SECTIONS OF COMPLEX CONVEX BODIES



ABSTRACT

The Fourier analytic approach to sections of convex bodies has been
developed recently, and the main idea is to express different parameters of a
body in terms of the Fourier transform and then apply methods of Fourier
analysis to solve geometric problems. The original Fourier approach applies
to convex bodies in R™.

This thesis is focused at extending this approach to the complex case,
where origin symmetric complex convex bodies are convex subsets of C". If
considered as convex bodies in R?" complex convex bodies acquire the prop-
erty of invariance with respect to certain rotations. This crucial observation
arises from the nature of the norm of the bodies. Also complex hyperplanes
correspond to only few of (2n —2)-dimensional subspaces of R?". These facts
motivated the study of the complex analogue of certain problems on sections
of real convex bodies.

In chapter 2 we present the solution of the complex Busemann-Petty
problem which surprisingly gives a different answer than the original Busemann-
Petty problem.

In chapter 3 we introduce a modification of the complex Busemann-
Petty problem and give necessary conditions to obtain a positive answer to
the problem in all dimensions.

Chapter 4 is dedicated to the study of a generalization of the complex
Busemann-Petty, where the volume is replaced by any measure. This gen-
eralization forms the complex analogue to Zvavitch’s result on the complex
Busemann-Petty problem for arbitrary measures.

In chapter 5 we study the extremal sections of complex [,-balls for 0 <
p < 2 by complex hyperplanes.

Lastly, in Chapter 6, we prove that the complex unit ball, B,(C"), of
lp, p> 2 is not a k-intersection body, if k¥ < 2n — 4.
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Chapter 1

Introduction

1.1 Problems on sections of convex bodies in R"

In this thesis we study complex analogs of several problems from the theory
of convex geometry in R".

In 1956 Busemann and Petty [BP], published an article posing a series
of problems on the theory of convex bodies. One of them, known as The
Busemann-Petty problem asks the following question: Suppose that K and L

are two origin symmetric convex bodies in R™ such that for every & € "1,

Vol,—1 (K NéY) < Vol (LNED).

Does it follow that

Vol,, (K) < Vol, (L) ?

The problem was solved in the late 90’s as a result of the work of many



mathematicians, ([Hal|, [Gie], [LR], [Ba], [Gi], [Bo], [Bu], [Lu], [Pa], [Gal],
[Ga2|, [K2], [K3], [Zh1], [Zh2], [GKS]; see [K9, p.3] for the history of the
solution). The answer to the Busemann-Petty problem is affirmative for

n < 4 and negative for n > 5.

Since the answer to the original real Busemann-Petty problem is negative
in most dimensions, it is natural to ask what condition on the (n — 1)-
dimensional volumes of central sections allow to compare the n-dimensional
volumes. Such conditions were found by Koldobsky, Yaskin and Yaskina
([KYY]). The result is as follows: For an origin symmetric convex body D

in R™ define the section function
Sp(€) = Vol,_1(DNEL), €€ 5™t

Suppose K and L are origin symmetric convex smooth bodies in R" and

o € R with a > n — 4. Then, the inequality
(~2)"Sk() < (~A)"55(6). €€ 57

implies that Vol,(K) < Vol,(L). If & < n — 4 this is not necessarily true.

Here, A is the Laplace operator in R"™.

A few years after the complete solution of the Busemann-Petty problem

a generalization of the problem was found by Zvavitch [Zv], who showed



that one can replace the volume by essentially any measure on R™. Namely,
if we consider any even continuous positive function f on R™ and denote by

1 the measure with density f, we can define

w(D) = [, fw)de  and  p(DAEY) = [per fla)da,

for every closed bounded set D in R™ and every direction & € S™~!. Then, we
have the following problem: Suppose that K and L are two origin symmetric

convex bodies in R™ such that, for every & € S,
p(KNED) < p(Lneh).

Does it follow that

u(K) < p(L)?

Surprisingly, the answer remains the same as in the original problem, namely,
it is affirmative n < 4 and negative for n > 5.

Zvavitch’s ideas for general measures were applied and further developed
in [Rb1], [Y1] and [Y2], for hyperbolic and spherical spaces and for sections

of lower dimensions.

The study of extremal sections of [,-balls has long history and many

mathematicians have contribute to it. The extremal hyperplane sections of



the cube are known in both real and complex cases. Hadwiger [Ha] proved
that the minimal volume of hyperplane sections of the real unit cube is equal
to 1 and corresponds to the sections parallel to the faces. Different proofs
of this fact were later given by Vaaler [V], who generalized the result to
sections of arbitrary dimensions, Hensley [He] and Ball [B1]. It was shown
by Barthe and Koldobsky, [BK], that this property of the cube is in some
sense stable, i.e. for every 0 < ¢t < 3/4 the slab parallel to the face has
minimal volume among all central slabs of the cube with fixed width ¢. The
exact upper bound /2 for the volume of hyperplane sections of the real unit
cube was found by Ball [B1] and corresponds to the hyperplane orthogonal
to the vector (1,1,0,...,0). The case of the complex cube was studied by
Oleszkiewicz and Pelczynski [OP], who proved that the minimal sections
are the ones orthogonal to vectors with only one non-zero coordinate, and
the maximal sections are orthogonal to vectors of the form e; + oey, where
j # k, ej and ey, are standard basic vectors, and o € C, |o| = 1. Note that
the "minimal” part also follows from an earlier result of Meyer and Pajor
[MP], Corollary 2.5.

The critical sections of [,-balls, 0 < p < oo are different for p > 2 and

p < 2. Meyer and Pajor [MP] proved that the section orthogonal to the



vector (1,0,...,0) is minimal for p > 2 and maximal for 1 < p < 2. The
latter result also holds for 0 < p < 1, as proved by Caetano [Cal. In the
same paper, Meyer and Pajor proved that the minimal hyperplane section of
Bi1(R™) is the one perpendicular to the vector (1,1,...,1) and conjectured
that this is also true for every p € [1,2]. This conjecture was proved in [K2]
for 0 < p < 2. It is still an open question what are the maximal sections
of B,(R™) when 2 < p < oo. Oleszkiewicz [O] showed that the answer must

depend on p and the dimension.

1.2 Basic concepts and notation

In this thesis a star body K is a closed bounded set K in R", with 0 € int(K),
where every straight line passing through the origin, crosses the boundary
at exactly two points different from the origin. Moreover, the boundary of

K is continuous in the sense that the Minkowski functional of K, defined by

|lz||lx =min{a>0:2 € aK},

is a continuous function on R™. A star body K is called origin symmetric, if
llz||k = || — ||k for every x € R™. If, in addition, K is a convex subset of R",

then it is an origin symmetric convexr body. Note that then the Minkowski



functional ||z||x becomes a norm as a homogeneous function of degree 1 on
R” and the body K is the unit ball of the normed space (R”, | - [|x)-

We define the support function of a body K in R™ as
hi(x) = max{< z,u >, u € K}, v € R".

If K is origin symmetric, then hg is a norm on R™. The convex body K*

which is the unit ball of this norm, is called the polar body of K:
hi(x) = ||z||g+, = € R".
The radial function of K is defined by
pr(u) =sup{A >0: A ue K}, ueR"\ {0}

For bodies that contain 0 in their interior the radial function is positive
and homogeneous of degree —1. From the definition we can easily see that
pr(7) = 2| © € R*\ {0}. If u € S" L, then px(u) is the "radius” of K
in the direction of u, i.e. the distance from the origin to the boundary of K

in the direction of u.

We denote by Bf and S™!, the unit ball and the unit sphere of R”,

with volumes

n/2 /2

|Sn_1‘: 7Tn ?
(%)




respectively. For any star body D, we write vol,,(D) for the m-dimensional
volume of D and use the notation |- |2 for the Euclidean norm in the proper
space. If y is the indicator function of the interval [—1,1], then x (|| - [ k) is
the indicator function of the body K.

Suppose K is a star body in R", then we can easily obtain a polar formula

for the volume of K,

Vol,,(K)

| xleliyde = [ [t (it aras
R™ Ssn=1.J0
6l 1
:/ / r”ldrdG:/ lolzde.  (1.2.1)
Sn—l 0 n Sn—l

An important tool for the approximation of a body is the radial metric

which is defined on the set of all origin symmetric star bodies in R™ by

p(K,L) = max |px(u) = pr(u)l.

uesSn—1
We denote by C* (S”_l), (C°° (S”_l)), the space of k-times (infinitely)
differentiable functions on the unit sphere S”~!, equipped with the topology
of the uniform convergence of all the derivatives.
A star body K is m-smooth (infinitely) smooth, if the restriction of ||z x
to the sphere belongs to the class C* (S”_l), (C’°° (S"_l)).
It is well known that a convex body in R™ can be approximated, in the

radial metric, by a sequence of infinitely smooth convex bodies, preserving

11



certain useful properties of the original body. Since the Minkowski functional
of a convex body is the support function of the polar body, the following

theorem describes this approximation.

Theorem 1.2.1. ([Sch Theorem 3.3.1]) Let € > 0 and suppose ¢ : [0, 00) —
0,00) is a C* function with support in [§,€] so that [p. ¢(|z]2)dz = 1. If

27

hp : R® — R is the support function of a convex body D then the function

hp defined by

hp(x) := /n hp(z + |z|2)¢(|2])dz, x € R"

is infinitely differentiable on R™ \ {0} and it is the support function of a

convez body D, i.e. hp = hp.. Moreover, hp has the following properties:

(a) p(hp) = h,p, for every rotation p of R",

(b) |hp.(u) —hp(u)| < re.

Proof. Since hp is the support function of D, the homogeneity of h
immediately follows from the definition. For simplicity we will use h for hp.
To prove the subadditivity we define a function g, as follows: Let z € R"”
and

g2(x) = h(x + |z|2) + h(z — |z|z), =€ R"

12



For z,y € R™ and « € [0, 1] we have that

g:(x+y) < hlz+alz+ylz)+h(y+ (1 —a)|z+yl|z)

+ h(z—alr+ylz) + hy — (1 —a)|lz+ylz), (1.2.2)

since h is subadditive. Without loss of generality we may assume that x and

: : _ =l _ lztyl o, |zl
y are linearly independent. We put a = \x|+\y|’ﬁ =m0 T then

l1—af>0and 11— (1—a)y>0. Since,

2@+ alz+ylz) = (1 + af)(x + |z]z) + (1 — af)(z — |x|2),

2(z — alz +ylz) = (1 — af) (@ + [z]z) + (1 + af)(z — |z|2),

we have that

hz+alz+y|z)+h(z—alrz+y|z) < h(z+|z|2)+h(z—]|z|z) = g:(z). (1.2.3)

Similarly, we obtain that

h(y + (1 — )|z +ylz) + h(y — (1 — )|z + yl2) < g:(y). (1.2.4)

Now, by equations (1.2.2), (1.2.3) and (1.2.4), we have that

g-(v +y) < g.(x) + g:(y).

13



By the definition of g, and the fact that ¢ > 0 the subadditivity is proved.
So, h is a support function.

To prove that h is a C* function on R™ \ {0}, we write

h(u) = / h(ut 2oz = / h()é(ly — ul)dy, u e S,

Rn
Then, for z € R™\ {0},

@) = lel [ hwo(ly = il )

Let p be a rotation of R™, proper or improper. We define (ph)(z) :=

h(p~'z), x € R™ and have that

(pi)w) = [ b et | al2)o(0)ds
= [ He7 @+ lalp)ololl)ds

= [ o) +[al2)o(el)dz.

This proves that (pNh) = ph, which means that p(hp) = izpD. This completes
the proof of part (a).

To prove part (b) we need the following fact, proved in [Sch, Lemma
1.8.10]: Suppose that K and L are two convex bodies contained in the

Euclidean ball of radius r, B(r). Then for z,y € R”

\hic () = hi(y)| < rlz —y| + max{|a], [y|}o(K, L), (1.2.5)

14



where §(K, L) is the Hausdorf metric, defined as §(K, L) = min{A > 0 :
K CL+ABy, L C K+ B},

Now, we assume that there exists r > 0, so that the body D C B%(r).
Using the triangle inequality, the fact that [, ¢(|z|2)dz = 1 and equation

(1.2.5), we have that for u € S,

o, (w) = ()| = | [ et 2)6(el)dz ~ ko)

< /R |ro(u+2) = ho(w)](2))dz

IN

/ r|z|p(|z])dz < re,
RTL

since ¢(|z]) = 0 for |z| > e. Part (b) is proved since u € S"~! was arbitrary.

O

For z € C, with Rez > 0, the Gamma function is defined by

['(z) = /Ooo e tdt. (1.2.6)

It is not difficult to see that, if we apply a change of variables, we have that,

for any p,q > 0,

00 (4
/ rdte " dr = (p). (1.2.7)
0 p

15



The Beta function is defined as follows: For every «, 8 > 0

a 1

Lastly, we often use different generalization of Brunn’s theorem, (see
for example [K9, Theorem 2.3]). The theorem states that, for an origin
symmetric convex body and a fixed direction, the central hyperplane section
has the maximal volume among all hyperplane sections perpendicular to the

given direction.

1.3 Complex convex bodies and hyperplanes in C"

Let £ € C™, [£] = 1 we denote by
He={z€C" : (2,8 =Y =), =0}
k=1
the complex hyperplane perpendicular to &.

Origin symmetric convex bodies in C™ are the unit balls of norms on

C™. We denote by || - ||k the norm corresponding to the body K
K={zeC" :|z||x <1}.
We identify C* with R?" using the mapping

§= (&, 6n) = (&1 + iz, .- &1 +1€n2) — (&11,612, -, €n1, End ) 3.1)

16



and observe that under this mapping the complex hyperplane H, turns into

a two-codimensional subspace of R?" orthogonal to the vectors

€= (611,812, -, En1, &n2) and €1 = (&2, &1, .o, —En2, En1).

We denote by B,(C") and use the notation || - ||, for the unit ball and
the norm, respectively, of the complex n-dimensional /, space. Then B,(C")

becomes a 2n-dimensional subset of R*® under the mapping (1.3.1):

n

B,(C") = {(x11 +iz12,...2p1 +izyp2) € C": Z(:L?l + x%)% <1}
j=1
n
ya
= {(z11,.. Tn1, Tn2) € R : Z(xfl +x§2)2 <1}.
j=1

If p > 1 then B,(C") is an origin symmetric convex body in R?".
Since norms on C™ satisfy the equality
[Az]| = [All]z]], VzeC", VAeC,

origin symmetric complex convex bodies correspond to those origin symmet-
ric convex bodies K in R?" that are invariant with respect to any coordinate-
wise two-dimensional rotation. Namely, for each § € [0,27] and for each

x € R?",
lz|lx = [|Ro(x11, 212)5 - - - s Ro(2n1, 2n2) || K, (1.3.2)

17



where Ry stands for the counterclockwise rotation of R? by the angle 6 with
respect to the origin. If a convex body satisfies (1.3.2) we will say that it is
invariant with respect to all Rg. The unit ball B,(C") is an example of an
origin symmetric invariant with respect to all Ry body in R?".

It is easy for one to see that the central section of a complex convex
body K by a hyperplane H in C", when viewed as a subset of R*"2, is a
convex body that is also invariant with respect to all Ry. In other words, if

py is an Rg-rotation, 6 € [0, 2], of R*", then |||,k = ||zl kn#.

As a natural consequence, our problems on sections of complex convex
bodies will be reformulated as problems on sections of invariant with respect

to all Ry convex bodies in R??, under the theory described in this section.

1.4 The Fourier analytic approach

Throughout this study, we use some important facts from the theory of
distributions, as well as from the theory of the Fourier transform of distri-
butions. Here, we present the Fourier analytic approach mostly using the
definitions from the real space R", (see [GS], [K9] and [Ru] for more details).

We will apply this analytic approach on R?".

18



We denote by S the set of test functions which is defined to be the class
of all the C*° functions ¢ on R™ with values in C that are rapidly decreasing
at infinity, and with &’ we denote the space of distributions on S.

The space S, known as the Schwartz class, consists of all the functions

with all their partial derivatives continuous and so that

sup |z%(D¢)(z)| < oo,
TER?

for all n-tuples a = (a1,...,ay) and 8 = (f1,...,Bs) of non-negative inte-

gers. The n-tuples «, § are called multi-indices and are defined for every = €

R™ to be so that 2% = 281252 - - - 22" and D = §B+2+-+6n J9g 019202 . gl

The set &', of all the continuous linear on S, forms the space of tempered
distributions when S is induced with the topology described below.
For every ordered pair («, 3) of non negative n-tuples we define the semi-
norm pag(¢) = suﬂg |z*(DB¢)(x)| in S and the semi-metric dig(s1h) =
z€R™
pap(@ — ). Let dy,d,, ... be all the semi-metrics of this form, we define
dy = #%1%’ n = 1,2,.... It is not difficult to see that d,, is also a semi-

norm, equivalent to d), and that d,, < 1. The metric that defines the topology

of S, is

d= i 27"d,.
n=1

19



We can easily see that ¢y, 4, ¢ if and only if ¢, — ¢ with respect to every

d,, as k — 4o00. Hence, we have that the vector operations

(¢, 9) — o+9

(@, ¢) — a¢, a €C

are continuous. This implies that the space (S, d) is a topological vector

space.

A linear functional L of S is a tempered distribution if and only if there

exists a constant ¢ > 0 and m,[ € Z such that

IL@) < c > paple),

la|<l
[B]<m

for every ¢ € S ([SW p.22]).

If feS, ¢€8,then

(f,¢) = f(x)o(x)dz.

Rn”

As mentioned before, the main tool of this study is the Fourier transform
of distributions. See [GS], [Ru] and [K9] for more details on this subject. Our
definition is slightly different from those in [GS] or [Ru]. Let f € L'(R"),

we define the Fourier transform of f by

f)= | f&e®"de.

R”

20



If ¢ € S, then ¢ € S. Moreover, since the Fourier transform is invertible

on S, we have that for every ¢ € S,

(0)x) = (2m)"¢(~2).

Suppose f € S’, then the Fourier transform f of a distribution is

defined to be the distribution given by

(f,0) = (f.0), ¢ € S.

From the above we have that, if a test function ¢ is even, then

($)" = (2m)"¢ and (f,¢) = (2m)"(f, ),

for every f € §'. Here, we only consider real-valued even test functions ¢,
for which the Fourier transform gZ; is also an even real-valued test function.

A distribution f is called even homogeneous of degree p € R, if

<f’ (rb(/t» = ’t’n+p<f7 ¢>7

for every ¢ € S, t € R me t # 0. The Fourier transform of an even homoge-
neous distribution of degree p is an even homogeneous distribution of degree
—n —p, ([K9, Lemma 2.21]).

A distribution f is called positive definite if, for every test function ¢,

21



By Schwartz’s generalization of Bochner’s theorem, this is equivalent to f
being a positive distribution in the sense that ( £ ¢) > 0, for every non-

negative test function ¢.

We denote by A = Zle 02 /0u? the k-dimensional Laplace operator in

R*. Then the fractional powers of the Laplacian in R™ are defined by

((-2)21)" = Grmlalsf@). (1.4.1)

where the Fourier transform is considered in the sense of distributions.

Let ¢ be non integer, then the Fourier transform of the function |z|%, z €

R, is equal to (see [GV vol.1, p.173] and [K9, Lemma 2.23] for more details)

(|21 (t) = —2D(1 + ¢) sin qgurq—l, teR (1.4.2)

A very important tool in the analytic theory, is the Minkowski func-
tional raised to certain powers and treated as a distribution. The following
proposition, see [K9, Lemma 2.1], allows us to consider the functional as a

locally integrable function on R™.

Proposition 1.4.1. Let D be an origin symmetric star body in R™. Then,

for 0 < p < n, the function || - ||’ is locally integrable on R™. Also, if f is a

22



bounded integrable function on R™, then the function || -||;F f(-) is integrable

on R™.

Another important fact, that is often used, is the following proposition,
proved in [K9, Lemma 3.16]. It shows that the Fourier transform of a smooth

homogeneous function is also smooth.

Proposition 1.4.2. ([K9, Lemma 3.16]) Let k € N U {0} and let f €
C?#(S"1Y be an even function. Suppose that ¢ < 2k, where q is not an

odd integer. Then, the following hold:

(i) The Fourier transform of the distribution f(0)r="T9%1 is a homoge-
neous of degree —1 — q, continuous function on R™\ {0}. If ¢ < 2k,

then, for every x € R™,

[e[3F (f(O)r ) @)

_ (—1)k7r / |($ §)|2k_q_1Ak (f(e)r—n—&-q—l-l) (§)d§
- —2I'(2k — ¢)sin(7(2k —q —1)/2) Jgn1 '

If g = 2k, then

3 (@) ) (2)

= (=1)*7zf /Sn_lm( - AF(f(o)r—Fer) () de.

23



(i) If f € C°°(S"71), then, there exists an even function g € C°°(S™ 1)

s0 that for every x =t£ €R™, t £0, t € S,

(fO)r ) M) = g(e)t 171,

so the Fourier transform of f(0)r="t4%1 is an infinitely smooth func-

tion on R™ \ {0}.

The following result is a Parseval type identity on the unit sphere S*~ 1,
established in [K5], (see also [K9, Lemma 3.22]). Note that, the key to this
formula is that the total homogeneity of the integrands has to be of the

order of —n.

Proposition 1.4.3. Let D be an infinitely smooth origin symmetric star
body in R™ and g € C*"Y(R™) even homogeneous of degree —n + k func-
tion. Then § and (|| - HBk)A are continuous functions on S"~!, extended to

homogeneous functions on the whole R™ and

| o@erztas = enr [ selel5) s
Sn—l Sn—l

The classes of k-intersection bodies were introduced in [K5], [K8] as

follows: Let 1 < k < n, and let D and L be origin symmetric star bodies

24



in R™. We say that D is a k-intersection body of L if for every (n — k)-

dimensional subspace H of R”
Vol (DN H*Y) = Vol,, (LN H).

More generally, we say that an origin symmetric star body D in R” is a
k-intersection body if there exists a finite Borel measure p on S™~! so that

for every even test function ¢ € S(R"),

[ istow = [ ([T 00 a)ane)

Note that k-intersection bodies of star bodies are those k-intersection bodies
for which the measure p has a continuous strictly positive density; see [K§]
or [K9, p. 77]. When k = 1 we get the class of intersection bodies introduced
by Lutwak in [Lu].

A more general concept of embedding in L_, was introduced in [KT7].
Let D be an origin symmetric star body in R", and X = (R",|| - ||p). For
0 < p < n, wesay that X embeds in L_,, if there exists a finite Borel measure

pon 8" so that, for every even ¢ € S

/Rn || ) o (x) de = /Sn1 (/R\zw—lq%(ze) dz> du(0).

Obviously, an origin symmetric star body D in R" is a k-intersection body

if and only if the space (R", || - ||p) embeds in L_j. In this article we use

25



embeddings in L_, only to state some results in continuous form; for more

applications of this concept, see [K9, Ch.6].

Embeddings in L_, and k-intersection bodies admit a Fourier analytic

characterization that we are going to use throughout this text:

Proposition 1.4.4. ([K8], [K9, Th. 6.16]) Let D be an origin symmetric
star body in R", 0 < p < n. The space (R",|| - ||p) embeds in L_, if and
only if the function ||z||,F represents a positive definite distribution on R™.
In particular, D is a k-intersection body if and only if HxHBk is a positive

definite distribution on R™.

Most of the problems that are presented here require an analytic rep-
resentation of the (2n — k)-dimensional volume, 1 < k < 2n, of sections of
convex bodies by subspaces of R?". A very important tool, in order to obtain
such representation, is the distribution [u|; 9% /T'(—¢/2). This idea was first
introduced in [K8] and it is a generalization of the connection between the
distribution ¢4, and the fractional derivatives of the section function, (see
[K9, Section 2.6, Theorem 3.18] for details). Here we introduce the theory
on R".

Let 1 < k < n. We consider the action of the distributions \u|2_q_k”/1“(—q/2)7
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u € R¥ on an infinitely differentiable function A with compact support on
R*. Note that, for our purposes A will only need to be infinitely differentiable
or even differentiable up to a certain order, at the origin. For simplicity here
we assume that it is a test function.

For Req < 0, the distribution is an analytic function of ¢ and

july " I S S
<r(_g) ’A(“)> = T(<q/2) /Rkl 2" A(u)du. (1.4.3)

A standard normalization argument allows us to have the following

proposition, (see [GS, p.71-74]).

Proposition 1.4.5. Let A be an infinitely differentiable function with com-

pact support, on R¥. Then, the function

P <‘“’5q_k,A(u)> (1.4.4)

I'(—%)
is an entire function of ¢ € C. Moreover, if ¢ = 2m, m € NU {0}, then
—q—k

<I|‘1(L|—2q/2) )qzzm’ AD’H(U)>

_ (—1)m|Sk_1\ .
= k2. em 2~ Apa(0) (1.4.5)

Proof : Let u € R¥. For the first part, we only need to show that the poles

of (lul; %, A(u)) and I'(—2) coincide.
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We use polar coordinates to get that

(™ Aw) = [ Juk " A

- / h rm A(ro)do)dr. (1.4.6)
0 Sk—1

Observe that the inner integral in (1.4.6) is an infinitely differentiable func-
tion of r, with compact support, since A(rf) vanishes for r large enough.
Moreover, all of its odd derivatives vanish at r = 0. So, if we expand it in a
Taylor series we can easily see that is also an even function of 7.

Let a(r) := [qu_1 A(r0)df. We consider (1.4.6) as the action of r i te
R on «(r), where r; = max{r,0}. It is known, that r;qfl is analytic for
Req > 0, (see [GS, p.48] and [K9, p.36] for more details). In addition, one
may apply analytic continuation to extend r;q_l to an entire function of ¢
on C\ {0,1,2,...}. But, since all the odd derivatives of a(r) vanish at zero,

we have that the function

has simple poles only at ¢ = 0,2,4, ...
On the other hand, as it is known, the Gamma function has simple poles
at the points —m, m € Ny. This proves that the function in (1.4.4) is an

entire function of ¢ € C.
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To prove the second part of the proposition, first, we need to compute
the residue of (July 7%, A(u)) at ¢ = 2m, m € Ny :

As mentioned above, the distribution r;qfl has simple poles for ¢ = 0,1,2, ...,

and the residue of <7“J_rq_1, a(r)) at ¢ =m, m € Ny, is 04(:;)!(0)_
Accordingly, we have that
(2m)
ek ol2m) (o)
Res((|uly*™", A(w))) lg=2m= W (1.4.7)
On the other hand, if we use the fact that
Aul; 72y = qlg + k — 2)[uly 77" (1.4.8)

we can find a different representation of the residue of <|u|27q7k, A(u)) at ¢ =
2m. Note that, the equality in (1.4.8) can be proved with a straightforward
computation if Req < k, and by analytic continuation for the other values

of ¢q. By iteration we find that

AT (July ")
(q+k—2)(g+k—4)(¢+k—2m)g(g—2)--(¢—2m+2)

(1.4.9)

ul 4 7* =

Now, by the definition of differentiation of distributions, it is true that

(A™ (ul3 2™, A(u)) = (A(luly ™), A™A(u)). (1.4.10)
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Hence, by equations (1.4.9) and (1.4.10), we have that the residue of
(luly "%, A(u)) at ¢ = 2m is equal to

A™A(u)

Yrmlle(k 1+ 2) - (k4 2m —2)’ (1.4.11)

since at ¢ = k the function has a simple pole with residue A(0).
To complete the proof, we need to calculate the residue of I'(—%) at
q = 2m. Since,

q 2 —g—k —|ul2
F —_—) = — q |u|2
( 2) ’Sk_l‘ /Rk |U|2 € dua

equation (1.4.7) gives that the residue is equal to

2 —q—k _—|uf2 2 (e7)™(0)
- 1.4.12
’Sk—1|ReS(<’U‘2 e 2)) ‘q72 |Sk—1| (2m)! ( )
But (e7*)2m)(0) = (—1)m% Hence, for ¢ = 2m,
—— Res({uly ™", A(u))) lg=2m
a—k — 2 > q
u ,A U) = ’
<’ 2 ( > ResT'(—2) [4=2m
and by (1.4.11) and (1.4.12) we obtain equation (1.4.5). O

If the function A is even, for 0 < g < 2, we have (see also [K9, p.39])
july "
—=—— Au
<r<—q/z> )

30



_ r(—lq/z) /Sn_l </OOO W dt) do. (1.4.13)

Note that the function (1.4.4) is equal (up to a constant) to the fractional

power of the Laplacian Aq/2AD,H.
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Chapter 2

The complex
Busemann-Petty problem

2.1 Introductory

The complex Busemann-Petty problem can be formulated as follows: sup-
pose K and L are origin symmetric invariant with respect to all Ry convex

bodies in R*" such that
Vola,—o(K N He) < Vola,_o(L N Hy)
for each ¢ € §?"~!. Does it follow that
Vola, (K) < Voly, (L)?

This formulation is reminiscent of the lower-dimensional Busemann-
Petty problem, where one tries to deduce the inequality for 2n-dimensional
volumes of arbitrary origin-symmetric convex bodies from the inequalities

for volumes of all (2n —2)-dimensional sections. In the case where n = 2 this
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amounts to considering two-dimensional sections of four-dimensional bodies,
where the answer to the lower dimensional problem is affirmative by the so-
lution to the original Busemann-Petty problem - we first get inequalities for
the volumes of all three-dimensional sections and then the inequality for the
four-dimensional volumes. However, if n = 3 we get four-dimensional sec-
tions of six-dimensional bodies, where the answer to the lower-dimensional
problem is negative by a result of Bourgain and Zhang [BZ]. Our problem
is different from the lower-dimensional Busemann-Petty problem in two as-
pects. First, we do not have all (2n — 2)-dimensional sections, only sections
by subspaces coming from complex hyperplanes, which makes the situation
worse than for the lower-dimensional problem. Secondly, we consider only

those convex bodies in R?” that are invariant with respect to all Ry,

It appears that the complex Busemann-Petty problem is closely related
to the class of 2-intersection bodies introduced in [K5], [K8]. Namely, the
answer to the problem is affirmative if and only if every origin symmetric
invariant with respect to all Ry convex body in R?" is a 2-intersection body.
This extends to the complex case the connection between the real Busemann-
Petty problem and intersection bodies, established by Lutwak, ([L]). This

connection played the crucial role in the solution of the real Busemann-Petty
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problem. We shall prove this connection in Theorem 2.3.2. After that we
prove that every origin symmetric invariant with respect to all Ry convex
body in R?" is a (2n — 4)-intersection body, but not every such body is a
(2n — 6)-intersection body. Putting n = 3 and then n = 4, one can see how

these results imply the solution of the complex Busemann-Petty problem.

2.2 The analytic aspect

Let 1 < k < 2n and let H be an (2n — k)-dimensional subspace of R?".
Fix any orthonormal basis ei, ...,e; in the orthogonal subspace H+. For
a convex body D in R?", define the (2n — k)-dimensional parallel section

function Ap p as a function on RF such that

Ap,r(u) = Volgp—k(D N {H + urer + ... + uger})

/ x(Izllp) dz, ueR: (2.2.1)
{zeR2":(z,e1)=u1,...,(T,€ ) =ur }

If the body D is infinitely smooth, the function Ap g is infinitely differ-
entiable at the origin (see [K9, Lemma 2.4]). So, we can consider the action
of the distribution \u|2_q_k/F(—q/2)7 u € R¥ on Ap p and apply Proposition
1.4.5 for A = Ap p. Also, equations (1.4.3) and (1.4.13) hold for Ap p. Note

that, if the body D is origin symmetric, the function Ap g is even.
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The following proposition was proved in [K8, Th. 2], (see also [KKZ]).
We reproduce the proof here, because we formulate the proposition in a
slightly different form. We use a well-known formula (see for example [GS

p.76]): for any v € R¥ and ¢ < —k + 1,

(V2 + ... 4 v2) TR/

I'(—q/2) -
T ((—q — k+ 1)/2)x D/ /Skl (0, w) 77 du. (22.2)

Proposition 2.2.1. Let D be an infinitely smooth origin symmetric convex
body in R?" and 1 < k < 2n. Then for every (2n — k)-dimensional subspace

H of R? and any q € R, —k < q < 2n — k,

—q—k
(#1273 Ao )

9—a—k—k/2

TG DT Jowap (I @ 0 22

Also for every m € NU{0}, m < (2n —k)/2,

A" A1) = s o fonae, (1)

(2.2.4)

Proof : First let ¢ € (—k, —k + 1). Then,

—q—k

|ul B 1 e
<m’AD’H(“)> - F(_q/Q)/Rk |uly kAD,H(u) du.
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Using the expression (2.2.1) for the function Ap g, writing the integral in
polar coordinates and then using (3.2.4), we see that the right-hand side of

the latter equation is equal to

1 / (2 e1)® + oo+ (2, e1)) T 2x (2l p) da =

I(5h) Jren
1 (—q—k)/2 —2n4q+k
0,e1)> + ...+ (0, ex)? 0 T gh =
e N (VR U, b

1
oT (=) "3 (20 — g — k)

k
LAtk N _
/52n1 HQHD (/Skl ‘(; Ui€4, 9)‘ dU> do

1
oT (=1 )" (20 — g — k)

k
/Sk_l (/S_ 1015 (Y wies, 0)] d9> du. (2.2.5)

i=1

X

X

Let us show that the function under the integral over S¥~! is the Fourier
transform of ||z ;2" 7* at the point 3~ use;. For any even test function ¢ €
S(R?"), using the well-known connection between the Fourier and Radon
transforms (see [K9 p. 27]) and the expression for the Fourier transform of

the distribution |z|7"*~1 (see [K9 p. 38]), we get

~

(el ) = (falp™ .6 = [l ota) da =

/ [ i < / AIED) dz> o =
S2n—1 0
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1

—<n k 1 A

2015 /7 T((g + F)/2) omtatk /et )
o ((—q— k+1)/2) /52“ 16115 <\t\ ,/(yﬁ)t o(y) dy> 49 =

20tk /rT((q + k) /2) Y Contg
(—q— k +1)/2) /Rzn( /S%_Jw?y)\ ol d0)(y) dy.

Since ¢ is an arbitrary test function, this proves that, for every y € R?"\ {0},

—2n4q+k\ A o 2q+kﬁr((Q+k)/2) —q— —2n+q+k
(1547 ) = S iy [, (0.0 1657+ as

Together with (3.2.7), the latter equality shows that
Jul "
5o Apu(u >
(Faray Ao
27q7k:ﬂ.fk/2

T T((g+k)/2)(2n—q— k) /SQHOHL (=57 %) (0) db,  (2.2.6)

because in our notation S¥~1 = §2n—1n H+
We have proved (3.2.8) under the assumption that ¢ € (—k,—k + 1).
However, both sides of (3.2.8) are analytic functions of ¢ € C in the domain
where —k < Re(q) < 2n — k. This implies that the equality (3.2.8) holds for
every ¢ from this domain (see [K9 p.61] for the details of a similar argument).
Putting ¢ = 2m, m € NU{0}, m < (2n — k)/2 in (3.2.8) and applying

(1.4.5) and the fact that I'(z + 1) = 2I'(x), we get the second formula. [

As mentioned in the Introduction (Section 1.2) we use a generalization

of the Brunn’s theorem.
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Lemma 2.2.1. If D is a 2-smooth origin symmetric convex body in R™,

then the function Ap g is twice differentiable at the origin and

AAD,H(O) <0

Besides that for any q € (0,2),

gk
<IL(’—2q/2)’ AD,H(U)> > (.

Proof : Differentiability follows from [K9 Lemma 2.4]. Applying the
Brunn’s theorem to the bodies DN (H +t), § € S"~'N H*, we see that the
function t — Ap p(t6) has maximum at zero. Therefore, the interior integral
in (1.4.13) for the function Ap p instead of A, is negative, but I'(—¢/2) < 0
for ¢ € (0,2), which implies the second statement. The first inequality also
follows from the fact that each of the functions ¢t — Ap g(te;), j=1,....,k

has maximum at the origin. O

We often use Lemma 4.10 from [K9] for the purpose of approximation

by infinitely smooth bodies. For convenience, let us formulate this lemma:

Lemma 2.2.2. ([K9, Lemma 4.10]) Let 1 < k < n. Suppose that D is an
origin symmetric convex body in R™ that is not a k-intersection body. Then
there exists a sequence D,, of origin symmetric convex bodies so that D,

converges to D in the radial metric, each D,, is infinitely smooth, has strictly
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positive curvature and each D, is not a k-intersection body.

If, in addition, D is invariant with respect to Ry, one can choose D,

with the same property.

2.3 Connection with intersection bodies

We now return to the complex case. The following simple observation is cru-
cial for applications of the Fourier methods to convex bodies in the complex

case:

Lemma 2.3.1. Suppose that K is an origin symmetric infinitely smooth
invariant with respect to all Ry star body in R?™. Then for every 0 < p < 2n
and & € S~ the Fourier transform of the distribution ||z is a constant

function on 8?1 N Hé

Proof : By Proposition 1.4.2 ([K9, Lemma 3.16]), the Fourier transform
of ||z||” is a continuous function outside of the origin in R?". The function
|lz||x is invariant with respect to all Ry, so by the connection between the
Fourier transform of distributions and linear transformations, the Fourier
transform of ||z||” is also invariant with respect to all Ry. Recall that the

two-dimensional space H, é is spanned by vectors ¢ and £ (see Section 1.3).
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Every vector in S?"~' N H é is the image of £ under one of the coordinate-
wise rotations Ry, so the Fourier transform of ||z||” is a constant function
on §21 N HE O
Of course, this argument also applies to the Fourier transform of any
distribution of the form h(]|z|| k).
Similarly to the real case (see [K1], [K9 Theorem 3.8]), one can express

the volume of hyperplane sections in terms of the Fourier transform.

Theorem 2.3.1. Let K be an infinitely smooth origin symmetric invariant

with respect to Ry convex body in R?",n > 2. For every £ € S?"~1, we have

Volgn_g(K N Hg) = 471_(,”1_1) (HmHI—(Qn—&-Q)/\ (é‘)

Proof : Let us fix £ € $?"~1. We apply formula (2.2.4) with H = He, k=

2, m = 0. We get

1 oo A
V012n—2(K N Hg) = AK,Hg(O) = 87r2(n—1)/ (HxHKQ +2) (77) dn.
3

By Lemma 2.3.1, the function under the integral in the right hand side is
constant on the circle S?"~'n H, é Since & € Hg, the integral is equal to
or (||l 2+2)" (&). O

The connection between the complex Busemann-Petty problem and in-

tersection bodies is as follows:
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Theorem 2.3.2. The answer to the complex Busemann-Petty problem in
C™ is affirmative if and only if every origin symmetric invariant with respect

to all Ry convex body in R®™ is a 2-intersection body.

This theorem will follow from the next two lemmas. Note that, since we
can approximate the body K in the radial metric from inside by infinitely
smooth convex bodies invariant with respect to all Ry, and also approximate
L from outside in the same way, we can argue that if the answer to the
complex Busemann-Petty problem is affirmative for infinitely smooth bodies

K and L then it is affirmative in general.

Lemma 2.3.2. Let K and L be infinitely smooth origin symmetric invariant
with respect to Ry convex bodies in R*™ so that K is a 2-intersection body

and, for every & € S~ 1,
Volgn_z(K N H&) < VOlQn_Q(L N Hg).

Then

Volon,(K) < Vol (L).

Proof : By Proposition 1.4.2, the Fourier transforms of the distributions

2] 2"+, ||l2)| ;2" and ||z|| ? are continuous functions outside of the origin

in R?". By Theorem 2.3.1 and Proposition 1.4.4, the conditions of the lemma
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imply that for every &€ € §27~1,

(223" ©) < () 72+2)" ()

and
(Ilzll)" (€) > 0.

Therefore,

/S (el 2"2)" ©) (lel )" (€) de
= / (2l )" () (lel12)" (€) de.
§2n—1

Now we apply Parseval’s formula on the sphere, Proposition 1.4.3, to remove
the Fourier transforms in the latter inequality and then use the polar formula

for the volume and Hélder’s inequality:

21 Volyy (I) = / 2" de < / 7272 |2 de
SQn—l SZn—l

n—1

n—1 1
< ( [ el dw) ( [ el d:v)
Sanl S2n71

= (20 Volon (L))" (21 Volan(K))

3=

)

which gives the result. O

Lemma 2.3.3. Suppose that there exists an origin symmetric invariant with
respect to all Ry convex body L in R®™ which is not a 2-intersection body.

Then one can perturb L twice to construct other origin symmetric invariant
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with respect to Ry convex bodies L' and K in R?" such that for every & €

SZn—l
Volyyo(K N He) < Volg,_o(L' N He),

but

Volpn (K) > Volpn(L).

Proof: We can assume that the body L is infinitely smooth and has strictly
positive curvature. In fact, approximating L in the radial metric by infinitely
smooth invariant with respect to all Ry convex bodies with strictly positive
curvature, we get by Lemma 2.2.2 that the approximating bodies cannot all
be 2-intersection bodies. So there exists an infinitely smooth invariant with
respect to all Ry convex body L' with strictly positive curvature that is not
a 2-intersection body. In the following we write L instead of L’.

Now as L is infinitely smooth, by Proposition 1.4.2, the Fourier trans-
form of ||x|;? is a continuous function outside of the origin in R?". The
body L is not a 2-intersection body, so by Proposition 1.4.4, the Fourier
transform (Hx||z2)/\ is negative on some open subset {2 of the sphere S2"~1.

Since L is invariant with respect to rotations Ry, we can assume that
the set €2 is also invariant with respect to rotations Ry. This allows us to

choose an even non-negative invariant with respect to rotations Ry function
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f € C>(S?~1) which is supported in Q. Extend f to an even homogeneous
function f(x/|x|2)|z|5? of degree -2 on R?". By Proposition 1.4.2, the Fourier
transform of this extension is an even homogeneous function of degree -2n+2

on R?”, whose restriction to the sphere is infinitely smooth:

(f(z/|zl2)l23?)" () = g(u/lyl2) Iyl 22,

where g € C*(S?"~1). By the connection between the Fourier transform
and linear transformations, the function ¢ is also invariant with respect to
rotations Ry.

Define a body K in R?" by
|22 = Jl2l| 722 — eg(a/[al2)ely > 2. (2.3.1)

For small enough € > 0 the body K is convex. This essentially follows from
a simple two-dimensional argument: if h is a strictly concave function on an
interval [a, b] and w is a twice differentiable function on [a, b], then for small
€ the function h + eu is also concave. Note that here we use the condition
that L has strictly positive curvature. Besides that, the body K is invariant
with respect to rotations Ry because so are the body L and the function
g. We can now choose ¢ so that K is an origin symmetric invariant with

respect to all Ry convex body in R?",
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Let us prove that the bodies K and L provide the necessary counterex-
ample. We apply the Fourier transform to both sides of (2.3.1). By definition

of the function g and since f is non-negative, we get that for every £ € §2n—1

CopionA oo A n oo A
(l2172%2)" (€) = (el 722)" (€) — 2m)™ef(€) < (l2l722)" (&).
By Theorem 2.3.1, this means that for every & € 271
Volgn_g(K N H&) < Volgn_z(L N Hg).

On the other hand, the function f is positive only where (HxHZQ)A is nega-

tive, so

/S (lzll22)" ©) (l=12%)" (€) de
= [ el @ (lelz2)" ) e
—eme [ (Inl)" ©r(6) at

§2n—1

> [ Ul © 1) @ e
SQn—l

The end of the proof is similar to that of the previous lemma - we apply Par-
seval’s formula to remove Fourier transforms and then use Holder’s inequal-

ity and the polar formula for the volume to get Vola, (K) > Voly,(L). O
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2.4 The solution of the problem

It is known (see [K6] or [K9 Corollary 4.9] plus Proposition 1.4.4) that for
every origin symmetric convex body K in R?*",n > 2 the space (R?",| -
||k) embeds in L_, for each p € [2n — 3,2n), or, in other words, every
origin symmetric convex body in R*" is a (2n — 3)-, (2n — 2)- and (2n — 1)-
intersection body. On the other hand, for ¢ > 2 the unit ball of the real
space Eg” is not a (2n — 4)-intersection body , and, moreover, R?" provided
with the norm of this space does not embed in L_, with p < 2n — 3 (see
[K3] or [K9 Th. 4.13]).

Now we have to find out what happens if we consider convex bodies
invariant with respect to all Rg. As it is proved in Chapter 6, for ¢ > 2 the
complex space £ does not embed in L_, with p < 2n—4, which means that
the unit ball B} (C") of this space (which is invariant with respect to all Ry)
is not a k-intersection body with k£ < 2n — 4.

Recall that we denote By(C") the unit ball of the complex space £y

considered as a subset of R?", (see Section 1.3 for definition).

Theorem 2.4.1. If ¢ > 2 then the space (R*",|| - ||,) does not embed in L_,
with 0 < p < 2n — 4. In particular, the body B,(C™) is not a k-intersection

body for any 1 < k < 2n — 4.
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We postpone the proof for Chapter 6.

The only question that remains open is what happens in the interval

p € [2n — 4,2n — 3). The following result answers this question.

Theorem 2.4.2. Let n > 3. Every origin symmetric invariant with respect
to Ry convex body K in R?" is a (2n — 4)-intersection body. Moreover, the
space (R®™, || - || ) embeds in L_, for every p € [2n — 4,2n).

If n =2 the space (R®,|| - || k) embeds in L_, for every p € (0,4).

Proof: By Lemma 2.2.2, it is enough to prove the result in the case where
K is infinitely smooth. Fix & € 271,

Let n > 3. Applying formula (2.2.4) and then Lemma 2.3.1 with H =
H¢, m=1and k = 2, we get

_ —1 —2n+4\A
AMicae0) = g | s B0

= s (Il (@)

By Brunn’s theorem (see Lemma 2.2.1), (Ha;H[_(Q”H)A (&) > 0 for every & €

, 50 ||z]| 2" is a positive definite distribution on R?". By Proposition

SQn—l
1.4.4, K is a (2n — 4)-intersection body.
Now let n > 2. For 0 < ¢ < 2, formula (2.2.3) and Lemma 2.2.1 imply
—2ntq+2)" . 2n
that (|||l (¢€) > 0. By Proposition 1.4.4, the space (R*", || - | k)
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embeds in L_g,44+2, and, using the range of ¢, every such space embeds in
L_p,, pe (2n—4,2n —2). As mentioned before, these spaces also embed in

L_,, p € [2n—3,2n), because so does any 2n-dimensional normed space. [

We are now ready to prove the main result of this article:

Theorem 2.4.3. The solution to the compler Busemann-Petty problem in

C™ is affirmative if n < 3 and it is negative if n > 4.

Proof : By Theorem 2.4.2, every origin symmetric invariant with respect
to Ry convex body in R® (where n = 3) is a 2n — 4 = 2-intersection body,
and in R (where n = 2) it is a 2n—2 = 2-intersection body. The affirmative
answers for n = 3 and n = 2 follow now from Theorem 2.3.2.

If n > 4 then 2n — 4 > 2, so by Theorem 2.4.1 the body By is not a

2-intersection body. The negative answer follows from Theorem 2.3.2. [

Remark 1. The transition between the dimensions n = 3 and n =4 is
due to the fact that convexity controls only derivatives of the second order.
To see this let us look again at formula (2.2.4), which we apply with k = 2.
We want to get information about the Fourier transform of ||le_)2, so we need
to choose m so that —2n+2m+2 = —2. If n = 3 then m = 1, but whenn =4
we need m = 2. This means that for n = 3 we consider AAg y(0), which is

always negative by convexity, but when n = 4 we look at A?Ag y(0), which
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is not controlled by convexity and can be sign-changing. One can construct
a counterexample in dimension n = 4 using this argument, similarly to how

it was done for the “real” Busemann-Petty problem; see [K9 Corollary 4.4].

Remark 2. Applying Theorem 2.4.2 to n = 2 we get that every two-
dimensional complex normed space (which is a 4-dimensional real normed
space) embeds in L_,, for every p € (—4,0). By [KKYY Th. 6.4], this implies
that every such space embeds isometrically in Lg. The concept of embedding
in Ly was introduced in [KKYY]: a normed space (R", | - ||) embeds in Lg
if there exist a probability measure p on S"~! and a constant C' so that for

every x € R", x #£0

log | = [ 1ogl(z.&)| du(é) +C.
We have

Theorem 2.4.4. Fvery two-dimensional complex normed space embeds in
Lg. On the other hand, there exist two-dimensional complex normed spaces

that do not embed isometrically in any Ly, p > 0.

An example supporting the second claim is the complex space 82 with
g > 2. This follows from a version of the second derivative test proved in

[KL] (see also [K9 Theorem 6.11]). Recall that every two-dimensional real
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normed space embeds isometrically in L, (see [Fe|, [He], [Li] or [K9 p.120]),
but the real space 62 does not embed isometrically in any L,, 1 <p <2, as

proved by Dor [Dol; see also [K9 p.124].
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Chapter 3

The modified complex
Busemann-Petty problem

3.1 Introductory

As it is proved in [KKZ] the answer to the complex Busemann-Petty problem
is affirmative if n < 3 and negative if n > 4. In this article our aim is to
extend [KYY] to the complex case.

Let D be an origin symmetric convex body in C". For every £ € C", |£| =

1 we define the section function by
Sep(€) = Vola,—o(D N He), V¢ € S* 1 (3.1.1)

Extending Scp to the whole R?" as a homogeneous function of degree —2

we prove the following:

Main Theorem. Suppose K and L are two origin symmetric invariant with

respect to all Ry conver bodies in R*™. Suppose that o € [2n—6,2n—2), n >

o1



3. If

(-A)*2Sck(€) < (-A)*2Scr(©), (3.1.2)

for every & € S?"~1. Then

Volon, (K) < Voly,(L).

If a € (2n —7,2n — 6) then one can construct two convez bodies K and L

that satisfy (3.1.2), but Volp,(K) > Vola,(L).

This means that one needs to differentiate the section functions at least
2n — 6 times and compare them in order to obtain the same inequality for
the volume of the original bodies. Note that if & = 0 the problem coincides

with the original complex Busemann-Petty problem.

3.2 The Fourier analytic approach

Let H be an (2n — 2)—dimensional subspace of R*" and p < 2n — 2. We
fix an orthonormal basis , {e1, €2}, in the orthogonal subspace H'. For any
convex body D in R?” we define the function Ap g, as a function on R?

such that
&wﬂw—/ ]y de, u e R?, (3.2.1)
DNH,

where H, = {x € R : (z,e1) = uy, (z,e2) = ua}.
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If the body D is infinitely smooth and 0 < p < 2n —m — 2, then Ap g,
is m-times continuously differentiable near the origin. To see this we need

to observe that the function can be written in the form

1011 5 21,
Ap pp(u) = /&72”—3 (/0 23 (2 4 \u|§)_p/2dr)dc9, (3.2.2)

where S27~3 is the unit sphere of the subspace H,, and then follow similar
steps as in [K9, Lemma 2.4]. Note that Ap g, € C™ near the origin since
differentiating the inner integral in (3.2.2) more than m times, it is no longer
convergent for ¢t = 0.

In addition, we can consider the action of the distribution |u|, =k /T'(—q/2),
u € R¥ on Ap g p and apply Proposition 1.4.5 for A = Ap g p.

For ¢ € C with Rq < 2n — p — 3 the function is an analytic function of
q. Also, equations (1.4.3) and (1.4.13) hold for Ap g .
If the body D is origin symmetric the function Ap r, is even and for 0 <

q < 2 we use equation (1.4.13) for Ap g, to get

<W2A <u>>
r(—g) e

= 1) /027r (/OOO Ap.tp(t9) — Ap.11(0) dt)do. (3.2.3)

-4 tit+a

The following proposition is a generalization of Proposition 2.2.1 with

k = 2. We prove it using a well-known formula (see for example [GS, p.76)):
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for any v € R? and ¢ < —1,

—q-2 _ 2w
(V2 +03) "7 = 2I‘((—1Z](—q1/)2/)2)771/2 /0 |(v,u)] 7972 du. (3.2.4)

Proposition 3.2.1. Let D be an infinitely smooth origin symmetric convex
body in R*™. If =2 < ¢ < 2n—2, 0 < p < 2n — q — 3. Then for every

(2n — 2)-dimensional subspace H of R?"

27972 —2n+q+p+2| |—p A
= 0)dh. (3.2.5
2 mi— [ (lal ;)" (O)a0. (325

SanlmHL
Also, for everyd e NUO, d<n—1

—1)¢ Con _\A
A Apusl0) = gy [ (el e

S2n—1nfL
(3.2.6)

Proof. First we assume that ¢ € (—2,—1). Then

—q—2
<‘17f’<2_g> ’AD,H,p<u>> N F(—1q/2> /R [uly ™ Ap,.p(u)du

Using the expression (3.2.1) for the function Ap g, writing the integral in
polar coordinates and then using (3.2.4), we see that the right-hand side of

the latter equation is equal to

Fz L, (@ + e ™l lelo) da
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—q—2

s -n
-5 Lo O+ @) 75 ol as

1
= 1 1 X
(=51 )2 (n—q — p— 2)

2w
/ "9“Bn+q+p+2 (/ |(urer + u162,9)‘7q72 du) do
gn—1 0

1
= X
o0 (= L)r2(n—q —p - 2)
2
/ < / 101572 (urey + uzes, B)| dH) d.  (327)
0 sn—1

Let us show that the function under the integral over [0, 27] is the Fourier

_ 2, — .
transform of ||z 5" P*?|z|,* at the point uje; + uges. For any even test

function ¢ € S(R™), using the well-known connection between the Fourier
and Radon transforms (see [K9, p.27]) and the expression for the Fourier

transform of the distribution |Z|g_1 (see [K9, p.38]), we get

—n+qtp+2) | — —ntqtpt2) 1 —p ]
(el 242" 0 = [ Nl *ely (o) do

:/ ”9||Bn+q+p+2 (/ Tq-‘—lqg(re) d?") do
Ssn—1 0

1 . )
=5 [ eI e, Gre)) o

Sn—1

2972 /m T ((q+2)/2) . Y
= TR a7 o WU o) )

2t AT+ 2)/2) e vt
- QF((—q — 1)/2) /n </Sn—1 \(9,y)| 2H9||D AR d0>¢(y) dy.
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Since ¢ is an arbitrary test function, this proves that, for every y € R™\ {0},

—ntq+p+2( | —p\A
(el ™ 21, %) ()

_ 2092 /AT((g +2)/2)
M((—q—1)/2)

@265 .

Together with (3.2.7), the latter equality shows that

julg
<m AD,H,p(u)>
*q72ﬂ.—1 . o
- I'((g+ 2)2/2)(n -q—p—2) /'SnlﬂHi (Il +q+p+2’$‘2p) (6) do,

(3.2.8)
because in our notation S"~! N H+ = [0, 27].

We have proved (3.2.8) under the assumption that ¢ € (—2,—1). How-
ever, both sides of (3.2.8) are analytic functions of ¢ € C in the domain where
—2 < Rq < 2n — 2. This implies that the equality (3.2.8) holds for every ¢
from this domain (see [K9, p.61] for the details of a similar argument).

Putting ¢ = 2m, m € NU {0}, m <n —11in (3.2.8) and applying (?7)
and the fact that I'(z + 1) = 2'(z), we get the second formula. O

The following proposition is a generalization of Brunn’s theorem (see

Section 1.2), proved in Chapter 2, Proposition 2.2.1 for p = 0.

Proposition 3.2.2. Suppose D is a 2-smooth origin symmetric convex body
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in R*™, then the function Ap m,p is twice differentiable at the origin and

AAp p(0) <0

Moreover, for any q € (0,2),

—q—2
<|]?L’(2_g) 7AD’H7p('LL)> > 0.

Proof. Since D is 2-smooth, it is not difficult to see that the function

1015,
[ e )
0

is twice differentiable in a neighborhood of 0. By equation (3.2.2) this proves
the differentiability of Ap g, at the origin.

The body D is origin symmetric and convex, so to prove the first in-
equality we need to observe that the function u — Ap g,(u), u € R?,
attains its maximum at the origin:

If p = 0 then it follows immediately from Brunn’s theorem (see Lemma
2.2.1, or [K9, Theorem 2.3]). Let p > 0. Since |z, = p [ x(2|z]2)29 dz,

we have that for any u € R?

ApHp(u) = /DOH xlgpda::p/DmH /0 x(z|z|2) 27 dzdx
= P/ Zq_l/ X(z|x|2)dxdz
0 DNH.,

_ p/ qu/ (el p)dzdz,
0 B(1/z)NHx
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where B(1/z) is the unit ball of radius 1/z,. Applying Brunn’s theorem to

the body B(1/z) N D, we have that the latter integral is

<o [ [ lellnarp)deds = Apy(0)

If ¢ € (0,2) then I'(—¢/2) < 0. Hence, for the second inequality we use

<|UEHA <u>>
L(-g) "7

1 2 o0 ADHp(tH)—ADHp(O)
- M, M, do >
ey /0 (/o T dt)d9 2 0,

(3.2.3) to get that

since Ap g p(u) < Ap mp(0), for every u € R?.

3.3 Distributions of the form |:E|2_5||x\|_7

As in the modified real Busemann-Petty problem the solution is closely
related to distributions of the form |z, A l|lz||~7.
First, we need a simple observation. The following lemma is crucial for

the solution of the problem.

Lemma 3.3.1. For every infinitely smooth origin symmetric invariant with
respect to all Ry convex body D in R?" and every & € S*"~1, the Fourier
transform of the distribution |x]2_6]]x]\]57, 0 < B,v < 2n is a constant func-

tion on S*"~1n Hg
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Proof : The proof (see also Lemma 2.3.1 in Chapter 2, when § = 0) is
based on the following observation:

The body D is invariant with respect to all Ry. So, because of the connec-
tion between the Fourier transform and linear transformations, the Fourier
transform of |x|; A llz|| 5" is also invariant with respect to all Ry. This im-
plies that it is a constant function on S**~1 N HEL because this circle can
be represented as the set of all the rotations Ry, € [0,27], of the vector
e St

As a consequence of the above we have that
=By1=7)" =B =)
J N oy R O (T ) S N CERY
SI=InHE
O]

Lemma 3.3.2. Let D be an origin symmetric invariant with respect to all

Ry conver body in R*" n > 3. If g€ (-2,2] and 0 < p < 2n — q — 3 then

— —2n-+p+q-+2
ol Pl ™

s a positive definite distribution.

Proof.
If p = 0 then by Theorem 2.4.2, (||£L’”B2n+q+2)/\ >0, since 2n —q—2 €
[2n —4,2n).
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Let p > 0. If ¢ € (—2,0) then by equation (1.4.3) for Ap g, and Propo-

sition 3.2.1 (formula (3.2.5)) we have that

S [ (et siag?) o
D 2
WF(%)(2TI —q—p— 2)52%1“]l
= 1/ lul; 72 A (u)du >0
[(=q/2) Jgo' 2 TR ET

By Lemma 3.3.1, the Fourier transform of the distribution |z, ?|z]| ;> 719+

is a constant function on S$?"~!1 N Hg (equation (3.3.1)). So,

A
— —2n+p+q+2
(lelz? 257 +) " 2 0,

since ['(%2) > 0, ['(—4) > 0 and ¢ < 2n — p — 2.

Now, if ¢ =0, (3.2.6) and (3.3.1) give that

Ap,(0) = 2l el ) () = 0.

E—

For the case where g € (0,2) we use Proposition 3.2.1 and Lemma 3.3.1

s
F(—%) ) D,H,p(u)
2741

_ —2n+q+p+2(-p)"
Fwyx%_q_p_mOMb 2157) " (©)-

to get that

Then, by the generalization of Brunn’s theorem, Proposition 3.2.2, the de-

sired follows.
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Lastly, if ¢ = 2, (3.2.6) and (3.3.1) imply that

-1 _om _
A p1p(0) = o (Il ely) (©)

4dm(n —
Combining this with Brunn’s generalization, since the Laplacian of the func-

tion Ap g, at 0 is non-positive, we have that

(1ol el 5 +7) () 2 .

O]

Before we prove the main result of this article, we also need the following;:

Lemma 3.3.3. Let D be an infinitely smooth origin symmetric invariant

with respect to all Ry convex body in R*™ and o € R. Then

1

o (Bl ) O (632

(=A)*"*Sep(€) =

Proof. Let £ € S?"~1. As proved in Theorem 2.3.1, using the same idea as

in Lemma 3.3.1 (with r = 0)

Voloya(D 01 He) = s (Iel5%) (0. (333)

By the definition of the section function of D, and equation (3.3.3) we

obtain the following formula:

S0n() = =5 (Ial5%) @) (33.4)

4m(n —
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We extend Scp to the whole R?” as a homogeneous function of degree

—2 and apply the definition of the fractional powers of the Laplacian. Then,

since ||z|| ;2" "2 is an even distribution, equation (3.3.2) immediately follows.

O]

3.4 The solution of the problem.

We consider the affirmative and negative part of the main result separately.

The proof follows by the next two theorems.

Theorem 3.4.1. (AFFIRMATIVE PART) Let K and L be two infinitely
smooth origin symmetric invariant with respect to all Ry convex bodies in

R?". Suppose that a € [2n — 6,2n — 2),n > 3. Then for every £ € S?" 1
(—2)* Sk (&) < (-A)*2Scr(e) (3.4.1)

implies that

Vol (K) < Vol (L).

Proof. The bodies K and L are infinitely smooth and invariant with respect
to all Ry convex bodies. So by equation (3.3.2) the condition in (3.4.1) can
be written as
on+2\" on+2)"
(Inlsllalz22)" < (lelsllzl ) " (3.4.2)
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We apply Lemma 3.3.2 with p = a and ¢ = 2n — a— 4 so that the distri-
bution |z[§||z||? is positive definite. By Bochner’s theorem this implies that
its Fourier transform is a non-negative function on R?"\ {0}. By Proposition
1.4.2, it is also continuous, since K is infinitely smooth. Multiply both sides
in (3.4.2) by(\xEO‘HmH;{Q)A and integrate over the unit sphere S?"~!. Then

we can apply Parseval’s spherical version, Proposition 1.4.3, to get that

[ elnar< [ el2lel (343

Then, by a simple application of Hélder’s inequality to formula (3.4.3) and
the polar formula of the bodies (see equation (1.2.1), we obtain the affirma-

tive answer to the problem, since

1/n (n—1)/n
2 Volay (K) < <2n Volgn(K)) (2n Volgn(L)> .
To prove the negative part we need the following lemma.

Lemma 3.4.1. Let a € (2n — 7,2n — 6). There exists an infinitely smooth

origin symmetric convex body L with positive curvature, so that
- -2
]y =]l
s not a positive definite distribution.

63



We postpone the proof of Lemma 3.4.1 until the end of this section
to show that the existence of such a body gives a negative answer to the

problem.

Theorem 3.4.2. (NEGATIVE PART) Suppose there exists an infinitely
smooth origin symmetric convex body L for which |z|y||x|| 2 is not a posi-
tive definite distribution. Then one can construct an origin symmetric con-
vex body K in R®*™,n > 3, so that together with L they satisfy (3.4.1), for
every &€ € S but

VOlQn(K) > Volgn(L).

Proof. The body L is infinitely smooth, so by Proposition 1.4.2, the Fourier
transform of the distribution |z|; *||z||;? is a continuous function on the unit
sphere S?"~1. Moreover there exists an open subset © of $?"~! in which
(]mBO‘HxHZQ)A < 0. Since L is invariant with respect to all Ry we may
assume that 2 is also invariant we respect to rotations Ry.

We use a standard perturbation procedure for convex bodies, see for
example [K9, p.96] (similar argument was used in Section 2, Lemma 2.3.3).
Consider a non-negative infinitely differentiable even function g supported
on {2 that is also invariant with respect to rotations Ry. We extend it to a ho-

mogeneous function of degree —a—2 on R?". By Proposition 1.4.2 its Fourier
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transform is an even homogeneous function of degree —2n + o + 2 on R??,
whose restriction to the sphere is infinitely smooth: (g(z/|z2) |:c\2_o‘_2) " (y) =
h(y/lyl2) |yl 272, where h € C>(5%"1).

We define a body K so that

2|27 +2 = || 7242 + e|x|52”+2h(ﬁ),
Hap]

for small enough £ > 0 so that the body K is strictly convex. Note that K is
1

also invariant with respect to all Ry. We multiply both sides by mmg

and apply Fourier transform. Then

) x
(_A)a/25(;K(f) = (_A)Q/QSCL(Q + L;T((i)_l)]x\;a_Qg(m()MA)

< (=A)7Sep(9),

since ¢ is non-negative.
A
On the other hand, we multiply both sides of (3.4.4) by (|x|§a||$||z2>

and integrate over the sphere,

N G RUION RO
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- /%1(|x|;a|xan)A(@)(—A)“/QSch)d@

(271.)211 . LA
* 5477(71—1)/52”1(’5’3|2 HUCHLQ) (0)g(0)do

[ (e1012) @ (-8) 2 scu@)as,

V

A
since (|ac]2_o‘|]xHZ2) < 0 on the support of g. Using equation (3.3.2) and

the spherical version of Parseval’s identity, the latter becomes

-2 —2n+2 —2n
> dx.
/52"1 ||$”L HxHK /S%l ||33||L €Z

As in Theorem 3.4.1, we apply Holder’s inequality and the polar represen-
tation of the volume to obtain the desired inequality for the volumes of the
bodies.

O
Proof of Lemma 3.4.1. The construction of the body follows similar steps
as in [KYY]. We put ¢ = 2n—a —4, so g € (2,3). From the definition of the
fractional derivatives, Proposition 3.2.1 and Lemma 3.3.1, we see that for a

¢ € §?"~! we need to construct a convex body D so that

2 o) t2
/ / a1 (AD,Hg,a(te) — AD,Hg,oa(O) — AAD7H&OC(O)5>dtd9 <0
0 0 ) )

since I'(—2) > 0 for ¢ € (2,3).
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We define the function
F(lul) = (1= [uf2 = Njul$) 72, u e R

and consider the body D in R?" as

D= {(w11, 212, @1, n2) € R : [a]z = | (@1, 2n2)l2 € [—aw, an],
n—1 12
(Y =3 < £l },
o

where ap is the first positive root of the equation f(t) = 0. From its defini-
tion, the body D is strictly convex with an infinitely smooth boundary. We
choose ¢ € S?"~1 in the direction of z. Then for u € R? with |uly € [0, ap],

equation (3.2.2) gives that

£(lul2) )
Apigal) = [ [ 0 ) E s

on—g [T, 2—2 -3
— |2 / (2 + [ul2)~ 2" dr,
0

where |S2773| is the volume of the (2n — 3)-dimensional unit sphere. Note
that if |ula > an then Ap g, o(u) = 0. Moreover, if u = t, t € [0,00) and

6 € S', the parallel section function A D, H&a(tH) is independent of # since
f() N
Ap H.a(t0) = |SF"3 / (r2 4+ t3) "2 r2 34, (3.4.5)
0
Hence, we need to prove that the above construction of the body D gives
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that

2

o ¢
/ e 1(AD,Hg,a(t9)—AD,Hg,a(O)—AAD,Hg,a(O)
0

E)dt <0. (3.4.6)

Note that the condition |ulz € [0,an] is now equivalent to t € [0,an]. In

order to prove the above we first compute

|S2n—3’

Apneal0) =5, =05

and

1 n «
n—a—2 2n—a-—41

AAp peal0) = ~|577|

Let By be the positive root of the equation 1 — > — Nt* = 19+, We split
the integral in (3.4.6) in three parts: [0, Bn], [On, an] and [ay, 0o) and work
separately. It is not difficult to see that for large N, an, Oy ~ N -1, Also,
for every t € [0,an], f(t) > 0 and f(¢t) >t if and only if t € [0, Bn].

For the first part, the interval [0, Gy], since f(t) > t, the 2-dimensional
parallel section function Ap g, o can be easily estimated if we split it into two
integrals. For the second we use the inequality (1+z)™7 < 1—~yx+ w:z:z,

for y > 0and 0 < x < 1. Then

t t
/ (7‘2 + t2)_%7‘2n_3d7’ < / ’I“_a+2n_3d7" — t
0 0 2n—a —2

68



and

2 t2 2n—3 1 2n—a—3
[ (T + ) 2r d?“</t |: _772—’_77}7‘ d?”

I
7,.21170472 a 7.2n7a74 a<a+2) 4 T.anafG

:2n—a—2_§t 21@—04—4+ 4 2n—a—6t

U ap ) alat ), /00

o 2n—a—2
Nn—a—2 2 n—a-—4 4 n—a—=6 ct ’

_ 1 P a(a+2) :
where C = 5—-—— — SOn—a=t) T 1@n—a-6) = 0, since n > 3 and a €

(2n —7,2n — 6).
We now use the definition of the function f and the inequality (1 — )Y >

1—~vz(l—2)"t for0<y<1and0<ax <1 We then write

12— Nt aff(1- - Nthm e
 m—a—2 2 2n—a—4
4 2 4 2n—a—=6
Oz(Oé + 2) t (1 —t"— Nt )2n_a_2 o Cthfan
4 2n—a—=6
1 -t - Nt at? at?(t? + Nt*)
< — + 2
m—a—=2 22n-—a—-4) 909p_q—2)(1 -2 — Nth)z-a=
ala+ 2)tt ala+2) t4(t? + Nt4)

_ Cth—a—Q'
42n —a—6)  4(2n—a—2) 1-12— Ntﬂﬁ

Hence, we have that

/BN 1 t2
/ t79” (Apny,a(tG) — AD7H§7Q(O) — AAD7H€7Q(O)§)dt
0
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£2(12 + Nt4)
(1— {2 — Ni4)zma—z

BN
= / a1 (C’t2"’a’2 —D*+E
0

t4(t* + Nt
N UL Jat, (3.4.7)
(1 —#2 — Nt4)am—a—2
- j— ( +2) . N
WhereE_m>oyF—$ﬁ>0andD_ S5 —
% > 0, for IV large enough.

Now, in order to obtain an upper bound for (3.4.7) we need to estimate
four different integrals. The first one simply gives % ]2\, ~C1N _%, and the
second D BNQ+4 ~ DiN'T T , for large N. For the third one, we make a

change of variables, u = N Tt and get

PR

5NN
E/ﬁN t7I+ (12 + Ntt) / (N3 + u?)
0

(1—¢2— Nt4)2n—2a 2 (1 - u2N"3 — yb)Ta=z

du

a=2
§E1N47

w—at+5

since By N T —1as N — oo and the integral fol du converges.

1—ut)2n—a=2

We apply the same change of variables, u = N %t, for the last integral

and find that it is comparable to N i1

N

BNN 1
BN —q+3(42 4 —q+3(,2 -1 4
F/ t (t* + Nt%) g — PN / u (uW"N72 +u) o
o
0

1 — {2 — Nt4) o=z (1 - u2N~% — yd)z-a=z
(3.4.8)

The integrand in the latter is a positive increasing function of u and Sy IV R

1 as N — 00. So, we can roughly bound the integral from below by a posi-
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tive constant and have that equation (3.4.8) is greater than F; N i1 where
Fi > 0.
In the second interval, we use the fact that Ap g+ (t0) < Ap 1,4(0) since

central sections have maximum volume. Then, since t << 1, we have that

an 1 t2
/ 9 (AD,Hg,a(w) — Ap H,a(0) — AAD,Hg,a(O)E)dt
N

«

< /aN t*‘H( ! + - )tzdt <A
= Jay n—a—2 22n—a-—4) B

Recall that an and [y are the positive solutions of the equations f(¢) =0

N
9.

and 1 — t? — Nt* = t97! respectively, and that for large N, ay ~ NI

Then, it is not difficult to see that

anN A 1
A =97 de < ~ AN~1,
B = (an 4 6Bn)(1 4+ N(aj + 6%))

see [KYY, p.204] for details.
Lastly, for the interval [ay,00), we use the fact that Ap g, «(t0) = 0.

Then, we have that

o'} 1 t2
/ t (_AD,Hg,a(O) — AAD7H€7OC<O)5>dt
an

o gt 2 o gt J
= — t
/a { 2n—a—2+<2n—a—2+2n—a—4) 2 }

N

= —Ala;\[q + Aga_q+2 ~ —AlN% + AQN%,

where A1, Ay > 0.
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Combining all the above estimations, for N large enough, we obtain the

following upper bound for the integral in (3.4.6),

<ONTEI4+DIN'T + EIN'T — NI 4 ANTT - A NT 4+ ApN'T,

which clearly shows that it is negative since all the constants are positive

and ¢ € (2,3).
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Chapter 4

The complex
Busemann-Petty problem for
arbitrary measures

4.1 Introductory

In this chapter we present a generalization of the complex Busemann-Petty
problem where the volume is replaced by an “almost” arbitrary measure with
positive continuous density. Surprisingly, the answer remains the same. The
result can be considered as the complex analogue to Zvavitch’s generaliza-
tion, the Busemann-Petty problem for arbitrary measures [Zv].

Let f be an even positive and continuous function on R?”. We define a

measure p with density f, so that

w(D) = [, f(x)de and p(DNH)= [, ,flx)d

for every closed bounded invariant with respect to all Ry set D in R?" and
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every (2n — 2)-dimensional subspace H of R?".

As it is proved in Section 4.3, (Lemma 4.3.1), one may assume that
the density is also invariant with respect to all rotations Ry. We shall call
this function Rg-invariant. Then, the complex Busemann-Petty problem
for arbitrary measures is stated as follows: Suppose K and L are origin
symmetric invariant with respect to all Ry convex bodies in R?" so that for
every £ € §2n—1

does it follow that
u(K) < p(L)?
Note that the problem is stated for any measure with positive continuous
density. The positivity assumption on f is necessary, because otherwise one

may assume that the density is identically zero where the affirmative answer

to the problem holds trivially in all dimensions.

4.2 The Fourier analytic connection to the prob-
lem

Let 1 < k < 2n and let H be an (2n — k)—dimensional subspace of R?".

As it is done for the complex Busemann-Petty problem and the modified
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Busemann-Petty problem, we define a lower-dimensional section function.
We fix an orthonormal basis eq, ..., ey in the orthogonal subspace H*. For
any convex body D in R?" and any even positive continuous function f on
R?" we define the (2n — k)—dimensional parallel section function A f,D,H as

a function on R* such that

A¢p.a(u) = / x(||z]|p)f(x)dz, u e R”. (4.2.1)
{z€R2":(z,e1)=u1,...,(T,ex)=ur }

The original lower-dimensional parallel section function that corresponds
to the (n — k)-dimensional volume of the section of D with a subspace H
(put n instead of 2n and f = 1), was defined in [K8]. Note that at 0 the
function Ay p i measures the central section of the body D by the subspace

H. Passing to polar coordinates on H we have that

Arpu(0) = p(DNH) = /H w(lzlp)f (2)dz

_ / ( / 15" s f(r&)dr) do. (4.2.2)
0

S2n—InH
If D is infinitely smooth and f € C®(R?"), the function A p g is in-

finitely differentiable at the origin (see [K9, Lemma 2.4]). So, we consider the
distribution |u]27q7k/f‘(—q/2) and replace A by A p g in the regularization
argument, described in Section 1.4. Then the function
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qr— <|Ilf’(2g) ,Af,D,H(U)> (4.2.3)

is an entire function of ¢ € C. If ¢ = 2m, m € NU {0}, then

CERa Py
T(—9) lg=2m’ =P

_ (=1)mIs* ]
Co2mtlk(k+2) - (k+2m — 2)

A" A¢ p u(0),

Remark. If a body D is m-smooth (or infinitely) and f € C™(R?"), or
[z]2

C>(R?")) it is easy for one to see that the function x — |z|;™ fOHIHK r2”_3f(r|§—|)dr

is also m-times, (infinitely) continuously differentiable on R?" \ {0}.

The proof of following proposition is similar to that of Proposition 2.2.1

in Chapter 2.

Proposition 4.2.1. Let D be an infinitely smooth origin symmetric con-
vex body in R*", f € C®°(R?"), and 1 < k < 2n. Then for every (2n —

k)—dimensional subspace H of R?*" and any q € R, —k < q < 2n — k,

W
r(—g)

[zl2
_ [E3
<|x’22n+k+q/ D TQn_k_l_qf(T’ z
0

|zl
S2n—1ngl ‘ |2

k
-9 kg3

- )dr) (0)df.

(4.2.4)
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Now, if m € NU {0},

||

:((;713): / (jafg 2k /O o

2
D opnk-1-2mp(. T A
r f(r’xb)dr) (0)do

(4.2.5)

The following (elementary) inequality is similar to Lemma 1 in [Zv].

Lemma 4.2.1. Let a,b > 0 and let o be a non-negative function on (0, max{a, b}]

so that the integrals below converge. Then

a a b b
/ 27 La(t)dt — a2/ 2173 ()dt < / 2o (t)dt — a2/ 23 (t)dt.
0 0 0 0

(4.2.6)

4.3 Measure of sections and k-intersection bodies

As mentioned in Section 4.1, we can assume that the density function is Ry-
invariant. This simple observation plays an important role to the solution

of the problem.

Lemma 4.3.1. Suppose f is an even non-negative continuous function on

R?" and p is a measure with density f. Then there exists an even non-
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negative continuous function f that is invariant with respect to all rotations

Ry such that

u(D) = [p f(z)de and p(D N He) = [pop, f(2)dz,

or every close ounaea mvaritant wi respec 0 a se m an
f y closed bounded i jant with respect to all Ry set D in R?™ and

£e st

Proof. We define f(z) = 027r f(Rgz)dd, for every x € R?". Then for

27

every compact invariant with respect to all Ry set D in R?",

/D fla)dr = % /D /0 " F(Roz)d0da

1 27T/
= - J(y)dydf = p(D),
2w o Jup (v) (D)

since R, ' D = D, for all 6 € [0, 27].
Moreover, since central sections of complex convex bodies by complex
hyperplanes correspond to convex bodies in R**~2 that are also invariant

with respect to the Ry rotations, we similarly get that for every & € §27~1

o0t = [ flayde

DNH;
O
Now, we are ready to express the measure of the central sections in terms

of the Fourier transform.
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Theorem 4.3.1. Suppose K is an infinitely smooth origin symmetric in-
variant with respect to all Ry convex body in R*™, n > 2, and f is an in-
finitely differentiable even positive and Rg-invariant function on R*™. Then

for every € € §¥n—1

|z]2

Mzl T2n—3f(ri)dr)A(§) (4.3.1)

|z]2

1
KAH) = 7( —2n+2/
(i< 01 Hg) = 5 (1ol |
In order to prove Theorem 4.3.1 we need the following:

Lemma 4.3.2. Let K and f as in Theorem 4.3.1. Then for every & € S?n—1
D)

the Fourier transform of the distribution |z|,?" 2 fOHIHK 7‘2”_3]’(7‘%)(&" is

a constant function on S?"~1N Hg-

Proof. The function ||z is invariant with respect to all Ry (see Section

1.3), so, since f is Rp-invariant it is easy to see that the function

[E2D)

[E]]
‘$|2—2n+2/ zllK T2n73f<r T
0

]2

)dr

is a continuous function which is also invariant with respect to all rotations
Ry. By the connection between the Fourier transform of distributions and
linear transformations, its Fourier transform is also invariant with respect

to all Ry. As mentioned in the Introduction, the space Hé is spanned by
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the vectors € and &+. So every vector in S2"~1 N Hg- is a rotation Ry, for

some 6 € [0, 27|, of £ and hence the Fourier transform of

|zl
[E] xT
‘$|2_2n+2 K 7,2n73f(r )d?“
|z[2
is a constant function on S?"~ 1N H g- O

Proof of Theorem 4.3.1. Let £ € 5"~ In formula (4.2.5) we put Hg =
H, £k = 2 and m = 0. Then, by the definition of the lower-dimensional

section function A¢ p r(0), equation (4.2.2), we have that

_ 1 2n+2/'“‘§< m-3,0. T o\
WENHe) = 55 /S%lmHg- (lez o fre )dr) ()dn.

By Lemma 4.3.2; the function under the integral is constant on the circle

S2n=1n Hg- Since & € Hg- we have that

E2b)

1 Con TeTK 9y T A
p(KNHe) = W27r(|x|22 +2/0 r? 3f(r@)dr) (€)

which proves the theorem. O

As in the case of the complex Busemann-Petty problem, the property of
a body to be a 2-intersection body is closely related to the solution of the

complex Busemann-Petty problem for arbitrary measures.
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Theorem 4.3.2. The solution of the complex Busemann-Petty problem for
arbitrary measures in C" has an affirmative answer if and only if every
origin symmetric invariant with respect to all Ry convex body in R?" is a

2-intersection body.

The proof of Theorem 4.3.2 will follow from the Remarks and the next

lemmas.

Remark 1. To prove the affirmative part of the problem it is enough to
consider infinitely smooth origin symmetric invariant with respect to all Ry
bodies. This is true because one can approximate, in the radial metric, from
inside the body K and from outside the body L by infinitely smooth convex
invariant with respect to all Ry bodies. Then if the affirmative answer holds

for infinitely smooth bodies it also holds in the general case.

Remark 2. Let D be an origin symmetric convex body which is not a k-
intersection body. Then, there exists a sequence of infinitely smooth convex
bodies with strictly positive curvature which are not k-intersection bodies
that converges in the radial metric to D, (see [K9, Lemma 4.10]). If, in
addition, D is invariant with respect to all Ry, one can choose a sequence of

bodies with the same property.
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Remark 3. A simple approximation argument allows us to prove Theo-
rem 4.3.2 only for measures whose density is an infinitely differentiable even
positive and Rg-invariant function on R?”. Let f be the even positive con-
tinuous Rg-invariant density function of a measure p, as it is defined in the
Introduction. Then there exists an increasing sequence g, of even positive
functions in C°°(R?") such that g, (z)x(||z||p) — f(@)x(|z|p), a.e., for ev-
ery compact set D. Then by the Monotone Convergence Theorem we have

that

Jrzn gn(@)x(zllp)dz — p(D) and  [;; gn(z)x (|2l p)dz — n(H N D),

as n — oo, for every subspace H of R?". In addition, by Lemma 4.3.1, we

may assume that every g, is also Rg-invariant.

Now we are ready to prove the affirmative part of the complex Busemann-

Petty problem for arbitrary measures.

Lemma 4.3.3. Suppose K and L are infinitely smooth origin symmetric
invariant with respect to all Ry convex bodies in R*™ so that K is a 2-
intersection body and let f be an infinitely differentiable even positive Ry-

invariant function on R*™. Then, if for every & € §27~1

u(K N He) < p(LN He) (4.3.2)
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then
u(K) < p(L).

Proof. By the Remark before Proposition 4.2.1 and Proposition 1.4.2; the

Fourier transform of the distributions

[E2P) |z

|x’2—2n+2 fOW r2”_3f(rﬁ)dr and ]:1:\ 2n+2f\ p2n— 3f( )dr

are homogeneous of degree —2 and continuous functions on R?" \ {0}. So,

by Theorem 4.3.1, the inequality (4.3.2) becomes

[E2D)

—on el 9, A
(’3%2 +2/0 2 3f(7a7‘ |2)d7") (€)
zlo
—om [E x A
< (\a:|22 +2/0 2 3f(r7|$|2)dr> (&).

Since K is an infinitely smooth 2-intersection body, by Proposition 1.4.4
and Proposition 1.4.2, the Fourier transform of the distribution ||z[|;* is a
non-negative continuous, outside the origin, function on R?". Multiplying
both sides of the latter inequality by (H:c||;(2)A and applying the spherical

version of Parseval, we have that

E2D)

Lo el © el [T = yar) )

|z]2

< [ Gl @ ez [ s (s e jar) e
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which gives

[E2s
/ HxHI}Q / TQ"_?’f(rx)drdx
S2n71 0

) [Ell
< / || % / r23 f(ra)drdz. (4.3.3)
S2n—1 0

We use the elementary inequality, equation (4.2.6), with a = [|z||,b =

|z[|;! and a(r) = f(rz) and integrate over S2"~1. Then

el lellz
Jo L et semanyas [ e[ ) as

el el
< /5271—1(/0 r? L f (ra)dr)da — /s%—l [Edl (/0 P23 f () dr) dae

We add (4.3.3) and (4.3.4) and have that

(B ]|
Lo epaanae< [ ([0 e o) do

which immediately implies that

W(K) < p(L).

O
For the negative part we need a perturbation argument to construct a
body that will give a counter-example to the problem. The following lemma

(without the assumption of invariance with respect to Ry rotations) was
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proved in [Zv, Proposition 2], (see also [K9, Lemma 5.16]). The new body
immediately inherits the additional property of invariance with respect to

all Ry of the original convex body.

Lemma 4.3.4. Let L be an infinitely smooth origin symmetric convex body
with positive curvature and let f,g € C?(R?*™), such that f is strictly positive

on R?™. For e > 0 we define a star body K so that

" 5t
/ 208 () dt :/ "3 p () dt — eg(x), Vo € S21
0 0

Then, if € is small enough the body K is convex. Moreover, if L is invariant
with respect to all Ry, and f,qg are Rg-invariant then K is also invariant

with respect to all Ry.

Lemma 4.3.5. Let f € C®°(R?") is an even positive Rg-invariant func-
tion. Suppose L is an infinitely smooth origin symmetric invariant with
respect to all Ry convex body in R*™ with positive curvature which is not a
2-intersection body. Then there exists an origin symmetric invariant with

respect to all Ry convex body K in R?" so that for every & € S27~1
p(K N He) < p(L N He)

but
u(K) > p(L).
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Proof. The body L is infinitely smooth, so, by Proposition 1.4.2, the
Fourier transform of ||| ;2 is a continuous function on R?". Since L is not a
2-intersection body, by Proposition 1.4.4 there exists an open set Q C §27~1
where the Fourier transform of ||z|;? is negative. We can assume that Q is
invariant with respect to rotations Ry since L is.

We define an even non-negative invariant with respect to all Ry function
h € C*(S?"1) whose support is in Q. We extend h to an even homo-
geneous function h(ﬁ)m; 2 of degree —2 on R?". Then, by Proposition
1.4.2, the Fourier transform of h(ﬁ)\mb‘ 2 is an even homogeneous function
g(ﬁ)m;%” of degree —2n + 2 on R?*", with g € C*°(S?"~1). Moreover,
g is also invariant with respect to rotations Ry, since the Fourier transform
preserves linear transformations.

The assumptions for the body L allow us to apply Lemma 4.3.4 and take

€ > 0 small enough to define a convex body K by

[E2P)
—on+42 [ I=lKx 9n_3 x
x t t——)dt
‘ 2 f( ‘$|2>
|z
—on+2 [WelL on_3 z z —2n+2
= |z t t——)dt —eg(—)|x .

We apply Fourier transform to both sides of the latter inequality. Then,

by Theorem 4.3.1, since h > 0, we obtain the following inequality for the
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measures of the central sections of K and L by the subspace He,

1 E2D)

M(KﬂHg) _ 27T<|x’2—2n+2/033|K T2n—3f(r’xx‘2)dr>/\(§)

||

_ %Ox 2_2n+2/0xL T2n—3f(ri)dr>A(£)_(27-[-)2n—15h(€)

|z]2

< (LN H)

On the other hand, the function A is positive only where (||-||;?) " is negative.

So, for every & € §2n1,

D)
C=2\A g2t [T opog, o T\ NN
(1122 @) (jal ™ | Flrp)r) ©
D)
_ =2\AN x—?n? Hz‘Lrnf Tx T'/\
= (-1 @ (el [T ety ey (o

—2m)> (I - 11%) " (©)=h(&)
|z|o

> (” . ||L2)/\(€)<$|22n+2/ollwu T2n_3f(7“i)dr>/\(§)’

|z]2

S2n—1

Now, we integrate the latter inequality over and apply the spherical

version of Parseval’s identity. Then similarly to Lemma 4.3.3, we apply the

elementary inequality for integrals, Lemma 4.2.1, and conclude that

u(K) > p(L).
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4.4 The solution of the problem

To prove the main result of this paper we need to determine the dimensions
in which an origin symmetric invariant with respect to all Ry convex body

in R?" is a 2-intersection body.

Theorem 4.4.1. The solution to the complex Busemann-Petty problem for

arbitrary measures is affirmative if n < 3 and negative if n > 4.

Proof : It is known that an origin symmetric invariant with respect to
Ry, convex body in R?" n > 3, is a k-intersection body if & > 2n — 4 (see
Theorem 2.4.2). Hence, we obtain an affirmative answer to the complex
Busemann-Petty problem for arbitrary measures if n < 3.

Now, suppose that n > 4. The unit ball Bg((C") of the complex space

ty, q > 2, considered as a subset of R?" .
n(rn n 1
By(C") = {z € R™ : lally = (o} +23) 72+ - + (a2 +22)72) 7 < 1)

provides a counter-example for the Lebegue measure (f = 1), of a body that
is not a k-intersection body for k& < 2n — 4 (see Chapter 6). By Proposi-
tion 1.4.4 this implies that for n > 4 the distribution ||£L’Hq_2 is not positive

definite. Then the result follows by Theorem 4.3.2. O
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Chapter 5

Extremal sections of complex
{p-balls, 0 <p <2

5.1 The complex volume of sections

In this chapter we present a continuation to the study of extremal sections of
¢,—balls. We characterize the extremal sections of complex ¢,-balls B,,(C"),

for 0 < p <2, (see Section 1.1 for the history).

Theorem 5.1.1. Let 0 < p < 2. For £ = (&1,...,&,) € C", € # 0. The
(n — 1)—dimensional complex volume of B,(C") N He is minimal if |&1] =

.. = |&|, and it is mazimal if & has only one non-zero coordinate.

The part of this theorem related to the maximal sections was established
earlier by Meyer and Pajor [MP], Corollary 2.5 for 1 < p < 2, and by Barthe
[Bar] for 0 < p < 1. In fact, these papers cover a more general case of the

unit balls of the real spaces £;(l3') and show that, for every integer k, the
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"standard” sections of these balls of dimension km are minimal for p > 2
and maximal for 0 < p < 2.

We prove Theorem 5.1.1 by generalizing the method of [K2] to the com-
plex case. Like in the real case in [K2], the minimal and maximal sections
are identified simultaneously.

Recall that we identify £,(C™) with the real 2n-dimensional space equipped

with the norm

3 =

¥
2

P
lollp = |2} + 2h) %+ + (02 + 2a)F ] (5.1.1)

where
n . . 2n
C" >z = (11 +iT12,...,,Tp1 +iTp2) — (T11,T12,. .., Tn1, Tn2) € R,

As mentioned in the Section 1.3, for every £ € C™, this mapping identifies
the complex hyperplane H¢ perpendicular to { € C" with the (2n — 2)-

dimensional subspace orthogonal to the vectors

€= (&1,612, -, &n1,&n2) and €8 = (=&, &y, —En2, Ent).

We use the same notation H¢ for this subspace and for the unit ball of the

complex £, space when viewed as a subset of R*". Then

Volc,,_1 (Bp((C”) N Hg) = Voly,,_o (Bp((C") N Hg),
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with

n
B,(C") = {(x11 +iz12,... 21 +ixn2) € C": Z(az?l + x§2)§ <1}
j=1
n

= {(@11,- - Tp1,2n2) ER™ Y (aF) +2%)E <1} (5.1.2)
j=1
5.2 The Fourier transform formula for sections of
n
B,(C").

For every origin symmetric star body K and every (2n — 2)-dimensional
subspace H, the polar formula for the volume of the central section of K by
H, (see equation (1.2.1)), is given by

1
VO].Qn_Q(K N H) = m / Hx”72n+2da}'. (521)

Sn—lnH

On the other hand, if K is infinitely smooth, then using Theorem 2.2.1,

with £ = 2 and m = 0, we have that

(271)2(2711_2) / (lz]I:2"2) " 9)d9.  (5.2.2)

Sn—1nHgL

VOlQn,Q(K N H) =

Although the bodies B,(C") are not always smooth, we assume that
formula (5.2.2) holds for the norm || - ||, introduced in (5.1.1). In Section 5.4

we present a simple approximation argument proving this assumption.

Lemma 5.2.1. Let 0 < p < 00, ¥ = (Y11, Y12 - - - Yn1, Yn2) € R?™. Then the

Fourier transform of || - H;Q"H, in the sense of distributions in R*", is equal
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to a locally integrable function on R*"
— A
(I 115%72) " ()

i / t( n / —it(yjejityjazse) o~ (@5 +e)?? g0 g ) dt
= — [T/ e e\t zj1 dzjo) dt.
F(2np 2) 0 e R J J

Proof : From the definition of the Gamma function, equation (1.2.7), we

have that
_ p o e P
Hx”p2n+2 = F(ZnZ)/ =3¢ tpHx”pdt. (5.2.3)
P 0

We first fix t > 0 and compute the Fourier transform of the function x ——

e "lzllb : for any y € R?", making a change of variables tz = z we get

i) g~} g — / o= i0.2/0) o~ 1215 —2n g,
RQn

(e 1712 () = /

. i ; p
= t_QnH 6_’(%TIZW“%TQZJ'Q)@_(Z%“J??)?dzjldzj2(-5.2.4)

j:1R2
The function ||z]|,;?"*2 is locally integrable on R*". Using (5.2.3), (5.2.4),

Fubini and the change of variables % = s, we get that for any even test

function ¢,

(1,242 0) = (N2l +2,6)

—2n+27 p > n—3 _—tP||z||5 -
— / ]l 22 G (x)da = e /(/ 2=t lelbat) () da
R2n p R2n 0

. p /°° -3 / —2||B
= —= t e ro(x)dx dt
I-\(2n 2) 0

R2n
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F( p ) 0 R2n
[e.e]
:r;’z—?/ t‘3</¢(y)><
( P ) 0 R2n
n . .
j:1R2

:I,(Q?Z2>/¢(y)><
P/ pon

0o n
s e—is(yjlZj1+yj22j2)€*(zjz-1+Z?2)p/2dz.ldz. dsd
” 14252 Y-
0 N R

Since ¢ is an arbitrary even test function, the result follows. O

Remark. We define a function g on R? by

. Ci(yjrzjatyiazge) — (22122 B
9(yj1.952) ':/e iy ziztys22i2) o= (25202 g2 .
R2

p
('2]2‘1+Z12'2)j

The function (zjl, ij) — e is a radial function on R?, so is its

Fourier transform. Therefore,

gty tyse) = g(t\/y% + 2%, 0)

1 P
FtWh +y)'?) = / A o e O

RZ
The latter formula defines a function f on R that we are going to use
throughout this chapter:
. P
f(u) = /e_luzﬂe(Z?1+Z322)7dzj1d2’j2’ u € R. (525)
R2
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The following simple observation has played an important role in the
current study. Here we only state it as a lemma, (see for example Chapter

2, Lemma 2.3.1).

Lemma 5.2.2. Let f defined in (5.2.5) and & € S*"~1. Then, the function

Er— Hlf(t( ]2.1 + 5?2)1/2) is constant on S?"~1N Hé

Now, we are ready to obtain the (2n — 2)-dimensional volume of the

sections in terms of the Fourier transform.

Theorem 5.2.1. Let 0 < p < 2. For every £ € §?n~1

1 1
V012n72( »(C") N Hf) 2 (2n—2)T 2" 2 / t H f Jl + 532 I/Q)dt

(5.2.6)

Proof: Fix ¢ € S?"~1. We apply formula (5.2.2) with K = B,(C") and

H = Hg, (via the approximation argument of Section 5.4). Then

Vola, _(B,(C") M H) = (2;)2(2”1_2) / (lll; > 2)" (y)dy

Sn=1nHt

By Lemma 5.2.1, the Remark and Fubini’s theorem, the latter quantity is

equal to

1 1
(2m)2 (2n—2)T 2"2 / /tHf (5 + ) ) dy

S2n IQHL
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n

1 1 P e )12
- (2m)? (2n — 2) T(222) /0 ¢ / H y]l + ?sz / )dy dt.
p S2n lmH =

(5.2.7)
Now, by Lemma 5.2.2; the function under the inner integral is constant on
the circle S?"~1 N Hg-

Hence, the inner integral in (5.2.7) is equal to

n n

H .%1 + y]2 1/2)dy = / H f(t(532‘1 + fgzz)l/Q)dy

- Rl =1

S§2n— lmHgL

n

=2 [ [ F(t(&h + €5)"3).

J=1

The latter equality and (5.2.7) imply (5.2.6).

5.3 Extremal sections

The proof of the main result of this chapter, Theorem 5.1.1, immediately

follows from Theorem 5.2.1 and the next lemma.

Lemma 5.3.1. If 0 < p < 2 then the function f(/-) is log-convex on

[0, 4+00).

Proof: For every 0 < p < 2, the function exp(—| - [/2) is completely mono-
tone, so by Bernstein’s Theorem (see [W]), there exists a measure p, on

[0, +00) so that, for every ¢t € R,
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4 o0 0
= [T = = [T e ()

0 0

o0
- e—(x1+a;2)2 / e—U(:L‘%-&—:v%)de(u)’ r1, 22 € R.
0

Therefore, by Fubini’s theorem,

oo
/e—isxl (ac1+x2) d.ilfl _ /e—zsm1 ua:1+z2 dﬂp(u)dl'l
R R 0

00

— —u332 zs:cle “mldxld,up( )
0 R

—uzx S
= f/ e gﬁe 4“dﬂp(u).

Now integrate the latter by xo over R. Using Fubini and the well-known

identity fR e dt = /7, we get the following expression for the function f :

. )4
f(S) = //6—18116—(m%+x%)2d$1dx2
R JR

> —ux? 1 —s2/4u
= ﬁ// e 2ﬁ6 A0y (u) dacy
_ \/>/ —52/4u(/ e_uz%dCCQ)d,Uzp(U)
R

= f(s) —71'/ 6_52/4“dup(u).
0o u

For any aj,as > 0, using the latter formula and the Cauchy-Schwartz in-

equality, we get
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1

<f< ay ;—a2>>2 _ 7r2[ i \/ﬁe_al/sue_%/m\/lad#p(u)r

([ e ) ([ e )

= f(Va)f(Va)

IN

which implies that f(y/*) is log-convex.
O
Now, to prove Theorem 5.1.1, note that the log-convexity of f immedi-
ately implies that for any 0 < a; < 31 < B2 < ag, a? + a2 = 32 + 32 =1,
we have

F(tB1) f(tBa) < fltan)f(tas), Vt>O0.

Therefore, the integrand in the formula of Theorem 5.2.1 decreases point-
wise when we change the vector ¢ = (£1,...,£™) € C™ so that it remains a
unit vector but the absolute values of any two coordinates become closer
to each other. In particular, the integrand is maximal when only one of
the coordinates is non-zero, and minimal when the absolute values of the
coordinates are equal. The latter property immediately implies the result of

Theorem 5.2.1.
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5.4 An approximation argument for B,(C")

In this section we prove that formula (5.2.2) can be applied to the bodies
B, (C™) and subspaces H¢ in spite of the fact that these bodies are not always
smooth. This will give a formally correct proof of the formula of Theorem
5.2.1.

For € > 0, we introduce a star body B, .(C") defined as the unit ball of

the norm
P
ol = [((@3) +2%) + e(ady + - +a29)) 2+
2 2 2 2 g
S|P
A (2 +xng) Fe(aty + -+ 2, 1)) 2} :
Clearly, ||z, is a continuous function of €, and || - ||, € C(S*"71).

Moreover, ||z|/pe — |||p, as € — 0T, uniformly with respect to x € S?7~1.
Combining (5.2.1) and (5.2.2), with K = B, .(C") and H = H¢, we get

that

_on 1 L
/SQHHH 2]|,2""2 da = Gy / (l];2+2)" (@)ds.  (5.4.1)
£

Sn=InH-

Obviously, the left-hand side of the latter equality converges to the same
integral with ||z||, in place of ||z||,, as € — 0. Therefore, it suffices to prove

that the same happens in the right-hand side.
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Recall that the measure p,, 0 < p < 2 introduced in Section 5.3, has

the property that, for any x1,z9,...22, € R and € > 0,

p
2

e—(x%+x§+s(z§+...+x§n)) :/000e_v(z§+x§+e(m§+-..+x§n))d,up(v) (5‘4_2)

where € > 0. Let u = (u1,...,u,) € R} = [0,00) X -+ x [0,00). We shall
use the same notation p, to denote the product measure on R, pp(u) =
pp(un) -+ pp(tn).

Following the steps of Lemma 5.2.1 and using formula (5.4.2), one can

easily show that the Fourier transform of || - ||-2"*2 (in the sense of distri-

[y

butions) is given by the formula

(- 1527+2) )

~au, (u)t2 (y31+ygz)dlup(u) dt, (5.4.3)

TL

/t3

n
where Uj(u) = uj+¢ ) u;. Therefore, the right-hand side of (5.4.2) is equal

=1
i#]
to
1 14 »
2 7 (2n=2
(2m)2T( = )
o ~ — itz Wh )
/ t_3/ e WU dy dpy(u) dt. (5.4.4)
0 ]R{”S% 1ngL 77

99



In the same way, as in the proof of Theorem 5.2.6, one can show that

for every y € S?~1 N Hg

4U (u)t2( 1+§J22)

n
4U (u)t2 y71+y12 H

Jj=1

77

Uj(u

so the inner integral in (5.4.4) equals to

n 1
- H s 6_ 10 (w2 (532-1 +§]2'2)
- Uj(w) ’

and the expression in (5.4.4) equals to

e / £ / . H S S g, ) i

It remains to prove that the latter quantity converges to

2
2n 2 / t_S/n H I e +£J2)dﬂ‘p(“) dt,

+j1

as € — 0, because (5.4.6) is equal to

o [ el o,

—1AEL
sn=inkg

(5.4.5)

(5.4.6)

which follows from Lemma 5.2.1 and (5.4.2), in the same way as it was done

for the norm || - ||p.

The pointwise convergence of functions under the integral in (5.4.4) is

obvious, so we can apply the dominated convergence theorem to finish our

argument. To do that, recall the properties of the measure p, on R (see
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for example [Z]). The measure j, has density that decreases at infinity like
lv]~1P/2. Besides, I L dpy(v) < co. Now, break the integral over dt in
(10) into two integrals: from 1 to oo and from 0 to 1. To find a dominating
function in the integral from 1 to oo, just estimate the exponential by 1.
In the integral from 0 to 1, use the fact that exp(—1/22) < ka't?/8 for

every x € [0,00) and some fixed k > 0. The integrability of the dominating

function follows from the order of decay of the density of the measure p,. [
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Chapter 6

Bp(C"), p> 2, is not a
k—intersection body for
ke (0,2n —4).

6.1 Introductory

In this chapter, we prove that the complex £,-ball with p > 2 is not a
k-intersection body, if 1 < k < 2n — 4. In a more general concept, if we
consider the body B,(C") as a subset of R?" with norm | - ||, (introduced
in Section 1.3), we prove that the normed space (R*", ||-||,) does not embed
isometrically to any L_,, ¢ > 0, if ¢ < 2n — 4. This proves Theorem 2.4.1.

The proof is based on investigating the moments of the Fourier transform
of the function e~I'”. This method was used in [K1], (see also [K3] or [K9,
Lemma 4.12]), proving the real version of this problem.

For © = (z11, 212, ..., %n1, Tn2) € R?"  the norm of the complex ¢p-ball
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is defined as

P pq L
Izl = [(aT) + 29)2 + -+ + (20 + 209) 2] 7.

6.2 Moments

For any p > 0 we define the function ¢, as the Fourier transform of the
p

function R? > (z1,29) +— ie_(’”%x%)g. This is clearly a radial function,

so, by the well-known connection between the Fourier transform and linear

transformations, 4, will also be a radial function.

Lemma 6.2.1. Let p > 0. Then, for every (£1,&) € R2, the Fourier trans-

form of the function %e*Hg is given by

6,(6) = /0 re ™ Jo(€r)dr,

where £ = (€2 + fQ)é and Jy is the Bessel function of the first kind of order

0.

Proof : For every (&,&) € R2?, we compute the Fourier transform of

p
%67(1%4»93%)? .
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1 DNA 1 . p
<76_(x%+x%)§) (&,&2) = 4/2e_z(mglﬂ?&)e_@f”%)jdandm
R

N 1/ e_m(E%Jrg%)l/ze_(z%”%)%d:L"1d1‘2
4 Jpo

_ Y 2 | (2\1/2y, (22 +a2)E
= cos(z1 (&5 +&5) 7 )e dridzs.
o Jo

We write £ = (€2 + 53)1/ 2 and make a change of variables into polar coor-

dinates. Then, the latter is equal to

us

© ry p < . 2
/ / cos(&rcosf)re™" d9dr:/ re " (/ cos(frcos&)d@)dr
o Jo 0 0

:/ re” " Jo(&r)dr = 5,(€), (6.2.1)
0
where Jj is the Bessel function of the first kind of order 0. L]

As mentioned in Section 6.1, we want to compute the moments of §,. If

p is not an even integer, §,(t) behaves like tP~2 at infinity. In particular,

p+2\1° . 7
. 2 2 .
Jimn 7720, (1) = 27 [F(g)} Sin 5

see [Rb2, Lemma 7.2] for details. If p is an even integer, then the function
decreases exponentially at infinity.

We consider the integral
My(a) = / 196, ()dt. (6.2.2)
R
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By the properties of the Bessel functions of the first kind, Jg ~ 1 near 0

and Jy ~ for t large enough. Therefore, the integral in (6.2.2) converges

77

absolutely for every a € (—1,p+ 1).

Lemma 6.2.2. Let p > 2. Then, for every a € (—1,p + 1), with o ¢

{0,1,3,...,2[2] + 1}.

4732 () (=5 ) )
al

Myle) == p=arryp(s)

(6.2.3)

In particular, My(a) > 0, if « € (=1,0) U (0,3) and Mpy(a) < 0, if o €

(3, min{5,p + 1}).

Proof : First we assume that o € (—1, —%) We apply Fubini’s theorem

and a change of variables ¢tr = s. Then formula (6.2.2) becomes

1\413(04)—/0 r“erpdr/R|s]‘XJo(s)ds

We use Parseval’s identity and formula (1.4.2). Then, by the definition of

the Bessel function of order 0 and the Beta function, the latter is equal to

o [ p ! 1 2\—1/2
=2 (a + 1)sin2/ %" d?”/ lyl (1 =) Py
0 -1

— 1 oo
— —90(a + 1)sin EB(—O‘, 7) / P~ dr. (6.2.4)
> P\ 2732
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Applying a change of variables, r? = s, we conclude that (6.2.4) is equal to

4/2 F(a)r(_c;,H)
P T(EFH0S)

(6.2.5)

NI

since I'(2)I'(1 —z) = 7—, for x € C\ Z.

Let o € C. The functions in (6.2.5) are analytic in the domain {—1 <
Rea <p+1,a#0,1,3,...,2[5] + 1}. We apply analytic continuation from
the interval (—1,—3). Then, (6.2.5) remains valid for all & € (—1,p + 1),
with o ¢ {0,1,3,...,2[8] + 1},

To complete the proof, we only need to observe that I'(x) > 0, if z > 0

orif z € (—2k, —2k + 1),k € N. O

Now, let us compute the Fourier transform of the distribution || - ||, 9.

Lemma 6.2.3. Let p > 2 and £ = (£11,&19, .-+, &n1, En2) € R?™. For —np <
q < 2n, the Fourier transform of the function || - ||,?, in the sense of distri-

butions, is given by

A A"p [ 1 -
_ _ o A
(10" © = s [ Toee)as 620
P 7=1
where & = (5 + ]22)%
Proof : First we assume that 0 < ¢ < 1. Let = (211, 212, - -, Tn1, Tn2) €
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R?"_ then by the definition of the I'-function (see section 1.2), we have that

P % a1 el
], = / t1= e e it
: L(3) Jo

P
D
= LT e Fh+aia)® gy, 6.2.7
r( / H (6.2.7)
P
Now, we compute the Fourier transform. For every &€ = (£11,&12, - -, &n1,&n2) €

R?" we can apply Fubini’s theorem to (6.2.7) and have that

(-1, = qu) /R e_ixf(/ooo 1l gt da
= F&) /OOO ﬂll(/RQn (etp“x”g)A(ﬁ)df)dt, (6.2.8)

We use the linearity of the Fourier transform and apply the change of vari-

ables y = tz. Then by Lemma 6.2.1, equation (6.2.8) is equal to

qu)/o " 1(/RQnﬁ e (€1j,§zj)d§)
P :

p

A e T s e
() /0 t jl]lép@g/t)dt

Now, we make another change of variables, t~! = s, and use Fubini’s theo-
rem, to have that the latter integral is equal to

4np /OO 2n—q—1 -
— 6p(&i8)ds
F(g) 0 s ]1;[1 P(gjs)

p

where &; = (£%j + fgj)lﬂ. The latter integral converges since —np < q < 2n.

n
This is because the function ¢ — [] §,(&;s) behaves like t~"P~2" at infinity,
j=1
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(see comments before Lemma 6.2.2). For ¢ € C with —np < ¢ < 2n,
both sides in (6.2.6) are analytic functions in the domain {—np < Req <
2n}. We can apply analytic continuation from the interval (—1, —%) Then
(6.2.6) remains valid for all ¢ € (—np,2n), (see [GS] for details on analytic

continuation). O

Now, we are ready to prove the main result of this section.

Theorem 6.2.1. Let p > 2,n > 4. Then, if ¢ € (0,2n — 4), then the

distribution ||z||,? is not positive definite.

Proof : Let p>2,n € Nand q € (—np,2n). For £ = (£1,&2,...,6n—1,1) €

Rffl with & = (5]21 + ]22)1/2, we consider the integral

T og, o) = [ 161 ™ () (€ D

We substitute equation (6.2.6), apply Fubini’s theorem and make a change

of variables s& = n;. Then the latter integral is equal to

) n—1
C / ISR I s / s7 VT 6p(5)6,(s)dsde
R -1 0 i1
= C/ stTaTarman—IM (o) - - - Mp(an—1)9p(8)ds
0

= CMy(n—q—ai-—apn_1)Mp(o) - - Mp(an—1). (6.2.9)

where C' = [ 4%} )

r(z)
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The integrals in (6.2.9) converge absolutely, if all the numbers aq, . .., ap—1,

n—gq—ai-—ap1 € (—1,p+1). We choose ay, € (—1,—3), for k =
1,...,n—1, so that all the moments M,(ax), k=1,...,n— 1 are positive.
Then,n —g—a1---—ap_1 € (%n—q—%,2n—q—1)ﬂ(—1,p+1). Since

0 < ¢ < 2n — 4, these intervals contain a neighborhood of 3. Recall that
the moments M,,(c) change sign at 3. This means that for different choices
of the numbers ay, k = 1,...,n — 1, the integral I(a;,aq,...,ay—1) can
become both positive or negative. In other words, the Fourier transform of
the distribution || - ||, ¢ is sign-changing, and thus, by Bohner’s theorem it is

not positive definite. O
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