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ABSTRACT. For each ¢ < 1 we precisely evaluate the main Bellman functions
associated with the behavior of dyadic maximal operator on R™ on integrable
functions. Actually we do that in the more general setting of tree-like maximal
operators. These are related to and refine the corresponding Kolmogorov’s
inequality which we show that it is actually sharp. For this we use the effective
linearization introduced in [4] for such maximal operators on an adequate set
of functions.
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1. INTRODUCTION

The dyadic maximal operator on R™ is defined by

1
(1.1) M 4¢(x) = sup {@'/ [p(u)|du: x € @, Q@ CR" is a dyadic cube}
Q
for every ¢ € Ll _(R™) where the dyadic cubes are the cubes formed by the grids
9-NZ" for N = 0,1,2, ....
As it is well known it satisfies the following weak type (1,1) inequality

1
(1.2) {z e R" : M 4é(x) > A} < X |p(u)] du.
{M adp>A}
for every ¢ € L*(R™) and every A > 0 from which it follows, in view of Kolmogorov’s
inequality, the following L4 inequality

1 _
(13) 1M sl du < =B ol

for every ¢ with 0 < ¢ < 1, every ¢ € L*(R") and every measurable subset E of R™
with finite measure.

It is easy to see that the weak type inequality (1.2) is best possible. We will
show here that (1.3) is actually sharp.

An approach for studying such maximal operators is the introduction of the
so called Bellman functions (see [5]) related to them which reflect certain deeper
properties of them by localizing. Such functions related to the LP for p > 1 have
been precisely evaluated in [4].
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The Bellman function related to the present situation is defined for any 0 < ¢ < 1
as follows

L[ (Mad)T: Avg(6) = 1, Avg(67) = h,
@l /s

(1.4) sup Avg(¢) = L, E C @ measurable with |E| =k}
Q:QCQ’

Bq(fvhaka) = Sup{

where @ is a fixed dyadic cube, Q' runs over all dyadic cubes containing Q, ¢ is
nonnegative in L!(Q) and the variables f,h, L and satisfy 0 < f < L,h < f? and
0 < k < 1. B, is independent of the choice of @ (so we may take @ = [0, 1]™).

There are several other problems in Harmonic Analysis where Bellman func-
tions naturally arise. Such problems (including the dyadic Carleson imbedding
and weighted inequalities) are described in [7] (see also [5], [6]) and also connec-
tions to Stochastic Optimal Control are provided, from which it follows that the
corresponding Bellman functions satisfy certain nonlinear second order PDE.

The exact computation of a Bellman function is a difficult task which is con-
nected with the deeper structure of the corresponding Harmonic Analysis problem.
Thus far several Bellman functions have been computed (see [1], [2], [4], [8], [10],
[12], [13], [14]). Recently L.Slavin and A.Stokolos [9] in some cases linked the Bell-
man function computation to solving certain PDE’s of the Monge-Ampeére type,
and in this way they obtained an alternative proof of the results in [4] for the
Bellman functions related to the dyadic maximal operator. Also in [14] using the
Monge-Ampére equation approach a more general Bellman function than the one
related to the dyadic Carleson imbedding Theorem has been precisely evaluated
thus generalizing the corresponding result in [4].

Here we will compute the Bellman function defined by (1.4). The computation
of the above Bellman functions will provide refinements of the local L? inequality
(1.3) which as we will show in the process is sharp. Our approach will not use the
Bellman PDE but will rely on a deeper study of the combinatorial structure of these
maximal operators in the same way as in [4]. However the analysis as well as the
results will be in certain aspects different due to the concavity of the corresponding
q power function and in this sense the results of this paper can be considered as
complementing those in [4]. Actually we will define and compute such functions on
the more general situation of tree-like structures on probability spaces and as in [4]
show that they are always the same.

As in [4] let (X, ) be a nonatomic probability space and let 7 be a family of
measurable subsets of X that has a tree-like structure similar to the one in the
dyadic case (the precise definition will be given in the next section). Then we can
define the maximal operator associated to 7 as follows

(1.5) MT¢($)—sup{/in/l|¢|du:m€I€T}

for every ¢ € LY(X, p).
The above maximal operator is related to the theory of martingales and satisfies
essentially the same inequalities as M,;. Now we define the corresponding Bellman
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function as

Bl (f h, L k)= Sup{/ (max(Mr¢, L))%dp: ¢ > 0,6 € L (X, p),
E

(1.6) / ddp = f,/ ¢ldp = h, E C X measurable with |E| =k}
X X

where again the variables satisfy L > f > 0,0 < h < f¢ and 0 < k < 1. It is easy
to see that when X = [0,1]", u is the Lebesgue measure and 7 is the family of
dyadic cubes contained in X the above function becomes the Bellman function B,
defined by (1.4) since we can define ¢ on [0,2]"\X (and set it equal to 0 outside
[0,2]™) to make Q/S}l{lg@/ Avq(¢) = Aviggn(¢) = L. Also in the case where X, 7

are part of a larger tree-like structure, Bg can be defined in an analogous to (1.4)
way.

To state our main result we consider for any 0 < ¢ < 1 the function
(L.7) Hy(2) = (1 - g)2 + g7

defined for z > 0. Since H/(z) = (1 — q)qz? *(z — 1) it is easy to see that H, is
strictly increasing on the interval [1,400), strictly decreasing on (0, 1] and it maps
each of them onto [1, +00). We now define wy : [1,+00) — [1,+00) by

(1.8) wq(2) = (Hy ' (2))*

where H; ' denotes the inverse function of the restriction of H, on [1,+0c). Clearly
wy is strictly increasing, maps [1,+00) onto [1,400), and can be defined by the
equation

(1.9) (1= Qwg(2) + qug(2)' 75 = 2.

For example for ¢ = 1/2 we have wy /5(2) = z 4+ V22 — L.
Next as we shall show in Lemma 3 for any A > 1 and 0 < k < 1 the equation

(1.10) Hy(m=—=2

1
has a unique solution z = z(\, k) in the interval (1, —). Then we have the following.

k

Theorem 1. For any nonatomic probability space (X, p), any tree-like family T
and any 0 < g < 1 the corresponding Bellman function is given by
(1.11)

5o L) |
howo | =H,(Z)) - L9(1 — & ko(f.h, L) <k <1,
. wq(qh ()= i ko(f. b, L)
g (5 Hy (a5 ) = pra(E K1) 0 < b < Ro(f o D).
where
L 1/q
qu <J:Hq(f)> - L
(1.12) ko(f, h, L) = AT
L <wq (th(f)> — 1>

Lk, f*, L

m) =7 q(?)-

is the unique in (0, %) solution of the equation H(
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Thus the Bellman functions are the same for any such X, 7 and depend only on

1/q
the underlying tree-like structure. Note that since f? > hL > f and w, (f;Hq(j;)) >
LAY _ L . I i
Wy (Hq(f)) = 7 the expression in (1.12) is indeed in (0, f)
Considering the various special cases k = 1,L = f (where for example in the
case L = f the function B(IT(f,h,f, k) becomes the supremum of fE(MTgb)qd,u
when ¢ > 0, [ ¢dp = f, [ ¢%dp = h and E C X is measurable with |E| = k) we
get the following:

Corollary 1. For any nonatomic probability space (X, p) and any tree-like family
T , any ¢ > 0 measurable with fX ¢odu = f <L, fX ¢4dp = h and any measurable
E C X with w(E) = k € [0,1] we have the following sharp inequalities (where
sharpness means that their right hand side is evactly the supremum over all ¢, E
involved with the corresponding properties)

(1.13) /X(MT¢>)qdu < hwq(g)
(1.14) /X(maX(MTQS, L))%dp < hw, ((1 - Q)th+ QL‘I1f>
15) [ (reyau < ey (G Hye (G 0) - a1 - b

Actually the above inequalities will be the basic steps in proving Theorem 1,
starting with (1.13). Note that in [4] the analogous as in (1.14) Bellman function
for p > 1 was given by a double formula and was not C'*°, an analogous to (1.14)

relation holding only for L smaller than

p T f. However in the present situation
this function is given by a single formulapand is smooth.

In view of this Corollary the double expression in (1.11) of Theorem 1 can be ex-
plained as follows. If k is small enough that is if & < ko(f, h, L) then the supremum
S (max(Mz¢, L))9dy is taken ignoring L that is when Mz¢ > L on E whereas
when k > ko(f, h,L) then the supremum is taken when M7¢ < L on the com-
plement of E. The reason for this can be inferred from the proof of Theorem 1.

The number ko(f,h, L) as we shall see in section 6 is close to % when h is small
(compared to f1).

We will also show that every extremal sequence for (1.13) exhibits a certain
self similar homogeneous behavior (which in case h < f9¢ shows that there are no

extremal functions for it). This is contained in the following (and its proof will use
the independence of the Bellman functions from X, 7).

Proposition 1. If (¢,,) is a sequence of nonnegative functions in L*(X, u) such
that fX Omdp = f, fX @l dpw = h for all m and

(1.16) lim [ (Mzn)ldp = hwq(ﬁ)
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then for every I € T we have:

1 1
lim —/d)md,u: f, lim —/gb?ndu: h and
e (1) /s e WD) Jy
1

. 11
(1.17) lim —/ Mz o) dp = hwy(=).
m—oc (1) I( T h
That is an extremal sequence for Bg—( fih, f,1) is also extremal, for the same
values of the variables, when localized on any element of the tree 7.
In the special case where ¢ = 1/2 the expressions in (1.13) and (1.14) can be
explicitly computed and they yield the following sharp inequalities

(1.18) /X VMzodu < /f 4+ f —h? < 2f

(1.19) /X Vmax(Mzo, Dy < (VI + fﬂ + \/i(ﬁ+ jzy e,

For the general ¢ in order to compare the above inequalities with what Kol-
mogorov’s inequality would give we will obtain appropriate estimates for the above
expressions. Then after scaling these expressions produce improvements, in view
of the Bellman function (1.4), of Kolmogorov’s inequality on the dyadic maximal
operator on R™. This will be done in section 6.

This paper is organized as follows. In section 2 we collect a number of technical
Lemmas needed throughout this paper. In section 3 we prove (1.13) (and its sharp-
ness) using the linearization for the maximal operators introduced in [4] and also
prove certain improvements of it under more stringent conditions on ¢. In section 4
we compute successively the specializations of the Bellman function (1.6) reaching
the proof of our Theorem 1 and in section 5 we prove Proposition 1. In section 6 we
derive certain approximate expressions for the various Bellman functions and study
how they behave under scaling thus obtaining improved versions of Kolmogorovs
inequality on maximal operators which show its sharpness and explain how our
main Theorem 1 is related to it.

2. SOME TECHNICAL LEMMAS

In this section we collect certain technical results that will be used throughout
this paper. The first concerns the functions H, and w, defined in the introduction.

Lemma 1. Let 0 < g <1 be fized. Then
(i) The function wqy : [1,+00) — [1,400) is strictly increasing, strictly concave
and for x > 1 satisfies
d 1 wy(x)/e
—quwg(z)'/1 -1

(2.1)

(i) We have

wq(x) 1
2.2 1 2 ——
(2.2) < ST
for every x > 1 and

wq () 1

(2.3) lim
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(iii) The function U(x) = wq () is strictly increasing on [1,400).
x
(iv) We have

z— gz )
l—gq

(2.4) <wg(x) <
Proof. (2.1) is an easy computation and then the concavity follows since (2.1) and
wy(x) > 1 for z > 1 imply that wy (z) is strictly decreasing. Moreover (2.2) follows

since wy(x) >z = (1 — Quy(x) + qwq(m)k% > (1 — q)wy(x) and (2.3) follows since

wq ()

is bounded and wq(x)7% tends to 0 as x — +o00. Now (iii) follows since

oy = Lt @@V wy(a) _
Ul(z) = x(l—qwq(x)l/q_l (1—Q)wq(w)+qwq(x)1*%)_
- qwg(z) <0

(1= g)a?(wg(z)V/e - 1)
for x > 1 and then (2.4) follows from (iii) and (2.2) since

£ @ - (1 gy (e)) = o84,

O
Lemma 2. Let0 < g <1 and XA > 1. Then for every a with 0 < a < 1 the equation
(2.5) 29— (1—-a)7 9z —a)! =\

has a unique solution z = z4(a, A) in (1,400) and moreover o — z4(ax, \) is strictly
decreasing with

a .
(2.6) zg(a, A) < T and hm+ zq(a, \)T = wq(N).

1—(1—0() a—0

24— (1 -a)79(z —a)

(67

q
Proof. Let F(a,z) = . Then F,(1) =1 and

Fla,z) 1 - o 1 .
2.7 = —(1—(1— 91— X)) > Z(1—(1— 51—
7 —eE e sa--at- D) s S (1-a) ) > 1g

F
whenever z > 1, thus lim._. ;o F'(a,z) = +00. On the other hand W =
z
1 1-—

- < g (0‘)1_q> > 0 for every z > 1. Hence (2.5) has a unique solution
a \z 1 zZ—«

z = zg(a, A) in (1, 400). Moreover by (2.7) it easily follows the first inequality in
(2.6) which also implies that z,(a, A) is bounded as & — 0. But then whenever
Qp — 07 and 2, = z4(am, \) — z* we have

1—
Zh — (2m — am)? + (2 — am)ql —(l—am)
(7% Om

(2.8) A= — Hy(z")
and this proves the other part of (2.6). To show that a — z,(c, A) is strictly
decreasing just note that

OF (a, z) 1

29) ] G e )

l—«
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1—
and with w = — < ¢ (0,1) use the inequalities (aw+1—a)? = (1 —a(l —w))? <

B OF(a, 2)

. (]
e >0

1—ga(l —w) <1—gqa+ qw to get

For the next Lemma (and with 0 < ¢ < 1) we consider the function

G-

(2.10) alls) = — s

1
defined for all k,x such that 0 < £k < 1 and 0 < z < T A straightforward
computation shows that

(1-q)z+q—kx

(2.11) 70 ®) = TR0 — haya((— gz 1 q)
and
O0og B 2
ok z) = Dy(k,z)(z — 1),
doy, o) = 2 — - @zr+qg+1—kx
(2.12) %(kv ) = DQ(k, )( 1)k(1 k) (1 _ q).%‘ +q
where
(2.13) D, (k,a) = L= Z BT 22",

H,(2)(1 — ka)eH1

on the domain of definition of o, (k,x). We then have the following.

Lemma 3. (i) For any fized A > 1 the equation

z(1—k)
2.14 H,(———) = \H,
(2.14) AL v
1
has a unique solution x = x(A\, k) = zx(k) in the interval (1, E) and it has a

solution in the interval (0,1) if and only if X < (1 — k)9~ in which case this is
also unique. Moreover the function x on (0,1) is smooth strictly decreasing and it
satisfies lim x\(k) =1, lim+ za(k) = 400 and

k—1— k—0

(@a(k) = D((A = gza(k) +q)

(2.15) ) = TR Qa0 ta + 1 k()
(i) If p > 0 and we define
210)  Byplha) = (T a1 )

1
onW:{(k7x):0<k<1and1<x<E}, then

d

(2.17) s

Ry u(k,za(k)) = 2A(k)? — pt.
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(tii) If p > 1 and & is in (0, 1] the mazimum value of Ry, on the set {(k,x) € W :
0<k<¢andoy(k,x) = A} is equal to %wq()\Hq(/L)) if € > ko(A\, p) and it is equal
to Rq,#(g,fb)\(é—)) ’Lfg < ij()‘v/J’) where

WLJ()‘Hq(M))l/q — K
1(wq(AHg (1)) — 1)

(2.18) ko(A, ) =

1
is the unique in (0, —) solution of the equation o,(ko, 1) = A.

(iv) We have

(2.19) %(1 S (= B)A YY) < (k) < %(1 - (%)1/%1 )

Proof. (i) The second equation in (2.12) implies (z — 1)% > 0 if z # 1. Since,
x

for any fixed k, lim o,(x, k) = 400 and by (2.11) lirgl+ o4(z, k) = (1 — k)97 the

T3

first part of (i) follows. Now (2.15) follows from (2.12) and klim (k) =1 follows

—1—
1
since 1 < zx (k) < T To prove that kli%lJr xx (k) = 400 observe that if there existed
km — 0% such that z,, = z(kn) — 2* < +oo then k,,x,, — 0 and so (2.12) would
give A = 04(km, zm) — 1 contradiction.

(ii) The equality (2.17) follows from a straightforward but tedious computation
using (2.15), (2.12) and the fact that o,(k, A (k)) = X for all k£ (so the term 1/0y
in (2.16) is not differentiated, being constant, but is replaced not by A but by the
expression in (2.11) with x = x,(k)).

(iii) By (i) there exists a unique kg = ko(g, A, 1) in (0,1) such that (ko) = u
and since z is strictly decreasing we have using (2.17) that — R, ,.(k,zx(k)) is
> 0if £ < kg and < 0 if & > ko hence the maximum value of R, , on the set
{(k,z) e W:0< k <¢and g4(k,z) = A} is equal to R, (&, zx(€)) if € < ko and

1 1
to Ry, . (ko, za (ko)) if &€ > ko. However since p = xx (ko) < T we have ko < m and
0

#1 = ko)
L —kop
the expression (2.18) follows. Moreover noting that
1-— 1—
Bt b)) ko)
1 — koxx(ko) 1 — kozx(ko)

now oy(ko, p) = oq(ko,za(ko)) = X gives = H;'(AHy(p)) from which

) = we(AHy(zx(ko))) = wq(AHy (1))

we get Ry . (ko, za(ko)) = —wq(AHg(1t)) and this proves (iii).

ETS e

(iv) We write z(k) =
(2.11), O satisfies

(1 — (1 —k)#) where 0 < 6 < 1 note that, in view of

(1—q)(1—6)+kb

A = (1—q)(1—(1—Fk)8)+qk = prA(0)

1—
and observe that ﬁ = peA(0) < pra(y) < ppa(l) =1lforanyy € (0,1). O
—4q
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Now for the next Lemma we fix real numbers f,h and k& with f,h > 0,h < f4
and 0 < k < 1 and we consider the functions

(2.20) I(B)=(1—-k)'""9(f - B!+ k'"1B1
defined for 0 < B < f and

- e . kl—apBa
(h— (1 —k)'o(f B))q<h—(1—k)1—q(f—3)q>

if (1—k)1=9(f — B)? < h < I;(B)

(2.21) Rg(B) =
kl—apq
l—gq
defined for all B € [0, f] such that I(B) > h.

Noting that [; has an absolute maximum at B = kf with lx(kf) = f¢ > h and
that it is monotone on each of the intervals (0,%f) and (kf, f) we conclude that
either [ (f) < hi.e. k179f% < h in which case the equation l;(B) = h has a unique
solution in (kf, f) and this is denoted by p1 = p1(f, h, k) or lx(f) > h in which case
we set p1 = p1(f, h, k) = f. Also either [(0) < hi.e. (1—k)!79f% < h in which case
the equation [ (B) = F has a unique solution in (0, kf) and this is denoted by pg =
po(f,h, k) or hy(0) < F in which case we set pg = po(f,h,k) = 0. In all cases the
domain of definition of Ry, is the interval Wi, = Wi(f, h) = [po(f, h, k), p1(f, h, k)]
We now have the following.

if h < (1—k)'=9(f — B)

Lemma 4. The maximum value of the function Ry on Wy, is attained at the unique

a
point B* = xx(k)kf > kf where A\ = % (see Lemma 3), which also satisfies

(2.22) (1—k)"9(f — B*)1 < h < lx(B*)
and moreover we have
q
(2.23) rrvl‘?ka = hwq(%Hq(:rA(k))) — (1 = k) flar(k)4.
k
Proof. Clearly (1—k)'~%(f — B)? < h if and only if 19 = max(0, f — (hkq)ll) <
1—Fk)<a

B < f,no < p1(f, h, k) and Ry (B) is strictly increasing in W;N (0, no] (if nonempty).
Hence it suffices to find its maximum value on W}, = WiN[no, f| = [max(po, no), p1]-
In the interior of W} we have (using Lemma 1)

__a _w(ZB)' B
 1-quwu(Z(B)Y1—-1"k

- a1 f—B .
(224)  RY(B) 1~y (Z(B)T (L)
where .
kl—1B4
Z(B) = 1
RO
in the interior of W}, and so wy(Z(B)) > 1 there.

Now if p; = f then since ¢ < 1 we have lim R} (B) = —oo. Suppose p1 < f.
B—py

Then lim Z(B) =1 and
B—>p;

: B qg—1 qT_l fﬁB
Jim () ez (T

) = (E =
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since p1 > kf. Hence lim R} (B) = —oo holds always. In an analogous way (and
—p1

since pp < kf) we have limJr R} (B) = +o0 in the case where py > 19. Moreover
B—>p0

if kf > mo which happens if and only if (1 — k)f? < h then since Z(kf) > 1 and
q <1 we get from (2.24) that R} (kf) > 0.

But by (2.24) we have R} (B) = 0 if and only if w,(Z(B))"/? = H which
is equivalent to
B(1—-k), B(1-k),, B(l—Fk) , 1
kl=aBd

(2.25) - 1

h— (=5 (f = B)t
and provided that h # (1 — k) ~9(f — B)? this can been written as

B(1—k) B

STy = fH ().

Consider now the equation (2.26) on the larger interval (0, f). Since h < f¢

the number B = kf is not a solution of it and since Hy(z) > 1 for all z #

B(1—k

1 we get Hq(k((fB))) > 1 for any solution which in view of the equivalence

of (2.26) with the equality in (2.25) implies that h # (1 — k)'79(f — B)? and
kl—apq

(=R —B) > 1 and so since B > 0 that also h > (1 — k)!=9(f — B)?

for any such solution. Therefore any solution of (2.26) in (0, f) will automatically

belong to the interior of W} and would be a root of Rj, there.

(2.26) hH,,(

B 1
Now letting z = i € (0, %) the equation (2.26) takes the form (2.14) with
fa

1
A = =— > 1 and hence it has always a unique solution x = x,(k) in (1, —) hence
(2.26) has a unique solution B* = zx(k)kf in (kf, f) and it has a solution in (0,1)
a
if and only if % = A < (1 — k)77 ! which is unique, hence (2.26) has a unique

solution By in (0,kf) if (1 — k)179f% < h and it has no solutions there otherwise.
Moreover by the above remarks B* satisfies (2.22).

If (1 —k)179f9 < h then 79 = 0 < pg and so lim+ R} (B) = +oo, R (kf) >0

B—pg
and lim Rj(B) = —oo which imply that the maximum value of R} is attained
B—py

exactly at B* > kf (Bg < kf in this case must be an inflection point).

If (1—k)'79f7 > h > (1—k)f? then B* is the unique root of R} in the interior
of W/ and so R} (kf) >0 and lim Rj(B)= —oc imply that the maximum value

Bﬂp;

of Ry, is attained exactly at B*.

If (1 —k)f? > hthen f > p1 > n > kf > po and lim Z(B) = +o0 so

B—w];r
since ¢ < 1 we get from (2.24) that Blim+ R,(B) = %q(i]:)q—l > 0 so again the
—g

maximum value of Ry is attained exactly at B*.
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To complete the proof of the Lemma we observe that since w,(Z(B*))Y/? =
B*(1—k)
k(f —B*)

Ra(B") = ha 2(B)~(1=R)1 (=B (G ) = heo (Z(B)~(1=b) )
and use B* = z)(k)kf and Z(B*) = Hq(kB(;(l__B]j;) = AHy(zx(k)). O

3. TREES AND MAXIMAL OPERATORS

As in [4] we let (X, p) be a nonatomic probability space (i.e. u(X) =1). Two
measurable subsets A, B of X will be called almost disjoint if (A N B) = 0. Then
we give the following.

Definition 1. A set 7 of measurable subsets of X will be called a tree if the
following conditions are satisfied:
(i) X € T and for every I € T we have p(I) > 0.
(ii) For every I € T there corresponds a finite or countable subset C(I) C T
containing at least two elements such that:
(a) the elements of C(I) are pairwise almost disjoint subsets of I,
(b) I =UC).
(i11) T = U,,>0 T(m) where Tio)y = {X} and T(my1) = UIeT(m) C(I).
(iv) We have lim sup p(l)=0.
m— 00 167—("1)

For any tree 7 we define its exceptional set £ = E(7) as follows

(3.1) ET)= U hnh).
IET Jy,J2€C(I)
J1#£J2
It is clear that F(7) has measure 0.

An easy induction shows that each family 7,,) consists of pairwise almost disjoint
sets whose union is X. Moreover if € X\E(7) then for each m there exists
exactly one I,,(x) in 7(,,y containing z. For every m > 0 there is a J € T(,,_1)
such that I,,(z) € C(J). Since then x € J we must have J = I,,_i(z). Hence
the set A(z) = {I € T : x € I} forms a chain [y(z) = X 2 Ii(z) 2 ... with
I, (z) € C(I;p—1(x)) for every m > 0. From this remark it easily follows that if
I,J €T and INJN(X\E(T)) is nonempty then I C J or J C I. In particular for
any I,J € T we have either (I NJ) = 0 or one of them is contained in the other.
The following gives another property of 7 that will be useful later. For a proof see
[4].

Lemma 5. For every I € T and every a such that 0 < « < 1 there exists a
subfamily F(I) C T consisting of pairwise almost disjoint subsets of I such that

(3.2) WU D= 3 ul) = (- a)u(D).

JeFI) JeF(I)

Now given any tree 7 we define the maximal operator associated to it as follows

(3.3) Mz é(z) = sup {M(ll) /I |p|dp:z €1 e T}
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for every ¢ € LY(X, p).
The linearization of this operator we will use has been introduced in [4]. Here
we will recall its definition and properties that we will use (for more details see [4]).
Let ¢ € L'(X, 1) be a nonnegative function and for any I € 7 let

1
(3.4) Avi(d) = /I pdp

We will say that ¢ is T-good if the set Ay = {z € X\E(T) : Mro(z) > Avi(¢)
for all I € T such that @ € I} has p-measure zero. If m > 0 and A; > 0 for

each I € 7,,) are given then the function ¢ = >  Arxs (where x; denotes the
T€T(m)

characteristic function of I) is 7-good since Av;(¢) = Avp(¢) whenever J € C(P),
P e 7 for s >m and so Ay = @. We call such a ¢ a 7-step function. However
not all functions are 7-good but 7-step functions will be enough for our purposes.

Suppose now that ¢ is 7-good. Then for any x € X\(E(7T) U Ay) (ie. for
p-almost every z in X) we define I(z) to be the largest element in the nonempty
set {I €7 :xeland M7 ¢(x) = Avi()}.

Also given any I € T let A(¢,I) ={z € X\(E(T)UAy) : Iy(x) =1} C I and
let

(3.5) Sy=1{IeT:pulA(6,1)) >0} U{X}

which is a subtree of 7. We also define the correspondence I — I* with respect
to Sy as follows: I* is the smallest element of {J € Sy : I & J}. This is defined
for every I in Sy except X. It is clear that the A(¢,I)’s for I € Sy are pairwise
disjoint and their union has full measure. Their basic properties are the following,
A = B meaning u(A\B) = p(B\A) =0, (see [4]):

(i) If I,J € Sy then either A(¢,J)NI = or J CI.

ii) If I € Sy then there exists J € C(I) such that J ¢ S,.

(
(ili) For every I € S we have I ~ U A(p, J).

Sy3JCI
(iv) For every I € Sy we have A(¢,I) ~ I\ U J and so
JESy: T =1
(3.6) pAG D) =pD)— Y uld).
JeS:J*=1I
In particular (iv) implies
1
(3.7) A= S e
w(l) JeSyacr’A@,J)
so setting
(3.8) ar = w(A(¢,I)) and z; = a;* / o
A(e,I)

for every I € S, (in the case where pu(A(¢, X)) = 0 we set zx = 0) we have

(3.9) Mr ¢ = Z (L Z aJTI)XA(SI) -

IeS, ,u(I) JESy, JCI
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and

(3.10) /X ¢dp= >

IeS,

odu = arry.
/A(aﬁJ) Z

I€S¢
Using this decomposition of M7 ¢ we can now prove the following:

Lemma 6. If the nonnegative function ¢ € L*(X,u) is T-good fX odp = f and
fX o4dpu = h then we have

q
(3.11) [ rroyan < w2,
X
Proof. We let S = Sy, ar = p(A(e, 1)),
(3.12) =7 €(0,1)
(except possibly for I = X) and

(3.13) yr = Avi(¢) =

for every I € S. It is easy to see that
(3.14) yi(I) = Y ypu(J) +arxr
JeS: =1
and so using the concavity of the function ¢ — t? we have for any I € S

winD) = Y mn() 2 +ora
JeS I =1 I

H)QE
or
(3.15) > 3 an)(E) +orar(Ghy
TI or
Jes:Jx=I

whenever the 77,07 > 0 satisfy 77 (u(I)—ar)+orar =3 jcg. ey T1i(J)+orar = 1.
We now fix > 0 and let

(3.16) or=((B+ V()= Bar) "t and 77 = (B + 1)o;

which satisfy the above relation to get dividing by 0}7(1

(B4 D)D) = Ban) Uy > Y B+ D" u(N)yf + arf
JeS: I =1
However 2% = (i / ®)? > L / #? and so summing over all I € S (if
1= aen P = A &

ax =0 then u(A(¢, X)) = 0) and using the properties of the A(¢, I)’s we get

S8+ DilD) ~ Ban)' urn(D)' = 3 3+ 0w + [ i

IeS JeS X

JEX

and so since yx = f we get

(3.17) (B+ 1)1 —h =Y [(B+ 1)) = (B+Du() = Bar)' = (u(1)y]

IeS
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which since
[(B+ D) u(I) = ((B+ Dpu(I) — Bar)' ~Uu(I))?] =
=B+ ((B+1) = Bp)' > (1-q)(B+1)"Bp;

gives
B+ —h > (1-q)(B+1)798) ary]
1eS
and so for any 8 > 0 we have

(3.18) /)((MT¢)qu oL BB+

L—q g
Considering now the right hand side of (3.18) as a function of g it is easy to see
that it is minimized for § equal to the unique root of the equation

q
(319) Hy(B+1) = (1= )8+ 1) +q(8+ 1) = T 1
q
and so taking 5 = wq(%)l/q —1>01in (3.18) and using (3.19) completes the proof
of (3.11). O

Next we show that (3.11) holds for general ¢ and that it is actually best possible.
This is the content of the following.

Theorem 2. For any 0 < g < 1 we have
(3.20)

sup{/X(Mﬂb)qdu:¢20,¢eLl(X,u),/qudu:f,/X(ﬁqu:h} =hwq(%),

q

Proof. For the general nonnegative ¢ € L'(X, ) one can consider the sequence

(¢m) where ¢, = 3° Avy(¢)xs and set
IET(m)

‘I)m = Z maX{AVJ(¢) i Q J e T}XI - MT¢TVL
1€T(m)

since Av(¢) = Av(¢m) whenever I C J € 7 when I € 7(,y,).
Then it is easy to see that

62 [ bndu= [ odu=fihn= [ tauz [ orau=r

for all m and that ®,,, converges monotonically almost everywhere to M7¢. Since
as we have seen each ¢, is T-good, (3.11) combined with Lemma 1 (iii) gives

q
(3.22) [ @t < () < (1)
X hm h
and so letting m — oo we get (3.11) for the general ¢.
Now to complete the proof of the Theorem we use a similar to [4] construction

and for a with 0 < a < 1, using Lemma 5, for every I € 7 we choose a family
F(I) C T of pairwise almost disjoint subsets of I such that

(3.23) D ) = (1= a)ul).

JeF(I)

q
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Then we define S = S, to be the smallest subset of 7 such that X € S and for
every I € §, F(I) C S. It is clear that defining the correspondence I — I* with
respect to this S we have J* =1 € S if and only if J € F(I) and so writing

(3.24) Ar=1\ | 7
Jes:Jr=I
we have ar = u(Ar) = u(l) = > jeg.yeer (J) = au(l) for every I € S.
Also it is easy to see that
(3.25) S= U S(m) where S(o) = {X} and S(erl) = U .7:(1)
m>0 IeSim)

We define the rank r(I) of any I € S to be the unique integer m such that
I € S,y and for A,y > 0 to be chosen later we define the z;’s by setting

(3.26) zr =My
for every I € S. For every I € S and every m > 0 we have
(3.27) bu(D)= Y p(])=(1—a)"u()
S>JCI
r(J)=r(I)+m
hence
Za;x? =\ Z Z Y ap(J) = Na Z b (X) =
IeS m>0IE€Sm) m>0
A
"o (1-a)] —_—
mz>0 T1- v (1 — )
for any r > 0 such that v"(1 — &) < 1. On the other hand if y(1 —a) < 1
1 A n J
Yr = — Z ajrj = —= Z OZN(J)VT( )=
w(d) Jes:JCI p(l) S§>JCI
Ao et
Zﬁ27+(1) Z H(J):
A =0 S§3JCI
r(J)=r(I)+m
=\ r(I) m )" = o
m>0

where the y;’s are defined by the first equality above and so

(3.28) Z ary} = Z arzf.

Ies Ies
whereas
(3.29) __ Aa
' ET M —a)
We choose A = fa™'(1 — v(1 — a)) to make yx = f and v = % where
z(1 -«
/o 21— (1= ) 9z — )

q
z = z¢(a, =) > 1 is the unique root of = % furnished by
e

Lemma 2. Obviously v > 1 and
’yq(lfa)<’y(lfo¢)zlf%<l
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and so we have for these choices of \,~y

q
(3.30) Zx(} =h,yx = f and Za;y? = z¢(av, %)qF
Ies Ies
Next we consider the function
(331) o = ZxIXAI‘
IeS
so that [y padp = f, [y ¢%dp = h, and since M7¢a > Y ;5 Avi(da)xa, we have
q
(3.32) / (Mroo)tdp >y aryf = 2(a, Ly,
x h
IeS
Now we let & — 07 and use Lemma 2 to complete the proof. |

Using now Lemma 1 (ii) in (3.20) we get

1
(3.33) [ tzoydn < ([ odwy
X -4 Jx
which is what Kolmogorov’s inequality would imply. However since by Lemma 1
q
(ii) limy,_ o+ hwq(i) = lfi—q the above Theorem implies that (3.33) is actually

sharp. When the function ¢ satisfies certain additional properties the above proof
gives also the following improvement (as shows Lemma 2 for z,).

Theorem 3. Let 0 < g < 1 and suppose « is such that 0 < a < 1. If ¢ > 0 is
T-good with [y ¢dp = f, [ ¢%dp = h and such that a; = p(A(p, 1)) > ap(l) for
every I € S =84 then

q 1
1) [ (o < o Son < et <

and the first of these inequalities is best possible.

Proof. To prove (3.34) we use with p; = % > « the inequality
B+D7TI—((B+1) = Bpn)' ™" _ (B+DITT = ((B+1) = Ba)' ™1
PrI a o

in (3.17) to get for any 5 > 0

. (B_’_l)l*qfq_h
(3.35) /X<MT¢’> B R ey

instead of (3.18). Now setting z = 84+ 1 — Sa > 1 it is easy to see that the right

q
hand side is minimized when z satisfies (2.5) with A = % and so using Lemma 2

and the equation (2.5) in (3.35) completes the proof of (3.34).
To show that (3.34) is best possible we just use the ¢, in the proof of Theorem
2 for this specific a. O

The above Theorem has the following application in the case where X = [0, 1],
u is the Lebesgue measure and 7 = D is the tree of all dyadic subcubes of [0, 1]"
and therefore D, is the set of all dyadic subcubes of [0,1]" whose sides have
length equal to 27™.
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Proposition 2. Let 0 < g < 1. Then:

(i) If m >0 and ¢ = IE; Arxs then (with [ ¢dp = f, [ ¢9dp = h)
(m)

fa

h

336) [ (Mpoyau< s 0 < T

1
gmn _ 9mnq (2mn _ 1)

(ii) If ¢ € L' and is nonnegative, decreasing in each variable and convexr on
Q = (0,1)™ then

—n S 1
(3.37) /Q(Md(b)q < 227", )k < 2n — 2na(2n — 1)

A = ol
Proof. Both follow from (3.34). For (3.36) it suffices to observe that ¢ is D-good
and for any J € Sy we choose I € D(,,) such that |[A(¢, J) N I| > 0 and note that

we must have I C A(¢, J) and so |A(|¢J’|!])| > 27,

1
For (3.37) we use (3.34) for a = on noting that for any J € D if J, is the square
formed by the right halves of the sides of J, the assumptions on ¢ imply

(3.38) Avy(¢) > sup ¢(z)
reJy
and therefore ¢ is D-good and for any J € Sy we have J. C A(¢, J). O

The first part of the above Proposition provides an estimate of the limitation for
making the sharp inequality (1.3) an almost equality using dyadic step functions.

4. BELLMAN FUNCTIONS FOR THE MAXIMAL OPERATOR RELATED TO
KOLMOGOROV’S INEQUALITY

Here we use the results of the previous sections to study the Bellman functions
for Mz defined by (1.6) thus proving our main Theorem 1.

Let us fix 0 < ¢ < 1 and a nonnegative ¢ € L' (X, u) such that [ ¢?dp = h and
fX ¢dp = f (where h < f9). For any I € 7 we apply Theorem 3 for ¢ restricted

to I and for the tree 7(I) = {J € T : J C I} on the probability space (I, %u)
to get :

A a
(4.1) Al (030 < Avi (@ (O

Next fix L > f and let I3, I, ... be all the maximal elements (if any) of {J € 7
Av;(¢) > L}. It is clear that the I,’s are pairwise almost disjoint and that writing

K=UI
J

(4.2) max(Mr¢, L) = Lxx\x + Y _ (Mr1,)(éx1,))X1,-

J

Therefore writing k = >, pu(I;) and using (4.1) for I, I, ... we get

(4.3) /X (max(Mzo, L))%du < LI(1 — k) + Zajwq(f;)q
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where
17
(1.4) 0 = [ o< 5 =t [ odu
I I;
Now we write

: A= = 9dy < h and B = NITBHYe = d
(4.5) Za /K‘b )< hand B ;WJ) 5) /deéf

note that
(6) KB = (3 () U () ) ) = Y 8 > A

and use the concavity of w, provided by Lemma 1 (i) to conclude that

q q o Zjﬂj
/X(max(Mﬂb,L)) dp < L(1 k)+Awq< i ) <
1-g9 g
(4.7) qu(l—k)+Awq(k AB ).

The parameters A, B and k satisfy the following inequalities
(48) A<k'™MBY, A<h, B<f,0<k<landh—A <(1-k)"f— B)*

the last one being just fX\K Pldp < u(X\K)l_q(fX\K édp)9 (we also have B > kL
by the choice of the I;’s).

Conversely assuming that 0 < k < 1, B < f and A, B satisfy the inequalities
(4.8) we fix ¢ in (0,1) we use Lemma 5 to pick a family {I1,Is,...} of pairwise
almost disjoint elements of 7 such that . u(l;) = k. Next since A < kl-aBa

using Theorem 3 for each j we choose a nonnegative ¢; € LY(I i) %u) such that
p(I;

A B

(19) [ han =it [ ogdn =i
I; I;
and
A klTiBg

(110) | a6 = 85 ()

J

Next we choose a 1 € L*(X\K, i) such that

(4.11) Yidu =h— A >0 and Yduy=f—B>0
X\K X\K

where K = |JI; which is possible by (4.8) and define
J
(4.12) ¢ =vxx\rk + Z OiXI;-
J
Then [y ¢dp = f < L, [ ¢%dp = h and

kl—qu)q.
A

(4.13) /X(max(Mﬂb, L)¥dp > L1 — k) 4+ 0 Awy(
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Letting now § — 1~ we have proved the following;:

kl—apB4
):k'79BY > A A< h,

BI(f, h,L,1) = sup{LI(1 — k) + Aw,(
(4.14) B<f,0<k<land (1—Fk)'9(f—B)?">h— A}

The inequalities (4.8) for k, A and B imply that (1 —k)'~9(f — B)9 +k'"9B9 > h
and A > h— (1—k)179(f — B)? = C and so using now Lemma 1 (iii) we conclude

1—q Rq 1-q Rq
that Awq(k AB )ngq(k B yif h> (1 —k)'749(f — B)? and
kli-aBa kl=aBa kl=aBa
AwQ(T) < zli%l 2q( z T 1- q

if h < (1 —k)'~9(f — B)? so using the notation of (2.20), (2.21) and Lemma 4 we
have

Bl (f h,L,1) = sup{Ren(B) + LY(1— k) : 0< k < 1,0 < B < f and I;(B) > h} =
I fe

= O?;EJ’WQ(J; Hy(a(h, 1) + (57 = foa(i )= b)

L
and so by Lemma 3 (iii) with £ =1 and pu = 7 > 1 we have proved the following

Proposition 3. For any tree T on (X, u) and any 0 < g < 1 we have

L.

(4.15) BT (f,h, L.1) = by (-

Hq(f

Next to compute Bg(f, h, f,k) for 0 < k < 1 in a similar as in [4] way suppose
that ¢, E satisfy the requirements in the corresponding definition, choose v > 0
such that

(4.16) n({Mro > u}) < k < p({Mré > u})

and choose a measurable D such that Vi = {M7y¢ > u} C D C {Mzrod > u} =V,
and (D) = k (note that p is assumed nonatomic). Since M7¢ < w on E\Vj it is
easy to see that

(4.17) [E (Mr)1dp < /D (Mré)tdy

and defining s € [0, 1] by p(D) = spu(V1)+(1—s)u(V2) we also have (since M7¢ = u
on V2\V4)

(4.18) /D (Mré)tdp = s /V (M )y + (1 5) /V (Mré)tdp.

Now since each of the Vj, Vs is a union of families {I](l)}, {I,SZ)} consisting of
pairwise almost disjoint elements maximal under Av;(¢) > u (resp. > u) and
we clearly have M7¢ = Mg ()¢ for each of those I'’s, arguing as in the case of
BI(f,h,L,1) and using (4.17) and (4.18) we have

/3@
(4.19) /(MT¢ Vldp < Zsa wq _ ) + Z 1—s)a 0:(2))

r
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where of!) = [ 9% < B = u(IY)' 79[y dd)?, 0 = [ 67dp < B0 =
M(Lg))l_q(f[(z) ¢dp)?. Hence using Lemma 1 (i) we have

s8W s 7(2)
(4.20) /I((MTd))quSAwq(Zj 8, +§r(1 )8 )

where

(4.21) A= Z sozgl) + Z(l —s)al? = s/ ¢ldp+ (1 — s)/ ¢ldp < h.
j - \%1 Va

Setting

(4.22) B=s [ ¢du+(1-y3) odp < f

Vi Va
and noting that k = u(D) = 3, su(I](l)) +>.(1— s)u(IT(Q)) it is easy to see using
(3.15) that

(4.23) KBt >3 sp0 13 (1 - 5)82 > A
J T
and so since wy is increasing we have
kl—apa
(124) [z < au, (K2
E

Moreover we note that A, B satisfy all the inequalities in (4.8) (k being now fixed)
the last now being just

(4.25) [ o< ([ naw ([ omay

where n = sxXx\vy + (1-— S)XX\Vz'
In the same as in the case for Bg(f, h, L, 1) way and using, for any A, B satisfying
(4.8) (with k fixed), the functions ¢ defined by (4.12) we get the following

(4.26) BI(f,h, f,k) =sup{R(B):0< B < f and lx(B) > h}
where [, and Ry, are defined by (2.20) and (2.21).

Hence Lemma 4 implies.

Proposition 4. We have

(@27) B £ k) = heog(EHo (2 ) — e ke - b
Now to prove our main Theorem 1 we let w > 0 be such that
(4.28) p({max(Mr¢, L) > w}) <k < p({max(Mr¢, L) > w})

choose a measurable set K such that Uy = {max(M7¢,L) > w} C K C {max(Mr¢, L) >
u} =Us and p(K) = k and as with (4.17) we get

(4.29) /E(maX(MT(b,L))qduS/K(max(MT¢,L))qdu.

We then consider two cases:
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(i) If w > L then M7¢ > L on K and so (4.29) and u(K) = k gives
(4.30) [ (max(htz6, )dp < B (£, 1.8
B
(i) If w = L then let u(U1) = k1 < k and note that M7r¢ < L on K\U; to get
[ maxatzo Dy < [ Otroydps [ Lidus

E U K\U,

(4.31) < BI(fho k) + LAk — k).

Conversely given 0 < k; < k for any 0 < § < 1 choose a ¢ satisfying the require-
ments and a measurable set F1 C X with pu(F;) = k; that satisfy

/E (Mzd)Tdp > 557 (f. b f. k)

and then choose a measurable Fy C X\ E; with u(Es) = k—k;. Then E = E;UE,
satisfies u(F) = k and

/ (max(Mz¢, L))"dp > / (Mz)tdp + LUp(E) = 6B (f.h, f k1) + Lk = k).
E Eq
Letting 6 — 1~ we have proved that

BI(f:hyLik) = sup [BY(f,h fika) + L1 = ky)] = L(1 = ).
0<k1<k
But now (4.27) and Lemma 3 (iii) complete the proof of Theorem 1.

5. PROOF OF PROPOSITION 1
We will show first that for any I € 7(;) = C(X) (see Definition 1)

) 1
(5.1) hmsupM(I)/IQSmdu <f.

m—00

Suppose not and choose an I € 7(;) such that (5.1) is not satisfied and assume
choosing a subsequence that

(5.2) lim %/d)md,u:fl > fand 0 < lim L/gi)gnd,uzfu < fi.
I

I
Then letting 7 = p(I) € (0,1) we also have

. 1 f — Tf1
OS lim ——— Cbnd,ui: <fand
m—co (i(X\I) X\I L L=
. h — Thl
5.3 lim ———— oL dp = > 0.
(53) m—oco (i(X\I) X\I : l—7

1
Consider the trees 7* = {J € T : J C I} on the probability space (I, —y) and
T

1
T = {X\I}U{J € T :J C X\I} on the probability space (X\I, 17,11) and
-7
note that in view of f; > f for all sufficiently large m we have
(5.4) Mz ¢ = Mgy, on I and Mz, = max(Mg« ¢, f) on X\I
hence using (1.13) and (1.14) we get
q
(5.5) lim sup/(MT¢m)qdu < Thlwq(]{—l) if hy >0
I 1

m—00
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and

(5.6) limsup/(MTqu)qdu <
I

m—00

Tfi 1fh1—0

(where in the case h; = 0 we just used (2.2)) and

_ —7)f4 q—1 — T
(5.7) h;nj;lop/X\I(MTéf)m)qdﬂ < (h—ml)wq((l 91 )hf—t/if (f fl))
if h > 7hy and
68 tmew [ (ronns (-0t TN )

if h = Thl.
In the case 0 < hy < 7h (5.5), (5.7), (1.16) and the concavity of w, give
fa Tff“r(1*Q)(lfT)f’“rqfq’l(f*Tfl))
h
which since wy is 1ncreasing gives f4 < 7fl+ (1 —q) (1 —7)f7+ qf T (f — 7f1)
which gives f{ > (1 —q)f?+ qf9"! f1 which is a contradiction since 0 < ¢ < 1 and

fi>f>0.
If hy = 0 then (5.6), (5.7) and (1.16) give

q 1—q)(1—7)f4 L f— 7 Tfd

(5.9) heoy (%) < hu

(5.10) hwq(
and since Lemma 1 easily implies

(5.11) wq(a) —wq(b) >

-b
——(a—t)
whenever @ > b > 1 (5.10) gives f¢ < 7ff+(1—q)(1—7)f?+qf9*(f —7f1) which
is a contradiction (since 0 < 7 < 1) even if we had assumed f; > f.

If 7hy = h then (5.5), (5.8) and (1.16) give

Tflq

(5.12) hwg (=) < hw,(

:\\g

)+ (1—7)f+ %fﬂ(f —h)

5.11) leads to a contradiction even if we had assumed f; > f.
and then since

which again using
This proves (5.1

(513)  f= lim_ Z /(/)md,u< Z hmsup/q/)md,u< Z Fu(I

I€T) IeTyy T I€T)

N

we conclude (taking subsequences) that

(5.14) lim / Omdp = f

m— 00 M

for every I € 7(1). Moreover the above arguments show that for any I € 7y
1
and any subsequence (¢,,) such that lim; .. o) / ¢F, dp = hy we must have
K I

0 < pw(I)h; < h and then we must also have equality in (5.9) which follows from
(5.5) and (5.7) which in view of the strict concavity of w, implies (with 7 = p([I))
fO Q=g =7)f"+qf" (f—7f)
]’Ll h — Thl

equalities in (1.17) hold for any I € 7(yy. But since we also must have equality in

that — hence that h; = h. Thus the first two
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(5.5) where now f; = f, hy = h we conclude that also the third equality in (1.17)
holds for any I € 7(1). Now the proof of Proposition 1 can be easily completed by
induction on the levels of the tree 7.

6. APPROXIMATIONS OF THE BELLMAN FUNCTIONS, SCALING AND
KOLMOGOROV’S INEQUALITY

Here we will derive certain estimates for the various Bellman functions in order
to get some idea on what Theorem 1 says. Then we will use them to study the
behavior of the dyadic maximal function on R™ and the various Bellman functions
that come from (1.4). One could obtain better approximations by iterating the
corresponding estimates in Lemmas 1 and 3. We first have the following.

Proposition 5. The following estimates hold

()
f1—aft hs J1 =g —q) R
(6.1) lfq<8q7(f,h,f7l)< T4
(ii)
(6.2)

(1= q)L9 4 gL' f — q(1 — q)a (1 — q)L9 + qL=1f) " ha

T
Bq(f7h7L71)< 17q

and

Q=

(6.3)  Bj(fihL,1)> (1—q)L9+ gL' f —q((1 — )L + qLI~ )" "3h

l—gq
(iii)
(6.4)
1 1—gq 1—gq hl/a
T = pleqre_ (=4 Vg _p\pl/aya(1— 1/q
BT (1) < T~ () (=R ) (=gl ) k)
and
(65) BT (o ) > Tk (f = (1= DR
, o f : . L(1—k)
(iv) The unique in (0, Z) solution ko = ko(f, h, L) of the equation Hq(m) =
f*, L .
?Hq(?) satisfies
f — b f-(l—gqVnte g
(6.6) 0<m<k0(f,h,L)< L= (1= q)/ahi/a <f'

Proof. (i) and (ii) follow from Corollary 1 combined with Lemma 1 (iv). For (iii)

we let A = ke 1 and using the equation satisfied by z (k) and (4.27) we get

(6.7 B 1) = 2Oy o e ).
But (2.11) gives
(6.8) (3 _1k;f(k))q(1 ~ G I;;jff]z) )=k = %(1 — k)
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hence using (6.8) in (6.7) we get

T = flko q (1 — K)aa(k) =
Bo (51 1) = P ka0 = 0 + g — Raa(R)
q(1 = kxx(k))

(1 —=q)za(k) +q— kxr (k)
Now (6.4) follows by using (2.19) from Lemma 3 (iv) in (6.9) after observing that

(6.9) = Flkar (k)1 — ).

trivially (from 1 < zx(k) < E)

(6.10) (1 —q)zx(k) + q — kza(k) < max <1k,(1(1)k(1k)> < %

To prove (6.5) we use the lower bound from (2.19) in the first equality in (6.9) after
1 1
observing (now from E(l — (1= kA < 2y (k) < %) that

1— - 1-— 1—
( q).’L‘)\(k) + q k.’l?,\(k) > min ( 7 q(l _ )\—1/‘1) + )\—1/‘17 q) >

1-k k
1—gq -1/

(6.11) > 21— (L= kA,
To prove (6.6) we write (using (2.11)) the equation for kg as

h(1 — ko)4 1—ko
6.12 =
012 T T —

(I—qg)L+af

and note that since L > f and 0 < ko < % the right hand side of (6.12) is between

1 and (one could also use Lemma 1 (iv) in (1.12)). O

1
l—gq

Clearly the above Proposition provides estimates for the full Bellman function
Bg(f, h, L, k) since Theorem 1 implies

[ BT(f,h,L,1) = LY(1 — k) if k > ko(f,h, L)
(613)  Bj(fihfik) = { BI(f,h f,k) if k < ko(f.h, L). ’

Now we come to the dyadic maximal operator on R™, consider a nonnegative
¢ € L*(R™) let [|¢]l; = [gn ¢ and fix a dyadic cube Q. Let D, (Q) denote the tree
1
Q|
the above Proposition and Corollary 1 (where Mp, (g) denotes the local maximal
operator with respect to the tree D,,(Q) and M, the usual dyadic maximal operator

on R™).

of dyadic subcubes of @ on the probability space (Q, [.]). Then we get from

Corollary 2. We have for any q with 0 < g < 1.
(1)
(6.14)

/Q(Mvn<cz>¢)"< '?'_1; [(/ng)qq(1q>é—1|Q|1—é(/Q¢)q1(/Q¢>")1/q}
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(i) If L= sup Avg/(s) <|Q| "¢l then
Q:QCQ

(6.15)

/ (Mad)? < (1-¢)L?|Q|+ qufl fQ ¢ —q(l— q)q—ll(f;? ¢q)1/tI((1 —q)L7|Q| + quﬂ fQ ¢)1_,
Q _

and

(6.16)

1—¢q
[ gy < & i [(1—q> 1617 + qlll+ / o—al— gyt QI /¢q Wt }
Q

(iti) If E C @ is measurable then
(6.17)

B e S 1 HE T - Y Sepy s
Jtosaor < T Lo Gl dia - gpiart [ o]

(iv) With the above notation
(6.18)

B e S 1 EE YN - MY Sepy
[ o < UJ) TorE gl /¢ }

when |E| < ko |Q| and
(6.19)

1 1-1
(1= )L B + L™ [y = a(1 = )i~ (Jo 6777 |1 = q) L7 |Q] + a1~ [, 0]
q
J 1
E —q
when |E| > ko |Q| where the number kg satisfies
(6.20)

_ o~ 7 t! a)1/q q)M a 1/q
fQ¢ ‘Q|_;+1(IQ¢ ) < ko < fQ |Q|_7+1(f o ®! ) / é.
LIQI - QI #™ (f 90)/a L|Q| - < QM |QI T (fy 9) e A

1
(v) Moreover when |E| > 7 fQ ¢ we have

Le|E| _ENQI 6l B! )l
21 M) < <
(6.21) [E< o)t < T < e —

1
and when ko |Q| < |E| < I Jo ¢ we have

(6.22) 1
[ty < atnay (020 - o[ (%0 - (Frt] < [ o

Proof. (i)-(iv) follow easily from the previous Proposition, noting that (6.16) follows
by first using the inequality L < |Q|™" ll¢ll; in (4.15) and then using Lemma 1

1
(iv). Also from (6.19) when |E| > ZfQ(b we easily get (6.21). When ko |Q] <

1
|E| < = fQ¢ we can argue as follows. We note that (with f = |Q\ fQ¢> and
q
|Q| Jo %) the function P(z) = hw, (J; Hq(f)> — 29(1 — k) is increasing in z
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1-k a
when Hq(zjg—zk)) > %HA%) and f <z < %, the proof being similar to that of

, : : fr 2 z(1-k)
Lemma 3 using Lemma 1 and the inequality wq FH(I(?) < (ﬁ)q7 to get

—z
z(1 — k)
1 f—zk f? L 20, 9,2 _
6.23) P'(z) > h g(1—q)=(2)1 (5 -1) =gz Y (1—-k) =0,
f—zk
E

so with k = :Q we can replace L by % in the Bellman function and use Lemma, 1
(ii) (a better estimate would follow from Lemma 1 (iv)) to get (6.22). O

It is clear that by Proposition 5 all of the above estimates tend to be sharp when
/. 0 ¢ is fixed and |, 0 ¢4 tends to 0. These thus show that Kolmogorov’s inequality
on Mp, (g9 and My is sharp (when fQ ¢? tends to 0) and provide improvements

the sharp form of which is obtained by appropriately scaling the exact estimates in
Theorem 1 and Corollary 1.
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