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KegpaAawo 1

Alaipetotnta

Ta Aatvikd ypappata oupBoAidouv navia dkepaioug apibpoug

Aouletope 010 0UVOAO Z v drepaiav apldpadv. O1 9etikol AREPA1Ol XAPAKTH-
pidovtat kai ©g euowkol dpduol kai 10 ouvodd toug oupBoliletat N. To ouvolo
WOV P Apvnukev axepaiov, dndadn, © NU {0} cupBoAiletat Ny. To ovvodo t@v
pNtdv dp1Budv cupBodiletatl pé Q. "EE 6piopod, &vag pntog dpibuog sivat mnAiko
a/b 8U0 akepaiov apOP&V a, b pe b # 0.

TO drépaio uépog £vog mpaypatkod apipot « cupBoliletat [a. ‘Toyuet
o] <a<[a]+1.

1.1 BaolkEG MPOTACELS

To &6potopa, 1) dapopd Kai 10 yivopevo Uo drepaiov eivatl tavia drépatog. To
nmAiko toug, 8uwg, d&v sival mavia dképatlog. "Av yia toug akepaioug a, b, pe
b # 0 oupBel va eival 1o nnAixko toug a/b axépatog, dndadn, &v unapxet ¢ € Z,
1€1010G Gote a = be, 1O yeyovog autd oupBoliletat bla kail ékppdletatl pe tig £§hg
loobvvaueg O1atun@oeig.

‘O b draipet ov a.

e ‘O b eivat Sapéng 10T a.

‘0O a Srarpettatl amno tov b (1 drarpettat dia b).

‘O a eivat raipetdg ano tov b (f Sraipetog d1a b).

e ‘O a eival moAAarAdoto 1o b.

Ipocoxri! Na pn yivetat ouyxuon petady w@v oupBoAiopdv bla xai b/a. O
p®tog dndavel pia idomra (b Swalpel a), évd 6 devutepog Eva pntod aptOPo (1o
rindiko b/a).



4 1. Awapetotnta

IIpotaon 1.1.1 ’loyvouv ta £ENg:

a. lla ya kade a.
B. 0|0 ya xade b # 0.

y. "Avb,c # 0 kai c|b kai b

a, 11e cla.

§. "Av cla xai c|b, tote c|(d'a + b'D), yra dmoovobnmote dxepaiouvg a’, b
€. "Avbla (b # 0) kaia # 0, wre |b] < |a|. Ao ovvenayetar, eibikatepa, 6t
10 TANSOC TV H1AlPETGV 10U (4 lvat TETEYATUEVO.

¢. "Av oi a, b elvar un unbevikot, alb kai bla (6nfadn, oi axépaior afiniodiar
potvtay), tote b = *a.
*Anode§n a kaif'. [Npodavelg ioxupiopol Aoye v oxéoenv a = 1-a xkai 0 = b-0.
y. 'E§ unobéoeng, Undpyxouv axképatot aq, by, térool @ote b = byc kat a = ayb.
Apa, a = a1(bic) = (a1b1)c, movu onpaivetl du |a.
&'. "E§ Unobéoewg, urapxouv axképatotl ai, by, tétolol Gote b = bic kai a = ayc.
Apa, d'a+ Vb = d'(ac) + V' (bic) = (d'ay + b'by)e, mov onpaiverl 8u ¢|(a’a + b'D).

¢. Etvata = bc yia katdAAndo ¢ € Z, dpa |a| = |b||c|. "Av elvar a # 0, tdte |¢| # 0,
dpa |c| > 1, énore |a| = |b]|c| > [b]-

q. Ano 10 ¢, oupnepaivope 8t |b] < |a| xai |a| < |b], dpa |a| = |b| f, icoduvana,
b= +a. 0.£.8.

\

@copnpa 1.1.2 -EuxkAceideira Swaipeon. Ia kade (elyog dkepaiov (a,b) ué
b > 0 vmapyet éva povabducod eiyog drepaiav (q, 1), 1010 Gote

a=bg+r wai 0<r<b.

Ztn oxéon avt) 0 a yaparxmpiletar Srapeteog kai 0 b Srapétng. ‘O q ovoualeta
(axgpaio) tnAiro g draipeong 10U a da b kai 6 r UmoAotro 17¢ draipeong.
'An6den Ipata 9a Sei§ope 6t vapyet £va t€toto Lebyog (¢, ) Kal petd du 6év
uniapyet Sevutepo.

"Eotw ¢ = [{]. Tote, ano v id16mta 100 dxepaiou pépoug, ¢ < § < g+ 1,
rou ouverntdyetat 6t bg < a < bg+b. AUT0, dpeg, podavedg onpaivel 6t a = bg+r
per > 0xair <b.

"Av UnoBéoope topa 8t kai o glyog (¢, 71) €xel dvadoyeg i810tnteg pé o
(q,7), tote bgy + 11 = a = bg + r, &pa b(¢y —q) = r — 1. Av fuav r; # T,
1ote 1) tedevtaia iodtnta 9a ouvenayotav 6t 6 b 9a drapoToe 1oV Setkd drépato
|1 — ri1|, &pa 94 Arav b < |r — 1], ovpgeva pe 1 € g npodtaong 1.1.1. Ao
v &AAn peptd, O |r — 1| ékppadet v dndotaon petady eV r Kai 1 ave otov
dSova eV mapaypatk@v apidpdv, 1) ornoia eivatl yunoiog utkpotepn 1ot b, adou,
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€€ UnoBéoeng, 0 < r,r; < b. AUt 1) dvtigaon pag dvaykadetl va oupriepavope ot
ry =r, 6rote Kai ¢; = ¢. 0.£.8.

Ty eibikr) mepirmtwon, ov b = 2, oi Tubaveg tpeg 1o r etvat 0 f 1. Zuv
PWIN Mepimworn, ¢ = 2g Kal 6 a Yapaxkinpiletat dotiog, €vad ot devutepn, a =
2q + 1 xal 6 a xapaxtpidetat mepirrog .

IIpoooxn! Mr) yivetatl cUuyxuorn petadu 1ol nniikou vo drkepalov apidudv
kal 10U drgpaiov nnAikov toug. TMa napddetypa, 1o nndiko 100 21 &ia 4 eival 6
pntog ap1buog 21/4=5.25, évd 10 (Aképatlo) rndiko tiig Swaipsong 21 81a 4 sivat
5 (kai 10 vrodowrto 1). Movo otnv mepintoon mou 1o urvdotro sivat 0 oi duo
apBpot tautidovrat. “Etot, 10 mmdiko o0 12 &ia 4 sivar 12/4=3, dAAd kai to
(axépato) minAiko thg Saipeong 1ol 12 614 4 eivar 3.

1.2 Me:Eyiotog KO1vog dratlpetng

Ttabeporootpe duUo pr pundevikoug axkepaioug a, b. Kotwog Siaipeng tédv a, b etval
KGO axépatog, ovU Siatpel kai tov a kai tov b. Amo 10 edpnpa 1.1.1 BAérope 6t
10 OUVOAO TEV KOWVAV S1a1peT®V TRV a, b elval pr) Kevo, évd Kabe Kowvog diaipétng
WV a, b eival, pikpotepog 1, 1o 1oAY, ioog pe o min(|al, [b]). Zuvendg, 1o cuvolo
IOV KOWRV S1a1pet@dV IOV a, b elval menepacpévo, omote €xetl £va PEY10To OTo1XETo,
10 OM0T0 KAAeTtal UeYLoTog Kowog Slaipemg v a, b kai oupBoAidetat (a, b), 1, &v
Unapxetl oBog ouyyuoeng, MKA(a, b).
‘Optdope tdpa 10 ouvolro

A={ax+by|z,y € Z}.
Etvat tetpippévo va darmotmost kaveig tig £§fg Baoikeg id1otnteg 100 A:
1. To6 &Opotopa §vo apOPGV, ou avrrouv otd A, aviket, értiong, otod A.

2. To ywvopevo £vog ap1Bpot 1ol A pe évav omolovdnmote drképato, Al AvhKet
AL
oo A

[MapatnpoUpe tOpa ta £ERG:

e Elvat |al, |b] € A.

[paypat, ot |a| =a-1+b-0dva > 0xatfal =a-(=1)+b-0dva < 0
avdaloya kat yia 10 b.

Eibape 6t 10 A mepiéxel detikovg arepaioug: €otw, Aowrdv, d 6 EAAX10Tog
9etkog drépatog, ToU mepiExetat otdo A.

e To A tautiletat pe 16 ouvodo t@v rmoAdardacieov 1ol d- cupBoAika, A = dZ.
[paypat, apot d € A, 1) ididtta 2, napandve, pag Aéel 6t dn € A yid kabe
n € Z. Apa, A D dZ. Avuorpopeg, tpa, fotw m € A kail &g éktedéoope
v eOKAeibela Swaipeon 100 m 61 d: Baoet 100 Sewprjpatog 1.1.2, GG ypawoue

101 énaiovtee 94 avayvepicouv o avtig Tig duo i61dtnteg 00 A #va ibeddec 10T Z.
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m=dq+rpe0 <r <d Topa, anod wyv idomta 2 i A kai 10 yeyovog
6t d € A ouprniepaivope 6t d(—q) € A. “Opwg, 8§ UroBéoewg, m € A, dpa,
ano v idomta 1 i A, Enetat 6u m — qd € A, dnAadry, r € A. ‘Ondte, Gv
auav r > 0, 9a sixape Bpel &va detikd otoixelo 100 A pikpdtepo 100 d, KATL oy
gpxetal o¢ avuigaon P v €kAoyr) 100 d. Zuvendg, r = 0, ordte m = dq € dZ
Kai kataAnyope otod ouprnépaocpa 6t A C dZ.

e ‘O d eival kowog d1alp€ng v a, b. Autd ouvendyetat, eibikotepa, 6t KA
dlaipéng tou d eivat kowvog dralpémg v a, b, ApoT 1 oxéon g dlaipetotnrag
elvatl petaBaukr) (v thg potaong 1.1.1).

[Ipaypat, énwg eidape mapandve, a € A. ANa A = dZ, kabag dei§ape poAg
nptv, &pa a € dZ, 6ndadn, 6 a sival moAdarddoio 10U d* icoduvaua, 6 d eival
dlapéng 1ol a. Avddoya kai yia tov b.

e Kdbe xowvog diaipéing ¢ tdv a, b draipet tov d.

[Mpdaypat, €§ 6propot 100 A kai énetdr) d € A, Urtapyouv xg, Yo € Z, T€T0101 QOTE
d = azy + byy. Tpagoviag wpa a = ajc, b = bic, PAénope éut d = c(axg + biyo),
rou onpatvet 8u ¢ld.

TO ouprnépaopa avtd ouvernayetat, sidikotepa, du |c| < d (¢ thg podtaong
1.1.1), dpa Baoet TGV mponyoupévey, 6 d eival kai kowvog dialpéng tdv a, b kai 6
peyaldutepog arno 6Aoug toug GAAoug Kowvoug Slatpéteg oV a, b.

Zuvoyidoviag ta ouprnepaopatd pag, KataAnyope oto £ENg Paoiko

Oewpnpa 1.2.1 “Eoww d 6 uéylotog Kotwog dtaipétng 6vo drkepaiov a,b. Tote:

d. To oUvoAo IOV KOWwaV Slapetdv OV a, b tavtifetal ue 10 ovvoio t@v Sat-
PETOV 10U d.

B. ‘Yrdpyouv dxépaiot xy, g, T€T010t &ote d = axy + byqy.

‘O péy1otog Kowvog d1atpétng £vog rerepacpévou mAnboug dkepaiav ay, as, . . ., Ay
oupBoAiletat (aq, as, ..., a,) kai dpiletat ©g 6 péyiotog Jetikdg Arépalog, 6 O-
rotog Siaipel kabévav Amo 10Ug aq, . . ., dy,. ‘O UTIOAOY1010G TOU PUITOPET va Yivel
avadpopikd, og £E0G:

(ah Qsz, CL3) = ((al, a2), a3)
(ala ag, as, CL4) - ((ab as, a3)7 CL4)
(ala"'7an—17an) - ((alw”aan—l)aan)

Xpetaletat, BeBata, anoddeln 6t auvtr) 1) avadpopikn diadikaoia 68nyel otrv v-
peon 100 peyiotou Kool dtapetn dv aq, ..., a," BA. &oxknon 13. "Emiong, 1
doknorn 14 Aéet 611 60 PEY0Tog KOWOG dlalpétng moAAdv apOpav €xetl idiotnteg
avdaloyeg pe auteg 100 peyiotou kool diatpétn, mou avapépoviat otd dempnpa
1.2.1.

‘Otav (aq, as,...,a,) = 1, to1e Adpe 6u oi ay, as, .. ., a, eival modwor uetalv
tou¢ . ‘H i61otta auty v aq, as, . . ., a, €ivat dcbevéotepn anod v idiotta va
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elvatl ava {gvyn mp@tot , £Ktog, BéBata, dvn = 2, ov ol id1dtnteg eivat icoduvapeg.
Ta napddetypa, oi apiOpoi 10,12,15 eivat mpdtot petadu toug, aAgol 6 Ppovog
KOWOG (Kai yia toug tpeig) Siaipég toug eivat 6 1. “Opwg, ava {euyn, 6ev eival
rp@tot, agot (10,12) = 2, (10,15) = 5 kai (12,15) = 3. duokd, elvat avepd
ot, av oi ay, as, . . ., a, €vat mP@Tol ava (euyn, ival Kai mpeTotl Petady toug.

Ocwpnpa 1.2.2 -I816tnteg tot MKA

a. "Av bla tote (a,b) = |b|.

B. "Av a = bq + ¢ 10te 10 0UVOAO TOV KOWEV SralpetdL OV a, b ouumintel pe 10
oUVO10 TOV KOWV Slaipetdv t@dv b, - eibikwtepa, (a,b) = (b, ¢).

y. Ta émowvénrote arxépaio ¢, (ca, cb) = |c|(a,b)

§. TAv 0 ¢ glval kKowog blapEmg tdv a, b, tote %, 2) = (7;6)
tepa, ovvenayetar -yid ¢ = (a,b)- du oi a/(a,b) kai b/(a,b) elvar mpdror peralv
T0Ug.

. AUT0, €ibikw-

€. "Av(a,b) = 1 kai ¢ onowobnmrote drépaiog, tte (ac, b) = (¢, b).

¢. "Av (a,b) = 1 xai blac, tote blc.

{. "Av kadévag amod wU¢ ay,...,a, &val TEGOIOC TOOS KAdEvav Amo ToUg
bi,..., by, 0t (a1 - a,,by---by) = 1.

"Anédeldn . ‘O |b| eival, podpavig, O péyiotog dratpLng tol b kai, £§ UTobE-
0ewg, Hlalpel tov a, dpa eival péylotog Kowvog dialpéng v a, b.

B’. Kdabe rowvog diapéng v a,b dlaipel toug a kai bg, Gpa Sraipel kai tov
c=(—=1)a + gb (BA. Seopnpa 1.1.1), 6mdte eivar kowog drapémg v b, c. Av-
tiotpoda, KABe Kowvog Sraipétng v b, ¢ dlaipel tov gb + ¢ = a, dpa elval Kowvog
dlapéng v a, b.

V. "Eowo (a,b) = d. "Eneidr) 0 |c| Siaipel tov ¢ kal 6 d diaipel v a, 6 |c|d diaipel
WV ca kai, 6poing, dlaipel kai wv cb. ‘O |c|d eival, Aowdv, kowvog Sraipétng
WV ca,ch, dpa (@' 100 Jewpnpatog 1.2.1) dwaipel v (ca, ch). @a deifope duy,
kal avtiotpoga, 6 (ca, cb) diapel wv |c|d. TIpaypat, o B’ 100 Sswprjpatog 1.2.1
pag €gaogpaldilet v Urtapdn drepaiov o, Yo, €OV QOTE axry + byy = d, 6mote
(ca)xg + (cb)yo = cd. TO apilotepd pédog avtiig thig oxéong diatpeitatl, POPavadg,
ano v (ca, cb), &dpa 6 (ca, cb) draipel ov cd, 6mdte Kai v |c|d. Tedkd, oi deukoi
axépatot (ca, ch) xkai |c|d = |c|(a,b) aAAnAobiaipotvtat, onote eivat oot (BA. ¢
100 dewprjpatog 1.1.1).

&. "Epappodoviag 10 y pé ¢ oty Yéon 100 a kai lz’
lc|(%,2) = (a,b), dnAadn, w)v dnodeiktéa oxéon.?

. "Exope (¢, b)|(ac, b). paypat, 6 (¢, b) S iaipet toug ¢, b &pa eival kowvog Sraipé-
g Kal v ac, b, &pa eivat Srapéng 10U (ac, b) (ano 1 a’ 1ol Sewpnpatog 1.2.1).
Avtiotpoga, 9a deifope du (ac,b)|(c,b). Ano 10 B’ 100 Sewprpatog 1.2.1 Epope
&1L Urapxouv AREPAot Xy, Yo, TETO101 Gote axg + byy = 1, dpa (ac)xy + b(cyy) = c.

otr] 9éon 10U b, naipvope

2Aeite, dnwg v doknon 15.
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BAénope 6t 10 apiotepo pélog autiig g oxéong Satpettat ano v (ac, b), dpa 6
(ac,b) Braipel kai tov ¢, 6mMoTe elval Kowog dlatpeg v b, ¢, dpa kai dapéng
00 (b, ¢) (aro o a’ 1ol Sewprjpatog 1.2.1). Oi Seukot axépaiot (¢, b) kai (ac,b)
aAAnAobiatpotvrat Aourtov, &pa (¢ 10U dewprjpatog 1.1.1) eivat ioot.

q’. Ano 10 B’ 100 Sswprjpartog 1.2.1 &pope 8t Urtdpyouv ArEPAO Xy, Yo, TETO101
dote axg + byg = 1, dpa (ac)zo + b(cyg) = c. “O b Srapel 10 dplotepod pédog, dpa
Olaipetl kai tov c.

7. ®a beiope npdta 6u (ajas - - - ay, by) = 1, épappoloviag roddig @opeg drado-
XIKA 10 € Kai, guokd, v Urobeon 6t 6 by elval P®Tog TPOg Kabévav Ao toug
ai, G, ..., ay. AOUTOV, €xope H1adox1KA :

(@1’ bl)

(a1a2, b1)

(@102, bl) = (az, bl) =1

=1 =
=1 = (aja0as,by) = (az,by) =

(G1CL2 ccrlp—1, b1) =1 = (a1a2 s Qp—10p, b1) = (ambl) =1

®¢tope wpa A = ajay - - -a,. MoAg deifape 6u (A, b)) = 1. "Evied®dg avaloya
ioxver 6u (A, by) = 1l yia 8dawa k = 1,...,m. Topa, pé saboxikn épappoyn
00 €, &xope tig dradoyikig ouvenayoyég: (b, A) =1 = (bibe, A) = (by, A) = 1,
(b1be, A) = 1 = (b1babs, A) = (b3, A) = 1 xAm, péxpig étou katadndope o)y
(b1bg -+~ by, A) = 1, 8ndabdn, ouv anodeiktéa. 6.£.8.

‘O TPAKTIKOG UTOAOY101106 10U peyiotou Kool diaipétn duo drepaiav Ermt-
TUYXAVETal Iapa MoAU Arotedeopatika pg 10v evkileibeto ajlydpduo , €vav ano
TOUG IO ONPaAvtikoug dAyopibpoug tdv Madbnpatukov.

Ocwpnpa 1.2.3 "Ectwa > b > 0. Gdtoue rg = a, 11 = b, s.1 = sg = 1. I'a
i = 1,2,... opiloue avabpopikd q;11,7i+1 va €lvatl, avnotoixwg, 10 TnAiko kai 1o
unoAowro ¢ eukfleibeiag dwaipeong tou ;1 6wa tou r; (BA. Jewpnua 1.1.2). Tote:

d.b=r;>ry>r3 > kaiylakanowo i =n > 2 ewair,1 = 0. I'’ avto
10 OUYKEKOUEVO N, oy UeL n < QE’ES + 2 kair, = (a,b).

B.Twai=1,...,n opiloue avadpouikd s; = S;_o — Si_1qn—ir2. Tote, (a,b) =
aSy,—_1 + bs,.

"Anoden a. “"Exope, £€§ 0plopol, 1,1 = 1;qir1 + Tiv1, Omou 0 < g < 1y
(BA.  Secdpnpa 1.1.2). Zuven®dg, yia toug un dpuvnitkoug dkepaioug 1; €XOope
rg > 1y > 19 > - > 0, dpa rarmowo r;, avaykaoukd, 94 eivat undév. "Eotw,
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Aoutov, 7,11 = 0 (n > 1). Tote €xope v £ERG Kataotaon :

a=1r9y = Ti@a+1r9=bgs+19, 0<ro<r;=5b
b:Tl = TQQ3+T3, 0<T3<7“2
T = T3qu+7rs, 0<rg<nry
Tic1 = TiGip1 i, 0<mrig <y
Tn—3 = Tp—2Qn—1 + Tn—1, O < Tn—1 < T'n—2o
T'n—2 = Tp-14n + Tn 0< Ty < Tn_1

Tn-1 = TpQns1 +0

‘H tedeutaia ano tig napandve iodtnieg pag Aéet éu r, = (r,-1,7,) (BA. a 10U
Sewprpatog 1.2.2). Topa épappddope 10 B 100 Sewpnpatog 1.2.2 dadoyika,
apxidovtag amno v npotedevtaia oxéon kai aveBaivoviag pog td nMAve :
(Tnﬂ”n—l) = (Tn—lﬂ”n—2) = (Tn—2,7‘n—3) == (7‘4,7“3) = (7”3,7‘2) = (7‘2,7“1) =
(r1,70) = (b, a).
'Eb®, 10 dplotepotepo = ddeidetal oty npotedeutaia ox€or, 10 EMOPEVO = OTLV
deutepn Ao 10 1€Aog oxéon KA. TO dve @pdypa yia tov n 9a 1o arnodei§ope otod
T€A0G.
B. Twi=0,1,...,n iox0et 1) oxéon 1, = S$;Tn_ir1 + Si—17n_i (%), v Oroia Sa
artodeifope pe éraywyn oto i Ta @ = 0 10 68§10 pédog yiverat Sory 1 + S_17, =
1-0+1-7, =7, "Av, wpa, ioxvet 1] oxéon yua karowo 0 < 7 < n, 10te TIPEMEL
va 6elope 61 ioyvel kai yua 10 ¢ + 1, éndadn, 7, = S;117n—i + SiTn_i—1. AUTO
@aivetal pé anmlouotateg rpagetg, dv otod 6e§10 PEAOG KAVOoE TG AVIIKATAOTACELS
Sit1 = Si—1 — SiQn—i+1 (BA. &G 6plodOnKav oi s1,89,...) KAl 1y—j—1 = Tp—iGn—i+1 +
Th—i+1 (OTr) Alota t@v eUkAe1beiwv drailpeéoenv, apanave, Y€rtope otr Y€on 100 ¢
10 n —1). Ano ) oxéon (*), ywa ¢ = n naipvope 1, = S,71 + Sp_170, ONAadn,
(a,b) = s,b+ s,_10.

TéAog, arodekvupe 10 dve @pdaypa yia to n: ®a dnodeifope mpdta ot yia
1 =1,...,n loxvet r;_1 > 2r;11. IHpayparn, ag Sewprjoope €va tétolov deiktn ¢.
Av etvat ; < 1-1/2, 10tE, AOYQ THG T < T, €val Kai 141 < 7-1/2, 6nAadr,
Tio1 > 27’i+1. "Av, TAAL, 7; > 7"1’,1/2, TOTE, AOY(Q G -1 = T5Qir1 + Tit1, gxope

N Ti—1 < Ti—1  Ti-1
Ti+1—7"i71_7"iQi+1<7ai71_—2 Git1 STim1 = 5= = =5
"Exovtag anodeiet, topa, ) oxéon r;_1 > 21,41, naipvope Siadoxikd tig avioo-

TEG:
b=1ry > 2ry > 2%rs > 2% > - > 2("’1)/27“”, dv 6 n eltvat mepirrog,
b=11>19>2ry > 2% >2rg > > 2("’2)/27"71, av 6 n eivat dptiog.

¢ raBe mepirmmwon, Aoutov, b > 2272 a1 émov, AoyapiOpidoviag, raipvope
v anodeiktéa aviootta. 0.£€.8.



10 1. Awapetotnta

Mia pikpr) i6éa yia 1) orroudatotta 1ol @paypatog, rmou dnodeiaye, naip-
VEL KAVELG Ao TV £E0G OUYKERPIIEVY Tiepinmwon : T'd 1ov Unodoylopo 100 peyi-
OTOU KOWVOU S1a1pétn @V a, b, dtav 6 pikpotepog ard toug &uo (6 b) eivat 300yr)-
@106 axrépatog, anartotvrat Atyotepa arno 2000 Brjpata n. AAAa 2000 eUkAeideleg
dlaipéoelg kootiouv ApeAnTéo Xpovo AKOUn Kai o€ éva MPoo®IIKO UTIOAOY10TH).

IMapadewypa. ‘Yrobeikvioue éva 1po- 7168 = 9177 + 749
o OpyAveong @V UTOAOY10P®V, TTOU 917 = 749-1 + 168
nieptypdagovtat oto dewpnpa 1.2.3: "E- B

ot Bu {qrodpe wv (7168, 917). O &A- 749 = 168-4+77

AentdAAnAeg Sraipéoetg 100 Jewprjpatog 168 = 77-2+14
1.2.3 @ativovtat SirmAa. 77T = 14-5+7
14 = 7-2+0

To tedeutaio rinAiko (= teAeutaio yr) punde-
VKO Unodotro) eivat 7, dpa (7168,917) =
7.

AuTtn 1) UnoAoylotikn dadikaoia, katd v
oroia,o¢ kGbe Bfjpa, Siaipetéog eivat O
dlaipéng 1ol mponyoupévou Bripatog Kai
dlalpéng, 1O UrdAorto 10T MPONYOUPEVOU
Brpatog, meptypadetat pe mo e0oUVOITIO
TPOITO IMAPATTAEUPKG.

[Mapatnpijote 011, 10 Sewpnpa 1.2.3 mpoBAEmel, yid 1O OUYKEKPIPEVO Ttapadety-
Ha, mAfjfog Bnpdtev n, ou &év unepBaivouv 10 @paypa 21og917/log2 + 2 =
21.68155. .., 6nAadn, n < 21. v ipddn, €ibape 6t n = 6.

‘H 81adkaotia UroAoyiopod wv s;, (i = —1,...,n) yivetat moAu arda: Me
TOVIOpPEVA TUTTOYPAPIKA OTO1XETa onpelwvovial td £€§ dpxng yveotd dedopéva. Ka-
oIy, Td KOUTld oUprAnpovovtatl arod aplotepd mpog ta de§ida. Ity ypappr 1ol
¢ T4 KOUTIA CUPITANP®@vovtal, Aro v Ipitn otAn kai petd, pé ta nnAika 1ol
eukAe1deiou dAyopibpou ano 10 tefevtaio nnAiko mpog 10 mpdto (BA. mapanave),
év@ otr) ypappn to0 s, ota §Uo dplotep@iepa KOUTIA PIdivouv td s_1 = Sg = 1
Kal petd, avadpopikd, td s;, oUpdeva pe to Simdavo oxfjpa 6rmou évvoeital 6t ta

A, B, C eivat 1idn yveootd kai ouprnpovetatl td Kouti kG- | * | * A

o anod 1 A,cUuppava pg 1o B 100 9ewprjpatog 1.2.3. Kou- | C | B | -A-B+C

T P€ * 6ev taidouv poAo oTOV CUYKEKPIPIEVO UTTIOAOY10110.

Z10 ouykekppévo apdadetypa €xope: | ¢ 2 (5| 2 4 1 7

s/1|1|-1|6|-13|58]|-71|555

Puoikd, kKabog rpoBAérnet 10 2 100 Yswprjpatog 1.2.3, (—71) - 7168 + 555 - 917 =
7= (7168,917).
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“Evag kanwg d1apopetik0g Kal moAu eUxpnotog dAyopiOpog Urodoyloposd
axepaiov o, Yo, OV HOte axg + byy = (a, b), neprtypagetat ot doxknor 16.

1.3 ’'EAayxioto xoivo noAAanAdoto

ZtaBeporotoTpe duo pn pndevikoug dxrepaioug a, b. Kowo moddanidocio wev a, b
elval kabe aképaiog, mou eival rmodAarddoto kai 10 a Kai 10U b. TO cUVoAo OV
9etk@V KOGV roAdardaciov v a, b etvat pr) Kevo (.. mepiéxet tov |ab|) onote
gxet £va £Aax1oto oto1xeio, 10 0molo Kadeltal £7dxoto Kowo moAAanAaoto todv a, b
kai oupBoAiletat [a, b).

Ozopnpa 1.3.1 “Eoww St a, b ivat ur undevikoi dxépaiot. ToOte:
a. “Evag aképaiog eivar kowod mofdaniaocto tdv a,b dv, kai uovo dv, ivar
_ _ nab | e lab] .
17C LOPPTIC b ya karow n € 7. Eibucatepa, [a,b] = W Apa, dv(a,b) =1,
a, a,
w0t [a, b] = |ab.

B. To ovvofo eV kowdv toAfandaciov tdV a, b tavtifetat ué 1o ovvoio OV
roffanaociov 100 [a, b|.

y. "Av (a,b) = 1 kai kadévag ano toug a, b raipel 1OV M, T0Te Kai 10 YOUEVO
toug ab biaipel Tov m.
Tevikevon: "Av oi ay, . .., a, gvar ava 6Uo mpdtol uetalt toug Kai kadevag amo
avtovg Salpel TOv m, 10T Kai 1O YIWOUEVO Ay - - - G, OLAEL TOV M.
"Anédedn a. “Eotw m kowvod moAAarAdoio v a,b. A@ol a|m, priopoltpe va
ypawope m = ak pe k € Z. "Eowe d = (a, b) xai 4g 9éoope a = day, b = dby. Ano
10 & 100 Jewpnpatog 1.2.2 &xope éu (ag, by) = 1. ‘H 9ndbeon b|m icoduvapel pé
0 6 ak/b € Z, dpa a1k/by € Z, dndadn, bi|a1k. Topa, 10 g 100 Sewprjpatog
1.2.2 pdg 66nyet otd oupnépaopa 6w by |k, dpa k = nb; yia karotwo n € Z. Apa,
tedika, m = ak = abjn = a(dby)n/d = n(ab)/d. Avtiotpopa, kaOe dp1ONOG THg
popofig n(ab)/d gival koo moddarddoto v a, b. Tlpaypatt, vav tétolo apdpod
priopoTpe va tov otpe og n(b/d)a. AXAa d|b, dpa 6 ap1OPOg autdg eivat moA-
Aarddoto 1ol a. Avddoya, &v ypawope tov apbpo og n(a/d)b, katadnyope oto
ouurniépaopa 6t 6 apOpog eivatl kai moAdarddoto tod b.
TéMog, elvat mpogaveg 8tt, mia kai ol a, b elvat otabepoti, 10 péyebog 1ot nab/d
gCaptdtatl ano wov n, dpa 1 éAdxiotm detukr) tur) 100 Ap1Opot avtol 1o £AAX10TOo
KOO 1oAAarnAdaoto v a, b- eivat |abl/d.
B. "Eow d = (a,b). Ano 10 a, kGBe Kowvd moddarddaoio v a,b eivat tig
Hopofig nab/d, évd ab/d = +a,b]. Apa, kaBe KOO MOAAAMAGOI0 BV a, b etval
rioddardaocio 100 [a, b]. Adda kai avtiotpoga, ote nfa, b] moAdarddoto 1o [a, b].
Téte nla, b] = nab/d = n(b/d)a = n(a/d)b, arv érou BAérope 6t 6 Ap1ONOG AUTOG
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etval moAAarAdoio kai 1o a Kai tod b.

y. Bdoei 100 (), [a,b] = |ab|, &vd, ano 1o (B), 6 m eival oAdarddoto 10U [a, b],
dpa, moAAardaoto 1o ab.

"Eowe topa 6t ot ag, . . ., a, etvat ava §Uo rpdtot petadu toug Kai kabévag diatpel
tov m. "Epapudloviag auto mou arodei§ape poAg npiv, pé a = ay, b = as, oup-
niepaivope 6tt 6 m eival oAAarmAdocto 1ol ajas. ‘O as, TOpa, eival MP@TOG TIPOG
OV a1az, APoU eival mP@RTog Podg Kabéva art’ toug ay, as (BA. T 100 Sewprjpa-
106 1.2.2). "Etot, €xope kai mdAtl duo apibpouvg, toug a = az kai b = ajas, ol
oroiot eivat p@tot petady toug kKai kabévag Siaipel Ov m, dpa Kai to yivopevo
toug ab = ajasaz Hrapel 1ov m. 'EnavadlapBavoviag toug avaloyoug cuAdoyt-
opoug, 68nyoupaocte £May®ylka otd ocupnépaopa 6t 6 m eivat moAAarAdoto 1ol
ajay -+ Q. O.£.8.

To éAdx10t0 KOO TTOAAATIAAGC10 TIEPIO0OTEP®V TAV HUO APOPGV a1, - . ., Up_1, Ay
Opidetal dg 6 £Aayiotog Ietiog arEpalog, 6 Oroiog eivatl MoAAAmAdo1o Kabevog a-
o g ay, ..., 4,1, a4, Kai oupBodiletat [ay, ..., a,_1,a,]. ‘O UMOAOY10110G TOU
yivetat dvadpopikd, 6niadn,

[ah Qz, CL3] = [[ah @2], CL3]
[ah ag, as, CL4] - [[ala ag, a3]7 a/4]
[ala"'7an—17an] - [[ala"'7an—1]7an]

duoikd, rpernet va dnodei§ope 6t avtn 1 Sradikaoia pag divel, Gviwg, 10 EAdx10TO
KOWO MOAAATTIAACIO TRV G, . . . , Gy_1, Gp. [1A TV arodedn BA. doxknorn 26.

1.4 IIpodtotl apiOpoi

O1 np®dtot ap1Bpoi aroteAolv 1oUg dopikoug AiBoug, pe Toug Ormoioug Kridoviat
roAAardaoctaoctika ol aképatot dpibpoi. "Ag mapatnPriOOPE, IIPOKATAPKIIKA, OTL
yid KaOe dxépato n, oi +1,+n eival daipéteg 100 n. AUtol Aéyovial TeloiuUévol
Slalpeteg 10T n.

‘Oplopdg 1.4.1 O axépaiog n kafetat mp@rog dv sivar diagopog v 0, +1 kai
oi udvot bapeteg tou eivar oi tetpupcvor +1 kai £n. ‘O n kadeitar ovvdetog dv
etvar 61apopog v 0, +1 kai éxer kai dAfoug 61alPEteg EKTOC TOV TETPUUEVDU.
Oi dpwuoi +1 yapaxmmpilovtar w¢ uovadeg 10U 7, kai gvai ta pova otoryeia 1ou
7, ta omoia &ouv avtiotpopo ucoa oto 7. Elvar mpopavég Ot 60 n glvatl mo@dtog
(avtiotoiywg, oUvdetog) dv, Kai uovo duv, 6 —n lvat mP@TO¢ (AVTIOTOLX WS, CUVOETOQ).

Ta npddetypa, ol +7 kai £13 eivat mp@tot apBpoi, Agpot kabévag arod avtoug
£xel povo tetprppévoug dapéteg. Avtibeta, oi 10 eivat ouvBetor apiOpoi, apou,
€KT0G Ao ToUg tetptppévoug dratpéteg toug £1, 10 €xouv kai toug drarpéteg £5.
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Ozopnpa 1.4.2 d. I'a kade m # 0,+£1, 0 éAdytotog pueyadvtepog 1o 1 Sraipe-
Mg 10U M glval mp@tog. "Apa, kade dképaiog biapopog tadv +1 éxet éva, touddayt
oToV, TP®TO SLAPE.

B. TAv o p givat mp@drog kKai O a glvat tuywv dkgpatog, tote, va anod ta U0
oupbaiver: pla 1 (p,a) = 1. "Ev@, dv 6 p elvar oUvdetog, Umdp)ouv a yid ToUg
omoloug tirote amo ta 6vo dev oupbaivel.

y. "Av 0 p elvat mpéitog kai (a;,p) = 1 yia éatai = 1,...,n, e 6 p 6ev
O1apEl TO YIVOUEVO a7 - - + Gy .

Eibucr) mepintwon tg Svvaung: "Av (p,a) = 1, 1te 6 p 6&v Sraipel v a”.
‘Toobvvaun (A0ye tou B) Statunwon: "Av O p elvar mpdtog kKai 6ev Slalpel Kavévav
amo 1wouUg ay, . . . , Ay, TOTE OUTE TO YIWOUEVO TOUS OLAlPEL.

Zmv eibikn mepintwon g dvvaung: "Av o p 6év diaipel v a, 10te, oUTE Kai
ov a” draipel.

"Toobvvaun taturwon (Avtiotpo@o-avtidetn Sratunwon ¢ TPONyoUupuevng): "Av
0 p glvat MP@Tog Kai H1apel 1O YIWOUEVO Ay - + + Ay, TOTE O P Slaipel touddyiotov évav
Amo ToU¢ TapAayovTeS Ay, - - . , O,

Eibucr) mepintwon tig Suvaung: "Av pla™, tote pla.

"Av, 6u@g, O p glval oUVdEeTog Kal S1alel TO YIWOUEVO Ay « - - Gy, TOTE HEV UTLOPOT-
ue va ovumepavoue ot dralpet Eva, TouAdx10Tov, Amo TOUC G, - - . , Oy,

6. O &faxiotog 9etikOg mMP@TOg OLapeINg EVOG CUVIETOU APOUOU m OEV U-
nep6aivet 1OV /| m.

’

g. "Av P etvar éva omowobnmote memegpaouévo ovvoAo 9etik@V TPOTOV dod-
UGV, T0TE UTdPXEL TP@ATOG, O OToiog Sev avnkel 010 P. "Apa, 10 oUuvoAo tdv mpwtwv
GpdudL glvat dmeo.>

"Anédedn a m # 0, +1 &g oupBodioops pe A(m) 1o oUvoro @V Slalpet®dv 10U
m, ol 6roiot UrepBaivouv 1 1. Ipogpavadg, 1 A(m) elval pr) Kevo Kai nenepa-
Op£VO, P€ PEYI0TO OTOXET0 TOU TOV |m.

d. "Eote p 10 éAdxioto otoiyeio 10U A(m). ®d anodei§ope &t 6 p elval mp@tog.
"Av 6&v frav, 94 frav ovvOetog (apatnpijote 6t p > 1), &pa, EKtog AMO TOUG
tetpppévoug Sratpéteg tou 9a eixe kai kamowo difdo diapé d > 1. ‘Ondte Sa
gixape v £&fg katdotaon: d|p xkai p|m, dpa, ano 1 eopnpa 1.1.1, djm. “Opeg
1 < d < p, dpa 6 d etvar otoieio 100 A(m), pkpdtepo 10U p, 1O O1oio eixape
UroBEoel EAAYX10T0 oTo1XET0 TOU CUVOAOU*” GTOTTO.

B. Ag Umobéoope 6t 6 p elval mpdtog kai 6ev ioyvet (a,p) = 1. Oa deifope,
wte, 8u ioyvel 1) oxéon pla. AN, Tpdypatt, and v vnobeon ouprnepatvope
o6u (a,p) = d > 1, éndte 6 p drarpettat anod wv d > 1. "E§ 6plopoT 100 npohtou
ap1OpoT, autd eivat duvatdv povo &v d = £p. ANAG tote, APoT d|a, ouprnepaivope
éu pla.

STIpokettat yia v ripédtaocn 20 100 BiBAiou @ wév Zrotysiov 100 EvxAeidou : «Oi mpdtot apiBjiol
mAeioug eiotl mavtdg 100 potebéviog ANB0UG TIPWIEY AP1IOPDV».
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Av, Topa, 6 p elval ouvBetog, tote GG OV Urobeoope, Sixwg BAGBN TG YeEVIKOT)-
10g detko, Kai ag tov ypayope p = ab, érou 1 < a,b < p. Tote, yU avtov 1ov
OUYKEKPIHIEVO AKEPalo a, Kal ol 6uo oxéoelg pla xat (p,a) = 1 elvat wpeudeig.

Y. ‘H anodeidn 100 ioxupiopod, oty mpot) tou diatuineon, eivat dpeon ou-
vénela g npotaong ¢ 1ol Sewprjpatog 1.2.2, v émoila épappodope 9€toviag
m =1 xkai by = p.

“Ocov agopd 10 61t 1] tedeutaia Satunwon 6¢év ioxvel dtav 6 p eival ouvOetog:
Ly nepimwon avtr), priopoUpe va ypdwope (Urobétoviag, Xxmwpig PAaBn thg ye-
VIKOTNTOG, TOV p JeUKO) p = ajas, 6rou 1 < ay,as < p. Tote, BeBaiwg, plajas,
aAAG kappia ano g oxéoelg pla; kai plas 8év elvar aAnbng.

&. Ano 10 (a) &pope fidn 6 10 EAax1oto ot01XET0, £0T® p, 100 A(m) elval pATog
ap1Bpog, &ve 1) vnobeon 8t 6 m eival ouvbetog ouvernayetat du p < |m|. Ma-
patnpijote 6t 6 % elvatl drépatog ap1Bpog peyadutepog 100 1, dpa, amno o (a)
Exel Eva mp@To dralpétn g, Tov 0100, Xwpig PAABn thHg yevikotntog, propoipe va
unoBéoope Yetko. "Etot, €xope q\— Kat = |m (61611 10 InAiko 10U M & % etvat
axépaiog), onote g|m. ‘H vnobeon du 6 p etvat 6 éAax10tog PRATOG, ou Siatpel
OV m pag 0dnyet otd ouprnépaopa 6t p < q, dpa p < %
Vv Anodeiktéa.

g. ‘O ioxuplopog eivai rtpoq)avr]g dv 1o P eivat kevd. "Eoww topa éu P =
{p1,-..,pr}. Bewpolpe tOV M = p1---pr + 1, 6 6molog, TpoPavidg eivatl aKe-
patog peyadutepog 10U 1, dpa, Ao to (a) £xel &va, Touddylotov, IP®To S1alpen
q. ®a deifope 6t ¢ € P. Tpaypat, yati dagopetkd, 6 ¢ 94 nrav icog pe Ka-
rowv p; € {p1,...,pr}, 66te q|(p1 - pi - - - pr). “Opeg q|m, dpa (podtaon 1.1.1)
dlm — (p1---px) = 1, &romo.

0.£.5.

, oxéon iooduvapn pe

To xk6okivo 100 'Epatocdévoug. 'Epapudletal yid v KAaTtaoKeun thg Ai-
otag BA@v 1@V (SeTk@V) POtV AplOpdv, ou dév unepBaivouv 600évia axépatlo
n > 2. Zuviotatat ou)v £ENg Sadikaoia, 1) 6roia Siaypdget toug cuvOetoug Ap10-
poug, oi éroiot eivat PiKpATeEPOl 10U arepaiou n > 2, yia va peivouv ol mpdtot,
ol pr) UnepBatvovieg tov n. "Eoww . X. 6t n = 50. T'pdpope toug dxepaioug
2,3,....,50. Alaypadope 6Aa ta peyadutepa ano 1ov 2 modAarnddold tou, 6niadr,
10Ug 4,6,...,48,50. ‘O mkpotepog AKEPAL0G, PETA TOV 2, TIOU bev Exel draypadel
elvat 6 3. Alaypagope 6Aa ta peyadutepa arnd avtov noddarddotd tou, dnAadr,
T0UG 6,9,...,45,48. TTapatnpotpe 0t 6 6 daypadetal Kai ®@G roAAarAdoto 1ol 2
Kal oG rmoAAarAddoio 100 3, aAAdda autod dev €xel kappia onpaocia. Zuveyidope: ‘O
gAax10tog, petd tOv 3, akeépalog, oU 6ev Exetl daypagel, eivat 6 5. Alaypdgpope
0Aa 1d peyaAutepa Ao autov moAAdamnAdold tou, 6nAadn, toug 10,15...,45,50.
"Etot ouveyilope, mapatnpoviag rotog eivat 6 Apéong EmoOPevog |t dtaysypappe-
vog dképatog, ToU 6moiou Kai Staypdagdope OAa ta yvnoing peyadutepa Ao avtov
roAAarAdold tou. ZrapatoUpe dtav dev €xope va draypdywope dAAoug drepaioug
péxpt 1o 50 Kkai tote, BAot oi ur) Srayeypappévot, kai pévov aurtoi, eivat oi rp@tot
apBpoti, oi pr) vnepBaivovieg 10 50. Tlote, Huwg, dpkel va otapatfoous; Eivat
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Avaykrn, va &ryelproope ) diaypadr) tdv rmoAdarmdaciov 1ol 17, yia apadety-
pa; "Oxt! To & toU dewprjpatog 1.4.2 pag Aéet 61, dv kamolog apidpog eivat
ouvOetog, 9a mpénet va €xetl Saypadel og oAdarnddoto ol 2, 1j 1ol 3, 1) 10T 5,
fj o0 7. Aot kaBe ouvOetog, TIoU 6¢v UmepBaivel 10 50 €xel, oupPmva pe v
potaor, &éva np®dto diaipetn < V50 = 7.071.... "Eto, OTf] OUYKEKPIPEVT Ttepi-
rmoon n = 50, peta nou Ya daypayope kai ta moAdarddoila 1ol 7, €xope v
£Eig Kataotaon :

2 3 4 5 6 7 8 9 10 11 ¥ 13

H 15 16 17 8 19 20 21 22 23 24 25

26 27 28 29 30 31 32 33 34 35 36 37

38 39 40 41 42 43 44 45 46 47 48 49

50
Eipaote BéBatol, oupdova pe 6,11 einape nmapandave, 6t Aot oi Stayeypappévot
ap19poi eivatl ouvbetotl kai BAot oi UTGAooL £lvatl MP@TOL.

Ocwpnpa 1.4.3 -OepeAiddeg denpnpa tiig "ApOpunuikijg. Kdde axépaiog
n > 1 avajdvetar o ywousvo 9etuk®v mpOtwv: N = p;---pi. H dvadvon avm
etvatr povadukn, vmo mu £ENg évvota: "TAvn = qi -+ - qp Kal ol qq, . . ., qp lvat Jetikol
mp&toL, 1te k = { kaioiq, . . ., q droteAolv, anAdg, pia Petadeon v py, . . . , P.

*Anoden Ipdta anodeikvuope 6t 6 N dAvaduvetal 6 YIVOHEVO TIPOTOV, XOPIG va
pdg dracyoAel 1) povadikotnta g dvaiuong.

A6y 100 a’ 100 Sewprjpatog 1.4.2 6 n €xet €va npdto Jetko dralpétn p; Kat
Y¢tope n = piny. 'Av np = 1, 101€ N = p; Kal €xope dvdalduorn 100 n o€ €va TIPATO
drapétn. Altagopetikd, 1 < nyp < n rail 6 n; €xel €va nP@ATo drapétn po, OmoTe
9étope Ny = pang, dpa n = p1pang. Av ne = 1, 101e N = P1py Kal €xope Avaluon
100 n 0¢ 6Uo mpoToug Sraipéteg. Atagopetikd, 1 < ne < ny < n KRai 6 ny €xet éva
IPGTO dlalpetn ps, OmotTe Y€Tole Ny = p3ng, dpa n = pi1papsns. "Etol mpoxwpoUie,
Kal oto PBhpa ¢ Exope n = p1ps - - - piny, OTIOU N > Ny > Ny > - - -n; > 0. Apa, dev
propel va €xope dmreyon kadodo, O6mote oe karolo Pipa ¢ = k 94 kataAndope o
ng = 1, dnAadn, n = p1 - - Pi.

Topa dnodsikvuope ) povadikotnta Ifjg AvaAuong o€ MP®WIOUG O1alpeETeS.

"Eoto n = ¢ -+ -q Rai ol qq, ..., q eival 9sukoi mpdtot. Xwpig PAABN TG yevi-
kot tag vrnobétope 8t £ > k. "Exope qi1|p1 - - - pr, dpa, ano 1o ¢ 100 Seoprpatog
1.4.2, 6 ¢; 6laipet €va, TouAdaxiotov, Amno Toug Py, . . ., Pk, £0T®, XOPIS PAABN thg

VEVIKOTNTOG, TOV p1. AAAG, Kabag 6 p; elval p@dtog, 6 povog dialpétng tou, mou
uniepBaivel 10 1, eivat 6 €autog tou, Gpa g1 = p;. Topa, daipoviag tr) ox£on
PiD2 Pk =N = (1G2 -+ * q¢ 814 p1 = g1 KATAAT)YOPE OUV P2+ P = (2 * * * G- ZUA-
Aoytidopaote dkp1B®G OTIOG TIpiv: ‘O ¢o S1a1pel 1O YIVOPEVO Ps - - - Pi, Gpa dlaipel
éva, Touddyiotov, mapdyovid, OIOTe CUPITIITIEL g €vav Amno toug Po, . . . , Pi. XOPIg
BAGBN THS yevikottag, £0Tw ¢ = p2 K. 8. K. "Av fAuav £ > k, 16te, Uotepa amno k
10 MAf0og Prpata 9a katadnyape o¢ oxéon g popdns 1 = qxr1 - - - qe, GrormO.
Apa, L =k xai g = p1,q2 = pa, ... q = Pp. 0.£.8.
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Id kabe aképaio n # 0,+1 vnapxel pia Bodikr), of MOAAEG MEPUTINOEL,
avdaluor tou, Tou Aéyetal kavouvikn dvaidvon 1ol n, 1§ énoia sivat 1) £ERg: TO
Sewpnpa 1.4.3 pag £gaogpalidet 6t n = £pips...pg, OOV Ol py,...,Pr €lval
Yeukol mpdtot, 6X1, KAt Avaykrn, dwagpopetikoi. ‘Omote 6padonoimviag 10oug

pwtoug, ypagope n = +q;* -+ - g, drou wpa: (a’) O mp@tot ¢y, . . ., ¢, elvat
dlapopetikol petagu oug. B)m < kxkaia; > 1 yiawkdbei =1,...,m.

[Tapatnpotpe dty, v n = £4q7" - - - ¢o elvat 1) Kavovikr) avaAuor) 1ol n, ToTe
ai

q;" etval 1y péylotn duvapn tov ¢, 0V Sraipel t;‘)v n o101, av q%’ |n, tote n = qll’c,
Y1 kdarotov dxépato ¢, 6mdte £q11¢5* - - - g = qjc. "Av, doutodv, frav b > ay, 1ote,

arornowwvrag ta vo pédn Sa ¢, 9a ratadryape of pia oxéon, otd Aplotepd
péAog g 6moiag 9a éngdavidotav 6 mpdTog ¢ P& VeTKO EKOETN, Evd OTO APloTEPO
6ev 9a unfjpxe 6 TP®TOG TIapAyovIag g1 auto avtikettat oto dewpnpa 1.4.3, ov
nag Aget 6 ) dvaduorn £vog dp1Opol o TIPOTOUG TIAPAYOVIEG e1val Povadiky.

"Exovtag auvt) v napatpnon Kata vou, optlope, yid kabe arépalo n kat
KAOE TIPRTO P, TOV EKDEN TOT P OTOV N, CUPBOAOPEVO v, (1), OG £8HG: v,(n) = 00
avn =0 kal v,(n) = a (> 0) dv p* elvat 1) péytlotn Suvapn toT p, Iov Slatpel OV
n. Ta napddetypa, v2(1200) = 4, v5(1200) = 1, v5(1200) = 2, v7(1200) = 0.
Etvat armlo va anodei§et kaveig tig £&fg i610tnteg 100 xOE :

e u,(ab) = vy(a) + vy(b).
e v,(a £ b) > min(vy(a),vy(b)). Av vy(a) # v,(b), tote ioxvet W =.
Luven@g, &v n = £q* - - - ¢ elvat 1) Kavovikr) dvaiuor) o0 n, ToTe

n = :l:qfql (TL) q;)‘IQ (TL) .« 0. ;)rlllm (TL) .
AANAG ya kaBe mpdo p & {q1, G, - - -, g} EXope v,(n) = 0, dpa 1 nmapandve
OX€01 UITOPET VA YPAPTET, TTIO OPO1OP0pPa, ©OS EENG:

n =4 H p””(”), (1.1)

P mpatog

orou, BéBata, to yivopevo otod He810 pedog €xet éirelpoug rapdyovieg, dAAa 6v xet
dmelpn Tpr), Agol povo menepacpévo mARI0og Ao autoUg ToUg rapayovieg EXel
Tpn peyaldutepn 1ol 1. Trv avdduon (1.1) 100 n 94 Aépe yevikeupuévn kavouvkn
avajluon 10U n.

‘H &vvola 10U ékO€1n) émekteivetal Katl 0toug pntoug, KATd TPOTIO QUGOIOAOYIKO :
Av p € Q, ypagope wv p g mnAiko dxepaiov p = a/b kal épilope v,(p) =
vp(a) —v, (D). “O Opropog adtog lvat ave§aptnTog Ao OV TPOTo, 1o 9d ypayope
OV p ©g¢ nAiko dxkepaiov: PA. doknon 30. Topa propolpe va énekteivopie )
YEVIKEUPEVI] KAVOVIKI) Avaduorn Kai otoug pntoug: ‘Opidetat ano v (1.1), émou
10 N TOPA UIIOPET VA TIAPIOTAVEL Kai pnTo.

‘H xprion t@v ¢k0et®dv Kai Tfig YEVIKEUPEVNG KAVOVIKTG avaluong eivat, ot
TTOAAEG TIEPUTIAOOELG, TTIOAU BonOnTiky.



1.5 ITuBayopeleg TpLadeg 17

Ozopnpa 1.4.4 d. "Eoww 6t a, b eivar aképaiot kai b # 0. Tote, 0 b draipet
OV a du, kai uovo dv, v,(b) < v,(a) yia kade (9etikd) modTOo P.

B. Ava = £pi' - - - pir evar 1 kavovikn avaiduon U a, 10te, KAde IETUOG
brapémng 1ou a eivat g uopcpﬁgptf coeptm Bmou 0 < t; < s yiakadei = 1,...,m.
Kata ovvéneia, 10 tifdog 1ov Yetkdv srapetdv 1ot a ewat (51 + 1) -+ (S, + 1).

"Anodedn a. "Eow 6u bla. Tote a = be, &pa, yia kabe np@to p, €xope v,(a) =
vp(bc) = v,(b) + vy(c) > v,y(b). Avuorpopwg, €otm ét, yia KABe mPGTO p elvat
vp(a) > vy(b). "Av b = £1, tote bla. Awagopetikd, €otw b = pi’ -+ p/™ ) KAVOVIKI)
avaduon 10U b. Ao uw)v Unobeon, v, (a) > r; yia k&Be i = 1,...,m. AU
onpaivet 8tt, v KAVOLE TV KAVOVIKI dvaAuor) 100 a, autr) 9a €xet ) popor)

a==xpit--pire, s> (i=1,...,m),

omou ¢ = 1 1j yivopevo duvapenv KATIOIRV ITPOTOV S1aPOPETIKGV ATIO TOUS P, - - -, P’
oUtwg §j dAA®G, 81wg, 6 ¢ eivatl ArEpalog. TUVEN®G, rtapabdlloviag pué v Kavo-
VIKT] dvaAuon to0 b (BA. Alyo maparndve), KAtaAryope otr] oxEor)

a=xb(epi* ™" - pimTm)

To évtog tg mapevOéoemg yivopevo eivatl aképatlog aplbpog, dpa bla.

B. O ioxuplop0g OXETIKA PE Tr) PLopPr] IOV H1a1peT@V T0T ¢ POKUTTTEL APECORDS
amno 1o pépog a’ 100 dewpnpatog. ‘Ocov apopd otd TARIO0G TV JeTKAV Sralpetdv
100 a, tapatnpotpe ta £E§Ng: T 1ov ékBE ¢ Undpyxouv s; + 1 érmdoyég (ApoT
0 <11 < 59), yua tov to Untdpyxouv s, + 1 €rmdoyes,. . ., yia 1ov ¢, Uriapxouv s,, + 1
érmdoyég, dpa yia v pit - - plm tnapxouv (s; + 1)(sy + 1) -+ - (s, + 1) émdoyig
Kai 8Aeg eival H1aPopetikeg Petady toug, Aoy thg povadikdtntag g avaluong
O TIPAOTOUG MapAyovieg. O.£.8.

Kdarnoteg éviiapépouoeg Epappoyeg TV EKOETOV Kal THS YEVIKEUPEVNS KAVO-
ViKki|g avaAuong didovrat . . otig dokroeig 31 kai 32

1.5 ITuBayodpeleg tpLadeg

‘H povadikomnta thg dvdduong £vog dkepaiou o€ mp®TOUg rmapayovies (Sedpnpa
1.4.3) €xel onuavikeg Epappoyeg oty riduon Sopavukev é§lonocwv. 'E6Q 9da
Sdoope, Gg mapddetypa, v miduon tig é€ionong 22 +y? = 2? ot p1) pndevikoug
axkepaioug z,y,z. Kdabe tétowa Avon (x,y, 2) Aéyetar mudaydpeia owada. Mia
9epeMndng BonOnuk: mpdracn, XpHown Kai of moAAég GAAEG TIEPUTIOOELS, 1val
) €87G.

Mpdtaon 1.5.1 "Ava, b, ¢ evar Yetucoi arxépaiot, teroior dote (a,b) = 1 kai ab =
c", émou n > 2, 10te UMAdpxOUV dKépalol 1, Cy TETOWOL Gote a = cf, b = ¢} rai
C1Cy = C.



18 1. Awapetotnta

"An6deldn Ava = 1§ b = 1, 10 anodektéo eivat gavepd. Alapopetird, e-
@POoUYE Ti§ Kavovikeg Avaluoelg TV a kail b. ZupBoAilope pe py, ..., pr 6Aoug
ToUG (9eTkoUGg) MP®TOUG OtV KAVOVIKY] dvaduon to0 a Kai pé ¢y, ..., qe 0Aoug
UG (9etikOUGg) TPMTOUG OtV Kavovikny avdduon ot b. ‘H unoébeon (a,b) = 1
POPAVRAS cuverayetal 61, kabévag arod 1oUg p; elval S1aPpopetikog ard Kabévav
amno toug ¢;. 'Emiong, Aoy thg oxéoeng ab = ¢" kai t)g povadikomtag g a-
vaAuong O£ MPETOUG AaPAyovIeg, 01 MPGTOl OV KAvOoViKt] avaAuon 1ol ¢ gival
ol p1,..., Pk, q1, - --,Qe KAl Povov auvtol. Apa, 1] Kavovikr) dvdaduorn 1ol ¢ &xel 1)

Tk S1

nopor) ¢ = pit - pltagyt - - - qpf, onore,

_omn __ . nr
ab = c" = pj

Nnre mnsi

...pk ql ...q?‘sz‘ (1.2)

AAAG, otr)v kavoviki dvdaduorn 10U a povo ol ip@dtot p; Epgavidovtal Kal Kavevag
NP®TOG ¢, £V® Y1d UV KAVOVIKT dvaAuon toU b 116vo ol mpdtot ¢; éugavidoviat
Kal Kavévag pATog p;. AUtO, AVAYKAOTIKA, OUVETTAYETAl 6Tl

nri

— nry
a =Py

...pk

=@ pt)t = kat b=g" g = () ) =

Kai, Aoy g (1.2), cico = ¢ 0.€.8.

"Eoto wopa 8u (z,y, z) eival pia mubayodpela tp1ada. Oftope (z,y) = d,
x=dX, y=dY xai&pope ano 10 § 100 dewprjpatog 1.2.2 éu (X, Y) = 1. Aro
) oxéon 22 + y? = 22 naipvope, cuvendg, X2 +Y? = (2/d)?. To apiotepd pédog
g tedevtaiag eivatl akepaiog apibpog, épa kai to 6816, Tote, dpwg, 1 Goknon
11 pag Aget 6t 6 z/d eivatl aképaiog, 1Ov 61oio oupBoAidope Z. ‘Ondte, TeAkd,

r=dX,y=dY,z=dZ, (X,Y)=1, X*+Y*=277 (1.3)

Topa KAVope pia oe1pd Ao PIKPEG IAPATPHOES. AETTIOPEPEIEG TAOV ATTOBEIEDV
TOUG APrVOPE OGS AOKIOEG :

o (X,Z)=1xai(Y,Z)=1.

e Oi X, Y &&v propel va sivatl kai oi 8vo mepirroi. [Mpdypat, ylati tote, 6

axépatog X? + Y? 94 frav tiig popdiis 4k + 2, 6ndadr), dptiog, addda Syt
dlapetog H1a 4, 6mote Hev propel va icoUtatl pe teErpay®Vvo.
Xopig PA&Bn thg yevikotntag, Aoutdv, UnobEtope, oto £EnRg, tOv X meptttd
kai v Y dpuo. Tpopavig, 6 Z eivat meptttdg. "Ermiong, Aoyg 100 6l
oy &lowor] pag éugavidovial povo ta terpayeva wv X, Y, 7, propotpe
va urnobeoope toug X, Y, Z 9etikoug drepaioug.

e Tpagope v (1.3) &g (Z — Y)(Z +Y) = X?. Ano tig mponyoupeveg ma-
patnpnoelg sivat koo va Swarotoost kaveig 6t ol Z + Y, Z — Y elvat
nepwtoi kai (Z — Y, Z +Y) = 1.
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e M2 épappoyn) thg nipdtaong 1.5.1 otr) oxéon (Z — Y )(Z +Y) = X? (napa-
mpfote 6t oi X, Z +Y, Z — Y eivail 9etikoi) oupnepaivope &t Z +Y = a?,
Z —Y =1 xai X = ab, 8nou oi a, b eivat nepirroi kai (a, b) = 1.

e AUvovtag &g ipog Z, Y Bpiokope Z = (a? + b*)/2 kal Y = (a® — b?)/2. T
va ariogpuyope tov rapovopaotr) 2, 9étope a = A+ B rai b = A — B, érou
oi A, B eivat étgpotunor , dnAadr), 6 &vag dptiog kai 6 dAdog mepttrog (5&v
kaBopidetal molog 6 dptiog Kai 1motog 6 meptrrdg). EvUkoda Siarmotwvetat
6t (A, B) = 1. ‘Onote, AapBavoviag Urt’ dyet kai w)v X = ab, katadfyo-
He, TeA1Kd, 0TOoUg TUTIOUG TRV Mpweiapxikdv rubayopeiov 1p1adeov (XY, 7)
(mpatapyikég, onuaivel 6t oi X, Y, Z eivat, dva 8Uo mp@dtot petagyu toug):

X=A*-DB* Y =24B, Z = A’>+ B?,
A, B &tepoturiot, mp®dtot petady toug.

e Topa, Aoy v x = dX,y = dY, z = dZ rataAfjyope OT0UG IO YEVIKOUG
TUnoug 1@V rubayopeiov tptadwv, divoviag otov d OrolecdHmote AKEPALESG
TIEG:

r=d(A* - B%,Y =2dAB, Z = d(A* + B?),
A, B &tepoturiot, rp@tot petadu toug. "Evvoettat 6t 6 podog tadv X, Y propet
va évaddayel, Aoy® 00 CUPHEIPIKOT pOAoU aUT®V TV PETtaBANI®dv Otnv
é¢ionon pag.
ad =1,A = 2,B = 1 naipvoue v arlouoctepn mpetapXiki rubayopsia
1p1ada (3,4,5), ) 6moia €xet v a§oonpeint ibidotnta étu droteAdettat aro Stado-

Xkoug axkepaioug. Tad = 1, A = 5, B = 2 maipvope v npotap)ikr rrubayopeia
p1ada (21,20,29).

1.6 ’'Aornoeig tol Kedpaldaiou 1

Ap1Opog» onpatvel mavia «arépatog apopog

1. "Av 6 d gival kowog draipég v ax + by kai o’z + b'y xai (d, ab’ — a'b) = 1,
arnodeigte 61 6 d eival Kowvog dialpéng v T, y.

2. Anodeigte ToUg £E0g ioxuplopoug:
dptiog + dptiog = dptiog, APTIOG + ITEPITIOS = ITEPITIOG,
TIEPITIOS + IEPITIOS = EPTIOG.

3. "Eotw n > 1. Anobei§te u)v £ENG i00tTa OUVOAGV:

{d:1<d<n xai d|n}:{%:1§d§n kal d|n}
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4. Anodeigre 611, 10 TEIPAYOVO OTTO10USNAIOTE TEPITIoU Ap1Opoy, Sialpoupevo

10.

11.

61a 8 6ivetl trodowro 1+ Gpa drarpovpevo kat 61a 4 Sivel trtodotro 1.

. AmobeiEte 611, 10 TEPAY®VOo £vog dp1Opot, 6 omolog 6ev eival modAarddoio

10U 3, dapoupevo 61a 3 Hivel Grtodotro 1.

. Arodeigte 611, 6 KUB0G £vOg Ap1OoT Jr) Sralpetot dia 7, dtav diaipebel Hia

7 6iver vmoAowro 1 1) 6.

. Amobeite 611, petagu duo Sradoy kv aApdudv, 6 £vag eivat dptiog. "Ertiong,

petadl 1p1dv 8ladoxikdv apbudv 6 évag Sralpeitat 61 3. Aeilte Ot ya
KABe n, 6 n(n + 1)(2n + 1) eivat moddarddoto 10U 6.

(@) "Av 6 &vag ¢k OV a, b eivat &ptiog kai 6 &AAog mepttog kai (a,b) = 1,
t(’)tsxai (a+0, a—b) = 1.

(B) "Av ot a, b elvat nepttroi, anodeige éu ot (a + b)/2 xai (a — b)/2 eivay,
kai ot &vo, axépatol, 6 €vag (61, kAT Avayknv 6 mp®dtog) fptiog Kai 6

dAdog meptrtdg.  Av, frurdéov, Unobécope 6w (a,b) = 1, anodeide 6u
(a+b afb> =1
2 02 ) &

"Eote 6t ol a,b sival 9sukol axképatot, 6x1 kai oi dvo Gptot. ‘Opilope
ay =a,by =bxraiyua k=2,3,..., avadpopika,
"Av 6 ap_ 1 etval &puog: ap = ag_1/2, by = b_1.
"Av 6 b1 givat dpuiog: ay = ag_1, by = br_1/2.
"Av ot aj_1 Kal by etvarmieptrrot: ap = min(ag_1, bg_1), bp = |ag—1—bx_1|/2.

ArnobeiSte ta £ERg: (a) Twa kabe k = 1,2, 3, ..., ol a, b etvar pur) apvnukoi
axépatotl kat 6 évag, tou)xa)(toTov, elvat mepitrog.

(B) "Av yia xarow k > 2 etvat ag_1bp_1 # 0, t0te ag + by < ap_1 + bp_1.

(y) T x&Be k > 2, (ag, by) = (ag—1,br—1)-

() Yrdpxer n > 2, tétolog &ote ayb, = 0 xkat 6 pur) pndevikog €k WV a,, b,
glvatl 6 péylotog Kowvog dlalpétmg v a, b.

‘Yriodoyiote pé v napandave diadikaocia tov péyloto Koo diaipétn v
1001 kai 4151.

"Eotw 7 = 7, 6rou 10 xAdopa oto 8e§10 pédog eival dvdayeyo, Snladr,

(m,n) = 1. Ar[0681§ts ot vnapxel k € Z, tétowo dote a = km kat b = kn.
Baotopévot o¢ atto anodeite Ott, Gv &+ = 92, tote untapyouv k, £ € 7, tétolo

by by
&ote kay = lay xai kby = (bs.

Arnobeigte 6t, &v n > 2 kai 1) n-ootr) duvaun £vog prtod eival aképalog a-
p1On06g, Tote 6 PNTOG £ivatl, dvaykaotikd, aképatog. Tooduvapn diatunwon :
"Av 1] n-ootr) pia &vog dxrepaiou eival pnrog aApduog, tote 6 PNTOg autdg

apOpog sival aképatog. M’ &AAa Adyia, 1) n-ootr) pida akepaiou eivat fj
dppntog ap1Bpog 1j ArEPAOG.
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12.

13.

14.

15.

16.

(Cevikevon tHg mponyoupevng) "Eotw moAuovupo a,x™ + ---a1x + ag pé
aképaloug ouviedeotég, 6rou n > 2 kai a,, 7# 0. 'Yrobétope t 10 oAuwvu-
po avto €xel kanowa pntn pida, v émoia ypdgpope ©g Avaymayo KAdopa %
((k,0) = 1). Arodeigte du £|a, kai k|ag. Mapawmpiote ét avto, eidikotepa,
ouvenayetat ot, av a, = 1, tote, v 10 OAuwvupo €xel pnin pila, auvtr)
glval, UMoXPERTIKA, drépald.

‘H &oxknon avt) diver pia pébodo avixveuong GAav @V pnidv pidv £vog
TMTOAU®VUPOU P& AKEPALOUG OUVIEAEOTEG, GV UTTAPXOUV TETOLEG.

Aidovtat ol aképatot ay, . .., an_1, 0y, N > 3 Kal 6pilope avadpopikd: dy =
(a1,a9), dps1 = (di,apy1) yia 2 < k < n — 1. Asi€e pé énayoyn éri 1ol k
Ot ol dlaipéteg 100 dy tautidovial pe toUg Kovoug S1alpeteg dv ay, . . . , Ay,
onote, eibwkatepa, di = (aq, ..., ax).

"Eote d = (a1, as, . ..,a,) (n > 2). Aei&te énayoyika ta £§hg:

(1) KaBe kowvog dlatpéing v ag, as, . . ., a, Staipel wov d.

(2) ‘Yrapxouv dxképatot 1, Ta, . . . , Lp, TETOWO01 OOTE d = A1T1+AoTo++ * * ApXp.

Ty anodeidn 1ot § 100 ewprpatog 1.2.2, ot £nai§e podo 1o 61 6 ¢ eivat
KOWOg S1a1péng v a, b;

‘H doknon avtr) nipoteivel Evav eUxpnoto dAyop1Opo yia va urnoAoyilel ka-
veig, 6tav 100 60000v ol Sestukol dképatot a, b, drepaioug xg, Yy, TETOO0UG
&ote axrg + byy = (a,b). Eriong, &iver pia évaddakukr) anodeln 1ol yeyo-
votog Ott, 10 tedeutalo pn pndeviko UIoAoro 10U eukAeldeiou dAyopibpou
yla toug a, b iooUtat pg 1ov péyioto kowod diaipétn toug (BA. Sedpnua 1.2.3).
Aidovtat oi detikol dképatot a, b kai YewpoTpe TOUG N KAl G2, 3, - - -, T2, T35 « -« -
Onwg avtoi 6pidoviat otd Sewpnpa 1.2.3 (BA. kai tig H1ado0x1KEG OXEOEIS OV
arode1§n 100 MPWTou PéPoug attol 1ol Jewprpatog). ‘Opilope:

Pi=q, PP=@p+1l, Bo=qgunPra1+Pio yk=3,...,n
Q1=1, Q2=gq3, Qr =@ 11Qr1+Qr2 yak=3,....n
P. P,_
(@) Arodeitte 611 L (—1)]"”1 yia ka6e k = 2,...,n. AU,
Qr Qr-1
eidikotepa, ouvendyetatl 8u (P, Q) = 1 yia xkabe k = 1,... n.

(B) Arobeigte 611, yia kabe k = 1,...,n — 1 ioxvouv oi oxéoelg
Piriro + Pyt = a xat Qprgto + Qprares1 = b

Eidwkotepa, yia £k = n — 1 naipvope a = r, P, xat b = r,Q,. Ano 1o
9epnua 1.2.3 &pope dur, = (a,b). “Yrobeote &t dyvoeite autd 10 yeyovog
Kal anodeite, pe m) Ponbeta v v kai § 100 dewpnpatog 1.2.2 kai 100
¢pwtpartog (a), éur, = (a,b).

(v) M£ ) Borjfeia wdv () xai (B) arodeige éu a@, 1 —bP, 1 = (—1)"(a, b).
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17.

18.

19.

20.

21.

(6) Ta @ = 7168 xai b = 917 ocuprAnp®ote OV MAPAKAT® ITivaka Kat
éntaAnOebote, 0tO oUYKeEKPIPEVO AplOunTuko apadeypa, ta (a),(B) kat (v):

k= 1 2 3 4 5 6=n
qk+1 =
P, =
Qr =

Tk+1 =

AxoAoubaoviag tr) pebododoyia 100 ap1OpunTkos nmapadeiypatog petd 1o de-
opnua 1.2.3 urodoyiote tov d = (654321, 123456) kai, katory, Suo axepai-
0ug Xy, Yo, T€TO10UG Gote 654321y + 123456y) = d. Katormv, drkodoubovrag
) pebodoloyia tfig doknong 16, vrodoyliote véa xg, Yo P& v 161a id1otnta.
To 6u Bpiokel kaveilg Srapopetikeg Avoeig (X, Yo) 6&v elvat apddoyo: BA.
doknon 29

"Eotew n > 2 ral Sewpotpe émolouodrnote n dtadoykovg drepaioug. Aro-
8ette 611, Av dlalpéoope kabévav Ao avtoug did n, ta Urodotra, ou 9da
nidpope eivat drapopetika petadu toug. Amod avtd cuuprnepavate 6t 6 £vag,
axkp18@g, arod toug n d1adoy1koug dkepaioug eivatl Siaipetdg Sia n.

"Av (a,b) = 1 xaim,n > 1, anobeigte éu (@™, b") = 1, pé 6vo ponoug: Mia
@OoPA XWPIg Tr) Xpron g dvaiuong v a, b o€ mp®Toug rapdyovieg Kai pia
deutepn @opd, peE xpron avtig.

(Cpagn akepaiou o€ b-adiko ocvotnpa dpidpnoeng). "Eote aképatog b > 1.
IMa kabe Yeuko dxépato a dkodloubotpe v £§fig Sadikaoia. "Extelol-
pe mv eukAeidla dlaipeon 100 a da b, Eotw a = ba; + dy, 0 < dy < b.
Avabpopikd, yia k = 1,2, ... éktedoUpe v e0KkAeibela Swaipeon 100 a 61-

a b, éoww ap = bagy, + di, 0 < di, < b. Amnodeigre 06, yua kdbe k >
k—1

1 ioxvel a = Zdibi+akbk Kalt yua kanowa uwpr) £k = n > 1, a, = 0.
Zupnepavete (%j't(l) KaOs JetkOG AKEPALOG @ PIIOPET va ypadel P& ) pop-
of do + dib+ -+ dp, 0", Briou 0 < dp < byakabe k = 0,...,n—1
kat d,—1 > 0. Aépe tote 61 ypdywape (fj mapaotrjoape) tov a otd b-aduko
ovomua 1y oto ovotnua apidunong ue Baon b. Mpopavdg, yia b = 10 Exope
) yveotr) 10-61kr) napdotaon 10U a.

"Eoww a = bg + 1 p& a,b,r > 0 (ol ¢,r propel va mapiotavouv mnAiko
Kai UroAotro, aviotoixwg, thg Siaipeong 1ol a 61a b, AAAd autd 6&v eival
arapaitnto) Kai n oroloodnrote. Armodeilte 6t UnApxel s, TE€T010§ WOTE,
n®—1=(n’"—1)s+n" — 1. * Mé ) BorBe1a avtol arodeikte ta £&hg:

*Xpnotpornoteiote my tavtomta 1 — 1 = (z — 1)(z™ P+ 2™ 2+ 2+ 1).
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23.

24.

25.

26.

27.

28.

29.

30.

1. (n*—1,n*—=1)=nt—-1,n"-1).
2. (n*—1,n*—1)=n?—1, érou d = (a,b).

“YrioAoyiote toug (182,422) kai (2311, 3701).

TCpdayrte 10V (399, 703) O¢ ypappikd cuvbuaopd (pé akEPaloug OUVIEAEOTEG)
v 399 kat 703.

‘Yroloyiote axképateg Auoelg kKabe pidg ano tig é§lonoetg H47r + 632y = 1,
398z 4+ 600y = 2 kai 922z 4 2163y = 7, xpnowporowoviag KatdAAnda 1o
Yedpnpa 1.2.3.

‘Yriapxouv axképateg Auoeig z, y g éSiowong 1841z 4 3647y = 1; Awkaiolo-
yfote v andavinon oag.

Atdovtat ol dxépatot ay, ..., ay_1, Ay, N > 3 KAl Opidope avadpopika: my =
lai, as], mpy1 = [mg,ar1] via 2 < k < n — 1. Aeife pé énayoyn i
100 k Ot t& moAAariddaota 1ol my, tautidoviat pe td Kowvda rmoAAarddola t@v
aiy,...,ag, ONOTE, e8IKOTEPA, My = [ay, . . ., Gk

Anodeigte 6u (a,b) = (a + b, [a, b]).

Na& urtodoy1o00Uv 6Uo Setikoi drEpatot, TRV OToiav 1O dBpotopa eivat 64 980
Kai 1o éAdax1oto Koo moAAanAdold toug icoUtatl pe 58 639 842.

OewpoUpe v &Eiowon ax + by = ¢, érou ot a, b, ¢ elval yvwotoi, pr) pndevi-
Koi, kai ol dyveootot z, y etvat aképatot. ‘E§iomoelg, t@v oroiov ol dyveootot
elval aképatot, fj pnroi, Aéyoviat Sogavtikee £E1000ELG, TIPOG TIPLV TOU a-
Ae€avopvol pabnpatikol Alodpdaviou, OV EAANVIOTKAV XpOvVaV, O OIolog
épedétnoe ocuotpATiKA Tétoleg £§lowoelg (6x1 povo pwtou Babpod).

(@) ArodeiSte 6, @v 6 (a, b) 6iv Blaipel tov ¢, 1) €&iowor) elvatl aduvar.

(B) "Eow d = (a,b) kal dlc. ME ) Borjfewa tfig doknong 18 kai vro-
Sétaviag, xwpig PAGBN thg yevikomrtag, 6t b > 2 (yati 8&v BAdrttetat i
yevikotnta;), arodeigte ot 1) £§lowon €xel pia, toudaxiotov, aképata Au-
on (zo,y0). Katomwv, 8eigte 6u, yia kabe k € Z, Avon eiva, ériong, 1§
(x,y) = (zo + ks,yo — k%). Zuvenag, dv tnidpxet pia Avon tfig Slopav-
TKAg &§lowong, tote Undpyouv drelpeg Avoeilg tng. MropoUpe, dpwg, va
POXWPHOOUE Teploodtepo: Kdabe Avon thg dopavukig éSiowong €xet v
napanave popdn. Andadr), av (1, y;) eivat, émiong, Avon tg Slopavukig
é¢lowong, tote undpyxet k € Z, této1o Gote x1 = xg + k% Kai Yy = yo — k3.
Av biby # 0 xai o= {2, 1o, y1a kdBe mpdto p ioxvet vp(ar) — vy(br) =
vp(az) — vp(b).

Mropeite va xprolpononoste v doknon 10.
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31.

32.

33.

34.

ArtoSeilte TiG OXEOELG

(a’ b) — H pmin(vp(a),vp(b)) ’ [&7 b] _ H pmax(vp(a),vp(b)) )

P mipatog P mipatog

Mzt 1) Bor|Bera avtdv napatnpijote 8t anodeikvuetat dpéowg 1) oxéon (a, b)|a, b =

ab.

"Eote 9et1kog rp@dtog p kai 9etkog axképatog k < p. Arnodeigte 61 6 diwvu-
PKOG oUVteAEOTIG i glvatl oAAarnAdoto tod p.
Ynioden : Apkel va anodeifete 611 6 £xOENG v, 10T S10VUNIKOT aUtol cuviedeotr)

= , - \ , p o p - 1 v N
evat SSTIKOS. Xpr]OTFlOHOU']OTE‘: v tauvtotnta k = E E_1 rat ug BQOlKSS

610t teg T0U EkOE V).

Bpette, pe 1) Pornbela tdv rmubayopeinv tptddav, tunoug dUo dxrepaimwv
napapetpov C' kat D, mou va &ivouv Avocelg thg Sopavukig éiowong
X4 4Y?2 = 7% pg X dpuo (pila neptrmoon), kat X mepttto (6evtepn rie-
pirmtwon).

MuunOette, pé€ PMIKPEG TPOIOTO0elG, v artodei§n 1ol EvkAeidn ya v
Unapdn aneipev mpotev (npodtaon € 100 dewprpatog 1.4.1) kai arodeigte
61 Unidpyouv drnepot mpdtot g popdig 4k + 3. Avdloya, arodeilte Ot
Undpxouv Arelpot rpdtot g popdig 6k + 5.



KegpaAairo 2

'Iootipieg

216 Kepaldalo auto, oi m, n elval MAVIOTE AKEPA10l PeEyaAutepotl ToU 1
Ta Aatvikd ypdppata cupBoAidouv avia arepaioug

2.1 ‘Opilopoi Rai BacikEg idrotnteg

IIpdtaoy - Oplopdg 2.1.1 “Eotw dképaiog m > 2. Oi £§N¢ ovvdikeg eivat
loobvuvaueg yia toug akepaiouvg a, b:

1. m|(b— a).
2. “Yrapyet akgpaiog k, térotog wote b = a + km.

3. To vmofouno ¢ Sraieoewg 10U a 6ia m evat ioo ue 1o Umofouno ¢ Siaie-
oewg toU b dra m.

“Otav pla ano ti¢ tapanave icodvvauss ovvdnKes dindevel, 10te ypa@poue

a=b (modm)
Kal StaBalope avin ) oxéon a iootuuo b ustpw m 1 a iodupo b modulo m. ‘O
m Agyetar pérpo g ivoupiag a = b (mod m), oi 6¢ apduoi a,b xapaxinpifovtar

iodtpor uétoe m. ' Avtr 1 oxéon icotiag ustpe m slvar oyxéon icodvvauiag oto
OUVOI0 TV dKepalowv doidU®U.

PES® eival capeg 10 mAsovEKTNHIA YA®OOIKEG oikovopiag, ToU mapéxet 1j Xpron ths 80TIKAg
Wétper, 6nAadyy, «dg rpog pétpor. “H xprion 100 Aativikou modulo sivat paldov kakonymn otd £A-
Anvikd, kai 1) dvukaraotaon g ano ) Aégn uodo(v), mou rnpoteivetal Ard KATO10Ug oUyXpovoug
#AAnveg ouyypageig (N. Mappapidng, A. Ntafig) poiadet moAu &€elnnuévn, &v kal sival axkpiBrg
ano érnioyn yAwooikig avuiotoixiag rpog o modulo.

25
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'An6dedn (1) = (2): ‘H vndbeon m|(b — a) onpaiver st trniapyet k, éroto dHote
b—a=mk, Gpa b= a+ mk.

(2) = (3): "Eow 6t b = a + mk. "Av ¢, r eivai, 4vuotoixeg, 1o mmiiko kai to
unoAowro thg draipeong 1ol a da m, wte a = gm + r rait 0 < r < m. ‘Onodte,
b=a+mk=(k+ q)m+ r xai fj oxéon avty, mpopavdg, Aéet 81, 10 nAiko g
dlaipeong 1ol b 61a m eivat k + ¢ kai 1o vrtddowro (rov autd pag éviiapépet) elvat
r. AnAadn, ol drapeoeig 1V a 61 m kai b dia m €xouv 10 1610 UrdAOITO.

(3) = (1): "E§ urnobéoewg, oi diaipioeig @V a 8ia m kai b 61&a m &xouv 10 1610
unodotro, 10 6roio &g oupBoAicope 7. "Eotw &t ta dvtiotoiya rmdika eivat ¢y, go.
Tote a = mqy + 7, b=mgy + 1, 6n6te b — a = m(qa — q1), dpa m|(b — a).

Mével v’ anobeifope 6t 1) oxéon icoupiag pétpe m eivatl oxéon icoduvapiag.
Autonafrg i816tnta: a = a (mod m) onpatver m|(a — a), oxéon npopavdg aAn-
Org.

Tuppetpiky idotta: "Av unobéoope dt a = b (mod m), tote m|(b — a), énote
kal m|(a — b). AAA& 1) tedeutaia oxéon onpaiver b = a (mod m).

MetaBatikr) iSiotnta: "Av Uriobécope tta = b (mod m) kai b = ¢ (mod m), tote
m|(b — a) xai m|(c — 1), &pa 6 m &apei wov (b — a) + (¢ — b) = ¢ — a. AU, £§
optlopoy, onpaivet étt a = ¢ (mod m). 6.£.8.

"Av oi a, b 6¢v eival iootipol pétpe m, tote Adpe Gl elval dviooTiuoL UETO® T

Osopnpa 2.1.2 - Baowkég i610tnteg 1OV I00TYUIOV.

a. ’looutuieg pe 10 id610 UETPO UTOPOUV VA TPOOoTEdOUV, va APYaedoiv 1 vad
noAAanAactacdoiv Katrda UEn.

B. Ta évo uean wag icotuiag umopotv va vyadoiv otnu idia dvvaun.

Y. Ta dvo uean wag tootuiag pumopotv va moffaniaciacdoiv ue tov 6o
apduo.

§. Av f(x1,...,x,) evar pia TOAU@VUUIKY TapAotaon ué AKepaious oUUTe-
Aeoteg kai a; = b; (mod m) yrai = 1,...,n, e f(a,...,a,) = f(by,...,b,)
(mod m).

g. Ta 6vo uéfn wag iootuiag kai 1o UETPO UTOPOoUVL va toAfanaciacdoiv pue
0V 610 aP1do.

q'. Ta 6vo uejin wag iootuiag Uopouv va Siaipedoiv ue Eva Kowo Olaipemn
1@V 6U0 ueAdv t1¢ ivotuiag, dokel autog O Slapeng va eivat TP@TOE TPOS TO UETPO.

¢. Ava =0b (mod m) kaid > 2 eivar Srapémng 1ov m, 1te a = b (mod d).

n"Ava =b (mod m), wre (a,m) = (b,m).

"Anodefn  Alvope ouvortukd tig oUtwg f) dAAwg aridég arnodeifelg 1@V ioxupt-
op®V 100 dewprpatog.

a’. Alvope v anodedn yia dvo icoupieg a; = b; (mod m), (i = 1,2). Ta
MEPLO00TEPES Xpetadetal amif] énaywyn. "Exope b; = a; + kym (@ = 1,2) yua
karowug k; € Z. TlpooBapaipoviag autég tig oxtoeilg maipvope (by £ by) =
(a1 £ ag) + (k1 = ko)m, 6nAady), a3 £ as = by £ by (mod m). IToAdardaciadoviag
g 181eg oxéoeig naipvope bibs = ajas + (arks + asky + kikom)m, &pa ajas = biby
(mod m).
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B. "Eoww a = b (mod m). Tpagpope avtr) v icoupia n @opig kai rodda-
rmaotadope auvtég tig n 10 MARBog {ootipieg kKata péAn (propotpe Adye 100 a),
onote naipvope a™” = 0" (mod m).

Y. Av a = b (mod m) kai k eivat tuxev aképatog, 9edope va deifope 6
ka = kb (mod m), 8ndadny, 6t 6 m dwaipel tov kb — ka = k(b — a). AU, dneg,
gtvat aAnbég, dou m|(b — a).

&. ‘H napdortaon f(x1, ..., x,) eivat &6poiopa nenepacpévou rAfidoug Spwv
g popdfig kxy' - - - xf". "Eneidr) prnopotpe va rpoobétope iootpieg Katd 1éAn

(Ady® 10T @), dpkel va Seifopie 6tt, yid kabe tétoo povavupo, ioxvet kaj' - - -al =

kbt - - ber (mod m). Tlpaypatn, &§ vrobéoews, a; = by (mod m),..., a, =
b, (mod m), &pa, pé xpnon v npotdcswv o, B kail y, &ope: af' = b
(mod m),..., at* = b (mod m). TNoAdarmdaoiagovtag Katd péAn, aj’ ---af" =
bt - - b (mod m) kai, petd, moAdardaoidlovrag érd k, kai' - - -aSr = kbt - - b5
(mod m).

¢ "Eotw a = b (mod m) xai k érowocdrrote. “H Unobeory pag icoduvapel pe
10 611 O b_w‘l elval AKEpalog, Omote % givatl aképaiog, dnAadr, km|(kb — ka),

rou onpatvet ka = kb (mod km).

q. "Eow a = b (mod m) xai d rowodg Saipéng v a,b, 6 6molog eivat
p®1og 1Pog tOv m. Fpdgope a = day, b = db; xai &xope va bei§ope Ot a; = by
(mod m). AAAd 1) UndOeor) pag ouvenayetat 6t 6 m dwapei tov b—a = d(by —ay),
&vd (m,d) = 1, ondte, anod wv npodtaon q 00 dewprjpatog 1.2.2 Enetal du
m|(by — a1), 8ndadn, a; = by (mod m).

¢. ‘H Unobeon Aéet 8t m|(b — a). AAAa d|m, dpa d|(b — a), érote a = b
(mod d).

n. Amno u)v unobeon, b = a + km yua karowov dxépaio k, o6mdte, Apkel va
g¢pappooope v ripotaon B’ 1ol dewprpatog 1.2.2.  6.£.6.

2.2 ZXuotnpata UnoAoinwv

Ano v mpotaon-6popd 2.1.1 sivat oapsg 6, yia kabe a Umapyet &vag a-
KRpB®G axképaiog ag € {0,1,...,m — 1}, téroog dote a = ay (mod m). Zuv
npaypaukomnta, 6 ag eival to vnodowro tfg diaipéoeng 100 a 6ia m. Eida-
pe, ériong, 8t f) oxéon icoupiag pérpe m eivar oxéon icoduvapiag, &pa -
X€l vonua va piddpe yua kAdoeslg iooduvapiag, t1ig Omoieg Agpe kjldoeig i0ott-
uiag uetow m 1y kAaoegg iootuiagc modulo m. ‘H kAdon icoupiag to0 a pétpe
m oupBoAiletat a mod m kai eivai, @uoikd, &va énelpo ouvoro. Apa, a = b
(mod m) < amod m = bmod m. "Av, 8nwg napanave, a; £ivat t UIGAOUTO
g Srapéoewg 100 a 61a m, tote a mod m = ay mod m, Gpa, ol KAACEIS PETPR
m etvat oi 0 mod m, 1 mod m,...,m — 1 mod m. Tapddsiypa. "Eotw m = 12.

‘H xkAdon 100 45 anotedeital ano 6Aoug (toug Arelpoug) AKepaioug a, yid toug
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ornotoug ioxvet a = 45 (mod 12), dpa

45mod 12 ={...,—51,—39, —27,—15,—3,9,21,33,45,57, .. .}
={45+ 12k : k€ Z} .

"Ag pavtacBoUpe topa Ot and Kabe KAdon ErmAgyope €va, Akp18®G, arEpatlo. Tote
oxnpatiope €va ouvolo, drotedoupevo Amo m 10 MANBog drepaioug aq, . . ., Ay,
ava dvo aviootipoug pétpe m. “Eva té€tolo ouvodo Aéyetatl mAnpeg ovotnua umo-
Joirtev pétpe (fj modulo) m. To drmdouotepo, Kai ouvnOEotepa XPNOTHOITOIOUPEVO
rAfjpeg ovotnpa vrodoinwv eivat t {0,1,...,m — 1}, mou Aéyetar éddyioto un
dpvntuko Anpeg ovotnua. “Eva dAAo rmAfjpeg ovotnpa Urnodoinwv, mou Xpnotyo-
roletal APKETa ouxvd, givat 1o

{—%4—1,—%—1—2,...,0,1,...,%—1,%}, dv 6 m eivat dptiog
Kat
-1 -3 -3 —1 -
{_m2 7_m2 ,...,—1,0,1,...,mT,mT}, av 6 m sivat mep1trog.

Auto Aéyetar anoAvtwg Efayioto nAnpeg ovotnua. Ilapadetypatog xdpw, 10 a-
roAUteg £Adxioto mAfipeg ovotnpa yia m = 12 etvar {—5, —4,...,4,5,6} xai yua
m = 11 elvar {5, —4,...,4,5}. Tlépav, speg, altdv OV EEXWPLOTHV ouotua-
v, tnapxetl pia dnelpn nowkidia mifpev ocuctnpatev. A. X., yi m = 6, 1o
{12,4,62,—11,9, 83} eival mAfjpeg ouotnpa Unodoinev, §161

12=0,4=4,62=2, -11=1,9=3,83=5 (mod 6),
Ortou napatnpoUpe 6t ta 6e€1d péAn kaAurmtouv 6Aa ta duvatd vroAowrta 0,1,. . . 6.

Ipdtaon 2.2.1 "Av 10 {ay, as,. .., ay,} val Tifpeg ovotnua UTOAoIGUV UETPG
m, 0 b elvar omoloobnmote dKéPailog MP@TOS TPOC TOV M. Kal O ¢ OTOCENTOTE AKE-
paiog, 10te 10 {ba; +c, bas+c, . . ., ba,,+c} evar, éniong, tifpeg ovotnua vmooitwy
uéQ m.
"Anodedn  Apkel va deiope 6t ol dpOpot bay + ¢, bas + ¢, . . ., ba,, + ¢ etvar ava
duo aviootipot pétpy m, otnpldopevol otrv Unobeon Ot ol apOpot aq, as, . . ., Ay,
glvatl ava 8uo avicotpot pétpe m. Ilpaypat, dv i # j kai ouvéBawve ba; + ¢ =
ba; + ¢ (mod m), téte, mpooBEtovtag o’ avtr) v icotpia myv —c = —¢ (mod m)
9a naipvape ba; = ba; (mod m) kat katéruv, Ao v rpdtacn g’ 1l YewpPHPATOg
2.1.2, dapevrag 81a b, ov eivatl mP@Tog TIPOg TOV M, 9d KataAryape otr) oxXEon
a; = a; (mod m), fj 6rota dvuipaoket oty Unobeon.  6.£€.6.

"Ag Sswprioope TWPA KATOOV @ MPRATO Tpodg m Kal b omolovérmote api1bpo
)G KAdong a mod m. Amnod w)v npotaon n U dewpnpatog 2.1.2 Enetat ou
(b,m) = (a,m) = 1. "Apa, &v &vag ap1Bnog Mag KAAoNg PETPE M £ival PATOG
pog m, tote Kai kaOs dAAog ap1Buodg avtig thg KAdong eivatl mp@Tog pog M.
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Kataxpnoukd, Aédpe 6t avtr) 1] KAAon sivatl mpot) npog m. “Ag eaviacbolpe
Topa Ot &xope éva mAfjpeg ouotnpa UITOAOIN®V PETPR M Kail Aro avtd ErmAEyo-
pe ékeivoug toug ap1Bpoug 1ol cuotruatog, oi Ormolot eival P@Tot Pog m. To
ouUvolo, TIOU AapBavope PE auto TOV TPOTT0 AEYETAL TTEPIOPIOUEVO OUOTNUA PETPR
(f modulo) m. "Av, ywa napadetypa, m = 10 kai Sewprioope 10 nmAfjpeg ovotnpa
{15,11,22,33,—11,—12, 23,6, 14,100} (éAéy&te 6u elvar dvieg mAfjpeg ovotn-
pa pérpe 10), tdte 10 TEPIOPIoPEVO oUCTHA UMOAOIM®Y, TOU TIPOKUITIEL £ival
{11, 33, —11, —23}, 61611 avtoi kai povov oi apiBpol 1ol MANPOUg CUCTHHATOG £1-
vat rip®dtot ripog 1o 10. TTapatnpfote 61, yia apadetypa, ot dpOpot 7, 17, -63,
rovU avikouv otrjv kKAaon —23 mod 10, eival, ériong, mp@tot ripodg tov 10.

Av {ay, ... an} kal {by,...,b,} elval mifipn cuowjpata vrodoinwv, tote K4Oe a;
etvat iootpo petpe m pé axpBadg &va b; kai, 6Neg Mmapatnproape napPandve,
etvat (bj, m) = 1 &v, xat povo av, (a;, m) = 1. Tuven®@g, &va MePLOPIOPEVO OUOTI)-
pa UrnoAoinewv, amno 6motodrnote nMAfjpeg ovotnpa Kt Av mpogpyetatl, xet 1o 1610
Af100g ap1OpdVv. "Av EruAédope, Aowrtdv, 10 EAAX10TO Pr) APVNTIKO MATiPEG oUoTnua
UToAoinav, T0TE 1O MIEPIOPIOPEVO OUCTNHA, TTIOU TIPOKUITIEL ATIO aUTO, ATIOTEAETTAL

ano éxeivoug Toug ap1dpoug 1, ..., m — 1, oi émoiot eivat mp@tot rpog tov m.2 To
rAfibog toug oupBodidetat ¢(m). “H ouvaptnon ¢, rou ot kabe m > 2 Avuotoixel
10 TAfiBog ¢(m) WV drepaiov 100 ouvédou {1, ..., m — 1}, oi érolot elvat rp@tot

pog tOv m, Aéyetatl ovvdptnon ¢ tou Euler. Zupgeva, Aoutdv, pe doa sinape
ripiv, KGOe meploplopévo cuotnpa Urodoinev repiéxet ¢(m) to mAfjfog ap1BPovg.
To Sewpnpa 2.2.3 rapéxel TUMo yid tov Urodoyiopod ol ¢(m) dtav eival yvoot
1] Kavoviki) dvaAuor) 1ol m.

Ipdtaon 2.2.2 "Av ay,as, . ..a; €val TEPIOPIOUEVO CUOTNUA UTOAOITOV UETOQ
m (k = ¢(m)), kai 6 b elvar mpd10¢ MEOG M, TOtE bay, bay, . . ., bay vai, émiong,
TLEPLOPLOUEVO OUOTNUA UTLOAOIT®OU UETO® M.

"Anoédeldn Tlpdta napatnpotpe 8t KAOe aplOpog ba; eival mp@tog rpodg tov m.
AUTO ipokUITIE Anod tig unobéoetg (a;, m) = 1 kai (b,m) = 1 kal wyv npdraon g
100 Yewprpatolg 1.2.2. Mével twpa v’ arodei§ope 6t oi apOpot ba;, it = 1,..., k
gtvat ava 8vo aviootpot pétpe m. Ipaypat, &v ba; = ba; (mod m) pe i # j,
t0te, And v npotaoy q 1l Yewprpatog 2.1.2 94 npoékurtte a; = a; (mod m),

dtorto. 0.£.6.
Atvope twpa tig Baocikeg i61otnteg g ouvaptnong ¢ t1ou Euler.
@shpnpa 2.2.3 a. Av (m,n) = 1, wte p(mn) = ¢(m)op(n).
B. "Avm = pi' - - pi¥ elvar ) kavovikn avdiuon toU m, t0te
1 1 a1—1 ap—1
Bm) = m(1 = =)o (1= =) = gLy — 1) (e — 1)
P1 Pk
Ipokewgvou va ovunepilaboue otd nedio 6piopuol g ¢ kai 10 1, 6piloue ¢(1) = 1.

2T6 1610 £ivat, va modpe 811, arotedeltatl amnod toug apdpovg 1,...,m — 1,m, oi éroiot givat
P@TOL IIPOG TOV M.



30 2. 'Iootipicg

"Anodeln o. "Eoww M kai N meplopiopéva ouotrpata UroAoinev pétpe m
Kai n, avuotoixeg. @ewpoipe 1O oUvolo

S={mx+ny : €N ye M}

kai 9a 6oUpe kamnoieg id10tnteg 10U S.
(i) Av x1,29 € N, y1,y2 € M rai x1 # xo €lte y; # Yo, WOTe Mx1 + Ny, %
mxo+nys (mod mn). Mpaypaukd, &g vrobéoope, dixog BAABN thg yevikottag,
6t x1 # xo. TOte kai x; Z x2 (mod n), 610w oi x1, x5 dvfikouv otd cuotnua
urodoinwv N. “Av foxue mx; + ny; = mas + nys (mod mn), téte 9a foxue kai
mxy + ny; = mrs + nys (mod n) (mpodtaon ¢ 100 ewpripatog 2.1.2), dpa mr; =
mxzy (mod n), apot ny; = 0 = nys (mod n). Adda (m,n) = 1, dpa, daipwviag
&1a m, ratadnyope o)y 1 = x9 (mod n), of avtiBeon pé 6,1 napawmpnoape
Atyeg ypappeg mo nave.
(ii) KaBe ap1Bpog 1ot S eivat mp@tog mipog tov mn. Ipaypat, €ot® mx + ny €
S. Ewvat (y,m) = 1 xai (n,m) = 1, &pa, Bdoetl @V npotdoewv € Kai B’ 10T
Sewprpatog 1.2.2, (mx +ny, m) = (ny, m) = 1. Avddoya, (mz+ny,n) = 1, dpa
kai (mz + ny,mn) = 1.
(iii) 10 S ta = dratpéxouv ¢(n) kai ta y ¢(m) dapopetikeg Tipég, dpa 1o Ao
WV apOpdv 1l S etvat ¢(n)p(m). “Onwg £idape oto (i), oi apdpoi auvtol eivat
AviocoTipot PETP® mn, v, Aoye toU (ii) eival p@dtotl ipog tOv mn, dpa AroteAotv
UITOOUVOAO £VOG TEPLOPLOPEVOU CUOTI|HATOS UITOAOIN®V PETPQ mn.
(iv) ®a 6ei§ope topa Ot KOs AP1OPOG PRATOG MPOG TOV MmN £lval I00THOG PETPR
mn p€ KArnowov anod toug apdpoug 1ol S. AUTO, o¢ ocuvbuaopod pe to (iii) 9da
nag met 6t 10 S eivatl Eva neplopiopévo ouotnpa Urodoinev Kai 8x1, arnidg, &va
UTOOUVOAO TIEPIOPIOPEVOU OUOTHHATOg UTtodoinwv. "Eot®, Aortov, k pdtog ripog
mn rat ag Sswpnoope toug dpOpoug mlé — k, ¢ = 0,1,...,n — 1. Baoetl t|g
npotaong 2.2.1, ol apiOpot avtol anotedotv rnAfjpeg cuotnpa UnoAoinwv pPerpw
n, dpa yua xanowo ¢y ioxver mby — k = 0 (mod n). AvW) 1 tedeutaia oxéon
pag Agel 6 unapyxet z €tol Gote ml — nz = k, érou ¢ = (3. ME xprjon v
npotacemv € Kai B’ 1ot Jewpnuatog 1.2.2 BAérope 6t (¢, n) = (ml,n) = (ml —
nz,n) = (k,n) = 1, dpa 6 ¢ elvat icdupog pérpe n pé kanow o € N. Avddoya,
(—z,m) = (—nz,m) = (ml —nz,m) = (k,m) = 1, dpa 6 —z elvar icdéupog
HEp® m pé xanowo Yy € M. “Etot Eope ¢ = 9 (mod n), &pa (npdtaon €
00U Sewprpatog 2.1.2) ml = mzy (mod mn) xai, ériong, —z = 7o (mod m),
dpa —nz = nyy (mod nm). IlpooBétoviag kata péAn, ml — nz = mxy + nyo
(mod mn), 6nAadn, k = mxy + nyo (mod mn), ériouw maxy + nyy € S.
Luvoyiloviag, katadfyope otd ouprépaoua 8t 1 S pé mnbdapiBpo ¢(m)o(n)
elval Tep1loplopévo ouotnpa Urodoinev pétpe mn. AAAA Eva TEPloplopévo ou-
otpa vrodoinev pétpe mn nieptexetl ¢(mn) apidpoug. Apa, ¢(m)o(n) = ¢(mn).
B. TIIpopavdg, 1] mpotacn A’ YeVIKEUsTAl Kal yid MePloootepoug Ao SuUo
ap1Bpouvg, dpkel autoi va eivat dva 6vo mpdtot puetalv toug. ‘Omnodte, dv €xope v
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KAvoVvikr avdAuorn 100 m, 0rnwg oto B’ g EKPwvnong, tote

d(m) = ¢(p1") - - d(py*) 2.1)

kal apket va BpoTpe va yeviko turo yia 1o ¢(p?) 8tav p nmpdtog kai a > 1. Ao,
6pwg, elval eUkolo: @£Aope va Uodoyicope mOootl Yetikol AKEPA101l PIKPOTEPOL
10U p® elval mp@tot 1pog tov p®. Eival eukodwtepo va Urodoyicope mooot 6£v
elvat, 6101, &vag apBpog dév eival mpdtog mpog tov p* dv, kai povo dv, eivat
rioAAarAdaoto toU p. Tda Sstukd moAdarddotla 100 p td pikpotepa ol p® eival ol
apOpoti p, 2p, 3p, . . ., (pa_1 — 1)p, émote, 10 MARBOG TOUg elval p*~ !t — 1. Apa, 10
mAfj00g TV FeKGDV AKepai®v, MoU eival PIKPOTtePOl 100 p* Kal mpRTot IPodg TOV
p* evar (p* — 1) = (p*' = 1) = p* —p~t = p*(1 = 1). "Ewov, ¢(p*) = p*(1 - 1)

p
Kal topa ano v (2.1), €xope oAU ekoAa ToUg ATTOOE1KTIEOUG TUTTOUG.  O.€.8.

Ocdpnua 2.2.4 d. (Euler)'Av (a,m) = 1, ote a®™ =1 (mod m).

B. (Fermat) "Av 6 p elvar mpdtog kai (a,p) = 1, éte a’~ ! = 1 (mod p).
‘Too6vvaun diatunwon: "Av 6 p elvar mp@itog, Wte aP = a (mod p) yd kade a.

y. Av (a,m) = 1 kaiv = p (mod ¢(m)), e a” = a* (mod m).

'Anédeldn o. "Eow k£ = ¢(m) xai {ai,...,ar} &va neplopiopévo ovotpa
urodoinev pétpe m. Anod 1o Sevpnpa 2.2.2, 10 {aay, . .., aaq} elvay, ériong, me-
ploplopévo ouotnpa Urodoinwv pétpe m, dpa, kabévag amno toug apldpoug 1ol
deutépou ouotpatog Urodoinwyv etvat io6TPog PETPE M Pé Evav Akp1B®dg Arod toug
ap1Bpovg 1ol rpwtou cuotpatog, 6mdte (aay) - - - (aag) = ag - - - ax (mod m), 8-
Aabny, af(a;---ag) = ay---ap (mod m). AN (ap---ag,m) = 1, 61011 KaBévag
anod toug a; eivatl petog rpog m (BA.C 1T Sewpnpatog 1.2.2), dpa, Siaipoviag
Kal ta 6Uo péAn da aq - - - ay (BA. 9 10U Sewprjpatog 2.1.2), kataAryope oty a-
nodeiktéa a® =1 (mod m).

B. ’E¢appodoviag 10 a pépog yia m = p Kal mapatnpoviag Otl, mpopavidg,
¢(p) = p — 1, xatadfyope ou)v anodeiktéa oxéor).

Y. ‘YroBétope, Sixwg PAdBn g yevikotntag, Ot v > . AoOye tHS V = W
(mod ¢(m)), oupnepaivope 8t Undpxet Seukog Arépaiog ¢, tétolog Gote v =
i+ Lp(m). Apa, Aoy kai 100 Sswprjpatog 1ol Euler,

a’ = a“(oa(‘z’(m))(Z =g"* 1" =" (mod m) .

0.£.5.

Mia ripopavng, aAAd £§alpetikd Xprjoun, £épappoyr) 1ol dewprjpatog 2.2.4
glvatl 6 UroAoy1opog 10U UrtoAoinou piag diaipeong peyddev apibudv, dnwg eai-
vetat anod 10 mapakdatw napdadeitypa. ‘H tetpiupévn mapatpnon eivat éu, av
a =r (mod m), kat 0 < r < m, téte, 1O VnGAowo TG daipeong U a dia m
eivat r. ‘H nmapat)pnon aut) eivat ipogpavr)g ouvbuaouiog tijg rpotaong 2.1.1 kai
10U yeyovotog 6t 10 UrtoAotro tig Staipeong 100 r 61 m eivat r.

IMapadelypa unoloyiopot tod unodoinou Srwarpéoewg. Na UmoAoylodel
10 UméAouro ¢ Sraipeong 1o 174379%2°7 &1a 57624.
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Apkel va Umoloyicope ur) apvnukd r < 57624, téroo dote 17437932971 =

(mod 57624). Ip@ta-ripdta, to UrtdAotro g Siaipeong 10U 174379 614 57624 €1-
vat 1507, &pa, 174379 = 1507 (mod 57624) kai, ouvenag, 174379327 = 150732971
(mod 57624). Tlpiv npoxwprjoope vrodoyilope éu (1507,57624) = 1, &pa pro-
poUpe va épappooope 10 Sedpnpa 1ol Euler pe a = 1507 xat m = 57624.
Mze 11) Bor|Bs1a 100 Sewpnpatog 2.1, vrodoyidope
N 1 1 1

6(57624) = 9(2° - 3-T4) = 5T264(1 — 5)(1 — 3)(1 — =) = 16464,
&v@ 1O UTdAdotro thg dlaipeong toU 32971 61a 16464 eivar 43. "Apa, 32971 =
43 (mod 16464), émndte, ano 1 y 100 Sewpripatog 2.2.4, 150732970 = 150743
(mod 57264). Méxpt ouypuiig, Aowtdv,

174379%™ = 1507*  (mod 57624) .

‘O Urodoytopog 10T 15074 pétpe 57624 propel va yivel pé dtapopoug ouvdua-
opous. “Evag tpormog, yia mapddetypa, aiverar mapakdie®. O1i Unioloyiopol
EXOUV yivel p& KOPIMoUTEPAKl Toérng. & KAabe ypaupur), 1) mo de§ia icotpia
mod 57624 dpeidetat o¢ vrtodourto Srapéoewg, dSnAadn), oty MPWN ypappr, ya
riapadetypa, eivar 2271049 = 23713 (mod 57624) 81611 16 UridAoro tiig Sraipeong
100 2271049 614 57624 eival 23713. Avadoya kai otig GAAeG ypappég.

15072 = 2271049 = 23713  (mod 57624)
1507 = 23713-1507 = 35735491 = 8611  (mod 57624)
1507 = 86112 — 74149321 = 44857  (mod 57624)
1507° = 44857-8611 = 386263627 = 9955  (mod 57624)
1507'8 = 99552 = 99102025 = 46369  (mod 57624)
150721 = 463698611 = 399283459 = 6763  (mod 57624)
150742 = 67632 = 45738169 = 42337  (mod 57624)
15074 = 42337-1507 = 63801859 = 12091  (mod 57624)

TUVEN®G, tO {nroupevo Urddotro eivat 12091.

2.3 “Yyoon ot 6uvaun

To nmapdaberypa UtoAoy1opoUT ot0 TEA0G TG TPONYOUHEVNG TTApAYPAdOU PIOPEel va
yivel o peBodikd, dv ypaypopue tov £kOETN 43 (g Suadikd ap1Opo6 by + 2y +22by +
23b3 - -+, 8riou xkABe b; elvat O f 1. Ta by, by, b, . .. eival ta duadkda pneia (bits)
100 4p1Opos. I'a napdadetypa, ta duadikd yneia 100 43 Urodoyidovial og £ENG:

AgoT 6 43 elval meptttdg, énetat &t by = 1. Todpa, 43 = 1+2b; +22by +23b3 + - - -,
apa 21 = % = by + 2by + 2%b3 + - - -, bmoTE, APoT 6 21 eival mepirtdg, by = 1.

Metq, 10 = 212—_1 =by+2b3+- - -, &pa by = 0, apos 6 10 eivat éptiog. Tuveyilope:

5= % = b3 + 20y + - -+, Gpa by = 1. Tedkd, Bpiokope 6t ta Suadikd Yynoia 10T
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43 eivat (b, ..., bs) = (1,1,0,1,0,1) xai ypagope 43 = (101011). IT16 yevikd, dv
by, by, . .., by elvat ta Suadika yneia kanoouv 9eukot drepaiou N, ypagoue N =
(bg, ... b1bg). “O oupBoAlopog altdg XPNOHOIOLETIAl Uovo 0” avtrn Y Tapaypagpo.

To napandve tapadetypa pag vrodeikviel ocap®dg TOV Mapaxkdate dAyopiopo.
Kdavope xprion 100 cupBoAtopou [al,, yia va nAoocope to Uriodouro tfig diaipeong
00 a 614 100 m > 1. ‘Onodte, 6 cupBoAionodg otov AdyopiOpo [al, onpatvet 0, &v
0 a glvat dptog kai 1, dv 6 a eivat meprttdg. Emiong, mapatnpijote 6t, v 6 B
elval 9eukOg AKEPA10G, TOTE

[E} _J&  av Bdpuog
2] T_l av B mieptttog
AATOPI®MOE METATPOITHE =E AYAAIKO.

Eiodyetat 9eukog axépaiog N.

"E§ayovtat ta duadwa ynoia by, I =0,1,2,... 100 N.
Tivetat xprjon v Bondnukdv petabAntav [ kai B.

I—0 : B+«N
ENOzQ B > () EIIANAAABE

by =[B]s : B%[%} T —T+1
TEAOX EITANAAHWHZ
TEAOZ

‘O napandve adyopiOpog nepiexetatl, PdlAov Kpuppévog, otov dAyoptdpo tyw-
ong o¢ Suvaprn, mou 9a mepPlypdyope MAPAKAT® Kail toU O1moiou 1] AvaAutiki)
neplypadr) eivat 1) £ERg:

"Eote 811 9¢Aope va Unodoyioope tov a¥ pétpe m, Sndadn), P 1oV cupBoAL-
ono ot dpxn avtig thg mapaypdpou, 9fdope va vrodoyicope tov [aV],,. "Eote
N = (b, ...b1by)" ta duadikd ynoia b; trioAoyidoviatl Sradoxikd pi tov diydpduo
uetarponng oc dbuadikn uopen. ‘Emiong, Pondntuikd, tmoAoyidovral, o€ kabe Bhpa
k, ap®pot Dy 1 xat Ag.

Apxxo Bpa O: “Yriodoyioe

[a]m av bo =1

b> Dy = 20m: m Ay = bom:
0 0= [a”] [a] 0= [a”] {1 dv by = 0

Bfjua k: "Exeig 1j6n UrtoAoyioet

b(], e bk’ s Dk,’ — [QQk]m 7 Ak; _ [&(bk...blbo)]m

"Av 10 by, £ivat 10 tedeutaio Suadiko yngio 00 N, tote Ay, = [alY]

Aagpopetikd,

m -TEAOE.
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Bijpa k + 1: “YrioAdyioe

Dy 1 Aglym @v b =
bk+1, Dk+1:[a2k+l]m:[D]z]m7 Ak+1:[a(bk+1bk...b1bo)]m: [ k+1 k] av Ok+1

Ay av b1 =

®da dolpe twpa 1OcO01 TIOAAATTIAAC1IACPO0l ATIAttoGvTal PEXPL VA TEAEIDOEL T
napanave dadikacia. Kat’ apxdag, Aéyoviag «rmoAdarniactacpog wev a, b, yia na-
pdadeiypa, évvoolpe «moAAamAactacpog PETP® m» TV a kai b, dnAadr, mpoxettat
Y& toV UroAoy1op0 [ [alm[b]m |m- Enedn 0 < [a],,, [b], < m, anatettat 1) ebpeon
100 UnoAoirnou tfig daipsong évog pr| dpvnukod dxkepaiou, pikpdtepou 10T m?2,
61a m. AUT0g 6 Urodoylopog 6&v Kootidel TIOAU" PItopel va yivel P oTolXeE1Rdelg
npd&elg, mov 10 TAfIBog ToUg Ppdcostat anod pia otabepd éri (log m)!2%5. To Ty-
pa avto eival Epav 1ol OKOoroU avt@®V TRV ONUEINoE®V. T1avieg, auto, mou
MPETIEL VA KPATHOEL KAVELG, £lval 8Tt 10 «KOoTtog» 10U 1oAAarAactacpiot pétpe m
6ev nag mpoBAnpatidel EP1O00TEPO ATIO TO KOOTOG £vOG ouvrjfoug moAdarnadoia-
opoU JeUKAV dKepai®v PIKPOTEP®V TOT M.

‘Enavepyopevot otov aAyop10po pag, mapatnpoitpe Ot, oto apX1ko Bhpa 6&v
Kavope roAAartaAotaopo 1 Uyweon o Suvapn, éve 1o épaocpa amno o Bhpa k otod
Biipa £+ 1 anattel pia Uwwon otd TeETpdyevo Kai, to oAy, éva rmoAdaniactacuo,
&nAabdn, 8vo, 1O oAy, moddardactacpovg. Apa, &v N = (b, ...biby), téte §
napandave dadikaoia dnattel 2n, 1o oAU, moAAdandaciacpouvs. "Opeg, N > 27,

5 log N ' —
apan S @ Kdl, OUvVeEnwg,

N

T tov Yrodoyiopo 1ot a (mod m) arnattodvrat, o 1oAY, [2 log IV }

log 2
roAAarAaotlaopot.

‘H napanave §iadikacia CUPMUKV@VETAL OTOV ITAPAKATO KOPWO aAyoplOpo.

AATOPI®OMOL YWOQrHE =E AYNAMH.

Eioayoviat aképaorm > 1, a # 0, N > 1.
‘Egayetat [aY],,, 5ndadn, 16 vmodowrno tig Staipeong 10T a¥ & m.
Tivetat xprjon v Bondnukdv petaBAnadv A, B kai D.

Apxko Bapa: A«— 1, D «—a, B+« N.
ENOzQ B > () EIANAAABE
AN B mieprttog, A «+— A - D TEAOE AN
D« D* B+« |B/2|.
TEAOE ETIANAAHWHE
Tunwoe A
TEAOZ
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2.4 ‘H rpuntoypa¢iki pEé6odog RSA

®a dwoope 1) Baoikn i6éa g peBO6dou RSA, nou érmvonOnke katd ta téAn g
Sexaetiag 100 70 ano toug Rivest, Shamir, Adleman?®. Aldgopeg TEXVIKEG AerTo-
HEPELEG OXETIKEG PE TV Epappoyr) ThHS pebodou otrv mpagn &&v 9da pag driacyo-
Afjoouv £€66.

davralopaote 1 Eva prjvupa sivatl pia nenepacpévn diadoxn axkepaiov a-
p1Opdv. I'a nmapddetypa, dg dvtiotolyioope oto A tov ap1dpo 01, otd B1o 02,. . .,
ot0 Q 10 24 Kail oto «kevor 10 25 kal dg évovope dva 6Uo ta ypappata, Gote va
oxnuartidouv 4yneloug axepaioug. “Etot, 1o prjvupa?

[TOAEMOZ TTATHP ITANTQN
petatpénetat oo £ENg davuopa 4dyneiov drepaiov
w= (1615,1105, 1215, 1825, 1601, 1907, 1725, 1601, 1319, 2413) ,

orou 10 1615 mpoépyetal anod 1o 10, to 1105 ano 0 AE, k. 6. k. To 1825
IIPOEPXETAL ATTO TO ¥ T0T «TtoAepog» (t0 £ avtiotoixel otd 18) kai to Kevo (avtiototet
010 25) petadu 1@V Afgenv «TOAEP0g» Kal «rtattp».

KdBe €vag, mou érmbupet va otédvel kai va AdapBavel pnvupata, dg oGpe 1
ATNH, érudéyet kai Snpootonolel 1o 6nudoto kieding (n, e). 'Ed®, n = pq, drou
p # ¢ £lvatl MP®TOol, PeyaAdutepot amod tov aptdpo 2525 (= 1) peyadutepn duvatn
4ynela ouviot®oa £vog PNvupatog 1) Kai e eivat évag 9etkog AkEPAlog mPKTOg
ripog v ¢(n) = (p — 1)(¢ — 1). Oi mp@rot p, ¢ elvat yvootoi pévo oty A.

Kdarnowa otypr), 6 BIKTQP anogaoidet va oteidet otrjv A €va pryjvupa p. Bpt-
OKeEl 0% KATI010 «BNpooto katadoyor 1o KAeBi (n, e) g A, Kal évepyel g £EAG:
I'a kabe ouvictwoa a 100 dplOpononpévou Pnvupatog Tou [ UTIoAoyidetl Tov EAd-
X1010 9etkO 4p1Ono thig KAdong a® mod n. Metatpénet £tot 10 Sitdvuopa o o’ Eva
véo Hlavuopa, pE 10 1610 MAGI00g oUVIoTOO®V, AAAA TTIOAU S1aPOPETIKEG CUVIOTDOES
Amnod Tig APXIKEG.

I'a nmapadeypa, éotw 6t 6 B Bpioketl otov dnuooto kataAoyo Ot 10 KAe1dl
g A eivat (n,e) = (49144364409017,1365911). T xabe 4dyngla ouvictwoa
a 100 pnvupatég tou, 6 B umodoyider al*® mod 49144364409017. “Etot, 10
prvupa «IdAepog matip nmaviow petatpenetal og £60g. Ol iootpieg évvotviat

SEE 00 kai 1) évopacia RSA
+O@peddpevo otdov ‘HpdxrAetto.
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mod 49144364409017 :
1615136991 = 30709871603611
1105136591 = 41273825308431
1215136991 = 9164816839987
18251365911 = 19180136144268
160113591 = 14492511666169
1907136991 = 47865660368437
1725130991 = 37381475485785
160113591 = 41273825308431

13191365911 = 49843960910675
24131365911 = 96456721815013

"Etot, 6 B 9a oteidet ouv A 10 Siavuopa pé ouviot®oeg 1 6§ péAn v rapa-
rnave 10 icoupdv. ‘H A kataokeuddet 10 «aviikAeidy d 100 xkAeid1oU g (n, e),
og £8fg. ‘Emeidr) yvopilet 6t 17 avdduon to0 n 0 MP®IOUG Mapdyovieg ivat
3295321 - 14913377, propet va vnodoyioet &t ¢p(n) = (3295321 — 1) - (14913377 —
1) = 49144346200320. Eivat, ano érmdoyn g A, (e, ¢(n)) = 1, omdte 10 B’ 100 Se-
wpnuatog 1.2.1, vrapxouv d, y, &tot dote de+yp(n) = 1, dpade = 1 (mod ¢(n)).
MropoUpe, pdliota, va tnobéoope 6t 1 < d < ¢(n), avukabiotoviag tov d ano
10 UndAoro tig Srapéoeng tou Hia ¢(n), &v xpelacdel. ‘O MPAKTIKOG UTTIOAOY 100G
10U d propel va yivel péoo tg dkodoubiag s; 100 Yewpnpatog 1.2.3, kat’ dvado-
yilav pé 10 mapdadetypa ékeivou 100 Sewprjpatog kai 10 mAfi00g TdV AnAattoupEveVv
Bnpatev eivat, 1o 1oAY, g tddewg toT log, n.

AUTOG 0 ap1Bpog d, ou otd CUYKEKPIEVO Tapddetypa Unodoyiletat d =
12848342058791, eival 1o avuikAeidt 100 kAe1d100 (n, €) thg A. Ilpaypat, dv yia
pia ouviotwoa a 100 Kabapol (pr Kpurtoypadnpévou) pnvupatog 1ol B ioxuet
a® = b (mod n) (.., yia a = 1615 elvar b = 30709871603611), tote, kavoviag
Xpnon kai 108 Y tHg mpoétaong 2.2.4, éxoue b¢ = a* = a (mod n), &pa, pé OV
vnodoytopo b? mod n 1y A Bpioket 1OV ApX1ko 4yrpro apdpo a. “Etot, Urodoyilet
(BA. v mapanave Alota icotpiav)

30709871603611% = 1615, 41273825308431¢ = 1105, ...

kai Bpioket 1o kabapo prvupa 1 = (1615, 1105, .. ., 2413). “Yotepa, xopidovidg to
ot dwynea tpnpata 16,15,11,05,. . . kai dvuotoryoviag ta ypappata [1,OAE,. ..
61aB8adel 10 prjvupa 1ol B.

Iati kaveig dAAog, ANV g A, 8&v pmopel va ATTIOKPUITIOYpApr)oel TO Pr-
vupa, oUte kév 6 1610g 6 B, dv 10 exdoet; A0t yid va Urodoyioet Kkaveig to
avurAeidt d, mpérnet va propel va Urodoyioet 1 ¢(n) kat yid tov okoro avtod &év
Eépope, pEXPL onpepa, kavéva dAAo tporo, mapd Povo PECR TG Iapayovionoi-
nong 10 n. TtV npdln, 6 n eivat yivopevo 600 Tuxaiov mpoOtov®, ou Kabévag

5H #vvola «tuxaiog mp®dtogr v elvat kai 1060 ard !
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propet va €xet, ag motpe, 150 ynoia (o€ deradikd cvotnpa dpibunong). Kaveig
PEXPL onpepa 6EV PIOPET va AvaAuoel 0€ YIVOHPEVO TIPOTOV £va TETo0v Ap1Opo n,
dlxwg va §odéwet tpelg, 1) Kal meploooTEPOUG, aidveg Unodoylopold pe ioxupoug
UTOAOY10TEG !

2.5 ’'Aornoeilg toU Kedpaldaiou 2

Ztig émopeveg dokroelg, 6mou yivetat Aoyog yia ta ynoia £vog apo-
poU 010 6exkadikd ocuotnua apibunong, va €xete Ut owet 1a £EHg: "Av
4 Yn@ia v povadev, exkdadmwv, KA 100 ap1Opos sivat ag, ay, . . . , Ay,
101e 6 Ap1Opog ioottat pe ag + 10a; + - - - 10"a,.

1. Anodeite 611, yia o mepttd, 22 = 1 (mod 4) kai z2 =1 (mod 8). "Emniong,

yia y &pto, y> = 0 (mod 4), évd pépe 8, ¥> = 0 (mod 8) f y* = 4
(mod 8).

2. M 1) Ponbela thg doknong 1 amodei€te 10 &&fg: "Av 22 + y? = 2?2 kai

(z,y) =1, tdte, ol x, y elvat Etepdturot (6 Evag &ptiog kai 6 EAAog repttrdg).

3. M¢ 1) BorBsia tfig doknong 1 amodei€te 10 £&fg: "Av 22 + 3y? = 2* xkai

(z,y) =1, tote 6 x ivat mepttrdg kai 6 ¥ elvat diaipetog dia 4.

4. Mt 1) BonBewa g doknong 1 anodeiSte 10 £ERg: "Av 6 TIPATOG AP1OPOG P
ypdpetatl &g d6potopa 8Uo (1] pndevik®dv) tetpayovaev (.. 29 = 52 + 22),
wte p = 1 (mod 4). Apa, kaveig rpdtog tHg popefig 4k + 3 8iv propsl va
ypadel og dBpotopa dUo TeETpay®vav.

5. Anodsigte 811, yia kKabe , mou v Salpeitat Hwa 3, eivat 2 = 1 (mod 3).
Mzt 1) BoriOeta autol drnodeiSte Ott, Gv yid TOV PRATo p UIApXouv U unde-
VKol z, ¥, Tétotot Hote p = 22 + 3y, téte p=1 (mod 6).

6. Amodeitte 811, yia kaBe z elvar x® = 0f 1 (mod 9). Mé ) BoryBeta avtod,
arodei€te 61 1) Sropavriky) é€iowon 3 + 2y° = 523 elvar aduvatn yia pr
Hndevikoug dxepaioug x,y, z pé (z,y) = 1.

YnodeiEn. Av ioxvet 22 + 2y° = 523 pg (x,y) = 1, t6te kai 23 + 23 = 523
(mod 9), érou ot z,y &év elvat kai oi dvo Sraipetot Hua 3.

7. Amodei€te 611, y1a KAOe n, 6 Hn3 + Tn’ elval moAdarmAdoto o 12.

8. Kpurnpwo bwaperomrag 6ia 3 17 9. Kat dpyag, 6pidope 10v muducva £vog
YetkoU dxepaiou, 1OV 6m010 JewpoUpe ypappévo oto dekadikd ouotnua,
®g 1O dBpotlopa OV Ynoiov tou. I'd napdderypa, 6 mubunv 1ot 54678
etvarb5+4 46+ 7+ 8 = 30.

Arnobei€te 611, 1O UndAoro g Sraipeong £vog dp1Bpos 61a 3 (avtiotoixwg,
614 9) elvat 1o 1610 pg 10 vddotro g Sraipeong 0T rubPEVOG ToT Ap1Opos
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10.

11.

12.

13.

14.

61a 3 (dvuotoixwg, d1a 9). I'a mapddetypa, 10 UnidAowrno 1fg daipeong 10T
54678 61a 9 eivatl 3, kabwg 3 eival kai to Unddouro g diaipeong 10U 30
6w 9.

Yrodegn. 10 =1 (mod 3) xai 10 =1 (mod 9). "Av, Aordv, ag, aq, . - ., a4, €val t@
ynoia 1dv povadev, dekadwv kAT 100 Ap1Opoy, Urnodoyiote P& moloug apldpoug
eivat iootpog 6 ap1Buog, pétpe 3 kai pétpy 9.

Kpitnpio dwaipetotniag dia 4 1) 25. AnodeiSte Ot, 10 Urntodouro tfig daipeong
&vog ap1Bpot 61a 4 (avuotoixwg, 61a 25) eivat 10 1610 P 1o UIOAOo g
draipeong 10U ap1OpoT, ou oxnuatidetatl ano ta dvo tedeutaia Yneia tov
ap1Opots (Bdaon apibunong to 10) 61a 4 (avuotoixweg, dia 25).

Kpitrjpio Stapetdtntag 6ia 8 17 125. Anodeigte 611, 10 UrtoAotrto g diaipeong
£vog ap1Bot 81a 8 (avtiotoixwg, 61 125) eivatl 1o 1610 pé 1o VIOAOTOo g
dlaipeong 10U ap1OpoyT, mou oxnpartidetatl anod ta tpia tedevtaia Yyndia tov
ap1Opod (Baon apibunong 1o 10) 6ia 8 (dvtiotoixwg, dia 125).

Koputrjpio Swapetotntag 6ta 11. Anobei€te 611, 10 Urddowro tig Siaipeong é-
vOg ap1B110U 614 11 elvat 1o 1610 pe 10 vnddoro g Siaipeong oG apOpos,
TTOU TIPOKUITIEL ATTO 10 dOpotopa 1dv Siyneiov tpnpdateyv 100 dpldposd, Aap-
Bavopévev aro ta 6e§1d mpog ta apilotepd. Td mapddetypa, 10 UOAoOUTo
g S1aipeong 100 dp1OpoT 9056781 61a 11 eivat 10 1610 Pt 1o VIIOAOLTO THg
dlaipeong 100 81 + 67 4 05 + 09 & 11.

Agutepo Kpurnpto drtapetotniag 6wa 11. Anodei§te Ott, 10 Urtodorno thg dai-
peong £vog dp1Opot &ia 11 eivat 1o 1610 pg 1o vvAowro g Sraipeong dia
11 toG &p1Opos ag — aj + as — as + - - -, 610U @ TO YNPio @V povadwv T00
appod, a; 10 Ynoio 1@V dekAdwv, as 10 YPnPio 1V Eékatoviadwv K. 0. K.
I'a mapadeypa, 6 9876781 Saipoupevog 61a 11 diver rtoAouro drolo kai
6 apBpogl —84+7—-6+7—-8+3=—4, 6ndadn, 7 (—4 =11(—1) + 7).

"Eote ip®dtog p.

d. "Eow a € {1,...,p— 1}. M¢ 1) BorjBeia 100 B’ 100 Jewprpatog 1.2.1
arnodeigte 6t urnapyet &vag, akpag, o’ € {1,...,p — 1}, p& wyv idoua
aa’ = 1 (mod p). Metd, anodeiSte dt1, oi pdveg neputtOoelg TOU a’ = a
geivatoia =1 kaia=p— 1.

B. "Eotww p > 5. @ezwpfijote 10 ywopevo 1-2-- - (p—2)(p—1) xai, Baciopévot
oto (@), euyapdote kabe a € {2,...,p— 2} petwd € {2,...,p — 2} yua
10 6moto ioyvet aa’ = 1 (mod p). Zupnepavate éu (p — 1)! = —1 (mod p).
Alaruot®ote Ot 1] oX€on autr), ou Aéyetat Jewpnua tov Wilson, ioxuetl kai
yua p = 2, 3. Anodei€te kai 10 dvtiotpodo Sswpnpa: "Av yid KAToov AKEPato
p ioxvet (p — 1)! = —1 (mod p), Wote 6 p elvar mp@Tog.

"Eote 6t 6 p elvat mpdtog kai ab’ — a’b Z 0 (mod p). Anodeigte 6t 8iv U-
APXOoUV AKEPALOL X, Y, TIPRATO1 PETASU TOUG, TTOU VA 1KAVoTtoloUv oUyXpoveg
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15.

16.

17.

18.

19.

20.

21.

22.

23.

kai tig 6vo icotpieg ax + by = 0 (mod p) kai @’z + by =0 (mod p).
Yriodedn. Anadelyte 10 ¥ Ao tig dvo {iootpieg kai, petd, kavee 1o 1610 kat yia 1o
T.

b, tote ¢(a)|p(b).

"Eotw 0t 6 n > 3 €xel k Srapopetkoug rpotoug diaipéteg. ArodeiSte Ot
&v 6 n eivat dptiog, dAAd éx1 moAdamAdoto 10T 4, tote 2571 n éve, yia dAeg
Tig UndAotreg TEg 100 1, 28 |n.

Anobeite O, av a

Arodeitte 611, oi povor detikoi aképaiot x, yid toug éroioug ioxvel ¢(z) =
x/2, eivatol z = 2% a > 1.

Arodeitte 611, y1d KAOe 9etkoO meptttd dxépato = ioxvel ¢(z) = ¢(2z), AAAa
1} oxéon aut eivat aduvarn yia dpuo .

Bpeite 6Aoug toUg 9stikoUg dxepaiou z, yia toug éroioug ioxvet ¢(x) = 12.
"Eotw n > 1. Ta kaBe 9etuko Swapétn d 10U n 6pidope 10 ouvodo
Ald)={k : 1 <k<n xat (k,n)=d}.

(@) Arodeilte 611 10 A(d) mepiéxet axpBaS ¢(%) apdpovs.

‘Ynoden. HMapawmpfiote dul < k < nkai(k,n) =d < s axépaog kai 1 < % <
kai (%, o) =1

(B) "Av d; # ds elvar 9etikoi Slaipéteg 10T n, arodeiste dut A(dy)NA(dy) = 0.

(y) Zuvdualovtag ta (a) xai (B) driodei€te 6t

Z¢(§) =n, dpaxat Z¢(d) =n.
din

din

SUN]

Yroden. Ta 1o «. .. dpa kai . .. » dette v doknon 3 100 kepadaiou 1.

“Yriodoyiote 10 Umédotro tiig Staipéoeng 100 (12371128 + 34)17 61 111.

Anodei€te 811, yia KdOe n, 6 n3” — n elvat moAAamddoio o0 383838.

Yriodedrn. AdBete urt’ et 6t 383838 = 2 -3 -7 - 13 - 19 - 37 xai épappoote 10
Yewpnpa 100 Fermat, kapmnooeg @opég, yid KatdAAnAoug rpodtous.

"Eote p npdtog. [Mapatnpiote dtt, 10 dedpnpa 1ot Fermat propet va 6a-
wnedel og £&fig: Ta kabe a ioyxvel a? = a (mod p), dixwg va 9éoope tov
eEPOP1oPo 6 p va pr) dalpetl tov a. Metd, pe ) Borbsia g doknong 32
100 kepadaiou 1, anodeigte 6 (a + b)P = a? + b (mod p), yia Aoug toug
a,b. "Emiong, arodeiSte 6t Av yid tov meptttd np@to p ioxvet a” + P = 0
(mod p) téte ioxvet kai a? + ¥ = 0 (mod p?).
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24.

25.

26.

Metatpéypte tOv 749 of duadikd ap1Opo, épappoloviag tov dAyopidpo pe-
TatTportjg o¢ duadiko.

"Epappodoviag tov dAyopiBpo tywong o¢ duvapr, Urodoyiote 10 UTIOAOLTO
g Slaipeong ot 13370 &ia 23.

"Eot® 61 10 6npooto kAe1di g A eivat (91,25). ‘O B 9éAet va kpurttoypa-
erjoel Kai va otetdet otr)v A 10 prjvupa @A EAGQ =TIz OKTQ. [Towd Siadikaocia
9d dxoAoubrjost yia va kpurttoypapnost 1o prvupa kai rmowa dadikaoia Sa
axoAouBrjoet 1] A, dtav AdBet 10 Kpurtoypadnpévo prjvupa, yud va 1o arno-
kpurtoypagnoet; I'a va SieukoAuvOette otig rpagelg, pn naipvete ava §uo
1a ypappata, didda éva-éva. "Etot, 1) «ap1Opnukr) popdrp 100 prvupatog,
Ipiv v KpuroypAagpnor) tou, apxilet og £§ng: (8,1,25,5,11,8,24,...).



Kepaiawo 3

'EniAuon icoTipi@v

216 Kepadalo auto, 6 m eival Aviote AKEPA10g Peyaiutepog ToU 1
Ta Aatwvika ypappata oupBoAiouv navia dxkepaioug

3.1 Tevixka

"Eote pun pndeviko nmoAuovupo f(X) € Z[X] kai axépatogm > 1. “YroBétope 6t
8ev elvat 6Aot oi ouviedeoteg 10U f(X) rarpetot i m. Tod & 10U Sewprpatog 2.1.2
ouvertayetat 6, &v a = b (mod m) xai f(a) = 0 (mod m), wte kai f(b) = 0
(mod m). Zuvendg, &xel vonpa va opioope og éniflvon g icotuiag f(x) = 0
(mod m) w)v elpeon BAwv 1@V KAGoewv @ mod m, tétowwy &ote f(a) =0 (mod m)
Kkai va Aépe 8t 1 kKidon a mod m (kai &1 6 dpWuog a) etvat Avor tig icotpiag.
Eidikaotepa, 6tav Aépe O6u «) iootpia €xet k£ 10 mAfjfog Avoelg», évvooUpe Ot
unapxouv k Sapopetikeg mod m kAdGoelg, KGOe pia Ao tig Omoleg eival Auon
g f(a) =0 (mod m).

Aépe 6u 1y iooupia f(z) = 0 (mod m) eivat icoduvaun pé wyv g(z) = 0
(mod m), &v oi 8Uo icotpieg &xouv tig 1bieg, akp1Bdg Avoetg. TIpocoxry! “H évvola
TRV icoduvapev icotidv £xel vonua povov dtav ta pétpa tev §uo icotpi@v etvat
a 161a.

3.2 ’Iootipicg mpotTou Badpod

®da pedetjoope mpdta Wy nepinmeorn npetoBaduiov modvevupou f(X), dpa,
ovolaotikd, v éridvon tfg icotpiag axz = b (mod m).

@copnpa 3.2.1 "Av a # 0 kai (a,m) = d, e 1 ivoupia ax = b (mod m)
&xer Avon dv, kai povo dv, d|b. Zuv mepintwon mov Exer Avon, 10 TAROOG OV

Sragopetik®dv Avoewv gival, dkpl6ag, d- kal mo ovykekpwéva, dv n Avon g

41
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(mod —) etvar 1 xg mod TZZ 101¢ 0i d Srapopetikeg Avoelg TG

&IG"

laoumag d [L‘ =

eivat ol

~—

axr =b (mod m

Tg, Lo + ,.Io—f—(d—l)% (31)

m
R
"Anédeldn "Av 1) ax = b (mod m) &xer Avon, wWte, yid RAnow r; € 7Z &xope
ar; = b (mod m), dpa, and 1 1 1T Sewprpatog 2.1.2, (axy,m) = (b, m).
ANG, Tpogavag, d|(axy, m), 6mdte d|b. Avuotpopng, Eote dtu d|b. Ao 1o B’ 10U
Sewpripatog 1.2.1 Epope 8t UIIAPXOUV AKEPALOL Xy, Yo, TETOL01 DOTE Axy + Myy =

" ~ or < b = > , v o \ \ ’ > 1
d. T(OpCl, rapdatnpoupe ot O Fi €1lvdal dKePA1og Kat arto v tedsutala Lootnta,

b b

a(fﬁoa) +m (Yo~

=b
2=,

oxéon, 1) 6noia, mpopavdg, ouvenayetat éu ar; = b (mod m), érnou x; = xos'
&nAabdn), 1) icoupia ax = b (mod m) &xet Avon.
"Eote topa 6t fj az = b (mod m), &xel Avor, 6mdte, ouppova pé ta napa-
. , < a b m , , , —
nave, d|b. @étoviag 6mou a,b,m ta g, 3, %, avzlonxcog, KataAnyope, Baocet 1@V
aveTépe, otd oupnépaopa du f icoupia §o = 5 (mod %) £xet pia, tovAdxioToy,
2 o1 \ m
Avon, éote v z9 mod
‘Toxupilopaote, kat’ dpxdg, 0t dev propel va €xel kai deuteprn), HlaPopetKy), AU-
' 2 m T P , ’
on. Ipaypan, dv r; mod 7 eivai, émiong, Avon, tote
a

d

(mod E) :

b a
i= "
To q 100 Sewpnparog 2.1.2 pag érmrpénet va Sapéoope &a &, dou (5, %) = 1,
onote katadryope oy zp = 7 (mod %)
) ouvéxela, £otw 1 mod m pia Avon thig ax = b (mod m). Tote, BAérope oAU
ebkoda 6t 1} 1 mod % eivat Avon g 7 = g (mod %), dpa, ano ) povadiko-
mta g Avong rg mod %, mou £idape napandve, KAtaAnyope otd cupnEpacya
éttr; = x9 (mod 7). Apa, Uriapxet aképatog £, étolog &dote 11 = o+ L7 . "Exte-
Aovtag v eUKkAeibeta draipeon 1ol £ d1a d Exope £ = qd + j, 6rou 0 < 7 < d — 1.
Tuven®g, r1 = T + j4 +qm = xo + j% (mod m), dpa, 6 1) KAdon x; mod m
ouprirttel pe pia ano tig kAdoeig (3.1).
Mévet va 6ei§ope 6l oi kKAdoeig (3.1) eival Srapopetikég. Tpaypatt, &v duo £§ au-
OV ouvérurayv, 9a eixape vo+j15 = zo+j27 (mod m) pe 0 < ji < jo < d. Amo
avtv Sa naipvape j1 7 = jo 'y (mod m) kai, S rarpedvrag ta HUo péAn Kai to Pérpo
614 7 (BA. & 100 Sewpnpatog 2.1.2), 9a katadnyape oty j; = jo (mod d). ‘H te-
Aeutaia, 6pwg, onpaiver 8t d|(j2 — j1), mpopavedg aduvatov, agot 0 < j,—j; < d.
0.£.5.

Lu)v pddn, 1 értduon midag icoupiag ax = b (mod m) Baoidetatl otd ewpn-
na 1.2.3. Kat’ apyag, oy icoupia ax = b (mod m) priopotpe ravia va Urodé-
tope 61t 1 < a < m. "Epappolope tov euxrAeibeto dAyopiOpo, 8nwg reptypdgerat
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ot0 Sewpnpa auvto, pe 10 m g icotpiag ot Y€on 100 a 100 Jewprpatog Kai to
a tig iootpiag oty 9¢on 10U b 10T Sewprjpatog. "Av 10 (n + 1)-ootd UridAoiro ot
dlabikaoia 100 eUkAeibeiou aAyopibpou eival 0, tote, oupPpava pe 1o Sewpnpa
1.2.3, 1o tedeutaio ur) pndevikd UIOAOO 7, £lvatl O PEY1oTog Kowvog diatpéng d
OV a,b. "Av 6 d 6&v Sraipel tov b, 1ote 1) icotpia H&v €xel Avon. "Ag Unobooye,
dowdv, 6t d|b. Zupgeva pg 1 B 10 Sswprpatog 1.2.3, ms, 1 + as, = d, dpa

a (b b m
3 <g8n) = g (mod E) s

oU onpatvet 8tt, pg 1ov oupBoAiopo ol Sewpnpatog 3.2.1,

Ty = gsn (3.2)
Kat aro avtd 10 onueio Kai rmépa oi d drapopetikeg Avoelg g icotpiag urtoAoyi-
Covtat armlouotata ano tv (3.1).

Hapadeiypa. Od Avoope v icoupia 917z = 42 (mod 7168). Zto napd-
Setypa petd 1o Sewpnpa 1.2.3 vrodoyioape (917, 7168) = 7 kail napatwmpotpe
éu 7|42, dpa 1 {coupia pag &xer 7 axpBAg Avoelg, oupgeva pE o dewpnpa
3.2.1. Zupowva pe 10 1610 Jewpnpa kai 6,11 drodoubel, dpkel va UnoAoyicope
avadpopikd ta 5_1, Sg, Si, - - ., TOU AVIIOTOLXOUV OTO {eUYy0G TV &4plOpdv 7168 rat
917. Z16 poavadepBev mapadetypa Exouv Unodoylobel avta ta s;. To tedeutaio
&€ aUT@V elval 10 S¢ = HH5. Apa, oUpP®va PE OV GUPBOAIoHO ToU SewpPratog
3.2.1 xai mv (3.2), xg = 6 - 555 = 3330 = 258 (mod 1024) (1024 = 7168y " driote

7
bAeg oi Avoeg tiig iooupiag eivat z = 258 + k”#, k=0,1,...,6, 6dnAabr),

r =258, 1282, 2306, 3330, 4354, 5378, 6402 (mod 7168) .

3.3 To xwveliko dswpnpa UnoAoinwv

Ao ta dpxala xpovia Orav yveotd raproida rnpobAnpata éreg autd 66 : “Eva
opattko oodua el Atyotepovg ano 1000 opaundteg. "Av tomodetndoiiv Kata
15a6¢eg, mepioocvovv 11° dv tomodemdoiiv kata 8adeg, meploosvovy 5 kai Av
tomodetndoiv kata 13adeg, mepioosvovv 12. Ao mTOOOUS OTPaT@dTEG dmotefleital
70 ooua ; Tetolou €16oug ipoBArjpata 66nyoTv QUOIOAOYIKA OTO AEYOHEVO KIVEQKO
Yewpnua vrojoinav.

Ocsopnpa 3.3.1 -Kwvéliko 9sdpnpa vnodoinwv. "Eotw Ot oi my, ..., my &t
vat pueyaiuvtepotr 00 1 kai dva dvo mpator puetalv woug. Tote, yia omoovadnmote
dkepaioug ay, . . . , ax, UTAPXEL T, TO OTOI0 Emaindevel ouyxpovws OAeg Tig I00TIUIES

r=a; (modmy), xz=ay (modms),...,z=a; (mod my) (3.3)

Kai 10 r avto ivat povaduko UETP® MMy - - » My.
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"Anédeldn Ottope M = mymy---my xai yia xa0e i = 1,.... k, M; = M/m,.
Ano v Undbeon 6t 6 m,; eivatl PATOG IPOG GAoUG TOUG UIMOAOUTOUS M Kal 10
¢ 100 Yewprjpatog 1.2.2 cupnepatvope éu (m;, M;) = 1. Apa, ano 1o dewpnpa
3.2.1, undpyet N;, térorog Gote M;N; = 1 (mod m;). “*Opidope topa

o — M1N1&1 + MQNQ&Q + e+ Mkaak

kai 94 &eifope 61, yia xdOe i = 1,....k, g = a; (mod m;). Tlpaypaty, ano
TOV TpoIo ToU Opiodnkav ta My, ..., My, PAénope apéong ot k4Oe M; ne j # ¢
EXEl OG TIAPAYOVIA TOU TOV M; Kai, OUVEN®RG, eival pndevikog pétpe m;. Apa,
xo = M;N;a; = 1-a; (mod m;). Apa, yia & = xy érnaAnBevetatl 1o ocvotpa v
footdv (3.3).

"Eotw, tpa, 6t © = x; éniong éraAnOevet tig (3.3). Tote, yia kabe 1 =
1.0k, 1 = a; = 2y (mod my), d&pa m;|(x; — o) kai ano 1o y' 100 Sewprjpatog
1.3.1, (mymg - - -my)|(x1 — 20), 8ndadn, x1 = zo (mod mymy---my). 6.€.8.

Mapadewypa. Oa Avoope 10 POBANPa, moU avapépape otV apyn avtig
g apaypdagou. Ilpopavdg, 10 npoBAnpa icoduvapel pg v elpeon Setkol
axkepaiou x < 1000, tétolou @ote

r=11 (mod 15), z=5 (mod8) z=12 (mod 13).

Me tov oupBoAtlopod thg dnddegng 100 Sewpnpatog Exope M; = 8- 13 = 104,
My =15-13 = 195, M3 = 15-8 = 120. "Emtiong, 104N; =1 (mod 15), 195N, =1
(mod 8), 120N3 = 1 (mod 13) xai oi icoupieg avtég amdonootviat &g £ERg:
(—1)N; =1 (mod 15), 3Ny = 1 (mod 8), 3N3 = 1 (mod 13). ‘H éniduon xabe
Hag Ao avtig eivatl armovotatn, pé Sokipég, Gote 6ev xpetadetat va Epappooops
1oV dAyopiOpo tiig apaypdgou 3.2. Bpiokope étor, Ny = —1, Ny =3, N3 = —4
kai xg = 104 - (—=1) - 11 +195-3 -5+ 120 - (—4) - 12 = —3979, dpa, = —3979
(mod 15 - 8 - 13). Zuvernidg, * = —3979 + 1560k kai, Adye thg 0 < x < 1000,
naipvope 3979 < 1560k < 4979, &’ 6rou k = 3 kat x = —3979 + 3 - 1560 = 701.

3.4 TIOAUWVUHNIKEG LOOTIPIEG PE EVaA AYVKOTO

Apxikd, 9a dewprioope dt1 10 pETpo g icotpiag eivatl Evag 9etkoOg rP@TOG P.
Mia nporatapktiky arf, dAAd Baocikn, apatrpnorn eivat 6t Kabe rmoAue-
vupikr) icoupia f(z) = 0 (mod p) etvar icodvvapn pé pia icoupia g(z) = 0
(mod p), otrv 6moia, 6 Badpog 1T g(X) eivat, 1 modv, p — 1.' Tpdypatn, ékte-
Aoviag v eUkAeidela Siaipeon 1ol f(X) 81a 10U moAuevupou zf — 1z, kataAryope
ot pia oxéon f(X) = (XP — X)h(X) + g(X), 6rou 6 Babpog 1ot g(X) 6&v Unep-
Baiver tov p — 1. Eépope, ano 10 Sewpnpa 1ol Fermat (B’ toU Sewprpatog 2.2.4),

PES® mepidapBdvetal xal 1) nmepimeon 100 pndevikod moAuevUnRou, toT 6moiou 6 Badpog
uropel va 6p100el g —o0.
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d11, y1a kaBe axépaio a, eivata? —a = 0 (mod p), dpa, f(a) =0 (mod p) &v, xai
Hovo &v, g(a) = 0 (mod p). Autd, mpodavag, onuaivel 6t oi icoupieg f(x) =0
(mod p) xai g(z) =0 (mod p) eivar icoduvapeg.

@copnpa 3.4.1 "Eocww f(X) € Z[X], Baduoi n > 1, 10U dmoiou 6 ouviefeotng
100 peyroro6aduiov dpou bev apettar a p. Tote, 1 ivotupia f(x) = 0 (mod p)
&yxet, 10 moAY, n 10 TAdog Srapopetikég Avoeig.

‘Too6vvaun &atvnwon: "Av 10 f(X) € Z[X] evar un undevucd mofAuvevupo kai
10 TARdog 1oV Avoewv ¢ icotuiag f(x) = 0 (mod p) vngpbaiver 1OV Baduo o
f(X), wdte 8701 0i ovvtefeotég woi f(X) etvar braperotl bia p.

'Anédeldn "Eoww f(X) = a, X"+ - a1 X + ap, 6nou, £§ Unobéoewg, (a,,p) = 1
kal 4g vrobéoope éu 1y iooupia f(z) = 0 (mod p) &xer n + 1 Slapopetikeg Avoetg

ry mod p,...,7,41 mod p. ®a kataAnfope of droro. TO yeyovog 61l ol Auoelg
autég etvat Srapopetkég, onpaivet, puowka, r; # r; (mod p) ya i # j.
‘Toxuptlopog: ‘Yridpyxouv aképatot by, by, . . ., b,_1, T€T10101 Gdote, va ioyUel

FX) =an(X —r)(X —r2) - (X = rp2) (X —7p1) (X — 1)
+ b1 (X =1 )(X —rg) (X —71pq)
+ by o(X =1 )(X —rg) - (X — 7o)

+bQ(X—7"1)(X—T'2)
+bl(X—7"1)
+ by (3.4)

[Mpaypartt, kat’ apxag, ot)v (3.4) &g oupBoAicopie 1O TOAUMVUHO TG IIPOTNG YPAH-
B pé g, (X), g deutepng 1t g,—1(X) . .. tfig npotedeutaiag pe g1 (X). To mo-

Audvupo g,(X) elvat yvootd, agot td a,, 1, . . ., T, £lval yveotd: td unolona,
dpeg, odvovupa g, 1(X), ..., g1(X) éaptdvial ano toug péxpt ouypnig ayve-
otoug b, _1,...,by.

Yuykpivope toug ouvtedeotes v X7, XL X X0 ota 600 péAn. Tod X"
givat a, Kai ota 8Uo 1édn. Ano tm) oUyKpe1on OV ouvieAeotdv 100 X" ! aipvone
an_1 = b,_1 + ouvtedeotnig 100 X" ! o106 ¢, (X)
dpa propotpe va urtodoyiocope 1o b, 1, 10 611010, TIAL0V, Yempeital YvooTo, Orote

kal 1 g, 1(X) elvat yvooto.
Amod 1) OUYKp101 AV ouviedeotdv o0 X" 2 naipvope
Ay = b,_o + ouviedeotng 100 X2 010 g, (X)

+ ouvtedeoti)g 100 X" 2 010 g, 1(X) .

201 énaiovteg 9a dvayvepioouv €66 pia eibikr) mepimoon 100 yevikol Seopruatog thg AA-
yeBpag, mou Aéetl 611, Eva moAumvupo Padbpol n pé ouviedeotég Ao Eva odpa, Exel, 10 OAU, N
Brapopetikeg pideg 010 OGHA AUTO. TV IPOKEIEVT] TEEPIITIROT], 0dpa evat 1o Zy, (fj Fp,, xat’ dAdo
oupBoAiopo).
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Aro ) oxéon autr) poodiopiletal kai o by, o, dpa, oto £§hg, Kai 10 g, o( X)) eivat
YV®OTO.

Me autr) ) Sadikaocia pox®P®VIag, KATAAyope otov UrToAoy1opo SAwV TGV b;.
duoika, 6¢v pdg éviiapépet 6 AkpiBrig UIOAOY1010G Toug, AAAd, AnA®G, 1) Urapdn
Toug, mou Kabiotd AaAndn ) oxéon (3.4). ‘H avukatactaon X «— r; otr] oXéon
avt) 6ivet 0 = f(r1) = by (mod p). Metd, fj dvukataotaon X « 1y o)y (3.4)
Siver 0 = f(rg) = by + bi(rg — 1) = 0+ by(rg — 1) (mod p). Eneidn), peg,
(ro —r1,p) = 1, 10 ¢’ 100 Sewpnpatog 2.1.2 pag rutpeénetl va ouprepdvope 6t
by = 0 (mod p). Mé tov tpdro avto, oi dadoxikeg avukataotacelg X «— 71y,
i = 3,...,n pag divouv, avuotoixwg, b; = 0 (mod p) yia j = 2,...,n. Téhog, 1)
avukataotaon X <« 7,41 ou)v (3.4) Sivet, pé dedopévo 6t Aot ot b; eivat icotpot
ne 0 pérpe p. 0 = f(rns1) = an(rn1 — r1) (P —r2) -+ (rpe1 — ) (mod p). "E§
UnoBeoewg, KAOe mapaywv 7,11 — rj, otd 8e§10 pédog, eivat mPGTOG mPodg OV P,
dpa, avaykaotikd, ouprniepatvope 6t a, = 0 (mod p), 10 6molo Avipaoket rpog
v Unobeor| pag.  O.£€.8.

Topa 9d éetacope v miduon g iootipiag
f(z)=0 (mod p®), (3.5)

drou, kai mdAt, 6 p elvatl mP®Tog Kai 6 ouviedeotr)g 10U peyiotoBadpiou dpou 10T
f(X) 8&v eivat Srapetog 61a p. ‘O ékBéng a ival touddaxiotov 2. @ dei§ope 81,
avadpopikd, Gv §Epope va Auoope v icotpia (3.5) yia karowa i) 100 €KOETn
a, TOTe PIopoTPE va 1) AUOOHE KAl Y1d TV APEO®S EMTOPEVT) TIU TOU.

‘H @ppdon umopd va Avow pia iootiuiar TIAVIOTE ONIAiVEL UTOP® vd
arogaociom dv éxet 1] Oxt Avoeglg Kail, 0€ TEPITIWON TOU EXEL, UTTOPE VA
ti¢ umoAoyiow GAeg.

‘Qg ouvnBag, oupBoAitope pg ¥ (X) v k-tafeng mapdyeyo 00 f(X). ° Tig
neptoodtepeg Qopég, avti yia fU (X)) ypagpone f/(X). @ewpolpe yvootd © dvd-
ntwyua Taylor yia moAvevupa®. T kd6e xg, ioxvet 1) tauvtdtta

f(X) = f($0)+f/(xo)(X—$o)+%f(2) (20) (X —20) 24+ - — F O (o) (X —20)F++ - -,

k!

drou 10 &Bpotopa otd 6§10 pédog eival menepacpévo, aAgot dtav 10 k UrnepBel
1oV Badpo b f(X), wte fF(X) eivar 10 undeviko moAuckvupo. “Emméov, oi

ouvieAeoteg KaABevOG TTOAUGVUIOU 7l f (k’)(X ) etvat aképaiot.

3H napdaywyog évog modveviopou f(X) = a, X™ + -+ + a1 X + ag propel v 6p1o0el twmikd,
8ixwg xpnon ouvexeiag, &g na, X1+ (n—1)a, 1 X" 2+ 2a2X + ay, 1) Sevtepn mapaywyog
@G 1] MAPAYMYOS Tiig Mapay®you K.6. K.

+0 tnog 10T avantuypatog Taylor yid oAudvupa eivat ave§dptntog ano 1o afiopa ouveyeiag
Kai propel va arodeixBel énaynyikd, dixwg xpron Aneipootikold Aoylopos.
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IIpiv poX®Proope, KAVOHE TV ripopavii apatrpnon o, vz = xy (mod p®)
elvat Avon tfig (3.5), t6te © = 7¢ (mod p*~ 1) elvar Avon tig

f(x)=0 (mod p* ). (3.6)

"Apa, kaBe Avon thg (3.5) mpoépyetat anod Avon g (3.6). Zuvendg, dtav avaln-
ToUpe Tig Avoeig thg (3.5), mpémnet va Sexkvrjoope dno pia-pia tig Avoeig g (3.6)
Kal va 6oUpe, yid kabe pia and avtég, dv mmapayet Avoeig g (3.5) kai v vai,
TTOOEG.

@cdpnpa 3.4.2 “Eoww a > 2 kai rg mod p* ! Avon ¢ f(x) =0 (mod p*~1).

d. "Av f'(xg) Z 0 (mod p), e, 1 Avon xo mod p*~! 1¢ (3.6) mapayer pia
axpi6og Avon g (3.5).

B."Av f'(zo) =0 (mod p) kai f(xg) =0 (mod p?), wote, 1 AVon xo mod p*~!
17¢ (3.6) mapadyel p dkp16é¢ Avoeig ¢ (3.5) kai, ouykekpuva tic T + kp®~! mod
p*, k=0,1,...,p—1.

y. Av f'(z9) = 0 (mod p) kai f(x¢) #Z 0 (mod p*), dte, mpopavdg, 1 Avon
2o mod p®~! ¢ (3.6) v mapdayer Avoeic yia ™ (3.5).

’Anédein Oi Tuxov Avoeig tHg (3.5), Mo mapdyovrat and 1) Avon xo mod p~?
g (3.6), &xouv 1) popdr) T = 1o + yp® L, 8rou 10 Yy eival mpocdilopioTéo.
d. ‘H avuxatdotaon X « g + yp® ! oto avartuypa Taylor 100 f(X) pag
bivel
fx) = fwo) + f'(o)yp*™  (mod p?), (3.7)

. 1
81611 oi Urddoro Bpot otd E€10 PEAog eivat THg nopPhg o 8 (20)yFp* eV 8riou

(a—1)

6 exk0éng 100 p eivat k(a — 1) > a kai 6 ouvtedeotng 100 pF elval AkEpatog.

Tuvenag, 1) oxéon f(z) =0 (mod p*) icoduvapel pg v

Flay=-L @) (1mod p)

drou, BéBaia, 10 6e§10 pédog eival aképaiog, Aoye thg Unobioewng f(z9) = 0
(mod p®~1). “H mapanave &g mpog y icotpia €xet pia akpBedg Avon 1y mod p,
Baoet 10U Sewprpatog 3.2.1. "Apa, 1) YEVIKT] pop@r) 10T ¥ eivat iy = yo + zp, Omote
f] YEVIKT) 1opdr) 100 = elvat = o + (Yo + 2p)p* ! = xo + yop® ' (mod p?), ar’
drou @aivetatl 8t elvatl povadikr) pepe pe.

B’. “Onwg Kai otr)v mponyoupevn Mepirmtaor, KataAnyope ot oxeon (3.7). Aoy
v urobéoewv f(xy) = 0 (mod p®) xai f'(zp) = 0 (mod p), 10 aplotepd pédog
elvat ioétipo pe 10 0 pépe p*, érotadnnote tur) K1 av €xet 1o y. "Av y = 2p + Yo,
drou Yo eivatl 1o UroAowro g eUkAeibelag diaipeong 1ol ¥ 61d p, TOTE, 1) YEVIKT)
pop@n 100 x eivat z = xo + (yo + 2p)p*~ ! = xo + yop® ! (mod p?), éméte, yia
kaBe tipn Yo = 0,1, ..., p— 1, maipvope pia drapopetrn pérpe p® Avon g (3.5).
Y. ‘O ioxupilopog eivat tetpiupévog.
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0.£.5.
IMapadetypa Na Aubel 1) iootpia
f(x) =2 +22% + 22 + 62 — 522 —49=0 (mod 7%).

Mt Sokipgg Sarotovope 8t 1) icoupia f(x) =0 (mod 7) Exel téooepeig arp1Bdg
Avoetg, 1ig 0 mod 7, 2 mod 7, 3 mod 7 kat 5 mod 7.

"Eote z = 2 (mod 7). ‘Yrmodoyidope 6t f/(2) = 0 (mod 7) xat f(2) =0
(mod 7?), dpa 1) Avon 2 mod 7 napdyet érta Srapopetikig Avoeig g f(z) = 0
(mod 7%), oi 6moieg, cUpPeva P v anédedn 100 B’ pépoug 10T ewprjpatog,
givat oi 2 + 7Tyo mod 72, 8rou yo = 0, . .., 6, 65ndadn), oi

r=2,9,16,23,30,37,44 (mod 7?).

“Yrodoyigope &t f(16), f(30) =0 (mod 7%), évéd kappia ano tig UrdAoreg TG
6&v pundevidet 10 f(X) pérpe 73, Tuvendg, amno ) Avon 2 mod 7 g f(z) = 0
(mod 7) mapdayovtat oi Avoeig 16 + 7%yo mod 73 xai 30 + 7%y mod 7° tfig f(x) =
0 (mod 73), 8mou 10 ¥y Slatpéxet tig tpég 0,1,...,6. Iaipvope &totl tig £Efg
dexatéooepelg Avoeig g f(z) = 0 (mod 73), éx w&v Omoiev, oi mpdteg Emtd
nipoépyovtatl ano v 16 mod 72 kai oi trdAotneg £rrta anod v 30 mod 72

x = 16,65, 114, 163,212, 261, 310, 30, 79, 128, 177, 226, 275,324 (mod 7°)

"Eotw x = 3 (mod 7). Topa f'(3) # 0 (mod 7), &pa 1 Avon 3 mod 7 tig
f(x) =0 (mod 7) mapayet dxp1B&g pia Avon thg f(z) = 0 (mod 7%) kai 1) ano-
6e1€n 100 a’ pépoug 100 Jewpnpatog pag UIOSEKVUEL, AKPIBEG, TG IPEMEL VA
¢pyaoBboUpe. ‘H oxéon (3.7) yivetat owyv nepimtwon pag, 659y = —44 (mod 7),
&nAadr, icoduvana, y = 5 (mod 7). “Enetar 61, z =3+ 5-7 = 38 (mod 7). ‘H
Avon 38 mod 72 mapayet pia, axpBdg, Avon thg f(x) = 0 (mod 73), pé avadoyn
Srabikaoia. Twpa 1) oxéon (3.7) yiverar 10873724y = —1704527 (mod 7), 6nAa-
&1), icoduvapa, y = 1 (mod 7). Apa, © = 38 + 1 - 7> = 87 (mod 7%) kai avt)
elvat 1) pia kai povadikr) Avon g f(x) = 0 (mod 7°), mov mapdystat ano
Avon 3mod 7t f(x) =0 (mod 7).

Ot neputtwoeg © = 0 (mod 7) kat z = 5 (mod 7) elvat avddoyeg pé wyv
nepimoon r = 3 (mod 7). Oi Avoeig g f(z) = 0 (mod 73), moy napayovrat,
elvat 1} 98 mod 73 ano v mpodm Kai 12 mod 73 ano 1) Sevtepn. Oi tmoAoyiopol
rpoteivovial Og KaAr) £§Aoknon yia tov avayvootn.

‘H éridvon tfig f(xz) = 0 (mod m) ouy yevike) niepimtwon pérpou m > 1 yi-
vetat 0g £§fg: "Av m = pi’ - - - pi* elvat 1) Kavovikr) dvaduorn) 1ol m, tte AUvope
rpdta kabe pia ano tg icoupieg f(z) = 0 (mod pf*), i = 1,..., k. "Av, €0
Kal pila amno tig {ooupieg avteg 6&v €xel Auon, 1ote, 1) ApXIKn {ootpia 6&v Exel
Avon. Awagopetikd, Eotw S;, (i = 1,..., k) 10 ouvodo v Avoewv tHg f(z) = 0
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(mod pf*). Tw kdBe (z1,...,25) € Sy X -+ X S} &mmdvope 1O ovotua = = x;
(mod p;*), (i = 1,...,k), 10 O6molo, Baoet 100 «wwvédikou Jewprpuatogr 3.3.1, &-
Xe€l axkpB®dg pia Avon xg mod m. Puokd, 1 tpn o Eaptdtat ano wyv k-ada
(x1,...,2x). To mAROog WV Avoewv thg f(z) = 0 (mod m) icoUtat pé tov mAn-
94p1Bpo 10T Sy X -+ X Sk, dndadny, pg | S| - - - |Skl-

Mapadetypa. @ Avoope v icoupia f(z) = ot + 2% — 1322 + 102+ 55 = 0
(mod m), 8mou m = 2% - 33 - 113, Movadwkn Avon thg f(z) = 0 (mod 2*) eivat
f] 15 mod 16. ‘H icoupia f(x) = 0 (mod 33) &xet tpeig Avoeg: = = 1,10,19
(mod 27). ‘H icoupia f(z) = 0 (mod 113) #xet, émiong, pia pévo Avon, v
1265 mod 1331. Zuvendg, 1o mAfi0og t@v Avoswv g f(x) = 0 (mod m) eivai
1-3-1 = 3, ol éroteg eUpiokoviatr avtotoixwg, Anod Tig ErmAUcelg TOV TPLDV
OUCTNUAT®V

r=15 (mod 16), z =1 (mod 27), =z =1265 (mod 1331)
r=15 (mod 16), =10 (mod 27), x = 1265 (mod 1331)
x=15 (mod 16), =19 (mod 27), x = 1265 (mod 1331)

‘Epappodoviag 10 «kivediko dedpnpar otd nmapdndve tpia ovotripata Bplokope,
avtiotoiyxeg, Tig Avoeig r = 461791, 270127, 78463 (mod 2 - 33 - 113).

3.5 ’Aoxrnoeig 1ol Kepaldaiou 3

1. N&a AuBel xwplotd kabe pia art’ tig icoupieg 412z = 108 (mod 34) kai
33900z = 56935 (mod 2995). Metd, va Urniodoyio0otv BAeg oi aviootpeg
BETP® 2995 - 34 Tipeg 100 2, ol 6roleg énmaAnBevouv ouyxpoveg Kat tig duo
iootpieg.

2. @zpolje T0Ug MP®TOUg Apdoug p; = 29, p; = 71 kai p; = 113. Z¢ 8,1
axoAoubel, oi deikteg 7, j, k maipvouv tipég ano 1o {1, 2, 3} xai eivat S iapo-
petikoi avda duvo.

Na Bpebel axépalog a avapeoa oto 200000 kai 1o 300000, pe v £§Rg i-
dotnta: I'd kabe ¢ = 1, 2, 3, 10 tmdAoro thg draipeong 10U a did p; icoUtat
e 10 Unodowno g daipeong toU p;py 614 p;.

Yriodedn : ‘O a ikavorotel, ouyXpovag, Tpeig iootieg, ol oroleg mpéret va ErmAu-
900V pe 10 «RveQiko Sempnpar.

3. "Eotw

FIX) =132X"7 4+ 4X70 4 15X 4 XM 4 11X 4 2X12 4 5X 11 43X
+1001X° + X* + 1234X7 + 2X° + 1821X° + 13X* + 111X°
+12X%2 417X + 1.
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"ErtdGote v icoupia f(z) = 0 (mod 7), apol mpdta PBpeite Eva moAue-
vupo ¢(X), Babpold pikpotepou 1ol 7, oo dote, 1) icoupia g(z) = 0
(mod 7) va &xet tig 161eg Avoeig pé v f(z) =0 (mod 7).

. N& AuBet 16 ovotnua

2e+1ly=5 (mod493), 3z —T7y=1 (mod 493).

. Na& érmAuBed 1) icoupia zt + 422 + 222 + 22 + 12 =0 (mod 625).

. "Eoto p > 2 mp@tog. @tope $1 = i, 1 So = Do i ic, ] Kai,

yevikotepa, yid k < p—1, s eivat 1o d6poiopa 6Amv t@V Suvat@v yIvouEvev
k 8lapopetik®@v apOudv 1ot ouvodou {1,2,...,p — 1} eibwkatepa, s,_1 =
(p — 1)!. Arobeigte 6t 10 TOAUGVUHO

FX) = (X = DX =2)- (X = (p= 1)) = X7 +1

gtvatl Babpot p — 2 kai 1) icoupia f(z) =0 (mod p) &xel p — 1 Sapopetikeg
Auoeig. “Yotepa, KAvoviag Xpnon g Tautotntag

(X-1D)X -2 (X—p+1)=X1—5XP .. — 5, 5 +35,1

Kai 100 Sewprjpatog 3.4.1, drnodeifte Ot

S1=8=--=85,2=0 (modp) kat (p—1)!=-1 (modp).

‘H tedevtaia ano tig mapandve icotpieg elvatl yveotr) og Jewpnua o Wil-
son, pia GAAn anodedn 1ol oroiou divetatl otrjv doknon 13 100 kepadaiou
2.

. "Eote p ip®dtog.

a. "Eoww f(X) = X" +a, X" P+ -+ a1 X +ap, 6mou 1 < n < p.
Arodeitte 611, avaykaia kai ikavr) ouvOnkn yia va €xet fj iooupia f(x) =0
(mod p) n Sapopeukig Avoeig eivat 1) £Efig: To Unodowro g diaipéoeng
00 X? — X &1 100 f(X) elvat moAudvupo peé BAoug ToUG GUVIEAEOTEG TOU
dlaipetoug 61a p.

Yrnodewn: "Eow XP — X = f(X)g(X) + r(X) pt degr(X) < n. Kat’ apxds,
napatnpfjote &t 1o g(X) elvat Babpot p—n. Ta va dnodeigete 6 1) ouvOrkn eivat
avaykaia, napatwnpfiote 8t v ol xq, . . . , etval avicoupot pétpe p kat f(x;) =0
(mod p) yvia @ = 1,...,n, e kai r(z;) = 0 (mod p) yia ¢ = 1,...,n. T
avtiotpodo rapatnpijote dti, &v Aot oi ouvtedeoteg 1ol (X ) elval Siaipetoi dua p,
wrte, f(k)g(k) =0 (mod p) yia xa6e k = 0,1,....,p — 1. "Av f(k) = 0 (mod p)
Y1 Atyotepeg anod n upég v k, tote . . . . Kai urn exdote 6t 10 g(X) etvar Babpod
p—n.
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B. "Eow a #Z 0 (mod p) xai n > 1 Sapéng 100 p — 1. Anodeidte du
1 icoupia 2" = a (mod p) &xet Avon dv, kai povo &v, o =1 (mod p).
v niepinwon 6€, rou £xet Ao, 1O AGI00G 1OV S1aPopPeTIK@OV AUCE@V 1vatl
axp18ag n.

Yrioden : TO avaykaio tfjg ouvOrkng sivat dkodo. T'a to ikavo 9d kavete xprion
ThS tautottag

XP— X =X(XP'-1)=X(XPt—a"n +an —1)

p—1 —1 p—1

=X (x5 =o' +a"5 —1) = (X" —a)(-) + (a5 — DX,

drou (- -+ ) eival KAmno1o MoAUMVUHO, 1) dxp1Brg Tiur) 10U oroiou div £xet onpaoia.
‘H tautdtta autty oag deiyvetl oo eivat to umoAoro tig diaipsong 1ot XP — X
61 100 X" — a rai tOpa, 9d kavete xpnon 10T (a).

8. 'H &doxknon avt deiyxvel mdg priopolpe va énekteivope otig iootipieg tov
KAaopatko oupBoAtlopod. ‘O m > 2 sival 1o P€rpo Kai orotedrrote éupavi-
Jovtatl mapovopaotég o¢ iootipieg, 1) AkEpatlol pe dpvnuiko EkOETn, évvoettat,
dixwg va Aéyetat, 6t avtol eivatl mP@Tot PG TOV M.

Oi oupBoAtopot a~! mod m kai i mod m onpaivouv, £§ 6plopov, ) po-
vabikr) kAdon ¢ mod m, yia mv éroia aa’ = 1 (mod m). Tuvakodoubot
oupBoAtopol givat oi ba~! mod m, a~'b mod m xai g mod m, mou onpai-
vouv, kai oi tpelg, v kKAdon a’b mod m.

Anobei€ie Tig £Eg 1610 TEg:

(@) 2 = ¢ (mod m) < b= ac (mod m).

B) — = — (mod m) & biag = bray (mod m).
aq a9
b b
(y) — = — (mod m)
ca a
b b b b by b b1b
(6) 2L 42 = 2200 g ) kat 22 = A2 (10d m).
aq (05} a1a9 a; Qo a1a9
(€) Twa Setkod axépao n, (1) = (a")~' (mod m). ZupBoAidope pe

a~" mod m Vv ®Adon (a )" mod m.

(§) Tia omoloucdnmote drepaioug k, n -Setkoug, Apvnukoug fj pundév- i-
oxuouv oi oxéoeig (aF)" = a* (mod m) kai a*a"™ = a*™ (mod m).

9. Ztrv doknon autr yivetat xprjon KAaopatikol oupBoAiopol o icotipieg,
Omote mpernel va delte mpdta v oknorn 8.
C ~ ;o 1 R 2
T'a k&Be mp@to p > 5 foxver 1+ 5+ 4 5 =0 (mod p?).
Yrodedn : Zupgwva pe v Goknon 8 rpéret Kai dpkel va arodetyOel it 6 ap1dpun-
g 100 KAdopatog, Tou mpokurttel dtav dBpoicope 10 dplotepd pEdog, Sraipeitat
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3. ’Emniduon icotTipidv

&1 p?. Tov apdunty avtov cuvaviotpe otd moAusdvupo g(X) = (X — 1)(X —
2)-+- (X —p+1) moU; “Ynodoyiote v tpr) ¢(p) xai xpnotponoteiote v 4oknon
6.



KepaAawo 4

Tetpaywvika icoinolouna

210 repdAato avto, td p, ¢ cUPBoAI{oUV TIAvIa TIEPTTTOUS TIPXOTOUG.
Ta Aatvika ypdppata cupBoAidouv avia arepaioug

4.1 ‘Oplopol Kai Baocikeg i6r1otnteg

"Eote aképalog m > 1 kai a mp&tog mpog tov m. "Av 1j icotpia 22 = a (mod m)
€xel Auon, 1ote 6 a Xapaxtnpidetal terpaywviko ioolinolotno Uepe m ,61apopett-
KA, terpaywuico dviooinoioumo uétpe m. "Av a = b (mod m), elvat pogaveg dtu
6 b elvat tetpayeviko icourolorto pétpe m év, kai povo dv, 6 a eivat tEpaymviko
iooUmoAourto pérpe m. ZuvnBeg Sa nmapaleinmope 1OV MPOodIOPIoPO PETPR . . . »
dtav elvat capeg 1o PETPo, G rPodg TO 01010 £pyalopaote.

Zu)v eidikdtepn nepintwon, ou m = p, EPITOg PRATOG, Gv 6 a eivat tTetpa-
YoVIKO icoUmodotrto pétpe p kai zg mod p eivatl pia Avon tig icotpiag 22 = a
(mod p), tote —xo mod p elvay, értiong, Avon tg 161ag icotpiag, Si1apopetike) Ao
v 2o mod p. Ipdypat, £§ Unobéoewg, (a,p) = 1, dpa xy Z 0 (mod p). Axopn,
éreldn) O p elvat mepttdg, 2xy Z 0 (mod p), dpa 9 Z —z (mod p). "E§ &Adou,
10 9empnpa 3.4.1 pag Aéer i 22 = a (mod p) &xet, 10 oAU, &Uo rapopetikeg
Avoeig, dpa, Bdaocel kAl IOV apanave, £Xel dkplb@¢ dvo Auoelg.

Oswpnpa 4.1.1 “Eotw meOITTOS MODTOC P.
a. “Eva meplopiopgvo ovotnua UoAoImoOU UETPG D TEPLEXEL AKPIEDS p—;l 70 TANOOG
tepayovika iooinojowta, ta onoia givat io0tiua Ue g apidUoUS

p_]')Q

1%, 2% ... (F—— 4.1
Y Y 7 ( 2 ( )
B. Eotw (a,p) = 1. "Av 6 a lvar tetpaywuvikod iooUinoAouo pétpe p, tote
p—1
az =1 (mod p), 4.2)

53
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V@, Av 0 a elval TeELPayvIkd dvicolurootmro,

p—1

a2z =-1 (modp). (4.3)

"Anoédedn a'. Kabévag amno toug apibpoug (4.1) eival, mpopavdg, TEIPAYOVIKO
icoumoAoro. 'Ermiong, oi apiBpoi autoi eivat avicotpot petadu toug. Ipaypartt,
avl </l< k< p—;l Kai ouvéBarve va ioxvet k2 = (2 (mod p), 1éte 6 p 94 énpene
va Satpel Evav ano toug k + ¢ kai k — ¢, kau aduvatov, agov kai oi duo auvtol
ap1Opoti sivatl 9etikol kai pikPOTEPOL TOT P.

Tuvendg, dv R eival éva meplopiopévo ouotnpa UroAoinev PEp® p, TOte
KAOe ap1Opog k oty (4.1) elvat iodtipog pe Eva drapopetikd apidpo r, € R kai,
QUOIKA, O Ty £1Val TEIPAYOVIKO icoUroAotro. Avtiotpopa, £ote 7 € R 1etpay@viko
icotmoéAourto. Tote undpyet k € {1,...,p — 1}, tétotog dote k* = r (mod p). "Av
1 < k< p—;l, 10t 6 7 gival icotpog mpog KATooV Ard toug aptdpoug (4.1)
dlagopstikd, apatnpotpe 6t 1 < p — k < p%l kair = k* = (p—k)? (mod p).
B’. "Av 6 a &ival TETPayevikod icoUnoélotno, tote UIAPXEL To, TET010G HOTE a = T3
(mod p) kai, BeBaiwg, (xg,p) = 1. Apa, ard 10 Jevpnua 10U Fermat (B 1o

Sewprpatog 2.2.4),
"z =gz; =1 (modp).

[Tpiv mpoxwpnoope, ag rapatnproope Otl, yia kKaBe a Aro 10 ouvolo AplOpdV
(4.1), ioxvel 1] oxéon (4.2), dpa 1) icopia

p—1

r 2z =1 (modp) 4.4)

€xel touddyiotov p—;l 10 1IAN100g Auoetg. Ao 10 dempnpa 3.4.1, 8&v propet va €xet
reploodtepeg, dpa, ol KAAoES @V ap1budv (4.1), kai povov avtég, eivat oi AUoelg
g icotpiag (4.4). Auto, 6pwg, ouverntayetat Otl, dv KATI010G @ e1val TEIPAYOVIKO
avicourodoro, tote 1) KAaon a mod p &&v eival Avon thg (4.4) Ano v &AAn,
10 9edpnpa o0 Fermat, Adet 611 a’! — 1 = 0 (mod p) kai, mapayoviornoikvrag
10 dp1otepd PEAOG KATAATyope Ot0 oupriépaocpa Ot 6 p daipel €vav Ao toug
aP=1/2 1, aP=D/2 11, To np@Tto évBexopevo ouvendyetat 6t fj @ mod p givat
Avon g (4.4), omote anoxrAeietal, Paocsl 1@V 00wV POALS elnape napanave. “"E-
101, pével 10 Seutepo Evdexopevo, ou icoduvapel, mpopavidg, pe ) oxéon (4.3).
0.£.5.

4.2 To oupBodo 10U Legendre

TtV mapdypado avtr) ta AdTivika ypappard, rou 8&v etvat
Urtodeikteg, oupBoAilouv avia AKepaioug IPAOTOUG TIPOG TOV P.
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To ocupBoAo Legendre 10U a w¢ mpog p Opiletal og £ERG:

(a) {1 dv a Tepaye@vikd i00UmoAotro pétpe p

D —1  &v a epaynvikd AvicoUTIOAOTo PETPR P.

O1 np@teg otoyewdelg i610tnteg 100 oupBoAou 10U Legendre ocuvoyilovial otnv
MAPAKAT® TIPOTaoT.

p

B.Ava =b (mod p), e <§) = (g)
p p
Y. (2> =a"7 (mod p).

2
a 1

IIpotaon 4.2.1 d. <—) = 1. Eibwcatepa, (—) =
p

p

5. <_?1) = (-1)=.

M’ dida Aoywa, 10 -1 glvar terpayoviko icotimdofowmo dv p = 1 (mod 4) kai tetpa-
youko avicoimofowo dvp = 3 (mod 4).

g (alag...ak> B (al) (ag) (ak)
' p p)\p p)
"Anoédedn Oiioxuplopol (@) kai (B) elvat évieA@g APeceg CUVETIELEG TRV OPIOUQV.
(). Ipogavig cuvbuaopog 1ol 6ptopold 1ol cupBodou Legendre kai toU B toU
Yewpnpatog 4.1.1.
(8). IIpogpavng ouvénela tou (Y).

(€). "Epappodoviag 10 (Y) €xope

(u) (al...ak)p%l = af; ...a;:g = (ﬂ) (%) (mod p) .
p

p p
To aplotep®dtepo kai 10 dediitepo pédog g napanave icotpiag eivat foa pe +1,
dpa, ano v doknon 2, sivat ica. 6.£.8.

\ e . \ . . ; _ p—1 \ .
'd va amdouotevoope oug oupBoAiopoug, S¢tope po = S-. ToO ouvodo
R ={-p,....,—1,1,...,p'} eivar &va mepropiopévo ovotnua vrodoinwv. Av,
dowwdv, k € {1,2,...,p'}, wote (ak,p) = 1, 6note 6 ka eivat iodtpog pé kamnoov

ap1Bpo 1T R. ‘O ap1dpog avtog 10U R eivat thg popeiig o1y, 6rou o € {—1,1}
kairp € {1,...,p'}. Apa, &ope tig oxéoeig

= oyr;  (mod p)

B
|

o919 (mod p)

(4.5)

pra = oyry (modp).
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AkoOpn, T 11,72, . .., Ty €lvat 0da Stapopetikd peta§y toug. Ilpdypat, €ote 1 <
k< ¢ <p. Evay, BéBaia, ka # la (mod p), dpa, &v Auav r, = 1, auto da
ouvernayotav tt, 10 &va ano ta oy, oy 9a nrav 1 kai 1o dAdo -1. Auto da ofpaive
6t ka = —la (mod p), 6nAady), (k+¢)a =0 (mod p)- aduvatov, apod, ad’ £vg,
(a,p) =1 xai, agp’ ttépou 2 < k+( < p—1.

[ToAAamdaoiddoviag topa 1ig oxéoelg (4.5) maipvope

(1-2---p)a” = (rir9---1y)0102-- -0 (mod p).
ZUupgeva Pg Tl napandve, Speg, ot Aptbpot 1, 7y, . . ., 1y €ivatl pila petabeon v
1,2,...,p, &pa, riry - - -1y = 1-2---p' kai Srapeoviag td §vo péAn pg v apldpo

auto, oV £ival TIPRTOG TIPOG TOV P, KATAANYOUE OTr) 0X£0T)

/

a’ =o0109---0y (mod p).

To v’ 100 Sewprpatog 4.2.1 pag EmMTpEnel va AviKATaoT|oope 10 AplotepO PEAOG
HE 10 % , 6mote Katadnyope of pia icotpia, ot)v o6mnoia, ta 6Uo péAn eivat 1 §

-1. "Apa, 1) icotpia eivat icdtnta (Goknon 2) kai kataAryope otr) oxéon

(2) = 01090y (4.6)
p

1) 6rtoia 9d pag @avel oAU Yprjotyn, 6nwg da dolpe apéong topa.

Kat apyxag, vrievBupilope 61, yia a € R, oupBodidope pé o] xai {a} 10
axépalo kai 1 KAaoPatko pépog, aAviiotoixeg, 1l «, onote a = [a] + {a}. Eivat
oagig 81, yia onotovérrote a € R kai érotovdinote b € Z, ioxvet [b+a] = b+[al.

"Eote topa 9etkOg AKEPAlog a, mP@Tog rpog tov p. Av 1 < k < p/, tote

RG]

"Av v, elvat o UToAotro g eUKAeidelag Siaipeong 10U ak d1a p, tote, IPOPAVRG,
{%} = *£ kal 10 edevtaio KAdopa eivat apiBpog 100 draotrpatog [0, 0.5), fj ToU
(0.5, 1), avadoya pe o av vy, << p' fj v > p/, dvuotoixeg. Ag mapatnprjoope,
grtiong, 6t vy <p s o, =1,8vd v, > p & o = —1.

{Q{ak}]_ 0 avo,=1
p 1 évo,=-1.
"Apa, ouvbudloviag ta mapandave,

{Qak} B {é’tpuog avo, =1

P neptttog v oy = —1

orote
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Zuvduadovtag avtr) T oxeon pE v (4.6) 66nyoupacte otOv TOAU évdlapépovia

YEVIKO TUITO
<9)::(—1)ﬁﬁpf}. 4.7)
p

Mzt 1) BorBeta 10T tumou (4.7) 9a drnodeiope 1OV mepipnio VOO ¢ TEPaAy@UIKAG
davuorpo@nc tou Gauss ral 10 ouunAnpoua auvtod 1ol vopou, 1o 6mroilo rail 9a
arodei§ope mPATO, OGS AMAOUOTEPO.

Osopnpa 4.2.2 -SupnAfjpepa tol VOPoU TETPAYRDVIKI|G AVTIOTPOodi|S.

(z) — (-1t 4.8

ZUven@g, 10 2 givatl terpay@uikd (00UTOAOUT0 UETO® P Yid TPWMTOUS P TG HOPPNS
8n £ 1 kai terpayoviko aviooUToAoTo yid TP®IoUS p TS UOPPNS 8n £ 3.

"Anodefn Ocwpolpe Evav OroloveAmote YeTKO MEPITIO AKEPALO @, TIPPTO TIPOG
\ \ ’ ' ~ ’ »a+p \ } ~ s ’ \
WV p. B4 kavope xprjon toU twrovu (4.7) yia =~ ot Yeon 100 a. ‘Emiong, 9a

KAvope xpron v idlottov a’ kai B’ 1ol Sewprpatog 4.2.1. "Exope Aormov,

(2)-(552)- () (5) -oen
p p p p

= (=1) P

= (-1) v ekt

"Av otnv apanave oxéon Yéoope a = 1, 10 pdto dOpoiopa otdov €kOETN 10T -1

(oxéon 4.9) elvai 0, ago® [k/p] =0y k =1,...,p, dpa naipvope v (4.8).
TéAog, éreldn

(4.9)

Bn+1)2—1

3 =8n*+2m, dpuog

rat
(8n + 3)2 —1

8
ouurnepaivope 6t 0 2 £lval TEIPAYOVIKO 100UTIOAOTO TOV MPOTOV THS Mopdig
8n + 1 kai terpayovikd dvicoUroAolro IV MooV g poppiis 8n + 3. 0.£.8.

=8n?+6n+1, neprrids,

Ocsopnpa 4.2.3 -Nopog tetpaywvikijg aviiotpodils tol Gauss.
"Av p, q glvat 51aPOopPETIKOL TEPITTOL MP@TOL, TOTE

Qi) e
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2Uven®g,

(75’) av évag, ouiaytotov, and wig p, q elvar=1 (mod 4)

(z%): _<§> avp=qg=3 (mod4).

’Anodefn Od drodeifope v (4.10) OO v £ERQG icoduvaun popdn :

()-cr

cr 5 ’ \ \ < —1
émou, Kat’ avadoyiav pe 1 p', 6piope ¢ = -

Zinpiopevol otn oxéon (4.9) kai v (4.8) maipvope, ya a = q,

(2) = ot

Kati, 6pota, évadddooviag toug poAoug eV p, ¢,

<§) _ (—)ZhlE

Zuven®g, yia v anodeln tig oxéong (4.11) dpxel v’ drtodeiyBel 6t

p/

y
Z Ek} + Z {34 =9'q . (4.12)
=1

k=1

‘H anodedn g oxéong autiig eivat oAU arf, Gv g 6O00PE «YEQUETPIKT] £p-
pnveiar. Kat’ apyag, o’ éva 6pbokavoviko ocuotnua afovev x0y, dg opicope wg
axépaio onueio, 6molodrote onpelo £€xel Akepatleg Kai tig U0 ouvietaypéveg ToU
Kal g Jetko drépailo onueio, O6ro10dNIoTE AKEPAL0 ONpelo, TO 01010 EXel Kai Tig
dU0 ouvietaypéveg 10U detikeg. Bewpolpe Twpa v eubeia

€ : y:gx. (4.13)

p
Mia mPoKATapKTIKY Iapatfpnon eivat 8t, mave o autr] w)v eubeia 6&v Urapyet
9etikO axépato onpeio (x,y) pé z < p’ kaity < ¢’* BA. &oknon 4. "Eote Jetkog
axépailog k. H «yeopetpikr) épunveiar g moootntag [gk:] etvat 10 mAf0og OV
p
deuk@v drepaiwv onueiov, ta omota Bpiokoviat rdve oty e00eia r = £k kai «kAt®
ano wyv evbeiar €0 PA. doknon 5. ‘Opoieg, yia euko axépato ¢, 1) mooouta [~/
q
delyvel 10 MARI00g TV JeukAV drepainv onpeinv, ta 6moila Ppiokovial nMAve otV
evbeia y = £ xai «aplotepd thig evbeiagr € BA. doknon 6. Apa, 10 dOpotopa otod
Aaplotepo pérog g oxéong (4.11) Eppnvevetal g 10 MARO0g IOV JeUKGV dKrepaiv
onpeiev évidg 100 6pboyaviou apadAnloypdppou, 10 oroto Opidetat Ao Toug
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Setkoug fuiadoveg kai tig eubsieg x = p’ kail y = ¢’* BA. donon 7. “Eva tétoo

onpelo, dpwg, eivat the popens (x,y) pe z € {1,...,p' xaiy € {1,...,¢'}, dpa

10 MAfjBog toug eivat p'q’ kai avtd GAokAnpmvel v Anodedn g oxéong (4.11).
0.£.5.

' Ap1OpnTikd napadsiypa. Efstadope v 1) icotpia z? = 1054 (mod 1811)
gxel Auon, 6riou 6 ap1Opog 1811 eivat mp@Tog. TTOUG MAPAKAT® UTIOAOY1010UG,
ota 8e§ia kABe iodtnrag ypdgetal 1y idotnta, thg omoiag &yive xpnon, yia va
petaBoUpe Ao v mponyoupevn iootnta o avtr]. “OAot oi dp1Bpol otoug «tapo-
vouaotég t@v oupBodmv Legendre sivat mpdtot, dpa, ot karowa rjpata évvoetitat
0t ylvetal mapayovionoinorn o€ mp®Ioug.

<%) :< 2 ) . <527) (Beopnpa 4.2.1-¢)
1811 1811 1811
=(-1) (ﬂ) (Becdpnpa 4.2.2)
1811
17 31 , .
- _ (ﬁ) . (ﬁ) (Becdpnpa 4.2.1-¢)
_ <1811) . <1811) (@cdpnpa 4.2.3)
17 31
= (3) . E) (Bevpnpa 4.2.1-B)
17 31
13
=(+1) —1) (Bedpnpa 4.2.1-a)
31

(Beopnpa 4.2.1-3)

ol & Blon Gl

(@sodpnua 4.2.3)

) (@sopnua 4.2.3)

|
N

(@ewpnua 4.2.1-3)

I
S~ N/ N7 N7 NN

| L e
—_

2
g) (Bewpnua 4.2.1-¢)

1
+
—_
~—
T
—_
~—
I
|
—_

(Bewprpata 4.2.1-8 kai 4.2.2)

Tupnepatvope, Aomdy, du 1 icoupia 2 = 1054 (mod 1811) eivar aduvarn.
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4.3 To oup6oAo tol Jacobi

Ty napdypado avt ta P, () oupBodidouv mepittovg dxepaioug, pt (P, Q) =1

Z10 napddetypa, pe 10 01010 TEAEIHOVOPE TV ITPONyoUHEVT) Tapdypado, BAEmope
0t1, KATOlEG (POPEG XPELAdetal v Yivel mapayovIoIoinor, MPOKEIPNEVOU va HITo-
pEoel va Tpoywproet 1 dtadikacia Unoloyilopoy, Onwg, yia rnapdadeiypa, dtav
@Tavope oto (%) Kai 66 pév, 6 apibpog 527 sival pikpog, Omote 1) mapayov-
tortoinon tou 6&v pdg dnpuioupyel UIOAOY10TIKO TIPOBANPa, dAAa ti yivetat 6tav
gévag ap1bpog pe 100, dg motpe, derkadika ynoia, épgavidetatl otov «apOpntr)»
100 oupBoAou; ToO mPoBAnpa tig napayovionoinong £vog tétolou aptdpot eivat,
And UMOAOY10TIKL) Aoy, oAU dUoKoAo Kai, paliota, v 6 apiBpog €xet, avtl
100, 300 ynoia, tote, oAU rubavov va eival kai Urodoylotk®dg avépikro. ‘H ma-
pAarapyn thg Iapayovionoinong katd i) diadikaocia vrnoAoytopos 100 cupBoAou
Legendre érmtuyyavetat pe ) Bor)0eia 100 oupBolou Jacobi, 10 61010 ArtoteAel
yevikeuorn 1ol oupBolou Legendre.

"Eotw P = py---p, 1) @vdAuon 100 neptttol dxrepaiou P o mpotoug rapd-
yovieg. Oipy, ..., p, 8&v eival, kat’ avayxkn, Stagopetikoi. T'd kGOe a P&TO TIPOS

Kai 10 dplotepd PéEA0g kadoUue ovupboAo Jacobi 1ol a w¢ mpog P. Lty nepintoon
rou P = py, 6nAadn, étav 6 P eivat pdtog, 1o oupboAo Jacobi 100 a &g ripog P
Tautidetal pe 1o oupBolo Legendre 10U a wg ripog P.

‘H nmapakdte nipdtaon pag Aget ott 8Aeg ol 1610tnteg 100 oupBoAou Legendre,
ALV g Y 100 Sewprjpatog 4.2.1, ioxuouv kai yia 10 oupBodo 10T Jacobi.

2

1
IIpotaon 4.3.1 d. (%) = 1. Eibikaotepa, (F) = 1.

a b
Ava=b (mod P), we (5) = ().
B.Ava (mod P), tdte 2 <P)
X <a1a2...&k> - (&1) (&2) <ak)
v p ) \P)\Pp P
5. <_—) =(-1)"7= .
M’ difa Aoya, 10 -1 elvar tetpaywviko ivovinofouro dv P =1 (mod 4) kai tetpa-
youiko avicovnofowro dv P = 3 (mod 4).

g. “loxvet 1 yevikevon 10U OUUTANP®OUATOS TOU VOUOU TETPAYDUIKTG AUTIOTPO-
®Ng:
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Zuven@g, 10 2 givatl terpay@viko icotmoouno uetpe P yia P ¢ popeng 8n + 1 kai
TeTPayeLIKo dviooUtoowro yia P ¢ popeng 8n £ 3.

g. "Av 6 Q) givar teputtog kai (P, Q) = 1, 0t ioyUer 1) yevikevon 100 vOUOU TAG
TEIPAYOUIKTG AUVTIOTPOPTG:

(§)-c ()

LUVETRG,
(Q) (5) av évag, ouiaytotov, anod wug P, Q) eivar=1 (mod 4)
F —<§> avP=0Q=3 (mod4).

"Anodefn ‘H anodedn v a’, B kal v’ €netal dpéowng amnod tov 6plopo 1ol oup-
BoAou Jacobi kat 1@v avtiotoixev idrotrtev 100 cupBodou Legendre.

[Ma v anodedn v vrodoinev idlotrtev 9a urobéoope 6t P = pips - - - pn
Kalt Q = q . .. qn €lvat ol dvaduvoeig v P, () o¢ potoug apdyovieg. Aoy ThHg
unoBeoeng (P, Q) = 1, kabe g; elvat Srapopetkog ard KAbe p;.

Kat’ apxdg, KATIOEG YEVIKEG TIAPATIPTOL1G EIval XPHotieg: "Av ol ay, as, . . ., Ay
etvatl dptiot, tote

mod4  4av 2|a; Vi

' (4.14)
mod 16  é&v 4|a; Vi

(1+a)(1+as) - (1+a,) =1+ (a;+as+---+ay) {

610t

(I1+a)(14as) - (14+a,) =1+ Z a; + Z a;a; + Z a;a;ag + - - -
1<i<n 1<i<j<n 1<i<j<k<n

Katl oto 6810 pédog, £€ktog Ao 10 1 kai 10 npdto dOpotopa, 6Aa ta UroAona

aBpoiopata eivatl oAdarddota 100 4, otV PN MePint®on Kai rmoAdaridoia

100 16 otr) deutepn.

(8) Me 1) BorBeia g oxeong (4.14), v éroia épappodope yia a; = p; — 1, €xope

P=l=pp--pp—1=0+(p1—1)) I+@z—1)-- 1+ (pn—1) -1
=(l+m-D+@-1)+ -+ (Pa—1)—1 (mod4)
=pi—-D+@E-)+ - +({.—1) (modd),

dpa

P—l_Pl—l p2 — 1 Pn —
2 2 + 2 + + 2

Kavovtag xprion autig g oxéong Kai 1ol Sewpnpatog 4.2.1-8', Exope

()5 = ()" ()" = (;_1) (;_1) _ (—?3) |

(mod 2) . (4.15)
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() M2 ) BoriBeia tiig oxéong (4.14), v 6émoia épapudlope yia a; = p? — 1 =0
(mod 4), &ope

= (L@ -1) (L@ -1) (1@ - 1) -1

+--+(,—1)—1 (mod 16)
=P -+ @E-1) 4+ @@>—1) (mod 16),
dpal
PP-1_pi—1 p—1 Pn—
= n d2).
3 tEg T (mod2)

Kdavovtag yxprjon autijg g oxéong Kai 1ol Sewpnpatog 4.2.2, €xope

(§) ®a amodeifope v icoduvaun oxéon

P—1 Q-1 P
(—1)T'QT = (%) . (@) 7 (4.16)
Baoiopévorl otig oxéoelg

- s—1 . .
(it (%) . (5_) =1 . ..n.j=1..m).
? J

ol 6roieg elval PoPaveig ouveneieg o0 Jewprjpatog 4.2.3. TTig MApaKAT® OXE-
oetg, 6 Beikng @ évvoettal dul Slatpéxet 1o ovvoro {1,...,n} kal 6 Seikig j 10O
ouvodo {1,...,m}.

Kdavovtag xpnon g oxéong (4.15) kai tfig dpoiag g Yld tov (), Exope

P2—1 Q—]_ sz—lij—l_zpz 1(]] (m0d2)’

art’ oérou,

o g -1 (3) 3

me e
1) (7)
(@)@

l@upnefite 611, yia kaBe mepttto a, 8|(a — 1).
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0.£.5.
1054

"Ap1OpnTuiko napdadeiypa. ‘Yrodoyidope §ava to (ﬁ) dixwg va katapu-

yope, o€ kavéva PBfjpa 1ol Uroloylopol, o0& Iapayoviornoinor, €Ktog Aro v
«¢&aywyr) o0 2». AUTO 10 érutuyxavope pe xprjon 1ol oupBolou Jacobi. To-
pa, TAov, 8ev pag évbiagepet Gv ol «rmapovopaoteg 1@V oUPBOA®VY £lval IPATOL
apBpoi. ®uoikd, o’ Eva mapaderypa pe 1000 PKpoug dplfpoug, autd 10 Urolo-
Y10TIKO TAgovEKTNPa To0 oupBoAou Jacobi -1 arnoduyr) thHg rmapayovionoinong-
6&v Helyvel 1000 onNpaAvIKo.

X106 6e€1otepo dkpo KABe ypappig onpeidvetal mowd ano tig idomteg a'-q’
100 dewprjpatog 4.3.1 xpnoiporor)0nke.

1054\ (2 \ (527 »
1811) — \ 1811 1811 \
527 ,

=(—1) <ﬁ) (€)

1811 ,

= (ﬁ) (‘i‘)

230 ,

— (E) (B)
(2. (15 (V)
~\527) "\ 527 ¥

115 ,
=(+1) (527) (€)

= (115) (B)

—1 3 ,

() (i) (i)

= (i) (6-a)
115

115 ,

3 ) (9)

) (B)

= — (a)
IIpoooxn! "Ag UroBéoope Ot (%) = —1. AUt0 ouvendyetal 61, yua €va,
TouAdxiotov, TP®To Tapayovia tou P ioxuet <Z;i) = —1, émore 1y iooupia 2% = a
1

(mod p;) 8&v Exel Avon. AMAA 16te, podavdg, oUte 1) icotpia 22 = a (mod P)
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gxetrAuorn. "Av Opwg (%) = 1 kai 6¢v eipaocte BEBatot 6t 6 P eival mp@Tog, TOTe Sev

propodpe vé oupnepdvope 8t 1) icotpia 22 = a (mod P) &xet Avon! Mpdypat,

dv yid éptio mAfj0og MePITI@V MPOIOV ITapayoviey p; 1ol P eivat <pi> = —1, 101e,
T

&ve 6&v &xet Auon 1) 72 = a (mod P), eivat (%) = 1.

4.4 ’Emnildvon tijg icotpiag 2° = b (mod m)

10 kepadaio 3 axodnbrkape pi v értidvon thg icoupiag f(z) = 0 (mod m)
Y1a 10 yeviko odumvupo f(X) € Z[X]. &’ avt) uyv napdypago 94 é§e181ikéuoope
10 oAucvupo f(X) oy eidikr), aAdd modu évdiagépouoa mepimmwon f(X) =
X2 0.

Méxpt 10 1édog Mg tapaypdpou, 10 m oupBoAilel dxképalo peyalutepo
10U 1 kal
m = 2°p{* - - pi* (4.17)

glval 1] Kavovikt] dvaluor toU m O¢ TIPOTOUS TTapAyovieg, Orou

® Di,..., Pk EIVAL TIEPITIOL TIPRTOL.

e a >0, k>0, alAa &vag, Touddyiotov arno toug §uo eivat 9etkog.
®d doxoAnboTpe, Aowodv, pe v Emiduon thg iootpiag
r*=0b (mod m) (4.18)

Xdapn oty doknon 12, av (b,m) > 1, avayépaote ot dpolag popdiig icotpia
Be véa b kat m, yia v onoia, ite 8&v Unapyet Avor, eite 6 véog (b, m) eivai
HKpOTEPOG —AKpiBEotepa, dralpétng- tou avtiototyou rponyoupévou. “"Etot, Bhjpa
npog Phpa, dv 6&v katadndope o¢ aduvarn icoupia, 9a @tacope, Votepa Ao
rerepacpévo mifjfog Pnpdatwyv, ot icoupia (4.18), ow)v éroia (b, m) = 1.

"Ertiong, A0y 100 kwedikou Jswpnpatog 3.3.1, yia v éridvon tig icotpiag
(4.18) mpémet kat Apkel va propotpe va ErmAvope iooupieg thg popPig

2> =0 (mod p*), p meprrtog mpdtog, a > 1, (b,p) =1 (4.19)
Kabng kai iooupieg thHg popPig

»=b (mod2%), a>1, bneprrdg. (4.20)
Etvat amo va arobdeigel kaveig 6t 1) icotpia (4.19) €xel akp1Bag 6uo Avoelg, §
Kappia Avon, dvdloya pe to av <§> =11 —1, dvuotoixwg BA. &Goknon 13.

‘H peAém g icotpiag (4.20) eivatl tud ouvOet).
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Osopnpa 4.4.1 ‘Avagepduaote o iootyia (4.20).

INa a =1, n ioouuia éxet pia arxp6odg Avon.

INa a = 2, 1 ivoupia éxer Avon dv, kai uovo dv, b = 1 (mod 4). "Av ikavonoieitar
avt 1 1 ovvdnKn, Wie 10 TANSOC 1V AVoew ¢ iootuiag elval Akp16ag 2.

Na a > 3, 1 icoupia éxer Avon dv, kai uoévo dv, b = 1 (mod 8). "Av ikavomoret
tar avtn) 1 1 ouvdNKN, 10te 10 TANSOG TV AUCewV ¢ iootuiag ivar dkpl6ag 4.
"Emuniéov, omv mepintwon avt), dv x, mod 2% eivar uia Avon, 10te, oi 1é00gpelg
dagopetikég Avoes elvat oi

r=+x,, £1,+2°"  (mod 2%). (4.21)

’Anodedn Oi neputtwoeig a = 1, 2 eivat tetpippéveg. "Eotw, Aoutdv, a > 3.

"Av Undpyet axképalog x, mou va ikavorolel v icotpia (4.20), tote 22 = b
(mod 8). AAAa 6 x elvat meptttog, 6mote x2 = 1 (mod 8), an’ drou mpokvrTtet 1
avaykaomta tjg ouvlnkng b = 1 (mod 8) yua va &xet Avon 1) icoupia (4.20).
Avuotpogeg, €0t 6t b = 1 (mod 8). @4 arnodeifope énayoyika éu i icoupia
(4.20) &xetr Avorn. Twa a = 3, pia Avon eivat 1 1 mod 8. "Ag Unobeoope tHpa Gt
yia a = k > 3 undpyet Avon, #ote 1) 7, mod 2%, @étope z = 14, + 2y xai,
avukadiotoviag otv 22 = b (mod 281), Exope

(22 —b) + 2"y + 2222 =0 (mod 2V .
"EE UmoBéoeng, 6 2F Siaipel 1oV £viog mapevOioems aptOpod otd dplotepod 1A Kai,
axkopn, 2k — 2 > k + 1, 6note 1§ naparndave icotpia yivetat
2 —b
ok

+zy=0 (mod 2).

"Eneidr) 6 xp, ivatl meptttdg, KataAryous, TeAikd, oty

b— a3
ok

y = (mod 2) .

"Apa, &v otyv z = 13, + 2871y 9¢cope y = 0 ] 1, dvaddyeg 1 1o dv 1o 6e810 1¢dog
1fig mapandave icotpiag ivat dptiog fj reptttdog dp1dpog, aviotoixeg, naipvope
Avon tig icotpiag #2 = b (mod 2F+1),

Mével topa va 8eitope 61, dv a > 3 rai x, mod 2% eival pia Avon tfg
icotpiag (4.20), tote oi KAdGoeig (4.21) eivat, émiong, Avoelg tig 16lag icotpiag
Kai, paAiota, dtagopetikeg Kai kKABe dxképalog x, mou EraAinBevel v iootpia,
Avhkel o¢ pia ano avteg tig téooepelg KAGoelg. To 6t ol kKAGoelg auteég eivat
Avoeig g icotpiag (4.20), pe 6ebopévo du 1) z, mod 2% elvat Avor) g, @aivetat
Uotepa anod Aiyeg ardovotateg ripdadetg. Arho, ériong, eival va deiet kaveig 8t ol
té00epelg KAAOEIG etvat dtaopetikég. Ia nmapadetypa, dv frav r, = —x, + 297!
(mod 2%), t6te 94 #npene x, = 2%°2 (mod 2°7')- &duvatov, apol 6 z, eivai
rieptttog. To 1610 amda anoxAeietat 1) iootnta duo émolwvdrote KAdoewv (4.21).
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Tédog, &v 22 = b (mod 2%) (@ > 3) xai 22 = b (mod 2%), tote (v + z,)(z —
ze) = 0 (mod 2%). Ano v doknon 8 10U kePpadaiou 1, axpBdg Evag Ao toug
&uo akepaioug apOpoug (z + x,)/2 kai (z — x,)/2 elvat mepttdg. "Av elvat 6
IPATOG, T0TE O T + T, draipettal amo 1o 2, AAAd 81 aro 10 4, ouven@g, 1) teAsutaia
iootipia pdg 66nyel otd oupnépaopa 8t 6 ¥ — T, Slatpeital ano 1 271 dpa,
T =14+ 2%y, 6mote v = 7, (mod 2%) f z = z, + 27! (mod 29), dvddoya pé
10 dv 6 y elval dptiog 1j TEePttrdg, AvIloToiX®g.

Av 6 (z — x,)/2 elvatl mepittdg, tote, oUAAoygopevol pé évieddg avaAoyo Tporo,
68nyovupacte otd cuprépaocua 8t ¥ = —x, §j — 7, + 2% (mod 2%). 6.8.8.

Zinpiopevol oto Jewpnpa 4.4.1 rai oto mpiv Ao )V EKP®VN 0T TOU 0X0A10,
priopotpe va EEpope drpB®dg 1O MATO0G OV AVoewv tfig icotpiag (4.18).
Osopnpa 4.4.2 ’‘Avaykaia kal ikavn ouvdnkn ya va éxet Avon 7 iootuia (4.18),
dtav 1 kavovikn avaivon 1ot m 6ibetat ano t oxéon (4.17), eivatr va ikavomoloiv-
tat 8jleg 0i Tapakdl® CUVONKEG:

b . .
— | =1 yuiadbiawai=1,....k
Pi
b= 1 (mod 4) dva =2
B (mod 8) dva >3
Zmv mepintwon, mou Exet Avon 1) icotia, 10 TARdog 1@V Avoewv e, lvat

28 dava=0n1, 21 dva=2, 22 dva>3.

4.5 ’Aornoeig ol Redpaldaiou 4

1. “Yroloyiote 6Aa td ototxela 1ol KAt AmoAutn T €Aaxiotou ouothpatog
UMoAoin®v PETp® p, Ta Orola eival terpay®vika icournolora pétpe p, yia
p = 17 xai p = 19, dvuoroixeg. T'ati ot pia nepimoon ta otoixela avta
glval ava {euyn avtibeta kai otrv GAAn 6x1;

2. Arnodeite v £ENG MOAU ArAf], mpotaor, THG Oroiag XPHon yiveratl rmoAu
ouxva: Ave,n € {—1,1} xai e =7 (mod p), téte € = 1.

3. Anobeigte v npotaon 4.1.1 Baoiopévol otrjv doxknon 7 (B) o0 kepadaiou
3.

4. "Av oi p, ¢ ival S1aPpoPETIKOL TTEPTTTOL MPRATOL, TOTE §EV UMAPXOUV AKEPALOt
ry,pel <z <p xail <y <, tdroon dote y = qz/p.

5. T ¢ =23, p=17Trai yia xabe k = 1,2,...,p = 8, xopiotd, énaAnbeTote
1OV ioxuplopod ot anodeidn 100 Jewpnparog 4.2.3 st [gk] glvat 1o mAfj0og

p

1OV 9etk®V Arepainv onueimv, té orola Bpiokovial rave otr)v evbsia r = k
Kal «kAte ano v eubeia» (4.13).
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6.

10.

11.

12.

Mag=23,p=17Txaiyiaxabe { =1,2,...,¢ = 11, xopiotd, énainbstote

1OV ioxuplopo otrv anodeign 100 Jewprpatog 4.2.3 61 [BE] belyvel 10 AL -
q

90g WV Jetkdv drepaimwv onpeinv, ta orola Ppiokovial mave otrv e0eia

y = ¢ Rai «apilotepd thg evbeiag (4.13).

. Ta g = 23 xai p = 17 énaAnBebote 10v ioxuplopod otv anddeidn 1ol Sewpr-

patog 4.2.3 61 10 dOpolopa oto aplotepo PEA0G g oxéong (4.11) iooTtat
p€ 10 TIAR00G TRV JeuKAV dKepaimv onpeiav évtog 1ol 6pboywviou rapal-
Anldoypappou, 1o 6moio 6pidetal ano toug detikoug nuIadoveg Kai tig eUOeTeg
r=p raly =¢"

. ‘O p = 104779 eivar mp®tog. ‘Yrodoylote t)v tur) 100 oupBolou ( ) yua

»
a = 194, 120400, 18660, —14530, —1821000 p&¢ xpron G ocupBoiou 10T
Jacobi.

Bote neptrtds. "Eote Py 6 ¢ . TTOU HRETAL A T VIVGLE-
Eotw P > 1 niepittog. "Eote Fy 6 apiBpog, 1o atidetat ano 1o yvope
vo OA@V 1OV 61aPopetIKAV MPOTOV dialpetdv 100 P, oi orolot éugavidoviat
P& mePtto €KOE otr)v Kavovikr dvaduon 100 P. Anodeigte 611, yia Kabe a

P®TO TIPOg OV P, ioxuet (3) = < 4 )

P I
"Eotw Fy = p1---pn, 610U Py, ..., p, €lval S1aPOPETIKOL TIEPITIOL TIPRTOL.
> - s \ . o e s , o b\
Anobeite, P énaywyr) oto n, Ot untdpxet b, 1€to10g dote ) =L

Yriodegn. T 10 énayeyko Bhjpa amo 0 k oto k + 1, kavete 10 €§7g: "Eoto c,

c _d_
P1-Dk Ph+1
tétowog Gote b = ¢ (mod py -+ - pg) kai b = d (mod pg41) Kai yU avtov tov b, 10te,

b - _
<P1"~pkpk+1) = -1

"Eotw P > 1 neprttog. Zuvdudote tig 6U0 mponyoupeveg AOKNOEG Yid va
ouprepavete pdta Ot Urapyet b, mpdtog rmpog tov P, tétolog dote (%) =
—1 xai, o) ouvéxela, anodeiSte 8, dv R eival &va meplopiopévo ouotnua

unodoinev pétpe P, tote
a
— ] =0.
> (p)

aER

T€T010G WOTE = —1 kal d, tétolog dote ( ) = 1. Aeire 6u Undpyet b,

‘Yniodewgn. To ouvodo {ab : a € R} elvai, ériong, meplopiopévo ovotnpa Uro-
Aoinwv. A’ £tépou, 10 @Bpolopa 1@V oupBoAwv Jacobi, kabBng 6 «ap1Opung» 100
oupBoAou dlatpéyet Eva meploplopévo ouotnua Unodoinwv, 6&v dAddadel dv avuka-
taotrjoope avto 10 cuotnua pé éva GAAo TEP1oP1IoEVO oUOTN A UTTOAOITTIOV.

"Eote 8t £xope va Avoope v icotpia 22 = b (mod m) kai ot b, m &ouv
éva koo np®dto Swaipétn p. "Eotw b = pby, m = pm,. Anobei§te 611 kabe
T, TIOU 1KAVOTIOlET TV 1ootipia, mpémnet va dialpettat d1a p kai, petd, Jéote
T = pry, 6mote 1) icoupia 94 avaxBel oty pr? = by (mod my). Asi€te ta
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13.

14.

15.

£ENG, OXEUKA P& v tedeutaia icotpia:

(i) "Av (p,m1) = 1, éte dvayopaote o¢ icotpia x7 = V) (mod m,), 8rou 6
b elvar kanolog aképatog pe (b, my) = (b, m)/p.

(ii) "Av (p, m1) = p kai p|by, Wo1e dvaydpaote ot icotpia 2 = by (mod my),
érou by = by /p, mo = my/p xai (by, my) = (b, m)/p?.

(iii) "Av (p, m1) = p Kai 6 p d&v Srapel oV by, tote 1) icotpia eivat aduvarn.

(@) "Eotw meptttdg np@tog p, b drépalog mpdtog rmpodg tov p kai a > 1.
Kdvovtag xprion 100 dewpnpatog 3.4.2, dnodeite éul 1) icoupia a2

b

(mod p%) &xer axrp1Bag 6o Avoeg, &v = 1 xai xappia Avon, év %) =

—1.

() "Eoww m > 1 rat m = pi'---p* 1 kavovikn avdduon 100 m. “Eotw
b dxépatog pdTOg 1IPOS TOV M. Kdavovrag xprion 100 a’ pépoug autng thg
doknong, drodei€te Ot1, Avaykaia kai ikavr) ouvOrnkn yia va €xet Avon 1
icotpia 2 = b (mod m) eivar: p%) =1Vi=1,... k.

1) ouvéxela, KAvovtag Xpron 100 Kwedkou Yewpnuarog, arodeiste Ot, av
ikavoroleTtal avtn 1] ouvlnKr, 1ote 10 MANO0G IOV AUoeRV TG dewpoupevng
iootpiag eivat 2%,

"Exovtag urt’ éyet v doknorn 13, AGote kdBe pia Anod 1ig maparAte® ioott-
pieg:

»=6 (mod43®), 2*=-1 (mod5°), 2°=6 (mod 43*.5?).

"ErmAGorte v icoupia 22 = 17 (mod 2'3),
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T'svvitopeg Katl Starprrol
AoyapiOpot

X10 RepdAato avto, 10 p oupuBoAilel Ttavta mePITIO IPETO.
Ta Aatwvika ypappata oupBoAiouv ravia dxkepaioug

5.1 Tevvntopeg

"Eoto m > 1 xai (a,m) = 1. To ovvodro {k > 0 : a* = 1 (mod m)} eivar pn
Kevo, AgoU, yid rapadetypa, meptéxet tov ¢(m), Aoy 1ol Sewprpatog 1ot Euler
(2.2.4). To éAaxioto otorxelo autol 10U ouvodou Aéyetatl taln 1ol a PETpE m Kat
oupBoAiletat ord,, (a).

‘H xprjon 100 oupBoAiopot ord,,(a) onpaivet, akéun ki v avtd dev
8ndovetat, éu (a,m) = 1.

Oi Baowkég i610tnteg g ouvaptnong ord,, eprAapBavovial otV MAPAKAT® PO-
Taon.

@copnpa 5.1.1 “Ectwm > 1, (a,m) = 1 kair = ord,,(a). Tote:

d. ‘Hiootpiaa® = 1 (mod m) icodvvaueiué vk = 0 (mod r). Eibucatepa,
rlg(m).

B. H iooupia a* = a* (mod m) icodvvauel ué v k = ¢ (mod 7).

y. Oidpduoil, a, ..., a" ! elvar auiootpol uétoe m kai kade Svvaun oo a (un
dovntucol EKOETN) elvat I00TUN UETPQ T UE KATIOOV Ao autoug ToUg 1 10 TANO0g
ap1duoug.

"Anodefn a. ‘H eukAeideia Swaipeon toG k &id r pdg diver £ = rq + v, émou
0 < v < r. 'E§ unobéoeng, a” = 1 (mod m), &pa a* = a® (mod m). "Av rlk,
t6te v = 0, &pa a® =1 (mod m). Avtiotpégag, &v a® =1 (mod m), tote a’ = 1
(mod m). Zuvbuddovtag avtn v icotpia pg 1ov dp1opd 10T r, KataAfjyope oto

69
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ouprniépaopa 8t 6 r 8&v propel va ival deukog. Apa, r = 0, onote k.

B. "Eoww k > ¢, 6note 1y iocoupia a¥ = af k=0 = q

a® (mod m) icobuvapel pé wy o =

(mod m). Ao 1o (@), 1) tedevtaia icoupia icoduvapel pe v k— ¢ =0 (mod m).
Y. Av ftav a* = a* (mod m) pg 0 < k < £ < r — 1, tdte, ovpgeva Pt 1o (B) 9a
eixape 7|(¢ — k), mov eivatr aduvatov, agot 1 < ¢ — k < r. Tédog, &otw k > 0.
Etvat k = 4 (mod r) yi& karow i € {0,1,...,r — 1} &pa, ano w0 B, a* = d
(mod m).

6.£.5.

"Av ord,,(a) = ¢(m), tote 6 a xapaxmpidetal Og yevvntopag PEpe m.

Ozopnpa 5.1.2 O mpd10¢ TPOG TOV M, AKEPALOS A £LVAL YEVUNTOPAS UETOQ® M AU,
Kai povo dv, oi dpwduoia, a?, . .., a®"™ anotefoiv nepropiousvo ovotnua uroAointeov
HETO® M.

'Anédedn "Eote 61 6 a elvat yevvitopag pétpe m, o6ndte ord,,(a) = ¢(m). Ano
10 V' 100 9ewpnpatog 5.1.1, oi apdpot 1 = a®™ a,d?, ..., a®™ "1 gval aviod-
Tpot Pétp® M Kai 1o mAfjfog toug tvat ¢(m), ouven®g AroTEAOTV MEPLOPLOPEVO
ouotnpa UIoAoIneV PETPY M.

AVTioTPOPag, £0te STt oi ¢(m) t MARPog appoi a,d?, . .., a®™ drotedotv
MEPLOPIoPEVO oUoTa Urtodoinev pétpe m: eidikotepa, ol ¢(m) 1o mAfjfog avteg
Suvapeig eival avicdoupeg pétpe m. “Eoto wpa éu ord,,(a) = r. Ano 10 o
100 Sswprjpatog 5.1.1 &pope du r|p(m), dpa r < ¢(m). AdAG, anod 10 Y 100
i{61ou Sewprpatog, trtapxouv axkp1BeS r 10 MAfi0og Suvapelg 10U a (pr) dpvnukos
EKOETn) dviootipeg PETPQ M, Gpda, Ao )V IIapatPnon Alyeg Ypappeg napanave,
o(m) <r, omote r = ¢p(m). 6.8.8.

Oewpnpa 5.1.3 a. lNa kade a mp&dTO TPOG OV M Kal kade IJetkd drxépaio k
ioxvet
ord,,(a)

ord,,(a*) = o (). 1)

B. "Av 6 g sivar yevujtopag uétpe m., 1ote 6ot oi dpwduoi gF ue 1 < k < o(m) kai
(k,p(m)) = 1 elvar, émiong, yevvrtopes uétpe m, aviodtuor uetall toug kai kade
yevvnopag UEtp® m eival io0Tuog Ue €vav anod avtoug 10U apduoUs. ZUVETG,
Unapxouvv arkpi6ag ¢(¢p(m)) 1o TARSOG AVIOOTIOL YEVUTTOPES UETO® M.

'Anédeldn o. "Eow ord,,(a) = n. Tda kaBe Seukod axépato ¢, mou érnainbevet
v icotpia (a*)f = 1 (mod m), ioxuet, Baoet 100 a’ 10T Sewpnuatog 5.1.1, 8t
n|kl, 6nAadr), 6 k{ elvat kowvo moAdarddoto t@v k kai n. Zuven@g, dv £ = r eivat
0 £Aayiotog t1€to10g aképatog £, tote 6 kr eivat 10 £Adx10to Ko1vo TIOAAATIAAC10 TGV
k,n. M’ &\Aa Adyia, av ord,,(a*) = r, téte kr = [k, n] = (Sedpnpa 1.3.1-a) %
art’ 1ovu 1) Arodelktéa oxéon r = ﬁ

B. "Evag axépatog b elvatl yevviopag pétpe m v, kai povo &v, elvat mpetog
rpog OV M Kai 1) tagn tou pétpe m eivatl ¢(m). Bdaoet 100 ewprpatog 5.1.2, 1
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ouvOnKkn avtr) icoduvapel pé 1o 8 6 b elvat iootpog pétpe m P Kanoov aptdpo
g*, 8riou 1 < k < ¢(m) xai 1) 1é&n 100 g* pétpe m eivat ¢(m). Baoet 100 (a),

¢(m)
(@(m), k)’

&pa, ord,,(g*) = ¢(m) &v, xai pévo &v, 6 k eival mp@Tog TIPOG TOV G(M).
Avakepalaiwvoviag ta rapandve £xope 6t 6 b elvatl yevvrjtopag pétpe m

&v, xai povo &v, elvat iootipog pétpe m pg évav apdpo g~, érou 1 < k < ¢(m)

kai (k, ¢(m)) = 1. "ErmmAéov, ano 1o Sempnua 5.1.2, 8Aot oi tétotor apidpoi g*

er o

-10 MAf00g ToUg, TIPOPavRG, etvatl ¢(m)- elvat Avicotipot pEtpe m. 6.€.8.

ordm(gk) =

Ocopnpa 5.1.4 Ta ta d kai B, naparxdie, Umodstous 6t oi a,b gvar mpdtot
mpdg 10 perpo m > 1 xkai ord,,(a) = r, ord,,(b) = s.

a. Av (r,s) = 1, tote, ord,,(ab) = rs.

B. ‘Yrapyet ¢ ué ord,,(¢) = [r, s] EKIT wov r, s).

Y. ‘Yrapyet yevvntopag pétpe p yia Kade mePLTTO TP@TO P.
*Anodefn Od kavope ouyvr) Xprjon 100 Sewpnpatog 5.1.1 xwpig ibiaitepn pveia.

a’. "Eow ord,,(ab) = t. "Eotww, émniong, b; tétolog Gote bb; = 1 (mod m).
‘H &oknon 1 pdg Aéet 8t ord,, (b)) = s. Ano myv (ab)! = 1 (mod m) naip-
vope apéong a' = b (mod m). "Eow ¢ = o' = b (mod m). Ano 10 9ew-
pnua 5.1.3 oupnepaivope éu ord,,(c¢) = ord,,(a') = ﬁ,
ord,,(¢) = ord,, (b}) = =p- ESwovovtag, naipvope r(s,t) = s(r,t), &pa r|s(s,t).

Kabwg érmiong kat

"Eneidn (1, s) = 1, énetar 6w r|(r, t), dpa r|t. "Evieddg avdroya, s|t, onote (v ol
Sewprpatog 1.3.1) rs|t. Ano 1o dAAo pépog, duwg, (ab)™ = (a")*(b°) = 1°-1" =1
(mod m), &pa t|rs, onote, tedika, t = rs.

B’. T v arodei§n 9da rkavope XpHon 1@V EKJET@U, 0ToUg Oroioug avapepbrrape
dpéong peta 10 Sewpnpa 1.4.3. I'da amdovoteuon 100 oupBoAilopot Sa ypagpope
ord avti ord,,. Tov turuko (9etko) mpdto Ap1OHod 9d oupBodidope pe ¢ kai to
oupbolo v, (x) vrievbupidope &t onpaiver WOV EkOLN TOT ¢ OTOV 2.

"Entiong, 10 oupBodo [ | 94 onpaiver [ |
®¢tope

q Tip@dtog *

ro = Hqu(q) sriou  p(q) = {Uq(r) av Uq(r) > vy(s)

0 av v, (1) < vy(s)
Kat

T e O @) > uls)
’ Hq (@) {Uq(s) av vy(r) < vy(s) .

Eilvat mpogaveg 81, yid kavéva g 8év €xone ouyxpoves 1(q) > 0 kaiv(q) > 0, &pa
(10, 50) = 1. "Emtiong, p(q) + v(q) = max{v,(r),v,(s)}, dpa, anod v &oxnon 31
10U kepaldaiou 1 &netar 6u rosg = [r, s]. Eival émiong npogpaveg arod tov 6popo
100 1y Ot 1g|r, omote &g Séoope r = rory yia karmowo r; € N. Avddoya, 9étope
s = S0S1, 6rou s; € N. Ano 10 (a) 100 9swprpatog 5.1.3 &netat 6u ord(a™) =
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o] = 7 = To kai, avadoya, ord(b°') = sg. "Emeidr), wpa, (19, 80) = 1, 10 (@)
nag Aéet 6w ord(a b)) = rosg = [r, .

Y. "Eowe r 1) péylotn duvat) taén pétpe p, dndadr), Utndpxel dxrépaitog g pé
ord,(g) = r, évad ord,(b) < r yia xabe b € Z. Ipogavig r < p— 1. Toxupiopaote
Twpa Ot 1 1adn petpe p oroloudrnote drepaiou dalpel tov r. Ipaypatt, £0tw
ord,(b) = s kal &g vrobéoope du 6 s &ev Slapet v r. Tote, (r,s) < s, dpa

[r,s] = o > % = 7. AN, Bdoet 100 (B), Ymdpxer dxépaiog, 100 omoiou 1

S
tasn pétpe p eivat fon pe [r, s| > r, drorno. Tuprnepaivope, Aowtdv, St ol tadelg
wv 1,2,....p— 1 pépe p sivat Saipéteg 100 7. AUTO, MPOPavdg, CUVeNAyetal
ot 1) iooupia 27 — 1 = 0 (mod p) &xel toudayiotov p — 1 Sapopeukig Avoelg,
dpa (Bevpnpa 3.4.1) p — 1 < r. "Onwg napatnprnoape oty dpxn, ioxvetl kai 1
avtiotpogn avicotnta, dpa p— 1 = r = ord,(g), 6rote 6 g elvat yevrntopag pétpe
p. O.£.5.

Osopnpa 5.1.5 d. "Av 0 g glvar yevvnropag UETP® P, TOTe UTapyouv k, { tétotot
@ote (g + pk)P™t =1+ pl kai £ # 0 (mod p). T'a éva térow k, 6 g + pk elvar
yevvntopag uetpe p" yia kaden > 1.

B "Av 6 g glvar ysvuitopag uétoe p kai g1 # 1 (mod p?), 1e 6 g elvar
yevuntopag uétoe p" yid kaden > 1. !

Y Avn > 1 kai 0 g elvat yevvntopag UEP® P, TOTE YEVUNTOPAg UETP® 2p™ elvat
gxelvog amo toug g kai g + p", 0 omolog slvat TEPUTOG.

'Anédeiln a’. Aoye 100 Sewprjpatog 100 Fermat &xope g~ = 1+pe, yia kanotov
axképato c. Apa, yia kabe dxépato r €xope

p—1
_ _ _ =1\ i i
(g+pr)P~ =g" "+ (p—1)g"2(px) + Y (p i )gp ")
1=2
=1+pc+(p—1)g" *px +p’hy

drou 6 by elvatl KArolog aképatog, ToU Oroiou 1) Tur) 6ev pag évbiageépet. Apa,
(g+px)P~t =1+ plc+ (p— 1)gP 2z + pby) kal &v k mod p elvar 1) Avon thg
icotpiag (p—1)g* 2z = 1—c (mod p), t61e c+ (p—1)gP 2k = 1+ pby y1& k&r010
by € Z, &pa (g + pk)P™t = 1+ p(1 + pby + pby) xai naipvope £ = 1 + pby + pb;.
®d arodeifope topa 611, yid 10 apanave k kai kabe v > 1 ioxvetl pia oxéon
S nopPig
(g +pk)P" "D =14 p" 0,00, Broup floi (5.1)

nav =1:

p
(9 +pkp?™ = (14 pl) =14 p*0 + ) (]Z)) (pt)’
1=2

Isv mpdn, 1) nepimeon avty 6év eival xai t6oo eidikr), apod 6 povog pdtog p < 104729,
nou 6¢v ikavorolel aut) ) ouvorKr, eival 6 40487.
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Kal kKaBe mpoobetéog oto tedeutaio &Opotopa Y eivat moAAarAdoto 10T p?, 6161
KAOe H10VUNIKOG ouvieAeotr)g otO &Opolopa autd eivatl oAAarnAdoto 10U p (Gokn-
on 32 100 kePpalraiou 1). "Apa, 1O 6810 pédog TG mapandve oxEong ivat tig
nopofis 1 + p?ly, énou o = £ + {8pot Srapetoi 61d p} # 0 (mod p).

Mav =2:

p
(g+pk)" "D = (1+p™o)’ =1+p*+ > (g;) (p*t2)’
1=2

Kal kaOe TipooPetéog otd Tedeutaio &Bpotopa Y elvat moAdariddoto 1o p. “Apa,
10 6e€10 pédog thig mapandve oxéong eivat g popdfs 1 + pls, drou 3 = o +
{8po1 biaiperoi 1a p} # 0 (mod p).

‘H énayoyikn anodedn tig oxéong (5.1) eivatl topa {erdbapn. ME ) Bor)bsia tiig
oxéong autfig propotpe va anodesi§ope 6t 6 g + pk elvatl yevvrtopag pétpe ph
yia kG6e 11 > 1. Kat’ apxdag, ég kavoue v arf] rapatr)pnon 6t, agot 6 g eivat
yevvntopag PETp® p, 10 1610 9a ioxvet kal yud tov g + pk, omodte 1) 1én 10U g + pk
pétpe p etvat p — 1. "Eotw topa éu ord,yu (g + pk) = r. ‘H oxéon (g + pk)" =1
(mod p*) ouvendyetat wyv (g + pk)” = 1 (mod p) dpa, apov 1 tagn w0 g + pk
HEpe p elval p — 1, oupnepaivope 6t (p — 1)|r kat Séope 7 = (p — 1)s. Ag’
£tépou, 10 a’ 100 Jewpnpatog 5.1.1 pag Aéet 8t r|d(p*) = p* L (p—1), dpa s = p”
yia xamoo v < g — 1. Tapa, 1) oxéon (5.1) pag Aéet éu (g + pk)?"P=H £ 1
(mod p**?), &pa, v frav v < pu — 1, 9a eixape (g + pk)" = (g + pk)?’ @D £ 1
(mod p*), mou avugdokel P tOV OPOPO TOT 7. TUVEN®G, ¥V = [ — 1 Rai r =
(p—1)s=(p—1p" = (p— Dp' ! = ¢(p"), mov Aéet, arp1BadS, 1 6 g + pk eivat
yevvrtopag pepe p.

B. Aoye 100 Sewprjuatog 100 Fermat, ¢! = 1 + fp. "EE tnoBéoewg, 10 £ 6&v
Slarpettat amno v p, dpa épappoletat 1o (a) pe k = 0.

V. "Av 6 g glvatl yevvitopag pEpe p”, 10 1610 ioxuet, mpopavdg kai yia tov g + p”
kai &vag, arp18dg, Ao toug HUo eival reptttog apBpdg, tov 6moio &g oupBolicope
Bé g1. Elvay émiong, ¢(2p™) = ¢(p") = (Eow) e. AgoU ioyvel 1) oxéon ¢f = 1
(mod p") kai é ¢g; elvat mepttrog, 9a ioxvet kaif) ¢f = 1 (mod 2p™). "ErurAéov, dv
unifpxe 9eukog k < e, 1€to10g Yote gf =1 (mod 2p™), téte 9a {oxue xai g’f =1
(mod p"), kAt TOU Avupdaokel P O yeyovog O g1 eivatl yevvrtopag HEpQ p'.
Tuven®g, ordy,n(gr) = e = ¢(2p™), dnAadr), 6 ¢g; elvat, £miong, Yevvrtopag HETPR
2p". O.E.8.

Zx0Aro0. 'Eva érunddaio koitaypa 100 dewpnpatog 5.1.5-a’ fivel v Evivune-
on OtL, yia va Urodoyioel kaveig &va yevvrjtopa petpe p" 1§ 2p”, dtav §Epet €va
YEVVHTOpa PETP® P, TIPEMEL va UroAoyioet tov tepdotio dp1dpod ¢P L. AavBaopévn
éviuniwon ! ‘H doknon 4 pag Aéel 611, dpkel va urnodoyioet kaveig, 6x1 avtov, kad’
£autov, OV ap1dpo ¢P !, dAda v kKAdon tou pétpe p* Kai éva tétolo Eyxeipnua,
BéBaia, 6¢v eival Guokodo (6ig apaypado 2.3 100 repadaiou 2).

Méxpt ouypng €xope deiel O, yia m = p», 2p”, p& p neptttd mpdTo Kai
n > 1, vnapxouv yevvrjtopeg pétpe m. 'Ermiong, eivat @avepd 6u, pépe 2 kai
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pETP® 4 vnapyxouv yevvntopeg, ol 1 kai 3, dvuotoixwg. To nmapakdtw Sedpnpa
pag Aéet 8t oudeva GAdo pétpo m > 1 €xel yevvrtopa.

, , \ , \ , \ S , b—2
Ocpnpa 5.1.6 . lNaxadeb > 3 kai kade mepT1o a o) Vel =1 (mod 2b).
k
B.Ectom = 2° H pf énou k > 1 kai oi p; elvar Srapopetikol Tepittol TP dTol Kai
i=1
ta &g vmotidevtar: "Avk =1, 101eb > 2-dvb =011, ote k > 2. Tote, yia kade
a TPATO TPOS TOV T, (oY UEL

a®™/2 =1 (mod m) .

Y. am = 2,4, p", 2p", énov p mepttrog mpdtog kai n > 1, umapyouvv ysvuvn-
t0pe¢ o m. TI'am > 1, mov 6év evar ¢ mapandve uop@rg, 6&v UTdpxouv
YEVVNTOPES UETO® M.

"Anoden a. ‘H anodeidn yiverat énayoyikd. Ma b = 3 1) dnodewktéa yivetat
a’> = 1 (mod 8), nov ioxvet. "Eote 81 ioxvetl yia b = k, 6mote prnopoGpe vé
ypawyope =142k vl ramnowov axképato t. ‘Yyovoviag oto TeETpAynvo ta
U0 péAn maipvope o =1+ 251 4+ 2252 = 1 (mod 2F).

B’. Baoet 10U a’ 10U Sewprpatog 2.2.3 Exope

o(m) = o(2) [ [ o)

210 ywépevo [ | épgavietar touddyiotov Evag rapayev ¢(pk) = (p; —1)p2 ™, mou

givatl dpuiog apBpog, dpa 6 ¢(m)/2 eival dxépaiog.
Antobeikvuope np@dta dtt 6

k

c= 502 [T 66

1=2

elvatl aképaiog. Av b > 2, tote 6 dp1Opog %¢(2l’) = 272 gfvat axépatog. "Av b = (
fj 1, tote, &8 UnoBéoswg, k > 2 dpa otod yvopevo [ [ dpgpavidetat 6 napaywv gf)(ng)
6 6molog eivat dptiog, kabwg eibape mapandave. Kai otig HUo meptrtooetg, Aorov,
0 ¢ elval aképatog.

"Eote topa g &vag yewrntopag pétpe pit. "Enedn (a, pi') = 1, oupnepaivope
L rnapyet s, trotog éote a = ¢° (mod pi'). Tote

b
a®m/2 = gso(m)/2 (g¢>(p11))08 =1=1 (mod p?l)

Kai, kat’ avaloyiav, a?m/Z =1 (mod pf) yaaodatwt=1,..., k. “"Yotepa ano
10 ouprEpaopa avto, 10 Povo 1ou Jdg pével yia v’ anodei§ope ot a?miz =1
(mod m), eivat 6t a®™/2 = 1 (mod 2°). Twa b = 0 &&v £xone tinote va arodei-
Sope. Av b > 1, 6 a elvat iepttog, agot (a,m) = 1. Twa b = 1, anodeiktéa oxéon
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elvat 1) tetprppévn icotpia a®™/? = 1 (mod 2). T b = 2, ¢(m)/2 = Hle o(phh)
kai kabe nmapdyeov avutol ToU yivopévou (Undpyet toudaxiotov £vag) eivatl 4ptiog.
"Apa, ¢p(m)/2 = 2e, e € Z xai anodeiktéa oxéon eivai ) a* = 1 (mod 4), 1) éroia
ioxvet, apot a®> = 1 (mod 4). Twa b > 3 6 ¢(m)/2 elvar moddarddoto tod 2°2,
Kal 1] anodeiktéa oxeon Enetal ApEong Ao 1o (a’).

Y. ‘O 1 elvat yevvrtopag pétpe 2 kai 6 3 elvat yevvrropag pétpe 4. TO vy 1ol
Sewpnpatog 5.1.4 kat 10 y' 100 Sewpnpatog 5.1.5 cuvendyoviat v Urapdn yev-
viitopa pétpe m dtav m = p" §j 2p" p& p nepttd npdto kai n > 1. “Otav 6 m dev
gxel pia ano avteg Tig popPég, tote, fj m = 2° pg b > 3, f 6 m eivat éneg oto (B).
Kai otig 8Uo nepumiwoetg ioxuet 611, yia KAOe a mpdto mpog 1ov m, a?m/? =1
(mod m) (mapatnpfiote &t ¢(2°)/2 = 2°72), &pa kdPe Axépalog a MPRHTOG TIPOG
v m Exel tdgn pétpe m, 1O MoAU, ¢(m)/2 xai, cuvendg, H&v propel va eivai
yevvrtopag pEtp® m.  0.£€.8.

I[Tivakag 5.1: “OAot oi ip@tot p < 659 pe tov avtiotoyo édayioto yevritopa g(p).

L p 9] p 9] » 9] » 9] p» 9] p 9]
2 1] 73 5179 2]|283 3419 2 ]|547 2
3 2| 79 3181 2|23 2]421 2|557 2
5 2| 8 2|191 19|307 5|431 7563 2
7 3| 8 3|193 5|311 117|433 5569 3

11 2| 97 5|197 2[313 110|439 15|571 3
13 2|101 2|199 3|317 2443 2|577 5
17 3|103 5|211 2[331 3449 3|587 2
19 2|107 2|223 3[337 10|457 13|593 3
23 5|109 6[227 2|347 2]461 2|59 7
20 2|113 3|229 6/349 2463 3|601 7
31 3|127 3|233 3[353 3|467 2|607 3
37 2|131 2|239 7[359 7|479 113|613 2
41 6|137 3|241 7|367 6487 3|617 3
43 3|139 2|251 6[373 2]491 2|619 2
47 5|149 2|257 3[379 2|499 7|631 3
53 2 |151 6|23 5[383 5|503 5|641 3
50 2|157 5269 2|38 2|509 2|643 11
61 2|163 2|271 6|397 5|521 3|647 5
67 2|167 5|277 5401 3|523 2|653 2
71 70173 2|281 3|409 21|541 2|659 2

5.2 Auwarptroi AoyapiOpot

2 avt) v tapaypagpo m = p" fj 2p", pé p neprttd nmpdto kai n > 1.
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Zupopweva pe 1o Sewpnpa 5.1.6 Urtdpxouv yevvitopeg PETPQ m Kai €0t® g £vag Ao
avtoug. "Eote a mp®@dtog rpog tov m. Amo 10 dewpnpa 5.1.2 cupniepaivope 6t
urapyet #vag povadikog k € {0,1, ..., ¢(m) — 1}, térotog éote a = g* (mod m).
‘O k avtdg oupBoAiletat ind,(a) kai Aéyetar buarptog Aoydpduog 1ol a pepPE
m, @¢ mpog Baon g. Luvnbwg napaleinope t1oUg MPOcdOPIoPoUg «UETPR My Kai
«®g TPoOg Baon g». Ipotpotpe tov oupBoAlopo ind vt toU log 6101, a4’ £vog,
Unapyel KArnolog Kivéuvog ouyyxuoewmg pe tov ouvnOn AoyapiOpo kai, ag’ £tépou,
ylati 1] xprjon 100 oupBoAilopol ind €xel dpketd pakpd napadoon ot Oewpia
ApOp@dv.
"E€ 6p1op00, Aourov,

ind,(a) =k < a= g* (mod m) xait 0 <k <¢(m)—1. (5.2)

@sopnpa 5.2.1 “Eoww g yevvnopag uetpe m. Ilapardie, 1a a,b ovuBofifouv
dkepaioug mpwtoug mpog tov m. I'a arjovotsvon toU ovpboiiopou, ota (a)-(§) kai
oti¢ anodeieis Toug ypagoue ind duri ind,,.

. a =0 (mod m) < ind(a) = ind(b).

. ‘Hiooupia a™ =1 (mod m) icodvvauet ué v nind(a) = 0 (mod ¢(m)).
ind(ab) = ind(a) + ind(b) (mod ¢(m)).

. ind(a™) = nind(a) (mod ¢(m)).

ind(1) = 0 kaiind(g) = 1.

. ind(—1) = ¢(m)/2.

"Av g1 glvat yevuntopag UETP® M, TOTe

indy(a) = indy(g1) - indg, (@) (mod ¢(m)) .

"Anode§n X’ avu) u)v anodedn 9a xpnoiporootpe, 5ixwg va kavope idlaitepn
pveia, ) oxéon (5.2) kabog ériong kai v £Efg icoduvapia: ¢F = ¢° (mod m) &
k = /¢ (mod ¢(m)), fj éroia mpoxurel dpéong aro 1 B’ 1ol dewpfipatog 5.1.1,
ot ouvduaopo pe o 6t ord,,(g) = ¢(m).

[TpoxwpoTpe tpa oty artodeidn 1@V S1apop®wv POoTAcer®V 100 dewpiatos.
d. "Eow ind(a) = k xai ind(b) = ¢. Tdte, 1) icoupia a = b (mod m) icoduva-
pet pe myv ¢¢ = ¢g¢ (mod m), &pa pé v icotpia k = ¢ (mod ¢(m))" ouvenag,
o(m)|(k —£). Opwg 0 < |k — ] < ¢(m), dpa k = L.
. "Eow ind(a) = k. “H icoupia a” = 1 (mod m) icoduvapei pg my ¢k = g
(mod m), &pa xai pé v nk =0 (mod ¢(m)), mou eivat 1) arodeiktéa.
y. ghd@tind®) — ginda)jind®) = gp = ¢ind(@®) (;0d m) kai 1y anodektéa mpo-
KUITIEL Topa PE Eépappoyn 100 Sewprjpatog 5.1.1-f°, AapBavoviag U’ Sy 61
ord,(g) = 6(m).
8. "H mpotaon (y), ou poAig drodei§ape, yevikeuetal pe mpodavij Enaywyn, og
g&ng: ind(a; - - -a,) = ind(ay) + - - -+ ind(a,) (mod ¢(m)). T a; =---=a, =a
raipvopie v Artode1KTEa.
€. Tetpippévn ouvénela thg oxéong (5.2).
q. @étope m = 2/p", érnou j € {0,1}, omote, drav j = 1, 6 g eivat meptttdg,

N 6= Q

0
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A6y Thg oxéoeag ¢?™ =1 (mod 27p"). T¢ kdPe mepimaon 6 ¢(m) lvat dptiog,
omote 1) tedevtaia iootpia ypagetat icoduvapa og

2p"|(g?m™/2 —1)(g#™/2 £ 1) .

AAAG, Tipodavdg, 6 27 Slaipel Kai Toug dUo mapdyovieg ota ded, Eved 6 p aro-
KAeietat va S1aipel Kai 1oUg §Uo cuyxpoveg. Apa, 6 m = 2/p" Slaipel fj 1OV éva §j
1OV dAAo napayovia. “Av diaipoToe OV g®mM/2 _ 1 tote 94 gpyxdpaocte ot dvtipaon
pe 10 61 6 g eival yevvrtopag PETPE m. Apa 6 m Suaipel tov dAdo mapayova,
énAabr), g?™/2 = —1 (mod m), mou onpaivet, ind(—1) = ¢(m)/2.

¢. ®étope indy(a) = n, indy, (a) = k, ind,(g1) = ¢, oénote &xope

" Y=a, ¢g'=g1 (modm).
Tuvduddoviag tig 8uo tedeutaieg naipvope "¢ = a (mod m), 1y 6roia, ot ouvdua-
oo pE TV TpeT, pag diver g* = ¢ (mod m). “H tedevtaia icoduvapel pg v

er o

n = lk (mod ¢(m)), mov eivat fj arodeiktéa oxéon. 6.£.8.

[Tivakag 5.2: Ztr)v toun) thg otAng 100 MP@Tou p Kai ths ypappng 100 a épga-
vigetat 6 ind,(a) 6tav g elvat 6 £Aax10t0g yevwntopag HETPQ p.

oPl3 5 7 11 13 17 19 23 29 31 37 41 43 47 53 59
1 oo o o o o o o o o o o o o o
211 1 2 1 1 14 1 2 1 24 1 26 27 18 1 1
3 3 1 8 4 1 13 16 b5 1 26 15 1 20 17 50
4 2 4 2 2 12 2 4 2 18 2 12 12 36 2 2
5 5 4 9 5 16 1 22 20 23 22 25 1 47 6
6 3 9 5 15 14 18 6 25 27 1 28 38 18 51
7 7 11 11 6 19 12 28 32 39 35 32 14 18
8 3 310 3 6 3 12 3 38 39 8 3 3
9 6 8 2 8 10 10 2 16 30 2 40 34 42

10 5 10 3 17 3 23 14 24 8 10 19 48 7
11 7 7 12 9 25 23 30 3 30 7 6 25
12 6 13 15 20 7 19 28 27 13 10 19 52
13 4 5 14 18 11 11 31 32 11 24 45
14 9 21 13 22 33 25 20 4 15 19
15 6 11 17 27 21 13 37 26 21 12 56
16 8 8 4 o6 4 24 24 26 4 4
17 10 7 21 7 7 33 38 16 10 40
18 9 12 11 26 17 16 29 12 35 43
19 15 9 4 35 9 19 45 37 38

OUVEXELA OTNV EMOUEVT) ogAiba
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[Tivakag 5.2 (ouvéxeia and tyv nponyouvpuevy osdiba)

Pls 5 7 11 13 17 19 23 29 31 37 41 43 47 53 59
20 5 24 8 25 34 37 37 49 8
21 13 17 29 22 14 36 6 31 10
22 11 26 17 31 29 15 25 7 26
23 20 27 15 36 16 5 39 15
24 8 13 29 13 40 28 20 53
25 16 10 10 4 8 2 42 12
26 19 5 12 17 17 29 25 46
27 15 3 6 5 3 14 51 34
28 14 16 34 11 5 22 16 20
29 9 21 7 41 35 46 28
30 15 14 23 11 39 13 57
31 9 28 34 3 33 49
32 5 10 9 44 5 b
33 20 18 31 27 23 17
34 8 19 23 34 11 41
35 19 21 18 33 9 24
36 18 2 14 30 36 44
37 32 7 42 30 55
38 35 4 17 38 39
39 6 33 31 41 37
40 20 22 9 50 9
41 6 15 45 14
42 21 24 32 11
43 13 22 33
44 43 8 27
45 41 29 48
46 23 40 16
47 44 23
48 21 54
49 28 36
50 43 13
51 27 32
52 26 47
53 22
54 35
55 31
56 21

OUVEXELA OTNV EMOUEVY) ogAiba
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[Tivakag 5.2 (ouvéxeia aro v nponyouuevn oediba)

oPl13 5 7 11 13 17 19 23 29 31 37 41 43 47 53 59
57 30
58 29

"Edappoyeg. a. Awvuuikeg iootyuieg. "Eote 6t €xope va Avoope pia ico-
tpia 2% = a (mod m), 8rou (a,m) = 1. Bdoet 100 8§ 100 Sewpnpatog 5.2.1, 1
iootpia avty) eivat icoduvapn pé wv kind(z) = ind(a) (mod ¢(m)). “H tedevtai-
a ypappike og rpog ind(z) icotpia &xet Avon dv, xkat povo dv, (k, ¢(m))|ind(a)
(Secdpnpa 3.2.1). "Av €xet Avor), 1ote 1) £miAUor) NG yivetatl armlovotata, Baocst tdv
dowv meptypayape otrv tapaypapo 3.2 1ot repadaiou 3. "Exovtag Urodoyioet
v KAdon ind(z) mod ¢(m), vriodoyilope pé Yywon ot duvapn (BA. mapaypado
2.3 100 kepaAaiou 2) v kKAdon x mod m.

IMa napadetypa, &g érmAvoope v icoupia r'? = 37 (mod 41). ‘H icotpia avt)
ifooduvapet pe v
12ind(z) = ind(37) (mod 40). (5.3)

Ao v mivaka 5.2 BAérope 6w ind(37) = 32. ‘O mivakag avtog £xel ouvia-
X0el p& Baon 1oUg €Adaxiotoug (Y€TIKOUG) YeEVVITOPEG, TOUG OTIOI0UG 1AG TTAPEXEL
6 mivakag 5.1, 6nAadr), otd nmapddetypd pag, 6 yevvrtopag pétpe 41 sivat 6 6.
"Eneidn (12,40) = 4 xai 6 4 duapel tov 32 = ind(37), oupnepaivope, Bdoet o0
Sewprpatog 3.2.1, 6u 1) icoupia (5.3) €xer 4 Avoelg. Auvovtag trv icotpia (5.3)
oupdpeva pe doa meptypdpope oty apaypado 3.2 100 repadaiou 3, Bpiokope
Tig €8¢ téooepetg Avoelg,

ind(z) =6, 16, 26, 36  (mod 40) ,
ol ortoteg pag divouv, dvuiotoixwg,
r=6°=39,6°=18,6%=2,6% =23 (mod41).

‘O mapandve tporog Eriduong thg diwvupikig icotpiag 6&v eivatl mpaxktkog,
ag’ £&vog, 6101 Epappodetal povo yua €ibikfg poppng pértpa m kai A’ £répou
~auTto £lval 1O ONUAvVIKO PEOVEKTNIA-, H10TL Arattel TOV UTIOAOY1I0pO S1aKPIT@V
Aoyapibuwv, mpdBAnpa &alpetika dUokoAo ard droywn UroAoyloukn. Tlevika
plwoviag, 1) évbedetypévn pEbodog rmdvoewg thg S1wvupikig icotpiag eivat avt),
IOV dvartuooetal oty napaypago 3.4 1ol kepadaiou 3, kai épappoddetal o€ kabe
MOAUMVUNIKY) lootipia. Adoape, 6png, €66 autr) v Eépappoyr), yia va Bondrjoet
otV éunedwon thHg OXETKDG dewplag.

B’. Exdetikeg iootuieg. "Eote 6t ol a, b eivatl mpdtot mipog tov m kai Ifdope
va Avoope v icoupia ¢ = b (mod m) pé dyveoto tov ékBén x. Of mpotdoeig
a’ kai & 100 Yewpnparog 5.2.1 pag 66nyodv otd cupniépaocpa dt auvtr) 1) icotpia
gtvat iooduvapn pé wyv ind(a)r = ind(b) (mod ¢(m)). Tvpeeva pe 1 dewpnpa
3.2.1, 1) tedeutaia icoupia &xet Avoeig dv, kai povo &v, (ind(a), ¢(m))|ind(b) xat,
OtV MePITTTOOT)], TIOU 1) oUVONKM avtr] ikavorolettat, t0 TATI00g TV S1aPopeTIKDV
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BEP® ¢(m) Avoewv eivat ioo pe (ind(a), ¢(m)): BA. doxknon 8. Enueidote dtt, AS-
V& 100 Sewpnpatog 2.2.4-y', Avoeig tg £kOetkilg icotpiag, iodtpeg petpe ¢(m),
6ev Sewpotvial SlaPpopetikeg.
"Ag éruAuoope, yia rapddetypa v icoupia 127 = 13 (mod 23). "Exope, oup-
pova pé t napandve, ind(12)z = ind(13) (mod 22) kal ano tov mivaxka 5.2
Bpiokope ind(12) = 20, ind(13) = 14, émote &ope va Avoope wyv 20z = 14
(mod 22). Zupgeva pé 10 Sewpnpa 3.2.1, 1) tedeutaia icotpia £xel dvo Avoeig
kai, ouykekppéva tig z = 4, 15 (mod 22).
Autr) 1) pébodog émiduong g €kOetikilg iootpiag arattel UrnoAoylopoug Sia-
KPU®V Aoyapibpev kai avtd v kabiotd, anod Uroloylotikr) droyrn, £§alpetkda
dUoKO0AN £wg Avedpdppootn, yid peydda €ng TOAU peydla pétpa m. Le avtibeon,
Ouwg, pé tig Sltwvupikeg iootpieg, OTig OMOIEG MAPAKANUITIONE AUTO TO £EA1PETL-
KAa 008ap0 PEOVEKTNHA, VA TG ékOeTkEG {ooTipieg 6Ev UnApyel, pEXPL onpepa,
MALV ei01KAV MEPUTIOOE®V, «UMTOAOY10TIKGS eUKOAT» 1éB0d0g émiAuong. L& auto,
Axp18RG, TO XAPAKINPIOTIKO TV EKOEUKAV £§l1000ewmv otnpiletal 1] dopdleia tdv
yneuakdv vroypagdv Kai thg aviaddayng Kourtoypapik@v Kieidiov

Y. 'looUmofowra dvvausov. Kat’ avaloyiav pe 1a terpayovika icolnoloina,
priopoUpe va Opioope 6t 6 MP@ATOG TIPOG TOV M AREPAL0G @ eivatl k-00T0 i00UT-
Aomo pépe m ya kamnowov axépato k > 2 dv, kai povo &v, 1 icoupia z¥ = a
(mod m) &xet1 Avor). “O d6plopdg autog ioxUet yid orolodnrote pétpo m, dAAd €8,
Onwg, dAAwote, Kai o¢ OAn autr) v apdypago, 9a éetacope 10 dépa yia m g
popdnig p" i 2p" P p mepttto mpdto kai n > 1.

Osopnpa 5.2.2 “Eotw m = p" 1} 2p", 6mou 0 p givar mepittog mpdtog kai n > 1.
"Eotw, ériong, k > 2 kai a mpétog mpog tov m. Téfog, 9étoue d = (k, ¢(m)). “Ofot
oi Slakprrol Aoyapduol Jewpoiviar ¢ TPoO¢ Kamolov avdaipeto, dAfa otadepo,
yevuntopa g, onote, yia amwfomnoinon tou ouubofiouot, yoagoue ind dvti ind,.

d. ‘O a evat k-00t0 iootinéfouno uetpe m dv, kai uovo dv, dlind(a).

olm)

B. To nAndog todv dviootiuev k-00tdv icoimofoinwv uétoe m eivar =

Y. ‘0O a givat k-o00t0 icotimoéomo uétom m dv, kai puovo dv,
a4 =1 (modm).
¢(m)
(¢(m),ind(a))

Eibucotepa, 0 a glvat yevuntopag e m dv, kai uovo du, (¢p(m),ind(a)) = 1.

ord,,(a) =

’Anoden a'. “Evag arnlog cuvbuaopog tev rpotdoswv a’ kai § 1ol ewpripatog
5.2.1 pdg Seiyxvel 61 1) icotpia 2% = a (mod m) &xel Adon &v, xkai povo dv éxet
Avon 1) icoupia kind(x) = ind(a) (mod ¢(m)). Zvpeeva pe t Sewpnpa 3.2.1,
1] tedevtaia icoupia &xet Avon &v, kai povo dv, dlind(a).

B. Zupoewva pe 10 (@), ApKET va PETPTOOUE V1A TOO0UG AREPAIOUG a £VOG TIEPIOPT-
opévou ouotrpatog Urodoinev pétpe m ioxvet d|ind(a). Asbopévou 6t 6 ind(a)
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Sratpéyxet 1o ouvoro {0, 1,...,¢(m) — 1}, autd icoduvapel p 1o va petprioope
1600t anod toug apdpovug 0,1, ..., ¢(m) — 1 elvat moddarddoia tov d. AAAa aldtod
elvatl armio: 1o nMAfj0og OV TETowv Ap1Opdv eivat @.

Y. Zupgeva pg 1o (a), 6 a givatl k-ootd icoUmoAoro pétpe m év, Kai povo dav,

ind(a) =0 (mod d) kai 1) icoupia avt) eivat icoduvapn pé wyv

¢(m)
d

ind(a) =0 (mod ¢(m)),

6nAabdr), Aoye v & Kai € 100 Jewprjpatog 5.2.1, pe v

¢(m)

ind(a 7« ) =0=ind(1) (mod ¢(m)),

1 6roia eivat icoduvapn pé v anodeiktéa, Aoy® 100 Sewprpatog 5.2.1-d'.

&. "Eow ord,,(a) = r. Tote a” = 1 (mod m) kai 6 r elvat 6 #Aaxiotog 9etikOg
aképailog s pe v doma ¢® = 1 (mod m). ‘H tedevtaia icoupia icoduva-
pet pé my ind(a®) = 0 (mod ¢(m)) (@’ 100 Sewprpatog 5.2.1), dndadn, pé v
sind(a) = 0 (mod ¢(m)) (8’ 10T Sewprpuatog 5.2.1). Tuvenadg, 1) icoupia a® = 1
(mod m) icobuvapel pé 1 éu 6 sind(a) eivat kowd moAdarAdoo v ¢(m) rai
ind(a). Kabog 6 r elvat 6 édayiotog s, yia tov omoiov ioxvet fj ¢® = 1 (mod m),
ouprnepaivope 8t rind(a) elvat 1 gAdxioto kKowvo moddarddoio v ind(a) xai
¢(m), dpa, pé ) orPeia xai 100 Jewprjpatog 1.3.1-a’, Exope

¢(m) ind(a)
(¢(m),ind(a))

rind(a) = [¢(m),ind(a)] =

art’ érou £netatl Apéowg 1 arodsiktéa.  0.€.8.

5.3 ’Aokrnoelg toU Kepadaiou 5

Ztig UMOAOY10TIKEG AOKN OIS TIPETIEL VA KAVETE XP1 01 TOV Imvakev 5.1 kai 5.2

1. "Eoww m > 2, (a,m) = 1. "Av ord,,(a) = k xai d’a = 1 (mod m), tote

ord,,(a’) = k.

2. "Eote m > 2, (a,m) = 1 xai ¢ mp@tog. "Av yi&1 kérowo k > 1 ioyxvet a? = 1
(mod m) xai a?"" # 1 (mod m) anodeitte éu ord,,(a) = ¢".

3. "Eote 611 6 mpadtog ¢ draipel tov a?” + 1 y1a kdmoto a. Anodei€te 6t g = 1
(mod 27+1).
Yriobedn : Mapatnpfjote 6t a? = —1 (mod ¢) xai épappoote v doknorn 2.
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4.

10.

11.

12.

13.

"Eote 611 6 p eival mepttrodg mp@dtog Kai 6 g elvat yevvrtopag pEtpe p. "Eote
k un) dpvnuikog axépatog kai (g + kp)P~! = a (mod p?). Anobeigte &t 6 a
elvat tfjg popdiig 1 + bp pe b axéparo. "Erurdéov, dv 6 b 6&v Siaipettal sia
p, 10te O g + kp eival yevvrtopag petpe p” yia kabe n > 1.

Ynodedn: "Eote (g + kp)P~! = 1 + pl. Anobdeitte d11, dv 6 b d&v Srapeitat dia p,
1ot oUte 6 £ Sratpettal 614 p kai épapudote 10 d’ 100 Sewprpatog 5.1.5.
Tupgeva P avtn v doknon, av ¢ L = a (mod p?) xai 6 axépaiog ap%l
dtv Bratpettatl 6ia p, tote 6 g elvatl yevvrtopag, £riong, PEP® p”, yia KaGOe
n > 1.

. “Ynodoyiote v ordys(4), mpdra xepig va xpnoporowjoste 1 Sempnpa

5.2.2 kal petd, Xpnoponoimviag To.

. “YroAoyeiote yevvrtopeg pétpe m yia m = 2 - 337°, 1917,

Xpnowoteiote t)v doknon 4.

. “Yrodoyiote v ord,,(a) otig £§fg meputtdoeig: () m = 23% kai a = 5.

(B) m = 82 kai a tov axépato pe ind(a) = 10.

"Eot® m > 1 kail Urapyouv yevvntopeg HETPR m. ATodeigte Ot 1) €KOETKT)
iooupia a® = b (mod m) &xet Avoeig dv, kai povo é&v, (ind(a), ¢(m))|b xat,
OtV Mepirtoon mou £xet, 1O TAf00g @V S1aPopetk@V pétpe ¢(m) Avoswmv
etvat (ind(a), ¢p(m)) évd, pétpe ord,,(a), 1 Avon eivat povadikr). Luvendg,
ot)v nepintwon nov 1) icoupia ¢ = b (mod m) &xet Avoetg, Vndpxet £vag
povadikog z € {0,1,...,ord,,(a) — 1}, ov v éraAnOevet.

TTolo0i &4mod Toug ap1fnolg 6, 27 xai 37 eivat 35eg duvapelg pérpe 312
Arnobeigte 6u 1) ékBetikr) iootpia 127 = 11 (mod 47) eival aduvartn, évd 1
127 = 23 (mod 47) &xel Avoeig, Tig 6roieg Kai va Urodoyioete.
“YrioAoyiote 8Aoug toug apiBpoug tol ouvérou {1, 2, ..., 70}, ol 6roiot eivat
yevvitopeg pétpe 71.
"Eote meptttdg npdtog p kai n > 1. Av S, (p) = Zi: k™, arobeigte 6t

—1 (mod p) é&v(p—1)n

0 (modp) av(p—1) fn

Yrodegn. Ma xabe k= 1,2,...,p — 1 vndpyet v, t€towo dote k = g (mod p).
"Eote ip@dtog p > 3. Arnobeifte 6Tt 10 yvopevo TV aplOpdv £vog Teplopt-
Opévou oucTAPATOg UTIOAOITIOV PETP® P, 01 OIT0101 1val YEVVATOPES NETPQ P,
givat icotipo pé 1 pépo p.
Yriodeidn. "Eote ¢ £vag yevvhtopag pétpe p. Td roloug ékOétes k eivar kai gF

yevvntopag; "Av 6 gk elvat yevvAropag, 1o 1610 ioxvel kal yia tov gp_l_k. ’Entiong,
apotip > 3,06 g(p_l)/2 div eivat yevvntopag .
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14.

15.

"Eot® p ip®d1tog tHs Hopdisg 22" 4 1.

(@) Arto6ei€te Ot ol Ap1Opol £vOg TIEPIOPIOEVOU CUOTHIATOS UTIOAOIIOV 1E-
1P® p, Ol OroT01 £lval YEVVI|TOPEG CUUITITIOUV 1 éKeivoug, oi 6roiot sivat
TETPAYROVIKA AVicoUTIOAOTA.

Yriobegn. "Eotw g yevvAtopag petpe p. d mowoug ékBéteg k eivat kat gk Yevvn-
topag; Metd, épappoote v ripotaor B’ 1ol Sewpnpatog 4.1.1.

(B). Xpnoworoteiote 10 (@) yia va anodeiete 6t 6 7 eivat yevvrtopag PETPR
p.

Yriodedn. Arnodeigte nmpdta, Enaywykd, kat dve§dptnta amnod ) oUyKekpiévn d-
oknon, 6t 22" =9 f 4 (mod 7), avédoya pé 1o &v 6 k eivat dptiog 1 meptrrdg,
avtiotoixwg. ¢ ouvduaopod pe auto, 9a xpelaobette, €miong, TOV VOO TS TETPAY®-
VIKfg dvtiotpodiig 00 Gauss MPoKel£évou va arodeifete 6t 6 7 slvatl TElpayoviko
AV1o0UTIOAOITO PETPQ P.

‘H &xknon avtr) mepiéxel Kpiurjpla motonoinong npotou, 6delAopeva otoug
Maurice Borisovich Kraitchik, Derrick Henry Lehmer, Edurad Lucas,
Henry Cabourn Pocklington, Francois Proth, John Selfridge.

T¢ kAOe pia Ao Tig £mMOueveg MEPUTIMOELS AModeigte Ot 6 n > 3 eival
P®TOG.

(@) (Lucas 1876) ‘Yndpxet a tétolog éote a1 = 1 (mod n) xai ab # 1
(mod n) yia k&0e k =1,...,n — 2.
Yrobedn: "Av Unifjpxe yvriolog rpdtog Siapétng p tol n, Ttote, yid KAIo10
ke{l,...,n—1} 9a frav p = a* (mod n), 6riéte 66nynOeite ot &roro.

(B) (Lucas 1878) ‘Yrapxet a térotog dote a" ' = 1 (mod n) xai a* £ 1
(mod n) yia ka6 9suxo Srapé k 100 n — 1, pikpodtepo 1ot n — 1.
Yriodedn : Ilow eivat 1y téén 100 a; Meta épappodote 10 (15a).

(y) (Lucas-Kraitchik-Lehmer 1927) ‘Yrapyxet a tétolog éote a1 = 1

(mod n) kai a1/ £ 1 (mod n) yia kdBe mp&to Sratpétn ¢ 100 n— 1.
‘Ynodewn: "Eotww r = ord,(a). Toxvetn — 1 = rs. "Av s = 1, épappdote 10
(15d) av s > 1, Sewpijote éva ipdto Sraipétn 100 s Kai épappodote 10 (1586).

(6) (Selfridge 1967) I'd kaBe p&tO Hrarpétn ¢ 10U n — 1 vnapxet a, (6n-
P > . S . o -1 _
Aadn, dxrépalog E§apTOPEVOg ATTO TOV ) TETO10G HOTE a; =1 (mod n)
kat al" % £ 1 (mod n).
Yriobedn: "Eoww &t q1, . .., ¢y ival Aot oi Siagopetikol Tipdtol Sraipéteg
00 n—1xaiay,...,a, ol aképaot ay,, . .., ag,,, TIOU PNag E§acpalilet 1) UIo-
Seon. "Eotwe 1; = ord,(a;), (i = 1,...,m). Alarmotdote npdta du vndpyet a
pe ord,(a) = r, 8rou r = EKII(r1, ..., 7y, ). Anodeite 6t a” ! =1 (mod n)
kai a®1/% £ 1 (mod n) yia xéBe i = 1,. .., m, énodte épappéote 1o (15Y).
(€) (Proth 1878) ‘'O n — 1 propet va avaduBet ogn — 1 = 2"s, émou s < 2"

Kal vy KdOe mpdto Slapén vndpxet a téroog Gote a2 = —1

(mod n).
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5. I'evvntopeg Kai §rarpiroi AoyapiOpot

‘Ynodegn: "Eote p npdtog diaipéng tov n. IMapawnpiiote éu (a® )27"71 = -1

(mod n) xai épappoote v doknon 3 yia va katadnete otd oupriépaocpa dtu
p > 142", Tuvendg, dv 6 n eixe dUo mpatoug diatpéteg (iooug 1§ Gvicoug),
tote n > (1 + 27)2, omote 68nynPeite o avtipaon.

(Pocklington 1914) ‘O n — 1 pniopel va avadubel og n — 1 = km, 6rou
1 <k <mxai(k,m)=1kal yia kabe nipdto diaipétn ¢ 100 m Yndp-
Xet aq Tto106 Gote af ' =1 (mod n) kai (a((ln_l)/q —1,n)=1.
Yriobegn: "Av 6 n eivatl ouvbetog, tote £xet va rpdto dlatpétn p < /n. Av
arnodeiel 6t p = 1 (mod m), tote p > 1 + m kai propeite e¥koAa va 6-
dnynOeite ot aviipaon pé wv ponyoupevn avicotnta. Ia wv anoddedn g
p =1 (mod m) axoloubfote ta £§fig Pripata. "Eote ¢ 6 turikog nmpdtog dat-
pé¢tmg ot n—1,e=v,(n—1)katc= a((lnfl)/qe. ATt06¢igte, £KpeTadeuodpevol
tig UmoBeoelg, 6t ¢ =1 (mod n), &dpa kai ¢?” =1 (mod p), éved ! Zz1
(mod p). Zupnepavate topa, pé ) Borbeia thg doknong 2 du ¢¢|p — 1.
AUTO 10 oupniépaopa 9a oag EMTIPEYEL VA CUPIIEPAVETE, GV AVIACOETTE TV
KAavovikt) avaduor ¢i'¢s? -+ ot m, dup =1 (mod m).
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