
ProetoimasÐa gia th prìodo

Basik  proetoimasÐa eÐnai oi Erwt seic katanìhshc pou up�rqoun
sthn arq  k�je paragr�fou ask sewn stic shmei¸seic tou Giannìpoulou. U-
penjumÐzw ìti h Ôlh thc proìdou perilamb�nei ta pr¸ta 4 kef�laia, dhl. To
sÔnolo twn pragmatik¸n arijm¸n, AkoloujÐec pragmatik¸n arijm¸n, SuneqeÐc
sunart seic kai 'Oria sunart sewn.

Epiplèon, oi parak�tw ask seic proteÐnontai gia epÐlush.

'Askhsh 1. DeÐxte ìti ta parak�tw isqÔoun sto R :

i) An x < y + ε gia k�je ε > 0, tìte x ≤ y.

ii) An x ≤ y + ε gia k�je ε > 0, tìte x ≤ y.

iii) An |x− y| ≤ ε gia k�je ε > 0, tìte x = y.

iv) An α < x < β kai α < y < β, tìte |x− y| < β − α.

'Askhsh 2. 'Estw α ∈ R. DeÐxte ìti:

i) An α > 1, tìte αn > α, gia k�je fusikì arijmì n ≥ 2.

ii) An α > 1, kai m,n ∈ N, tìte αm < αn an kai mìno an m < n.

iii) An 0 < α < 1, tìte αn < α, gia k�je fusikì arijmì n ≥ 2.

iv) An 0 < α < 1, kai m,n ∈ N, tìte αm < αn an kai mìno an m > n.

'Askhsh 3. Na brejoÔn, an up�rqoun, ta max, min, sup kai inf twn parak�tw
sunìlwn:

i) A = {x > 0 : 0 < x2 − 1 ≤ 2}, B = {x ∈ Q : x ≥ 0, 0 < x2 − 1 ≤ 2}.

ii) Γ = {x ∈ R : x ≥ 0, 0 < 1/(x2 − 1) ≤ 1}, ∆ = { 1n : n ∈ N}.

iii) E = { 1n : n ∈ Z, n 6= 0}, Z = {0, 12 ,
1
3 ,

1
4}.

iv) H = {0, 12 ,
1
3 ,

1
4 , . . .}, Θ = {x ∈ R : x2 + x+ 1 ≥ 0}.

v) I = {x ∈ R : x2 + x+ 1 < 0}, K = {x ∈ R : x2 + x− 1 < 0}.

vi) Λ = { 1n + (−1)n : n ∈ N}, M = {x ∈ Q : (x− 1)(x+
√

2) < 0}.
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vii) N = {5 + 6
n : n ∈ N} ∪ {7− 8n : n ∈ N}.

'Askhsh 4. BreÐte to supremum kai to infimum twn sunìlwn

A = {1 + (−1)n +
(−1)n+1

n
: n ∈ N}, B = { 1

2n
+

1

3m
: n,m ∈ N}.

'Askhsh 5. DeÐxte ìti k�je mh kenì kai k�tw fragmèno uposÔnolo A tou R
èqei mègisto �nw fr�gma.

'Askhsh 6. 'Estw A mh kenì uposÔnolo tou R kai èstw α0 ∈ A me thn
idiìthta : gia k�je α ∈ A, α ≤ α0. DeÐxte ìti α0 = supA.

'Askhsh 7. 'Estw A, B mh ken� fragmèna uposÔnola tou R me A ⊆ B.
DeÐxte ìti

inf B ≤ inf A ≤ supA ≤ supB.

'Askhsh 8. 'Estw A, B mh ken� uposÔnola tou R. DeÐxte ìti supA ≤ inf B
an kai mìno an gia k�je α ∈ A kai gia k�je β ∈ B isqÔei α ≤ β.

'Askhsh 9. 'Estw A, B mh ken�, �nw fragmèna uposÔnola tou R me thn
ex c idiìthta: gia k�je α ∈ A up�rqei β ∈ B ¸ste

α ≤ β.

DeÐxte ìti supA ≤ supB.

'Askhsh 10. 'Estw a, b ∈ R me a < b. BreÐte to supremum kai to infimum
tou sunìlou

A = (a, b) ∩Q = {x ∈ Q : a < x < b}.

Aitiolog ste thn ap�nths  sac.

'Askhsh 11. 'Estw A, B mh ken�, fragmèna uposÔnola tou R. OrÐzoume
A+B = {a+ b : a ∈ A, b ∈ B}. DeÐxte ìti

sup(A+B) = supA+ supB, kai inf(A+B) = inf A+ inf B.

'Askhsh 12. 'Estw A, B mh ken�, fragmèna sÔnola jetik¸n pragmatik¸n
arijm¸n. OrÐzoume A ·B = {ab : a ∈ A, b ∈ B}. DeÐxte ìti

sup(A ·B) = supA · supB, kai inf(A ·B) = inf A+ inf B.

'Askhsh 13. Na apodeiqjeÐ ìti to
√

2 den eÐnai rhtìc arijmìc.

'Askhsh 14. 'Estw {an}, {bn} dÔo akoloujÐec me an → a kai bn → b.
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i) An an ≤ bn gia k�je n ∈ N, deÐxte ìti a ≤ b.

ii) An an < bn gia k�je n ∈ N, mporoÔme na sumper�noume ìti a < b ;

iii) An m ≤ an ≤M gia k�je n ∈ N, deÐxte ìti m ≤ a ≤M.

'Askhsh 15. 'Estw {an} akoloujÐa pragmatik¸n arijm¸n.

i) DeÐxte ìti an → 0 an kai mìno an |an| → 0.

ii) DeÐxte ìti an an → a 6= 0 tìte |an| → |a|. IsqÔei to antÐstrofo ;

iii) 'Estw k ≥ 2. DeÐxte ìti an an → a tìte k
√
|an| → k

√
|a|.

'Askhsh 16. i) 'Estw a > 0. DeÐxte ìti n
√
a→ 1.

ii) 'Estw {an} akoloujÐa jetik¸n pragmatik¸n arijm¸n. An an → a > 0
tìte n

√
a→ 1. TÐ mporeÐte na peÐte an an → 0 ;

iii) DeÐxte ìti n
√
n→ 1.

'Askhsh 17. 1. 'Estw a ∈ R me |a| < 1. DeÐxte ìti h akoloujÐa bn = an

sugklÐnei sto 0.

2. Gia poièc timèc tou x ∈ R sugklÐnei h akoloujÐa
(
1−x2

1+x2

)n
'Askhsh 18. Na deiqjeÐ, me ton orismì, ìti h akoloujÐa xn = n

2n2−1 sugk-
lÐnei sto 0.

'Askhsh 19. UpologÐste ta ìria twn parak�tw akolouji¸n:

i) an = n3+5n2+2
2n3+9

.

ii) bn = 1
n2 + 1

(n+1)2
+ · · ·+ 1

(2n)2
.

iii) cn = 1√
n2+1

+ 1√
n2+2

+ · · ·+ 1√
n2+n

iv) dn = n
2n .

v) en = 2n+n
3n−n .

vi) fn = n
4n .

vii) gn = n5

n! .

viii) hn = nn

n! .
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ix) xn = 1+22+33+···+nn

nn .

x) yn = n
n+1 −

n+1
n .

xi) zn = 2n+(−1)n
2n+1+(−1)n+1 .

xii) un = (−1)n
√
n sin(nn)

n+1 .

xiii) vn = an−bn
an+bn .

xiv) wn = ncn, |c| < 1.

'Askhsh 20. 'Estw A mh kenì kai �nw fragmèno uposÔnolo tou R. An
a = supA, deÐxte ìti up�rqei akoloujÐa {an} stoiqeÐwn tou A me lim

n→∞
an = a.

'Askhsh 21. 'Estw a > 0. JewroÔme tuqìn x1 > 0 kai gia k�je n ∈ N
orÐzoume

xn+1 =
1

2

(
xn +

a

xn

)
.

DeÐxte ìti h {xn}, toul�qiston apì ton deÔtero ìro thc kai pèra, eÐnai fjÐnousa
kai k�tw fragmènh apì ton

√
a. BreÐte to lim

n→∞
xn.

'Askhsh 22. 'Estw {an} akoloujÐa me an → a. OrÐzoume mia deÔterh
akoloujÐa {bn} jètontac

bn =
a1 + · · ·+ an

n
.

DeÐxte ìti bn → a.

'Askhsh 23. i) 'Estw a1, a2, . . . , ak > 0. DeÐxte ìti

bn := n
√
an1 + an2 + · · · ank → max{a1, a2, . . . , ak}

ii) UpologÐste to ìrio thc akoloujÐac

xn =
1

n
n
√

1n + 2n + · · ·+ nn.

'Askhsh 24. 'Estw f : [a, b] → [a, b] suneq c sun�rthsh. Na deiqjeÐ ìti
up�rqei x ∈ [a, b] me f(x) = x.

'Askhsh 25. 'Estw f, g : [a, b] → R suneqeÐc sunart seic pou ikanopoioÔn
thn f(x) > g(x) gia k�je x ∈ [a, b]. DeÐxte ìti up�rqei ρ > 0 ¸ste f(x) >
g(x) + ρ gia k�je x ∈ [a, b].
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'Askhsh 26. Qrhsimopoi¸ntac ton orismì tou orÐou, deÐxte ìti

lim
x→0

√
1 + x−

√
1− x

x
= 1 kai lim

x→+∞

√
x(
√
x+ a−

√
x) =

a

2
, a ∈ R.

'Askhsh 27. 'Estw f, g : R→ R suneqeÐc sunart seic. DeÐxte ìti:

i) An f(x) = 0 gia k�je x ∈ Q, tìte f(y) = 0 gia k�je y ∈ R.

ii) An f(x) = g(x) gia k�je x ∈ Q, tìte f(y) = g(y) gia k�je y ∈ R.

iii) An f(x) ≤ g(x) gia k�je x ∈ Q, tìte f(y) ≤ g(y) gia k�je y ∈ R.

'Askhsh 28. 'Estw f : R → R me f(x) =

{
x, x ∈ Q
−x, x /∈ Q . DeÐxte ìti

lim
x→0

f(x) = 0 kai ìti an x0 6= 0 tìte den up�rqei to lim
x→x0

f(x).

'Askhsh 29. 'Estw α, β, γ > 0 kai λ < µ < ν. DeÐxte ìti h exÐswsh

α

x− λ
+

β

x− µ
+

γ

x− ν
= 0

èqei toul�qiston mÐa rÐza se kajèna apì ta diast mata (λ, µ) kai (µ, ν).

'Askhsh 30. 'Estw f : [0, 1] → R suneq c sun�rthsh. Upojètoume ìti
up�rqoun xn ∈ [0, 1] ¸ste f(xn) → 0. DeÐxte ìti up�rqei x0 ∈ [0, 1] ¸ste
f(x0) = 0.
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