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Abstract

Wepresentanew methodologyfor agentmodelingthatis scalable
andefficient. It is basedon the integrationof nonlineardynam-
ical systemsandkinetic datastructures.The methodconsistsof
three-layersthatmodelsteering,flocking,andcrowdingagentbe-
haviors amongmoving andstaticobstaclesin 2 and3D. Thefirst
layer, the local layer is basedon the useof nonlineardynami-
cal systemstheoryandmodelslow level behaviors, it is fastand
efficient, anddoesnot dependon the total numberof agentsin
the environment. The useof dynamicalsystemsallows the use
of continuousnumericalparameterswith which we canmodify
the interactionof eachagentwith theenvironment. This creates
controllabledistinctive behaviors. Thesecondlayer, a globalen-
vironmentlayer consistsof a specificallydesignedkinetic data
structureto track efficiently the immediateenvironmentof each
agentandknow which obstacles/agentsarenearor visible to the
givenagent.This layerreducesthecomplexity in thelocal layer.
In the third layer, a global planninglayer, the problemof target
trackingis generalizedin a way that allows navigation in maze-
like terrains,avoidanceof localminimaandcooperationbetween
agents. We implementthis layer basedon two approachesthat
aresuitablefor differentapplications.Oneis to track theclosest
singlemoving or statictarget.Thesecondis to useapre-specified
vectorfield. Thisvectorcanbegeneratedautomatically(with har-
monic functions,for example)or basedon userinput to achieve
tht desiredoutput.

We demonstratethepower of theapproachthrougha seriesof
experimentssimulatingsingle/multipleagentsandcrowds mov-
ing towardsmoving/statictargetsin complex environments.

1 Intr oduction
The modelingof autonomousdigital agentsand the simulation
of their behavior in virtual environmentsis becomingincreas-
ingly importantin computergraphicsandrobotics. In virtual re-
ality applications,for example,eachagentinteractswith theother
agentsand the environment. Complex interactionsin real time
are necessaryto achieve nontrivial behavioral scenarios.Mod-
ern gameapplicationsrequirethe creationof smartautonomous
agentswith varying degreesof intelligenceto allow for multiple
levelsof gamecomplexity anda varietyof behaviors. Thesebe-
haviorsmustallow for complex interactionsandmustbeadaptive
in termsof both time andspace(continuouschangesin theenvi-
ronment).Finally, themodelingapproachshouldscalewell with
thecomplexity of theenvironmentgeometry, thenumberandin-
telligenceof theagents,andthelevel of thevariousenvironment-
agentinteractions.

Therehavebeenseveralpromisingapproachestowardsachiev-
ing the above goal, but many of them are restrictive in terms
of their applicationdomainand they do not scalewell with the
complexity of theenvironment.This paperattemptsto developa
mathematicallyrigorousapproachto modelingcomplex low-level

behaviors in real time that is scalable,adaptive andsuitableto a
distributedapplication.

We develop a three-layerapproachto modelingautonomous
agentsbasedon the integration of nonlineardynamicalsystem
theory, kinetic datastructures,andharmonicfunctions.Thefirst
layer consistsof differential equationsbasedon nonlineardy-
namicsystemtheorywhichmodelthebehavior of theautonomous
agentin a complex environment. The secondlayer incorporates
the motion of the agents,the obstaclesandthe targetsinto a ki-
neticdatastructure,andprovidesa veryefficientandscalableap-
proachfor adaptinganagent’smotionbasedon its changinglocal
environment. Finally, differential equationsbasedon harmonic
functions, the third layer, provide a methodfor determininga
globalcourseof actionfor anagentthatis usedasaninitialization
to thedifferentialequationsfrom thefirst layer, guidingtheagent
andkeepingit from gettingstuckin localminima.

In the first layer, throughthe useof nonlineardynamicalsys-
temstheory, we characterizein a mathematicallypreciseway the
behavior of our agentsin complex dynamicenvironments. The
agentslie in a constantlychangingenvironmentconsistingof ob-
stacles,targetsandotheragents.Dependingon the application,
agentsreachoneor multiple goals,while avoiding multiple ob-
stacles.Both targetsandobstaclescanbestaticand/ormoving.

Ouragentmodelingis basedonthecouplingof asetof nonlin-
eardynamicalsystems.Thefirst dynamicalsystemis responsible
for thecontrolof theagent’sangularvelocity. It usescarefullyde-
signednonlinearattractor andrepeller functionsfor targetsand
obstacles,respectively, to changethefacingdirection.Dueto the
nonlinearityof thesefunctionsa direct summationcangenerate
undesiredattractorsthatwouldleadto collisionsandotherunsuit-
ablebehaviors. To remedythis problemwe usea secondnonlin-
eardynamicalsystemwhich automaticallycomputesthe correct
weightedcontributionof theabove functionsateachtime instant.
A third dynamicalsystemcontrolsthe agent’s forward velocity
which, dependingon the situationmay or may not take into ac-
countthevalueof theangularvelocity.

To modellow-level personalityattributes,suchasagility or ag-
gressiveness,we extend the above setof equationsthroughad-
ditional parameterization.The attributesaremodeledusingthis
additionalparameterizationof the governingequations.Agents
with differentpersonalitieswill reactdifferently in the sameen-
vironment,giventhesamesetof initial conditions.Our approach
is general,andotherlow-level behaviors canbemodeledeasilyif
neededin a givenapplication.

Each agent is describedby its position, geometricalshape,
headingangle,forward velocity andpersonality. The nonlinear
dynamicalsystemswhichmodelthechangesin theabove param-
etersarebasedon local decisions.Therefore,to avoid local min-
ima in the solution and to generatea nominal global trajectory
weuseharmonicfunctiontheory. Thisnominaltrajectoryis com-
putedusingonly thestaticobjectsin theenvironment.Harmonic
functionsaresolutionsto the Laplaceequation, andthey create



anartificial potentialfield for theagentto follow.
In addition to the “intrinsic” personalityattributes of each

agent,theagent’s behavior is affectedby “extrinsic” factorsin its
immediateenvironment,suchasthepresenceof obstacles,other
friendly or hostile agents,etc. In order to make our approach
efficient andscalablewith thenumberof agentsandthegeomet-
ric complexity of theenvironment,we usekineticdatastructures
(KDS for short)to tracktheimmediateenvironmentof eachagent
andknow which obstacles/agentsarenearor visible to thegiven
agent. KDS [4, 15] is a generalframework for designingalgo-
rithms tracking attributesof a continuouslyevolving systemso
asto optimally exploit thecontinuityor coherenceof themotion.
A kinetic structureworks by cachinga certainsetof assertions
abouttheenvironment,certifying thevalueof theattributeof in-
terest,andthenmaintainingthis assertioncacheandtheattribute
of interestasassertionsfail.

We demonstratethepower of our approachthrougha seriesof
examplesexhibiting low-level behaviors including flocking and
a multitudeof continuouslyadaptive behaviors. Theformulation
lendsitself naturallyto parallelismandcanbeusedasa basisfor
modelinghigh-level behaviors.

Thepaperis organizedasfollows. In Section2 welist someof
therelatedwork in thefield, andhow they relateto ourapproach.
In Section3 wedescribeourbasicframework while Sections4, 5
and6 describeeachlayer in detail. Section7 explainsthedemos
that arein the videoandSection8 containsthe conclusionsand
futurework.

2 Related Work
Modeling autonomousagentshas been an active area of re-
searchacrossdifferentfields, from AI to CG, wherethework of
Reynolds[29] first tried to simulateflocks of animalsasagents.
Since then, distinct methodologieshave beenemployed to ad-
dressthis problem[7] and have beenusedin several domains,
includinggameapplications[35, 28]. AI techniqueshave shown
verypromisingresults,[5, 12], but they generallyrequirecomplex
inferencingmechanismsand explicit rules, making the explicit
modelingof time very difficult. Typically, suchmethodsdo not
scalewell with thenumberof autonomousagentsandobstacles,
especiallywheneveryagenthasadifferentsetof governingrules.
Ontheotherhand,learning,perceptionanddynamics-basedtech-
niques[30, 34, 23, 19] can easily adaptto constantlychanging
environments.

Someinitial attemptsto usenonlineardynamicalsystemsfor
low-level behavior modelinghave appearedrecentlyin [13, 14].
Finally, methodsfrom computationalgeometryhave also been
employed[36, 16].

Differentsystemsandapproacheshave beendevelopedto add
distinctbehaviors to autonomousagents[34, 5, 6], while theuse-
fulnessof a layeredapproachto modelinglow andhigh-level be-
haviorshasbeenadvocatedby severalresearchers[21, 1,26]. Be-
havioral roboticsdealswith similar issues,usuallydealingwith
only two dimensionalenvironments[2, 33,22].

In this paperour novel integrationof nonlineardynamicalsys-
tems, kinetic datastructuresand harmonicfunctions resultsin
a layered,efficient andscalableapproachto modelinglow level
behaviors, higherlevel planningandsmartenvironmentmanage-
ment.

3 Framework Design
Wedescribea three-layerframework for autonomousagentmod-
elingandmotiongeneration.Eachlayeris responsiblefor adiffer-
entstageof theprocess,andhasto communicatewith theothers.

Differentapproachescanbetakenfor eachlayerdependingonthe
particularapplication.

Environmental

Local � �� 	
Planning



Wetermthethreelayersaslocal, environmentalandglobal:

Local This layer is responsiblefor basicreactive actions: ob-
stacleavoidanceandmoving in thedesireddirection. This
stageneedsto be fast,scalable,robustandhave a parame-
terizationusedto controltheparticularway it doesits basic
tasks.For thesystemto bescalablethis layercannotdepend
on thetotal numberof elementsin theenvironment.

Global Environment This layerhasknowledgeaboutthespatial
layout (e.g.,agents,obstaclesetc.) of all theobjectsin the
environment.For eachof theagentsit maintainsits imme-
diate environment,which in turn is usedto determinethe
agent’s behavior. It is possibleto imaginea real-timeappli-
cationwhereeachagenthasa sensorsystemthatcandetect
thepresenceof obstacles,otheragents,etc. within a certain
viewing frustum.Suchinformationcanthenbetransmitted
to andsharedby otheragents,so thateachagentcanbuild
a more completemodel of its environment. This layer is
alsoresponsiblefor collision detection,andfor notification
to theagentsinvolvedin it, sothatappropriateresponsescan
begenerated.

Global Planning Sincethe local layer only knows how to deal
with very local operations,it is necessaryto give theagents
someintelligence,or at leasta moregeneralknowledgeof
their environment. This layer giveseachagentthe general
direction it shouldfollow, at eachgiven point in time to-
wardsa target.An interpretationof theresultof this layeris
a time-varyingadaptive flow field. This is usedin the local
layerasaneducatedguessof wheretheagentshouldtry to
go to achieve its goal.

In a cooperative situation this layer is responsiblefor or-
ganizingdifferent agentsto do different tasksin order to
achieve thecommongoal. It needsto take into accounteach
agent’s attributes.

This layercanalsochangetheattributesof eachagent,soas
to achieve higherlevel behaviors. An agentcanget “tired”
astime goesby, moving slower or in a moreclumsyway.
If a critical taskhasto be achieved no matterthe cost,an
agentshouldallow itself to get closerto moving obstacles,
increasingtherisk of beinginvolvedin acollision.

4 Local system
We model every agentby a nonlineardynamicalsystem. The
movementof the agentat any instant is definedby its heading
angle and forward velocity. The agent’s behavior is modeled
throughaparameterizationof thenonlinearsystemgoverningthe
agent’s movements.

We first presentthe modeling of the agent’s headingangle,
which is definedthrougha pair of couplednonlineardynamical
systems.Then we presentthe modelingof the agent’s forward
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velocity. Our methodologyis anadaptationof nonlineardynam-
ical system� theoryfirst usedin behavioral robotics[33, 22]. In-
tuitively, our methodamountsto computinganagent’s motionso
that it alwaysturnsaway from obstaclesandmovesin thedirec-
tion of the targets. The agent’s behavior is adaptive andintelli-
gent,sinceit dynamicallycomputesthevarying contributionsof
thesurroundingobjectsto determineits pathtowardsa target.

4.1 Agent Heading Angle
The agent’s headingangle, � , is computedthrougha dynamical
systemof theform ����������� env ��� (1)

where � is a nonlinearfunction, andenv representsthe stateof
the environment, i.e, the position and size of obstacles,targets
andotheragents.

Thefunction � is constructedsothateachagentavoidsobsta-
clesandpursuesthedesireddirection.Thefirst stepin thedesign
of � is to modelthecontributionof obstaclesandtargetdirection.
We model their contribution so that the directionof an obstacle
will actasanangularrepeller, while thegoaldirectionwill actas
anangularattractor.

Angular attractorsandrepellersarelocatedat the zerocross-
ingsof � (1). At thesepointsanattractoror repellerpropertywill
be determinedby the derivative of � with respectto � . These
pointsarecalledcritical pointsor fixedpoints: since

����� , �
doesnotchangeat thesepoints.

A fixedpoint behavesasanattractoror repellerdependingon
thevalueof thederivative of � with respectto � , i.e., ����� �!�"�� ���#�!� . If thederivative is positive,any � slightly off of thecrit-
ical point will deviate fartheraway with time. This is a repeller.
Theinversesituationoccurswhenthederivative is negative. Val-
uesof � slightly away from the critical point will converge to-
wardsit. This is an attractor. Shiftings of thesefunctionswill
placerepellersandattractorsto the specifiedpositionsof obsta-
clesandgoaldirectionrespectively.

Figure1 shows several parametersin a situationinvolving an
agentand two obstacles. $&% is the angleof obstacle' with re-
spectto the horizontal, ()$ % is the anglesubtendedby obstacle' on the agentand * % is the distancebetweenobstacle' andthe
agent. We will usetheseparametersto definea repellerandan
attractorfunction that correspondto the targets’ and obstacles’
contribution to � , �#+-,/. and �10�243 , respectively. Thedesignof new
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Figure1: Two obstaclesin front of anagent.

attractor/repellerfunctionscanbe a complex task,but onceit is
doneit resultsin a very fastcomputerimplementation– it only
amountsto function evaluations.Figure2 shows the plotting of
two typical examplesof thesefunctions.All equationsarein Ap-
pendixA. More detailsanddesignchoicescanbefound in [14].
The definitionsof the attractor �#+B,1. (12) and repeller �10�243 (13)
functionsareusedto definetheenvironmentfunction � thattakes

-3 -2 -1 1 2 3PSfragreplacements C&DFE
GC

(a)

-3 -2 -1 1 2 3

PSfragreplacements CHDFE
GC

(b)

Figure2: In 2(a),attractorfunctionfor a targetin $I�J� . In 2(b)
anrepellerwith $K�L� , ()$K��M��ON/� , * %���P , QORF�JS and TU���OV W .

into accountboth obstaclesandgoal direction. A simplistic ap-
proachwould be to sumthe obstacleandtarget contributionsto
obtain �H���H� env �&�J�@��� +B,1.YX � 0Z2[3 V (2)

Unfortunatelythis approachdoesnot alwaysproducethedesired
result. Undesirablebehaviors may resultdueto the nonlinearity
of thesummedfunctions[22]. To overcomethis problemwe use
anadaptive weightedsumof thetargetandobstaclecontributions
(3) insteadof a directsum.

4.1.1 Adaptive Weighting of Env. Contrib utions

The repellerfunctions, � 0Z243 , aredesignedso that they will work
asexpectedwhenthereis morethanoneobstacle,but their direct
sumwith a target’s function � +-,1. will not alwaysproducetheex-
pectedresult.This caseoccurs,for example,whentwo obstacles
aretoo closetogetherto allow theagentto move betweenthem,
and a target is hiddenbehindthem. We would expect that the
agentwill go aroundthe obstacles.Instead,the resultingdirect
sumof thesefunctionscreatesanundesiredattractorjust in front
of theagent,leadingeventuallyto acollision.

Onewayto avoid thisproblemis to introduceamechanismfor
selectingtherelativeweightsfor targetandobstaclecontributions
in the sum. We usea nonlineardynamicalsystemto producea
real-timecomputationof thenecessaryadaptiveweightfunctions.
Thesefunctionsareusedto determineaweightedsumof thetarget
andobstaclefunctions.

Basedon our applicationdomain,we usea two dimensional
weight space(obstaclesandgoal), but moreclassescanbe used
(allowing differenttypesof obstaclesto betreateddifferently, for
example)dependingon theapplicationandthesystem’s stability
conditions(similar approachesareusedin HopfieldNeural Net-
works [18]). Thereforethe computationof the headingangleis
basedona nonlinearsystemof theform����������� env �&�]\ ^ +-,1. \ � +-,1.YX \ ^ 0Z243 \ � 0Z243YXK_ � (3)

wherêF+B,1. and ^`0Z2[3 aretheweightsfor thetargetsandobstacles,
respectively, and _ is a noisetermusedto escapefrom theunsta-
ble fixedpointscreatedby obstacles.Theseweightsarethefixed
pointsof thefollowing nonlinearconstraintcompetitiondynami-
cal system:a ^ +-,1. ��bdce^ +-,/. �fNFgh^ji+B,1. ��ghk�c i ^ +-,/. ^Ui0Z2[3 Xl_^ 0Z2[3 ��b i ^ 0Z243 �fNFgm^ i0Z2[3 ��gmk i ce^ 0Z2[3 ^ i+-,1. XK_ � (4)

whereb c , b i , k c i andk i c areparameterfunctionsto bedesigned.
Basedon our approach,at every iterationduringthecomputation
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of

� using(3), we computêF+B,1. and ^ 0�243 basedon thecompu-
tationn of thefixedpoints(since

^ +-,1. � ^ 0Z243 �]� , therearetwo
nonlinearequationswith two unknowns ^ +B,1. and ^ 0Z243 ) of the
systemdefinedby (4).

However, a systemlike (4) chosenarbitrarily might not con-
vergeto a fixedpoint. Therefore,a carefulstabilityanalysisis re-
quiredto determineits convergenceproperties.Thestabilityanal-
ysis is doneby first identifying the positionsof the fixedpoints,
o � ^ +-,/. � ^ 0Z2[3 ��p , andthen for eachfixed point checkthe

conditionssuchthat all the eigenvaluesof the Jacobianmatrix
( � ^F%4�#��^Yq ) at that point are lessthan zero. This is a classical
nonlineardynamicalsystemstability analysis[25]. Basedon this
procedurewe have computedthatthesystemin (4) hasfour criti-
cal points: ���r�Z�s� , �4t)N:�Z�:� , ���O��t)N � and �4tUuvc/�ZtUu i � , wherew cYx"yUz { i7| { c&}�~rc i �{ c { i }�~rc i ~ i c�� w i x"yUz { c | { i }�~ i c �{ c { i }�~rc i ~ i c�� (5)

AppendixA containsthe expressionsfor b and k . Full proofs
andexplanationscanbefoundin [14].

4.2 Agent’s Forwar d Velocity
Many differentapproachescanbeusedfor modelingtheforward
velocity. A possibleapproachis to assigna constantvalueto the
forwardvelocity. This approachhasdrawbacksin a real-timeen-
vironment: if anobstacleis suddenlyin front of theagent,there
mightnotbeenoughtime for theagentto changedirection,anda
collision mayoccur. A betterapproachis to have theagentmove
fasterwhenthereareno objectsaroundandslower in a crowded
area.Theagentshouldalsoretreatwhenit is toocloseto anobsta-
cle. An equationfor the forwardvelocity thatsatisfiestheabove
designcriteriais thefollowing� � * � %B� ghQ�c���#� � (6)

where * � %B� is the distanceto the closestobstacle,Q c the safety
distanceand

���#�
is the time to contact. This methodbasically

appliesa constanttime to contactapproach(see[32] for similar
approaches).Notethatonly obstaclesin front of theagentshould
beconsideredfor this calculation.

4.3 Extension to Three Dimensions
In threedimensionsangularvelocitiesareno longerscalars,but
this doesnot changethe generalapproach.Basicallyeachcon-
tribution now is a vectorialangularvelocity, thesevelocitiescan
thenbevectoriallyaddedto eachother.

Thecontribution of anattractoror repelleris obtainedthrough
thenormal2D methodin theplanethatcontainsboththecurrent
directiontheagentis facingandthedirectionto thegivenobject.
This scalarcontribution is thenconvertedin a fully 3D angular
velocity by multiplying it by thenormalof this plane(��g����s�U��#� %�. ). Weseethis situationin Figure3.
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4.4 Modeling Low-Level Personality Attrib utes
Theabove dynamicalsystemmodelsevery agent’s movementin
thesameway. Thiscanbealimitation whenmodelingmorecom-
plex environmentsandbehaviors. Weaddthreescalarparameters
(in theinterval � �O�1N�� ) thatchangesignificantlythewayagentsre-
actto asameenvironment.

This approachgiveseachagenta certaindegreeof personality
or uniqueness.It is thenpossibleto createa simulationwith a
largenumberof agents,eachonewith its own individual charac-
teristics.Eachparameterof agroupof agentscanthenbedefined
asa normaldistribution with a given averageandstandarddevi-
ation. Thegroupwill actwith somecommoncharacteristicsbut
eachagentwill still have a particularway of doing things. This
approachgivesthesimulationdesignera greatdealof flexibility .
Finally, becausetheseparametersonly changethewaynumerical
functionsareevaluated,thereis nofurtherimpactonthecomplex-
ity of thesystem.

4.4.1 Angular Acceleration – Moment of Iner tia

Intuitively this trait triesto modeltheagent’sagility, i.e.,how fast
it canchangedirection. In our systemthis meansimposingsome
kind of controllable(dependingon thetrait’s value)limitation on
thechangein theheadingangle.

We usethis parameterto modelhow fast

� canchange.The
abovedesignedsystem(3) givesusanew valuefor

� ateachtime
instant,without any considerationof the previous history of the
system.Weneedsomekind of memorythatwill takeinto account
thepreviousvaluesof

� , combineit with thenew proposedvalue,
andgive thefinal value

� .
A possiblerealizationof the above idea is to usea low-pass

filter for the valueof

� [24]. We needa very efficient solution
that allows somecontrol over the filtering. A larger amountof
“dexterity” allows fasteragentanglechanges(largerband)while
a smalleronelimits the anglechange(smallerband). We there-
forechooseto usea IIR (Infinite ImpulseResponse)filter, whose
discreteimplementationis shown in Figure4. The equationde-
scribingthis filter is:�&� _!� �H�]�fNFg���� � �H��� _ g¡N � � � X �v�v¢ �H� _!� ��� (7)

where ¢ ��� � � is theoutputof (3) at time
�
, and

�&� � g � � is its pre-
vious evaluatedvalue. The parameter� defineshow fast is the
responseof the systemto suddenvariations. � is obtainedasan
affine transformationfrom the raw parameter. This way we can
avoid thepathologicalcasewhere �@�£� andthevalueof � does
not change.Noticethatthis modelis extremelyefficient, sinceit
requiresonly a singleadditionandtwo multiplications.

PSfragreplacements

¤¥ �H¦ ¤ § ¨© |Bª4�proposed

¨© |Bª4� «�¬ c
Figure4: Two obstaclesin front of theagent.

4.4.2 Forwar d Acceleration – Mass

We usethe secondparameterto model how fast the agentcan
changeits forward velocity. This is a kind of impositionon the
forward acceleration,andthe problemis very similar to the one
analyzedin thelastsectionfor thedexterity.
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We model this contribution using the samekind of low-pass
filter as for the dexterity trait, but now the forward velocity is
modifiedinsteadof

� .

4.4.3 Aggressiveness – A subjective quantity

Intuitively, thisparameterchangeshow theagentis willing to take
risks,how closeit is willing to get to theobstacles,andhow fast
it shouldmove whencloseto them.

In theoriginal system(3), theconstantQOR (equation17 in Ap-
pendixA) controlsthedistancewhereobstaclesstartto betaken
into account:larger valuesmeanlarger distances.Therefore,to
modelthewillingnessof theagentto getcloseto obstaclesweuse
amappingfrom courageto Q R , wherelargevaluesof couragelead
to smallvaluesof QOR andsmallvaluesof courageleadto large QOR .
Themappingwe useisQOR:� co�&�L7® ¯ c ¬ co° g±N7V �r� (8)

where ��� ��²´³:µ �¶Q R 2 , 3f·YX N1� . For smallvaluesof theparameter,
it will resultin largevaluesfor Q R . Whentheparameteris equalto
zero,it will give Q R 2 , 3f· andwhenit is 1, Q R �J� . In our nonlin-
eardynamicsystemapproach,theforwardvelocity alsodepends
on theconstantQ�c (6). Theagentwill even retreatwhenthedis-
tanceto theclosestobstacleis smallerthat Q�c . It is importantthen
to reduceQ c whenthis aggressivenessparameterincreases.We
model Q�cd��Q R�¸ ·º¹ g � R � (9)

where Q R�¸ ·º¹ �
a Q R 2 , 3f· if co »I�OV ¼� Q R 2 , 3f·:�fN`g co� if co ½I�OV ¼OV (10)

5 Global Envir onment Contr ol
We now describeour datastructuresfor keepingtrackof thenear
environmentof eachagent. We model the nearenvironmentof
an agent¾ by a disk ¿ÁÀ centeredat the agent.We may wish to
know what obstaclesarenearthe agent,andwhat otheragents,
friendly or hostile,arecloseto ¾ andvisible to it, etc.This infor-
mationcanbeusedfor calculatingenvironmentalcontributionsto
thedynamicsof ¾ , for collision avoidanceanddetection,andso
on. Thechallengeis hereis how to keepthis informationup-to-
dateastheagentsmove andtheenvironmentchanges.Thoughin
principlethis informationcanberecomputedfrom scratchateach
timestep,this is wastefulandwouldnotallow oursystemto scale
well to situationswherelargenumbersof agentsareinteracting.

Wehave developeda new kineticdatastructuretailoredto this
task.TheKDS exploits continuityof motionandtemporalcoher-
enceby focusingonly on thoserelevantrelationshipsin theenvi-
ronmentthatcanbetheonesto changenext. Effectively, theKDS
maintainsa mathematicalproof that the objectsin ¿ À , the near
environmentof agent¾ , aretheonestheKDS knows about.This
proof is supportedby a numberof simple atomic relationships
(suchasdistancecomparisons);thesetof objectsformingthenear
environmentof ¾ cannotchangeunlessoneof thosesupportrela-
tionshipsfails. TheKDS trackstheseatomicrelationships,called
the emphcertificatesof the KDS, and, when one of them fails,
it updatesboth thedescriptionof thenearenvironmentof ¾ and
theassociatedproof incrementally. A well-designedKDS for this
problemattemptsto comeascloseaspossibleto thegoalof pro-
cessingsuchcertificatefailuresonly whenthenearenvironment
of ¾ actuallychanges.

To make thesegeneralideasconcrete,considerthesimplecase
wherewe modeltheagentsas _ moving pointsin theplaneand
thereareno obstacles.As ¾ moves,and ¿ÁÀ moveswith it, we
wish to trackthesetof otherpointsthatareinside ¿ À . We could
do so by testingthe distanceof all otherpoints from ¾ at each
time step; if we were to do this for a fraction of all the points,
we have to dealwith a ÂÃ� _ i/� updatealgorithmateachtimestep.
Instead,our KDS solutionproceedsasfollows. We computethe
well-known Delaunaytriangulationof the _ points;this structure
is appropriatefor our purposes,becauseit containsa lot of prox-
imity informationaboutthepoints.Furthermore,it is known how
to maintainthe Delaunaytriangulationas the pointsmove con-
tinuously, by simply doingcertainedge-flipoperations[17]. We
have discoveredthe surprisingfact that the only points that can
enteror leave ¿ÁÀ are the endpointsof Delaunayedgescrossed
(exactly once)by the boundaryof ¿ À . Thus,if we maintainthe
setof Delaunayedgescrossedby ¿ÁÀ , weneedto focusonamuch
smallersetof pointswhen it comesto trackingpoints that may
enteror exit ¿ À . This is depictedin Figure5, wheretheendpoints
of the solid edgesarethe only onescanmake a transitionnext.
TheKDS certificatesin this caseincludethosecertifying theDe-

x

Figure5: Trackingtheagentsthatmayenteror exit ¿ À .

launaytriangulation(theseallow usto know whenedgeflips need
to be done)and the onesassertingthat a certainsetof edgesis
crossedby ¿ÁÀ . Updatingthe Delaunaytriangulation,the setof
points in ¿ÁÀ , and the set of crossededgesat certificatefailure
timesis straightforward. The detailsaregiven in appendixA.3.
Theappendixalsodiscussestheextensionof theseideasto han-
dle obstacles,visibility conditions,andgeneralizationto 3D. As
comparedwith thenaive solutionto trackingthecontentsof ¿ÁÀ ,
theKDS solutionhasmany advantages.Ä Conservative estimatesfor thefailuretimesof theKDS cer-

tificatescanbe computedusingmotion estimatesprovided
by the non-lineardynamicalsystem;this meansthat most
KDS certificatesneednot be verified at eachtime stepby
only whennecessary.Ä Thenumberof otheragentsthatcanpotentiallyenteror exit¿ À hasbeenreducedto the endpointsof Delaunayedges
crossedby ¿ÁÀ . Thoughexactly how many theseare de-
pendson the radiusof ¿ À , it is reasonableto assumethat
agentshave a minimum sizeor separation,andthat the ra-
dius of ¿ÁÀ is small comparedto the sizeof the entireen-
vironment. Theseconditionsimply that this setof interest
hassizewhich is asmallconstant,irrespectiveof theoverall
numberof agents.Thusin generalour updatecostwill beÅ �fN � peragent,or

Å � _ � overall.

6 Global Planning Layer
The global planning layer tells eachagent,at eachmomentin
time, what is thedirectionit shouldpursueto reachthe goal. A
simple solution for that is to establishthe direction that points

5



directly to thedesiredtargetasthecorrectcourse.In many appli-
cationsn this is agoodandsimpleenoughsolution

The advantageof having an independentlayer for doing this
calculationis that,aslong asit communicatesthesameway with
the other layers, it is straightforward to replaceit with a more
sophisticatedapproachif needed.

Using local knowledgeof the surroundingsto determinehow
to reachthegoal is not alwaysenough.Theagentwill likely fail
to reachthegoalundertrapsituationslike an U-shapedwall. In
thisexample,usingjust thedirectionto thetarget,theagententers
thedead-endregion until it decidesthat it hasto turn off the tar-
getcontribution. By thenit turnsaroundandleavestheU-shaped
obstacle,but shortlyafter, it againtakesthe target into consider-
ation, reestablishingthe cycle. Every now andthen,becauseof
thenoiseinsertedinto theequations,theagentmight escapethis
dead-endcycle — but thereis no guaranteeof how or when it
would happen.

A more sofisticatedway to determinewhat the local layer
shoulduseas the goal direction, a precomputedvelocity field.
The ability to usearbitraryvelocity fields gives the designerof
the environment/simulationa greatflexibility to achieve effects
thatmight not benormalor expected,but thataredesiredor nec-
essaryfor agivenapplication.An initial velocityfield canalsobe
obtainedthroughautomaticprocedures,like theuseof harmonic
functions(i.e. alsoknow aspotentialfunctions), to obtaina good
initial globalguessof how to avoid local traps.

Thepotentialfield constructionis acomputationallyexpensive
task, and to do it in every integration stepwould rule out any
real/interactive time application. What we do is precomputethe
potentialfield for only staticobstaclesknown in advance. This
is not a limitation, sincemain landmarksof theenvironmentare
usually alreadyknown. In a real terrain simulation it is abso-
lutely reasonableto expectthatthepositionof rivers,crevicesand
buildings areknown in advance;in gamesandVR applications
the“map” is alreadyknown, andmany timesthereareevenpre-
computedBSP-trees.

Moving obstacles,aswell asthestaticones,aretakeninto ac-
countby the steeringandcollision avoidancecapabilitiesof the
two other layers,and the direction of the velocity field is then
fed into the local layer whenever the target is not in cleardirect
sight. This techniqueavoids local minimasituationslike theone
describedin the Section6. There,the goal direction in the “U-
Shaped”roomwouldbetowardstheexit andnot in thelocaldirect
line to thetarget.

Potentialfunctionshavealreadybeenusedin roboticpathplan-
ning applications[20]. Dueto certaininherentpropertiessuchas
theguaranteedabsenceof localminima,harmonicpotentialfunc-
tions areparticularlysuitablewhenrobust trajectorygeneration
is important [9]. Harmonicpotentialsare also usedin several
physicaldomains,suchas hydrodynamicsandelectrostatics,to
analyzecomplex fluid flow situationsandto computeelectricpo-
tentials. Modeling the agentmotion asa flow allows the useof
thewell-developedunderlyingmathematicaltheoryandtheasso-
ciatedpowerful tools.

6.1 Harmonic Functions
Harmonicfunctionsareused,amongother things, to model the
behavior of ideal (incompressibleandnon-viscous)fluids. They
aresolutionsto theLaplaceequation:Æ i�Ç � � i Ç��¾ i X � i Ç��È i �L�O� (11)

where,
Æ iF� Æ£É Æ

is theLaplacianoperator.

Thepathadoptedby afluid particlein a steadyflow is calleda
streamline. A streamlineis theintegral curve of (11) andmaybe
representedby thegradientof theharmonicpotential.Streamlines
maynotintersecteachotherbut externalperturbations,or evenin-
tegrationerrors,will causeaparticleto jumpfrom onestreamline
to another.

For our purposes,we only usethe direction (and ignore the
magnitude)of thelocalgradientvectorasthenominalgoaldirec-
tion of our agent.Our boundaryconditionsin Laplace’s equation
arethetargetpotential(thepotentialof theregion coveredby the
target)andtheobstacles’potential,which includetheconfigura-
tion spaceboundary. Typically, thetargetpotentialis setto a low
value (the global minimum) and the obstaclepotential is set to
a high value. Sincefluid tendsto flow towardsa decreasingpo-
tential,all thestreamlinesgeneratedin this set-upwill eventually
converge to the goal point. The implementationdetailsfor the
potentialfield canbefoundin theAppendixA.

7 Experiments
We demonstratethe power of our approachwith a seriesof
two andthreedimensionalexperiments1. We demonstratehow
changesin the intrinsic parametersof anagentcangeneratedif-
ferentbehaviors, in situationswith few agentsin crowd simula-
tions. All our experimentsrun in the rangeof 1-700framesper
secondon aPentiumII 400MHzLinux workstation.

In thetwo dimensionalflockingexampleweusedarandomset
of intrinsic attributesfor eachof theagents.We show how some
of the chosenattributesarenot sufficient for the agentsto reach
the target. For example,therearetwo agentsthatsometimesget
stuckbehindobstacles.Their attributesallow themto get really
closeto thetargetbut do notgive themenoughflexibility to steer
away in time. The forward velocity componentof the systemis
responsibleto avoid actualcollisions.

We useharmonicfunctionson thetwo maze-structuredexam-
ples,andin thetheaterexamplein orderto provideaglobaldirec-
tion thatguaranteestheagentsdo notgetstuckin dead-ends.

In thefirst pairof threedimensionalexamplesweillustratehow
the intrinsic parametersof the agentsaffect the generalflocking
propertyof a group.

8 Conc lusions and Future Work
In this paperwe have presenteda three-layeredsystemfor sin-
gle and multiple agentssteeringwith uniquebehaviors in real
time environments. The systemusesnonlineardynamicalsys-
tems,togetherwith harmonicfunctionsanda speciallydesigned
kinetic datastructureto navigate amongstatic and moving ob-
stacles,reachstaticand/ormoving targets. Using our principled
approachwehaveshown amultitudeof examplesincludingflock-
ing simulationswhichareby themselvesdifficult andchallenging
areas. We have also shown a variety of low-level continuously
adaptive behaviors generatedthroughthepersonalityparameters.
Systemsbasedon our approachwill make it easierfor usersto
achieve efficiently complex low-level agentbehaviors andeasily
build new personalitytraits. Our approachcanserve asa basis
for modelinghigher level behaviors, sinceit provides a contin-
uumof complex low-level behaviors. Theembeddedcontrolling
parametersallow time-changingagentbehaviors. It is possibleto
simulatefatiguein planepilots, adrenalinerush,a highly inertial
vehicle,etc,all within therealmof thelow-level layer.

The kinetic datastructure(KDS) perfectly suits the environ-
mentlayer. It keepslots of informationanddealswith continu-
oustimecollisiondetection(in precisepointsbetweenintegration

1http://www.cis.upenn.edu/Ê siome/research/nonlin/results
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steps)all with no impacton the complexity. It allows a single
computerË implementationto simulatetheagentperceptionof its
local surroundingskeepingthecomplexity in.

Interestingpossibilitiesariseby the possiblecombinationof
AI and computationalgeometrytechniqueson the global plan-
ning layer of this system,wherea centralizedreasoningsystem
can collect information from the environment and plan differ-
ent strategies for eachagentin order to achieve somecommon
goal. The layeredapproachallows thesealgorithmsto overlook
low level actions,like obstacleavoidance,andconcentrateon the
moreabstracttasks.

A Form ulas and Equations
In this appendixwe provide someequationsanddetailsomitted
from themaintext of this paper. Thesedetails,however, arestill
necessaryfor reproducingour work. Size contraints,unfortu-
nately, do not allow us to fully explain all the theory — for a
smoothoverview thereaderis invited to look at someof theref-
erences.

A.1 Non Linear Dynamical System Equations
A.1.1 Heading Attractor and Repeller

The modelwe usefor the attractorfunction � +-,1. is definedasa
sinusoidalshiftedby $Ì� whoseargumentis the agent’s heading
angle,i.e.,therelativeanglebetweentheagent’sdirectionandthe
objectdirection: � +-,1. �£gFÍÁÎ�Ï´Ð�����gm$`��V (12)

To definea repellerfunction, a simplesinusoidalfunction is
not enough(seereference).Therefore,asa modelfor a repeller
weusethemultiplicationof threedifferentfunctions,Ñ % , Ò % , Ó % ,
eachmodelingadifferentproperty, i.e.,� 0Z243fÔ ��Ñ % Ó % Ò % V (13)

Function Ñj% modelsa genericrepellingpropertyof anobstacle' ,
andis definedas: Ñ % � ���@gh$ % �()$ % �Õ c ¬ C7DrE ÔÖ E ÔY× � (14)

where�ÃgØ$ % is theangleof obstacle' with respectto theagent’s
directionand ()$&% is the subtendedangleof the obstacleby the
agent.

The secondfunction, Óh% , is responsiblefor limiting the an-
gular rangeof the repeller’s influencein the environmentandis
definedasÓ % � N� � ÙZÚ#Ð�Û ��Ü c �¶Ý ³ Î1����g�$ % ��g�Ý ³ Î � � ()$ %�XlÞ ����� X N��4�

(15)

which modelsa window-shapedfunction. Thevariable Ü c is re-
sponsiblefor the inclinationof thewindow’s sidesandis defined
as Ü cd��ßs�r�¶Ý ³ Î#� � ()$`��ghÝ ³ Î � � (à$ X T:������¾ (16)

where T is a safetymargin constant(in all our applicationswe
kept Tá�L�rV W ).

Thethird function, Ò % , modelstheinfluenceof the ' +¶â obstacle
in theenvironmentbasedon thedistanceof theobstaclefrom the
agent.It is modeledas ÒÃ%��L ¬jã Ôä�å � (17)

where * % is the relative distancebetweenthe obstacleand the
agent,and QOR controlsthe strengthof this influenceas the dis-
tancechanges(exponentialdecay).

A.1.2 Adaptive Weighting of Contrib utions

In our application,the dynamicalsystemin (4) hasfour critical
points,their status(asstableor unstable)at eachmomentin the
simulationwill dependonthe b andk coefficients.They arecare-
fully designedto achieve the desiredproperties,pleasesee[14]
for a full explanationof theprocedure,aswell asfor someof the
proofs.. æ +-,1.dx sgn çHè�é +-,1.è ©�ê�ëZìeí/î ïfðòñ ã î � (18)æ 0Z2[3 x sgn ç è�é 0�243è ©óê ë�ìeí/î ï�ôfõ�ö1î�÷�ø %lù %¶ú (19)

Using û +-,1. and û 0Z243 , we candesignthe b and k coefficientsas
follows:~rc i x ë ¬ ìºü�ý ðòñ ã ýsôfõ�öë ìfü � ~ i cþx�ÿ � ÿ�� � (20)

{ cþxhÿ � � | � } { i1� � { i x����	��
 ÷�ø % � % ú � (21)

A.2 Potential Field Implementation Details
This sectionpresentsthe computationalschemefor solving (11)
andis adaptedfrom [31, 3,27]. In anumericalschemetheconfig-
urationspaceis discretizedandis replacedby a grid. We first set
thetargetpotentialto 0 andtheobstacleandboundarypotentialto
1. To initiate the iterations,theemptyconfigurationspacenodes
arearbitrarily set to a valueof 0.5. In the Gauss-Seidel[3] ap-
proach,the  +¶â iterationstepfor nodepoints ���£N:� � �1V/V/V����Kg)N
and �)�£N:� � �1V/V/V���� g¡N in an � ��� meshis expressedas,Ç ¯ � °â �¶¾Oqs��È ® �Y� Nß � Ç ¯ � ¬ c °â �¶¾Oq�� c ��È ® � X Ç ¯ � ¬ c °â �¶¾Oqs��È ® � c � XÇ ¯ � °â �¶¾Oq ¬ c �eÈ ® � X Ç ¯ � °â �¶¾Oq:�eÈ ® ¬ cZ�[��V (22)

whereasfor theboundarypointnodes,Ç ¯ � °â �¶¾Oq��eÈ ® �Y�L� or N7� for all �½±�OV (23)

Weterminatetheiterationswhenthedifferencebetweenthenodal
valuesat the currentandprevious time stepsis below a chosen
threshold(in all our experimentswe setit to N1� ¬ c�� ). TheGauss-
Seidelmethodmaybesignificantlyacceleratedby usingthesuc-
cessiveover relaxationor theSORmethod[3].

A.3 Kinetic near neighbor maintenance
In this subsectionwe provide detailsaboutthekinetic datastruc-
turefor maintainingtheenvironmentaroundeachagent.Geomet-
rically, theagentsaremodeledasmoving points,obstacles(fixed
or moving) asline segments,andthe nearenvironmentasa ball
of a certainradiusaroundanagent.Thekey geometricstructure
we deploy is theDelaunaytriangulationof themoving agents.

A.3.1 Nearest neighbor s in 2D

Let �Ã���Y���à� be a time-varying planarstraight-linegraph. The
verticesof � modelmoving agentsor obstacleboundaries,while
theedgesin � aretheobstaclesthemselves.With eachpoint � in
a subset� of � we associatea disk ¿�� centeredat the � that is
of radius* � . Theset � representstheagentswhoseenvironments
we desireto track,andthe associateddisksrepresentthesenear
environmentsfor eachagent.Let � bea triangulationon � con-
forming to � (i.e.,all edgesin � arealsoin � ). Wecall apoint �
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in � approachablefrom apoint � in � if � is inside ¿�� andthere
exists� a pathfrom � to � in � thatlies entirelyin ¿ � . We saythat
anedge of � crosses¿ � if oneendpointof  lies outsideof ¿ �
andtheotherendpointof  is approachablefrom � .

We considertwo cases:the unconstrained case,when there
areno obstaclespresent(theedgeset � is empty),andthecon-
strainedcase,with obstacles.In theunconstrainedcase,wemain-
tain for eachpoint � in � thesetof pointsof � thatareinside ¿ � .
In theconstrainedcase,we maintainthesetof pointsthatarein-
side ¿ � andwhicharenotseparatedfrom � by anedgein � both
of whoseendpointsareoutside¿�� (thesecorrespondto theagents
nearto andvisible from the given agent). It turnsout that, if �
is theConstrainedDelaunayTriangulation(CDT) [8], thesetthat
we want to maintainfor a point � in � is the setof points that
areapproachablefrom � . In particular, in theunconstrainedcase,
every point inside ¿�� is approachablefrom � ; in theconstrained
casepointsinside ¿ � thatarenotapproachablefrom � areexactly
thosethatareblocked by a constrainededgethatwith endpoints
outside¿�� .

Thekey observationthatenablesusto maintaintheabovemen-
tionedsetsis capturedin thefollowing lemma:

Lemma 1. Let � betheCDTof � andlet ¿ � bea circlecentered
at �! "� . If point �� "� enters/exits thecircle ¿�� at sometime� R andis visiblefromat leastonepoint inside ¿ � , thenat

� R there
existsan edge of � between� anda point inside ¿ � .

Proof. At time
� R , � is on the boundaryof ¿ � . Let ##¿ .%$ be

thefamily of circleswith center* thatpassthrough � , where * is
a point on the segment�&� . Considerthe circle ¿ .�' suchthat *)(
is at maximaldistancefrom � , visible from � andthe circle ¿ . '
containsno pointsof � . Note that becausethe setof pointsof
� thatarevisible from � at

� R is non-emptyby assumption,such
a circle ¿ .�' alwaysexists. Clearly theedge �7* ( is a constrained
Delaunayedge.*

This observation immediately provides a way to track the
neighborsof every point � in � , if we maintainthe CDT of � .
For every � in � keepthesetof approachablepoints u+� andthe
setof crossingedges� � . If thecombinatorialstructureof � does
not change,thentheendpointsof theseedgesaretheonly points
thatcanpossiblyenteror exit ¿�� . In otherwordsthemaintenance
of the neighborsof the points in � consistsof two parts: oneis
themaintenanceof the triangulationitself, andthe secondis the
maintenanceof thetriangulationedgescrossedby thecircles ¿ � .

The CDT can be maintainedusing standardedge-flipopera-
tions,just like theregularDelaunaytriangulation[10,17]. When-
ever an edgeflip happens,however, we alsoneedto updatethe
sets�,� , �! -� : whenanedgein �+� , for some� , disappearswe
needto deletethatedgefrom theedgeset � � , whereaswhenan
edgethat intersectsthecircle ¿ � , for some� , appearswe needto
addit to �,� .

The situationis somewhat morecomplicatedif a point enters
or exits thecircle. In thecasethatapoint � entersthecircle ¿ � we
haveto look at � ’sneighbors.For thoseneighborsthatareoutside
weonly needto addthecorrespondingedgesto � � . For thosethat
areinsideandapproachableweneedto removethecorresponding
edgesfrom theedgeset � � . Finally for theneighborsthatarein-
sidebut not approachable(this canonly occurin theconstrained
case)we needto add themto the point set u+� andperformthe
sametestsfor their neighborsrecursively. Whena point � exits¿�� thesituationis entirelysymmetric:for all theneighborsthat
areoutsidewe deletethecorrespondingedgesfrom � � . For the
neighborsthatareinsideandremainapproachableafterthepoint
exits, we needto addthecorrespondingedgesto theset �,� . Fi-
nally asfar astheremainingneighborsareconcerned,we have to

deletethemfrom the set u+� of approachableneighbors,aswell
asdeleteany edgesin � � thatadjacentto themandrecursively do
thesamefor their neighbors.

A.3.2 Nearest neighbor s in 3D

In threedimensionswe have implementedonly the casewhere
thereareno obstaclespresent.For every point �. �� we now as-
sociateasphere¿ � of radius* � . Thedefinitionsof approachabil-
ity andproperintersectionarethesameasin thetwo-dimensional
case.

Our goal is to maintainfor eachpoint �! /� thesetof points
that are inside ¿�� . As in two dimensions,if � is the Delaunay
triangulation,thissetis thesameasthesetof u � of approachable
points,andLemma1 is still valid.

Thethree-dimensionalDelaunaytriangulationismaintainedby
performingface-edgeof edge-faceflips [11]. Hence,the3D un-
constrainedcaseis essentiallyanalogousto the2D unconstrained
case.While in a2D flip alwaysexactlyoneedgeappearsandone
disappears,in a 3D flip thenumberof edgesin the triangulation
mayincreaseor decreaseby one.
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