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ω5 7→ (ξ1, ξ2, ξ3) = (d, u, u),
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fiq/}�k��2nr|2s~q#ki� �vqrsd�xu2�vqvfxn¥�Tegfih2�/q2�p� {lh��xq��¥���¥h2�2fiqr�${�qr|�qpf��r|x�p}�k�s�fx�2�+qp��hl|xn#�r����|xsdfx��orhlur�+µV�r�i�¥|2s�f�h��¥|xw2�vh
T
¶��p{lhl|xh��r�rk��vq)qp{�hlmzq2�xyzhl�p��k�qpjl|2s ¦�� ��{lh�s~w-qv{lw-fiq3��uv�vqvfxn�}�k��2nr|2s~q�{l|xqv����qvf�hr{lh�s~�2y[�vj�k2�<±^sL�r{lh�|xhl�p��k
�vq-{�hl�r�rkP�ds~q-fihlur�+k��2�2s~nr�rki}�hlup�/�¥|xw2�vhlup�#wl�r� ��� ½ ¨¢�¥h2�2fiqr�/{�qr|xqvfx�p|x�p}dkis7fx�2�-qv��hl|xnt�r�i�¥|2s�fx�t}Lf2s �����

t1�´{ro��p|xhlmdhl|2�~qC{�hlu´���¥hlup��k�}duvopo���£xhlup��k�ki� �vq�s q2�
St1 = S0u

�
St1 = S0d

�>�t{lh�|xki�¢orh�s {lw2�Aj�qv�2k�� ���vq
qv{lhlmdqv�xyzki��q2�Pf�h#{�k��~|xqp��q�{lhluP{l|xqv����qvf�hr{lh�s~ki� fiq�srqv�v�vj�kisd}Lfih�k��2�xk���w���kE�vh

Ku = {ω1, ω2, ω3, ω4}
�/}Lfih

Kd = {ω5, ω6, ω7, ω8}.
Ã ��hl�~� �����¥hv�2fiqp�«{lqp|xqpf��r|��r}�kis�fx�2��qp��hl|�n��r����|xs�f��P}Lf2s �d�r�

t2
�r{�hl|xki��j�q2�vki� �T�vqPqv{lh�mzq2�xy[ki��}�k^{�h�s~w+qv{lw+fiq

{lqp|xqvj�nvfi�³}��v�2hporq+q2�v�vj�kis¥fih�}dkE�vnp|2s h#{�hlu/k�jlfxuvo�� }d}�k�fiq�s]¹

Kuu = {ω1, ω2}, Kud = {ω3, ω4}, Kdu = {ω5, ω6}, Kdd = {ω7, ω8},
±«��o�h��p�Lw�{r� �+ki� {lqp��k����¥hv�2fiqp�Pj�q2�vki� ��{lqp|xqvfx�p|x�r}�kiszfx�2�)qp��hl|xn)�����¥|2s7fx�3}Lf2s �d�r�

t3
�p{lhl|�k��[�vq-qv{lh�mzqp}z� }�kis

qvj�|2s ¦�� ��{lh�s~wt}�kE�vnr|xs h-{l|xqv����qvfih�{lh�s~�2y[�vj�k2�d�-}dk�{lh�s~w-qv{lw-fiq)��h2�vhl}��v�vhvorq
Kuuu = {ω1},Kuud = {ω2}j[� f�� o��8qv�v�vj�kis�fih$kE�v��ki�¥wl�rkE�vh${lh�uT{l|xqv����qvf�hr{lh�s~�2y[�vj�k2���Xor��{lhlup��k�orh�s {lw2�Xwpfxs2jlqvyd� � ki£�k�o�� }�}dk�fiqrs��^qp��hl|xn¥�x�

{�or�p|xhlmzh�|2�~qP{lh�u/����h�ur�rk�}�upopor�i£�k�s¥qv{lw#fx�2�
St

�2s~qp��k�|2�~¤xkis¥fih2�/��� |xh�{�s yzq2�vwpf��pfiqp��}�k�wvo�h/jlq�s�® ® ork�{�f�wpf�ki|�ql¯ ¯
kE�v�xk��¥wl��kE�vq¥�°�t{lhl|�hl�r�rk/�vq&{�qr|xqp}Lfx�p}dhlup��k#��|xqpm[s j�nCqruvfx�2�tf��v�A{�|xhlhl�xk�uvf2s j�ntork�{rfxwvfxk�|x�C�2s~qr�r��|2s }��Cfihlu
��� |xhlu/{ls y[q2�vwvfx�vf�qp�^� �<ki£��r�v¹

   

t0 = 0

Kd

Ku

Ω · · ·

{ω1}

{ω2}

���

tN = T

Kuu

Kud

Kdu

Kdd
{ω2N−1}

{ω2N}

t2t1

Ä



±«�´�xs�qp����|2s }d�Cf�h�u
Ω
{lhlu&k�{lnv�dkisS�&{ro��p|xhlmdhl|2�~qA{lhlu&�i�¥hlup��k�}�upopo���£xkisSqv{lw´f��v�&qp£2�~q&fihluA{l|��Sfihv�dkE�vh��r�

{l|�h���wv�2fihl�$�����¥|2s�f��/}�fxs �����
tk
y[q/f��/}dup�p¦�hvol�~¤xhlup��k^�rk

Fk

� ½ ¨ fx}ds]�d���¥hlup��k��2s~qr�xhp��s j�n�¹

F0 = {Ω},

F1 = {Ku,Kd},

F2 = {Kuu,Kud,Kdu,Kdd},
j[� f�� o���Â�qp|xqvfx�p|x�p}�f�kPwvf2s8jlnvyzk/}Lf�hls �¥k�� h-fx�p�

Fk

q2�2f2s }Lfih�s �¥ki��}�k/�E�vq2�-qv{lwtfihlup�+j�wl�v¦lh�ur��f�h�u3{lqp|xqv{ln2�2�
�x�E�2f�|xhlu/}Lfih)�¥|xw2�vh

tk
j�qrs�{�qr|2s }�f�nv�vkis¥�ls~q/�xu2�vqvfx�/k�£x��o�s~£x�Pf��r��qv��hl|xnp�������¥|2s¥fx�#}Lf2s �����

tk
�

·
qp{�wl�xhl}��°k��2wl�t{lqp|xqp�¥�S��hlu°��kt� |2�~�rqv�v}��
T
k�� �vqrsT�ls~q�fxup�¥q��~q°��k�fiq2¦�or�pf��

X
hl|2s }d�r���2�³}Lfihv�

Ω
¹§j�n2

yzk
ω ∈ Ω

qv�xf2s }Lfih�s �¥ki��}dk��E�vqC{ls y[q2�vw§}�kE�vnp|2s h§k�£x��o�s�£��r�#fx�p��qp��hl|xnp��j�q�sS�
X(ω)

ki� �2q�sS�Cqp{�wl�xhl}��Cfihlu
{lqp|xqv�¥�S�dh�u<}dk«qpupf�w�fihP}dkE�vnp|2s hz��Â�hvopo����Tmdhl|x���^yzq<���¥hlur�rkX�vq<j�n2�vhlup��kX�rkT{lqp|xnv���S��q<k�up|��S{lq � j�hl�$f��p{�hlu��
f�����h�{lhl�~�����)qp{�wl�xhl}���k�£xqr|�fxnvf�qrs7��w2�vhtqv{lw3f��v��fxs��r��fihlu�{l|��Sf�hv��kE�vhl�p��{�|xh���wv�xf�h��P}Lfx�2��� |2�~��q2�v}����PeXk
qpupf��§fx�2�§{lk�|2� {rfi� }��§y[q°���¥hlup��k

X(ω) = f(ST (ω)).
Â�� �L� �E�vq°k�ur|��S{lq ��jlw³�xs~jlq�� � ��q°qv��hl|xnp�t��ktf2s~���

np}�j��p}��r�
K
�i�¥kis8qv{lw��xhl}��

X(ω) = (ST (ω) − K)+.
½ � orork��/mzh�|x���+{lnvolsL�tqv{lwl�xh�}d��f�h�u3{lqp|xqv���S��hlu�y[q

k�£xqp|�fxnvfiq�s�qp{�w&wvo��)fx�2�-fx|�hr��s~n-fx�p�#f2s~���p�/fihlu-{l|��Sfihv��k��2hl�r�P{l|xh���w2�2fihl�v�-Â�� �7�t�E�vqAk�ur|��S{�q � j�wA�2s j�qr� � ��q
qv�dh�|xnr���rk�j�nvf��²j�qrs7k�j�fxwl��mz|xnv����q�qp{�hl�2�~�xkis[wl}�h-�E�vq�qp{ro�w)kiup|��S{�q � j�w)�2s j�q�� � �rq�qv��hl|xnp�p�z��w2�vhtwl�p� �Pq2�
�/f2s~�r�/f�h�u/{l|��Sfihv�dkE�vh��r�${�|xh���w2�2fihl��{lqp|xqp��ki� �vkisd�����¥|2szf��v�P� |2�~��q2�v}���{�nv�x�²qv{lw��E�vq�mz|xnv����q

M
���P�porqr�����

X(ω) = (ST (ω) −K)+ × I(mint∈[0,T ] St(ω) > M).

�8s�q/�vq#fxs��rhporhv�d�p}�hlur�rk��E�vq#{lqp|xnv���S��h�y[q/yz��orqp��k$�vq�q2�vqp{�qr|�qp��nv�dh�ur�rk�fx�2��qv{lwl��hl}d�/fihlu��¥|x�p}zs~�rh�{lh�s ���x
fiqr���E�vq/�¥qr|�f�h�mzuvo�nvj¥s h�{lhluPqp{�hpf�k�orki� fiq�slqv{lw/fiqP�xurh#{�|xh���wv�xf�q�fx�p�$qv��hl|xnp����qp�p���Xur}ds j�n+kE�������2k�s¥�xkE�+k�� �vqrs
�xu2�vqvfxwC�2qAjlnv�vh�ur�rk/�ls~qA}�fiqvf2s j��Aq2�2f2s }Lfxn2yz�ls }������vqA}du2�xyz��}dhlup��k#���porqr���t���2qC�¥qp|�fihlmzuvornpj¥s hAf��A��|�hv�ps j��
}Lf2s �����

t = 0
{lh�u��vq����¥k�s[f��v���~�2s~q�qv{lwl�xh�}d����k<fih-kE��orwp�¥�²{�qr|xnv�¥�S��h3fx��}�fxs �����

T
�<egfih-�rhv�2f���o�h)��qp�

wl�p� �#�i�¥kis��vw��r�rq)�vqtk�{�s f�|x� �zhlup��k�f2s �+}du2�vqvororqp�����+}Lfihlup�#��|�wv�vh�ur�
t0, t1, . . . , tN−1

� ½ ¨ f�}zs��p{lhl|�hl�r�rk��vq
£xk�j¥s �v�p}dh�ur�rk�qv{lwP�E�vqP�¥qp|�fihlmzuvornpj¥s h

(φ0, ψ0)
�l�2qPqvorornp£xhlup��kXf���yz��}d����qp���rk��E�vq�qpupfihp��|��r�rqpfihl�xhvfihl�p��kE�vh

fx|�w�{lh3f��3}Lf2s ���r�
t1
}�k

(φ1, ψ1)
qv�vnvorhp��q���k�fx�2��f2s~����fx�p�

St1

�7fx��}Lf2s �����
t2
�vq)qpopornr£xh�ur�rk$j�qrs7{�npo�szfx�

yz�i}��´�rqr�3}dk
(φ2, ψ2)

qv�vnvorhp��qC��k�fx�2�&{ro��p|xhlmdhl|2�~qA{lhluC����h�ur�rk)�2s~q2y[��}ds~���&� �)fxwvfxkCµV�x�vorqr�x�Af2s �)f2s~�r�i�
f����

St1 , St2

¶���jz� hz� j[�´egfx�2�tk�{lwl�rkE�v�-{lqp|xnv�d|�qrmdhCyzqC��hl�r�rk/{�� �v��fx|�h�{lh�{�h�s ���2fiqr�/fih&��qp|�fihlmdupornpj�s ht{lhlu
j�qvfx���¥hlup��k�qv�vnvorhp��q���k+f��v��� �/fxwvfxk+ki£���o�s~£x�)f��r�+qp��hl|xnp�v�8�p{lhl|�hl�r�rk��2q-j�qpfiqp}�jlkiupnp}dhlup��k<�E�vq3�xuv�2qr��s~jlw
qpupfihp��|��r�rqpfihl�xhvfihl�p��kE�vh��¥qp|�fihlmzuvo�nvj¥s h<{�hlu�q2�vqp{�qr|�np��kispf��v��qp{�wl�xhl}��$fihlu�{lqp|xqv�¥�S�dh�u<}�f��v�$� |2�~��q2�v}d�<j�qrs
np|xqP�vq+fxs~��hvo�hv���r}�hlup��k^h�{lhls hl�x�v{lhvfxk^{lqp|xnv���S��h���k�� |2�~��q2�v}��

T
�

4 ª �AO�_�Izc8HSRTKVUXW���_�a�\^WSc�K��$RXH��	�LKNRgH�a8W�\�
��
��UX_ K«_8O��LK��������$RTK���
�

�$q°o�����kAwvf2s«�ls~q°fxup�¥q��~q³��k�fiqv¦ro��vfx�
X
ki� �vqrs

Fk

 ��k�fx|��r}ds~���³wpfiq2�°� fxs��r�³f��r�Ck�£xqp|�fxnvfiq�sT�rwv�vh>qv{lw f2s �
f2s~�r�i��f�h�u+{l|��Sfihv��k��2hl�r��{l|xhE�»w2�2fihl���r����|xs�fx�#}Lf2s �d�r�

tk
�¥�x�vo�qp�x�¥¹

X(ω) = Φ(St0(ω), St1(ω), . . . , Stk
(ω)).

� {lw^f�h2�g{lqp|xqp{�nv�x�3hl|xs }d�rwz�x��s~q
F0
 ��k�fx|x�p}ds��r�Tfxup�¥q��~qX�rk�f�q2¦ro��vfx�gk�� �vqrs���s�q«}Lfiqvyzk�|xn¥�8�Cs~q ������������ � �������� ������ 

��! �"� � �#� ��$��%�	 ���Xyzq«ki� �2q�s���s~q«qpj�hvorhluvy[�~qg�¥qp|�fihlmzuvorqpj¥� ���
(φk , ψk)

��fx��fih�s~qX� }Lfxk��ds~qTj�n2y[k
k = 0, 1, . . . , N−

1
���¥hlup��k2¹

•
hls
φk, ψk

ki� �vq�s
Fk

��rk�f�|x�p}zs~��k��$f�ur�¥qr�~ki����k�fiqv¦ror�pf��i�^j�qrs

• φkStk+1
+ ψkBtk+1

= φk+1Stk+1
+ ψk+1Btk+1

.

·°{l|��Sf���qv{lw�f2s � �x�ph�{�qr|�qp{�nv�2�3}du2�xyz�pjlki� }��r�rq�� �vkisxwvf2s2�Ty[��}��«{lhlu«orqr�v¦ln2�vhlup��k�fx�^}�fxs �����
tk
}�fiq«{l|�h���wv�2fiq

fx�p�Xqv��hl|xnp�Xk�£xqp|�fxnvfiq�s2�rwv�vh<qv{lw�f������2� }��${lh�u$���¥hlur�rkS�zs~q�fx�2�$k�£x��o�s~£x��f��r�gqp��hl|�nr�g�����¥|2svf�wpf�k2��·²�xk��vfxk�|x�

À



}�uv�xyz�vj��)}��p��qr� �2k�sLwvf2sL�3qvororqp���/yz�i}��p�P{lh�u�j�n2�vhlup��k<f��3}Lf2s �����
tk+1

ki� �vqrs7qruvfihr�¥|x�p��qvfihl�xhvf�h��r�rk��2����±«h
qp|2s }Lfxk�|xwt����orhl�Pf��r�P}d�¥��}��r�/ki� �vqrs��)qr£x��q�fihlu3�¥qp|�fihlmzuvo�qvj¥� h�uCµ

φk, ψk

¶$qr�r��}�� �+{�|2s ��fx�2�3qvopo�qv���#yz��}d�p�v�
kE�2�>fih-�xk�£2�[fx�p��}�jl��orhl��ki� �vq�s7��qp£2�~q�fihlu��¥qp|�fihlmzuvo�qvj¥� h�u-µ

φk+1, ψk+1
¶^{lhlu/yz��o�hlup��k��vq)}�u2�xy[��}�hlup��k�fx�

}Lf2s �����
tk+1

�

½ ¨¢}Lfi� f�� |xq#wvf2s¥y[��orhlur�rk^�2q+f2s~��hvorhp���p}dhlup��k^�E�vq+{�qr|�np�¥�S��h���k��xk��xh����E�v�/qv{lwl��hl}d��fx�#}Lf2s ���r�
T
¹

VT = UtN
(St0 , St1 , . . . , StN

)

�$q-j�qvfiqr}¥j�k�urnp}�hlur�rk+��s�qtqpuvf�hp�¥|x�p��qvf�h��xhpfihl�p��kE�v�)}�f�|xqvfx�v�zs j��-{�hlutq2�vqp{�qr|�np��kis�f��v�3{lqp|xqp{�nv�x� qv{lwl�xh�}d�
}Lfx�/� |2�~��q2�v}����¥���porqr����¹

φN−1ST + ψN−1BT = VT .
�8s�qC�vq°s }����pkisg�§{�qr|xqv{ln2�2� fxw�}dh }�fih³k��2�xk���w���kE�vh

{ξN = u}
�Twl}�h³jlq�s¢}�fih

{ξN = d}
y[q§{�|x��{lkis �2q

s j�q2�vh�{lhls hl�2�2fiq�slh�s�qpjlwporhlu2y[k��$���rh#��|xqp���ls j�����k�£2s }�� }�kis �p¹
{

φN−1StN−1
u+ ψN−1BtN

= UtN
(St0 , St1 , . . . , StN−1

, StN−1
u)

φN−1StN−1
d+ ψN−1BtN

= UtN
(St0 , St1 , . . . , StN−1

, StN−1
d),

qv{lw#f2s �$h�{lh��~k����p{lhl|xh��r�rk��vq#uv{lhvo�hv�d� }�hlur�rk«f2s �
(φN−1, ψN−1)

w�{�� �<}Lfih)�2s ���vup�ls j�w�uv{lwl��k�s �d�rq+��s�qp��{lk�|�
s~wl�xhlu¥� ½ ¨ f�}zszq2�Phl|2� }�hlup��k2�

V ↑
N = UtN

(St0 , St1 , . . . , StN−1
, StN−1

u), V ↓
N = UtN

(St0 , St1 , . . . , StN−1
, StN−1

d),

fxwvfxk�����h�ur�rk

φN−1 =
V ↑

N − V ↓
N

StN−1
(u− d)

, ψN−1 =
V ↓

N × u− V ↑
N × d

BtN
(u− d)

.
µV¾r¶

� {lw�fxs �S{lqp|xqv{ln2�2�t}�����}�kis �S{l|xh�jl�p{rfxkis�qp����}¥� �gwvf2sxh�s�µ
φN−1, ψN−1

¶�ki� �vqrsx}du2�vqp|�fx�p}dkis ��f����
St0 , . . . , StN−1

�
ki� �vq�s����porqr���

FN−1
 ��k�fx|x�p}ds��rk��/fxup��qr�~k��#��k�fiqv¦ro��vfx���Pw�{�� ��k�{�s yzur�rhl�p��k2�3Â�k�fx�p�¥qr�rkP�vqtj�qvf�qp}¥j�k�urnp}dh�ur�rk

fx�&}�fxs �����
tN−1

µ j�qrs¢q2�vnvo�hv��qA��k)f��´���2� }��§��qp�)�ds~q&f��v�&k�£x��ols~£x�Afx�p�-qv��hl|xnp�3��� �)f�wpf�k�¶��T�E�vq&�¥qr|�fihr
mzuvornpj¥s h§µ

φN−1, ψN−1
¶��3qp£2�~q3fihlu)h�{lh�� hlu�f��-}Lf2s �����

tN
y[q3fiqpupfx�~¤xk�f�qrs7��kPqruvfx�2��fihlu3{lqp|xqv�¥�S�dh�u��P�-

{lh�|xhl�p��k^o�h�s {�wv�<�vq+hl|2� }�hlup��k^fx�2�+qp£2�~qPfihlu�{lqp|xqv���S��hlu�fx�/}Lf2s �d�r�
tN−1

� �$f��v�Pqp£2�~qPfihlu+�¥qp|�fihlmzuvorqpj¥� hlu
µ
φN−1, ψN−1

¶X{�hlu+���¥kis�fx�2�/���xs�qPqr£x��q+��k$fih#{lqp|xnv���S��h#fx�+}�fxs �����
tN
¹

VtN−1
= UtN−1

(St0 , St1 , . . . , StN−1
) := φN−1StN−1

+ ψN−1BtN−1

� �2f2s j�q2y7s }�f����2fiqr�$fiq
(φN−1, ψN−1)

qp{�w#fx�2�3µV¾p¶X{lqr��|i�vhlup��k

VtN−1
= e−rh(qV ↑

N + (1 − q)V ↓
N ),

w�{�hlu

q =
erh − d

u− d
.

�t{lhl|�hl�r�rk3f�� |�q��2q�k�{�qv�2qpornv¦�hlup��k�fiq§{lqp|xqp{�nv�x� ¦��r�rqpfiq§hr{�s }�y[h��x|xhl�p���2fiqr�t�r�i�¥|2sXfih³�¥|xwv�2h
t0.

eXuv�¥
j�k�j�|2s~�r���2q��¥���¥hv�xf�qp��¦�|xkis�f��v�

Vtk
= Utk

(St0 , . . . , Stk
)
�

•
¦�|2� }¥j�hlup��kt�¥qp|�fihlmzuvornpj¥s h¬µ

φk−1, ψk−1
¶�� }�f�k&h�s

φk−1, ψk−1
�2q ki� �vq�s

Fk−1
 ��k�fx|x�p}ds��rk��Cf�ur�¥qr��k��

�rk�f�q2¦ro��vfx���«j�qrs
φk−1Stk

+ ψk−1Btk
= Vtk

,
µ���¶

•
jlq�sihl|2�~¤xhlup��k�f��v�Xqp£2�~qXfihluT{lqp|xqv���S��hlugfx�«}Lf2s �����

tk−1
� � f��v�Xqp£2�~qXfihlu«�¥qr|�fihlmduporqvj¥� hlu�µ

φk−1, ψk−1
¶�¹

Vtk−1
= Utk−1

(St0 , St1 , . . . , Stk−1
) := φk−1Stk−1

+ ψk−1Btk−1

µ��p¶

= e−rh
(

qV ↑
k + (1 − q)V ↓

k

)

.
µ���¶

¾



� {lw/fx�2��j�qvfiqr}¥j�k�ur��fihlu�fih/�¥qr|�fihlmdupornvj¥s h3µ
φj−1, ψj−1

¶X���¥kis�f��+}Lf2s ���r�
tj
qr£x��qP� }��+�rk�qpupfihl�<fihlu��¥qr|�fihr

mzuvorqpj¥� hlutµ
φj , ψj

¶^w�{�� ��mzqr� �vk�fiq�s7qv{lw)fxs ��µ �v¶�j�qrs�µ���¶��$¨ {lh����E�2� �+��qvororqp���+yz��}d�p�Pqv{lw´µ
φj−1, ψj−1

¶�}dk
µ
φj , ψj

¶�{�hlu��¥|xkis~nr¤xk�fiqrsv�vq�j�n2�vhlup��kgfx�<}Lf2s �����
tj
k�� �vqrsrqpuvf�hp�¥|x�p��qvf�h��xhpfihl�p��kE�v�¥���<qvf�qp}¥j�k�urnp¤xhlup��kSorh�s {lw2�

��fx}ds��ls~qtqpupfihp�¥|x�r�rqpfihl��hpfihl�p��kE�v��}�f�|xqvfx�v�zs j��){lhlu-q2�vqv{lqp|xnv�dkis7fx�2�tqv{lwl��hl}d�)f�h�u3{lqp|xqv���S��hlut}Lfx�2�)� |2� 
��q2�v}�����·²qp|x�¥��fx�p�X�r��k�{�s f��r��k�s~wvfx�vfiqr� k�{�s ¦�npopo�kis�}�kXqpuvfx��f��v�^{�k�|2� {�f�� }d��fx�2��qr|x��s j���qr£x��q�fihlu�{�qr|xqv�¥�S��hlu�¹
Vt0 = φ0St0 + ψ0

�

Â�|xnp���rqpfxs¡��q2�°�³fxs~���³�2s~qp{�|xqp���rnpf�kiup}��r�tfihlu�{lqp|xqv���S��hlu³ki� �vq�s
V
fxwvfxkA�r{�hl|xhl�p��k-�vq°j�qvf�qp}¥j�k�urnp}dh�ur�rk

�E�vq/�¥qp|�fihlmzuvo�nvj¥s hP{lhlu/qp|x��s j�n+qv{lhvfxk�orki� fiq�slqv{lwz¹

•
� |��v�vf2s j���y[��}��#}�fih#{lqp|xnv�¥�S�dhd�

• φ0
{l|��Sfihv�dkE�v�P{l|xh���w2�2fiq��

• V − φ0St0 = V − Vt0 + ψ0
{l|�h���wv�2fiqP�¥� |x� ��j¥� �v�xu2�vhz�

±«h#�¥qr|�f�h�mzuvo�nvj¥s h�qruvfxw�{l|xh�mzq2�2� ��j�qvfiqr}¥j�k�upnr¤xk�fiqrsr��� |2� ��j�wl}Lf�h��p� � ��f2s ��}Lf2s ���r�i�
t1, . . . , tN−1

j�n2�vhlup��k
f2s �3qpupfihp��|��r�rqpfihl�xhvfihl�p��kE�vk��#qpoporqp������yz��}dkis ��� }�f�k)f��§}�fxs �����

tk
�vqCj�qpf�����h�ur�rk�fih°�¥qr|�f�h�mzuvo�nvj¥s hC{lhlu

qv{lhvfxk�o�ki� fiqrslqp{�wz¹

•
� |��v�vf2s j���y[��}��#}�fih#{lqp|xnv�¥�S�dhd�

• φk

{l|��Sfihv��k��2�P{l|�h���wv�2fiq¥�

• V − Vt0 + ψk

{l|�h���wv�2fiq/��� |2� �$j¥� �v�xu2�vhz�
fxwvfxk��#qr£x��q�fx�p��yz�i}��p�<��qp��}�f��v�P� |2�~��q2�v}��Pyzq#k�� �vqrs]¹

−VT + φN−1ST + ψN−1BT + (V − Vt0)BT = (V − Vt0)e
rT .

¨g� �vq�s^mzq2�vk�|xw orh�s {lw2�°wvf2s«q2�
V 6= Vt0

f�wpf�kt{lqr��|i�vhv�xf�qp�ty[k�f2s j��°� qr|��2�pfxs~jl��yz��}d�³}Lfx�2�°{l|xhl�v��hl�p��kE�v�
}Lfx|xqvfx�v�ds~jl�§qv�2nporhp��qCqv�

V > Vt0

�
V < Vt0

�p{lhl|xh��r�rk��vq´{�|xqv�d�rqpfih�{�h�s~�r}�hlup��k��ls~q§}Lfx|�qpf��p�ds j��§k�{r
s f��r�xkis~wvfx�vf�qp�v�

Â ��� � ±«· � ·$eX·�¹ ·�uv{lh�jlk�s~�rk��vs~jl�A{ls y[q2�vwvfx�vfiq
P
{lh�u&fih���h2�2fx��orh���qp�3qv{lhl�x����k�sS}�k)j�n2yzk�f�|xhp�ds~n �P¨��

uv{lkis }��i|���k�fiqrs¥}Lfihv�P{l|�hl}d�xs hl|2s }���w#f��r��qp|x��s j��p�$qp£2�~qr�$fihluP{lqp|xqp�¥�S��hlu¥�

� �t�xhl�p��k�f�� |xq§{r� �-�r{�hl|xhl�p��k��vq§k�mzqp|x��w�}dhlup��k�fx�2�C{lqp|xqp{�nv�x� �r�Ey[hl��h³�r��}dq§qv{lw°�x�ph�{lqp|xqp�xki� ����qvf�q¥�
�E�vqt}Lf�h&w�{lhls hA�tqp{�wl�xhl}��3fihlu-{lqp|xqv�¥�S�dh�u-k�£xqr|�fxnvf�qrs8�rwv�2h´qv{lwtfx�2�-f�k�o�s j��3fxs��r�

ST

fihlu){l|��Sfihv�dkE�vh��r�
{l|�h���wv�2fihl�/jlq�s��E�vqA}Lf�h&h�{lhl� h&�Aqv{lwl��hl}d�-fihlut{�qr|xqv�¥�S��hlutk�£xqr|�fxnvf�qrs8qv{lw&hporw�jlor�p|x�3fx�2�-f�|xhp�ds~n

S·
f��r�

f2s~�r�r�$fihluP{l|xh���w2�2fihl�v�

½ ¨¢}Lfi� o�hls~{�wv�Pwvf2s��/}d�p��k�|2s �v�Pf2s~���/��s~qr���rk�f�hp�¥�r��ki� �2q�s
St0 = 54

j�qrsd}Lfiq/k�{lwl�rkE�vqPf�|2s~q+fx|2�~�r�v�vq3µ
h = 0, 25��fx�r¶X�+fxs��r�+fx�p�<qvj�hporhlu2y[ki�lfih��2s ���vur��s j�w�up{�wl�xkis ����qP��k

u = 4
3 , d = 2

3

�¥j�q�s
erh = 16

15 .

·Æ�xu2�vqp�ls j��Pf��r�$��k�fihr�¥�p���r{�hl|xki���2q/{lqp|xqr}Lfiqvyzki��qv{lw/fih�q2�vqr}�u2�v�xupqr}����E�vh��xuv���vup�ls j�w#�x�E�2f�|xhz¹

   48

   24

  128

   64

   32

  54

    16
   

   72

   36

   96

�



� _�c���I[ZzK¡\^Rg_ © �$qPf2s~�rhporhp���p}dh�ur�rkT��k«¦lnp}���fih/{lqp|xqv{ln2�2�°uv{lwl�xkis ���rq��E�vqP�2s j�qr�~� �rq�{r�So��p}��r�^fx�p�$�rk�fihr
�¥�r�$��k$fxs��r�/np}�j��p}��r�

K = 48
j�qrs�� |x���rqv�2}d�/}�k��/�r�v�2ki�v�

� £2�~¤xkis[�2q�{�qr|xqvfx�p|x�p}dh�ur�rk$wvf2s7qv�#�)qp£2�~q#f�h�u�{�qr|�qp�¥�S��hlu�k�£xqr|�fxnvf�qrsz�rwv�vh3qp{�w)fx�2�#f�k�o�s j��/f2s~�r��fihlu#{l|���
fihp��kE�vhl�p�){�|xh���w2�2fihl�p�¢q2�&�x�porqp�x�´���¥hlup��k

VT = f(ST )
fxwvfxk�f�h��¥qp|�fihlmzuvornpj¥s h²µ

φk , ψk

¶+{lh�u&{l|���{�kisS�vq
j�qvfx���¥hlup��kgf��<}�fxs �����

tk
k�£xqp|�f�npfiqrs � � ��� ������$� � � ��� � � � �
 � 	����$fihlu�{l|��Sf�hv��kE�vhl�p�X{l|xhE�»w2�2fihl�

Stk

��Â�|xnv��
��qvf2s]�¥���¥hlup��k$wvf2s]¹

V ↑
N = f(StN−1

u), V ↓
N = f(StN−1

d),
j�qrsdnp|xq/qv{lw/f��v�3µN¾p¶�¹

φN−1 =
f(StN−1

u) − f(StN−1
d)

StN−1
u− StN−1

d
, ψN−1BtN

=
f(StN−1

d) × u− f(StN−1
u) × d

u− d

�Xor��{lhlup��k^o�hls~{�wv��wvf2s�h�s
φN−1, ψN−1

k�£xqp|�f����2fiq�s���w2�vh�qp{�w�f��v�
StN−1

j�qrs¥nr|xqPj�q�s��

VtN−1
= φN−1StN−1

+ ψN−1BtN−1

k�£xqp|�fxnvfiq�s¥��w2�vh�qp{�w/fx�2�
StN−1

�¥j[� hd� j[�

egfx�2��kis j�wv�2q�f��r�g�xuv�2qr��s~jl�r�Sfx�p�Xqv��hl|xnp�g}�q2�$�E�vq��x�E�2f�|xhz�p}dk j�n2y[k j�wl�v¦lh�f�h�u��x�E�2f�|xhlu��i�¥hlup��k ��s�q�j�q2y[hl|xs }¥
���E�v��qp£2�~q��ds~q�f�hP{lqp|xnp�¥�S��hPjlq�s��E�vq�j�qvyzhl|2s }d�r���2h+q2�2f2s }Lfiqvyz�ls }�fxs~jlw+�¥qr|�f�h�mzuvo�nvj¥s h�qpmzhl��qruvfxn�k�£xqp|�f����xf�qrs
��w2�vh&qp{�wCf��v�)fx|x���¥hlup}dq-fxs~���-fihlu-{l|��Sf�hv��kE�vhl�p�/{l|xh���w2�2fihl�tµ f�h2�-jlwl�p¦�ht{lhlu3¦�|2s }¥j�wl�rqr}Lfxki¶$j�qrs�wp�ds8qp{�w
wvo��/f��v�+fx|xhp��s�n/fihlu/{�|��Sfihp��kE�vhl�p��{l|�h���wv�2fihl�<�r����|xs[k�jlk�� �v�/f���}�fxs �����tµ f�h�{�� �<j�qvfiqpor�r£�qr�rk$}�k<qruvfxw2�+fih2�
j�wl�v¦lhd�~¶ � |�j�ki�7orh�s {lw2�#�ds~q

k = N − 1, N − 2, . . . , 1, 0
�vq�{l|xh�}d�2s hl|2� }�hlup��k<}�k�jlnvyzk<j�wl�p¦�h)fihlu��x�E�2f�|xhlu

{lh�utqv�2fxs }Lf�hls �¥k���}�f��&}Lf2s �d�r�
tk
fih´q2�2f2s }Lfiqvyz�ls }�fxs~jlw&�¥qp|�fihlmzuvo�nvj¥s h-jlq�s8f��v�-qr£x��qtfihlu-{�qr|xqv�¥�S��hlut}�fih2�

j�wl�v¦lh�qpupf�wz� egf�w�{�qr|�nr�xkis ���rn+��qp�����¥hlup��k2¹

VT ({ST = 128}) = VT ({ST = 64}) = 0, VT ({ST = 32}) = 48−32 = 16, VT ({ST = 16}) = 48−16 = 32.

¨ {lhl�r�E�2� �p��}Lfihlur��j�wl�p¦�hlup��{�hlu/q2�2f2s }Lfih�s �¥hl�2��}Lf�h��¥|xw2�vh
t2
���¥hlup��k2¹

•

φ2({St2 = 24}) =
16 − 32

32 − 16
= −1, ψ2({St2 = 24})e3rh =

32 × 4/3− 16× 2/3
4
3 − 2

3

= 48.

jlq�s¥nr|�q

Vt2({St2 = 24}) = −1× 24 + 48× (
15

16
) = 21.

•
Ã �rh�� � �p�

φ2({St2 = 48}) =
0 − 16

64− 32
= −

1

2
, ψ2({St2 = 48})e3rh =

16 × 4/3− 0 × 2/3
4
3 − 2

3

= 32.

jlq�s¥nr|�q

Vt2({St2 = 48}) = −
1

2
× 48 + 32 × (

15

16
) = 6,

•
kE�2�

φ2({St2 = 96}) = ψ2({St2 = 96}) = Vt2({St2 = 96}) = 0.

½ ¨¢�¥hv�xf�qp�${�|xhl}��2s hl|2� }dkis�f��v�
Vt2

}dk$jlnvyzk$kE�v�xk��¥wl�rk��2h�{�|xhp�¥� |�hl�r�rk��ds~qP�vq/uv{lhvorhp�d� }�hlup��kTfx�2�
Vt1

�

�



•
½ ¨g�¥hlup��k�o�hls~{�wv�l¹

φ1({St1 = 36}) =
6 − 21

48− 24
= −

5

8
, ψ1({St1 = 36})e2rh =

21 × 4/3− 6 × 2/3
4
3 − 2

3

= 36.

jlq�s¥nr|�q

Vt1({St1 = 36}) = −
5

8
× 36 + 36× (

15

16
) =

45

4
.

•
� �2fx� }�fih�s ��qP}�fih�kE�v�xk��¥wl��kE�vh

{St1 = 72}
���¥hlur�rk

φ1({St1 = 72}) =
0 − 6

96− 48
= −

1

8
, ψ1({St1 = 72})e2rh =

6 × 4/3− 0 × 2/3
4
3 − 2

3

= 12.

jlq�s

Vt1({St1 = 72}) = −
1

8
× 72 + 12 × (

15

16
) =

9

4
.

±«��o�h��p��{�|xhl}��2s hl|2�~¤xh�ur�rk�fih��¥qr|�fihlmdupornvj¥s h
(φ0, ψ0)

¹

φ0 =
9/4− 45/4

72 − 36
= −

1

4
, ψ0e

rh =
45
4 × 4/3− 9

4 × 2/3
4
3 − 2

3

=
81

4
,

j�qrsd}�uv�2k�{r� �

Vt0 = −
1

4
× 54 +

81

4
× (

15

16
) =

351

64
= 5, 484375.

�t{lhl|�hl�r�rk��vqT{�qr|�qr}Lfx�p}dh�ur�rk8��|xqpm[s j�nTfx�«}Lfx|�qpf��p�ds j��X{�hluX{l|���{�kisi�vq«qvj�hporhlu2y[�p}�hlur�rk7�zs~qX�vq«q2�vqv{lqp|xqv�dnv��hlup��k
fx�2�Pqp{�wl�xhl}��+fihlu+{�qr|�qp�¥�S��hlu+�rk�fih�k�{�wl��kE�vh#q2�vqp}du2�v�xupqp}d�r���2h#�2s ���vur��s j�w)�����xfx|xhz¹

   

S = 72
φ = − 1

8

S = 36
φ = − 5

8

V = 9
4

V = 45
4

S = 96
φ = 0

V = 0

S = 48
φ = − 1

2

V = 6

S = 24
φ = −1

V = 21

S = 54

φ = − 1
4

V = 351
64

S = 128
V = 0

S = 64
V = 0

S = 32
V = 16

S = 16
V = 32

�8s�q´�2q³q2�2fxs }�fiq2y[��� }�hlur�rk)orh�s {lw2�´fih³{lqp|xnp�¥�S��h°{l|x��{lkis¢�2q³£�k�j�s �2�r}�hlup��k-�rktqr|��2�pfxs~jl�´y[��}��³}�k
1/4

f��r�
��k�fihp���p�tj�qrs

1215/64
��k�fx|x�vfxn¥�«y[��}�� {�hlu°qr£2�~¤xkis

Vt0 = 351/64.
±«�³}Lf2s �����

t1
f�h {lhl}�w²{lhlu°ki� �¥qp��k

k�{lkE�v�x�p}�k�s���� |2� ��j¥� �v�xu2�vh/yzq#�i�¥kisdq2�v��ovy[kisd}�k
1215/64× 16/15 = 81/4

� � �/f�� |xq/�ds�qP{lqp|xnr��k�s �d�rq+�/fxs��r�
fx�p���rk�fihp�¥�r���i�¥kis¥qv�v��ovy[kis¥}dk �p¼����P�v��qPyz��}d�P{lhlu�{l|x��{lkisl�vq+{�nr|xh�ur�rk�}Lfx�/�rk�f�hp�¥�3µ

φ1({St1 = 72})
¶Xki� �vq�s

qp|��v�vf2s j���}dk
1/8

f��r���rk�fihp�¥�r�v� �$|xkis~np¤xk�f�qrszorh�s {lw2�+�vq�qp��hl|�nr}�hlup��k
1/8

fx�p�P�rk�fihp�¥�r�<{l|�hl� �v¼��[k�{lhl�r�E�2� �
}Lf�h2�Aorhp��qp|2s~qr}���w&�¥� |x� ��j�� �2�xuv�2h´y[qCqp{�hl��ki� �vhlu2�

81/4 − 72 × 1/8 = 45/4.
±«�&}Lf2s �d�r�

t2
fiqC�¥|x�r�rqpfiq

qpupf�nAyzq&���¥hlu2�A�d� �2k�s
45/4 × 16/15 = 12.

� �&{�npo�s��ds~q&{lqp|xnp�xkis ����qA�Af2s~���Cfx�p�)�rk�fihp�¥�r��fx�C}�fxs �����
t2���¥k�s {l��}�k�s¢}dk�À �¥�g�&�v��q&yz�i}��´{�hlu´{l|���{�kisS�vq´qp{�h�jlfx�p}�hlur�rk�}�f�����k�fihr�¥� µ

φ2({St2 = 48})
¶Pk�� �vqrs

− 1
2

�
�$q�{l|x��{lkis[orh�s {lw2�+�vq)�2s~qvyz��}dhlup��k

3/8
f��r�P��k�fihr�¥�p�<{l|xhl��À �¥�z{�hlu#y[q)��qp�Pqv{lhlmd��|xhlu2�tº �¥�7k�{lh����E�2� ��}�fih

orhp��qp|2s~qr}���wt��� |2� �Pj¥� �v�xu2�vh-y[q-���¥hlup��k�ºx¼��Pº ���$Ä����Pegf��v��� |2�~�rqv�v}��3fihlu-�xs~jlq�s � ��qvfihl��f�ht{�hl}dwAqpupf�w3y[q
���¥k�s��d� �vkis

30× 16/15 = 32.
Â�qr|xqvfx�p|x�p}�f�k^wpfxsdq2��}�f��v��� |2�~��q2�v}��+��f2s~����fx�p�$��k�fihp���p��k�� �vqrs �pÀP�+qp£2�~qPfihlu

�¥qr|�f�h�mzuvo�qvj¥� hlu��rqr��y[q-ki� �vqrs
− 1

2 × 64 + 32 = 0,
kE�2�¬q2�3��f2s~����fx�p�+�rk�fihp�¥�r�Pk�� �vqrsLÄ�¼��7fxwvfxkP�3qp£2�~q)fihlu

�



�¥qr|�f�h�mzuvo�qvj¥� hlu#�rqr��y[q3k�� �vqrs
− 1

2 × 32 + 32 = 16.
�Xor��{lhlup��k<orh�s {lw2�#{�� �Pqv�vqv{lqp|xnv��k�fiqrs[�3qv{lwl��hl}d��fihlu

�2s j�qrs � ��qvf�h��${��Sor�r}��p�<}�fih3kE�v��ki�¥wl�rkE�vh
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Ku,u = {St1 = 72, St2 = 96}
�

Vt3({St1 = 72, St2 = 96, St3 = 128}) = Vt3({St1 = 72, St2 = 96, St3 = 64}) = 0,

np|xq
φ2(Ku,u) = ψ2(Ku,u) = 0

jlq�s
Vt2(Ku,u) = 0.

•
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Ku,d = {St1 = 72, St2 = 48}
�

Vt3({St1 = 72, St2 = 48, St3 = 64}) = Vt3 ({St1 = 72, St2 = 48, St3 = 32}) = 0,

np|xq
φ2(Ku,d) = ψ2(Ku,d) = 0,

jlq�s
Vt2(Ku,d) = 0.

•
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Kd,u = {St1 = 36, St2 = 48}
�

Vt3({St1 = 36, St2 = 48, St3 = 64}) = 0, Vt3({St1 = 36, St2 = 48, St3 = 32}) = 16,

np|xq

φ2(Kd,u) =
0 − 16

64− 32
= −

1

2
, ψ2(Kd,u)e3rh =

16 × 4/3− 0 × 2/3
4
3 − 2

3

= 32,
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jlq�s

Vt2(Kd,u) = −
1

2
× 48 + 32× (

15

16
) = 6.
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Kd,d = {St1 = 36, St2 = 24}
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Vt3({St1 = 36, St2 = 24, St3 = 32}) = 16, Vt3({St1 = 36, St2 = 24, St3 = 16}) = 32,
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φ2(Kd,d) =
16 − 32

32 − 16
= −1, ψ2(Kd,d)e

3rh =
32× 4/3− 16 × 2/3

4
3 − 2

3

= 48,

jlq�s

Vt2(Kd,d) = −1× 24 + 48× (
15

16
) = 21.
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Ku = {St1 = 72}
�

Vt2({St1 = 72, St2 = 96}) = Vt2 ({St1 = 72, St2 = 48}) = 0,

np|xq
φ1(Ku) = ψ1(Ku) = 0,

jlq�s
Vt1(Ku) = 0.
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Kd = {St1 = 36}
�

Vt2({St1 = 36, St2 = 48}) = 6, Vt2({St1 = 36, St2 = 24}) = 21,
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φ1(Kd) =
6 − 21

48− 24
= −

5

8
, ψ1(Kd)e

2rh =
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4
3 − 2

3

= 36,
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Vt1(Kd) = −
5

8
× 36 + 36× (

15

16
) =

45

4
.
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φ0, ψ0, Vt0 :

φ0 =
0 − 45/4

72 − 36
= −

5

16
, ψ0e

rh =
45
4 × 4/3− 0 × 2/3

4
3 − 2

3

=
45

2
,

j�qrsd}�uv�2k�{r� �

Vt0 = −
5

16
× 54 +

45

2
× (

15

16
) =

135

32
= 4, 21875.
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