i<m} ∪ {P_{3,j} }_{j=0,1} ⊂ A_R. Se aută thn perÐptwsh ja prèpei (n, m) | 2 enÿ h omĹda automorfismÿn G dèqetai thn parakĹtw parĹstash se gennătorec kai sqèseic: G = ⟨R, S|R^2 = S^m, S^{nm} = 1, RSR^{−1} = S^r⟩, ìpou r eÐnai mÐa lÔsh tou sustămatoc r ≡ 1 mod n, r ≡ −1modm. (2.18) An (n, m) = 1 h lÔsh r eÐnai monadikă. An (n, m) = 2 tìte xeqwrÐzoume dÔo upoperiptÿseic:

• n ≡ 2 mod 4. Se aută thn perÐptwsh h mÐa lÔsh tou (2.18) prokÔptei ìtan {P_{2,i}}_{0≤i<m} ∩ A_R = ∅ kai h Ĺllh ìtan {P_{2,i}}_{0≤i<m} ∩ A_R ≠ ∅.

• n ≡ 0 mod 4. Se aută thn perÐptwsh {P_{2,i}}_{0≤i<m} ∩ A_R = ∅ kai upĹrqoun dÔo mh isìmorfec omĹdec pou antistoiqoÔn ston Ðdio tÔpo diaklĹdwshc.

2. A_R = {P_{3,j} }_{j=1,2}. H omĹda G eÐnai isìmorfh me to hmieujèc ginìmeno C_{nm} ⋊ C_2.

3. A_R = {P_{1,i}}_{0≤i<m} ∪ {P_{2,i}}_{i=1,...,m} Se aută thn perÐptwsh h sunĹrthsh β eÐnai tetrimmènh kai h omĹda G eÐnai isìmorfh me thn C_n × D_m an (n, 2) = 1 kai h G dÐnetai apo G = ⟨R, S|R^{2n} = 1, S^m = 1, RSR^{−1} = S^{−1}⟩, an (n, m) = 2.

4. A_R = ∅. Se aută thn perÐptwsh h G eÐnai isìmorfh m thn C_n ⋊ D_m, ìpou h drĹsh thc D_m sthn C_n dÐnetai apo thn β.

5. A_R = {P_{1,i}}_{0≤i<m} Se aută thn perÐptwsh h G dèqetai thn parakĹtw parĹstash

G = ⟨R, S|R^{2n} = 1, S^m = 1, (RS)^2 = 1⟩.

Apìdeixh: Ja xekinăsoume me thn akìloujh

Paratărhsh 2.2.10 Ac upojèsoume ìti to b ∈ D_m stajeropoieÐ thn jèsh P_{1,0}. Oi Ĺllec jèseic P_{1,i} mporoÔn na arijmhjoÔn ètsi ÿste P_{1,i} = a^iP_{1,0}. Oi omĹdec anĹlushc D_m(P_{1,i}) kĹje jèshc P_{1,i} eÐnai thc morfăc

D_m(P_{1,i}) = D_m(a^iP_{1,0}) = a^iD_m(P_{1,0})a^{−i} = ⟨a^{2i}b⟩.

KĹje automorfismìc ba^k ∈ D_m èqei dÔo stajerèc jèseic. KĹje jèsh thc morfăc P_{1,i} stajeropoieÐtai apì ton ba^k ≠ 1, an kai mìno an ba^k ∈ ⟨a^{2i}b⟩ kai afoÔ ord(a^{2i}b) = 2 autì eÐnai isodÔnamo me thn

a^{2i}b = ba^k = a^{−k}b ⇔ 2i ≡ −k mod m. (2.19)

An (m, 2) = 2 tìte h exÐswsh (2.19) èqei dÔo lÔseic an o k eÐnai Ĺrtioc, kai kamÐa lÔsh an o k eÐnai perittìc. Ta parapĹnw apodeiknÔoun ìti oi dÔo stajerèc jèseic tou automorfismoÔ ba^k periorÐzontai sthn Ðdia jèsh p_1 (an o k ≡ 0 mod 2) ă p_2 (an k ≡ 1 mod 2). Sthn perÐptwsh (m, 2) = 1 h exÐswsh (2.19) èqei monadikă lÔsh, ètsi mÐa apì thc dÔo stajerèc jèseic tou ba^k periorÐzetai sthn p_1 kai h Ĺllh sthn p_2.

Paratărhsh 2.2.11 AfoÔ oi epektĹseic F/F_0 kai F_0/F^{Dm}_0 eÐnai kai oi duo Galois, oi jèseic P_i tou F_0 pĹnw apì mÐa koină jèsh p ∈ F^{G0}_0 sthn epèktash F/F_0 ă diakladÐzontai ìlec plărwc ă analÔontai ìlec plărwc,

Ac upojèsoume ìti mÐa apì tic jèseic P_{3,j} , èstw h P_{3,1} diakladÐzetai sthn epèktash F/F_0. ’Estw Q_{3,j} h monadikă jèsh tou F pĹnw apì P_{3,j} (j stajerì). AfoÔ (m, p) = 1 èqoume ìti h omĹda anĹlushc G(Q_{3,1}) eÐnai kuklikă tĹxhc nm. Sunepÿc β(a) ≡ 1 mod n. ParathroÔme ìti o deÐkthc |G : G(Q_{3,1})| = 2 Ĺra G(Q_{3,1}) ⊲ G kai G eÐnai mÐa metakuklikă omĹda. Dialègoume S, R ∈ G, tètoia ÿste π(R) = b, π(S) = a. MporoÔme na dialèxoume S ∈ π^{−1}(a) tètoio ÿste ⟨S⟩ = G (Q_{3,1}) . AfoÔ G (Q_{3,1}) ⊲ G, upĹrqei akèraioc r tètoioc ÿste RSR^{−1} = S^r. (2.20)

ParathroÔme ìti h omĹda C_n gennĹtai apì ton ⟨S^m⟩. ArĹ apì thn (2.20) kai thn drĹsh tou b sthn C_n, èqoume S^{β(b)m} = RS^mR^{−1} = S^{rm}, to opoÐo dÐnei thn sqèsh r ≡ β(b) mod n. (2.21)

IsqÔei G/C_n ∼= D_n Ĺra apì thn (2.20) èqoume RSR^{−1}S = S^{r+1} ∈ ⟨S^m⟩ kai autì odhgeÐ sthn sqèsh r ≡ −1 mod m. (2.22)

To sÔsthma twn exisÿsewn (2.21)(2.22) èqei lÔseic an kai mìno an (n, m)|β(b) + 1. DiaqwrÐzoume dÔo epiplèon periptÿseic

(1) {P_{1,i}}_{0≤i<m}∪{P_{3,j} }_{j=0,1} ⊂ A_R, dhladă mÐa apì tic jèseic P_{1,i}, i = 0, ..., m−1, èstw h P_{1,0}, diakladÐzetai plărwc sthn epèktash F/F_0. Ja sumbolÐzoume me Q_{1,0} thn jèsh uperĹnw thc P_{1,0}. ’Opwc sthn paratărhsh 2.2.10 mporoÔme na upojèsoume ìti h P_{1,0} stajeropoieÐtai apì to b ∈ D_m ( an qreiasteÐ dialègoume san gennătora b thc D_m èna Ĺllo stoiqeÐo tĹxhc dÔo). H omĹda anĹlushc G(Q_{1,0}) eÐnai kuklikă tĹxhc 2n. Dialègoume èna gennătora R ∈ π^{−1}(b) thc G(Q_{1,0}).

H omĹda C_n, eÐnai h monadikă upoomĹda tĹxhc n thc kuklikăc omĹdac ⟨R⟩, Ĺra parĹgetai apì to R^2. Sunepÿc R^2 = S^{mi} gia kĹpoio (i, n) = 1. AplopoioÔme ton sumbolismì dialègontac katĹllhlo gennătora S thc omĹdac G(Q_{3,1}) gia ton opoÐo R^2 = S^m. EpÐshc parathroÔme ìti β(b) ≡ 1 mod n. H omĹda G san metakuklikă omĹda dèqetai thn parakĹtw parĹstash se gennătorec kai sqèseic

G = ⟨R, S/R^2 = S^m, S^{nm} = 1, RSR^{−1} = S^r⟩, (2.23)

ìpou to r orÐzetai na eÐnai lÔsh tou sustămatoc

r ≡ 1 mod n r ≡ −1 mod m. (2.24)

To parapĹnw sÔsthma dèqetai (n, m) lÔseic an kai mìno an (n, m)|2. Sthn perÐptwsh (n, m) = 1 h lÔsh r kajorÐzetai monosămanta mod nm. Sthn perÐptwsh (n, m) = 2 èqoume dÔo lÔseic mod nm tic r_0, r_1 = r_0 + nm 2 . Upojèsame ădh ìti oi jèseic sthn troqiĹ tou P_{1,0} diakladÐzontai plărwc sthn epèktash F/F_0. EÐnai endiafèron na doÔme pwc o tÔpoc diaklĹdwshc twn jèsewn P_{2,i} kajorÐzei thn epilogă thc rÐzac r_0.

’Estw P = P_{2,k} mÐa jèsh tou F_0 sthn troqiĹ tou P_{2,0}, sunepÿc, sÔmfwna me thn paratărhsh 2.2.10, stajeropoieÐtai apì ton ba^i ∈ D_m, gia kĹpoio i ≡ 1 mod 2 (upenjumÐzoume ìti 2|m). SÔmfwna me to pìrisma 2.2.4, h P analÔetai (antÐstoiqa diakladÐzetai) an G_π (P ) = C_2 × C_n (antÐstoiqa C_{2n}). H sunĹrthsh

Φ_P : { G_π(P ) −→ G_π(P ) x −→ x^2 eÐnai omomorfismìc omĹdwn kai afoÔ 2|n èqoume ker Φ_P = C_2 × C_2 an h P analÔetai, diaforetikĹ (dhladă an h P diakladÐzetai) ker Φ_P = C_2. UpologÐzoume ìti

G_π(P ) = { RS^{i+sm}, S^{sm}/s = 0, ..., n − 1 } gia kĹpoio i ≡ 1 mod 2.

Ta stoiqeÐa { 1, S^{nm/2} } anăkoun ston ker Φ_P . Epiplèon qrhsimopoiÿntac thn (2.23) èqoume ( RS^{i+sm} )_2

= S^{m(1+ r+1m (i+sm))}.

Sunepÿc h P analÔetai sthn epèktash F/F_0 an kai mìno an h exÐswsh

−(r + 1)s ≡ 1 + i r + 1 m mod n

èqei lÔsh s. H exÐswsh aută èqei (r + 1, n) = 2 diaforetikèc mod n lÔseic an kai mìno an (r + 1, n) = 2| 1 + i^{r+1}_m . AfoÔ i ≡ 1 mod 2 èqoume thn isodunamÐa

1 + i r + 1 m ≡ 0 mod 2 ⇐⇒ r + 1 m ̸≡0 mod 2.

Sthn perÐptwsh pou n ≡ 2 mod 4 to n/2 eÐnai perittì kai to 2 diaireÐ ă to^{r0+1}_m ă to

r_1+1

m =^{r0+1}_m +^n_2 . Sunepÿc an n ≡ 2 mod 4 oi dÔo lÔseic tou sustămatoc (2.24) antistoiqoÔn stouc diaforetikoÔc tÔpouc diaklĹdwshc twn jèsewn P_{2,i} sthn epèktash F/F_0.

Sthn perÐptwsh n ≡ 0 mod 4 èqoume^{r+1}_m ̸≡0 mod 2 kai gia tic dÔo lÔseic tou (2.24). PrĹgmati an 2|^{r+1}_m tìte 4|r+1 (upenjumÐzoume ìti 2|m) kai 4|n|r−1 ètsi 4|(r+1)−(r−1) = 2, Ĺtopo. Loipìn, an n ≡ 0 mod 4 tìte kai gia tic dÔo lÔseic tou (2.24) èqoume ìti ìlec oi jèseic P_{2,i} analÔontai sthn epèktash F/F_0. Sthn perÐptwsh aută o tÔpoc diaklĹdwshc adunateÐ na prosdiorÐsei thn domă thc omĹdac automorfismÿn.

ParĹdeigma:San parĹdeigma ja dÿsoume dÔo kampÔlec me ta Ðdia shmeÐa diaklĹdwshc, allĹ me diaforetikèc omĹdec automorfismÿn. JewroÔme tic kampÔlec V_1, V_2 orismènec upèranw tou sÿmatoc twn migadikÿn arijmÿn C pou dÐnontai apì tic sqèseic

V_1 : y^4 = x(x^{10} − 1) kai V_2 : y^4 = x^3(x^{10} − 1)

kai èstw F_1, F_2 ta antÐstoiqa sÿmata sunartăsewn touc. H jewrÐa diaklĹdwshc kuklikÿn epektĹsewn dÐnei ìti stic epektĹseic F_1/C (x) kai F_2/C (x) oi jèseic pou diakladÐzontai eÐnai oi {P_{x=0}, P_{x=ζ}i , P_∞}, ìpou to ζ^i diatrèqei tic 10 rÐzec thc monĹdac. To kritărio kanonikìthtac tou porÐsmatoc 1.1.3 dÐnei ìti h omĹda Galois C_4 ∼= Gal(F_1/C (x)) ∼= Gal(F_2/C (x)) eÐnai kanonikă se olìklhrh thn omĹda automorfismÿn G_i, kai twn dÔo swmĹtwn sunartăsewn F_1 kai F_2. To phlÐko H_i = G_i/C_4 eÐnai h megalÔterh peperasmènh upoomĹda tou P GL(2, C ) thc opoÐac ta stoiqeÐa mporoÔn na epektajoÔn se automorfismoÔc tou sÿmatoc F_i. Ja apodeÐxoume ìti h omĹdec H_i gennoÔntai apì touc parakĹtw metasqhmatismoÔc Möbius τ : x −→ 1/x, σ : x −→ ζx, ìpou ζ eÐnai mÐa prwtarqikă 10-rÐza thc monĹdac, dhladă H_i ∼= D_{10}.

’Estw c mÐa prwtarqikă 40-rÐza thc monĹdoc. Oi automorfismoÐ:

R_1 : { y −→ c^5y/x^3 x −→ 1/x , S^1 : { y −→ cy x −→ c^4x . epekteÐnoun touc τ , σ sto F_1 kai oi automorfismoÐ

R_2 : { y −→ c^{15}y/x^4 x −→ 1/x , S^2 : { y −→ c^3y x −→ c^4x , epekteÐnoun touc τ, σ sthn F_2 antÐstoiqa. Dhladă, D_{10} < H_i. Apì tic dunatèc epilogèc twn omĹdwn automorfismÿn thc P GL(2, C ) èqoume ìti H_i ∼= D_{10i}. ’Estw ρ èna stoiqeÐo tĹxhc 10i sthn D_{10i} kai R ∈ G_i tètoio ÿste R|_{C(x)} = ρ. O automorfismìc ρ eÐnai thc morfăc ρ : x −→ ax, ìpou a eÐnai mÐa prwtarqikă 10i-rÐza thc monĹdac [27, sel. 87]. Apì thn jewrÐa twn kuklikÿn epektĹsewn tou Kummer èqoume ìti R(y) = y^ℓg, (ℓ, 4) = 1, g ∈ k(x). Sunepÿc, ( R(y) y^ℓ )_4 = a^{ki} x^{ki} (a^{10}x^{10} − 1) x^{ℓki} (x^{10} − 1)^ℓ

, (2.25)

ìpou k_1 = 1, k_2 = 3 kai R(y)/y^ℓ = g ∈ k(x). Apì thn (2.25) paÐrnoume ìti

k_i(ℓ − 1) ≡ 0 mod 4

kai afoÔ (ℓ, 4) = 1 èqoume telikĹ ìti ℓ = 1. SugkrÐnontac tic pollaplìthtec twn rizÿn kai twn pìlwn tou dexioÔ mèlouc thc (2.25) pèrnoume ìti ζ = ζ^i/a, kai sunepÿc h tĹxh tou ρ eÐnai 10 kai H_i ∼= D_{10}.

Apì touc tÔpouc twn R_i, S_i, mporoÔme na elègxoume ìti oi omĹdec G_i, dèqontai parastĹseic se ìrouc gennhtìrwn-sqèsewn ÿc exăc:

G_1 = ⟨R_1, S_1|S^{40}_1 = 1, R^2_1 = S^{10}_1 , R_1S_1R^{−1}_1 = S^{29}_1 ⟩ kai G_2 = ⟨R_2, S_2|S^{40}_2 = 1, R^2 = S^{10}_2 , R_2S_2R^{−1}_2 = S^9_2 ⟩.

Oi omĹdec G_1 kai G_2 den eÐnai isìmorfec. PrĹgmati, ac upojèsoume ìti upĹrqei ènac isomorfismìc ϕ : G_1 −→ G_2. KĹje stoiqeÐo sthn G_2 eÐnai thc morfăc R_2S^j_2 ă thc morfăc S^j_2. ’Omwc (R_2S^j_2)^2 = S^{10+10j} ,

Ĺra R_2S^j_2 èqei tĹxh to polÔ 8 kai autì apodeiknÔei ìti ϕ(S_1) = S^j_2 (j, 40) = 1. Epiplèon èqoume S^{29j}_2 = ϕ(S^{29}_1 ) = ϕ(R_1S_1R^{−1}_1 ) = R_2S^j_2 R^{−1}_2 = S^{9j}_2 .

Dhladă prèpei 20j ≡ 0 mod 40, Ĺtopo afoÔ (40, j) = 1. □

(2) A_R = {P_{3,j} }_{j=1,2}. Se aută thn perÐptwsh oi jèseic P_{i,j} i = 1, 2 j = 0, ..., m − 1 tou F_0 analÔontai ìlec sthn epèktash F/F_0. SÔmfwna me to pìrisma 2.2.4 èqoume G_π(P_{i,j} ) ∼= C_n⋊C_2. MporoÔme na dialèxoume R ∈ π^{−1}(b) tètoio ÿste R^2 = 1. H omĹda G dÐnetai apì ⟨R, S/S^{nm} = 1, R^2 = 1, RSR^{−1} = S^r⟩ ìpou r eÐnai h lÔsh tou sustămatoc twn exisÿsewn (2.21)(2.22), r ≡ β(b) mod n, r ≡ −1 mod m. (2.26) H omĹda G eÐnai èna hmieujÔ ginìmeno C_{nm}⋊C_2, me drĹsh na kajorÐzetai apì to r. An (n, m) > 1 tìte to sÔsthma 2.26 mporeÐ na èqei perissìterec apì mÐa lÔseic mod nm oi opoÐec odhgoÔn se perissìterec apì mÐa mh isìmorfec omĹdec automorfismÿn G.

Ac upojèsoume ìti oi jèseic P_{3,j} j = 1, 2 den diakladÐzontai sthn epèktash F/F_0. Apì to pìrisma 2.2.4 èqoume ìti G_π (P_{3,1}) ∼= C_n⋊C_m afoÔ h D_m(P_{3,j} ) = ⟨a⟩ eÐnai kuklikă. H omĹda G_π (P_{3,1}) èqei deÐkth 2 sthn G, Ĺra C_n⋊C_m ⊲ G. ’Estw T ènac gennătorac thc kuklikăc omĹdac C_n, kai S ènac gennătorac thc C_m tètoioc ÿste π(S) = a. An R ∈ π^{−1}(b) afoÔ |G : C_n⋊C_m| = 2 to stoiqeÐo R^2 ∈ C_n⋊C_m Ĺra R^2 = T^μS^z. AllĹ π(R^2) = a^z ètsi z ≡ 0 mod m kai R^2 = T^μ. Autì mac dÐnei R^2SR^{−2} = T^μST^{−μ} = T^{μ(1−β(a))}S. (2.27) MporoÔme na upologÐsoume to aristerì mèloc thc (2.27) kai me diaforetikì trìpo. AfoÔ C_n ⋊ C_m ⊲ G èqoume RSR^{−1} = T^λS^r. Apì thn Ĺllh G/⟨T ⟩ ∼= D_m Ĺra RSR^{−1}S = T^λS^{r+1} ∈ ⟨T ⟩ sunepÿc r ≡ −1 mod m (2.28) kai autì mac dÐnei R^2SR^{−2} = RT^λS^{−1}R^{−1} = T^{λ(β(b)−β(a))}S. (2.29) SunduĹzontac tic (2.27) kai (2.29) pèrnoume μ(1 − β(a)) ≡ λ(β(b) − β(a)) mod n. (2.30) Oi gennătorec T, R, S ∈ G ikanopoioÔn tic parakĹtw sqèseic:

S^m = 1, T^n = 1, R^2 = T^μ, RT R^{−1} = T^{β(b)}, ST S^{−1} = T^{β(a)}, RSR^{−1} = T^λS^{−1}, (2.31) gia kĹpoia λ, μ pou ikanopoioÔn thn (2.30). ParathroÔme ìti den apaitoÔntai epiprìsjetec sqèseic ston orismì thc omĹdac G, giatÐ oi sqèseic (2.31) orÐzoun omĹda tĹxhc 2nm.

Jèloume na aplopoiăsoume thn sqèsh RSR^{−1} = T^λS^{−1} dialègontac èna diaforetikì gennătora S_1 = T^xS. UpologÐzoume:

RS_1R^{−1} = RT^xSR^{−1} = T^{xβ(b)+λ}S^{−1} = T^{x(β(a)+β(b))+λ}S^{−1}_1 . (2.32)

Lămma 2.2.12 ’Estw P mÐa jèsh tou F_0 h opoÐa stajeropoieÐtai apì to ba. Epiplèon upojètoume ìti R^2 = T^μ. An 2|n tìte (n, β(b)β(a) + 1)|λ + μβ(a), (2.33) an kai mìno an h jèsh P analÔetai sthn epèktash F/F_0. An (2, n) = 1 tìte h exÐswsh (2.33) isqÔei se kĹje perÐptwsh.

Apìdeixh: Upojètoume prÿta ìti 2|n. Apì to pìrisma (2.2.4) èqoume G_π (P ) = Gal(F/F^{⟨ba⟩}_0 ) = { C_{2n} an P diakladÐzetai sthn F/F_0 C_n⋊C_2 an P analÔetai sthn F/F_0 .

Sthn prÿth perÐptwsh upĹrqei mìno èna stoiqeÐo tĹxhc dÔo sthn omĹda Gal(F/F^{⟨ba⟩}_0 ) enÿ sthn deÔterh perÐptwsh upĹrqoun perissìtera tou enìc stoiqeÐa tĹxhc dÔo sthn G_π (P ). UpenjumÐzoume ìti h omĹda G_π(P ) eÐnai h G_π(P ) = {σ ∈ G/π(σ)P = P } = { RST^k, T^k/k = 0, ..., n − 1 } . AfoÔ to n eÐnai Ĺrtioc, èna stoiqeÐo tĹxhc dÔo thc G_π(P ) eÐnai to T^{n/2}. An to RST^k eÐnai èna Ĺllo stoiqeÐo tĹxhc dÔo tìte 1 = (RST^k)^2 = T^{k(β(b)β(a)+1)+λ+μβ(a)} (2.34) Ĺra gia kĹpoio k ∈ {0, ..., n − 1} k(β(b)β(a) + 1) + λ + μβ(a) ≡ 0 mod n, (2.35) ’Omwc h exÐswsh (2.35) èqei lÔseic wc proc k an kai mìno an (n, β(b)β(a) + 1)|λ + μβ(a). Sthn perÐptwsh (n, 2) = 1, to monadikì stoiqeÐo tĹxhc dÔo sthn omĹda Gal(F/F^{⟨ba⟩}) eÐnai thc morfăc RST^k Ĺra h (2.34) èqei mÐa lÔsh, kai to epijumhtì apotèlesma prokÔptei akribÿc ìpwc kai sthn perÐptwsh Ĺrtiou n.□

Ja jewrăsoume tÿra tic treÐc teleutaÐec periptÿseic tou jewrămatoc (3) A_R = {P_{1,i}}_{0≤i<m−1} ∪ {P_{2,i}}_{0=1,...,m−1} ’Olec oi jèseic P_{i,j} diakladÐzontai sthn epèktash F/F_0. Upojètoume ìpwc kai sthn paratărhsh 2.2.10 ìti D_m(P_{1,0}) = ⟨b⟩. Ex aitÐac tou porÐsmatoc 2.2.4 mporoÔme na dialèxoume R ∈ π^{−1}(b) tètoio ÿste R^2 = T, dhladă μ = 1. Epiplèon h epèktash eÐnai kentrikă se aută thn perÐptwsh dhladă β(a) ≡ β(b) ≡ 1modn. JewroÔme dÔo akìma upoperiptÿseic

• (n, 2) = 1. AfoÔ h epèktash eÐnai kentrikă èqoume H^2(D_m, C_n) = 1, dhladă upĹrqei mìno mÐa epèktash thc D_m me C_n, h G ∼= C_n × D_m. • (n, 2) = 2. H exÐswsh (2.32), se aută thn perÐptwsh, èqei thn morfă RS_1R^{−1} = T^{2x+λ}S^{−1}_1 . (2.36) Apì to lămma 2.2.12 èqoume ìti (n, β(a)β(b) + 1) = 2 ∤ λ + 1, Sunepÿc 2|λ kai ètsi h exÐswsh 2x + λ ≡ 0 mod n èqei mÐa lÔsh x. H sqèsh (2.36) gia thn sugkekrimènh aută lÔsh x grĹfetai wc

RS_1R^{−1} = S^{−1}_1 .

’Estw t h tĹxh tou S_1. H omĹda G eÐnai mÐa metakuklikă omĹda pou dèqetai thn parakĹtw parĹstash se gennătorec kai sqèseic:

⟨R, S_1|R^{2n} = 1, S^t_1 = 1, RS_1R^{−1} = S^{−1}_1 ⟩,

allĹ tìte |G| = 2nt, sunepÿc t = m.

(4) A_R = ∅. ’Olec oi jèseic P_{i,j} analÔontai sthn epèktash F/F_0. Ac upojèsoume ìti D_m(P_{1,0}) = ⟨b⟩. Ex aitÐac tou porÐsmatoc 2.2.4 mporoÔme na dialèxoume R ∈ π^{−1}(b) tètoio ÿste R^2 = 1, kai μ = 0. AfoÔ ìlec oi jèseic tou F_0 oi opoÐec epekteÐnoun tic p_1, p_2 analÔontai sthn F/F_0 apì to lămma 2.2.12 èqoume ìti (n, β(b)β(a) + 1)|λ. AllĹ (β(b), n) = 1, ètsi (n, β(ba) + 1) = (n, β(b)β(b)β(a) + β(b)) = (n, β(a) + β(b))|λ. Sunepÿc upĹrqei èna x tètoio ÿste x(β(a) + β(b)) + λ ≡ 0 mod n kai gia autì to x, h exÐswsh (2.32) gÐnetai

RS_1R^{−1} = T^{x(β(a)+β(b))+λ}S^{−1}_1 = S^{−1}_1 .

Ja sumbolÐzoume me t thn tĹxh tou S_1 = T^xS. H omĹda se aută thn perÐptwsh dÐnetai apì touc parakĹtw gennătorec kai sqèseic

⟨R, T, S_1|R^2 = 1, RT R^{−1} = T^{β(b)}, S_1T S^{−1}_1 = T^{β(a)}, RS_1R^{−1} = S^{−1}_1 , S^t_1 = 1, T^n = 1⟩,

kai eÐnai tĹxhc 2nt, apì ìpou èqoume t = m kai h omĹda G eÐnai isìmorfh me to hmieujÔ ginìmeno C_n⋊D_m ìpou h drĹsh tou D_m sthn C_n kajorÐzetai apì ton morfismì β.

(5) A_R = {P_{1,i}}_{0≤i<m}. Se aută thn perÐptwsh upojètoume ìti to sÔnolo twn jèsewn P_{1,i}, upèr thc p_1 diakladÐzontai sthn epèktash F/F_0 kai to sÔnolo twn jèsewn P_{2,i} upèr thc p_2 analÔontai. MporoÔme na dialèxoume R ∈ π^{−1}(b) tètoio ÿste R^2 = T sunepÿc μ = 1. Epiplèon β(b) ≡ 1 mod n.

Apì to lămma 2.2.12 èqoume ìti (β(b)β(a) + 1, n) = (β(a) + 1, n) |λ + β(a). ’Ara upĹrqei x ètsi ÿste x(β(a) + 1) + λ ≡ −β(a) mod n kai gia autì to x h exÐswsh (2.32) grĹfetai

RS_1R^{−1} = T^{x(β(a)+β(b))+λ}S^{−1}_1 = T^{−β(a)}S^{−1}_1 = S^{−1}_1 T^{−1}.

AfoÔ T = R^2 h parapĹnw sqèsh eÐnai isodÔnamh me thn

(RS_1)^2 = 1.

Ja sumbolÐzoume me t thn tĹxh tou S_1. H omĹda G dèqetai thn parakĹtw parĹstash se genătorec kai sqèseic:

G = ⟨R, S_1|R^{2n} = 1, S^t_1 = 1, (RS_1)^2 = 1⟩.

ParathroÔme ìti h omĹda pou gennĹtai apì to R^2 eÐnai h omĹda Galois Gal(F/F_0) h opoÐa eÐnai kanonikă upoomĹda thc G. To phlÐko

G := G ⟨R^2⟩ = ⟨R, S_1|R^2 = 1, S^t_1 = 1, (RS_1)^2 = 1 ⟩ eÐnai isìmorfo me mÐa diedrikă omĹda tĹxhc 2t. Sunepÿc h omĹda G èqei tĹxh 2nt kai t = m. □ Ja apodeÐxoume tÿra ìti oi parapĹnw tÔpoi diaklĹdwshc ulopoioÔntai, dhladă ja prèpei na epilèxoume D ∈ D_n(G_0, A_R ⊂ A, β) bajmoÔ 0 mod n. (1) XeqwrÐzoume tic parakĹtw upoperiptÿseic:

• n ≡ 2 mod 4, m ≡ 0 mod 2. Se aută thn perÐptwsh èqoume ston forèa tou D to parakĹtw sÔnolo A_R stajerÿn jèsewn D_m A_R = {P_{3,1}, P_{3,2}, P_{1,0}, P_{1,1}, ..., P_{1,i−1}} ă A_R = {P_{3,1}, P_{3,2}, P_{1,0}, P_{1,1}, ..., P_{1,i−1}, P_{2,0}, P_{2,1}, ...., P_{2,i−1}} kai fusikĹ s troqièc O(P_j , D_m) ìpou h jèsh P_j den stajeropoieÐtai apì thn D_m. Edÿ gia aplopoÐhsh tou sumbolismoÔ grĹfoume dÔo periptÿseic mazÐ, thn deÔterh entìc parenjèsewn. UpenjumÐzoume ìti sthn perÐptwsh aută, h sunĹrthsh drĹshc β eÐnai tetrimmènh, opìte paÐrnontac λ(Q) = 1 gia ìla ta Q ∈ supp(D) èqoume ìti

deg(D) = 2 + m + 2ms ă deg(D) = 2 + 2m + 2ms.

AfoÔ (2m, n) = 2 to opoÐo diaireÐ to 2 + m (2 + 2m antÐstoiqa), mporoÔme na dialèxoume to s ètsi ÿste deg(D) ≡ 0 mod n.

• n ≡ 0 mod 4, m ≡ 0 mod 2. Sthn perÐptwsh aută èqoume ston forèa tou D to parakĹtw sÔnolo A_R stajerÿn jèsewn D_m A_R = {P_{3,1}, P_{3,2}, P_{1,0}, P_{1,1}, ..., P_{1,i−1}} , kai s troqièc O(P_j , D_m) ìpou oi jèseic P_j den stajeropoioÔntai apì ton D_m. PaÐrnoume λ(Q) = 1 gia ìla ta Q sto supp(D), ètsi

deg(D) = 2 + m + 2ms.

Sthn perÐptwsh aută (2m, n) = 4 to opoÐo diaireÐ to 2 + m (upenjumÐzoume ìti afoÔ (n, m) = 2, m ≡ 2 mod 4), opìte mporoÔme na dialèxoume to s ètsi ÿste deg(D) ≡ 0 mod n.

Me ìmoio trìpo mporoÔme na deÐxoume ìti mporoÔme na dialèxoume deg(D) ≡ 0 mod n sthn perÐptwsh (n, m) = 1.

(2) Sthn perÐptwsh aută èqoume A_R = {P_{3,1}, P_{3,2}}. AnalÔoume to n se ginìmeno prÿtwn paragìntwn n = p^{a1}_1 . . . p^{at}_t . SÔmfwna me to lămma 2.2.8 grĹfoume n = n^+(β(b)) · n^−(β(b)), kai (n^+(β(b)), n^−(β(b))) = 1 ă 2. H exÐswsh (2.14), mac dÐnei deg(D) ≡ 0 mod p^{ai}_i gia D ∈ D_n(G_0, A_R ⊂ A, β) kai gia p_i | n^−(β(b)), p_i ≠ 2. An 2 | n, kai p_{i0} = 2 tìte deg(D) ≡

0 mod p^{a′i0}_{i0} , ìpou a^′_{i0} = v_2(n^−β(b)) < a_{i0} . O tuqaÐoc divisor D ∈ D_n(G_0, A_R ⊂ A, β) grĹfetai

D = λ(P_{3,1} + P_{3,2}) + s∑ i=1 λ(P_i) ∑ P ∈O(P_i ,D_m) P. Ja prèpei na dialèxoume ton D ètsi ÿste deg(D) ≡ 0 mod n^+(β). Jètoume λ = λ(P_i) ≡ 1 mod n. MporoÔme na dialèxoume ton arijmì ton troqiÿn s kai ton divisor D ∈ D_n(G_0, A_R ⊂ A, β), katĹ tètoio trìpo

deg(D) = 2 + ms ≡ 0 mod n^+(β), afoÔ (n^+(β), m) | 2 (upenjumÐzoume ìti (n, m)|β(b) + 1).

(3) ’Eqoume ìti A_R = {P_{i,j} /i = 1, 2 j = 0, ..., m − 1} . Sunepÿc dialègoume D me s to plăjoc troqÐec O(P_i, D_m) ìpou P_i den stajeropoieÐtai apì thn D_m, kai jètontac λ(Q_i) ≡ 1 mod n upologÐzoume deg(D) = 2m + s2m.

MporoÔme na dialèxoume to s katĹllhla ÿste o parapĹnw bajmìc na eÐnai 0 mod n.

(4) ’Eqoume A_R = ∅ kai h ulopoÐhsh prokÔptei apì to lămma 2.1.7. (5) ’Eqoume A_R = {P_{1,0}, ..., P_{1,m−1}} . ParathroÔme ìti β(b) ≡ 1 mod n. AnalÔoume to n se n^+(β(a)), n^−(β(a)) ìpwc mac dÐnontai apì to lămma 2.2.8. Apì thn exÐswsh (2.14) èqoume ìti deg(D) ≡ 0 mod p^{ai}_i gia p_i | n^−(β(a)) kai gia ìlouc touc divisors D ∈ D_n(G_0, A_R ⊂ A, β). Opìte mporoÔme na dialèxoume ton D ètsi ÿste

deg D ≡ 0 mod n^+ (β(a)) .

UpologÐzoume deg D = m + 2ms mod n^+(β(a)), (2.37)

Apì thn exÐswsh (2.37) katalăgoume sto ìti h sunjăkh (n^+(β(a)), 2m) | m, eÐnai anagkaÐa gia na eÐnai h perÐptwsh 3 ulopoiăsimh.

PerÐptwsh B Se aută thn perÐptwsh h qarakthristikă tou sÿmatoc k eÐnai 2. ’Eqoume ìti G/C_n = D_m, (2, m) = 1. Apì ton qarakthrismì twn peperasmènwn omĹdwn automorfismÿn tou rhtoÔ sÿmatoc sunartăsewn, sto jeÿrhma 2.2.1 èqoume ìti oi dÔo jèseic p_1, p_2 tou F^G = F^{Dm}_0 diakladÐzontai sthn epèktash F_0/F^{Dm}_0 , me deÐktec diaklĹdwshc 2 kai m, antÐstoiqa. ’Estw P_{1,i} i = 1, ..., m (P_{2,j} j = 1, 2 antÐstoiqa) to sÔnolo twn jèsewn tou F_0 upèr thc p_1 (p_2 antÐstoiqa).

Jeÿrhma 2.2.13 ’Estw ìti h omĹda G_0 = G/C_n eÐnai isìmorfh me thn diedrikă omĹda D_m, p ∤ m, p = 2. XeqwrÐzoume tic parakĹtw periptÿseic gia thn domă thc omĹdac G:

1. A_R ⊃ {P_{1,i}}_{0≤i<m}. Tìte h β eÐnai tetrimmènh kai G ∼= C_n × D_m.

2. A_R = {P_{2,j} }_{j=1,2}. Tìte G ∼= C_{nm} ⋊ C_2.

3. A_R = ∅. Tìte G ∼= C_n ⋊ D_m.

Apìdeixh:

1 A_R ⊃ {P_{1,i}}_{0≤i<m}. Sthn perÐptwsh aută oi jèseic P_{1,i} i = 1, ..., m pou epekteÐnoun thn p_1 diakladÐzontai sthn epèktash F/F_0. ParathroÔme ìti an mÐa apì autèc, ac poÔme h P_{1,i0} , diakladÐzetai tìte ìlec oi P_{1,i} diakladÐzontai epÐshc, afoÔ oi epèktaseic F/F_0 kai F_0/F^G eÐnai kai oi dÔo Galois. ParathroÔme epÐseic ìti h omĹda Galois Gal(F/F^{⟨bai⟩}_0 ) thc epèktashc F/F^{⟨bai⟩}_0 eÐnai mÐa epèktash thc omĹdac ⟨ba^i⟩ ∼= C_2. Apì thn melèth twn epektĹsewn stoiqeiwdÿn abelianÿn omĹdwn, èqoume ìti β(ba^i) ≡ 1 mod n, gia ìla ta i = 0, ..., m − 1, afoÔ h monadikă stajeră jèsh tou ba^i diakladÐzetai sthn F/F_0. Autì isqÔei gia ìla ta i ètsi h omĹda G eÐnai mÐa kentrikă epèktash tou D_m me C_n. AfoÔ n ≡ 1 mod 2 èqoume ìti H^2(D_m, C_n) = 1, sunepÿc G ∼= C_n × D_m. 2 A_R = {P_{2,j} }_{j=1,2}. Oi dÔo jèseic P_{2,i} tou F_0 upèr thc p_2 diakladÐzontai plărwc sthn F/F_0. D_m(P_{2,i}) = ⟨a⟩, ètsi apì to pìrisma (2.2.4) mporoÔme na broÔme S ∈ π^{−1}(a) h opoÐa na èqei tĹxh nm. H drĹsh tou a sthn Gal(F/F_0) ∼= ⟨S^m⟩ eÐnai tetrimmènh dhladă β(a) ≡ 1 mod n. ’Estw R ∈ π^{−1}(b). ParathroÔme ìti |G : ⟨S⟩| = 2 opìte ⟨S⟩ ⊲ G. Sunepÿc upĹrqei r tètoio ÿste, RSR^{−1} = S^r.

ParathroÔme ìti h S^m gennĹ thn omĹda Gal(F/F_0) ∼= C_n, opìte S^{β(b)m} = RS^mR^{−1} = S^{mr}, sunepÿc β(b) = r mod n. (2.38)

Apì thn Ĺllh, èqoume

RSR^{−1}S = S^{r+1} ⇒ 1 = π(RSR^{−1}S) = π(S^{r+1}),

opìte r ≡ −1 mod m (2.39)

To sÔsthma twn (2.38)(2.39) èqei mÐa lÔsh r an kai mìno an (n, m)|β(b) + 1 kai h omĹda dÐnetai apì tic parakĹtw sqèseic: ⟨R, S|R^2 = 1, S^{nm} = 1, RSR^{−1} = S^r⟩. ParathroÔme ìti h G eÐnai isìmorfh me thn G ∼= C_{nm}⋊C_2. 3 A_R = ∅. Se aută thn perÐptwsh ìlec oi jèseic, P_{1,i}, P_{2,j} tou F_0 upèr thc p_1 kai thc p_2 antÐstoiqa, analÔontai sthn F/F_0. ParathroÔme ìti (n, 2) = (m, 2) = 1. Ja qrhsimopoiăsoume thn emfÔteush thc prìtashc 2.2.2,

H^2(D_m, C_n) = ⨁ p|2m H 2(D_m, C_n)_p −→ ⨁ p|2m H 2(H_p, C_n) a = ∑ a_p −→ ∑ res_{Dm →Hp} (a_p) . AfoÔ (n, 2) = 1 apì to jeÿrhma tou Zassenhaus ([14], sel. 163) èqoume ìti H^2(H_2, C_n) = 1. An p ≠ 2, p|m tìte h p-Sylow upoomĹda H_p eÐnai upoomĹda thc kuklikăc upoomĹdac ⟨a⟩ ∼= C_m thc D_m. AfoÔ h ⟨a⟩ stajeropoieÐ thn P_{2,j} , h opoÐa analÔetai sthn F/F_0, h upoepèktash 1 −→ C_n −→ π^{−1}(⟨a⟩) −→ ⟨a⟩ −→ 1, diaspĹtai. ’Olec oi upoepektĹseic pou antistoiqoÔn stic p-Sylow upoomĹdec tou ⟨a⟩ diaspÿntai epÐshc, Ĺra H^2(H_p, C_n) = 1 gia p ≠ 2. Autì mac dÐnei ìti H^2(D_m, C_n) = 1 kai telikĹ èqoume G ∼= C_n ⋊ D_m ìpou h drĹsh thc D_m sto C_n kajorÐzetai apì thn sunĹrthsh β. □

Gia na apodeÐxoume ìti autìc o tÔpoc diaklĹdwshc eÐnai ulopoiăsimoc ja prèpei na dialèxoume D ∈ D_n(G_0, A_R ⊂ A, β) bajmoÔ 0 mod n.

1 PaÐrnoume s troqièc O(P_i, D_m), ètsi ÿste h jèsh P_i na mhn stajeropoieÐtai apì thn D_m kai jètoume λ(P_i) ≡ 1 mod n. ’Eqoume A_R = {P_{1,1}, ..., P_{1,m}, P_{2,1}, P_{2,2}} (ă A_R = {P_{1,1}, ..., P_{1,m}} Ĺra o bajmìc tou D eÐnai

deg D = m + 2 + 2ms ă deg D = m + 2ms.

Profanÿc, afoÔ (2m, n) = (n, m) mporoÔme na broÔme s ètsi ÿste deg D ≡ 0 mod n sthn perÐptwsh A_R = {P_{1,1}, ..., P_{1,m}, } . Sthn perÐptwsh A_R = {P_{1,1}, ..., P_{1,m}, P_{2,1}, P_{2,2}} , blèpoume ìti (n, m) | 2 eÐnai anagkaÐa sunjăkh ÿste na ulopoiătai autìc o tÔpoc diaklĹdwshc. ParathroÔme ìti h sunjăkh (n, m) | 2 eÐnai isodÔnamh me (n, m) = 1 afoÔ (n, 2) = (m, 2) = 1.

2 Apì to lămma 2.1.6 arkeÐ na kataskeuĹsoume D bajmoÔ 0 mod n^+(b). PaÐrnoume s troqièc O(P_i, D_m), ìpou h P_i den stajeropoieÐtai apì ton D_m kai jètoume λ(P ) ≡ 1 mod n gia ìla ta P sto supp(D). ’Eqoume

deg(D) = 2 + 2ms mod n^+(b).

MporoÔme na dialèxoume s tètoio ÿste deg(D) ≡ 0 mod n^+(b), afoÔ (n, 2) = (n^+(b), 2) = 1.

3 O tÔpoc diaklĹdwshc se aută thn perÐptwsh ulopoiătai apì to lămma 2.1.7, afoÔ A_R = ∅.

2.2.7 H omĹda A_4

Upojètoume ìti G/C_n ∼= A_4. Apì to jeÿrhma taxinìmhshc 2.2.1 èqoume ìti treic jèseic tou F_1 := F^G = F^{A4}_0 diakladÐzontai sthn F_0/F_1, oi p_1, p_2, p_3 me deÐktec diaklĹdwshc e_1 = 2, e_2 = e_3 = 3 antÐstoiqa. Epiplèon ja prèpei h qarakthristikă p ≠ 2, 3. Ja sumbolÐzoume me P_{1,i} i = 1, ..., 6, P_{2,j} , P_{3,j} j = 1, ..., 4 to sÔnolo twn jèsewn tou F_0 pou epekteÐnoun tic p_1, p_2, p_3, antÐstoiqa.

H omĹda A_4 dèqetai mÐa parĹstash se gennătorec kai sqèseic

A_4 = ⟨a, b/a^2 = b^3 = 1, (ab)^3 = 1⟩.

ParathroÔme epÐseic ìti h omĹda A_4 èqei mÐa kanonikă 2-Sylow upoomĹda isìmorfh me thn omĹda V_4 tou Klein, h opoÐa san upoomĹda thc A_4 mporeÐ grafeÐ se ìrouc twn gennhtìrwn thc A_4 V_4 = { 1, a, bab^{−1}, b^2ab^{−2} } . Tèloc, h omĹda A_4 mporeÐ na grafeÐ kai wc hmieujèc ginìmeno A_4 ∼= V_4 ⋊ ⟨b⟩. O omomorfismìc drĹshc β : A_4 −→ Z^∗_n den gÐnetai na eÐnai monomorfismìc, afoÔ h A_4 den eÐnai abeliană. ’Eqoume dÔo dunatìthtec gia ton ker β :

ker β = V_4, ă ker β = A_4 (kentrikă epèktash)

Se kĹje perÐptwsh, afoÔ A_4/V_4 ∼= Z_3 kai to a èqei tĹxh dÔo sthn A_4, èqoume ìti β(a) ≡ 1 mod n.

Jeÿrhma 2.2.14 ’Estw ìti G_0 = G/C_n ∼= A_4, tìte h omĹda automorfismÿn G eÐnai isìmorfh katĹ perÐptwsh me:

a) A_R = ∅ tìte G ∼= C_n ⋊ A_4.

b) A_R = {P_{2,j} }_{1≤j≤4} tìte G ∼= V_4 ⋊ C_{3n}.

c) A_R = {P_{1,i}}_{1≤i≤6} tìte G ∼= G^′ ⋊ C_3, ìpou G^′ orÐzetai mèsw gennhtìrwn kai sqèsewn:

G^′ := ⟨R, S/R^2 = S^2, S^{2n} = 1, RSR^{−1} = S^r⟩.

d) {P_{1,i}}_{i=1,...,6} ⊊ A_R tìte h omĹda G dèqetai thn parakĹtw anaparĹstash mèsw gennhtìrwn kai sqèsewn:

G = ⟨R, S|R^{2n} = 1, R^2 = S^3, (RS)^3 = R^{2k}⟩, gia kĹpoio k ∈ {1, ..., n}.

Apìdeixh:

a) A_R = ∅. ’Olec oi jèseic tou F_0 pou epekteÐnoun tic p_1, p_2, p_3 analÔontai sthn epèktash F/F_0. Se aută thn perÐptwsh isqurizìmaste ìti G ∼= C_n⋊A_4 ìpou h drĹsh tou A_4 epÐ thc C_n kajorÐzetai apì thn sunĹrthsh β. Gia na apodeÐxoume ton isqurismì parathroÔme ìti h A_4 eÐnai to hmieujÔ ginìmeno V_4⋊⟨b⟩ kai ìti h V_4 eÐnai stoiqeiÿdhc abeliană omĹda thc morfăc E_2(2). SÔmfwna me thn melèth epektĹsewn diedrikÿn omĹdwn, afoÔ oi stajerèc jèseic thc V_4 = D_2 analÔontai, èqoume ìti h upoepèktash

1 −→ C_n −→ π^{−1}(V_4) −→ V_4 −→ 1, (2.40)

diaspĹtai, kai apì to lămma 2.2.7 èqoume G ∼= C_n⋊A_4.

b) A_R = {P_{2,j} }_{1≤j≤4}. Dhladă to sÔnolo twn stajerÿn jèsewn P_{1,i} i = 1, ..., 6 analÔetai kai toulĹqiston mÐa apì tic jèseic P_{2,j} , P_{3,j} , ac poÔme h P_{2,j} j = 1, ..., 4 diakladÐzetai sthn F/F_0. SÔmfwna me to pìrisma 2.2.4, afoÔ oi stajerèc jèseic tou b diakladÐzontai, èqoume ìti β(b) ≡ 1 mod n Ĺra h epèktash eÐnai kentrikă. H omĹda A_4 eÐnai èna hmieujÔ ginìmeno V_4⋊⟨b⟩ kai ìpwc kai sthn perÐptwsh a) èqoume ìti h mikră akribăc akoloujÐa (2.40) diaspĹtai. Qrhsimopoiìntac to lămma 2.2.7 èqoume ìti G ∼= V_4⋊C_{3n}, ìpou h drĹsh tou gennătora R thc kuklikăc omĹdac C_{3n} sto x ∈ V_4 dÐnetai apì x^R := R^nxR^{−n} = x^{β(Rn)}. To dexÐ mèloc èqei nìhma afoÔ R^n ∈ C_3 < A_4. ParathroÔme ìti an oi jèseic P_{3,j} j = 0, ..., 4 tou F_0 den diakladÐzontai, tìte apì thn paratărhsh 2.1.5 èqoume ìti (n, 3) = 1.

c) A_R = {P_{1,i}}_{1≤i≤6}. Sthn perÐptwsh aută oi jèseic P_{1,i} i = 1, ..., 6 diakladÐzontai kai oi jèseic P_{i,j} i = 1, 2, j = 1, ..., 4 analÔontai. Apì thn melèth twn diedrikÿn epektĹsewn èqoume ìti h omĹda G^′ := π^{−1}(V_4) grĹfetai mèsw gennhtìrwn kai sqèsewn wc

G^′ = ⟨R, S/R^2 = S^2, S^{2n} = 1, RSR^{−1} = S^r⟩,

ìpou r eÐnai h monadikă lÔsh tou sustămatoc r ≡ 1 mod n, r ≡ −1 mod 2 an (n, 2) = 1, kai h monadikă lÔsh tou sustămatoc r ≡ 1 mod n, r ≡ −1 mod 2 ètsi ÿste^{r+1}_2 na eÐnai Ĺrtioc, diaforetikĹ. ParathroÔme epÐshc ìti sthn perÐptwsh (n, 2) = 2 autìc o tÔpoc diaklĹdwshc emfanÐzetai mìno an n ≡ 2 mod 4. Isqurizìmaste ìti G ∼= G^′ ⋊ ⟨b⟩ ∼= G^′⋊C_3. ParathroÔme ìti G^′ ⊲ G afoÔ V_4 ⊲ A_4. Apì thn Ĺllh, apì to pìrisma 2.2.4 èpetai ìti h upoepèktash 1 −→ C_n −→ π^{−1}(⟨b⟩) −→ ⟨b⟩ −→ 1 (2.41) diaspĹtai, sunepÿc upĹrqei ènac omomorfismìc j : ⟨b⟩ → C_n ⋊ ⟨b⟩ → G tètoioc ÿste j(⟨b⟩) ∩ C_n = {1} . Gia na apodeÐxoume ton isqurismì ja prèpei na deÐxoume ìti j(⟨b⟩) ∩ G^′ = 1. ’Estw x ∈ j(⟨b⟩) ∩ G^′. An x ≠ 1 tìte x ∈ (⟨b⟩) èqei tĹxh 3. Tèloc parathroÔme ìti to tetrĹgwno kĹje stoiqeÐou thc G^′ anăkei sthn ⟨S⟩. Autì mac dÐnei ìti gia to x, pou grĹfetai sthn morfă R^iS^j , èqoume x^3 = xx^2 = R^iS^j S^k Ĺra x ∈ ⟨S⟩ kai x^2 ∈ C_n. AfoÔ j(⟨b⟩) ∩ C_n = {1} èqoume x^2 = 1 kai x = 1.

d) {P_{1,i}}_{i=1,...,6} ⊊ A_R. Sthn perÐptwsh aută ìlec oi jèseic P_{1,i} i = 1, ..., 6 kai toulĹqiston mÐa apì tic P_{2,j} kai P_{3,j} j = 1, ..., 4 diakladÐzetai sthn epèktash F/F_0. (UpenjumÐzoume ìti oi jèseic P_{2,j} P_{3,j} èqoun diaforetikì tÔpo diaklĹdwshc an kai mìno an

(3, n) = 1. Upojètoume ìti h P_{1,1} stajeropoieÐtai apì to a kai ìti P_{2,1}stajeropoieÐtai apì to b. Qrhsimopoiÿntac to pìrisma 2.2.4 èqoume ìti o omomorfismìc β eÐnai tetrimmènoc kai h epèktash omĹdwn eÐnai kentrikă. Epiplèon upĹrqoun stoiqeÐa R ∈ π^{−1}(a) kai S ∈ π^{−1}(b) tètoia ÿste ⟨R⟩ ∼= C_{2n}, ⟨S⟩ ∼= C_{3n}. H omĹda Gal(F/F_0) ∼= C_n eÐnai koină upoomĹda twn ⟨R⟩, ⟨S⟩ opìte, dialègontac katĹllhlouc gennătorec R, S, èqoume tic parakĹtw sqèseic metaxÔ twn R, S,

R^{2n} = 1, R^2 = S^3.

SumbolÐzoume me π thn probolă G → G/C_n. AfoÔ to π(RS) = ab èqei tĹxh 3 sthn A_4 èqoume kai thn epiprìsjeth sqèsh (RS)^3 = R^{2k} metaxÔ twn R, S. OrÐzoume thn omĹda G_1

G_1 := ⟨R, S|R^{2n} = 1, R^2 = S^3, (RS)^3 = R^{2k}⟩. (2.42)

Profanÿc ⟨R^2⟩ eÐnai mÐa kanonikă upoomĹda thc G_1 kai G_1/⟨R^2⟩ ∼= A_4 Ĺra G_1 ∼= G. Ja apodeÐxoume ìti upĹrqei mìno mÐa omĹda me ton tÔpo diaklĹdwshc thc perÐptwshc d), dhladă upĹrqei mìno mÐa omĹda pou na orÐzetai apì tic sqèseic thc (2.42). Dustuqÿc, den mporèsame na broÔme èna trìpo prosdiorismoÔ tou k se kleistă morfă. Me thn boăjeia tou progrĹmmatoc upologistikăc Ĺlgebrac MAGMA [18] upologÐsame thn timă tou k gia diaforetikèc timèc tou n:

n 2 3 5 6 7 9 10 11 13 14 15 17 18 19 k 1 1 5 1 6 7 5 8 9 6 10 11 7 12

Ja apodeÐxoume tÿra ìti upĹrqei mìno mÐa omĹda G me ton tÔpo diaklĹdwshc thc perÐptwshc d. AfoÔ h epèktash sthn perÐptwsh d) eÐnai kentrikă èqoume

H^2(A_4, C_n) ∼= Z_{(n,2)} × Z_{(n,3)}.

Ja metrăsoume to plăjoc i(A_4, C_n) twn mh isomìrfwn omĹdwn G, pou paÐrnoume epekteÐnontac thn omĹda A_4 me C_n. Sthn perÐptwsh (n, 3) = (n, 2) = 1 apì ton parapĹnw tÔpo sunomologÐac èqoume ìti h epèktash diaspĹtai kai h omĹda G eÐnai isìmorfh me thn C_n × A_4. Sthn perÐptwsh (n, 2) = 1, (n, 3) = 3 h upoepèktash

1 −→ C_n −→ π^{−1}(V_4) −→ V_4 −→ 1

diaspĹtai apì to jeÿrhma Zassenhaus , ([14], sel. 162) kai, sÔmfwna me to lămma 2.2.7, èqoume dÔo dunatìthtec gia thn domă thc G:

G ∼= C_n ⋊ A_4 ă G ∼= V_4 ⋊ C_{3n}.

Sthn perÐptwsh (n, 2) = 2, (n, 3) = 1 èqoume H^2(A_4, C_n) ∼= Z_2. Oi dÔo omĹdec pou emfanÐzontai eÐnai isìmorfec me tic dÔo omĹdec pou brăkame sthn perÐptwsh c).

Ac upojèsoume ìti (n, 2) = 2, (n, 3) = 3. Ja apodeÐxoume ìti to plăjoc twn mh isìmorfwn kentrikÿn epektĹsewn thc A_4 me C_n eÐnai i(A_4, C_n) = 4. GrĹfoume to n = 2^a3^bm me (m, 2) = (m, 3) = 1. UpĹrqoun mìno dÔo mh isìmorfec epektĹseic G^′_i i = 1, 2 thc morfăc 1 −→ C_3b_m −→ G^′_i −→ A_4 −→ 1, ìpwc deÐxame sthn perÐptwsh (n, 2) = 1, (n, 3) = 3. H omĹda G dÐnetai san mÐa epèktash twn G^′_i, dhladă 1 −→ C_2a −→ G −→ G^′_i −→ 1.

Isqurizìmaste ìti h G èqei dÔo dunatìthtec gia kĹje epilogă twn G^′_i i = 1, 2. PrĹgmati,

H^1(C_3b_m, C_2a ) = Hom(C_3b_m, C_2a ) ∼= 0

sunepÿc h parakĹtw akoloujÐa (restriction - inflation)

0 −→ H^2 ( G^′_i C_3b_m , C_2a ) −→ H^2(G^′_i, C_2a ) −→ H^2(C_3b_m, C_2a ) ∼= 0

eÐnai akribăc, to opoÐo mac dÐnei ìti H^2(G^′_i, C_2a ) ∼= Z_2 afoÔ

H^2 ( G^′_i C_3b_m , C_2a ) = H^2(A_4, C_2a ) ∼= Z_2.□

Prokeimènou na apodeÐxoume ìti o tÔpoc diaklĹdwshc eÐnai ulopoiăsimoc katĹ perÐptwsh ja prèpei na broÔme èna divisor D ∈ D_n(A_4, A_R ⊂ A, β) bajmoÔ 0 mod n.

a) O tÔpoc diaklĹdwshc se aută thn perÐptwsh ulopoiătai apì to lămma 2.1.7. b) An A_R = {P_{2,1}, ..., P_{2,4}, P_{3,1}, ..., P_{3,4}} paÐrnoume s troqièc O(P_i, A_4) ìpou P_i den stajeropoieÐtai apì thn A_4 kai jètoume λ(P_i) ≡ 1 mod n, λ(P_{2,j} ) ≡ −λ(P_{3,j} ) mod n. ’Etsi deg(D) = 12s kai mporoÔme na dialèxoume to plăjoc twn troqiÿn s katĹ tètoio trìpo ÿste deg(D) ≡ 0 mod n. An A_R = {P_{2,1}, ..., P_{2,4}} paÐrnoume s troqièc O(P_i, A_4) ìpou P_i den stajeropoieÐtai apì thn A_4 kai jètoume λ(P ) ≡ 1 mod n gia ìla ta P ∈ supp(D). O bajmìc tou D eÐnai deg(D) = 4 + 12s.

Sunepÿc, afoÔ (n, 3) = 1 èqoume ìti (n, 12) | 4, Ĺra mporoÔme na broÔme s tètoio ÿste D ≡ 0 mod n. c) ’Eqoume A_R = {P_{1,1}, ..., P_{1,6}}. ’Estw n_0 to kommĹti tou n gia to opoÐo

β(b) ≡ 1 mod n_0.

Apì to lămma 2.1.6 eÐnai arketì na apodeÐxoume ìti deg(D) ≡ 0 mod n_0. PaÐrnoume s to plăjoc troqièc O(P_i, A_4) ìpou P_i den paramènei stajerì apì thn A_4 kai jètoume λ(P ) ≡ 1 mod n gia ìla ta P ∈ supp(D). UpologÐzoume ìti

deg(D) = 6 + 12s.

AfoÔ n ≡ 2 mod 4 ă n ≡ 1 mod 2 èqoume ìti (n_0, 12) | 6, sunepÿc mporoÔme na broÔme èna s tètoio ÿste deg(D) ≡ 0 mod n_0.

d) {P_{1,i}}_{i=1,...,6} ⊊ A_R. Epilègoume s troqièc O(P_i, A_4) ìpou P_i den stajeropoieÐtai apì thn D_m. An A_R = {P_{1,1}, ..., P_{1,6}, P_{2,1}, ..., P_{2,4}} tìte jètoume λ(P_{1,i}) ≡ 1 mod n gia i = 1, ..., 6, λ(P_{2,j} ) ≡ −1 mod n gia j = 1, ..., 4. An A_R = {P_{1,1}, ..., P_{1,6}, P_{2,1}, ..., P_{2,4}, P_{3,1}, ..., P_{3,4}} tìte jètoume λ(P_{1,i}) ≡ 1 mod n kai λ(P_{2,i}) ≡ −λ(P_{3,i}) mod n i = 1, ..., 6, j = 1, ..., 4. Oi bajmoÐ twn parapĹnw divisors eÐnai

deg(D) = 2 + 12s kai deg(D) = 6 + 12s.

MporoÔme na pĹroume to s ètsi ÿste deg (D) ≡ 0 mod n. PrĹgmati, ìpwc stic periptÿseic, b) kai c) parathroÔme n ≡ 2 mod 4 ă n ≡ 1 mod 2 kai, an oi jèseic P_{3,1}, ..., P_{3,4} den diakladÐzontai sthn F/F_0 tìte (n, 3) = 1 apì thn paratărhsh 2.1.5

2.2.8 H omĹda A_5

H omĹda A_5 emfanÐzetai wc omĹda automorfismÿn tou rhtoÔ sÿmatoc sunartăsewn me touc parakĹtw tÔpouc diaklĹdwshc, touc opoÐouc ja qeiristoÔme tautìqrona:

a) Sthn epèktash F_0/F^{A5}_0 treic jèseic p_1, p_2, p_3 thc F^{A5}_0 diakladÐzontai, me deÐktec diaklĹdwshc e_1 = 2, e_2 = 3, e_3 = 5 antÐstoiqa. Gia thn qarakthristikă p ja prèpei na upojèsoume ìti p ≠ 2, 3, 5.

b) Sthn epèktash F_0/F^{A5}_0 dÔo jèseic p_1, p_2 diakladÐzontai me bajmoÔc diaklĹdwshc e_1 = 6, e_2 = 5 antÐstoiqa. Se aută thn perÐptwsh h qarakthristikă p = 3.

Jeÿrhma 2.2.15 Ac upojèsoume ìti h omĹda G_0 = G/C_n eÐnai isìmorfh me thn A_5. H sunomologiakă klĹsh α ∈ H^2(A_5, C_n) pou perigrĹfei thn G kajorÐzetai apì thn sunomologiakă klĹsh pou antistoiqeÐ sthn upoepèktash miĹc 2-Sylow upoomĹdac H_2.

Sthn perÐptwsh pou (n, 2) = 1 ă pou ìlec oi jèseic tou F_0 upèr tou p_1 analÔontai sthn epèktash F/F_0 tìte G ∼= C_n × A_5. DiaforetikĹ h omĹda G dèqetai mÐa parĹstash mèsw gennhtìrwn kai sqèsewn wc exăc: ⟨ X, Y, Z, T | T^n = X^3 = 1, Y^2 = T, Z^2 = T, (XY )^3 = T^l, (Y Z)^3 = T^o, (XZ)^2 = T^m, XT X^{−1} = T, ZT Z^{−1} = T, Y T Y^{−1} = T ⟩ , gia kĹpoiouc akèraiouc m, l, o ∈ {1, ..., n}. Apìdeixh:

H omĹda A_5 eÐnai mÐa aplă mh abeliană omĹda Ĺra o omomorfismìc drĹshc β : A_5 −→ Z^∗_n eÐnai tetrimmènoc kai h epèktash

1 −→ C_n −→ G −→ A_5 −→ 1 (2.43)

kentrikă. UpologÐsame ìti H^2(A_5, C_n) ∼= Z_{(n,2)}. An o n eÐnai perittìc tìte G ∼= C_n × A_5. Upojètoume tÿra ìti o n eÐnai Ĺrtioc. Apì th prìtash (2.2.2) èqoume ìti h sunĹrthsh periorismoÔ

Z_2 ∼= H^2(A_5, C_n) = H^2(A_5, C_n)_{(2)}^{1−1}−→ H^2(H_2, C_n) ∼= Z_2 ⊕ Z_2 ⊕ Z_2, α −→ res_{A5→H2} (α) (2.44)

ìpou H_2 ∼= V_4 eÐnai h 2-Sylow upoomĹda thc A_5, eÐnai {1-1}.

JewroÔme thn epèktash F_0/F^{H2}_0 h opoÐa eÐnai bajmoÔ 4. Oi jèseic tou F^{H2}_0 pou diakladÐzontai sthn epèktash F_0/F^{H2}_0 brÐskontai uperĹnw thc jèshc p_1. Gia na meletăsoume thn omĹda π^{−1}(H_2) ja xeqwrÐsoume tic parakĹtw periptÿseic: eÐte ìlec oi jèseic F_0 upèr thn p_1 analÔontai sthn epèktash F/F_0, eÐte ìlec oi jèseic tou F_0 upèr thc p_1 diakladÐzontai sthn F/F_0.

Sthn prÿth perÐptwsh apì thn melèth twn diedrikÿn epektĹsewn èqoume (H_2 ∼= V_4 ∼= D_2) kai h sunomologiakă klĹsh res_{A5 →H2} (a) sthn H^2(H_2, C_n) eÐnai tetrimmènh, kai afoÔ h sunĹrthsh periorismoÔ (2.44) eÐnai {1-1} h sunomologiakă klĹsh a eÐnai epÐshc tetrimmènh. ’Ara G ∼= C_n × A_5. Sthn perÐptwsh pou ìlec oi jèseic tou F_0 upèr thc p_1 diakladÐzontai sthn F/F_0, apo thn melèth twn epektĹsewn diedrikÿn omĹdwn, èqoume ìti h perÐptwsh aută mporeÐ na emfanisteÐ mìno ìtan n ≡ 2mod4. Ja ekfrĹsoume thn omĹda G mèsw gennhtìrwn kai sqèsewn. EÐnai gnwstì [14] sel. 138 ìti h omĹda A_5 dèqetai thn parakĹtw parĹstash mèsw gennhtìrwn kai sqèsewn:

A_5 = ⟨x, y, z | x^3 = y^2 = z^2 = (xy)^3 = (yz)^3 = (xz)^2⟩. (2.45)

’Estw T ènac gennătorac thc kuklikăc omĹdac C_n. H omĹda anĹlushc twn jèsewn tou F pou epekteÐnoun thn jèsh p_1 èqei mÐa kuklikă upoomĹda tĹxhc 2n. ’Estw X, Y stoiqeÐa tĹxhc 2n, tètoia ÿste π(X) = x, π(Y ) = y. MporoÔme na epilèxoume ta X, Y ètsi ÿste Y^2 = X^2 = T . Efarmìzontac thn π sta ginìmena twn X, Y kai qrhsimopoiìntac tic sqèseic metaxÔ twn gennhtìrwn thc A_5 ìpwc autèc dÐnontai sthn (2.45) katalăgoume sthn parakĹtw parĹstash thc G: ⟨ X, Y, Z, T | T^n = X^3 = 1, Y^2 = T, Z^2 = T, (XY )^3 = T^l, (Y Z)^3 = T^o, (XZ)^2 = T^m, XT X^{−1} = T, ZT Z^{−1} = T, Y T Y^{−1} = T ⟩ , ìpou m, l, o ∈ {1, ..., n}. Oi timèc twn akèraiwn m, l, o mporoÔn na upologistoÔn kĹnontac qrăsh thc parĹstashc thc π^{−1}(V_4) mèsw gennhtìrwn kai sqèsewn. H pragmatopoÐhsh autÿn twn upologismÿn eÐnai dÔskolh, kai den mporèsame na broÔme èna trìpo na tic pragmatopoiăsoume genikĹ. KĹnontac qrăsh tou progrĹmmatoc upologistikăc Ĺlgebrac MAGMA [18] gia sugkekrimènec timèc tou n, mporèsame na upologÐsoume {peiramatikĹ} ìti mporoÔme na epilèxoume m = 1 = l = 1 gia n = 2 kai m = 1, o = 3, l = 2 +^{n−2}_4 gia n > 2, n ≡ 2 mod 4. □

’Estw D ènac divisor sto sÔnolo D_n(A_5, A_R ⊂ A, β) D = 3∑ i=1 a_i ∑ P |p_i P + s∑ i=1 λ(P_i) ∑ P ∈O(P_i ,A_5) P

ìpou a_i = 0 an oi jèseic p_i den anăkoun sto A_R kai a_i = λ(P_{i,j} ) an oi jèseic tou F_0 upèr thc p_i anăkoun sto A_R. Me P_{i,j} ja sumbolÐzoume mia tuqaÐa jèsh p_i. O bajmìc tou D sthn perÐptwsh a) eÐnai

deg(D) = a_130 + a_220 + a_312 + 60 s∑ i=1 λ_i(P_i), Autì mac dÐnei ìti h sunjăkh

(60, n) | a_130 + a_220 + a_312,

eÐnai anagkaÐa kai ikană gia na emfanÐzetai autìc o tÔpoc diaklĹdwshc. OmoÐwc sthn perÐptwsh b) h sunjăkh (60, n) | a_110 + a_212,

eÐnai anagkaÐa kai ikană gia na emfanÐzetai o tÔpoc diaklĹdwshc thc perÐptwshc b).

2.2.9 H omĹda S_4

Upojètoume ìti G/C_n ∼= S_4. H perÐptwsh aută emfanÐzetai mìno stic qarakthristikèc p ≠ 2, 3. Sthn epèktash F_0/F^{S4}_0 diakladÐzontai treic jèseic q_1, q_2, q_3 tou sÿmatoc F_0, me bajmoÔc diaklĹdwshc e_1 = 2, e_2 = 3, e_3 = 4. ’Estw {P_{1,i}}_{1≤i≤12}, {P_{2,j} }_{1≤j≤8}, {P_{3,k}}_{1≤k≤6} ta sÔnola twn jèsewn tou F_0 pou brÐskontai uperĹnw twn q_1, q_2, q_3, antÐstoiqa. H omĹda S_4 dèqetai thn parakĹtw parĹstash se gennătorec kai sqèseic:

S_4 = ⟨x, y | y^2, x^4, (x^{−1}y)^3 = 1⟩, (2.46)

enÿ h A_4 eÐnai h upoomĹda thc S_4 pou parĹgetai apo ta stoiqeÐa x^2, yx.

O tÔpoc diaklĹdwshc thc S_4 sugkrinìmenoc me autìn thc A_4 dÐnetai apì to parakĹtw diĹgramma F_0 P_{1,1}, ..., P_{1,12} P_{2,1}, ..., P_{2,8} P_{3,1}, ..., P_{3,6} | \/ 3\/ \/3 \/2 F^{A4}_0 ∗ p_2 p_3 p_1 | |2 \/ |2 F^{S4}_0 q_1 q_2 q_3

Jeÿrhma 2.2.16 ’Estw ìti h omĹda G/C_n = G_0 eÐnai isìmorfh me thn summetrikă omĹda S_4. DiakrÐnoume tic parakĹtw periptÿseic gia thn omĹda automorfismÿn thc G. a) {P_{1,i}}_{1≤i≤12} ∪ {P_{3,k}}_{1≤k≤6} ⊂ A_R. H drĹsh thc S_4 epÐ thc C_n eÐnai tetrimmènh. An (n, 2) = 1 tìte G ∼= C_n × S_4 enÿ an (n, 2) = 2, n ≡ 2mod4 tìte h omĹda G dèqetai thn parakĹtw parĹstash se ìrouc gennhtìrwn sqèsewn

G = ⟨X, Y, T | T^n = 1, Y^2 = X^4 = XT X^{−1} = Y T Y^{−1} = T, (X^{−1}Y )^3 = T^k⟩, gia kĹpoio k ∈ {1, ..., n}. b) G ∼= C_n ⋊ S_4 se ìlec tic upìloipec periptÿseic.

Apìdeixh: H sunĹrthsh Φ thc prìtashc 2.2.2

H^2(S_4, C_n) = ⨁ p=2,3 H 2(S_4, C_n)_{(p)}^Φ−→ H^2(H_2, C_n) ⊕ H^2(H_3, C_n) α = α_2 + α_3 −→ res_{S4→H2} (α_2) + res_{S4→H3} (α_3) , eÐnai èna proc èna, ìpou H_2 (antic. H_3) eÐnai opoiadăpote 2-Sylow upoomĹda (antic. 3- Sylow). Ja apodeÐxoume to parakĹtw

Lămma 2.2.17 An G/C_n ∼= S_4, tìte h sunĹrthsh:

H^2(S_4, C_n) = −→ H^2(H_2, C_n) α = α_2 + α_3 −→ res_{S4→H2} (α_2) ,

eÐnai epÐshc èna proc èna.

Apìdeixh: An A_R ⊃ {P_{2,j} }_{1≤j≤8} ∪ {P_{3,k}}_{1≤k≤6}ă A_R ⊃ {P_{1,i}}_{1≤i≤12} tìte h drĹsh thc S_4 epÐ thc C_n eÐnai tetrimmènh, sunepÿc H^2(S_4, C_n) = Z_{(2,n)}×Z_{(2,n)}. An A_R ∩{P_{2,j} }_{1≤j≤8} = ∅ tìte apì thn melèth twn epektĹsewn kuklikÿn omĹdwn, èqoume ìti res_{S4 →H3} (α) = 0. Tèloc an A_R ⊃ {P_{2,j} }_{1≤j≤8} and A_R ∩ {P_{3,k}}_{1≤k≤6} = ∅, tìte apo thn melèth thc perÐptwshc b) sthn melèth thc A_4 èqoume ìti (n, 3) = 1, kai sunepÿc H^2(H_3, C_n) = 0. □ ApodeÐxame ìti h domă thc omĹdac G kajorÐzetai apì thn domă thc upoepèktashc

1 −→ C_n −→ π^{−1}(D_4) −→ D_4 −→ 1.

JewroÔme ton parakĹtw pÔrgo epektĹsewn:

F_0 | F^{D4}_0

P_{1,1}, , P_{1,12} 2\| |/ p^′_1 ∗ P_{2,1}, ..., P_{2,8} \/ ∗ P_{3,1}, , P_{3,6} 2\|_4|/ p^′_2 p^′_3 3|_1\/_{2 3}|_2\/_1 F^{S4}_0 q_1 q_2 q_3

O tÔpoc diaklĹdcshc tou q_2 sthn epèktash F_0/F^{S4}_0 den ephreĹzei ton tÔpo diaklĹdwshc thc epèktashc F_0/F^{D4}_0 . Ja prèpei na jewrăsoume tic parakĹtw periptÿseic:

1. A_R ∩ {P_{1,i}}_{1≤i≤12} = ∅ kai {P_{3,k}}_{1≤k≤6} ⊂ A_R ă A_R ∩ {P_{3,k}}_{1≤k≤6} = ∅ kai {P_{1,i}}_{1≤i≤12} ⊂ A_R.

Kai stic dÔo parapĹnw periptÿseic, h drĹsh thc S_4 sthn C_n eÐnai tetrimmènh. Epiplèon to y ∈ S_4 stajeropoieÐ mia jèsh tou F_0 upèr tou q_1 kai mia jèsh tou F_0 upèr tou q_3. Sunepÿc apì thn paratărhsh 2.1.5 èqoume ìti (n, 2) = 1. Dhladă h omĹda sunomologÐac H^2(S_4, C_n) = 0, kai G ∼= C_n × S_4.

2. A_R ∩ {P_{1,i}}_{1≤i≤12} = A_R ∩ {P_{3,k}}_{1≤k≤6} = ∅. Se aută thn perÐptwsh apì thn melèth twn epektĹsewn diedrikÿn omĹdwn èqoume res_{S4→D4} (α) = 0, dhladă α = 0 kai G ∼= C_n ⋊S_4.

3. {P_{1,i}}_{1≤i≤12} ∪ {P_{3,k}}_{1≤k≤6} ⊂ A_R. Se aută thn perÐptwsh h drĹsh tou S_4 epÐ thc C_n eÐnai tetrimmènh. Sunepÿc an (n, 2) = 1 tìte G ∼= C_n × S_4. An (n, 2) = 2 tìte apì thn melèth twn epektĹsewn diedrikÿn omĹdwn, h perÐptwsh aută mporeÐ na emfanisteÐ mìno n ≡ 2mod4. ’Estw T gennătorac thc kuklikăc omĹdac C_n. JewroÔme stoiqeÐa X, Y sto G tĹxewn 4n kai 2n antÐstoiqa, tètoia ÿste π(X) = x kai π(Y ) = y. MporoÔme na dialèxoume ta X, Y katĹ tètoio trìpo ÿste X^4 = T kai Y^2 = T . Epiplèon, èqoume tic sqèseic XT X^{−1} = T kai Y T Y^{−1} = T . Efarmìzontac thn π sta ginìmena twn X, Y kai kĹnontac qrăsh thc parĹstashc (2.46) katalăgoume sthn parakĹtw parĹstash gia thn G:

G = ⟨X, Y, T | T^n = 1, Y^2 = X^4 = XT X^{−1} = Y T Y^{−1} = T, (X^{−1}Y )^3 = T^k, ⟩,

gia kĹpoio k ∈ {1, ..., n}. An kai h domă thc G mporeÐ na prosdiorisjeÐ apì thn domă thc π^{−1}(V_4) eÐnai polÔ dÔskolo na upologÐsoume thn akribă timă tou k genikĹ. KĹnontac qrăsh tou progrĹmmatoc MAGMA [18] upologÐsame to k gia diĹforec timèc tou n, n ≡ 2 mod 4. Se ìla tic timèc tou n pou upologÐsame k = 2 +^{n−2}_4 . □

Prokeimènou na apodeÐxoume ìti oi parapĹnw tÔpoi diaklĹdwshc eÐnai ulopoiăsimoi ja prèpei na broÔme èna divisor D ∈ D_n(S_4, A_R ⊂ A, β) me degD ≡ 0 mod n. ’Opwc kai sthn perÐptwsh thc omĹdac A_5 katalăgoume sthn parakĹtw sunjăkh

(n_0, 24) | a_112 + a_28 + a_36,

wc ikană kai anagkaÐa suknjăkh gia deg(D) ≡ 0 mod n_0, ìpou a_i = 0 an oi jèseic P_{i,j} tou F_0 pou epekteÐnoun to p_i den diakladÐzontai sthn epèktash kai a_i = λ(P_{i,j} ) ≠ 0,, diaforetikĹ.

2.2.10 Oi omĹdec P SL(2, q) kai P GL(2, q).

Sthn perÐptwsh aută h omĹda G_0 = G/C_n eÐnai isìmorfh me thn P SL(2, q) ă me thn P GL(2, q). Sthn epèktash F_0/F^{G0}_0 diakladÐzontai mìno dÔo jèseic p_1, p_2. EÐnai adÔnaton na dwjeÐ mÐa genikă parĹstash thc G mèsw gennhtìrwn kai sqèsewn afoÔ den upĹrqei ìson gnwrÐzoume, anĹlogh genikă parĹstash twn omĹdwn P SL(2, q) kai P GL(2, q) se ìrouc gennhtìrwn sqèsewn.

Ja apodeÐxoume to parakĹtw:

Jeÿrhma 2.2.18 ’Estw G_0 = G/C_n omĹda isìmorfh me thn P SL(2, q) ă me thn P GL(2, q), ìpou q eÐnai dÔnamh thc qarakthristikăc. H sunomologiakă klĹsh α ∈ H^2(G_0, C_n) kajorÐzetai apì ton periorismì res_{G0 →H2} (α) se mÐa 2-Sylow upoomĹdac H_2.

IdiaÐtera, ìtan (n, 2) = 1, ă ìtan oi jèseic tou F_0 pou epekteÐnoun tic p_1, p_2 analÔontai sthn epèktash F/F_0 tìte G ∼= C_n ⋊ G_0.

Apìdeixh: Ja apodeÐxoume prÿta to parakĹtw

Lămma 2.2.19 Gia G_0 = P SL(2, q), P GL(2, q), h omĹda H^2(G_0, C_n) eÐnai mÐa 2-omĹda.

Apìdeixh: XeqwrÐzoume tic parakĹtw dÔo periptÿseic:

PerÐptwsh 1. G_0 = P SL(2, q), (q, 2) = 1 ă G_0 = P GL(2, 2^f ) = P SL(2, 2^f ).

AfoÔ P SL(2, q), ìpou q = p^f eÐnai dÔnamh thc qarakthristikăc, eÐnai aplă omĹda, h drĹsh thc G_0 epÐ thc C_n eÐnai tetrimmènh.

UpologÐsame ìti H^2(P SL(2, q), C_n) ∼= { Z_{(2,n)} an p^f ≠ 9 Z_{(6,n)} an p^f = 9 . ParathroÔme ìti an p^f = 9 tìte (n, 6) = (n, 2) afoÔ upojèsame ìti h qarakthristikă p den diaireÐ to n, sunepÿc H^2(P SL(2, q), C_n) = Z_{(2,n)}.

PerÐptwsh 2. G_0 = P GL(2, q), (q, 2) = 1. O purănac tou omomorfismoÔ drĹshc β : P GL(2, q) −→ Z^∗_n eÐnai ă ker β = P GL(2, q) ă ker β = P SL(2, q). Sthn prÿth perÐptwsh h epèktash eÐnai kentrikă kai H^2(P GL(2, q), C_n) = Z_{(n,2)} × Z_{(n,2)}. ParathroÔme ìti H^1(P SL(2, q), C_n) ∼= Hom(P SL(2, q), C_n) = 0, afoÔ h P SL(2, q) eÐnai aplă kai mh abeliană. GrĹfoume thn akoloujÐa inflation-restriction

0 −→ H^2 ( P GL(2, q) P SL(2, q) , C_n ) −→ H^2(P GL(2, q), C_n) −→ H^2(P SL(2, q), C_n) ∼= Z_{(2,n)} kai afoÔ P GL(2, q)/P SL(2, q) ∼= Z_2 èqoume ìti H^2(P GL(2, q), C_n) eÐnai mÐa 2-omĹda. □ Epistrèfoume sthn apìdeixh tou 2.2.18. O monomorfismìc Φ thc prìtashc 2.2.2

H^2(G_0, C_n) = ⨁ t|q(q^2 −1) H^2(P GL(2, q), C_n)_{(t)}^Φ−→ ⨁ t−Sylow H^2(H_t, C_n)

ìpou h H_t diatrèqei tic t-Sylow upoomĹdec thc G_0 eÐnai èna proc èna kai sunepÿc h sunĹrthsh periorismoÔ H^2(G_0, C_n) −→ H^2(H_2, C_n) α −→ β = res_{G0→H2} (α) eÐnai epÐshc èna proc èna. H 2-Sylow upoomĹda H_2 eÐnai isìmorfh me mÐa diedrikă omĹda D_2K , tĹxhc 2^{K+1}, ìpou K = max{v_2(e_1), v_2(e_2)}.

Epiplèon an (n, 2) = 2 tìte h omĹda sunomologÐac mhdenÐzetai, sunepÿc G ∼= C_n ⋊ G_0, enÿ apì thn melèth twn epektĹsewn twn diedrikÿn omĹdwn èqoume ìti an ìlec oi jèseic tou F_0 uperĹnw twn p_1, p_2 analÔontai sthn epèktash F/F_0, tìte β = res_{G0→H2} (α) = 1, sunepÿc G ∼= C_n ⋊ G_0 epÐshc. □

’Estw D ènac divisor sto D_n(G_0, A_R ⊂ A, β), kai n_0 o megalÔteroc diairèthc tou n, tètoioc ÿste β(σ) ≡ 1 mod n_0. SÔmfwna me to lămma 2.1.7 èqoume ìti deg(D) ≡ 0 mod n ⇔ deg(D) ≡ 0 mod n_0. Sunepÿc h parakĹtw sunjăkh

(n_0, q(q − 1)(q + 1)) | a_1q(q − 1) + a_2(q + 1)

eÐnai ikană kai anagkaÐa gia na èqoume deg(D) ≡ 0 mod n_0, ìpou a_i = 0 an oi jèseic tou F_0 uperĹnw twn p_i anăkoun sto A_R kai a_i = λ(P ), P | p_i diaforetikĹ.

KefĹlaio 3

xn + ym + 1 = 0

3.1 H perÐptwsh n = m

H perÐptwsh aută meletăjhke stic arqèc thc dekaetÐac tou 70 apì ton Leopold, allĹ dhmosieÔthke prìsfata. H de perÐptwsh n = q − 1, ìpou q eÐnai dÔnamh thc qarakthristikăc tou sÿmatoc eÐnai idiaÐtera endiafèrousa, afoÔ ta sÿmata sunartăsewn autÿn twn kampÔlwn eÐnai amfÐrhta isodÔnama me ta sÿmata sunartăsewn tou Hermit, sÿmata me uperbolikĹ megĹlo plăjoc automorfismÿn se sqèsh me to gènoc touc, kai mègista ìswn aforĹ to plăjoc twn F_q rhtÿn shmeÐwn touc.

O Leopold apìdeixe ìti h omĹda automorfismÿn G twn swmĹtwn sunartăsewn twn kampÔlwn Fermat eÐnai isìmorfh proc G ∼= { μ(n)^2 ⋊ S_3 an n − 1 ≠ q P GU(3, q^2) an n − 1 = q

3.2 H perÐptwsh n ≠ m

Sta epìmena ja sumbolÐzoume me F_{n,m} to sÿma sunartăsewn mÐac algebrikăc kampÔlhc thc morfăc x^n + y^m + 1 = 0, orismènhc upèr to algebrikĹ kleistì sÿma k qarakthristikăc p ≥ 0. ParathroÔme ìti to sÿma F_{n,m} apoteleÐ kuklikă epèktash tou Kummer twn swmĹtwn k(x) kai k(y). ’Estw P_{(x=a)}, (P_{(y=b)} antÐstoiqa) oi jèsh tou k(x), (k(y) antÐstoiqa ) pou antistoiqeÐ sto shmeÐo x = a,(y = b antÐstoiqa) tou P^1(k). Ja sumbolÐzoume me υ_p thn ektÐmhsh tou k(x) pou antistoiqeÐ sthn jèsh P.

υ_P (x^n + 1) = υ_P (_n ∏ i=1 (x − ζ_i) ) = 1 an P = P_{(x=ζi)} −n an P = P_{(x=∞)} 0 diaforetikĹ

sunepÿc o arijmìc r_P twn jèsewn uperĹnw thc P kai oi antÐstoiqoi bajmoÐ diaklĹdwshc e_p upologÐzontai:

r_P =

1 an P = P_{(x=ζi )} (n, m) an P = P_{(x=∞)} m diaforetikĹ e_P = m an P = P_{(x=ζi )} m (n,m) an P = P(x=∞) 1 diaforetikĹ

ìpou (ζ_i)_{i=1,...,n} eÐnai oi n-ostèc rÐzec tou −1. Ex aitÐac thc summetrÐac anĹmesa sta m kai n èqoume:

r_P =

1 an P = P_{(y=ϵj )} (n, m) an P = P_{(y=∞)} n diaforetikĹ e_P = n an P_{(y=ϵj )} n (n,m) an P(y=∞) 1 diaforetikĹ

ìpou (ϵ_j )_{j=1,...,m} eÐnai oi m-ostèc rÐzec tou −1. Oi kÔrioi divisors twn dÔo genopoiÿn sunartăsewn x, y tou sÿmatoc F_{n,m} eÐnai:

(x) = P_{(x=0)} − P_{(x=∞)} = m∑ i=1 α_i − m (n, m) (n,m)∑

j=1 γ_j

(y) = P_{(y=0)} − P_{(y=∞)} = n∑ i=1 β_i − n (n, m) (n,m)∑

j=1 δ_j , ìpou α_i, γ_j , β_i, δ_j eÐnai oi epektĹseic, sto sÿma F_{n,m}, twn jèsewn P_{(x=0)}, P_{(x=∞)} ∈ k(x) kai P_{(y=0)}, P_{(y=∞)} ∈ k(y) antÐstoiqa. UpologÐsame epÐseic ìti mÐa bĹsh tou qÿrou twn olìmorfwn diaforikÿn eÐnai h x^iy^j ω, (i, j) ∈ I. ìpou I eÐnai to sÔnolo twn deiktÿn:

I := { (i, j) ∈ N^2 : 2g − 2 (n, m) − im + nj (n, m) ≥ 0 } . (3.1) kai ω := dx my^{m−1} = − dy nx^{n−1} . 3.3 Upologismìc hmiomĹdwn tou Weierstrass

OrÐzoume gia mÐa jèsh P thn hmiomĹda tou Weierstrass E(P ) := {ν ∈ N : ∃f ∈ F_{n,m}/(f)_∞ = νP }. Ta stoiqeÐa tou E(P ) onomĹzontai polikoÐ arijmoÐ sto P kai ta stoiqeÐa tou N\E(P ) onomĹzontai phdămata sto P. Gia kĹje divisor D tou sÿmatoc sunartăsewn F_{n,m} orÐzoume ton peperasmènhc diĹstashc k dianusmatikì qÿro L(D) := {f : (f) + D ≥ 0} . Jètoume ℓ (D) := dim_k L(D). ParathroÔme ìti s ∈ E(P ) an kai mìno an ℓ(sP ) = ℓ((s − 1)P ) + 1.

Skopìc autăc thc paragrĹfou eÐnai o upologismìc enìc kommatioÔ tou sunìlou E(P ) gia tic jèseic P = α_1 ă β_1. ParathroÔme ìti oi jèseic α_s, s = 1, ..., m, β_t, t = 1, ..., n èqoun thn Ðdia hmiomĹda tou Weierstrass. Ta sÔnola x^iy^j_1ω ă x^i_1y^j ω (i, j) ∈ I, ìpou x_1 = x − ζ_1, y_1 = y − ϵ_1, eÐnai epÐshc bĹseic tou qÿrou twn olìmorfwn diaforikÿn. Epiplèon isqÔei ìti:

υ_{α1} (x^iy^j_1ω) = i + nj, υ_{β1} (x^i_1y^j ω) = mi + j.

Apì to jeÿrhma Riemann-Roch èqoume ìti s ∈ E(P ) ⇔ ℓ(sP ) = ℓ((s − 1)P ) + 1 ⇔ ℓ(W − (s − 1)P ) − ℓ(W − sP ) = 0, ìpou W eÐnai ènac kanonikìc divisor tou sÿmatoc F_{n,m}. Dialègoume gia W ton divisor tou ω. H diĹstash tou qÿrou L(W − sP ) mporeÐ na jeajeÐ san to plăjoc twn grammikÿc anexartătwn olomìrfwn diaforikÿn pou èqoun rÐza sthn jèsh P tĹxhc ≥ s, afoÔ L(W − sP ) := {f : (f) ≥ − (ω) + sP } = {(fω) ≥ sP }. Apì thn Ĺllh, afoÔ 3.1) èqoume 0 ≤ i < n kai 0 ≤ j < m, gia (i, j) ∈ I, to opoÐo apodeiknÔei ìti oi sunartăseic

Φ_n : { I −→ N (i, j) −→ i + nj + 1 Ψ^m : { I −→ N (i, j) −→ mi + j + 1 eÐnai {èna proc èna}. Sunepÿc oi ektimăseic v_{a1} (x^iy^j_1ω) paÐrnoun diaforetikèc timèc gia diaforetikĹ (i, j) kai to Ðdio isqÔei kai gia tic ektimăseic v_{β1} (x^i_1y^j ω), Ĺra h ektÐmhsh enìc olìmorfou diaforikoÔ eÐnai v_{a1} ∑ (i,j)∈I λ_{i,j} x^i_1y^j ω = min_{λi,j ≠0} v_{a1} (λ_{i,j} x^i_1y^j ω) = min

(i,j) tètoia ÿste λ_{i,j} ≠0 {i + nj}. ’Ara ℓ(W − sα_1) = |{i + nj ≥ s, (i, j) ∈ I}| kai omoÐwc ℓ(W − s β_1) = |{mi + j ≥ s, (i, j) ∈ I}| Sumperènoume ìti ℓ(W −(s−1)α_1) ≠ ℓ(W −sα_1) an kai mìno an upĹrqei (i, j) ∈ I : i+nj = s − 1. O plhjĹrijmoc tou sunìlou {i + nj + 1, (i, j) ∈ I} = Φ_n(I) eÐnai g, Ĺra ta phdămata sthn jèsh α_1 eÐnai Φ_n(I). OmoÐwc ta phdămata sthn jèsh β_1 eÐnai Ψ_n (I) .

Gia tic anĹgkec mac eÐnai arketă h melèth enìc mikroÔ mìno mèrouc thc hmiomĹdac tou Weierstrass. Ja perioristoÔme sthn melèth twn phdhmĹtwn sthn jèsh α_1 ta opoÐa eÐnai eikìnec, thc sunĹrthshc Φ_n, tou sunìlou I_1 = {(i, 0) ∈ I}. SÔmfwna me thn exÐswsh (3.1) to (i, 0) ∈ I_1 an kai mìno an i ≤ n − 1 − n + (n, m) m . (3.2)

DiairoÔme to n + (n, m) me m : n + (n, m) = κm + r, ìpou 0 ≤ r < m. An jèsoume

t := { n − κ ìtan r = 0 n − κ − 1 ìtan r > 0 ,

tìte apì thn (3.2) èqoume ìti i ≤ t − 1. Epiplèon n + 1 = Φ_n((0, 1)) eÐnai èna pădhma gia thn jèsh a_1. Tèloc, h domă twn polikÿn arijmÿn kai twn phdhmĹtwn sto α_1 mèqri to n + 1 eÐnai: 0, 1, 2, .... t phdămata , t + 1, ...... n polikoÐ arijmoÐ

, n + 1

pădhma , .... (3.3) OmoÐwc gia thn jèsh P = β_1 upologÐzoume to kommĹti tou E(β_1) to opoÐo eÐnai thc morfăc Ψ_n((0, j)), (0, j) ∈ I. DiairoÔme to m+(n, m) me n: m+(n, m) = λn+υ, 0 ≤ υ < n. AfoÔ m < n, to λ prèpei na eÐnai mhdèn h èna. ’Opwc kai sthn melèth tou E(α_1) an jèsoume

t^′ := { m − λ ìtan υ = 0 m − λ − 1 ìtan υ > 0

tìte j ≤ t^′ − 1. ParathroÔme ìti λ = 1 an kai mìno an υ = 0, sunepÿc t^′ + 1 = m kai h domă thc hmiomĹdac tou Weierstrass sthn jèsh β_1, mèqri to m + 1 eÐnai: 0, 1, 2, ..... , m − 1 phdămata , m polikìc arijmìc

, m + 1

pădhma , .... (3.4)

Lămma 3.3.1 ’Estw n = mκ_1 + r_1, 0 ≤ r_1 < m, h diaÐresh tou n me m. O arijmìc t isoÔte me n − κ_1 − 1. Epiplèon an m + 1 < n tìte m < t + 1. Sthn perÐptwsh m + 1 = n èqoume m = t + 1.

Apìdeixh: Ja exetĹsoume dÔo periptÿseic:

1. m|n Ĺra (n, m) = m. Autì shmaÐnei ìti κ = κ_1 + 1 kai r = 0, sunepÿc t = n − κ_1 − 1. 2. m ∤ n Ĺra (n, m) < m. Profanÿc n + (n, m) = κ_1m + r_1 + (n, m).

DiaqwrÐzoume tic parakĹtw upoperiptÿseic:

• An r_1 + (n, m) = m, tìte κ = κ_1 + 1, r = 0 kai sunepÿc t = n − κ_1 − 1. • An r_1 + (n, m) < m, tìte κ = κ_1, r > 0 kai sunepÿc t = n − κ_1 − 1. • H perÐptwsh r_1 + (n, m) > m den mporeÐ na sumbeÐ afoÔ (n, m)|r_1.

TelikĹ h anisìthta m < t + 1 eÐnai isodÔnamh me thn^{m−r1}_{m−1} < κ_1 , afoÔ m > 1. To aristerì mèroc thc parapĹnw anisìthtac eÐnai mikrìtero thc monĹdac ektìc an r_1 = 0, 1. Sunepÿc^{m−r1}_{m−1} ≥ κ_1 mìno an κ_1 = 1 kai r_1 = 0, 1 (n > m Ĺra κ_1 ≥ 1). ’Ara h isìthta t + 1 = m isqÔei an kai mìno an n = m + 1.□ Lămma 3.3.2 Den upĹrqei automorfismìc σ tètoioc ÿste: σ(α_i) = β_j .

Apìdeixh: Gia kĹje jèsh P kai gia kĹje automorfismì σ ∈ G E(P ) = E(σP ). Prokeimènou na apodeÐxoume ton parapĹnw isqurismì parathroÔme ìti E(α_1) ≠ E(β_1). PrĹgmati, m ∈ E(β_1) kai an m + 1 < n tìte apì to lămma 3.3.1 m < t + 1 Ĺra m /∈ E(α_1). Sthn perÐptwsh pou m + 1 = n, n /∈ E(β_1) Ĺlla n ∈ E(α_1).□ Lămma 3.3.3 An P eÐnai mia jèsh tou F_{n,m} kai P /∈ { {α_i}_{i=1,...,m} ∪ {β_j }_{j=1,...,n} ∪ {γ_k}_{k=1,...,(n,m)} } tìte gia kĹje automorfismì σ ∈ Aut(F_{n,m}) isqÔei ìti σ(P ) /∈ {β_j }_{j=1,...,n}.

Apìdeixh: Ja apodeÐxoume ìti E(P ) ≠ E(β_j ). Gia autì ja doulèyoume me ton qÿro twn grammikÿn morfÿn L(W )^∗ dhladă me tic morfèc Φ : L(W ) −→ k. H jèsh P periorÐzetai stic peperasmènec jèseic P_{(x=a)}, P_{(y=b)} twn swmĹtwn sunartăsewn k(x), k(y) antistoÐqwc. Jètoume x̃ := x − a, ỹ := y − b. To sÔnolo {x̃^iỹ^j ω, (i, j) ∈ I} sqhmatÐzei mÐa bĹsh tou qÿrou twn olìmorfwn diaforikÿn, Ĺra kĹje olìmorfo diaforikì ω_1 mporeÐ na grafeÐ san: ω_1 = ∑ (i,j)∈I γ_{i,j}x̃^iỹ^j ω, γ_{i,j} ∈ k.

’Estw T mÐa topikă parĹmetroc tou daktulÐou ektÐmhshc sthn jèsh P . Oi sunartăseic x̃, ỹ mporoÔn na ekfrastoÔn san tupikèc dunamoseirèc tou T : x̃ = ∑ k≥1 a_kT^k , ỹ = ∑ l≥1 b_lT^l.

Epiplèon, afoÔ h jèsh P den diakladÐzetai se kamÐa epèktash F_{n,m}/k(x), F_{n,m}/k(y) èqoume ìti a_1b_1 ≠ 0. Oi s dunĹmeic twn dunamoseirÿn x̃, ỹ sumbolÐzontai me:

x̃^s = ∑ k≥1 a^{(s)}_k T^k, ỹ^s = ∑ l≥1 b^{(s)}_l T^l.

Apì ton nìmo pollaplasiasmoÔ dunamoseirÿn upologÐzoume: { a^{(s)}_k = b^{(s)}_k = 0, an k < s ≠ 0 a^{(s)}_s = a^s_1, b^{(s)}_s = b^s_1, an k = s ≠ 0 { a^{(0)}_k = b^{(0)}_k = 1 an k = 0 a^{(0)}_k = b^{(0)}_k = 0 an k > 0

(3.5)

OrÐzoume tic grammikèc morfèc:

Φ^{(s)} := { L(W ) −→ k ω_1 −→ ⟨ω_1, Φ^{(s)}⟩ := ∑ (i,j)∈I γi,j ϕ (s) i,j ìpou ϕ^{(s)}_{i,j} := ∑ k+l=s a^{(i)}_k b^{(j)}_l , (i, j) ∈ I, (3.6)

To tuqaÐo olìmorfo diaforikì grĹfetai:

ω_1 = ∑ s≥0 ⟨ω_1, Φ^{(s)}⟩T^s ω.

Apì thn epilogă thc jèshc P èqoume ìti P ∤ (ω) Ĺra o dianusmatikìc qÿroc L(W − sP ) qarakthrÐzetai apì tic exisÿseic: 0 = ⟨ω, Φ^{(s1 )}⟩, ∀ 0 ≤ s_1 ≤ s − 1. EÐnai safèc ìti:

L(W − s_1P ) = KerΦ^{(s1 −1)}|_{L(W −(s1 −1)P )} < L(W − (s_1 − 1)P ).

’Ara L(W − (s − 1)P ) ≠ L(W − sP ) an kai mìno an Φ^{(s−1)} eÐnai grammikĹ anexĹrthth apì tic morfèc Φ^{(s1 )}, 0 ≤ s_1 ≤ s − 2, sunepÿc: s ∈ E(P ) ⇔ ∃ξ_0, ..., ξ_{s−2} : Φ^{(s−1)} = s−2∑ k=0 ξ_kΦ^{(k)}.

ParathroÔme ìti kĹje grammikă morfă Φ^{(s)} antistoiqeÐ se èna 1 × g pÐnaka, ton Φ^{(s)} ↔ (ϕ^{(s)}_{(0,0)}, ϕ^{(s)}_{(1,0)}, ..., ϕ^{(s)}_{(t−1,0)}, ..., ϕ^{(s)}_{(i,j)}, ...) (i, j) ∈ I Apì tic (3.6) kai (3.5) èqoume ìti

ϕ^{(s)}_{i,0} = ∑ k+l=s = a^{(i)}_k b^{(0)}_l = a^{(i)}_s ,

Ĺra to aristerì epĹnw komĹti tou pÐnaka twn prÿtwn t − 1 morfÿn eÐnai

(0, 0) (1, 0) · · · (t − 1, 0) · · · s = 0 1 0 · · · 0 s = 1 ∗ a_1 0 . . . . . . .. . 0 s = t − 1 ∗ ∗ a^{t−1}_1 ∗ . . ∗ ∗ . . .. .

dhladă oi prÿtec t−1 morfèc Φ^{(s)} eÐnai grammikĹ anexĹrthtec kai ètsi 1, ..., t /∈ E(P ). Sthn perÐptwsh pou m + 1 < n o isqurismìc mac èqei apodeiqteÐ. PrĹgmati, m ∈ E(β_i) kai apì to lămma 3.3.1 èqoume ìti m < t + 1 Ĺra m /∈ E(P ) kai E(P ) ≠ E(β_i).

Ac upojèsoume tÿra ìti n = m + 1. Gia na apodeÐxoume ìti E(P ) ≠ E(β) ja prèpei na upologÐsoume èna megalÔtero kommĹti thc hmiomĹdac tou Weierstrass E(P ). O upologismìc autìc eÐnai arketĹ polÔplokoc gia tuqaÐa n, m. Ja qrhsimopoiăsoume èna jeÿrhma tou Leopoldt sqetikĹ me ta sÿmata sunartăsewn tou genikoÔ tÔpou Fermat.

Jeÿrhma 3.3.4 ’Estw F/k èna sÿma sunartăsewn me èna montèlo sto A^2 (k) orismèno apì èna anĹgwgo poluÿnumo dÔo metablhtÿn F_n(x, y) = 0 bajmoÔ n ≥ 4 qwrÐc idiomorfÐec se peperasmèna shmeÐa ă sto Ĺpeiro. An P eÐnai mÐa jèsh tètoia ÿste P ∤ (x)_∞, (y)_∞,Diff(F/k(y),Diff(F/k(x)) tìte ℓ(νP ) = 1 gia ν = 0, ..., n−2. Epiplèon ℓ ((n − 1)P ) = 2 an kai mìno an

opotedăpote x̃ − θỹ ≡ 0 mod P^2tìte x̃ − θỹ ≡ 0 mod P^{n−1}, ìpou θ ∈ k, kai x̃ = x − a, ỹ = y − b, a = x(P ), b = y(P ). Apìdeixh: Prìkeitai gia thn prìtash 4 sto Ĺrjro tou Leopoldt ([17], sel. 267) mazÐ me ton qarakthrismì twn swmĹtwn sunartăsewn tou {genikoÔ tÔpou Fermat }, se ìrouc twn epipèdwn montèlwn touc, ìpwc gÐnetai stic selÐdec 262,263 tou Ĺrjrou tou Leopoldt. □ ParathroÔme ìti ta sÿmata sunartăsewn F_{m+1,m}, eÐnai genikoÔ tÔpou Fermat afoÔ to epÐpedo montèlo touc pou dÐnetai apì thn x^{m+1} + y^m + 1 = 0 den eÐnai idiìmorfo se peperasmèna shmeÐa ă sto Ĺpeiro. Gia thn jèsh P èqoume P ∤ (x)_∞, (y)_∞, Diff(F/k(y), Diff(F/k(x)) opìte apì to jeÿrhma 3.3.4 èqoume ìti t + 1 = n − 1 ∈ E(P ) an kai mìno an

ìtan x̃ − θỹ ≡ 0 mod P^2 tìte x̃ − θỹ ≡ 0 mod P^{t+1}. (3.7)

Jètoume y_∗ := ỹ /b, x_∗ := x̃/a ìpou a = x(P ), b = y(P ) ta algebrikĹ shmeÐa pou antistoiqoÔn sthn jèsh P. To poluÿnumo orismoÔ x^{m+1} + y^m + 1 thc kampÔlhc mporeÐ na metasqhmatisjeÐ

(1 + y_∗)^m − 1 = θ_∗ [ (1 + x_∗)^{m+1} − 1 ] , θ_∗ = − a^{m+1} b^m ≠ 0, ∞. Sunepÿc, kĹnontac qrăsh tou duonumikoÔ jewrămatoc èqoume

my_∗ − θ_∗(m + 1)x_∗ = − m∑ ν=2 [( m ν ) y^ν_∗ − θ_∗ ( m + 1 ν ) x^ν_∗ ] + θ_∗x^n_∗ (3.8)

Ta stoiqeÐa x_∗, y_∗ eÐnai topikèc parĹmetroi sthn jèsh P, Ĺra apì thn ( 3.8) y_∗ − θ_∗ m + 1 m x_∗ ≡ 0 mod P^2. (3.9)

Upojètoume ìti n ≥ 4 kai t + 1 = n − 1 ∈ E(P ) tìte apì tic (3.7) kai (3.9) èqoume y_∗ − θ_∗ m + 1 m x_∗ ≡ 0 mod P^{t+1}. (3.10)

Epiplèon apì thn (3.9) èqoume y^ν_∗ − θ^ν_∗

(_{m+1} m )_ν x^ν_∗ ≡ 0 mod P^ν sunepÿc kĹnontac qrăsh tou dexioÔ mèrouc thc (3.8) katalăgoume stic parakĹtw sunjăkec: ( m ν ) (m + 1)^ν m^ν θ^ν_∗ − θ_∗ ( m + 1 ν ) = 0 gia ν = 1, ..., t + 1 = n − 1 = m. (3.11)

H perÐptwsh m > 3 (3.11) gia ν = 2 dÐnei (_m 2 )_{(m+1)}2

m^2 θ 2 ∗ − θ_∗ (_{m+1} 2 ) = 0. AfoÔ p ∤ m, m + 1, (_{m+1} 2 ) ≠ 0 sunepÿc (_m 2 ) ≠ 0. Autì dÐnei p ∤ m − 1 Ĺra θ_∗ =^{m2}_{(m−1)(m+1)} . SuneqÐzoume me

ton epìmeno suntelestă ν = 3. IsqÔei ìti (_m 3 )_{(m+1)}3

m^3 θ 3 ∗ − θ_∗ (_{m+1} 3 ) = 0 apì ìpou èqoume ìti 1 ≡ 0 mod p, Ĺtopo. ’Etsi t + 1 = n − 1 = m /∈ E(P ) Ĺra E(P ) ≠ E(β). Qrhsimopoiăsame ìti p ≠ 2, 3 kai ìti 3 < n − 1. Dhladă to epiqeÐrhma mac den isqÔei gia tic kampÔlec x^4 + y^3 + 1 = 0, x^3 + y^2 + 1 = 0 kai x^2 + y + 1 = 0. Oi dÔo teleutaÐec kampÔlec den mac apasqoloÔn afoÔ èqoun gènh 1 kai 0 antÐstoiqa. Oi Klassen kai Schaefer [16], apèdeixan prìsfata ìti h kampÔlh x^4 + y^3 + 1 = 0 èqei 48 automorfismoÔc.

3.4 Topikă melèth

Sthn sunèqeia ja sumbolÐzoume me G thn omĹda twn automorfismÿn, kai me F to sÿma sunartăsewn Fermat F_{n,m} enÿ me G(β) thn omĹda anĹlushc thc omĹdac G sthn jèsh β, ìpou β = β_i gia kĹpoio i = 1, ..., n. Ja sumbolÐzoume me P_ζ ton periorismì thc jèshc β sto rhtì sÿma sunartăsewn k(x). JumÐzoume ìti h omĹda anĹlushc isoÔte me thn omĹda adrĹneiac G(β) = G_0(β), afoÔ to sÿma orismoÔ k eÐnai algebrikĹ kleistì. Ja apodeÐxoume ìti: G(β) = C_m an m ̸| n C_{2m} an m|n, n − 1 den eÐnai p − dÔnamh E_q ⋊ C_{m(q−1)} an m|n, n − 1 = q eÐnai mia p-dÔnamh , ìpou, C_x sumbolÐzei mia kuklikă omĹda tĹxhc x, kai to E_q sumbolÐzei mia stoiqeiÿdhc abeliană omĹda tĹxhc q.

Apì thn melèth twn hmiomĹdwn tou Weierstrass sthn jèsh β blèpoume ìti o qÿroc L(mβ) eÐnai didiĹstatoc kai mia bĹsh dÐnetai apì tic sunartăseic { 1,^1_{x−ζ} } . H omĹda G(β) afănei to qÿro L(mβ) analloÐwto. Sunepÿc σ(^1_{x−ζ} ) = μ + λ^1_{x−ζ} , μ, λ ∈ k. To parapĹnw apodeiknÔei ìti kĹje automorfismìc σ ∈ G(β) afănei to sÿma k(x) analloÐwto. Ja sumbolÐzoume me G(P_ζ ) thn eikìna thc sunĹrthshc periorismoÔ Res : { G(β) −→ G(P_ζ ) σ −→ Res_{k(x)}σ Profanÿc o purănac tou periorismoÔ eÐnai μ(m) ⊲ G(β).

’Ena gennopoiìn rizikì tou F upèr to sÿma k(x) eÐnai thc morfăc y^ℓz ìpou (ℓ, m) = 1 kai z ∈ k(x) ([12] sel. 38). Gia kĹje σ ∈ G(β), σ(k(x)) = k(x), ètsi σ(y) eÐnai epÐshc èna gennopoiìn rizikì gia thn epèktash F/k(x). σ(y) = y^{ℓσ} z_σ gia èna stoiqeÐo z_σ sto k(x). ’Estw τ ènac gennătorac thc kuklikăc omĹdac μ(m) = Gal(F/k(x)). ParathroÔme ìti

σ^{−1}τ σ = τ^{ℓσ} ∀σ ∈ G(β) (3.12)

Ja sumbolÐzoume me G_1(β) thn prÿth omĹda diaklĹdwshc thc jèshc β. H omĹda G(β) = G_0(β) mporeÐ na grafeÐ san èna hmieujèc ginìmeno miac kuklikăc omĹdac E := G_0(β)/G_1(β) tĹxewc prÿthc me to p me thn p−omĹda G_1(β). Ja sumbolÐzoume me π thn probolă G_0(β) −→ G_0(β)/G_1(β). Efarmìzontac thn π kai sta dÔo mèlh thc (3.12) π(σ^{−1}) · π(τ ) · π(σ) = π(τ )^{ℓσ} ∀σ ∈ G(β). AfoÔ E eÐnai abeliană kai ord(π(τ )) = ord(τ ) = m èqoume ìti ℓ_σ ≡ 1 mod m Ĺra στ = τ σ.

Epiplèon, afoÔ ℓ_σ ≡ 1 mod m, ìloi oi automorfismoÐ σ tou F pou epekteÐnoun to tuqaÐo σ_0 ∈ G(P_ζ ) eÐnai thc morfăc

σ(y) = θ_σ · y · z_{σ0} , σ(x) = σ_0(x) (3.13)

ìpou z_{σ0} ∈ k(x) kai θ_σ diatrèqei tic m-ostèc rÐzec thc monĹdac. Ta parapĹnw apodukneÐoun ìti k(x) ∋ z^m_σ = ( σ(y) y )_m = σ(x^n + 1) x^n + 1 . Antistrìfwc, an σ_0 ∈ P GL(2, k), σ_0(P_ζ ) = P_ζ kai^{σ0(xn+1)}_{xn+1} = z^m_{σ0} eÐnai mÐa m dÔnamh gia kĹpoio z_{σ0} ∈ k(x), tìte oi automorfismoÐ σ tou F pou dÐnontai apì σ(y) = θyz_{σ0} , σ(x) = σ_0(x), epekteÐnoun ton σ_0. ApodeÐxame to parakĹtw:

Lămma 3.4.1 ’Estw P_ζ o periorismìc thc jèshc β sto k(x). ’Ena stoiqeÐo σ_0 ∈ P GL(2, k) tètoio ÿste σ_0(P_ζ ) = P_ζ epekteÐnetai se automorfismì tou F an kai mìno an σ_0(x^n + 1) diafèrei apì to x^n + 1 me èna m-ostì parĹgonta z^m. Oi epektĹseic tou σ_0 sto F dÐnontai apì thn (3.13).

SÔmfwna me to lămma 3.4.1 ja prèpei na prosdiorÐsoume touc automorfismoÔc σ tou k(x) oi opoÐoi stajeropoioÔn to P_ζ kai gia touc opoÐouc

σ(x)^n + 1 = z^m · (x^n + 1) me z ∈ k(x). (3.14)

ArkeÐ na gnwrÐzoume ìti h parapĹnw sqèsh isqÔei mèqri stajerĹ sto k(x), afoÔ to k eÐnai algebrikĹ kleistì kai kĹje stoiqeÐo sto k eÐnai mÐa m dÔnamh. Gi autì antÐ thc (3.14) apaitoÔme thn sqèsh

σ(x)^n + 1 = c · z^m · (x^n + 1) me c ∈ k, z ∈ k(x). (3.15)

Aută eÐnai isodÔnamh me thn antÐstoiqh sqèsh gia touc kÔriouc divisors twn sunartăsewn. O kÔrioc divisor thc x^n + 1 eÐnai (ja sumbolÐzoume qĹrin aplìthtac P_{ζi} = P_{(x=ζi)})

(x^n + 1) = ∑ 1≤i≤n P_{ζ i} − nP_∞. (3.16)

ParathroÔme ìti kĹje automorfismìc σ tou k(x) pou eÐnai epektĹsimoc sto F metajètei tic jèseic tou k(x) pou diakladÐzontai sthn epèktash F/k(x) me ton Ðdio bajmì.

Oi diakladizìmenec jèseic sthn epèktash F/k(x), eÐnai ta shmeÐa P_{ζi} , ta opoÐa èqoun koinì deÐkth diaklĹdwshc m. EpÐseic, to shmeÐo sto Ĺpeiro P_∞ èqei deÐkth diaklĹdwshc m (n,m) . Lămma 3.4.2 KĹje automorfismìc σ ∈ G(β) pou stajeropoieÐ to P_∞ eÐnai o tautotikìc.

Apìdeixh: : ’Estw σ_0 = σ|_{k(x)}, tètoioc ÿste σ(P_∞) = P_∞. Apì thn (3.16) èqoume ìti oi kÔrioi divisors twn sunartăsewn σ(x^n + 1), x^n + 1 eÐnai Ðsoi, sunepÿc h (3.15) isqÔei me z ∈ k. Epiplèon afoÔ o σ_0 kratĹei to P_∞ stajerì èqoume σ_0(x) = a + bx ìpou a, b ∈ k, b ≠ 0. Sunpepÿc, σ(x)^n + 1 = (a + bx)^n + 1 = c · (x^n + 1).

AnalÔoume to aristerì mèloc thc parapĹnw exÐswshc qrhsimopoiÿntac to duonimikì jeÿrhma. AfoÔ p ∤ n upĹrqei toulĹqiston ènac duonimikìc suntelestăc (_n i ) ≠ 0, ìpou 0 < i < n. SugkrÐnontac touc suntelestèc tou x^i kai stic dÔo pleurèc thc parapĹnw exÐswshc blèpoume ìti ( n i ) a^{n−i}b^i = 0 apì ìpou èqoume a = 0, dhladă σ(x) = bx. ’Ara o σ ektìc apì to P_∞ stajeropoieÐ kai to P_0. ’Ara o σ_0 stajeropoieÐ trÐa shmeÐa tou rhtoÔ sÿmatoc sunartăsewn k(x) kai sunepÿc σ = 1.□ Prokeimènou na meletăsoume thn omĹda G(P_ζ ) ja diakrÐnoume treic periptÿseic: PerÐptwsh (i): 1 < (n, m) < m. Sthn perÐptwsh aută, h P_∞ eÐnai h monadikă jèsh tou k(x) h opoÐa èqei bajmì diaklĹdwshc^m_{(n,m)} , sunepÿc h jèsh P_∞ stajeropoieÐtai apì ìlouc touc epektĹsimouc automorfismoÔc σ_0 pou stajeropoioÔn P_ζ . To lămma 3.4.2 exasfalÐzei ìti G(P_ζ ) = 1.

PerÐptwsh (ii): (n, m) = m, dhladă m|n. Sthn perÐptwsh aută ènac mh tetrimmènoc epektĹsimoc automorfismìc σ tou k(x) pou stajeropoieÐ to P_ζ dÐnetai apì thn σ(x) = ζ^2 x (3.17)

ìpou ζ^n = −1. PrĹgmati, afoÔ ζ^{2n} = 1 èqoume

σ(x)^n + 1 = 1 x^n + 1 =

1 + x^n x^n . ParathroÔme ìti h (3.15) isqÔei me c = 1 kai z =^1_{xn/m} ; jumÐzoume ìti m|n sthn perÐptwsh (ii). EpÐshc o automorfismìc pou dÐnetai apì thn (3.17) antimetajètei tic jèseic P_∞ kai P_0.

KĹje Ĺlloc automorfismìc σ ∈ G(P_ζ ) metajètei tic jèseic P_{ζi} afoÔ autèc eÐnai akribÿc oi jèseic pou diakladÐzontai sthn F, me bajmì diaklĹdwshc m. Jètoume

P_η = σ(P_∞)

me η /∈ {ζ_1, ..., ζ_n}. Upojètoume epÐseic ìti η ≠ ∞ giatÐ diaforetikĹ h jèsh P_∞ ja stajeropoioÔntan apì ton σ kai apì to lămma 3.4.2 ja eÐqame σ = 1. UpologÐzoume ∑ 1≤i≤n σ(P_{ζ i} ) − nσ(P_∞) = ∑ 1≤i≤n P_{ζ i} − nP_η = n(P_∞ − P_η ) + ∑ 1≤i≤n P_{ζi} − nP_∞.

Edÿ, P_∞ − P_η eÐnai o kÔrioc divisor thc sunĹrthshc^1_{x−η} . ’Ara h sunjăkh (3.15) isqÔei

me z =

(_1 x−η )_{n/m} . (UpenjumÐzoume ìti sthn perÐptwsh aută m|n.) Apì thn Ĺllh, afoÔ σ(P_∞) = P_η èqoume ìti o σ eÐnai thc morfăc σ(x) = a + bx x − η . (3.18)

Antikajistÿntac sthn (3.15) kai pollaplasiĹzontac me (x − η)^n blèpoume ìti h

(a + bx)^n + (x − η)^n = c · (x^n + 1) (3.19)

eÐnai anagkaÐa kai ikană sunjăkh gia na epekteÐnetai o automorfismìc σ se automorfismì tou F. ’Opwc kai parapĹnw, jètoume 0 < i < n tètoio ÿste (_n i ) ≠ 0. SugkrÐnontac touc suntelestèc tou x^i kai sta duo mèlh thc (3.19) blèpoume ìti a^{n−i}b^i = −(−η)^{n−i}. (3.20)

An η = 0 tìte a ≠ 0 ( diaforetikĹ σ = 1) kai sunepÿc b = 0. AfoÔ o σ afănei to P_ζ stajerì, h specialization x −→ ζ dÐnei ìti σ(x) −→ ζ to opoÐo me thn seirĹ tou dÐnei a = ζ^2. Sunepÿc an η = 0 paÐrnoume thn involution pou ădh grĹyame sthn (3.17).

Upojètoume tÿra ìti η ≠ 0; tìte a ≠ 0 kai b ≠ 0 sÔmfwna me thn (3.20). Ac upojèsoume ìti upĹrqei èna i tètoio ÿste kai oi dÔo suntelestèc (_n i ) ≠ 0 kai (_n i+1 ) ≠ 0. Tìte h exÐswsh (3.20) isqÔei tautìqrona gia i kai gia i+1. Pernÿntac sto phlÐko èqoume ìti ab^{−1} = −η kai sunepÿc lìgw thc (3.18) èqoume σ(x) =^{b(x−η)}_{x−η} = b, Ĺtopo. ’Ara, an upĹrqei ènac epiplèon mh tetrimmènoc automorfismìc σ ∈ G(P_ζ ), o opoÐoc na diafèrei apì thn involution (3.17) den upĹrqoune duo diadoqikoÐ endiĹmesoi dionumikoÐ suntelestèc (_n i ) , (_n i+1 ) pou na eÐnai tautìqrona ≠ 0.

Lămma 3.4.3 An gia ìla ta i = 1, ..., n − 2 ( n i ) ≠ 0 =⇒ ( n i + 1 ) = 0 kai p ̸| n tìte n = 1 + q ìpou q eÐnai mÐa p-dÔnamh.

Apìdeixh: SumbolÐzoume me a = ∑ a_ip^i, b = ∑ b_ip^i, 0 ≤ a_i, b_i < p, to p-adikì anĹptugma dÔo akairèwn arijmÿn a, b. An a_i ≤ b_i gia ìla ta i tìte grĹfoume a ≤_p b. EÐnai gnwstì ìti (_n i ) ≠ 0 an kai mìno an i ≤_p n,[22] sel. 73. ’Estw n = n_0 + n_1q_1 + .... + n_sq_s to p-adikì anĹptugma tou n, ìpou q_i = p^{si} kai 0 < n_i < 0. ParathroÔme ìti q_i ≤_p n kai 1 + q_1 ≤_p n Ĺra (_n q_i ) ≠ 0 kai (_n 1+q_i ) ≠ 0. Apì thn sunjăkh tou lămmatoc èqoume ìti n − 2 < q_i. AfoÔ de h qarakthristikă eÐnai prÿth proc to n, s = 1 kai n − 1 = q_1. □ KĹnontac qrăsh tou lămmatoc 3.4.3 paÐrnoume ìti Sthn perÐptwsh (ii), an n − 1 den eÐnai dÔnamh thc qarakthristikăc p, tìte G(P_ζ ) eÐnai tĹxhc 2, kai perièqei mìno thn involution pou dÐnetai apì thn (3.17).

Apomènei na meletăsoume thn perÐptwsh (ii) ìtan n − 1 = q eÐnai mÐa p-dÔnamh. EÐnai bolikì na antikatastăsoume to rizikì tou Kummer me èna Ĺllo rizikì gia thn epèktash F/k(x) to opoÐo ja eÐnai eukolìtero sto qeirismì.

Jètoume

t := ζ x − ζ , Ĺra x = ζ · t + 1 t (3.21) kai u := −t^n(x^n + 1). (3.22)

AfoÔ m|n, èqoume ìti t^n eÐnai mÐa m dÔnamh kai sunepÿc to u eÐnai èna epitreptì rizikì gia thn epèktash tou Kummer F/k(x). QwrÐc periorismì thc genikìthtac mporoÔme na upojèsoume ìti ζ = ζ_1. O kÔrioc divisor tou u eÐnai

(u) = n · (t) + (x^n + 1) = n(P_∞ − P_ζ ) + ∑ 1≤i≤n P_{ζi} − nP_∞ = = ∑ 2≤i≤n P_{ζi} − (n − 1)P_ζ

Apì thn Ĺllh gnwrÐzoume ìti sthn perÐptwsh (ii) oi jèseic P_{ζi} metatÐjentai kĹtw apì thn drĹsh tou σ ∈ G(P_ζ ), kai h jèsh P_ζ paramènei stajeră. Dhladă o kÔrioc divisor tou u mènei stajerìc apì to σ.

Ex orismoÔ tou t èqoume ìti k(x) = k(t), kai ìti o pìloc tou t eÐnai P_ζ . To stoiqeÐo u èqei thn jèsh P_ζ san monadikì pìlo, me tĹxh n − 1 = q. Sunepÿc to u eÐnai èna poluÿnumo tou t, bajmoÔ q. To poluÿnumo autì mporeÐ na upologisteÐ akribÿc, qrhsimopoiìntac thn (3.21) kai thn (3.22), èqontac fusikĹ upìyhn ìti n = q + 1 : u = −t^n ( ζ^n(t + 1)^n t^n + 1 ) = (t + 1)^n − t^n = t^q + t + 1.

EÐnai bolikì na xanallĹxoume thn metablhtă t ÿste na aplopoÐhsoume thn morfă tou parapĹnw poluwnÔmou. Jètoume loipìn t = a_1 + b_1t_1 me a_1, b_1 ∈ k tètoia ÿste a^q_1 + a_1 = −1 kai b^q_1 = −b_1, ìpou b_1 ≠ 0. Sthn sunèqeia jètoume u_1 = −b^{−1}_1 u kai telikĹ katalăgoume sthn u_1 = t^q_1 − t_1.

Apì edÿ kai sto exăc ja grĹfoume t antÐ gia t_1 kai u antÐ gia u_1. ApodeÐxame ìti Sthn perÐptwsh (ii) me n = q +1 upĹrqei ènac gennătorac t tou k(x) = k(t) o opoÐoc èqei thn jèsh P_ζ san monadikì pìlo, kai epiplèon to poluÿnumo u = t^q −t eÐnai èna rizikì gia thn epèktash F/k(t). O kÔrioc divisor tou u paramènei analloÐwtoc kĹtw apì kĹje σ ∈ G(P_ζ ).

AfoÔ kĹje σ ∈ G(P_ζ ) afănei ton pìlo tou t stajerì eÐnai thc morfăc σ(t) = a + bt, me a, b ∈ k kai b ≠ 0. ’Enac tètoioc automorfismìc anăkei sto G(P_ζ ) an kai mìno an σ(u) = cu ìpou 0 ≠ c ∈ k, to opoÐo shmaÐnei

σ(t)^q − σ(t) = (a + bt)^q − (a + bt) = c · (t^q − t)

me c ≠ 0 ∈ k. Dhladă isqÔoun oi sunjăkec a^q = a, c = b, b^q = b Katalăxame sto parakĹtw sumpèrasma:

Sthn perÐptwsh (ii)me n = q + 1, h omĹda G(P_ζ ) apoteleÐtai akribÿc apì touc metasqhmatismoÔc t −→ a+bt twn opoÐwn oi suntelestèc a, b perièqontai sto sÿma F_q me q-stoiqeÐa. H omĹda aută eÐnai isìmorfh me thn omĹda twn pinĹkwn ( 1 0 a b ) me a, b ∈ F_q , b ≠ 0. IdiaÐtera h tĹxh touG(P_ζ ) eÐnai (q − 1)q.

PerÐptwsh (iii): (n, m) = 1. Sthn perÐptwsh aută oi n+1 jèseic P_{ζ 1} , ..., P_{ζn} , P_∞ eÐnai akribÿc oi jèseic pou diakladÐzontai sto F, ìlec me bajmì diaklĹdwshc m. KĹje σ ∈ G(P_ζ ) afănei to P_ζ analloÐwto kai sunepÿc metajètei ta P_{ζ 2} , ..., P_{ζn} , P_∞.

’Estw σ(P_∞) = P_η. An η = ∞ tìte apì to lămma 3.4.2 èqoume ìti σ = 1. Upojètoume tÿra ìti σ ≠ 1 to opoÐo shmaÐnei ìti η ∈ {ζ_2, ..., ζ_n}. O kÔrioc divisor tou x^n+1 apeikonÐzetai mèsw thc σ ston divisor ∑ 1≤i≤n σ(P_{ζ i} ) − nP_η . Sto parapĹnw Ĺjroisma den emfanÐzetai o ìroc P_η , enÿ emfanÐzetai ènac ìroc P_∞. An apì autì afairèsoume ton kÔrio divisor tou x^n + 1 tìte paÐrnoume ( σ(x^n + 1) x^n + 1 ) = (n + 1)(P_∞ − P_η ). (3.23)

To dexÐ mèloc eÐnai o kÔrioc divisor thc sunĹrthshc (^1_{x−η} )^{n+1}. Apì thn Ĺllh, gnwrÐzoume ìti to dexÐ mèloc eÐnai o divisor miac m dÔnamhc. ’Etsi katalăgoume m|n + 1 san mia anagkaÐa sunjăkh ÿste na upĹrqei ènac mh tetrimmènoc automorfismìc sthn G(P_ζ ).

H exÐswsh (3.23) mac dÐnei ìti

σ(x)^n = c(x^n + 1) − (x − η)^{n+1} (x − η)^{n+1} , ìpou c ∈ k. O kÔrioc divisor tou poluwnÔmou f(x) := c(x^n + 1) − (x − η)^{n+1}, to opoÐo eÐnai bajmoÔ n + 1, eÐnai ∑ 1≤i≤n A_i + P_η − (n + 1)P_∞,

ìpou A_i , P_η eÐnai oi jèseic, ìqi kat anĹgkhn diaforetikèc, pou antistoiqoÔn stic rÐzec tou f(x). Apì thn Ĺllh, o kÔrioc divisor tou (x − η)^{n+1} eÐnai (n + 1)(P_η − P_∞) kai autì mac dÐnei ìti o kÔrioc divisor tou σ(x)^n eÐnai

(σ(x)^n) = ∑ 1≤i≤n A_i − nP_η .

Sunepÿc to poluÿnumo f(x) èqei mÐa pollaplă rÐza tĹxhc n. An ρ eÐnai aută h rÐza, tìte

f(x) = c(x^n + 1) − (x − η)^{n+1} = c_1 · (x − η)(x − ρ)^n, (3.24)

gia kĹpoio c_1 ∈ k. XeqwrÐzoume duo periptÿseic:

a) ρ = 0. Tìte h (3.24) gÐnetai

c(x^n + 1) − (x − η)^{n+1} = c_1(x − η)x^n = c_1x^{n+1} − c_1ηx^n. (3.25)

AnaptÔsoume to aristerì mèloc qrhsimopoiìntac ton dionumikì tÔpo

c(x^n + 1) − (x − η)^{n+1} =

= −x^{n+1} + (−(n + 1)(−η) + c) x^n − n−1∑ i=1 ( n + 1 i ) (−η)^{n+1−i}x^i + c − (−η)^{n+1}. SugkrÐnontac touc suntelestèc tou x^{n+1} sta dÔo mèlh thc (3.25) paÐrnoume c_1 = −1, enÿ sugkrÐnontac touc suntelestèc tou x^n kai tou stajeroÔ ìrou paÐrnoume c = η. Epiplèon gia kĹje i = 1, ..., n èqoume ìti ( n + 1 i ) = 0 to opoÐo mazÐ me to kritărio mhdenismoÔ enìc dionumikoÔ suntelestă pou dÿjhke sto lămma 3.4.3, dÐnei ìti n + 1 = q eÐnai mÐa dÔnamh thc qarakthristikăc p. Autì ìmwc eÐnai adÔnaton afoÔ m|n + 1 kai (m, p) = 1.

b) ρ ≠ 0. ParathroÔme ìti to (x − ρ)^{n−1} diaireÐ to poluÿnumo

g(x) := (n + 1)f(x) − df(x) dx (x − η) = c ( x^n + nηx^{n−1} + (n + 1) ) . Epiplèon èqoume ìti to η eÐnai mÐa rÐza tou g(x), afoÔ η^n = −1, ètsi gia mÐa stajerĹ c^′ èqoume c ( x^n + nηx^{n−1} + (n + 1) ) = c^′(x − η)(x − ρ)^{n−1}. (3.26) SugkrÐnontac touc suntelestèc tou x^n kai sta dÔo mèlh thc (3.26) katalăgoume sto ìti c^′ = c. SugkrÐnontac touc suntelestèc tou x kai x^2 kai sta dÔo mèlh thc (3.26) paÐrnoume

(−ρ)^{n−2}(−ρ − η(n − 1)) = 0 ⇒ −ρ = (n − 1)η (3.27) kai (−ρ)^{n−3} ( −η ( n − 1 2 ) − ρ(n − 1) ) = 0. (3.28)

AntikajistoÔme thn (3.27) sthn (3.28) gia na pĹroume (−ρ)^{n−3}η (n − 1)n 2 = 0,

to opoÐo eÐnai Ĺtopo, afoÔ apì thn (3.27) n − 1 ≠ 0 (upenjumÐzoume ìti èqoume upojèsei gia thn qarakthristikă ìti p ≠ 2 kai p ∤ n).

’Eqoume upologÐsei ìla ta stoiqeÐa sthn omĹda G(β). H omĹda aută eÐnai tĹxhc

| G(P_ζ )| · |μ(m)| = m an m ∤ n 2m an m | n kai n − 1 den eÐnai mÐa p dÔnamh mq(q − 1) an m | n kai n − 1 = q eÐnai mÐa p dÔnamh .

Epiplèon stic prÿtec dÔo periptÿseic h tĹxh tou G(β) eÐnai prÿth proc thn qarakthristikă tou sÿmatoc p (upenjumÐzoume ìti èqoume upojèsei ìti p ≠ 2), sunepÿc h omĹda G(β) eÐnai isìmorfh me mÐa kuklikă omĹda tĹxhc m (antÐstoiqa 2m). Sthn trÐth perÐptwsh h omĹda G(β) eÐnai to hmieujèc ginìmeno miac kuklikăc omĹdac tĹxhc m(q − 1) me mÐa kanonikă upoomĹda tĹxhc q[20, sel. 68].

3.5 Domă thc omĹdac automorfismÿn

Ja sumbolÐzoume me O(β, G) thn troqiĹ thc jèshc β kĹtw apì thn drĹsh thc G. Ja upologÐsoume thn tĹxh tou |G| upologÐzontac thn tĹxh thc O(β, G). ’Eqoume kajorÐsei poiec jèseic tou F den gÐnetai na anăkoun sthn troqiĹ β (lămmata 3.3.2 kai 3.3.3), sunepÿc O(β, G) ⊆ {β_1, β_2, ..., β_n, γ_1, γ_2, ..., γ_{(n,m)}}. ParathroÔme ìti ta β_i ∈ O(β, G) gia i = 1, ..., n kai ìti an γ_{i0} ∈ O(β, G) gia kĹpoio i_0 tìte γ_i ∈ O(β, G) gia ìlec tic jèseic γ_i i = 1, ..., (n, m) pou epekteÐnoun thn P_∞.

PerÐptwsh 1) Upojètoume ìti m ∤ n. Tìte |O(β, G)| = n ă n + (n, m). Ac upojèsoume ìti |O(β, G)| = n + (n, m) kai èstw H := μ(n) × μ(m). Profanÿc h tĹxh thc troqiĹc thc β upì thn drĹsh thc H eÐnai |O(β, H)| = |H : H(β)| = n. ’Eqoume apodeÐxei ìti |G(β)| = μ(m) = |H(β)| ètsi n + (n, m) n = |G : G(β)| |H : H(β)| = |G| |H| ∈ N. Apì to aristerì mèroc thc parapĹnw exÐswshc paÐrnoume ìti n|(n, m), to opoÐo eÐ nai Ĺtopo afoÔ n > m. Dhladă |O(β, G)| = n kai h omĹda G èqei tĹxh |G| = |O(β, G)| · |G(β)| = nm. PerÐptwsh 2) Upojètoume ìti m|n. H involution σ pou dÐnetai apì thn (3.17) stèlnei mÐa jèsh γ_i pou epekteÐnei thn P_∞ se mÐa jèsh α_j upèr to P_0. Autì mac dÐnei ìti O(β, G) = {β_1, β_2, ..., β_n}, giatÐ an upărqe èna τ ∈ G tètoio ÿste τ (β) = γ_i tìte τ σ(β) = α_j to opoÐo eÐnai adÔnaton apì to lămma 3.3.2. Sunepÿc h tĹxh tou G, se aută thn perÐptwsh upologÐzetai: |G| = |G : G(β)| · |G(β)| = |O(β, G)| · |G(β)| = = { 2nm nmq(q − 1) an n − 1 den eÐnai mÐa dÔnamh tou p an n − 1 eÐnai mÐa dÔnamh tou p

Ja meletăsoume tÿra thn domă thc omĹdac twn automorfismÿn. Upojètoume katarqăn ìti m ∤ n. Se aută thn perÐptwsh h omĹda G eÐnai to eujÔ ginìmeno twn omĹdwn μ(n) kai μ(m), afoÔ |G| = n · m kai μ(n) × μ(m) ≤ G. Ac upojèsoume ìti m|n. ParathroÔme ìti μ(m) < Z(G). PrĹgmati, èstw G_1 h upoomĹda tou G pou parĹgetai apì ìla ta ginìmena x · y, x ∈ G(β), y ∈ μ(n). H omĹda G_1 < G èqei toulĹqiston |G(β)| · |μ(n)| = |G| stoiqeÐa, afoÔ G(β) ∩ μ(n) = 1. ’Ara |G_1| = |G| kai telikĹ G_1 = G. Autì apodeiknÔei to epijumhtì apotèlesma, afoÔ ta stoiqeÐa tou μ(m) antimetatÐjentai me ta stoiqeÐa tou G(β) kai μ(n).

AfoÔ de μ(m) ⊲ G kĹje automorfismìc σ ∈ G periorÐzetai se èna automorfismì tou rhtoÔ sÿmatoc sunartăsewn k(x) = F^{μ(m)}. ’Ara h sunĹrthsh periorismoÔ thc selÐdac 51 mporeÐ na epektajeÐ se mÐa sunĹrthsh F : { G −→ F(G) < P GL(2, k) σ −→ res_{k(x)}σ. Profanÿc o purănac thc F eÐnai ker F =μ(m). Ja xeqwrÐsoume akìma dÔo periptÿseic:

i) To n − 1 den eÐnai dÔnamh tou p. Tìte sÔmfwna me ton upologismì thc tĹxhc tou G, h tĹxh tou F(G) eÐnai 2n. ParathroÔme ìti h omĹda F(G) perièqei thn kuklikă omĹda μ(n) pou parĹgetai apì to τ_0 : x −→ ζ^2x kai thn involution σ_0 : x −→ ζ^2/x. AfoÔ σ_0 /∈ ⟨τ_0⟩ = μ(n) kai σ_0τ_0 = τ^{−1}_0 σ_0, h omĹda pou gennĹtai apì ta σ_0, τ_0 eÐnai mÐa diedrikă omĹda tĹxhc 2 · n. Aută eÐnai h tĹxh thc F(G), Ĺra F(G) ∼= D_n kai h omĹda G dÐnetai san kentrikă epèktash thc D_n me abelianì purăna μ(m).

H omĹda anĹlushc genĹtai apì touc automorfismoÔc σ : { y −→^y_{xn/m} x −→^{ζ2}_x afoÔ σ èqei tĹxh 2m. H omĹda μ(n) < G gennĹtai apì ton τ : { y −→ y x −→ ζ^2x kai mporoÔme na elègxoume ìti h omĹda G dèqetai mÐa parĹstash

⟨σ, τ /σ^{2m} = 1, τ^n = 1, σ^3τ^{−1} = τ σ, σ^2τ = τσ^2⟩.

ParathroÔme ìti an mÐa kentrikă epèktash diaspĹtai, dhladă antistoiqeÐ sthn tetrimmènh sunomologiakă klĹsh, tìte eÐnai to eujÔ ginìmeno twn paragìntwn thc. Ja apodeÐxoume ìti h epèktash 1 −→ μ(n) −→ G −→ D_n −→ 1 (3.29) diaspĹtai ă isodÔnama G ∼= μ(n) × D_n an kai mìno an to m eÐnai perittì.

’Estw m perittì. H sunĹrthsh

H^2(D_n, μ(m)) = ⨁ p|2n H^2(D_n, μ(m))_p −→ ⨁ p|2n H^2(H_p, μ(m)) α = ∑ p|2n α_p −→ ∑ p|2n res_{(Dn→Hp )}α_p

ìpou to H_p diatrèqei tic p-Sylow upoomĹdec thc D_n eÐnai {1-1} [32, sel. 93]. An p = 2 tìte (|H_2|, m) = 1 Ĺra res_{(Dn→H2 )}α_2 = 1 apì to jeÿrhma tou Zassenhaus[14, sel. 126]. Apì thn Ĺllh an H_p eÐnai mÐa p-Sylow upoomĹda gia p ≠ 2, tìte res_{(Dn→Hp )}α_p = 1 afoÔ H_p < μ(n) kai h upoepèktash 1 −→ μ(m) −→ G_1 −→ μ(n) −→ 1 diaspĹtai.

’Estw m Ĺrtioc. JewroÔme thn upoomĹda pou gennĹte apì thn involution σ pou dÐnetai apì thn (3.17) kai thn upoepèktash pou dÐnetai apì to parakĹtw diĹgramma 1 −→ μ(m) −→ G^π−→ D_n −→ 1 || ↑ ↑ 1 −→ μ(m) −→ π^{−1}(⟨σ⟩) −→ ⟨σ⟩ −→ 1 ’Estw α ∈ H^2(D_n, μ(m)) h sunomologiakă klĹsh pou antistoiqeÐ sthn epèktash G. Sthn upoepèktash π^{−1}(⟨σ⟩) antistoiqeÐ h sunomologiakă klĹsh res_{(Dn→⟨σ⟩)}α. AllĹ π^{−1}(⟨σ⟩) = G(β) h opoÐa eÐnai mÐa kuklikă omĹda tĹxhc 2m. Sunepÿc res_{(Dn→⟨σ⟩)}α ≠ 1 afoÔ mÐa kuklikă omĹda tĹxhc 2m den eÐnai isìmorfh me to ginìmeno μ(m) × ⟨σ⟩ ìtan 2|m.

ii) Se aută thn perÐptwsh to n − 1 = p^s = q, eÐnai dÔnamh thc qarakthristikăc. Isqurizìmaste ìti F(G) < P GL(2, q^2). PaÐrnoume san gennătora tou sÿmatoc k(x) to stoiqeÐo t ìpwc autì orÐsthke sthn selÐda 55. ’Eqoume apodeÐxei ìti F(G(β)) = G(P_ζ ) eÐnai mÐa omĹda apì Möbius metasqhmatismoÔc thc morfăc t −→ a + bt, a, b ∈ F_q ⊂ F_q2 . Ta stoiqeÐa sthn μ(n) orÐzontai upèr to F_q2 epÐshc. PrĹgmati, h allagă metablhtÿn x −→ t emplèkei ta ζ, a_1, b_1 ta opoÐa anăkoun sto sÿma F_q2 afoÔ

b^q_1 = −b_1 ⇒ b^{q2}_1 = b_1 ( to q eÐnai perittì ) ζ^n = −1 ⇒ ζ^{q+1} = −1 ⇒ ζ^q = −^1_ζ ⇒ ζ^{q2} = ζ a^q_1 = −1 − a_1 ⇒ a^{q2}_1 = (−1 − a_1)^q = (−1)^q + (−1)^qa^q_1 = a_1

kai sunepÿc h allagă metablhtÿn x −→ t eÐnai ènac Möbius metasqhmatismìc sto P GL(2, q^2). Apì thn Ĺllh h F(μ(n)) gennĹtai apì touc automorfismoÔc x −→ ζ^2x pou anăkoun sthn P GL(2, q^2).

H tĹxh thc F(G) eÐnai q(q − 1)(q + 1). Ja apodeÐxoume ìti h monadikă upoomĹda thc P GL(2, q^2) me tĹxh q(q − 1)(q + 1) eÐnai h P GL(2, q). Gia autì ja qrhsimopoiăsoume ton qarakthrismì twn upoomĹdwn thc P GL(2, p^f ) o opoÐoc prokÔptei apì to jeÿrhma 2.2.1.

Jeÿrhma 3.5.1 H omĹda P GL(2, p^f ) èqei tic parakĹtw upoomĹdec

1. Stoiqeiÿdeic abelianèc p-omĹdec

2. Kuklikèc omĹdec tĹxhc t ìpou t|p^f ± 1.

3. Diedrikèc omĹdec tĹxhc 2t, t|p^f ± 1.

4. OmĹdec isìmorfec me A_4, S_4, A_5.

5. Hmieujèa ginìmena apì stoiqeiÿdeic abelianèc omĹdec tĹxhc p^r me kuklikèc omĹdec tĹxhc t, ìpou t|p^r − 1 kai t|p^f − 1.

6. OmĹdec isìmorfec me thn PSL(2, p^r) kai PGL(2, p^r) ìpou r|f.

Ja qrhsimopoiăsoume to parapĹnw jeÿrhma kai to gegonìc ìti |F(G)| = q(q^2 −1), ìpou q = p^s eÐnai dÔnamh thc qarakthristikăc, gia na perigrĹyoume thn domă omĹdac thc F(G). ParathroÔme ìti F(G) den eÐnai p-omĹda, kai katĹ sunèpeia oÔte stoiqeiÿdhc abeliană. Ac upojèsoume ìti F(G) eÐnai isìmorfh me mÐa kuklikă omĹda tĹxhc t, t|p^f ± 1. Tìte |F(G)| = p^s(p^{2s} − 1) diaireÐ to p^f ± 1, Ĺtopo afoÔ p ∤ 1. Gia ton Ðdio lìgo h F(G) den eÐnai diedrikă omĹda. Oi treic omĹdec A_4, S_4, A_5 èqoun tĹxh mikrìterh h Ðsh tou 60, enÿ apì thn Ĺllh |F(G)| = q(q^2 − 1) ≥ 120 afoÔ p ≥ 5. Dhladă F(G) ≇ A_4, S_4, A_5. Ac upojèsoume tÿra ìti F(G) eÐnai to hmieujÔ ginìmeno mÐac stoiqeiÿdouc abelianăc omĹdac tĹxhc p^r me mÐa kuklikă omĹda tĹxhc t = p^{s−r}(p^{2s} − 1). O arijmìc t ja prèpei na diaireÐ kai to p^r − 1 kai to p^f − 1,

Ĺtopo. Tèloc an F(G) ∼= PSL(2, p^r) tìte r|f = 2s kai | PSL(2, r)| =^{(p2r −1)pr}_2 = (p^{2s} −1)p^s, Ĺtopo. H mình dunată perÐptwsh eÐnai Im(F) ∼= PGL(2, q).

H omĹda G eÐnai mÐa kentrikă epèktash thc PGL(2, q) me purăna μ(m) pou na dÐnetai apì thn parakĹtw akribă akoloujÐa:

1 −→ μ(m) −→ G^π−→ PGL(2, q) −→ 1 (3.30)

Qrhsimopoiÿntac to pagkìsmio jeÿrhma suntelestÿn, tic timèc tou pollaplasiastă tou Schur H_2(PGL(2, q), Z) kai thn abelianopoÐhsh tou PGL(2, q) [3, sel. 26] mporoÔme na upologÐsoume

H^2(PGL(2, q), μ(m)) = { 0 an m ≡ 1 mod 2 Z_2⊕Z_2 an m ≡ 0 mod 2 .

Autì mac dÐnei ìti gia perittì m h omĹda G eÐnai isìmorfh me G ∼= μ(m) × PGL(2, q). Gia m Ĺrtio, h katĹstash eÐnai perissìtero polÔplokh. Gia na perigrĹyoume thn domă thc omĹdac G, eÐnai arketì na kajorÐsoume thn sunomologiakă klĹsh

α ∈ H^2(PGL(2, q), μ(m))

h opoÐa antistoiqeÐ sthn kentrikă epèktash (3.30). Autì ton upologismì ìmwc ton kĹname sto prohgoÔmeno kefĹlaio ìtan exetĹzame kuklikèc epektĹseic thc P GL(2, q).

KefĹlaio 4

OmĹdec automorfismÿn twn modular kampÔlwn X(N)

O J.P. Serre se èna grĹmma tou ston Ribet upolìgise ìti oi omĹdec automorfismÿn twn modular kampÔlwn X(p) gia p prÿto p ≥ 7, eÐnai isìmorfec me tic aplèc omĹdec P SL(2, p). Skopìc autoÔ tou kefalaÐou eÐnai h epèktash tou apotelèsmatoc tou Serre kai h melèth thc omĹdac twn automorfismÿn twn kampÔlwn X(N), ìpou N opoiosdăpote jetikìc akèraioc. ’Opwc proèkeiye metĹ apì epikoinwnÐa me ton J.P. Serre, to apotèlasma pou èsteile ston Ribet, ìpwc kai h genÐkeush tou, ătan gnwstì stouc eidikoÔc thc perioqăc.

UpenjumÐzoume ìti oi kampÔlec X(N) eÐnai oi epifĹneiec Riemann pou orÐzontai wc qÿroi troqiÿn Γ(N)\H^∗ , ìpou Γ(N) eÐnai o purănac tou epimorfismoÔ P SL(2, Z) −→ P SL (2, Z/NZ) H kampÔlh X(1) eÐnai isìmorfh me thn probolikă eujeÐa P^1, kai to kĹlumma X(N) → X(1) eÐnai Galois me omĹda Galois thn P SL(2, Z/NZ). O bajmìc autoÔ tou kalÔmmatoc eÐnai

μ_N := { N^3/2 ∏ p|N (1 − p^{−2}) an N > 2 6 an N = 2

Epiplèon to gènoc g_N thc X(N) eÐnai [23, sel. 23]

g_N = 1 + μ_N N − 6 12N . (4.1)

Apì ton parapĹnw tÔpo blèpoume ìti oi kampÔlec X(2), X(3), X(4), X(5) eÐnai rhtèc enÿ h X(6) eÐnai elleiptikă. ’Olec oi Ĺllec kampÔlec èqoun gènoc megalÔtero tou dÔo kai sunepÿc oi omĹdec automorfismÿn touc eÐnai peperasmènec kai fragmènec apì ton tÔpo tou Hurwitz: |Aut(X(N)| ≤ 84(g_N − 1). (4.2) EÐnai epÐshc gnwstì ìti sto kĹlumma X(N) → X(1) akribÿc trÐa shmeÐa tou X(1), diakladÐzontai, ta j(i), j(ω), j(∞) me deÐktec diaklĹdwshc 2, 3 kai N antÐstoiqa.

An P SL(2, Z/NZ) ⊲ AutX(N) tìte kĹje automorfismìc sthn AutX(N) periorÐzetai se automorfismì thc X(1) ∼= P^1, pou stajeropoieÐ trÐa shmeÐa, kai sunepÿc eÐnai o tautotikìc. Dhladă se aută thn perÐptwsh èqoume AutX(N) ∼= P SL(2, Z/NZ).

’Estw m o deÐkthc thc P SL(2, Z/NZ) = Gal(X(N)/X(1)) sthn AutX(N). H exÐswsh (4.1) gia N ≠ 2 mporeÐ na grafeÐ wc 84(g_N − 1) = |P SL(2, Z/NZ)| ( 7 − 42 N ) (4.3) kai aută sunduasmènh me thn (4.2) mac dÐnei ta parakĹtw frĹgmata gia ton deÐkth m:

m ≤ 2 gia 7 ≤ N < 11 m ≤ 3 gia 11 ≤ N < 14 m ≤ 4 gia 14 ≤ N < 21 m < 7 gia 21 ≤ N

. (4.4)

Sunepÿc gia 7 ≤ N < 11 èqoume ìti AutX(N) ∼= P SL(2, Z/NZ). Prokeimènou na apodeÐxoume genikĹ ìti P SL(2, Z/NZ) ⊲ AutX(N) ja jewrăsoume thn parĹstash β : P SL(2, Z/NZ) −→ S_m ìpou σ → {σa_1P SL(2, Z/NZ), σa_2P SL(2, Z/NZ), ..., σa_mP SL(2, Z/NZ)}, kai {a_1P SL(2, Z/NZ), ..., a_mP SL(2, Z/NZ)} eÐnai h diĹspash thc omĹdac AutX(N) se cosets thc P SL(2, Z/NZ). ParathroÔme ìti P SL(2, Z/NZ) ⊲ AutX(N) an kai mìno an o β eÐnai o tetrimmènoc omomorfismìc.

Ac upojèsoume ìti N = p eÐnai ènac prÿtoc, p ≥ 7. AfoÔ P SL(2, p) eÐnai aplă omĹda èqoume ìti ker β eÐnai ă P SL(2, p) ă {1}. H teleutaÐa perÐptwsh eÐnai adÔnath afoÔ den upĹrqoun stoiqeÐa tĹxhc p sthn S_m, gia m ≤ 6.

Ac jewrăsoume tÿra tic kampÔlec X(p^e), ìpou p eÐnai prÿtoc, p ≥ 7. JewroÔme ton parakĹtw pÔrgo kalummĹtwn

P SL(2, Z/p^eZ) X(p^e) ↓ X(p) ↓ X(1)

H

P SL(2, p)

’Estw H := Gal(X(p^e)/X(p)), tìte |H| = p^{3(e−1)}, kai afoÔ p ≥ 7 èqoume H < ker β. Sunepÿc mporoÔme na orÐsoume ton omomorfismì β̃ β̃ : P SL(2, p) ∼= P SL (2, Z/NZ)/H −→ S_m. Autì mac dÐnei ìti β̃ = 1 kai safÿc to Ðdio isqÔei gia thn β.

’Estw N jetikìc akèraioc prÿtoc me touc 2, 3, 5. O omomorfismìc β eÐnai tetrimmènoc kai se aută thn perÐptwsh, afoÔ P SL(2, Z/NZ) ∼= s⨁ i=1 P SL(2, Z/p^{ai}_i Z), ìpou N = ∏_s i=1 p^{ai}_i eÐnai h diĹspash tou N se ginìmeno prÿtwn paragìntwn.

Prokeimènou na meletăsoume thn perÐptwsh tuqaÐou N ja qreiastoÔme ta kalÔtera frĹgmata gia ton deÐkth m. JewroÔme ton pÔrgo kalummĹtwn X(N) ↓ X(1) ↓ X(N)^{AutX(N)}

2 | 3 | N | j(i) j(ω) j(∞)

ParathroÔme ìti an P SL(2, Z/NZ) den eÐnai mÐa kanonikă upoomĹda sthn AutX(N) tìte to kĹlumma X(1) ∼= P^1 → X(N)^{AutX(N)} den eÐnai Galois. Apì thn apìdeixh tou frĹgmatoc tou Hurwitz (4.2) gia thn omĹda twn automorfismÿn algebrikăc kampÔlhc [6, sel. 260] blèpoume ìti an to plăjoc r twn shmeÐwn thc X(1) pou diakladÐzontai sto kĹlumma X(N) → X(N)^{AutX(N)} eÐnai r > 3 tìte to frĹgma tou Hurwitz beltiÿnetai sto |AutX(N)| ≤ 12(g_N − 1). Autì mac dÐnei ìti m ≤ 1, kai sunepÿc P SL(2, Z/NZ) ⊲ AutX(N), Ĺtopo. Sunepÿc to plăjoc twn shmeÐwn diaklĹdwshc eÐnai r = 3. O tÔpoc tou Hurwitz gia to kĹlumma X(N) −→ X(N)^{AutX(N)} dÐnei thn 2(g_N − 1) = |AutX(N)| ( 1 − 1 ν_1

+ 1 − 1 ν_2

+ 1 − 1 ν_3 − 2 ) , (4.5)

ìpou ν_i eÐnai oi deÐktec diaklĹdwshc twn shmeÐwn pou diakladÐzontai. XeqwrÐzoume tic parakĹtw periptÿseic:

• Ta trÐa shmeÐa j(i), j(ω), j(∞) periorÐzontai se diaforetikĹ shmeÐa p_1, p_2, p_3 twn opoÐwn oi deÐktec diaklĹdwshc eÐnai e(j(i)/p_1) = κ, e(j(ω)/p_2) = λ, e(j(∞)/p_3) = μ. ’H (4.5) se aută thn perÐptwsh grĹfetai 2(g_N − 1) = |AutX(N)| ( 1 − 1 2κ + 1 − 1 3λ + 1 − 1 Nμ − 2 ) ≥ ≥ |AutX(N)| (1 − 1/2 + 1 − 1/3 + 1 − 1/N − 2) ≥ ≥ |AutX(N)| (1/6 − 1/N) h opoÐa mac dÐnei kai to epijumhtì apotèlesma |Aut(X)| ≤ 12N N − 6 (g_N − 1) = μ_N .

• KĹpoia apì ta trÐa shmeÐa j(i), j(ω), j(∞) periorÐzontai sto Ðdio shmeÐo thc X(N)^{AutX(N)}.

Ja jewrăsoume thn perÐptwsh 11 ≤ N. Ta shmeÐa j(i) kai j(∞) den gÐnetai na periorÐzontai sto Ðdio shmeÐo thc X(N)^{AutX(N)}. AfoÔ to kĹlumma X(N) → X(N)^{AutX(N)} eÐnai Galois ja prèpei na èqoume 2κ = Nλ, ìmwc o bajmìc tou kalÔmmatoc X(1) → X(N)^{AutX(N)} eÐnai to polÔ 6, sunepÿc κ ≤ 6, λ = 1, dhladă ta j(i) kai j(∞) den periorÐzontai sto Ðdio shmeÐo, ektìc an N ≤ 12. AllĹ an N ≤ 12 tìte m ≤ 3, kai sunepÿc N ≤ 6, to opoÐo antitÐjetai sthn arqikă upìjesh N ≥ 11. Me ta Ðdia epiqeirămata mporoÔme na deÐxoume ìti ta shmeÐa j(ω) kai j(∞) periorÐzontai se diaforetikĹ shmeÐa tou X(N)^{AutX(N)}. Ac upojèsoume tÿra ìti ta j(i) kai j(ω) periorÐzontai sto Ðdio shmeÐo thc X(N)^{AutX(N)}. Ja prèpei na upĹrqei èna shmeÐo p thc X(N)^{AutX(N)} to opoÐo diakladÐzetai mìno sto kĹlumma X(1) → X(N)^{AutX(N)} me deÐkth diaklĹdwshc 2 ≤ ν ≤ 6. Apì ton tÔpo tou Hurwitz paÐrnoume 2(g_N − 1) = |AutX(N)| ( 1 − 1 6ψ + 1 − 1 ϕN + 1 − 1 ν − 2 )_{ν≥2,ψ=1 ă 2} ≥

|AutX(N)| ( 1 3 − 1 N )_{N≥11} ≥ |AutX(N)| ( 1 3 − 1 11 )

to opoÐo mac dÐnei se aută thn perÐptwsh |AutX(N)| ≤ 33/4 (g_N − 1) to opoÐo me thn seirĹ tou dÐnei to epijumhtì apotèlesma m ≤ 1,.

Paratărhsh 4.0.2 EÐnai endiafèron na parathrăsoume ìti afoÔ X(2), X(4), X(3), X(5), eÐnai rhtèc kampÔlec, h taxinìmhsh twn peperasmènwn upoomĹdwn automorfismÿn tou rhtoÔ sÿmatoc sunartăsewn apodeiknÔei to gnwstì apotèlesma P SL(2, 2) ∼= Z_3, P SL(2, Z/4Z) ∼= S_4, P SL(2, 3) ∼= A_4, P SL(2, 5) ∼= A_5

KefĹlaio 5

OmĹdec automorfismÿn twn uperepifaneiÿn Fermat

Oi omĹdec automorfismÿn twn mh-idiomìrfwn uperepifaneiÿn Fermat tou P^r(k) orÐzontai apì tic exisÿseic F_{r,n} : X^n_0 + ... + X^n_r = 0, ìpou to k, eÐnai algebrikĹ kleistì, qarakthristikăc p ≥ 0. MporoÔme na upojèsoume ìti p ∤ n, afoÔ an p | n tìte to poluÿnumo ∑_r ν=0 X^n_ν eÐnai dÔnamh tou p kai sunepÿc oi antÐstoiqec uperepifĹneiec eÐnai idiìmorfec. Oi uperepifĹneiec autèc èqoun mÐa profană omĹda automorfismÿn pou parĹgetai apì touc automorfismoÔc (X_0, ..., X_r) −→ (ζ^{i0} X_0, ..., ζ^{ir} X_r), ζ^n = 1 kai apì thn summetrikă omĹda S_{r+1} pou metajètei tic metablhtèc X_i. H parapĹnw omĹda eÐnai isìmorfh me to hmieujÔ ginìmeno Z^r_n ⋊ S_{r+1}. O A. Weil [32] diatÔpwse thn eikasÐa ìti h omĹda N_{r,n} := Z^r_n ⋊ S_{r+1} eÐnai h plărhc omĹda automorfismÿn twn uperepifaneiÿn tou Fermat .

Sthn arqă thc dekaetÐac tou 70, o Leopoldt [17] melèthse thn omĹda automorfismÿn twn swmĹtwn sunartăsewn tou Fermat , ă isodÔnama touc automorfismoÔc twn probolikÿn kampÔlwn F_{2,n} kai apèdeixe ìti h eikasÐa tou A. Weil den eÐnai swstă an to n − 1 eÐnai dÔnamh thc qarakthristikăc.

O Leopoldt den endiafèrjhke na dhmosieÔsei touc upologismoÔc prin apì to 1996, kai metĹ apì mÐa ergasÐa tou P. TzermiĹ [29], o opoÐoc anexĹrthta apì ton Leopoldt upolìgise touc automorfismoÔc twn kampÔlwn Fermat, sthn qarakthristikă 0.

To prìblhma thc domăc thc omĹdac automorfismÿn twn F_{n,r} lÔjhke apì ton T.Shioda [24] to 1987. H mèjodoc tou Shioda efarmìzetai kai sthn perÐptwsh twn kampÔlwn Fermat, kai dÐnei èna trÐto trìpo upologismoÔ twn automorfismÿn twn kampÔlwn Fermat anexĹrthto apì tic mejìdouc twn Leopoldt, TzermiĹ.

H ergasÐa tou Shioda mou ègine gnwstă apì ton T. Katsura kai afoÔ h didaktorikă mou diatribă eÐqe poiĹ oloklhrwjeÐ. H mèjodoc upologismoÔ twn automorfismÿn pou parousiĹzw se autì to kefĹlaio eÐnai mÐa paralagă thc mejìdou tou Shioda. Sukgekrimèna ja apodeÐxoume to parakĹtw

Jeÿrhma 5.0.3 H omĹda twn grammikÿn automorfismÿn G_{r,n} twn uperepifaneiÿn Fermat F_{r,n}, r ≥ 2, n ≥ 3 eÐnai G_{r,n} = { N_{r,n} = Z^r_n ⋊ S_{r+1} an n − 1 den eÐnai dÔnamh thc qarakthristikăc P GU(r + 1, p^{2h}) an n − 1 = p^h

Epiplèon gia n ≠ r + 1 kai r ≥ 4 kĹje automorfismìc tou F_{n,r} eÐnai grammikìc.

Prokeimènou na upologÐsoume thn omĹda automorfismÿn twn uperepifaneiÿn tou Fermat ja apodeÐxoume prÿta, ìti kĹtw apì sugkekrimènec sunjăkec, kĹje automorfismìc mÐac probolikăc mh idiìmorfhc uperepifĹneiac V ⊂ P^r(k) epĹgetai apì èna grammikì automorfismì tou P^r(k). H apìdeixh pou ja dÿsoume akoloujeÐ thn apìdeixh twn Griffiths-Harris gia migadikèc uperepifĹneiec [8, sel. 177], kai thn epekteÐnei sthn perÐptwsh jetikăc qarakthristikăc.

5.1 UpologismoÐ

Prìtash 5.1.1 ’Estw V ⊂ P^r(k) mÐa mh idiìmorfh probolikă uperepifĹneia, bajmoÔ n ≠ r + 1, ìpou k eÐnai èna algebrikĹ kleistì sÿma qarakthristikăc p ≥ 0. An r ≥ 4 tìte kĹje automorfismìc tou V epĹgetai apì èna automorfismì tou P^r(k).

Apìdeixh: ’Estw O(1) to antistrèyimo sheaf tou P^r(k) pou antistoiqeÐ sto hyperplane bundle, kai O_V (1) o periorismìc tou O(1) sto V. Ja sumbolÐzoume me L(−V ) to antistrèyimo sheaf pou antistoiqeÐ ston divisor −V. H mikră akribăc akoloujÐa twn sheaves 1 −→ O(1) ⊗ L(−V ) −→ O(1) −→ O_V (1) −→ 0, epĹgei thn makrĹ akribă akoloujÐa sthn sunomologÐa

H^0(P^r(k), O(1))^r−→ H^0(V, O_V (1)) −→ H^1(P^r(k), O(1 − n)) ∼= 0,

h opoÐa dÐnei ìti o periorismìc r eÐnai epÐ, kai sunepÿc to grammikì sÔsthma sto V,

L = |H^0(V, O_V (1))|

to opoÐo epĹgetai apì tic tomèc me uperepÐpeda eÐnai plărec.

’Estw ω_V =

⋀_{dim V} Ω_{V /k} to kanonikì antistrèyimo sheaf tou V. ’Eqoume ìti [13, sel.

183] ω_V = O_V (1)^{⊗d−n−1}. KĹje automorfismìc ϕ tou V afănei to kanonikì sheaf analloÐwto, sunepÿc

ϕ^∗ω_V = ω_V ⇒ ϕ^∗(O_V (1)^{⊗d−n−1}) = O_V (1)^{⊗d−n−1}.

To jeÿrhma tou Lefschetz [9], to opoÐo exasfalÐzei ìti P ic(V ) ∼= Z gia r ≥ 4, epĹgei ìti

ϕ^∗(O_V (1)) = O_V (1)

kai sunepÿc ϕ^∗ epĹgei èna automorfismì stouc divisors tou L, dhladă sto P(L) ∼= P^r(k).□ H omĹda twn grammikÿn automorfismÿn eÐnai h upoomĹda thc P GL(r + 1, k) h opoÐa afănei thn exÐswsh F_{r,n} analloÐwth, dhladă pÐnakec (a_{ij} ) tètoiec ÿste r∑ i=0 r∑ j=0 a_{ij} X_j n = r∑ j=0 X^n_j . (5.1)

AntÐ na ergastoÔme me thn P GL(2, k), ja ergastoÔme me ton afinikì kÿno thc, dhladă me thn GL(2, k) h opoÐa eÐnai èna basikì afinikì sÔnolo, me afinikì daktÔlio R := k[X_{ij} /i, j = 0, ..., r]_{det()}−1 .

O R eÐnai h topikopoÐhsh tou poluwnumikoÔ daktulÐou se n^2 metablhtèc wc proc thn orÐzousa. H exÐswsh (5.1) se aută thn perÐptwsh gÐnetai r∑ i=0 r∑ j=0 a_{ij} X_j n = c(a_{ij} ) r∑ j=0 X^n_j , (5.2)

ìpou c : G_{r,n} −→ k^∗ eÐnai mÐa monodiĹstath parĹstash thc G_{r,n}. EpekteÐnontac thn (5.1) qrhsimopoiìntac ton tÔpo tou diwnÔmou paÐrnoume r∑ i=0 ∑ n_0+...+n_r =n ( n n_0, ..., n_r ) a^{n0}_{i0} a^{n1}_{i1} · · · a^{nr}_{ir} X^{n0}_0 X^{n1}_1 · · · X^{nr}_r = c(a_{ij} ) r∑ j=0 X^n_j ,

to opoÐo me thn seirĹ tou dÐnei ( n n_0, ..., n_r )_r∑ i=0 a^{n0}_{i0} a^{n1}_{i1} · · · a^{nr}_{ir} = 0 an n_i < n gia ìla ta i (5.3)

kai_r ∑ i=0 a^n_{iκ} = r∑ i=0 a^n_{iλ} gia ìla ta κ, λ = 0, ..., r (5.4)

Jètontac n_κ = 1, n_λ = n − 1 sthn (5.3) katalăgoume n r∑ i=0 a_{iκ}a^{n−1}_{iλ} = 0 gia κ ≠ λ r∑ i=0 a_{iκ}a^{n−1}_{iκ} = c(a_{ij} ) h opoÐa dÐnei ìti

(a_{ij} )^t(a^{n−1}_{ij} ) = c(a_{ij} ) · I ⇒ (a^{n−1}_{ij} ) = c(a_{ij} ) · (a_{ij} )^{−1t}.

Sunepÿc, h Ôywsh ìlwn twn stoiqeÐwn enìc pÐnaka (a_{ij} ) ∈ G_{r,n} sthn n − 1 dÔnamh, epĹgei èna morfismì omĹdwn apì thn G_{r,n} sthn G_{r,n}. StajeropoioÔme èna stoiqeÐo (b_{ij} ) sthn G_{r,n}. Gia ìla ta (a_{ij} ) ∈ G_{r,n} èqoume r∑ ν=0 a^{n−1}_{iν} b^{n−1}_{νj} = (_r ∑ ν=0 a_{iν} b_{νj} )_{n−1} =

= r∑ ν=0 a^{n−1}_{iν} b^{n−1}_{νj} + ∑ k_1 +···+k_r =n−1 k_i <n−1

( n − 1 k_1, ..., k_r ) (a_{i0}b_{0j} )^{k0} · · · (a_{ir}b_{rj} )^{kr}

Sunepÿc, to poluÿnumo T_{ij} (X_{i0}, ..., X_{ir}) := ∑ k_1+···+k_r =n−1 k_i <n−1

( n − 1 k_1, ..., k_r ) b^{k0}_{0j} · · · b^{kr}_{rj} X^{k0}_{i0} · · · X^{kr}_{ir} mhdenÐzontai tautotikĹ sto algebrikì sÔnolo tou A^{n2 +1}(k), pou orÐzetai apì (5.3) kai (5.4). Apì to jeÿrhma Nullstellensatz tou Hilbert èqoume ìti gia kĹpoio akèraio μ T^μ_{ij} ∈ I, ìpou I eÐnai to ideÿdec tou R pou gennĹtai apì ta poluÿnuma f_{n0,...,nr} := ( n n_0, ..., n_r )_r∑ i=0 X^{n0}_{i0} X^{n1}_{i1} · · · X^{nr}_{ir} kai f_{κ,λ} := r∑ i=0 X^n_{iκ} − r∑ i=0 X^n_{iλ} Ja apodeÐxoume, ìti to parapĹnw eÐnai adÔnaton ektìc an T_{ij} = 0. PrĹgmati, upojètoume ìti gia katĹllhla poluÿnuma g_{n0,...,nr} ∈ R èqoume

T^μ_{ij} = ∑ n_0,...,n_r g_{n0,...,nr} · f_{n0,...,nr} + ∑ κ,λ g_{κ,λ} · f_{κ,λ}.

ParathroÔme ìti T^μ_{ij} eÐnai èna omogenèc poluÿnumo bajmoÔ (n − 1)μ stic n metablhtèc X_{i0}, ..., X_{ir}. ’Estw a ènac monwnumikìc prosjetaÐoc kĹpou g_{n0,...,nr} ă g_{κ,λ} bajmoÔ ≠ (n − 1)μ − n.

To poluÿnumo a · f_{n0,...,nr} apalloÐfetai apì ginìmena monwnumikÿn prosjetaÐwn Ĺllwn poluwnÔmwn g_n′_{0,...,n}′_r ă g_κ′_{,λ}′ me f_n′_{0,...,n}′_r ă f_κ′_{,λ}′ . Sunepÿc mporoÔme na upojèsoume ìti g_{n0,...,nr} eÐnai omogenă bajmoÔ (n − 1)μ − n.

Apì thn Ĺllh, afoÔ ta T_{ij} eÐnai omogenă poluÿnuma stic n-metablhtèc X_{i0}, ..., X_{ir} mìno, ja prèpei na upĹrqei èna omogenèc monÿnumo a bajmoÔ (n − 1)μ − n mìno stic X_{i0}, ..., X_{ir} metablhtèc, to opoÐo eÐnai prosjetaÐoc kĹpoiou apì ta g_{n0,...,nr} ă g_{κ,λ}. Ac upojèsoume prÿta ìti to a eÐnai ènac prosjetaÐoc kĹpoiou g_{n0,...,nr} . Oi ìroi a · X^{n0}_{j0} X^{n1}_{j1} · · · X^{nr}_{jr} j ≠ i mporoÔn na diagrafoÔn mìno an to a eÐnai ènac prosjetaÐoc kĹpoiou f_{n0,...,nr} to opoÐo sumbaÐnei mìno sthn perÐptwsh (n − 1)μ − n = n ⇒ μ = 2^n_{n−1} , Ĺtopo afoÔ n ≥ 3. To Ðdio epiqeÐrhma deÐqnei ìti to a den mporeÐ na eÐnai prosjetaÐoc oÔte kĹpoiou g_{κ,λ}.

Oi pÐnakec (b_{ij} ) sto N_{r,n}, oi opoÐoi eÐnai profaneÐc lÔseic thc (5.3) kai (5.4), eÐnai thc morfăc b_{ij} = λζ^iδ_{i,σ(j)}, ìpou ζ^n = 1, λ eÐnai mÐa mh mhdenikă stajerĹ kai σ eÐnai mÐa metĹjesh tou S_{r+1}. Upojètoume ìti upĹrqei èna (b_{ij} ) ∈ G_{r,n}\N_{r,n} sunepÿc upĹrqei èna j ∈ {0, ..., r} tètoio ÿste

b_{i1j} ≠ 0 kai b_{i2 j} ≠ 0 gia j_1, j_2 ∈ {0, ..., r} .

T_{ij} = 0 sunepÿc ( n − 1 k_1, ..., k_r ) b^{k0}_{0j} b^{k1}_{1j} · · · b^{kr}_{rj} = 0.

Ston parapĹnw tÔpo jètoume k_{i1} = ν, k_{i2} = n − ν − 1, kai afoÔ b_{i1 j} ≠ 0, b_{i2j} ≠ 0 èqoume ìti (_{n−1} ν ) = 0 gia ìla ta ν = 1, ..., n − 2 to opoÐo dÐnei [5, sel. 352] tìte n − 1 eÐnai mÐa dÔnamh thc qarakthristikăc. Sunepÿc, ìtan n − 1 den eÐnai dÔnamh thc qarakthristikăc G_{r,n} = N_{r,n}. Sthn perÐptwsh n − 1 = p^h, h (5.1) dÐnei r∑ i=0 r∑ j=0 r∑ ν=0 a^{ph}_{ij} a_{iν} X^{ph}_j X_ν = r∑ i=0 X^n_j . (5.5)

SugkrÐnontac suntelestèc kai sta dÔo mèlh thc (5.5) paÐrnoume r∑ i=0 a^{ph}_{ij} a_{iν} = δ_{jν} . (5.6)

’Estw F o automorfismìc tou Frobenius, o opoÐoc stèlnei ton pÐnaka A = (a_{ij} ) ston F (A) = (a^{ph}_{ij} ). H exÐswsh (5.6) mac dÐnei ìti F (A) · A^t = I, (5.7) kai A · F (A)^t = I. (5.8) Efarmìzontac ton F kai sta dÔo mèlh thc (5.7) pèrnoume F^2(A) · F (A)^t = I, enÿ apì thn (5.8) èqoume ìti F^2(A) = A. Sunepÿc h omĹda automorfismÿn tautÐzetai me thn P GU(r + 1, p^{2h}) an n − 1 = p^h.

BibliografÐa

[1] Accola R. D.M. Strongly Branched Coverings of Closed Riemann Surfaces Proc. Amer.

Math. Soc. 26 (1970), 315–322, [2] Arbarello E. - Cornalba M., Footnotes to a Paper of Beniamino Segre, Math. Ann.

341-362 (1981) [3] Brandt R. Über die Automorphismengruppen von algebraischen Funktionenkörper, PhD Thesis, Universität-Gesamthochschule Essen 1988.

[4] Brandt R., Stichtenoth H. Die Automorphismengruppen hyperelliptischer Kurven, manuscripta math. 55 (1986), 83-92.

[5] Eisenbud D. Commutative Algebra Springer Verlag, New York 1994 [6] Farkas H. M. and Kra I. , Riemann surfaces, Second edition, Springer-Verlag, New York, New York, 1992 [7] Gonzalez Victor - Rodriguez Rubi On Automorphism of Curves and Linear Series, Complex Geometry Seminar (vol III). Chile 1994 [8] Griffiths P. Harris J., Principles of Algebraic Geometry, Wiley Classics Library Edition, New York 1994 [9] Grothendieck, A. Séminaire de Géométrie Algébrique 2, Cohomologie Locale des Faisceaux Cohérent et Théorèmes de Lefschetz Locaux et Globaux, North-Holland, Amsterdam (1968) [10] Henn H.W. Funktionenkörper mit großer Automorphismengruppe , J. Reine Angew.

Math. 302 (1978), 96-115 .

[11] Hartshorne R., Algebraic Geometry, Graduate Texts in Mathematics, Springer Verlag, New York 1977.

[12] Hasse, H. Theorie der relativ-zyklischen algebraischen Funktionenkörper, insbesondere bei endlichen Konstantenkörper, J. Reine Angewandte Math. 172, 37-54 (1934) [13] Hasse H. Zahlentheorie , Akademie-Verlag, Berlin 1969.

[14] Huppert B., Endliche Gruppen I , Grundlehren der Mathematischen Wissenschaften, Band 134, Springer-Verlag, Berlin 1967.

[15] Jacobson N. Basic algebra. II, Second edition, W. H. Freeman and Company, New York, New York, 1989 [16] Klassen M.J., Schaefer E.F. Arithmetic and geometry of the curve y^3 + 1 = x^4 , Acta Arithmetika LXXIV.3 (1996), 241-257.

[17] Leopoldt H.W. Über die Automorphismengruppe des Fermatkörpers , Journal of Number Theory 56 (1996), 256-282.

[18] Magma Algebra System, Computational Algebra Group, University of Sydney.

http://www.maths.usyd.edu.au:8000/u/magma/

[19] Namba M. Equivalence problem and automorphism groups of certain compact Riemann surfaces, Tsukuba J. Math. 5 Nr. 2 319-338 (1981).

[20] Serre J.P., Local Fields , Graduate Texts in Mathematics 67, Springer-Verlag, New York, 1979.

[21] Serre J.P., Letter to Prof. Ribet 1996.

[22] Schmidt F.K. Die Wronskische Determinante in beliebigen differenzierbaren Funktionenkörpern Math. Z. 45, (1939),62-74 [23] Shimura G. Introduction to the Arithmetic Theory of Automorphic Functions, Publications of the Mathematical Society of Japan, Princeton University Press 1971 [24] Shioda, T. Arithmetic and Geometry of Fermat Curves, Proc. of the Algebraic Geometry Seminar, Singapore 1987 [25] J. H. Silverman, The arithmetic of elliptic curves, Springer-Verlag, New York, 1986 [26] Stichtenoth H. Algebraic Function Fields and Codes , Universitext, Springer-Verlag, Berlin 1993.

[27] Stichtenoth Henning Algebraische Funktionenkörper einer Variablen, Vorlesungen aus dem Fachbereich Mathematik der Universität Essen 1978 [28] Towse C.W. Weierstrass Points on Cyclic Covers of the Projective Line , Ph.D. Thesis, Brown University, Brown (1993).

[29] Tzermias P. The Group of Automorphisms of the Fermat Curve , Journal of Number Theory 53, (1995), 173-178.

[30] Valentini C. R. - Madan L. M. A Hauptsatz of L.E. Dickson and Artin-Schreier extensions J. Reine Angewandte Math. 318, 156-177 (1980) [31] Weil A. Sommes de Jacobi et charactères de Hecke, Ouevres Scentifiques, Collected Papers Vol. III, p 329-342 Springer-Verlag, New York-Heidelberg, 1979.

[32] Weiss E. Cohomology of Groups , Academic Press, New York 1969.