The maximum number of faces of the Minkowski sum
of two convex polytopes*

Menelaos 1. Karavelas!* Eleni Tzanaki*

f Department of Mathematics €& Applied Mathematics,
University of Crete
GR-700 13 Voutes, Heraklion, Greece

{mkaravel,etzanaki}@uoc.gr

Hnstitute of Applied and Computational Mathematics,
Foundation for Research and Technology - Hellas,
P.O. Box 1385, GR-711 10 Heraklion, Greece

July 29, 2015

Abstract

We derive tight bounds for the maximum number of k-faces, 0 < k < d—1, of the Minkowski
sum, P; + P5, of two d-dimensional convex polytopes P; and Ps, as a function of the number of
vertices of the polytopes.

For even dimensions d > 2, the maximum values are attained when P; and P, are cyclic d-
polytopes with disjoint vertex sets. For odd dimensions d > 3, the maximum values are attained
when P; and P; are Lg]-neighborly d-polytopes, whose vertex sets are chosen appropriately from
two distinct d-dimensional moment-like curves.
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1 Introduction

Let P, @ be two d-dimensional polytopes, or simply d-polytopes, in the Euclidean d-dimensional
space E%. Their Minkowski sum, P + @, which is again a d-polytope in E%, is defined as the set
{p+q|pe€ P,qec Q}. Minkowski sums are fundamental structures in both Mathematics and Com-
puter Science. They appear in a variety of different subjects, including Combinatorial Geometry,
Computational Geometry, Computer Algebra, Computer-Aided Design & Solid Modeling, Motion
Planning, Assembly Planning, Robotics (see [25] [6] and the references therein), and, more recently,
Game Theory [22], Computational Biology [21] and Operations Research [27].

Despite their apparent importance, little is known about the worst-case combinatorial complex-
ity, that is the total number of faces, of Minkowski sums in dimensions four and higher. In two
dimensions, the worst-case complexity of Minkowski sums is well understood. Given two convex
polygons P and () with n and m vertices, respectively, the maximum number of vertices and edges

*An earlier version of this paper has appeared in [16].



of P+@Q is n+m [4]. This result can be immediately generalized (e.g., by induction) to any number
of summands. If P is convex and ) is non-convex (or vice versa), the worst-case complexity of
P + @ is ©(nm), while if both P and @ are non-convex the complexity of their Minkowski sum
can be as high as ©(n?m?) @]. When P and Q are 3-polytopes (embedded in the 3-dimensional
Euclidean space), the worst-case complexity of P + @ is ©(nm), if both P and @ are convex, and
O(n3m?), if both P and @ are non-convex (e.g., see [5]). For the intermediate cases, i.e., if only one
of P and @ is convex, see [24].

Given two convex d-polytopes P; and P, in E¢, d > 2, with n; and ny vertices, respectively, we
can easily get a straightforward upper bound of O((n; + ng)L%J) on the complexity of Py + P» by
means of the following reduction: embed P; and P, in the hyperplanes {z; = 0} and {z; = 1} of
E4+1, respectively; then the weighted Minkowski sum (1 — MNPy + APy = {(1 — A)p1 + A\p2 | p1 €
Pi,py € Py}, A€ (0,1), of P; and P, is the intersection of the convex hull, P, of P; and P, with the
hyperplane {x; = A\}. The embedding and reduction described above are essentially what are known
as the Cayley embedding and Cayley trick, respectively, whereas the (d+ 1)-polytope P is called the
Cayley polytope of Py and P, [11]. From this reduction it is obvious that the worst-case complexity
of (1 — A\)P; + AP, is bounded from above by the complexity of the Cayley polytope, which is in
O((n1 + nz)L%J). Furthermore, the complexity of the weighted Minkowski sum of P, and P» is
independent of A, in the sense that for any value of A € (0, 1) the polytopes we get by intersecting
P with {z1 = A} are combinatorially equivalent. In fact, since P; + P» is nothing but %Pl + %Pg
scaled by a factor of 2, the complexity of the weighted Minkowski sum of two convex polytopes is
the same as the complexity of their unweighted Minkowski sum. The “obvious” upper bound for the
complexity of the Minkowski sum stemming from the complexity of the Cayley polytope is tight in
even dimensions. In odd dimensions, d > 3, however, this upper bound may not be tight; in this

case, the worst-case complexity of Py + P is in @(nln%%J + ngn%%J) (cf. [15]), which is a refinement
over of the “obvious” upper bound when n; and no asymptotically differ. In terms of exact bounds
on the number of faces of the Minkowski sum of two polytopes, results are known only when the two
summands are convex. Besides the trivial bound for convex polygons (2-polytopes), mentioned in
the previous paragraph, the first result of this nature was shown by Gritzmann and Sturmfels [10]:
given r polytopes Py, Ps, ..., P, in E¢, with a total of n non-parallel edges, the number of I-faces,
filPh+Py+ -+ P.),of P+ Py + -+ P, is bounded from above by 2(7) Z?;é_l (nfjlfl). This
bound is attained when the polytopes P; are zonotopes, and their generating edges are in general
position.

Regarding bounds as a function of the number of vertices or facets of the summands, Fukuda
and Weibel [7] have shown that, given two 3-polytopes Py and P, in E?, the number of k-faces of
P+ P, 0 <k <2, is bounded from above as follows:

fo(P1 + P2) < ning,
fi(Pr+ P2) <2ning +ny +ng — 8§, (1)
fo(Pr + P2) < ning +mny +ng — 6,

where n; is the number of vertices of P;, j = 1,2. Weibel [25] has also derived similar expressions
in terms of the number of facets m; of P;, j = 1,2, namely:

fg(Pl + Pg) < 4dmimo — 8mq — 8meo + 16,
fl(Pl + Pg) < 8mimeo — 17mq — 17msg + 40,
fg(Pl + Pg) < 4mims — 9mq — 9ms + 26.

All these bounds are tight. Fogel, Halperin and Weibel [5] have further generalized some of these
bounds in the case of r summands. More precisely, they have shown that given r 3-polytopes



P, P,, ..., P in E3, where Pj has m; > d + 1 facets, the number of facets of the Minkowski sum
P+ P>+ ---+ P, is bounded from above by

Z (2m; — 5)(2m; — 5) + imz + (;)

1<i<j<r i=1

and this bound is tight.

In dimensions four and higher there are no results that relate the worst-case number of k-faces
of the Minkowski sum of two or more convex polytopes with the number of facets of the summands.
There are, however, bounds on the number of k-faces of the Minkowski sum of convex polytopes, as
a function of the number of vertices of the summands. Fukuda and Weibel [7] have shown that the
number of vertices of the Minkowski sum of 7 d-polytopes P, ..., P., where r < d—1 and d > 2, is
bounded from above by [[:_; n;, where n; is the number of vertices of P;, and this bound is tight.
On the other hand, for » > d this bound cannot be attained: Sanyal [23] has shown that for r > d,

fo(Py + -+ + P,) is bounded from above by (1 ~

than []i_; n;. For higher-dimensional faces, i.e., for k& > 1, Fukuda and Weibel [7] have proven
what they call the trivial upper bound, namely that the number of k-faces of the Minkowski sum of
r d-polytopes is bounded as follows:

[1;—; ni, which is, clearly, strictly smaller

fe(Pr4+Po+---+P) < > H(”) 0<k<d-—1, (2)

1<s;<n; =1
S1+...tsp=k+r

where n; is the number of vertices of F;, and the s;’s take integral values. Furthermore, it is shown
in [7] that these bounds are tight for d > 4, r < LgJ, and for all £ with 0 <k < L%J —r, ie., for the
cases where both the number of summands and the dimension of the faces considered is small. The
above-mentioned ranges for the parameters d, r and k for which the trivial upper bound is tight are
not the best possible: Karavelas and Tzanaki [I7] have shown that the trivial upper bound is tight
ford>3,2<r<d-1landforall0 <k < L%j —r, and these ranges are maximal. This result
immediately implies a tight worst-case asymptotic bound on the complexity of the Minkowski sum
of r n-vertex d-polytopes, namely, @(nLdJrT_lJ).

We end our discussion of the previous work related to this paper by some results presented in
Weibel [20]. In this paper, Weibel considers the case where the number of summands, r, is at least
as big as the dimension of the polytopes. In this setting he gives a relation between the number of
k-faces of the Minkowski sum of r polytopes, r > d > 2, and the number of k-faces of the Minkowski
sum of subsets of the original set of r polytopes, that are of size at most d — 1. In more detail,
if we have r d-polytopes Py, Ps,..., P, in E?, where r > d, that are in general position, then the
following relation holds for any k with 0 < k < d — 1:

S 1)d-1- 11—y
EZ: <d— )Z(fk(PS —a)< > fr(Ps), (3)

- '—7 T T
secy Secd_1

fe(Pr+Py+---

where C]T- is the family of subsets of {1,2,...,r} of cardinality j, Ps is the Minkowski sum of the
polytopes in S, and, finally, « = 2 if k = 0 and d is odd, o« = 0, otherwise. Weibel used this relation
to derive tight upper bounds on the number of vertices of the Minkowski sum of r d-polytopes in
E?, when 7 > d. In particular, the following tight upper bound holds (cf. [26, Theorem 3]):

fo(Pi+ P+ +P)<a dizj d”<d_:)Z<Hfo )

SECT €S



where CJ and « are defined as for relation ().

In this paper, we extend previous results on the exact maximum number of faces of the Minkowski
sum of two convex d-polytopesl] More precisely, we show that given two d-polytopes P; and P in
E? with n; > d+ 1 and ng > d + 1 vertices, respectively, the maximum number of k-faces of the
Minkowski sum P; + P, is bounded from above as follows:

L5 . . .
fi1(Pr+ P2) < fi(Cara(na +12)) = ) (Zj::Z) ((”1 _di_2+z> + <”2 _di_2+l>> :
i=0

where 1 < k < d, and Cy(n) stands for the cyclic d-polytope with n vertices. The expressions above
are shown to be tight for any d > 2 and for all 1 < k < d, and match with the corresponding
expressions for two and three dimensions (cf. rel. (), as well as the expressions in (2] for r = 2
and for all 0 < k < 2] —2.

To prove the upper bounds we use the Cayley embedding already described above. Given the
d-polytopes Py and P, in E¢, we embed P, and P, in the hyperplanes {z; = 0} and {z; = 1} of
E4+1, We consider the Cayley polytope P = CHyy1(Pi, P) of Py and P», and argue that, for the
purposes of the worst-case upper bounds, it suffices to consider the case where P is simplicial, except
possibly for its two facets P; and P»,. We concentrate on the set F of faces of P that are neither
faces of P, nor faces of P,. The reason that we focus on F is that there is a bijection between the
k-faces of F and the (k — 1)-faces of Py + P», 1 < k < d, and, thus, deriving upper bounds of the
number of (k — 1)-faces of P; + P, reduces to deriving upper bounds for the number of k-faces of F.
We then proceed in a manner analogous to that used by McMullen [20] to prove the Upper Bound
Theorem for polytopes. We consider the f-vector f(F) of F, from this we define the h-vector h(F)
of F, and continue by:

(i) deriving Dehn-Sommerville-like equations for F, expressed in terms of the elements of h(F)
and the g-vectors of the boundary complexes of P, and P», and,

(ii) establishing a recurrence relation for the elements of h(F).

From the latter, we inductively compute upper bounds on the elements of h(F), which we combine
with the Dehn-Sommerville-like equations for F, to get refined upper bounds for the “left-most half”
of the elements of h(F), i.e., for the values hy(F) with k > |%4!]. We then establish our upper
bounds by computing f(F) from h(F).

To prove the tightness of our upper bounds, we distinguish between even and odd dimensions. In
even dimensions d > 2, we show that the k-faces of the Minkowski sum of any two cyclic d-polytopes
with n; and ne vertices, respectively, whose vertex sets are distinct, attain the upper bounds we
have proved. In odd dimensions d > 3, the construction that establishes the tightness of our bounds
is more intricate. We consider the (d — 1)-dimensional moment curve ~y(t) = (¢,¢2,¢3,...,t471),
t > 0, and define two vertex sets Vi and Vo with n; and ng vertices on ~(t), respectively. For
i = 1,2, we define P; as the convex hull, in E?, of the vertices in V;. We embed Py, P in E¢t!
so that they lie in two affinely independent hyperplanes of E?*! and, then, appropriately perturb
their vertices so that they become combinatorially equivalent to d-dimensional cyclic polytopes. We
next argue that, by the way we have chosen Vi and Vs, the number of k-faces of the Minkowski
sum P; + P attains its maximum possible value. At a very high/qualitative level, the appropriate
choice we refer to above, amounts to choosing V; and V5 so that the parameter values on ~(t) of
the vertices in V] and V5, lie within two disjoint intervals of R that are sufficiently away from each
other.

'In the rest of the paper, all polytopes are considered to be convex.



The structure of the rest of the paper is as follows. In Section Pl we formally give various
definitions, and recall a version of the Upper Bound Theorem for polytopes that will be useful later
in the paper. In Section [3] we define what we call bineighborly polytopal complexes and prove some
properties associated with them. The reason that we introduce this new notion is the fact that the
tightness of our upper bounds is shown to be equivalent to requiring that the Cayley polytope of
Py and P, is bineighborly. In Section ll we prove our upper bounds on the number of faces of the
Minkowski sum of two polytopes. In Section Bl we describe our worst-case constructions and show
that these constructions attain the upper bounds proved in Section @l We conclude the paper with
Section [6] where we summarize our results, and state open problems and directions for future work.

2 Definitions and preliminaries

A convez polytope, or simply polytope, P in E? is the convex hull of a finite set of points V in E¢. The
minimal subset V' of V' for which the convex hull of V' is P is called the vertex set of P. A polytope
P can equivalently be described as the intersection of all the closed halfspaces containing V. A face
of P is the intersection of P with a hyperplane H for which the polytope is contained in one of the
two closed halfspaces delimited by H. Such a hyperplane is called a supporting hyperplane of P.
The dimension of a face of P is the dimension of its affine hull. A k-face of P is a k-dimensional
face of P. We consider the polytope itself as a trivial d-dimensional face; all the other faces are
called proper faces. We use the term d-polytope to refer to a polytope the trivial face of which is
d-dimensional. For a d-polytope P, the O-faces of P are its vertices, the 1-faces of P are its edges,
the (d — 2)-faces of P are called ridges, while the (d — 1)-faces are called facets. For 0 < k < d we
denote by fx(P) the number of k-faces of P. Note that every k-face F' of P is also a k-polytope
whose faces are all the faces of P contained in F. A k-simplex in E?, k < d, is the convex hull of
any k + 1 affinely independent points in E?. A polytope is called simplicial if all its proper faces
are simplices. Equivalently, P is simplicial if for every vertex v of P and every face F' C P, v does
not belong to the affine hull of the vertices in F'\ {v}.

A polytopal complex C is a finite collection of polytopes in E? such that (i) § € C, (ii) if P € C
then all the faces of P are also in C and (iii) the intersection PN Q for two polytopes P and @ in C
is a face of both P and ). The dimension dim(C) of C is the largest dimension of a polytope in C.
A polytopal complex is called pure if all its maximal (with respect to inclusion) faces have the same
dimension. In this case the maximal faces are called the facets of C. We use the term d-complex to
refer to a polytopal complex whose maximal faces are d-dimensional (i.e., the dimension of C is d).
A polytopal complex is called simplicial if all its faces are simplices. Finally, a polytopal complex
C' is called a subcomplez of a polytopal complex C if all faces of C’ are also faces of C.

One important class of polytopal complexes arises from polytopes. More precisely, a d-polytope
P, together with all its faces, including the empty face, form a d-complex, denoted by C(P). The
only maximal face of C(P), which is clearly the only facet of C(P), is the polytope P itself. Moreover,
all proper faces of P form a pure (d — 1)-complex, called the boundary complez C(OP), or simply
OP of P. The facets of P are just the facets of P, and the dimension of 9P is clearly dim(9P) =
dim(P)—1=d—1.

Given a d-polytope P in E¢, consider a facet F of P, and call H the supporting hyperplane of
F (with respect to P). For an arbitrary point p in E%, we say that p is beyond (rvesp., beneath) the
facet F' of P, if p lies in the open halfspace of H that does not contain P (resp., contains the interior
of P). Furthermore, we say that an arbitrary point v’ is beyond the vertex v of P if for every facet
F of P containing v, v’ is beyond F', while for every facet F' of P not containing v, v’ is beneath F.
For a vertex v of P, the star of v, denoted by star(v, P), is the polytopal complex of all faces of P



that contain v, and their faces. The link of v, denoted by link(v, P) or P/v, is the subcomplex of
star(v, P) consisting of all the faces of star(v, P) that do not contain v.

Definition 1 (|28, Remark 8.3|). Let C be a pure simplicial polytopal d-complex. A shelling $(C) of
Cisa linear ordering F1, Iy, ..., Fs of the facets of C such that for oll 1 < j < s the intersection,

F;n (U 1), of the facet F; with the previous facets is non-empty and pure (d — 1)-dimensional.

In other words, for every i < j there exists some £ < j such that the intersection F;NF} is contained
in Fy N F}, and such that Fy N F; is a facet of Fj.

The shelling definition above is the specialization, to simplicial complexes, of the shelling defini-
tion for general polytopal complexes (cf. |28 Definition 8.1]). We refrained from stating the general
definition, as in the sequel of the paper we will only consider shellings of simplicial polytopal com-
plexes. A polytopal complex that has a shelling is called shellable, while not all polytopal complexes
are shellable. It was a major result in polytopal theory that the boundary complex of a polytope is
always shellable (cf. [2]).

Consider a pure shellable simplicial polytopal complex C and let $(C) = {Fi,...,Fs} be a
shelling order of its facets. The restriction R(Fj) of a facet F} is the set of all vertices v € F; such
that Fj \ {v} is contained in one of the earlier faceth The main observation here is that When we
construct C according to the shelling $(C), the new faces at the j-th step of the shelling are exactly
the vertex sets G with R(F;) € G C Fj (cf. |28 Section 8.3]). Moreover, notice that R(F;) = ()
and R(F;) # R(F. )forallz;&j

The f-vector f( )= (f=1(P), fo(P),..., fi—1(P)) of a d-polytope P (or its boundary complex
OP) is defined as the (d+1)-dimensional vector consisting of the numbers fi(P) of k-faces of P, —1 <
k < d—1, where f_;(P) = 1 refers to the empty set. The h-vector h(P) = (ho(P),h1(P),...,hq(P))
of a d-polytope P (or its boundary complex 0P) is defined as the (d + 1)-dimensional vector, where

k
h(P) :=Z<—1>’”(j k)fz (P, 0<k<d (4)
1=0

It is easy to verify from the defining equations of the hy(P)’s that the elements of f(P) determine
the elements of h(P) and vice versa (see also |28, Section 8.3| and below). In particular, the elements
of f(P) can be written in terms of the elements of h(P) as follows:

L fd—i
fk_1<P>—i§:%<k_i)hl<P>, 0<k<d. (5)

For simplicial polytopes, the number hi(P) counts the number of facets of P in a shelling
of 0P, whose restriction has size k; this number is independent of the particular shelling chosen
(cf. |28, Theorem 8.19]). Moreover, the elements of f(P) (or, equivalently, h(P)) are not linearly
independent; they satisfy the so called Dehn-Sommerville equations, which can be written in a very
concise form as: hi(P) = hg—r(P), 0 < k < d. An important implication of the existence of the
Dehn-Sommerville equations is that if we know the face numbers fix(P) for all 0 < k < [2] — 1, we
can determine the remaining face numbers fi(P) for all Lg] <k <d—1 (cf. relations [{@l) and ([@)).

Both the f-vector and h-vector of a simplicial d-polytope are related to the so called g-vector. For
a simplicial d-polytope P its g-vector is the (L%J + 1)-dimensional vector g(P) = (go(P), g1(P),. ..,
914 (P)), where go(P) = 1, and gi(P) = hip(P) — hp—1(P), 1 < k < L%j (see also |28 Section

2For simplicial faces, we identify the face with its defining vertex set.



8.6]). Using the convention that hgy1(P) = 0, we can actually extend the definition of gi(P) for
all 0 < k < d+ 1, while using the Dehn-Sommerville equations for P yields: ggr1-%(P) = —gr(P),
0 <k <d+1. We can then express f(P) in terms of g(P) as follows:

oo = S (11,0 ) osrsan

=0
As a final note for this section, the Upper Bound Theorem for polytopes can be expressed in terms

of their g-vector:

Corollary 2 (|28 Corollary 8.38|). We consider simplicial d-polytopes P of fized dimension d and
fized number of vertices n = g1(P) +d + 1. f(P) is component-wise mazimal if and only if all the
components of g(P) are maximal, with

gk(P):<g1(P)Zk—1>:<n—d;2+k>7 @

for 0 < k < L%J Also, fr—1(P) is mazimal if and only if g;(P) is mazimal for all i with i <
min{k, L%J }.

The relation between the f-vector and h-vector of a polytopal complex is better manipulated us-
ing generating functions. For a pure simplicial (d—1)-complex C its f-polynomial and h-polynomial,
respectively, are defined as

d
£(Cit) =) fiat™™ = fat faat + o+ fat?, (7)
1=0
d .
n(C;t) = Z hit?™" = hy + hg_1t + - - + hot®. (8)
1=0
The relation between the f-vector and h-vector (cf. relations () and () can then be expressed as
£(C;t) =h(C;t +1) (9)
or equivalently, as
h(C;t) = £(C;t —1). (10)

If P is a simplicial d-polytope, then its boundary complex 0P is a simplicial (d — 1)-complex.
We can therefore use relations (@) and (I0) to define £(0P;t) and h(0P;t). Furthermore, we may
define the g-polynomial g(OP;t) of P as

d
g(OP;t) := Y git™ ' = gt + ga_1t” + -+ + got™. (11)
1=0

The relation between the g- and h-vector of 9P can be expressed in terms of generating polynomials
as

g(dP;t) = (t — 1)h(OP;1). (12)

Furthermore, the Dehn-Sommerville equations for a simplicial d-polytope are captured in the fol-
lowing reciprocal relation

tTh(oP; %) =h(0P;t). (13)
We end this section with a technical lemma. Its proof may be found in Section[Alof the Appendix.



Lemma 3. For any d-polytope P

dn(0P;t) + (1-t)W'(OP;t) = > h(0P/v;t), (14)

ve vert(P)

where vert(P) is the vertex set of P (or OP), and b/'(-;t) denotes the derivative of h(-;t) with respect
to t.

3 Bineighborly polytopal complexes

Let C be a d-complex, with vertex set V. Let {Vi,Va} be a partition of V' and define C; (resp., C2)
to be the subcomplex of C consisting of all the faces of C whose vertices are vertices in V; (resp.,
V5). We start with a useful definition:

Definition 4. Let C be a d-complex. We say that C is (k, Vi )-bineighborly if we can partition the
vertex set V of C into two non-empty subsets Vi and Vo =V \ Vi such that for every O C S; C 'V},
Jj=1,2, with |S1| + |S2| < k, the union Sy U Sy is the vertex set of a (|S1]|+ |S2| — 1)-face of C.

We introduce the notion of bineighborly polytopal complexes because they play an important role
when considering the maximum complexity of the Minkowski sum of two d-polytopes P; and Ps.
As we will see in the upcoming section, the number of (k — 1)-faces of P; + P» is maximal for all
1<k<I< L%J, if and only if the Cayley polytope P of P; and P» is (I + 1, V})-bineighborly,
where V7 stands for the vertex set of P;. Even more interestingly, in any odd dimension d > 3, the
number of k-faces of P, + P» is maximized for all 0 < k < d — 1, if and only if P is (L%J,Vl)—
bineighborly. In the rest of this section we highlight some properties of bineighborly polytopal
complexes that will be useful in the upcoming sections.

A direct consequence of our definition is the following: suppose that C is a (I, V})-bineighborly
polytopal complex, and let F' be a k-face of C, 1 < k < [, such that at least one vertex of F' is in
V1 and at least one vertex of F'is in Va; then F' is a k-simplex. Another immediate consequence of
Definition dis that a k-neighborly d-complex is also (k, V')-bineighborly for every non-empty subset
V' of its vertex set:

Corollary 5. Let C be a k-neighborly d-complex, with vertex set V. Then, for every V', with
hcV' cV,Cis (k,V')-bineighborly.

It is easy to see that if a d-complex C is (k, V1)-bineighborly, then it is (k — 1)-neighborly, as the
following straightforward lemma suggests.

Lemma 6. Let C be a (k,Vi)-bineighborly d-complex, k > 2. Then C is (k — 1)-neighborly.

Proof. Let S CV be of size k — 1. Choose v € V' \ S such that (SU{v})NV; # 0 for i = 1,2, and
let 8" = S U{v}. Since C is (k, V1)-bineighborly, S is the vertex set of a (k — 1)-face of C and, as
argued above, a (k — 1)-simplex. Clearly, S is the vertex set of a (k — 2)-face of S” and hence an
element of C. O

The following lemma is in some sense the converse of Lemma [0

Lemma 7. Let C be a (k,Vi)-bineighborly d-complex and let its two subcomplezes C; and Co be
k-neighborly. Then C is also k-neighborly.

Proof. Let S be a non-empty subset of V' of size k. Consider the following, mutually exclusive cases:



(i) S consists of vertices of both Vi and V5. Then, since C is (k, V;)-bineighborly, S defines a
(k — 1)-face of C.

(ii) S consists of vertices of V; only, j = 1,2. Since C; is k-neighborly, S defines a (k — 1)-face of
C;j. However, C; is a subcomplex of C, which further implies that S is also a face of C.

Hence, for every vertex subset S of V of size k, S defines a (k—1)-face of C, i.e., C is k-neighborly. [

Consider again a d-complex C with vertex set V = V3 U V5, where Vi NV, = (). Let B be the set
of faces of C that are not faces of either C; or Cs. The following lemma gives tight upper bounds for
the number of faces in B. In what follows, we denote by n; the cardinality of V;, j = 1,2.

Lemma 8. The number of (k — 1)-faces of B is bounded from above as follows:

B0 (1) () () s o

where equality holds if and only if C is (k,V1)-bineighborly.

<

Proof. For the purposes of proving an upper bound for elements of the f-vector of B, it suffices to
consider the case where C; and Cy are in general position with respect to each other, in which case
B is simplicial.

Under the assumption that B is simplicial, we can identify each face of B with its uniquely
defined vertex set. Consider a (k — 1)-face F' of B. The face F' is a (k — 1)-simplex and, seen as a
vertex set, it is neither a subset of V; nor Vs. Clearly, the number #,5 of vertex sets of cardinality
k of B, which are neither subsets of V; nor Vs, is bounded by above by the number #(V1, V2)
of k-element subsets of V' not fully contained in either Vj or Va; this is precisely the right-hand
side of (IH). Finally, notice that #xB is equal to #p(V1, V2) if and only if for every non-empty
subset S7 of V; and every non-empty subset Sy of Vo, where |S1| + |S2| = k, the set S1 U Sy is the
vertex set of a (k — 1)-face of C. In other words, equality in (I&) can only hold if and only if C is
(k, V1)-bineighborly. O

4 Upper bounds

Let P; and P5 be two d-polytopes in E?¢, with n; and no vertices, respectively. Let us consider the
Cayley embedding of P, and P, i.e., we embed P; (resp., P») in the hyperplane II; (resp., Il3) of
E! with equation {1 = 0} (resp., {1 = 1}). Then the Minkowski sum P; + P, (scaled by a
factor of 2) is the d-polytope we get when intersecting the Cayley polytope P = CHgyy1(Py, Py) of
P, and P, with the hyperplane II with equation {z1 = % (see Fig. [M). This immediately implies
that the k-faces of the Minkowski sum P + P correspond bijectively to the (k 4 1)-faces of P not
contained in either P; or Ps.

Karavelas and Tzanaki [I5, Lemma 2| have shown that the vertices of P; and P, can be perturbed

in such a way that:
(i) the vertices of P| and Pj remain in II; and I, respectively, and both P{ and Pj are simplicial,

(ii) the Cayley polytope P’ of P| and P} is also simplicial, except possibly the facets P and P,
and

(iii) the number of vertices of P| and Pj is the same as the number of vertices of P, and P,
respectively, whereas fi(P) < fi(P') for all k > 1,



Figure 1: The d-polytopes P, and P, are embedded in the hyperplanes II; = {z1 = 0} and
Iy = {z1 =1} of Ed+~1. The polytope P is the intersection of of the Cayley polytope of P; and P
with the hyperplane IT = {z; = %}

where P| and Pj are the polytopes in IT; and IIs we get after perturbing the vertices of Py and P,
respectively. In view of this result, it suffices to consider the case where both Py, P», as well as their
Cayley polytope P, are simplicial complexes, except possibly the facets P, and P, of P.

In the rest of this section, we consider that this is the case: P is considered simplicial, with
the possible exception of its two facets P, and P». Let F be the set of proper faces of P having
non-empty intersection with II. Note that P = PNIlis a d-polytope, which is, in general, non-
simplicial, and whose proper non-trivial faces are intersections of the form F NII where F € F. As
we have already observed above, P is combinatorially equivalent to the Minkowski sum P; + Ps.
Furthermore,

fe-1(PL + P2) = fr—1(P) = fi(F), 1<k<d (16)

The remainder of this section is devoted to deriving upper bounds for fi(F), which, by relation
(I6), become upper bounds for fr_1(P; + P»).

Let K be the polytopal complex whose faces are all the faces of F, as well as the faces of P that
are subfaces of faces in F. Clearly, the d-faces of K are exactly the d-faces of F, and thus, K is a
pure simplicial d-complex, with the d-faces of F being the facets of K. Moreover, the set of k-faces
of IC is the disjoint union of the sets of k-faces of F, 0P and 0F,. This implies:

fe(K) = fe(F) + fu(OP1) + fr(0P2),  —1<k<d, (17)

where f4(0P;) = 0, j = 1,2. Since K, OP; and 0P, are complexes, we have, by definition, that
f-1(K) = fo1(0P1) = f-1(0P;) = 1. In order for relation (I7) to be valid for £ = —1, we
conventionally set f_;(F) = —1. We next express ([I7) in terms of generating functions:

d+1

£(K5t) = Y fia ()4
1=0

10



Figure 2: The polytope @ is created by adding two vertices y; and ys. The vertex y; (resp., y2) is
below P; (resp., above P,), and is visible by the vertices of P; (resp., P») only.

d+1 d+1 d+1

— Zfi_l(}")thrki n Zfi—l(apl)thrlii n Zfi—l(aPQ)taHlii
i=0

i=0 =0

d d
= £(Fi) +1Y_ fi1(OP)I 1) fi(0P)t"
1=0 i=0
=£(F;t) + t£(0OP;t) + t£(0Ps;t), (18)

where we used that dim(K) = dim(F) = d, dim(90F;) = d — 1, and f43(0P)) = fq(0P2) = 0.

For i = 1,2 let y; be a point beyond the facet P; of P, and beneath every other facet of P (see
Fig. ). We call @ the (d + 1)-polytope we get by taking the stellar subdivisions of P with y; and
ya, respectively (cf. |28, Problem 3.0]). Notice that since the facets P; and P, are disjoint, the order
in which we perform the stellar subdivisions does not matter. The boundary complex 0Q is, then,
the disjoint union of the set of

(i) faces in the star Sy of yy, faces in the star Ss of yo, and
(i) faces in F.

This implies that:

fe(0Q) = fi(F) + fu(S1) + fu(S2), 0<k <d, (19)

11



where fo(F) = 0. Since S; = star(y;, 0F;) we can further write
Fu(S)) = fulOP) + o1 (OP), 0<k<d, i=1,2 (20)
where f_1(OP;) =1 and f4(9P;) = 0. Combining relations ([J) and [0, we get:
fe(0Q) = fi(F) + fr(OP1) + fu—1(0P1) + fx(OP2) + fr—1(0P2), 0<k<d. (21)

As for ([IT), we now express (2I)) in terms of generating functions (recall that dim(F) =
dim(0Q) = d, and dim(0F;) =d — 1):

£(0Q;t) = £(F;t)+ (t+ 1)E(OP;t) + (t + 1)£(0P1;t). (22)

We call K;, j = 1,2, the subcomplex of Q) consisting of faces of K or faces of S;. K; is a pure
simplicial d-complex the facets of which are either facets of S; or K. Furthermore, K; is shellable. To
see this, first notice that 0@ is shellable (@ is a polytope). Consider a line shelling (cf. [28, Section
8.2|) Fi, Fs,..., Fs of 0Q that shells star(ys2, 0Q) last, and let F\i1, Fiia,...,Fs be the facets of
0Q that correspond to Ss. Trivially, the subcomplex of 0Q, the facets of which are Iy, Fs, ..., F}y,
is shellable; however, this subcomplex is nothing but ;. The argument for Ko is analogous.

The k-faces of KCj, j = 1,2, are either k-faces of K or k-faces of the star S; of y; that contain
yj. The latter faces are in one-to-one correspondence with the (k — 1)-faces of 0P}, i.e., we get:

Jr(Ks) = fu(K) + fu-1(0F;). (23)
Expressing (23)) in terms of generating functions we get:
f(]Cj;t) :f(IC;t)—i—f(@Pj;t). (24)

Notice that @ is a simplicial (d + 1)-polytope, while K, K1 and K2 are simplicial d-complexes;
hence their h-vectors are well defined. We define the f-vector of F to be the (d + 2)-vector f(F) =
(f=1(F), fo(F), ..., fa(F)), where recall that f_;(F) = —1. From f(F) we can also define the
(d + 2)-vector h(F) = (ho(F), h1(F),..., hat1(F)), where

k .
hy(F) = ;(—1)’“ (j:_ ;) fiii(F), 0<k<d+1. (25)
We naturally call this vector the h-vector of F (see also relation [@l)). As for polytopal complexes
and polytopes, the f-vector of F defines the h-vector of F and vice versa (cf. (@) and (@)).

The next lemma associates the elements of h(9Q), h(K), h(K1), h(K2), h(F), h(0P;) and
h(0P,) via generating functions. The last among the relations in the lemma can be thought of as
the analogue of the Dehn-Sommerville equations for F.

Lemma 9.
h(Q;t) = h(F;t) + th(Pr;t) + th(Py;t) (26)
h(K;t) = h(F;t) + g(Pri;t) + g(P2;t) (27)
h(Kj;t) = h(K;t) +h(Pj;t) j=1,2, (28)
t™n(F; 1) = n(F;t) + g(0P1;t) + g(0Ps t). (29)
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Proof. Using ([22)) we have:

h(0Q;t)

£(0Q;t — 1)
f(F;t—1)+t£(0P1;t— 1) +t£(0P1;t — 1)
h(F;t) + th(OP;t) + th(OP;;t).

Using (I2) and (I8) we arrive at the following:

h(K;t) =£(;t—1)
= £(F;t — 1)+ (t — DEOP;t — 1) 4 (t — 1)£(dPo;t — 1)
=h(F;t) + (t — 1)h(DPy; t) + (t — 1)h(DPy; t)
= h(F;t) + g(dP1;t) + g(0Py; t).

Similarly, from (24) we get:
h(Kjt) =£(KCj5t—1) =£(Kst — 1)+ £(0P);t — 1) =h(K;t) + h(9F;; t).

To prove (29) recall the Dehn-Sommerville equations (I3]) for the (d + 1)-polytope 9Q and the
d-polytopes 0F;,i =1, 2:
t*"'h(0Q; 1) = h(9Q; 1) (30)

and
t'n(0P; 1) = h(OP;; ).
Substituting 1 for ¢ in (26) and multiplying both sides with ¢+, we get :

thrl 1 td+1 1
)+ ——h(0P1; ) + ——h(0P; 7)

" h(0Q; 1) =t R(F; { -

= t™n(F; 1) + t'(0P; ) + tTh(0P; 1)
— ("M IR(F; 1) + (0P ; 1) + h(DPy; t). (31)
Using (26) and (B0), relation (BIl) becomes

t"In(F; L) + n(0P1;t) + (0P t) = h(F;t) + th(9Py;t) + th(OPy;t),

or equivalently,

t*1h(F; )

h(F;t) + (t — D)h(OP1;t) + (t — 1)h(0Ps; t)
=h(F;t) +g(0P;t) + g(0P;t),

which completes our proof. O

Definition 10. Let p(t) = Z?:o pitt and q(t) = Z?:o g;t" be two polynomial functions of degree at
most d. We will write p(t) < q(t) if and only if p(t) is coefficient-wise less or equal than q(t), i.e.,
pi<qg,0<i<d.

Lemma 11. For j = 1,2 and all v € V; and we have:

ER(K /v t) — t (9P, /ust) < B(Kst) — g(OP;:t). (32)
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Proof. We are going to prove our claim for j = 1; the case j = 2 is entirely analogous. To prove
relation ([32)), we rewrite it in terms of the elements of the h- and g-vectors involved. More precisely,
it suffices to show that, for all 0 < k < d + 1:

hi(K/v) = gu(0P1/v) < hie(K) — gr(9P1). (33)

First, notice that for £ = 0 the statement of lemma is trivial since /v, dP; /v, K and OP; are
simplicial complexes and, thus, ho(K/v) = go(0P1/v) = ho(K) = go(0P1) = 1. Thus, in what
follows we will assume that k& > 0.

Fix a vertex v € V. Call &) the set of faces of K that are not faces of 9Py, i.e., X1 = K\ 0P;.
It is easy to verify that &) is also the set of faces of Ky that are not faces of Sy, i.e., X1 = K1\ S;.
Similarly, the faces in Xj /v is the set of faces K /v which are not faces in dP; /v, or, equivalently,
the set of faces of IC1 /v that are not faces of S;/v, i.e., X1/v = (Ki/v) \ (S1/v) (see also the left
two subfigures in Fig. [B)). Hence we have:

fre(X) = fr(K) = fr(0P1) = fr(K1) = fe(S1), —-1<k<d-1,
and
fu(X1/v) = fiu(K/v) = f(0P1/v) = fo(K1/v) = fe(S1/v), —1<k<d-2
Rewriting these equations in terms of generating functions we obtain:
£(X1;t) = £(Kst) — t£(0P;t) = £(Kst) — £(S138),
and
(X1 vyt) = £(KC/v;t) — t£(OP1 /vy t) = £(K1/v;t) — £(S1/v;t).
Using (I0), we further deduce that:

h(X1;t) = h(K;t) = (¢ = Dh(0P1;t) = h(K;t) — g(0P1;1) = h(Ky;t) —h(S13t), (34)
and
h(X/v;t) =h(K/v;t) — (t — 1)h(OP1 /vy t) = h(K/v;t) — g(OP1 /v;t) = (K1 /v;t) — h(S1/v;t).

Consider now a shelling $(9Q) of Q) that shells the star of y; first and the star of y, last. Such
a shelling does exist since y; and y are not visible from each other: y; is beyond the facet P; of C,
j = 1,2, while P; and P, are parallel to each other (the purple numbers in the top-left subfigure of
Fig. B indicate such a shelling). The shelling $(9Q) gives a shelling $(K;) for K; (we just have to
discard the facets at the end of $(9Q) that are facets in Sz), which shells the star of y; in 9Q first.
In turn, $(K;) induces a shelling S(K; /v) for K; /v, which shells the star of y; in Iy /v first (this
induced shelling is shown for the star of v in 9@ in the top-right subfigure of Fig. [)

3For these particular shellings, hy(X1) and hy (X1 /v) have a geometric interpretation: hy(X1) (resp., hi(X1/v))
counts the number of restrictions of size k of the facets of K1 (resp., K1/v) in X1 (resp., X1/v) in the shelling $(K1)
(resp., $(K1/v)) of Ky (resp., K1 /v).

To see this, rewrite relation (34) in its element-wise form :
hk(’Cl) = hk(Xl) + hk(51)7

and recall that S$(KC1) shells S; first. Since the shellings of K1 and S coincide as long as we shell S1, we get a
contribution of one to both h (K1) and hy(S1) for every restriction of $(/C1) of size k. After the shelling $(K1) has
left S1, a restriction of size k of the shelling contributes one to hi (K1) and, thus, necessarily, to hy(X1). But these
restrictions are precisely the restrictions corresponding to the facets of X in the shelling $(K1). The argumentation
for hy(X1/v) is entirely similar.
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Let us now consider the dual graph G2(9Q) of 9Q, oriented] according to the shelling $(0Q),
as well as the dual graph G*(9Q/v) of dQ /v, also oriented according to the shelling $(9Q /v) (these
graphs are shown in red in the top two subfigures of Fig. B). We will denote by V2()) the vertices
of GA(dQ) that are the duals of the facets in Q that belong to ), where ) stands for a subset of
the set of proper faces of dQ; for simplicity we will abbreviate V2 (0Q) to VA,

Since $(0Q/v) is induced from $(9Q), G*(0Q/v) is isomorphic to the subgraph of G*(9Q)
defined over VA (star(v,dQ)). Moreover, hi(0Q) counts the number of vertices of V2 of in-degree
equal to k [I2], while hj(S1) counts the number of vertices of V2(S;) of in-degree k in G2(0Q)
(for the particular shelling $(0Q) of 0Q that we have chosen). Consequently, hx(X1) counts the
number of vertices of V2(X)) of in-degree k in G*(9Q); in an analogous manner, we can conclude
that hy(X)/v) counts the number of vertices of V2 (star(v, X1)) with in-degree k in G2(9Q/v)
(refer to the bottom two subfigures of Fig. B to verify these facts for the particular example shown
in the figure). Since, however, G*(0Q/v) is a subgraph of G*(0Q), the number of vertices of
VA (star(v, X1)) with in-degree k cannot exceed the number of vertices of V2 (&X;) with in-degree k.
Hence, hi(X1/v) < hi(X1), which is precisely relation (B3)). O

Using Lemma [IT] we can now derive the following generating function inequality, which is essen-
tial in our upper bound proof.

Lemma 12. The following inequality holds:
t(1 — )0 (F;t) < [n1 +n2 — t(d+ 1) h(F;t) + ny g(OP2;t) + nag(0P;t). (35)

Proof. Let us denote by V' the vertex set of @), and by V; the vertex set of 0P}, j =1,2.
Applying Lemma Bl to @, P, and P, we get the following relations:

(d+1)n(0Qst) + (1 — )n'(0Q;t) = Y _n(9Q/v; 1), (36)
veV

dn(OP;;t) + (1 -t (OP;;t) = Y h(dP;/vit),  j=1,2. (37)
veVj

Recall that the link of y; in Q) is P;, j = 1,2, and observe that the link of v € V; in 0Q coincides
with £;/v. Expanding relation (B3] by means of relation (26]) we deduce:

2
(d+1) |n(F5t) +t > n@P;t)| + (1 —1t) |0 (F;t)+
Jj=1 J
= (d+ 1h(F;t) + (1 — t)b'(F;t) + t[dn(0Py;t) + (1 — t)n' (9P t)]
+t[dh(OPs;t) + (1 — t)h'(0P2;t)] + h(OPy;t) + h(OPy; t)
=) h(0Q/v;t) =h(dQ/y1;t) +h(dQ/y2;t) + > h(9Q/v;t)

veV veVIUV,

=h(0P;t) + (0P t) + Y _ h(Ki/vit) + Y h(Ka/vst).

veEV] veVy

[(OP);t) + th'(OP; t)]

VR

1

Utilizing relations (37), the above equation is equivalent to:

(d+ 1Dh(F;t) + (1 —t)n’ ZZ (Kj/v;t) — th(OP;/v;t)). (38)

Jj=1veV;

“Given two facets I; and Fj in the shelling $(0Q) (resp., $(0Q/v)) of Q (resp., dQ/v) that share a ridge, the
edge connecting F; and Fj in the dual graph G*(dQ) (resp., G*(9Q/v)) is oriented from F; to Fj if and only if i < j.
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AT
|
DY

Figure 3: Top left: the complex 0Q from Fig. 2 cut along the edges y1a1—-a1b1-b1y2 and embedded
in the plane. The colored edges are identified. The vertex v is shown in orange. The purple numbers
refer to a shelling of Q) that shells star(y;, 0Q) first and star(ya, Q) last. The directed graph in red
is the dual graph G2 (9Q) of OQ whose edge orientations correspond to the shelling of 9Q indicated
in the figure. Top right: the complex star(v,dQ). The purple numbers refer to the shelling order
of star(v,dQ) induced by the shelling in the figure to the left (with the numbers in parenthesis
being the order of the corresponding facets in the shelling of 0Q). The directed graph in red is
the dual graph G2 (star(v, 0Q)) of star(v, Q) that corresponds to the shelling of star(v, Q) shown
in the figure; observe that G*(9Q/v) is the subgraph of G*(9Q) corresponding to the vertices of
G4 (star(v,0Q)) that are duals of facets in star(v,0Q). Bottom left: the set of faces &y of 0Q,
along with the portion of G2 (0Q) that corresponds to the vertices that are duals of facets of Xj.
Bottom right: the set of faces star(v, 1) of star(v, dQ), along with the portion of G (star(v, dQ))
that corresponds to the vertices that are duals of facets of star(v, X7). For the particular example
shown: h(0Q) = (1,16,16,1), h(0Q/v) = (1,4,1), h(X1) = (0,8,9,0), and h(X;/v) = (0,3,1).
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Using an analogous argumentation to that used for deriving relation (24]), we deduce that for
veV;, j=12, we have:
£(IC;/u;t) = £(KC/v;t) + £(OP;/v;t).

Using relation (I0), we readily get:
h(IC;/v;t) =h(K/v;t) +h(0P;/v;t).
Substituting in (38]), we finally get:

(d+Dn(Ft) + (1 -t/ (Fit) = > Z (K/v;t) + h(dP;j/v;t) — th(DP;/v; t)]

J

= [h(KC/vst) — g(OP;/v; t)).

Thus, by applying Lemma [[1] and using relation (28], we get for every vertex v € Vi:

£y m(K/vst) — g(0P1/vit)] < > [B(Kst) — g(0Ps;t)] = ny [0(F;t) + g(OPy; 1)),

veVy veVy

Similarly, by applying Lemma [[1] and using relation (28], we get for every vertex v € Va:

£ (K vit) — g(0P2/v;t)] < Y [0(K;t) — g(OPy; 1)] = na [0(F; 1) + g(0Py; 1))

veVy veVy

We thus arrive at the following inequality, for 0 < k£ < d:
t(d + 1)h(f"; t) + t(l — t)h/(f; t) < (?7,1 + 712) h(]:; t) +n1 g(@PQ; t) + ng g(@Pl; t),
which gives the inequality in the statement of the lemma.

Corollary 13. For all0 <k <d,

ng+ng—d—1+k n1 N9
h < h P Pr).
k1 (F) < Pl k(f)+k+1gk(8 2)+k+19k(3 1)
Proof. Expanding the generating functions in relation (E0Q) we have:
d+1 d+1
> (d+ Dhp(F)tF 4 11— 1)) (d+1 = k)hy(F)t*F
k=0 k=0
d+1 d+1 d+1
< (n1 +no) Z g (F) 3=k 4y Z ge(OP) tT1F £y Z gr(0P)) 1k,
k=0 k=0
or, equivalently:
d+1 d+1
D (d+ 1= k)hg(F) R 13 " by (F) e
k=0 k=0
d+1 d+1 d+1

any

(40)

O

(41)

< (14 n2) > (PR 4ny > " gp(0P) TR £ ny > gp(0P) 1R
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Setting A = k£ — 1 in the second sum of the left-hand side we get:

d d+1
ST AF DA ()t g tng —d =14+ k) Y hy(F) e F
A=—1 k=0
d+1 d+1
=+ nq Z gk(ﬁPg) td+1_k =+ no Z gk(OPl) td+1_k.
k=0 k=0

Equating terms of equal power of ¢, we get the following relation, for all 0 < k < d:
(k + Dhjpir (F) < (n1+ng —d = 1+ k)hi(F) + n1gr(0FP2) + nage(0F1),
which gives relation (). O

Using the recurrence relation from Corollary [I3] we get the following bounds on the elements of
h(F).
Lemma 14. For oll0 < k < d—+1,

n1+n2—d—2+k‘> B <n1—d—2—|—k>_<n2—d—2—i—kz>

mim < (M h h (12)

Equality holds for all k with 0 < k <1 if and only if | < L“TIJ and P is (I, V1)-bineighborly.

Proof. We show the desired bound by induction on k. Clearly, the bound holds (as equality) for
k =0, since

—d—2 —d—2 —d—2
ho(f):—1:1—1—1:<n1+n2 od +0>_(n1 d0 +0>_<n2 do +0>. (43)

Suppose now that the bound holds for hi(F), where k& > 0. Using the recurrence relation (£IJ), in
conjunction with the upper bounds for the elements of the g-vector of a polytope from Corollary 2]
and since for Kk >0, ny +ne —d—1+k>d+ 1> 0, we have

hp1 (F) < mtna—d=Ik p (F) + 20 00 (0Ps) + 1221 gi(0P1)
< ni+ns—d—1+k |:(n1+n27d72+k) - (n17d72+k) o (n27d72+k):|

k+1 k k k
—d—2+k —d—2+k
o (T i (T (44)
_ ni+ns—d—1+k (n1+n2—d—2+k) _ nmi—d—1+k (nl—d—2+k) _ no—d—1+k (ng—d—Q-Hc)
- k+1 k k+1 k k+1 k

= ("R = (AT = ().

Let us now turn to our equality claim. The claim for [ = 0 is obvious (cf. [@3]), so we assume
below that [ > 1. Suppose first that P is (I, V1)-bineighborly. Then, we have:

fia(F) = (”1 *"2) - (T) - (?), 0<i<l, (45)

Substituting f;—1(F) from ({3 in the defining equations (23]) for h(F), we get, for all 0 < k < :

k

hi(F) = Z(—l)k_i ($Hoh) fima(F)

=0
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I
W

(D () () = () = ()
k k

CDR T () = DM () = YoM ()
=0 1=0

_ (n1+n2;d—2+k) _ (ng—dk—2+k) _ (ng—dk—2+k)

Il
.
= |l
o

s
i
=)

)

where for the last equality we used the fact that (jilljli) = 0 for ¢ > k, in conjunction with the

following combinatorial identity (cf. [9 eq. (5.25)], |28, Exercise 8.20]):

SR S

In the equation above we set k <— i, l < d+ 1, m <+ d+ 1 —k, n + 0, while s stands for either
ny + ng, ny or ng. We thus conclude that ([42]) holds as equality for all 0 < k <.

Suppose now that inequality ([@2]) holds as equality for all 0 < k < [. Solving ([25) in terms of
f(F) (cf. also (@), and substituting h;(F), 0 < i <[, from ([@2), we get:

d+1 ‘
fia(F) =) () ha(F)
i=0
d+1
_ Z d+1 z ( n1+n2;d72+2) o (nlfdifZJrz) o (nzfdif2+z)>
d+1 d+1 d+1
_ Z d+1 7 n1+n2—.d—2+i) - Z (d—;—l'—z‘) (nl—df2+i) o Z (d—;—l'—i) (TLQ—d'—Q—i—i)
7 — 7 7 — [ 7
d+1 d+1 d+1
d —d—2+i d+1—i —d—2+i d+1—i —d—2+i
= o) (23 = > Gho) () = 20 o) (2927 (46)
=0 =0

(d+1)+(n1+n2—d—2)+1 (d+1)+(n1—d—2)+1 (d+1)+(n2—d—2)+1

= ((d+1—)l)+(n1+n2—d—2)+1) o ((d+1—l)+(n1—d—2)+1) o ((d+1—l)+(n2—d—2)+1)
= (nle_li_‘i‘gZ_D - (n?l—l) - (n;w—l)
= (") = (1) = (7),

where, in order to get from (@) to (@), we used the combinatorial identity (cf. [9 eq. (5.26)]):

Z (l—k) <q+k> B <l+q+1>

oShel m n m+n+1
with k< i, l+d+1, m<+d+1—k g s—d—2,n<+ s—d—2, and s stands for either nq + nao,
ny or ng. Hence, P is (I, V})-bineighborly. O

Using the Dehn-Sommerville-like relations ([@9), in conjunction with the bounds from the pre-
vious lemma, we derive alternative bounds for hi(F), which are of interest since they refine the
bounds for hy(F) from Lemma [ for large values of k, namely for k > |4 |. More precisely:

Lemma 15. For all0 < k<d+1,

(48)

by k(f)< (m—i—m—d—?—i—k)
+1— S .

k
Equality holds for all k with 0 < k <1 if and only if | < L%j and P is l-neighborly.
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Proof. The Dehn-Sommerville-like relation (29]), corresponds to the following equalities for the ele-
ments of h(F):

hd—f—l—k(}—) = hk(f) +gk(8P1) + gk(apg), 0<k<d+1. (49)

The upper bound claim in (#S)) is, then, a direct consequence of relations (49]), the upper bounds
from Lemma [I4] and the Upper Bound Theorem for polytopes as stated in Corollary

The rest of the proof deals with the equality claim. In view of the Dehn-Sommerville like
equations hgi1-k(F) = he(F) + gx(0P1) + gi(0P,), the inequality ([A8]) holds as equality for all
0 <k <I, wherel < L%J, if and only if the following two conditions hold:

(i) inequality (@2) holds as equality for all 0 < k <1 < | 4],

(i) for j = 1,2, and all 0 < k < 1 < [ 2], we have gx(9F;) = ("% *™F).

The first condition holds true if and only if P is (I, V})-bineighborly, while the second condition
holds true if and only if P, j = 1,2, is [-neighborly. Therefore, inequality (£8) holds as equality for
all 0 < k <[ if and only if [ < L%J, P is (I, V1)-bineighborly and both Py, P, are [-neighborly. In
view of Lemma [1l we conclude that equality in (H8]) holds for all 0 < k& < [ if and only if [ < L%J
and P is [-neighborly. O

We are now ready to compute upper bounds for the face numbers of F. Using relation (@) , in
conjunction with the bounds on the elements of h(F) from Lemma [[4] and Lemma [I5 we get, for
0<k<d+1:

|44 d+1
Jr—1(F) = Z (dziz) hi(F) + Z (dz:l) hi(F)
i=0 i=[ L +1
44 EI
= (dJIQ:Z) hi(F) + (k—dz—l-&-i) hat1-i(F)
=0 =0
L) . 2 15 ‘
< (d—;ﬂ-i;z) ((n1+n2 —d— 2+z Z d 2+z ) + (kfdipri) (n1+n2;d—2+z)
=0 7=1 1=0
I I e >
_ (dq’:i;z) (n1+n2id 2+z) + (kfdiqu) (n1+n2;d72+1) _ Z d+1 ’L Z d 2+z
=0 =0 =0 j=1
(50)
4 |52
2 N ] ] ) 2 2
= ST+ b)) () = S (R Y () (51)
=0 =0 7j=1
L4 2
_ fkfl(CdJrl(nl + n2)) o d+1 z Z d 2+z
i=0 j=1

where Cy(n) stands for the cyclic d-polytope with n vertices, Y. " T; denotes the sum of the elements
1=0

To, Ty, ..., T)s| where the last term is halved if ¢ is even, while in order to get from GBO) to (BI0)
2

we used an identity proved in Section [Bl of the Appendix. The following lemma summarizes our

results.
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Lemma 16. For all0<k<d+1:

+

B ()

where Cq(n) stands for the cyclic d-polytope with n vertices. Furthermore:

i) Equality holds for all 0 < k <1 if and only if | < |9FL| and P is (I, Vi)-bineighborly.
2

M

Jk—1(F) < fim1(Cag1(n1 + n2))

(ii) For d > 2 even, equality holds for all 0 < k < d+ 1 if and only if P is LgJ -neighborly.
(iii) Ford > 3 odd, equality holds for all0 < k < d+1 if and only if P is (L%J , V1)-bineighborly.

Since fr_1(P1 + P2) = fi(F) for all 1 < k < d, we arrive at the central theorem of this section,
stating upper bounds for the face numbers of the Minkowski sum of two d-polytopes.

Theorem 17. Let P, and P5 be two d-polytopes in E¢, d > 2, with ny > d+1 and ny > d + 1
vertices, respectively. Let also P be the Cayley polytope of Pi and Py in E*t1. Then, for 1 < k <d,
we have:

L4

Fir (Pt P) < JelCamn(m +n2) — 3 (ZE:?) <<n1 —di—2+i> N <n2 —di—2+i>> |

i=0
Furthermore:
(i) Equality holds for all 1 < k <1 if an only if | < L%J and P is (I 4+ 1,V1)-bineighborly.
(ii) For d > 2 even, equality holds for all 1 < k < d if an only if P is L%J -neighborly.

i) For d > 3 odd, equality holds for a < k<dif an only 1 15 (| =5—=], V1)-bineighborly.
iii) For d > 3 odd lity holds for all 1 < k < d if ly if P dJ2erb ,ghborl

5 Tightness of the upper bounds

In the previous section we proved upper bounds on the face numbers of the Minkowski sum P; + P»
of two polytopes P; and P», and we provided necessary and sufficient conditions for these bounds to
hold. However, there is one remaining important question: Are these bounds tight? In this section
we give a positive answer to this question.

We recall, from the introductory section, the already known results, and discuss how they
are related to the results in this paper. It is already known (e.g., c¢f. [4]) that the maximum
number of vertices/edges of the Minkowski sum of two polygons (i.e., 2-polytopes) is the sum of the
vertices/edges of the summands. These match our expressions for d = 2 in Theorem [[7l Fukuda
and Weibel [7] have shown tight expressions for the number of k-faces, 0 < k < 2, of the Minkowski
sum of two 3-polytopes P; and P, as a function of the number of vertices of P; and P». These
maximal values are given in relations (), and match our expressions for d = 3 in Theorem [I7} In
the same paper, Fukuda and Weibel have shown that given r d-polytopes Pi, P, ..., P, the number
of k-faces of P, + P» + ...+ P, is bounded from above as per relation (2)). These bounds have been
shown to be tight for d > 4, r < L%J, and for all k¥ with 0 < k < L%J —r. For r = 2, the upper
bounds in (2] reduce to

fk(P1+P2)§§(7;l>< i ) 0<k<d—1, (52)



and are tight for all k, with 0 < k < L%J — 2. According to Fukuda and Weibel [7], these upper
bounds are attained when considering two cyclic d-polytopes P; and Ps, with ny and ns vertices,
respectively, with disjoint vertex sets. As we show below, this construction gives, in fact, tight
bounds on the number of k-faces of the Minkowski sum for all 0 < k£ < d — 1, when the dimension
d is even.

Theorem 18. Let d > 2 and d is even. Consider two cyclic d-polytopes Py and Ps with disjoint
vertex sets on the d-dimensional moment curve, and let n; be the number of vertices of P, j = 1,2.
Then, for all 1 < k < d:

L&)
d+1—1 n—d—241 no—d—241
(P + P) = fi(C —
Jo1(Pr + P2) = fi(Caqa(n1 + n2)) ; (k—i—l—i) << ; >+( ; ;
where Cq(n) stands for the cyclic d-polytope with n vertices.
Proof. Let V1 and V3 be two disjoint sets of points on the d-dimensional moment curve of cardinality
n1 and ng, respectively. Let P, and P» be the corresponding cyclic d-polytopes, and call P their

Cayley polytope in E?T!. As in the previous section, we define F as the set of proper faces of P
whose vertex set has non-empty intersection with both V; and V5. We then get:

Lg)—1
NP =g alBr Bl = Z( )( )‘(1@ 2)‘(@)‘(@)’

which, by Lemma [, implies that P is (L |, V1)-bineighborly. Using Lemma [ in conjunction with
the fact that both P and P, are L |-neighborly, we further conclude that P is ij—nelghborly
Hence, by Theorem [I7, our upper bounds in Theorem [T are attained for all face numbers of
P+ Ps. O

If d > 5 and d is odd, however, the construction in 7] gives tight bounds for fi(P; + P,) for all
0<k< L%J — 2, which according to Theorem [I7] are not sufficient to establish that the bounds are
tight for the face numbers of all dimensions. To establish the tightness of the bounds in Theorem
I for all the face numbers of all dimensions, we need to construct two d-polytopes P; and P», with
n1 and ng vertices, respectively, such that

fg)F) = flgja (Pt Po) = (nfdj“T) - (L%J) - (L%J)’

or, equivalently, construct two d-polytopes P; and P, such that P is (L%J , V1)-bineighborly.

The rest of this section is devoted to this construction. Before getting into the technical details
we outline our approach. In what follows d > 3 and d is odd. We denote by ~(t), t > 0, the
(d — 1)-dimensional moment curve, i.e., v(t) = (¢,t2,...,t%"1), and we define two additional curves
~1(t;¢) and ~4(t; ¢) in B4, as follows:

71 <t7 C) = (07 tu Ctda t27 t37 s 7td_1)7

t >0, ¢>0. 53
Yo (t;:¢) = (1, ¢t ¢, 42,43, . 107, %)

Notice that v (¢;¢) and ~,(¢;¢), with ¢ > 0, are d-dimensional moment-like CurveSE embedded in
the hyperplanes {z; = 0} and {x; = 1}, respectively. Choose n;+nsg real numbers o;, i = 1,...,nq,

®They are images of moment curves under invertible linear transformations.
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and B;, i =1,...,n9,such that 0 < oy < g < ... < ap, and 0 < B1 < B2 < ... < Bp,. Let T bea
strictly positive parameter determined below, and let U; and U, be the (d — 1)-dimensional point
sets:
Up = {vi(a17),v1(27), ...,y (am, 7)
U2 = {72(61)772(52)7 cee 772(6112)}'

where v;(+) is used to denote 7;(+;0), for simplicity. Notice that U; and Uz consist of points on
the moment curve (), embedded in the (d — 1)-subspaces {z; = 0,23 = 0} and {z1 = 1,29 = 0}
of E4*1 respectively. Call @; the cyclic (d — 1)-polytope defined as the convex hull of the points
in Uj, j = 1,2. We first show that, for sufficiently small 7, any subset U of L%j vertices of
Ui U Uy, such that UNU; # 0, j = 1,2, defines a L%J—face of @ = CHy+1({Q1,Q2}); in other
words, we show that, for sufficiently small 7, the (d+ 1)-polytope @ is (L%J , U1)-bineighborly. We
then appropriately perturb U; and U, (by considering a positive value for {) so that they become
d-dimensional. Let V;, V5 be the perturbed vertex sets, and P;, P> be the resulting d-polytopes
(Vj is the vertex set of P;). The final step of our construction amounts to considering the Cayley
polytope P of P; and P,, and arguing that, if the perturbation parameter ¢ is sufficiently small,
then P is (L%J,Vl)-bineighborly. In view of Theorem [I7] this establishes the tightness of our
bounds for all face numbers of P, + P.
We start off with a technical lemma. Its proof may be found in Section [C] of the Appendix.

(54)

Lemma 19. Fiz two integers k,{ > 2. Let Dy, ¢(T) be the (k+ £) x (k + £) determinant:

1 1 . 1 O 0 --- 0
1T ToT - TET 0 o --- 0
0 0 . 0 1 1 - 1
0 0 . 0 vioya oy

Dy (1) = 232 a2r o a2e2 g2 g2 . g2l TS k+10—3,
B E - SR - N VA1 SRR V-
aftr™ ayT™ o™yt gy i

where 0 < x1 <29 < ... <2, 0< y1 <yo < ...<yp, and T > 0. Then, there exists some 19 > 0
(that depends on the x;’s, the y;’s, k, and £) such that for all T € (0,7), the determinant Dy, o(T)
18 strictly positive.

We now formally proceed with our construction. As described above, consider the vertex sets
Uy and Uy (cf. (B4), and call Q; the cyclic (d — 1)-polytope with vertex set Uj, j = 1,2. As
in the previous section, call II the hyperplane of E4t! with equation {z; = A}, A € (0,1). Let
Q = CHg41({Q1,Q2}), and let Fg be the set of proper faces of ) with non-empty intersection with
I, ie., F@ consists of all the proper faces of @), the vertex set of which has non-empty intersection
with both U; and Us. The following lemma establishes the first step towards our construction.

Lemma 20. There exists a sufficiently small positive value 7* for T, such that the (d 4 1)-polytope
Q is (L%J , Ut)-bineighborly.

Proof. Let t; = oy7, t§ = (o + €)1, 1 <i < nq, and s; = B, s§ = Bi + €, 1 <i < ng, where ¢ > 0 is
chosen such that a; +€ < a1, for all 1 <¢ < ny, and 5; + € < B441, for all 1 < i < no.

Choose a subset U of Uy U Uy of size L%j, such that U NU; # 0, j = 1,2. We denote
by u (resp., v) the cardinality of U N Uy (resp., U N Us), and, clearly, p + v = L%J Let
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Y1 (tiy)sv1(tiy), - -, v1(ti,) be the vertices in U N Uy, where iy < iy < ... < i, and analo-
gously, let v9(s5,),v2(8js),---,¥2(s5,) be the vertices in U N Uy, where ji < jo < ... < j,. Let
x = (x1,22,...,24+1) and define the (d + 2) x (d + 2) determinant Hy (x) as follows:

1 1 1 e 1 1 1 1 e 1 1
z yi(ti) vi(E) - vilta) vi(E,) valsin) va(s5) -+ Yalsz) va(s,)
(55)
The equation Hy () = 0 is the equation of a hyperplane in E4*! that passes through the points in
U.
Consider first the case w € Uy \ U. Then, u = ~,(t) = (0,¢,0,¢%,#3,...,t71), t = ar, for some

Hy(z) = —

o & {aiy, iy, ..., @, }, in which case Hy(u) becomes:
1 1 1 1 1 1 1 e 1 1
Hy(u) = — () t: ) ... t: 1€ , €Yy ... : €
Y1 Y1 (i) il il) 1( zu) 71( iu) Y2(85) ’72(5j1) Y2(85,) ’72(3]‘,,)
1 1 1 1 1 1 1 1
t ot L, t, 0 0 e 0 0
0 0 0 0 0 1 1 1
0 0 0 0 0 8 S5, 55, S5,
= 2 2 2 2 2 2 2 2 2
t tzl (til) R tl/i (t;u) 8.]1 (S;l) st S]l/ (8;7})
3 3 3 3 3 3 3 3 3
t ti, (tf’l) e b, (L‘Eu) Si (3;'1) 55, (Sj'u)
—1  4d— - d— —1 - - d— —
td—=1 til 1 (t;)d 1 .. tiu 1 (t;u)d 1 st 1 (Sgl)d 1 ... st 1 (Sjy)d 1

Observe now that we can transform Hp(u) in the form of the determinant Dy, ¢(7) of Lemma [I9]
where k = 2u + 1 and ¢ = 2v, by means of the following determinant transformations:

(i) Subtract the third row of Hy(w) from the first.

(i) Shift the first column of Hy(u) to the right, so that all columns of Hy(u) are arranged in
increasing order according to their parameter. Clearly, this can be done with an even number
of column swaps.

The case u € Uy \ U is entirely analogous.

We thus conclude that, for any specific choice of U, and for any specific point w € (U; UUy) \ U,
there exists some 79 > 0 (cf. Lemma [[9) that depends on w and U and such that for all 7 € (0, 79),
Hy(uw) > 0. Since the number of all such choices is finite, it suffices to consider a value 7* for 7
that is small enough, so that all possible determinants Hy(u) are strictly positive. For this specific
choice of 7, every subset of U of Uy UUs, where |U| = |42 |, UNU; # 0, j = 1,2, defines a | |-face
of ), which means that Q is ({d%lj , U1)-bineighborly. O

We are now ready to perform the last step of our construction. In the remainder of this section
we assume that 7 is equal to 7, so that the polytopes Q1,Q2 constructed above, have all the
properties mentioned in the proof of Lemma 20l We consider the vertex sets Uy, Us of the polytopes
Q1, Q2, respectively, and perturb them to get the vertex sets V; and V5. We do this by considering
vertices on the curves =, (¢;¢) and v5(¢; (), with ¢ > 0 instead of the curves v, (t) and ~y,(t) (cf.

24



[B3)). More precisely, define the sets Vi and V5 as:

Vi = {vi(aa150), 71 (aam™50)s oo, v1(@n, 755 ¢) ), and
Vo = {’72(51;0772(52;07 e 7’)’2(@1230}7

where ¢ > 0. Let P; be the convex hull of the vertices in V}, j = 1,2, and notice that P; is a L%J—
neighborly d-polytope. Let P be the Cayley polytope of P; and P, and let Fp be the set of proper
faces of P, the vertex set of which has non-empty intersection with both V; and V5. The following
lemma establishes the final step of our construction. In view of Theorem [I7] it also establishes the
tightness of our bounds for all face numbers of P; + P».

(56)

Lemma 21. There exists a sufficiently small positive value ¢* for ¢, such that the (d + 1)-polytope
P is (L%J,Vl)—bineighborly.

Proof. Similarly to what we have done in the proof of Lemma 20| let ¢; = oy7*, t§ = (o + €)7%,
1 <i<ny,and s; = B, s{ = B +¢€, 1 <1 < ny, where € > 0 is chosen such that o; + € < a;41, for
all 1 <i < nq, andﬁi+e<6i+1, for all 1 <7 < ns.

Choose V' a subset of V; U V5 of size L%J, such that V. NV; # 0, j = 1,2. Denote by
(resp., v) the cardinality of V NV (resp., V N V4). Considering ¢ as a small positive parameter,
let vy (ti5C),v1(tin; C), - - -5 v1(ti,; ) be the vertices in V N Vi, where i3 < ip < ... < iy, and
analogously, let v5(55,5C), ¥2(5j2;C), - - -5 ¥2(5j,;¢) be the vertices in V N Va, where j; < j» < ... <
Ju. Let @ = (21,22, ...,2441) and define the (d + 2) x (d + 2) determinant Fy (x; () as:

1 1 1 e 1 1 1 e 1
T (i3 Q) M0 o (@50 Yalsin Q) vals§sQ) o vals, i C)
The equation Fy (z;¢) = 0 is the equation of a hyperplane in E4*! that passes through the points

in V. We claim that for all vertices v € (V4 UVa) \ V, we have Fy (v; () > 0 for sufficiently small ¢.
To prove our claim, observe that

lim Fy (v;¢) = Fus(u;0) = Hy(u), (58)

(—0t

Fy(x;¢) = — - (57)

where u = lim;_,o+ v is the projection of v € V;\ V on the curve v,(¢;0),i = 1,2, and Hy(u) is the
determinant in relation (B3] in the proof of Lemma R0l which is positive due to the way we have
chosen 7*. Clearly, Fy/(v;() is a polynomial function in . Since Hy(u) > 0, relation (58] implies
that there exists some (y > 0 depending on v and V, such that for all ¢ € (0, (p), Fyv(v;¢) > 0.
We choose a value ¢* for ¢ that is small enough so that, for any V' C V; UV, with V NV; # 0,
j = 1,2, and for all v € (V3 UV2) \ V, the determinant Fy (v;(*) is strictly positive. Since the
number of such determinants is finite, we conclude that for ¢ equal to (*, every subset V of V; U V5,
where |V| = |41 | and V N V; # 0, j = 1,2, defines a face of P; this means that P is (| L], V7)-
bineighborly. O

We are now ready to state the second main theorem of this section, that concerns the tightness
of our upper bounds on the number of k-faces of the Minkowski sum of two d-polytopes for all
0 <k <d-—1 and for all odd dimensions d > 3.

Theorem 22. Let d > 3 and d is odd. There exist two L%J -neighborly d-polytopes Py and Py with
n1 and ny vertices, respectively, such that, for all 1 < k <d:

S —1 ny—d— 1 no —d— 1
fie1(PL+ Py) = fu(Caa(m +m2)) — (ZE_J << 1 dz’ 2+ >+( 2 di 2+ ))
=0

where Cq(n) stands for the cyclic d-polytope with n vertices.
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6 Summary and open problems

In this paper we have computed the maximum number of k-faces, frx(P; + P2), 0 < k < d—1, of
the Minkowski sum of two d-polytopes P; and P» as a function of the number of vertices n; and
ng of these two polytopes. In even dimensions d > 2, these maximal values are attained if P; and
P, are cyclic d-polytopes with disjoint vertex sets. In odd dimensions d > 3, the construction that
achieves the upper bounds is more intricate. Denoting by -, (¢;¢) and ~,(¢; () the d-dimensional
moment-like curves (¢, Ct?,¢2,3,... 1971 and (¢t4,t,¢2,¢3,... ,t971), where t > 0 and ¢ > 0, we
have shown that these maximum values are attained if P, and P» are the d-polytopes with vertex
sets Vi = {v1(ai7 (") |i=1,...,n1} and Vo = {v9(5;;¢(*) | j = 1,...,na}, respectively, where
O<ar<ag<...<ap,0< 1 <pP2<...<fp,,and 7%, (* are appropriately chosen, sufficiently
small, positive parameters.

The obvious next step is to extend the results in this paper for the Minkowski sum of r d-
polytopes in E?, for r > 3 and d > 4. The case r = 3 and d > 2 has already been resolved by
the authors of this paper in collaboration with C. Konaxis [I3] [I4], while recently Adiprasito and
Sanyal [I] have resolved the general problem for any r,d > 2, as well as for summands of different
dimensions. The Adiprasito and Sanyal approach is using tools from Combinatorial Commutative
Algebra, through a newly developed powerful theory called the relative Reisner-Stanley theory for
simplicial complexes. An alternative proof for the case r < d, that is based on geometric arguments,
has very recently been proposed by the authors of this paper in [I8] [19].

A related problem is to express the number of k-faces of the Minkowski sum of r d-polytopes
in terms of the number of facets of these polytopes. Results in this direction are known for d = 2
and d = 3 only (see the introductory section and [5] for the 3-dimensional case). We would like to
derive such expressions for any d > 4 and any number, 7, of summands.
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Proof of Lemma

Proof. McMullen [20] in his original proof of the Upper Bound Theorem for polytopes proved that
for any d-polytope P the following relation holds:

For

(k+ Dhes1(OP) + (d— k)h(@P) = S he(OP/v), 0<k<d—1. (59)
ve vert(P)

Multiplying both sides of (53) by t*~*~! and summing over all 0 < k < d, we get:

d

d d
D (k4 Dhyr (0P 3 " (d = B)hp(0P)F =D Y0 (9P /o)t (60)
k=0 k=0 k=0 ve vert(P)

the right-hand side of (G0) we have:

d d
YY) moPfoyttF = " N h 0P/t = Y n(0P/vit), (61)

k=0 ve vert(P) ve vert(P) k=0 ve vert(P)
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whereas for the left-hand side of ([60) we get:

d
> (k+ Dhyyr (OP)EF1 4+ "(d — k) by (0P) !
k=0

M&EM&

(62)

d
hi(OP)EF + 3 " (d — k)hy (0P )+
k=0

o

=0

d d

A h(OPWF 4 (1=1)> (d— k)b (0P F1
k=0 k=0

— dn(OP;t) + (1 — )0 (9P; ).

Substituting in ([60), from (GII) and (62]), we recover the relation in the statement of the lemma. [

B Proof of an identity

In this section we prove the following identity, used in Section H to prove the upper bound for

fri—1(F) (see relations (B0) and (G1I)).

Lemma 23. For any d > 2, and any sequence of numbers «;, where 0 < i < L%J, we have:

14 , oGt

2 fd+1—i i e (d+1—i i
2 ( k—i )O‘ﬁ;(k—d—uz')ai_z; (< k—i >+(/~c—d—l—|—i>>ai'

7=
6

Proof. We start by recalling the definition of the symbol Z T;. This symbol denotes the sum of

i=0
the elements Ty, T4, ..., TL E where the last term is halved if ¢ is even. More precisely:
2

. T0+T1+...+TL%J71+%T£J if § is even,
f To+Ti+...+ Ty + 15 ifdis odd.

Let us now first consider the case d odd. In this case d 4+ 1 is even, and we have:

| 4L ) 1] |4t |4 -1
g1 - i o e S i
( k—i )O‘H‘ (k—d—1+i)o‘i = Z ( k—i )az + Z (k—d—l-&—i)al
i=0 i=0 i=0 i=0
L)1

j i A1 5]
= : (( k—i ) + (kfdflJri)) a; + ( Z—L%%j )O‘L%J

|4t -1
—i i dr1—| 4L d+1
- — ((d—li:_iz ) + (k*d*1+’i>> it % <( kfthJ) + (deliLJd«zHJ)> QL%J
%
- ((dﬁ;l) + (k—dl—l-i-i)) a;
i=0
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The case d even is even simpler to prove. In this case d + 1 is odd, hence:

Ld

+

IJ Ld+1 d+1j

2

d+1 z d+1—z
a2+de1+z Z al+§: kd1+z
=0
dri1
155

v ‘

~
I
o

I
]

Il
=)

((d:iz_l) + (k:—diu_z‘)) Qv

ST
-
-

= ' ((d?if) + (k—dil-i-i)) @

<.
=]

This completes the proof. O

C Proof of Lemma

Before proceeding with the proof of Lemma we need to introduce Vandermonde and general-
ized Vandermonde determinants. Given a vector of n > 2 real numbers & = (x1,x9,...,x,), the
Vandermonde determinant VD(x) of x is the n x n determinant

€ T2 Tn
2 2 2
VD(CC) = L7 L3 e Tn = H (xj - QZZ>
; : : 1<i<j<n
n—1 n—1 n—1
‘:L‘l x2 PEEEY xn

From the above expression, it is readily seen that if the elements of & are in strictly increasing order,
then VD(x) > 0. A generalization of the Vandermonde determinant is the generalized Vandermonde
determinant: if, in addition to @, we specify a vector of exponents p = (u1, 12, .. ., fin), where we
require that 0 < py < p2 < ... < up, we can define the generalized Vandermonde determinant
GVD(z; ) as the n x n determinant:

é:él xgl .. x%l
JTER— h
N
3 3 3
GVD(z;p) =| 71~ T2 In
Mn Hn Hn
1 a’:Q o .. xn

It is a well-known fact that, if the elements of @ are in strictly increasing order, then GVD(x; ) > 0
(for example, see [§] for a proof of this fact).

To prove Lemma [[9 we exploit the Cauchy-Binet formula (cf. [3]). Let M be a n x n square
matrix factorized into a product LR of an n X m and an m X n matrix L and R respectively, with
m > n. If J is a subset of {1,2,...,m} of size n, we denote by Ly, ; the n x n matrix whose
columns are the columns of L at indices from J and by R, the n x n matrix whose rows are the
rows of R at indices from J. The Cauchy-Binet theorem states that

det(M) = det(LR) = Y det(Ly, ;) det(R ), (63)
7e(")

where ([ZL]) denotes the set of subsets of [m] of size n.
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Proof. The determinant Dy (7) is, clearly, a polynomial function of 7. To prove our lemma, it
suffices to show that the coefficient of the minimum exponent of 7 in Dy, ;(7) is strictly positive.

In order to apply the Cauchy-Binet formula in our case, we factorize the matrix Ay ;(7), corre-
sponding to the determinant Dy, ;(7), into the product of an (m+3) x2(m+1) and a 2(m+1) x (k+1)
matrix L and R, respectively, as follows (recall that m +3 =k +1):

I
VD(7rx
Apy(t) = LR = I < (re) D
I I VD(y)
m—1 m—1
) - 1 1 1
m+l 1 3 .o m+l 9T ToT LT
1 $%7'2 l’%7'2 1'27'2
2 I:fTS x§7'3 szB
3 1 : : . :
. 4 1 331” m :L"é"' moo x'lrcn, Tm
- 5 1 1 1 1 ... 1 : (64)
6 1 1 viooy2 W
: Yooy
w3 1 1 oy oy
(AN TS v

The numbers over and sideways of L indicate the column and row indices, respectively, with k= k+
m~+1. We partition the index set J into J;UJy where J; C {1,...,m+1}, and Jy C {Tﬁ, o ,Tm}
Notice that a term det(Ly,,13),7) det(R jx4y) in the Cauchy-Binet expansion of Dy (7), vanishes in
the following two cases:

(i) i € Jy and i € J3 for some 3 <7 < m + 1; in this case the i-th and i-th columns of Ly, 3 ;
are identical, and thus det(Ly,3],7) = 0.

(ii) |J1| # k or |Ja| # [; in this case Rj 4y is a block-diagonal square matrix with non-square
non-zero blocks. The determinant of such a matrix is always zero

Furthermore, notice that for any non-vanishing term in the Cauchy-Binet expansion of Dy, ;(7), we
have:
det(Rjk4y) = GVD(r; uy) GVD(y; po), Y= (Y1, ),

T = (TX1,...,TT)),

where g, (resp., po) is the vector consisting of the elementsin {i—1 | i € Ji} (resp., {i—(m+1)—1 |
i € Jo}) ordered increasingly. The parameter 7 appears only in GVD(7a; pu;) and can be factored
out (see (64). We thus have:

det(Ry i) = 77 GVD(; 1) GVD(y; ) >0, M(J) =) (i—1),

i€Jy

since GVD(x; 1) and GVD(y; o) are positive due to the way we have chosen x and y.

Among all possible index sets J = J; U Jy for which the product det(Ljy,3) s) det(R 1)
does not vanish, we have to find the index set that gives the minimum exponent for 7. Recall
that, in view of condition (ii), the size of J; is k and the size of Jy is [. The minimum exponent
M(J) is then attained when J; = J; := {1,...,k}. In view of condition (i), we have Jy C

5To see this, consider the Laplace expansion of the matrix with respect to the columns of its top-left block.

31



—~ — —

{1,2,..., nT—I—\l} \ {3,... ,E}, which leaves no other choice but Jy = J§ := {1,2,k +1,...,m+ 1}.
For J* = J U J3, the matrix L, 3] s is:

Iy

Ly y3),00 = I,
L

Clearly, Ly, 3]+ becomes the identity matrix after 2k row swaps. Hence det(L,,43) j+) = 1, which
further implies that

sign(Dy, (7)) = sign(Ryx (j4g) > 0. O
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