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We present globaliterative algorithmfor constructingspatial G*-continuousinterpolat-
ing v-splineswhich presere theshapeof thepolygonalline thatinterpolateghegivenpoints.
Furthermorethealgorithmcanhandledataexhibiting two kindsof degenerag, namelycopla-
narquadruplesandcollineartriplets of points. The convergenceof the algorithmstemsfrom
the asymptoticpropertiesof the cunature, torsion and Frénetframe of v-splinesfor large
valuesof the tensionparameterswhich arethoroughlyinvestigatedand presentedThe per
formanceof our approacthis testedon two datasets,oneof syntheticnatureandthe otherof
industrialinterest.
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1. Intr oduction

Shape-preservingterpolation,via functional, as well as parametricsplines,can be
regardedas a well studiedtopic for the planarcase. Indeed,there exists an akun-
danceof papersthatprovide schemegor constructingnonotonicity-and/orconvexity-

preservingplanarsplines.On the contrary theliteratureon shape-preservingterpola-
tionin thethree-dimensionapacas apparenthfimited. Thismaybepartially attributed
to thefactthat,introducingandvalidatinga notion of shape-preservinigpterpolationin

3D is notasstraightforvard asit is in 2D. As a consequencéhefirst relevantpapersn

the literaturehave beendevotedto introducingandinvestigatingalternatve notionsof
shape-preservingpatialinterpolation,suchasthe inflectioncountof a curvein Good-
man[4] andthe shapepropertiesof coils in LabenskiandPiper[9]. In the sequelthe
literaturewas enrichedwith schemeghat enablethe automaticconstructionof spatial
shape-preservingiterpolantsusing rational cubic splines(see Goodman& Ong [5],

[6]), polynomialsplinesof non-uniformdegree(seeKaklis & Karavelas[8]) andsextic

splines(seeAsaturyaretal. [1]).
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Our presentintent is to investigatethe ability of v-splines,introducedby Niel-
son[10], to construciG’?-continuousspatialinterpolantthatconform,to thelargestpos-
sibleextent,with the shape-preseation criteriaadoptedn [8]. Thisinvestigationeads
eventuallyto afully automaticalgorithmthatis capablgo provide, afterafinite number
of iterations,appropriatevaluesfor the v-parametersghat determineshape-preserving
G?-cubic splineinterpolants. Given that working with low-degreepolynomialsplines
seemdo be a standardchoicefor the CAD/CAM community the presentwork offers
the practicaladwantageof usingthe mostwidely usedlow-degree polynomial spline,
namelythe cubicspline,for spatialshape-preservinigterpolation.

The contentsof the paperarestructuredasfollows. In section2, afterintroducing
somepreliminary material, we formulate the shape-peservinginterpolation problem
(seeProblem(P)) for the classof G2-continuoussplinesthat, for a fixed parametriza-
tion U, interpolatea spatialpointsetD andsatisfyappropriatgunit tangentvector zero
cunatureor periodic) boundaryconditionsB. Section3 providesthe v-spline basics,
namelythe v-splinerepresentatiom which we have introducedthe novelty of dimen-
sionless/-parametersandthe strictly diagonallydominantlinear systemswve getwhen
solvingthe G? interpolationproblemunderboundaryconditionsB with v-splines.

Section4 focuseson investigatingthe asymptoticbehaior of a G2 interpolatory
v-splinefor large (positive) valuesof the v-parameters.This investigationleadsto a
seriesof results,including the asymptoticbehaior of the curve andits tangentvector
(seeTh. 4.7),aswell asits intrinsic characteristicsMore specifically Theorems4.10
and4.11dealwith the asymptoticbehaior of the curvature,while Theoremst.12and
4.13dealwith theasymptotidoehaior of thetorsionandthe Frénetframeof av-spline,
respectiely. Thesetheoremsonstitutethe apparentlynovel partof §4.

Section5 consistsof two subsections. In §5.1 we derive appropriateincrease
patternsof the v-parametersensuringthe fulfilment of all the criteria of the shape-
preseration notion introducedin §2, i.e., the corvexity criterion (seeLemmabs.4), the
torsion criterion (seeLemmab.6), the coplanarity criteria (seeLemmata5.7 and5.8)
andthe collinearity criterion (seeLemmab.9). Subsectiorb.2 exploits theselemmata
for composinganiterative algorithm, dubbedNUSSP(ShapePreservingNU Splines),
for spatialshape-preservinigterpolationvia G?-continuous/-splines. The questionof
cornvergencealongwith the issuesregardingthe runningtime andthe storagerequire-
mentsof NUSSParealsodiscussedttheendof §5.2.

The paperconcludesn §6, wherethe performanceof NUSSPis testedandgraph-
ically illustratedfor two datasets.Thefirst datacompriseof pointstakenfrom a helix
(seeFigs. 1-4), while the secondoneis industrial dataprovided by GeneralMotors
DesignCenter(seeFigs. 5-8).

2. ProblemFormulation

LetD = {I,,,m = 1(1) N} beasetof pointsin thethree-dimensionatdffine space
IE3, with 1, # L,,.1, m = 1(1)N — 1, and£p bethe polygonalline connectinghe
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pointsof D, L, = L1 — Iy, Py = L1 X Ly, @andTyy, = |Lyy—1 Ly Lt
Accordingto Sauer([11], Chapterl, §2.2), the vectorsP,,, andthe quantitiesl",,, can
be usedfor establishinga kind of Discrete Differential Geometryof the polygonalline
D. More specifically P,,/||P|| is the so-calleddiscrete binormal at I,,,, while T,
specifieghe signof the so-calleddiscretetorsion:

I'm
T (2.1)
Pl Pl

alongtheleg I,,1,,,+1 of D.

Furthermordet Q(u), u € [u1,un] bea sufiiciently smoothcurwe, interpolating
D with parametrizatiodd = {ui,u9,... ,uy : u; < ug < ... < uy} andsatisfying
appropriatdooundaryconditionss. In thiswork, we shalldealwith oneof thefollowing
threetypesof boundaryconditions:

1. Given unit-tangentvectors: Q:1/[|Q1l = so, Qn/IIQn|l = sy, whereQ,, :=
Q(u,) andsg, sy aregivenunit vectorsin IR3.

2. Zerocunatures:k(ui) = k(uy) = 0.
3. Periodicconditionsfor closeddatasets(I; = Ix): Q; = Qun, Q1 = Qu.
Letalsox(u) bethecurvatureandber(u) thetorsionof Q(u), definedasfollows:

ey < 1QW X Q@I Q) Q) Q)|
1Q(u)|? 1Q(u) x Q(u)|?
We now proceedo accuratelyformulatethe shape-peservinginterpolationprob-

lem, that we shall attemptto handlein the forthcoming sectionswith the aid of v-
splines :

Problem (7). FindaG?-continuousurne Q(u), u € [u1,uy] thatinterpolateshepoint
setD with parametrizatiod/, satisfiesboundaryconditionsB andis shapepreserving
in thesense:

1. (corvexity criterion)If P,, - P,,11 > 0, then:
w(u) -Pp>0n=mm+1, wu)=Q)x Qu), u € [un,unt1]- (2.3)
2. (torsioncriterion)If Ty, # 0, then

(2.2)

T(w) T >0, we[uh,u, ] (2.4)
3. (coplanaritycriterion)If T',,, = 0 and
@) Py, - Ppyy1 > 0, then,for n = m and/orm + 1 :
[[w(u) X Pyl
[[w ()| [|Pn]l

wheree; is a userspecifiedsmall positve numberin (0, 1], andw,,, a user
specifiedclosedinterval suchthat [w,,, um+1] C wm C (Um—1, Umt2)-

< €1, ||w(u)|| ?é Oa U € Wy, (25)
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(b) Py - Pip1 < 0, then,for n = m and/orm + 1 :
lw() x Py

[[w ()] [[Pn]

wheree; is asabove, andd,, = [01,0m2] and ey, = [dm1, dme] areuser

specifiedclosedintenvals suchthat6,,1 < up, um < Ope < u;, andu), <
dm1 < Um+1, Um+1 < Pma, for someuserspecifiedseparatingoint u;,, in

(umaum+1)-

4. (collinearitycriterion)If ||P,|| = 0 andL,,_1 - L, > 0, then,forn =m —1,m:

< €1, ||W(U)|| 7é Oa U € 19m U Pms (26)

Q) x Ly
— , € NMm, 2.7
QL) <% €7 @D

whereey is a userspecifiedsmallpositive numberin (0, 1], andn,, auserspecified
closedsubinteral of (uy,—1, um+1) thatincludesu,, asaninterior point.

The notion of shape-preseation, adoptedn Problem(P), is essentiallythe one
introducedn Kaklis & Karavelas[8], thoughslightly modifiedin orderto beapplicable
to G2-continuouscurvesthatexhibit, in general torsiondiscontinuitiesat the nodesof
the parametrizatiod/; comparethetorsion criterion in (P) with thatin [8].

Let us now provide the motivation underlying the abore adoptedshape-pre-
senation criteria. To startwith, the convexity criterion requiresthat the projections
of theinterpolatingcurve Q(u) ontothetwo planesthatarenormalon P,,, andP,, 1,
shouldbelocally convex along[uyy,, um+1]- Next, thetorsion criterion requiresthatthe
signof torsionof Q(u) onto[u,}, u,, ] is the samewith thatof I',,,, representinghe
sign of the so-calleddiscretetorsion of the polygonalline connectinghe pointsI,,_1,
I, I,+1 andl,,1o. If thepreviousquadruplds coplanarthenthecoplanaritycriterion
suggesthatQ(u) shouldbe ascoplanarasthe userneedsover a closedsubinteral wi,
of (um—1,um+2), Which is alsouserspecified. Coplanarityis achieved by restricting
the deviation betweerthe binormalof the interpolantandeitherof the paralleldiscrete
binormalsP,,/||Pn| andP,+1/||Pm+1]| atthe verticesl,, andI,, 1, respectiely,
of the polygonalinterpolant. Whenthe quadruplel,,,, i = m — 1,...,m + 2, defines
acorvex polygon(casea: P,, - P, 11 > 0), thenw,, contains|u,,, u,,+1]. Whenthe
quadrupleof pointsdoesnot definea cornvex polygon,w,, is split in two disjoint inter
vals, 9, and¢,,, in orderto accountfor the factthatthe discretebinormalsat1,,, and
I,.+1 now possessppositedirections.Finally, if threeconsecutie interpolationpoints,
L;, i = m— 1,m,m + 1, arecollinear thenthe collinearity criterion requiresthatthe
unit-tangentvectorof Q(u) shouldbe,alonga userspecifiedclosedsubinteral 7,, of
(um-—1,um+1), asparallelastheuserneedgo theline connectinghecollineartriplet.

Of course thefour criteria,introducedin Problem(7), do not constitutethe only
possibledefinition of shapepreseration. One could impose more stringentshape-
preservingcriteria. For example,in [6], the corvexity criterion requiresthat, when
P, - P41 > 0, theprojectionsof the curve sggmentbe corvex ratherthanmerelylo-
cally convex, or exhibit only oneinflection pointwithin [u,,, um+1] if Pp, - Ppg1 < 0.
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In the samework, the coplanarity criterion saysthat Q(«) shouldbe exactly, not ap-
proximately coplanamwith theplanarquadrupld,,,i = m — 1,...,m + 2.

3. v-splineBasics

Introducedby Nielson[10], a G2-cubicv-splinecanbewrittenin parametridorm
asfollows:

Q(u) = LnH{ (8) + amAmHY () + A1 A H3 () + L1 H3 (2), 3.1

U € [Um, Umt1], Wheret = 2% with Ap, = umy1 — um > 0 is the so-calledlocal
parameter(t€[0, 1]), H3(t),i = 0(1)3, arethe standardcubic Hermite polynomials,
andq,, arethetangentvectorsof Q(u) attheinterpolationpointsI,,, m = 1,..., N. If
thesevectorsarespecifiedthentheinterpolantis, in general C''-continuous To achiere
G?-continuity thefollowing conditionsshouldbefulfilled attheinterior nodes:

Quh) — Quy) = Gy T = ﬁ m=21)N-1, (32
for someconstants/,,, the so-calledv-parametersin the abore conditions,thesepa-
rametersare normalizedby the quantity/A,, _14,,, sothatthey becomedimension-
less. This differs from the approachusedin the literature,wherev’s representnverses
of lengths;see[10] and Farin [3]. The normalizingquantity hasbeenchosenso that
v's areinvariantwith respecto the orderingof the pointsin D. Furthermoreif I/ is the
chord-lengthparametrizationthenthe ’'s areinvariantwith respecto uniform scaling.

Usingtheabove relationandincorporatingheboundaryconditionsB3, we arrive at
alinearsystemfor the quantitiesq,,,, m = 1(1) N, whichis of theform:

CmQm—1 + Amqm + qum—|—1 =By, m= 1(1)57 (33)

whereS = N for the unit-tangentvectorandzero-curature boundaryconditions,and
S =N -1,q := qs andqgsy41 := q; for the periodic boundaryconditions. In
particular for m = 2(1)S — 1, we have:

Cm=2A7An, (3.4)
1
Am =2Ap 1 + 245, + EvAm—lAm Um, (3.5)
Dy = Ap1, (3.6)
Am Am—l
B,=3{—L,_ —VL, ). 3.7
m 3 (Am—l m—1 T Am m) ( )

The remainingcoeficients andright-handside vectorsdependon the boundarycondi-
tions. More accurately:

1. Unit-tangentvectorboundaryconditions:C,, = D, =0, A, =1+ v,,n =1, N,
and

B1 = 8y, BN = SN- (38)
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2. Zero-cunatureboundaryconditions: In this casewe requirethe following condi-
tionsthatyield zerocunatureatthe endpoints:

V1

Quf) = — 3.%
Q( ) Al qi, ( )
“ v
Q(uy) = xo—an- (3.%)
N-1
Asaresultwegetthat: C; = Dy =0,Cy =Dy =1, A, =2+ 1y, n=1,N
and
B - L By —-° L (3.10)
1= Al 1, N—-1— AN—l N—-1- .

3. Periodicboundaryconditions:C; = A1, D1 = An—1, A1 = 2A1 + 2AN_1 +
%\/ZIEN—IVI and
L (ANt Ay
B, =3 ( AL L+ An LN—I) . (3.11)

It canbeeasilyseenthatall theabore linearsystemsaresymmetric,undera diag-
onalscaling,andstrictly diagonallydominantfor v,,, > 0, = 1(1)N, thusuniquely
sohable.

4. Asymptotic Propertiesof v-splines

In this sectionwe shallinvestigatethe asymptoticbehaior of v-splinesQ () for
large (positve) v-parameters.In particular we will focuson deriing the asymptotic
behaior of Q(u) andits tangentvectorQ(u), the co-directionalto its binormalvector
w(u) = Q(u) x Q(u), its cunature,x(u), andtorsion, 7 (u), distributionsand,finally,
its Frénetframe v¢(u), vy(u) and v, (u), wherev,,,, (u) denotesthe unit-tangent/
binormal/ principalnormalof the curve, respecitrely.

Dependingon the type of the imposedboundaryconditions,we shall malke use
of the following corventionsregardingthe boundaryvaluesof the vectorsP,,, andthe
quantitiesA,, = Um4+1 — Uy, ANAv,,.

1. Givenunit-tangentvectors: Ag := Ay, Ay := Ay_1, P1 = s¢ x L1, Py =
Ly_1 Xsy andl/() =VUN41 = 0.

2. Zerocunatures: Ag := Ay, Ay := Ay 1, Py = Py = (0,0,0)T andyy =
UN4+1 = 0.

3. Periodicconditionsfor closeddatasets: Ay := Ay 1, Ay := A1, P = Py =
Ly_1 xLy andl/() = VN_1,VUN4+1 := V1.

Sincewe areinterestedn theasymptotidoehaior of ourcurve, we shallrepeatedly
needandusethe ©- and O-notation. The definitionsthatfollow arethosein Cormen,
LeisersorandRivest[2].
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Definition (©-notation)For a given function g(n), we denoteby ©(g(n)) the setof
functions

O(g(n)) = {f(n) : thereexist positve constants; , cz, andng suchthat
0 <cig(n) < f(n) < cog(n) foralln > ng}

Definition (O-notation)For a given function g(n), we denoteby O(g(n)) the setof
functions

O(g(n)) = {f(n) : thereexist positve constantg andn, suchthat
0 < f(n) <cg(n)foraln >ng}

In thesequelve shallabusethenotationalittle andinsteadof writing, e.g.,g(n) €
O(f(n)), weshallwrite g(n) = O(f(n)).
4.1. Prepaiatory Results

We shall now derive threelemmasandthreecorollaries,thatwill be usedin the
subsequerdubsectioror obtainingthe main resultsof this section.

Lemma 4.1. Thereexistsa positve numberM, dependingnthesetD, the parameter
ization/ andtheboundaryconditionsB suchthat

lamll < M, m=1,..,8. (4.)

Proof. Thelinearsystem(3.3) canberecastas:

C D B; .
—mq’i,mfl + q’i,m + A—sz',m—H = Ji,ma 1= ]-7 27 37 (42)

ATTL m m

or, in matrix form:

(I+A)q =B;, i=123, (4.3)
whered; = (i1 .. ¢in)7. B = (BAf"ll ]i(’; % ?;’SS)T andA is thematrix of

thelinearsystem(4.2) with its diagonalelementssetto zero. Groundedon the defining
formulaeof A,,,, Cy,,, D, (seeequs.(3.4)-(3.6)anditems1-3in §3), onecanwrite that,
for all boundaryconditionsB:

Cnm D, 1

— — | < = =1(1 .
2 g mms, (4.

m

whichgives:||A]|o < 3. Combiningthis resultwith (4.3), we have:

e 1§ B; 2|B;
failloo = 1T+ &)~ Bifloe < A Biloo o 2Bifloc

. , 45
S T (Al S mingemes {Am} (4.5)
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Where]§ = (Bi,l - BZ',S)T. But

Ap > min{2A,,,1} > 1§nrzn§111\1/—1{2Am’ 1}, Vm. (4.6)
Thus,
. 2Bifloo
16 | i <m<n—1{28m 1] 4.7)
Setting
2/1IB1 % + IBs]1% + [BsllZ
M = _ , (4.8)
mlnlSmSN_1{2Am, 1}
(4.7)leadsreadilyto thedesiredresult. d
UsingLemmad4.1we cannow prove awell-known propertyof v-splines:
Lemma4.2.
lim q,, = (0,0,0) (4.9)

Vi, —00

Proof. At first, we rewrite equationg3.3) as:
am = A;.l(Bm — CmAm—1 — DinQmy1)- (4.10)

Secondlyappealingo formulae(3.4) and(3.6) aswell asitems1-3in §3, we easilyget
thefollowing upperbound:

Cmy, D < 131%%(—1{Ai} + 1. (4.12)

Then,combining(4.10)with boundg4.1)and(4.11)andtakinginto accounthatA,, =
©(vm), thevalidity of the Lemmafollows readily O

Applying the above lemmafor q,,—1 andq,,+1 andusingthe bounds(4.11), equality
(4.10)yieldsthefollowing importantcorollary:

Corollary 4.3.
lim AmQm = Bn- (4.10)

Vm—1yVm+41—>0Q
Corollary4.3givestrise,in its turn, to anotherpair of corollaries:

Corollary 4.4.
Ap,

m—1

lim Ap(gm X Ly) =3

Vm—1,Ym+1—+00

P, (4.11)
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. FAV
1o A (=t X Gm) = 3 =75 P @12
Corollary 4.5.
lim An(@m X Gmt1) = (0,0,0)", n=m,m+1, (4.13)

wheres =m,ifn=m+1ands =m 4+ 1if n = m.

Proof. By virtue of Lemma4.1, inequalities(4.11) and equations(3.3), we get the
estimated,,||a,|| = O(1), n = m,m + 1, whichyields:

AmAm+1||qm X qm+1|| S AmAm+1||qm||||qm+l|| = 0(1) (414)
The validity of the Corollary thenfollows from (4.14) andthe factthat A,, = O(v,),
n=m,m+ 1. O

Lemma4.6. If v; — o0, i =m — 1(1)m + 2, then:

108T,,
AmflAznAm—H ’

AnAms1 | Q) Qu) Q)| -

u € [uh,un, ] (4.15)

Proof. Using(3.1)we arrive, aftersomestraightforvard algebraattheformula:

Q(u) Q(w) Q(w)| = 128, dm Lim am 1] (4.16)

Onusing(4.16)in conjunctionwith Corollary4.3,we areleadto:

AmAmi1|Qu) Qu) Qu)| = 12A4 By Ly Byy1], (4.17)
aSVin—1, Vm, Vm+1, Vm+2 — 00, Which, in view of thefactthat:

9A2

B, L,B = —
B b Bt | = 3 A

T, (4.18)
givesthewantedresult. a
4.2. Main Results

Wearenow fully equippedor materializingtheaimsof this section.To begin with,

the ensuingtheoremfocuseson the asymptoticbehaior of a v-spline andits tangent
vectorin the parametridntenal [, , tm41]-
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Theorem4.7. Foru € [um, um+1],

lim  Q(u) =Ln(1 —t)2(1 + 2t) + L 1#%(3 — 21), (4.19)
VmsVm+1—+00
lim  Q(u) =6A  'Lyt(1 —t). (4.20)

VYm yVm+1—+00

Proof Appealingto (3.1) andapplyingLemma4.2 for q,, andq,,+1, we readily get
thelimiting relation(4.19). Next, directdifferentiationof (3.1) yields:

Q(u) = 6A, Lyt(1 — ) + qm(1 — 1)(1 — 3t) + @m41t(3t — 2), (4.21)
which, in conjunctionwith Lemma 4.2 again, gives (4.20). Obviously, for u =
U, Um+1, (4.20)degenerateso Lemma4.2. d

The next two results summarizethe asymptotic behaior of the vector w(u) =
Q(u)xQ(u), that sharesthe samedirection with the binormal v,(u) of the v-spline

Q(u).
Theorem4.8. If v;—00,i =m — 1(1)m = 2, with v, /v, 11 — ¢ > 0, then:

18 d d
— 2P, (1-t)%+ XLH Pt u € [um, Umi],

A
RW(U) ~ Am Am—l m—+1
(4.22)

forn =m,m + 1 andd,,, = limyn,um—wo f_:l

Proof Usingthedefiningformula(3.1)for Q(u), we arrive aftersomestraightforvard
algebraatthe expression:

A
T_nQﬁ(Amqm X L) (1 — t)Q

o Ap
+ GAmQA " (Lm X Amy1Qmi1)t?
m

- ZA';zlAn(Qm X Qm+1)(1 — 3t + 3t2).

Apw(u) =6A
(4.23)

Appealingto Corollaries4.4 and4.5 andexploiting the hypothesighatv,, /vpm+1 — ¢,
thevalidity of the Theoremfollows readilyfrom (4.23). O

A muchsimplerresultcanbederivedfor thenodalquantity A,;, Wy, Wy, := W(u,y,). In
particular we have:

Corollary 4.9.

1
lim {Amwpn} = 18 P (4.24)

m-
Vm—1,Vm+1—>0 Am_lAm
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Proof. Forn = m andt = 0, (4.23)degenerateso

Ap Wiy = GA;;QAm(Qm X Lm) - 2A7711Am (Qm X Qm—H)a (4.25)
which, in view of Corollaries4.4and4.5 givesthewantedresult. a
In fine, we turn to derive asymptoticresultsfor the actualgeometricquantitiesof a v-

spline,suchasthe cunature,the torsionandthe Frénetframe. For the behaior of the
cunatureof av-splinein theopenintenal (u,, um,+1) we have:

Theorem4.10. If v;—00, 7 =m — 1(1)m — 2, with v, /vy 41 — ¢ > 0, then:

A%n dnm Pm dn,m—|—1 Pm+1

A, —
K;('U/) n 12||Lm||3 Am_l (1 . t)t3 Am_|_1 (1 _ t)gt ? ue(um’um+1)’
(4.26)
forn =m,m + 1 anddy,;, = lim,, ,,, oo ﬁ—;
Proof. CombiningTheoremst.8and4.7 we arrive atthefollowing relation:
18 d 2 dn,m+1 2
A A || 2P, (1 — t)* + PPy, t
oty = Aol &[22 (vl R
1Q(u)| (685! [T |£(1 —1)]
theright-handsideof whichis equalto thatof relation(4.26). O

Thecorrespondingesultfor thenodalcurvature whichis adirectconsequencef Corol-
laries4.3and4.9, hasasfollows.

Theorem4.11.

lim /<;(um)fr2 = 18| |

Vm—1,VYm+1—>00 mo AmflAmHBmH?"

(4.28)

We now proceedo stateandprove the correspondingsymptotiaesultfor thetorsion:

Theorem4.12. If v; — o0, i = m — 1(1)m + 2, with v, /v;me1 — ¢ > 0 and
1AL 3P (1= 1)2 + ALY TP 12| # 0, thenfor u € [uf, uy 1] -

'y

T(u) > —35— 373
3AY2 AV

1AL PP (1 = 1) + ALY TP 2|2 (4.29)

m

Proof. UsingTheorem4.8,Lemmad4.6andthefactthat:
Am Amfl

lim =
Vm ,Ym+1—>00 Am+1 Am+1 ’
Vm [Vm+41—€

(4.30)
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we easilygetthatthetorsion (u) of av-splinecanbe expresseds:
Ay AmAmi1 |Qu) Qu) Qo)

. . 2 )
et (A | Q) x Q)]

It is theneasilyshavn that,underthe hypothesesf the Theoremtheright-handsideof
the secondequalityabore, tendsto the quantity:

T(u) = (4.31)

A 108T 18P (1 —t)2 Am_1 18P 12|
m—1 082m 8 m( t) i m—1 8 m+1 ’ (432)
Am—l—l Am—lAmAm-i-l Am—lAm Am-i—l AmAm—I—l
which provesthe wantedresult. O

Thelasttheoremof the sectionis concernedvith the asymptoticoehaior of the Frénet
frameof Q(u):

Theorem4.13. 1. Unit-tangentvector:
L

m
= o, UE(Um Umn+1), 4.33
o VEU) = T U (s 1) (4.33)
Moreover, if |B,,|| # 0, then:
: Bm
imesimaoo VW) = [T (434
2. Binormal:
AP (1= 1)2 4 A EP o 12
vp(u) - —2 ml =8 + i1 Pt U € [Um, Umt1],  (4.35)

1A, 23R (1= )2 + ALY PP i 2]

m—1

asy; — 00,i =m—1(1)m+2,with v, /vy 41 — ¢ >0 and||A;z3_/12Pm (1—1)2+

cA;ni/meHt?H # 0. (4.35)retainsits validity for v = uy, (u = um+1) aswell,
providedthaty,, 1, vpym+1—00 (Vm, Vmt2—00) only.

3. Principalnormal:
(AP (1 = )2 4 ¢ 2P i12) X L,

—3/2 —3/2 , U
1A PP (1 = )2 + ALY PP 182 [ Lo

v (u) —

€ (Um, UM+1)7
(4.36)

asy; — 00,t =m—1(1)m+2,with v, /v 41 — ¢ >0 and||A7_n3_/12Pm (1—1)%+
TP 2] # 0. Also, if | By # 0, then:

y () P,, xB,,
im Vollm) = 70—+ -
Vm—1,Vm+1—>00 nam ||Pm|| ||Bm||

(4.37)
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Proof.

1. Limiting relation(4.33)is a direct consequencef Theorem4.7, whereadimiting
relation(4.34)stemsfrom Corollary4.3.

2. Relation (4.35) is a result of Theorem4.8 and limiting relation (4.30); relation
(4.37)canbedervedfrom Corollary4.9.

3. Theresultsfor the principal normalv,, (u) stemreadily from thoseof the tangent
vectorv;(u) andthebinormalv,(u), sincevy, (u) = vy(u) X vi(u).
O

We shall concludethis subsectionby describingin more qualitatve termsthe
asymptoticresults obtainedabore. To start with, Theorem4.7 implies that, as v-
parametersncreasea v-splinetendsto a C! cubic parametrizatiorof the polygonal
line that connectsthe verticesof the point-setD. From this point of view, v-splines
resembldo tensionsplines the majordifferencebeingthatthetensionparametes in v-
splinesarenot associateavith parametridntenals, asit is the casefor the exponential
splinesin tension but with parametrimodes.As aresult,corvergenceto the polygonal
line overthewholeintenal [u,y,, un+1] requireshatbothv,, andv,, 1 tendto infinity.
Furthermoreasoneshouldexpect,thelimit parametrizatioof thepolygonalline ceases
to beregularatthenodesof U/ (correspondinglyverticesof D), wherethetangentwector
vanishesseeeq. (4.20)for t = 0, 1.

Theorem4.8 and Corollary 4.9 summarizethe asymptoticbehaior of the vector
w(u) = Q(u)xQ(u) that, as alreadystatedat the beginning of this section,is co-
directionalto the binormalof Q(u). Taking into accountthat the quantitiesA,,, are
positive (seeeq. (3.5)), Corollary 4.9 guaranteethat, for suficiently large valuesof the
v-parameters,,_1 andv,, 1, the vectorw(u) atthe nodeu = u,, (equvalently at
the vertex I,,,) will tendto be parallelto the so-calleddiscrete binormal P, /|| P, || at
I,,. To obtaina similar resultfor the whole parametriantenal [u,,,, %,+1], Theorem
4.8 requiresthatv,, andv,,,o shouldincreaseaswell andthatthe growth ratesof v,
andv,,+1 shouldbe asymptoticallyequvalent (v,,/vim+1 — ¢ > 0). Underthese
hypotheses(4.22)impliesthatw(u), u€[wum, um+1], Will remainin the acuteangleof
thediscretebinormalsatP,,, andP,,, .

Theoremgt.10and4.11exhibit theasymptoticdbehaior of thecunatures(u) of a
v-splinefor largevaluesof thev-parametersSincew (u) appear$n thenumeratoof the
rationalexpressionfor x(u), Theoremst.10and4.11inherit the v-parameteincrease
patternsadoptedby Theorem4.8 and Corollary 4.9. Thus, giventhat A,, = O(v,),
the limit relation (4.26) implies that x(u) will tendto zerowithin eachopenintenal
(Um, um+1). ON the contrary the nodal cunature s (u,,) will tendto infinity at a rate
of ©(12)); seeeq. (4.28). Now, if D is two-dimensionalthenonecanspeakof signed
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curvatureandthelimiting relations(4.26)and(4.28)degeneratdo the onesbelow :

A2 d P, d P,
A m nm m n,m+1 m+1
lﬁ)(u) n — 12||Lm||3 (Am_1 (1 —t)t3 Am+1 (1 —t)st)’ ’U/E('U/ma’ulm—l—l)a
(4.38)
18P,
i A2 = m___ 4.39
Vm—l,l}virilﬁoom(um) i Am—lAm”Bm“3 ( :

with P,,, denotingthe non-zerccomponenbf P,,,, thatis verticalto theplaneof D. The

above limiting relationsdisplaythe convexity-preseraton propertief v-splinesin the

planefor, if the vectorsP,,, andP,,; sharethe samedirection,it is ensuredhat, for

sufiiciently large valuesof v;, 1 = m — 1(1)m — 2, the cunaturewill retainconstant
Signover [t , Um+1]-

Onemay legitimately asserthat the contentsof Theorems4.10and4.11 canbe,
moreor less,anticipatedon the basisof the remarkthat, asthe v-parametersncrease,
av-interpolanttendsto the polygonalline with verticesat D. This remark,however, is
uselesdor anticipatingthe asymptoticbehaior of thetorsionof av-spline,for the tor-
sionof astraightline is notwell defined.The soughtfor behaior is dervedin Theorem
4.12, statingthat, if v's increaseasin Theorems4.8 and 4.10, thenthe restrictionof
torsionT(u) on [u}, u,, ;] will tendto awell-definedlimit, thatshareshe samesign
with the so-calleddiscrete torsion T, of the polygonalline that connectshe vertices
I,n=m—1(1)m +2.

Finally, we arecomingto Theorenmé.13,which collectsthe asymptotidbehaior of
theFrénetframeof av-splinefor largevaluesof thev-parametersThus,if v,,, andv,,, 1
tendto infinity, thenthe unit-tangentvectorv,(u) in the openintenal (., Uy, +1)u
will tendto the unit-tangentectorof thelinearsegment,thatconnectgheinterpolation
pointsI,, andl,, ;. At thenodesu = u,,, v¢(u,,) will tendto a positve combination
of the unit-tangentvectorsof the two neighboringlinear segments. As for the binor
mal vy(u) IN [um, umt1], If V'S increaseasin Theorem4.8, it will tendto a positive
combinationof the neighboringdiscretebinormals,namelyP,, /|| P, ||, n = m,m + 1.
Thelimiting relationsfor the principalnormalarea directconsequencef therelations
betweerthe vectorsof the Frénetframe.

5. A Discrete Algorithm for Constructing Shape-Pesewring v-splines

In this sectionwe shall provide suflicient and possibly necessaryonditionsfor
ensuringhata G?-continuous/-splinewill beshape-preservinig thesensespecifiedn
Problem(P) of §2. In addition,we shallpresenpatterndor increasinghev-parameters
sothatthecorrespondinguficient conditionswill eventuallybesatisfied.This material
is collectedwithin thefirst subsectionthe secondsubsections devotedto presentinga
discreteanditerative algorithm,thatis ableto constructinterpolatoryshape-preserving
v-splinesafterafinite numberof iterations.
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5.1. SuficientConditionsandIncreasePatterns

We startby statingtwo lemmata,which will be usedin the sequel.We only prove the
secondemma;the first oneis concernedvith the well known necessarandsuficient
conditionsfor aquadraticBernsteinpolynomialto be positive in [0, 1].

Lemmab.1. Let f(t) = a (1 — )% + Bt2 + vt(1 —t). Thenf(t) > 0fort € [0, 1], if
andonlyif o, 8 > 0 and2+/af + v > 0.

Lemma5.2. Let f(t; k) = a (1 —t)F+ Btk t €]0,1), k > 2,0, 8 > 0, || + |B] # 0.
Then:
. af
min_f(t; k) = ; ; . (5.1)
te[0,1] (am _|_5m)k—1

Proof The Lemmacan be readily obtainedby noting that f/(¢; k) = 0 admitsof a
uniquesolutionat:

to=—7F""7- (5.2)

andthat f"(t; k) >0. O

Corvexity Criterion (seeitem1in Problem(P) of §2)
Expandingthe definingexpressiorfor w(u) = Q(u)x Q(u) we arrive at:

w(u) = wp (1 - t)2 + VVm—Ht2 + gmt(l — 1), (5.3)
where
Wi =64,%(qm X L) — 28,1 (@m X Qm+1), (5.4a)
Wint1 = 64,2 (L X Q1) — 24, (Qm X Am1), (5.4b)
gm = 2A7_n1(qm X Qrnt1)- (5.4c)

Usingnow Lemma5.1with « = wy,, - Py, 8 = w41 - P, andy = gy, - Py, eXpansion
(5.3)readilyleadsto the following necessarandsuficient conditionsfor the corvexity
partof the shape-preseation criterion:

Theorem5.3. If P, - P11 > 0, thenthecorvexity criterionis satisfiedn [y, wm+1]
if andonly if theensuingconditions(1) and(2) holdtrue.
1. w-P,>0, s=m,m+1, n=m,m+1,

2. 2\/(Wm Pp) (Wit1 Pn) +8m Prn >0, n=m,m+ 1.

Theensuingesultprovidesanincreaseoatternof v's that permitsthe fulfillment of the
conditionsin Theoremb.3.
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Lemmab5.4. (i) Conditions(1) in Theorem5.3 will hold for sufliciently large values
of vy, wherek =m — 1,m + 1fors =mandk = m,m +2fors=m + 1.

(i) Conditions(2) in Theorem5.3 will hold for suficiently large valuesof v, k =
m—1,m,m+1,m+ 2.

Proof.

(i) It is adirectconsequencef Corollary 4.9, the positvity of A, andthe factthat,
underthehypothesesf Theorenb.3,P; - P, > 0.

(i) UsingagainCorollary4.9we havethat,asvy — oo, k=m —1,m,m+1,m + 2,

18 /P - Pr) Prgs - Pr)

Theright-handsidein thelimiting relation(5.5)is strictly positve for P, - Py, 1 >
0. Ontheotherhand,we canwrite:

AL A (gm - Pn)
/A A P, = Smimtl\Sm 2 n) 5.6
m m+1(gm n) \/m ( )
which, in view of theestimate(4.14) andthefactthatA4,, = O(v,),n = m, m + 1,
impliesthat:
\% AmAm-I-l(gm : Pn) -0, (5.7)
asy, — oo, kK = m,m + 1. Combining (5.5) with (5.7), we conclude

that the left-hand side quantity in Condition (2) of Theorem5.3, multiplied by
VA Anmi1, tendsto astrictly positive quantity which yields the sought-forresult

for /A, At 1S poSitive.

O
Torsion Criterion (seeitem2 in Problem(P) of §2)
Theorem5.5. Thetorsioncriterionis satisfiedn [u};, u,, ], if andonly if:
E,Tp, >0, (5.8)

whereE,, = |qm Ly Q1]

Proof. In view of (4.31), the sign of the torsionin [u;},,u,, ] is determinedby the

signof thequantity|Q(u) Q(u) Q(u)|, which, in view of (4.16), coincideswith thatof
E,,. 0

The correspondingatternfor increasinghe v-parameterss suggestedhy Lemma4.6,
yielding the following

Lemma5.6. Condition(5.8) will besatisfiedfor suficiently large valuesof the param-
etersyg, k=m—1,m,m+1,m + 2.



M. I. KaravelasP. D. Kaklis/ Shape-peservinginterpolationusingv-splines 233

CoplanarityCriterion (seeitems3aand3bin Problem(P) of §2)
Thevarioususerdefinedquantitiesgncounteredh this criterion,arechoserasfollows:
-If Py - Pryy1 > 0, thenwy, = [up,, nm41]

-1f Py, - Ppp1 < 0, thenthe separatingooint w7, is setequalto the uniqueroot in

[tum, um+1] Of the numeratoandalsodenominatorpf thelimit of v,(u) asy; = oo,

i=m — 1(1)m + 2, with v,,, = v, 41 (seeTh. 4.13,rel. (4.35)):
3/4

A1 VPl

AV TPl + AYE TPl

while 9., = [um,u’,] and e, = [ul,, ums1], with «f, andw?, beingary parameter
valuein (up,, ur,) and(u,, um+1), respectiely.

; (5.9)

*
Upy = U, + Dy

Thefollowing lemmaensureghatpart(a) of the coplanaritycriterion, dealingwith the
casewhentheplanar4-gonl,,_1, L, L,+1, L2 is convex, will befulfilled for appro-
priatelylarge valuesof thev-parameters.

Lemmas.7. Let

P(u) = |[w(w)|2 [Pl 22 — [lw(u) x P (5.10)
andy,, = ¥(uy), n =m,m+ 1. If T';, = 0andP,, - P11 > 0, then:
(i) ¥y, > 0 for large enoughvaluesof theparameters,,_1, vp11,n = m, m + 1,

(i) ¥(u) > 0, u € [um,um+1] for large valuesof the parameters/,,_1, v, Vm+1,
Vm+2-

Proof. Part (i) of the Lemmastemsdirectly from Corollary 4.9, the assumptiorP,,, -
P,,+1 > 0 andthepositvity of A, andA,,11.

Let usnow concentraten proving Part (ii) of the Lemma. Using (5.3) we easily
arive attheformula:

lw(@w)[|? = [[Wmnl*(1 = )* + [ Wit [Pt + lgmI(1 — 1)
+2(Win - Wi )82 (1 — 8)% 4+ 2(Wy - &) (1 — £)3t (5.11)
+2(Wins1 - ) (1= )E°.
Moreover, we have :

1w () X Pr||* < 2[|win x Pral*(1 = )* + 2 [ W1 x Prm||*2*

5.12
12 g x Prl2(1 - )°. 5-12)
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Combining (5.10) with (5.11) and (5.12), we deducethe following lower bound for
P(u) :

P(u) > [[[wl*[Pmle] = 2[[wim X Prl?] (1 = #)*
Wit P[P Pe — 2 [ Wimp1 X Pro[*]2*
+lgmll*IPml*ef — 2 lgm x Pml*]t*(1 — t)? (5.13)
+{2 (Wm : Wm-l-l) t2(1 - t)2 +2 (Wm : gm) (1 - t)3t
+2 (Wint1 - 8m) (1 = 1)t°} &7 [Pl

Appealing,onceagain,to Corollary 4.9 and the positvenessof A,, and A,,+1, and
usingthefactthat,undertheassumptionsf thislemma,we have P, = cP,,+1, Where
¢ =||Pnll/IIPm+1] > 0, we caninfer thatthereexistsa positive constantV; suchthat,
for everyv, > Ni,n =m — 1(1)m + 2, thefollowing inequalitieshold true:

HWnHQHPmHQ‘g% -2 Hwn X Pm”2 >0, n=m,m+1, (5.14)

Wi - Wt > 0. (5.15)

Next, lett; beary numberin (0,1). Thenfor everyt¢ € [0, ¢;] andfor every v, > Ny,
n =m — 1(1)m + 2, we canstrengther{5.13)asbelow:

P(w) > 5 [ [Pl 2 [ x P ] (1 — 1)
W1 [PIPml2E2 = 2 [Wins1 x P 4
(1= 07 {5 (1w lPIPwIPe? = 2w x Pl (1 - 11)?
g P[P 262 = 2 lgm X P2] €2 [Pl
=2 Wil gl [P

+2¢ef [Pl (1 = ¢) [(Win - Wint1) (1= t1) = W]l g l] -

(5.16)

By virtue of (5.14) we can say that the first term in the right-handside of (5.16) is
positve, whereaghe seconds non-ngatwve for v, > N1, n = m — 1(1)m + 2. Next,
recallingthe definingrelation (5.4c) of the quantityg,,, Corollary4.5 and,onceagain,
4.9 andthe positvity of A,,, we concludethat thereexists a positve numberN,; such
that, for every v, > Ny, n = m — 1(1)m + 2, the multiplier in the curly braclets
of the third termin the right-handside of (5.16)will be positve. Employing the same
argumentation(5.15)impliestheexistenceof a positive numberN3 suchthat,for every
vn, > N3, n =m — 1(1)m + 2, themultiplier in the squarebracletsof thefourth term
in right-handside of (5.16)will be positive too. Collectingthe above results,we can
saythatthefunction(u) will bepositve on [0, ¢;] for v, > Ny = max{N;, N2, N3},
n =m — 1(1)m + 2. In acompletelyanalogousnannemve canprove thatthereexists
apositve numberN, suchthatif v, > N,,n =m — 1(1)m + 2, we have ¢)(u) > 0 for
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everyt € [t1,1]. Let Npyap = max{ Ny, N, }. Thenfor v, > Npaz,n = m—1(1)m+2
the positivity of ¢ (u) is ensuredn theentireintenal [w,, upy+1]. O

The casewhenthe4-gonI,,_1, I, 41, Int2 is planarbut non-conex is handledby
theensuingemma,establishinghatpart(b) of the coplanaritycriterionwill befulfilled
for appropriatelyjlargev’s:

Lemma5.8. If 'y, = 0 andP,, - Py, 41 < 0, then:
(i) ¥y > 0, for large enoughvaluesof the parameters,, 1, vy 41, n = m,m + 1,

(i) Y(u) > 0, u € [th,ul,] U[ul,, um1], for large enoughvaluesof the parameters
Vm—1, Vm, Vm+1, Vm+2, With v, = v 1.

Proof. Theproofof Part(i) of theLemmacoincideswith thatof Part1 of Lemmab.7.
Usingthe expansionof w(u) in (5.11),aswell asthefactthatt € [0, 1], we easilyget
thefollowing lower bound:

2
Iw@)* = [lwml (1 = 8)* = W1l £2]° = llgml®

(5.17)
=2|lwml llgmll — 2 W+l lIgmll-

Now, let

o [l
m 9
VIl + VW]

which, if v, andv,,4+1 increaseunderthe constraint:v,, = vn,+1, Will tendto the
quantity (u), — um)/Am, asit is readilyimplied from Corollary 4.9 andthe defining
formula(5.9) of w;,. It is thenlegal to saythatthereexists a positve numberN; such
that,for everyv,, > N1, n = m — 1(1)m + 2, with v, = v, 41, the quantity A,,, will

lie strictly in betweent’, andt” , i.e.,

(5.18)

th < Ay <t (5.19)

Furthermorepnecaneasilyverify that ||w,|| (1 — t)? — ||wm1| 2 is anon-ngative
decreasindunctionof ¢ in [0, A,,]. Combiningthis with (5.19),we concludethatunder
the sameassumptiongor which (5.19) holds, ||w(«)|| canbe boundedfrom belav in
[0, t¢,] asfollows:

2
W@l > [wmll (1= 25)? = wmetl) (45)7] = lgml® g )
—~2|Woa gl = 2[1Wrm1] 1 g

Theabove inequality in conjunctionwith Corollaries4.5and4.9 aswell astheassump-
tion: uf, < u?,, impliestheexistenceof a positve numberN, > N; suchthat,for every
Up > No,n =m —1(1)m+ 2 andv,, = vy, 11, thequantity A2, ||w(w)||2, is uniformly
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boundedrom below in u € [un,,ut,] by av-independenstrictly positve number On
theotherhand,inequality(5.12)alongwith thefactthatt¢ € [0, 1], gives:

Iw(u) % Poull? <2 ([win X Poall? + [Wins1 X Pl + llgen % Prall?) . (5.21)

which, in view of the afore-mentionedcorollaries and assumptions,suggeststhat
A2 ||w(u) x Py,||? canbecomearbitrarily smallif v,,, n = m — 1(1)m + 2 aread-
equatelylarge. Hence,thereexists a positve numberN, > N, suchthat, for every
Vn > Noyn=m — 1(1)m + 2 andv,, = vpy1, Wwehavep(u) > 0, u € [um,,ul]. Ina
directly analogousmanney one can securethe positvity of ¢(u) onu € [ul,, um+1]
for v, > N,, n = m — 1(1)m + 2, with N, being a suficiently large positive
numberandv,, = v,,4+1. Then, the validity of Part (ii) of the Lemmafollows for
vp > max{Ny, N;},n =m — 1(1)m + 2 andvy, = vpy41- O

Collinearity Criterion (seeitem4 in Problem(P) of §2)

The userspecifiedintenal 7,,, encounteredn this criterion, is chosenas follows:

Nm = [uby,ul,], with uf, and 7, being ary parameternvalue in (uy, 1,u;) and

(Um,um+1), respectrely. Then,thefollowing lemmaensureshatthecollinearity crite-
rion of Problem(?) will holdin [uf,, ul,] for appropriatelylarge’s.

Lemma5.9. Let
$(u) = |Q)[I |ILm|1” € — Q(u) X L (5.22)
and¢,, = ¢(up). If P, = 0andL,,_1 - L, > 0, then
(i) ¢m > 0for large enoughvaluesof the parameters,, 1, vm+1,
(i) ¢(ufn) > ( for large enoughvaluesof the parameters,,,_1, vy,
(i) @(ur,) > 0 for large enoughvaluesof the parameters,,,, vy, +1,

(iv) ¢p(u) > 0, u € [ué,,u”], for large enoughvaluesof the parameters, 1, v,

ms
VUm+1-

Proof. Part (i) of the Lemmais obtainedby applying Corollary 4.3 andnoticing that
An, 1s positve aswell as,underthe given assumptionsB,,, # 0 andB,,, x P,,, = 0.
Parts(ii) and(iii) of the Lemmaaredirectconsequencesf limiting relation (4.20) of
Theoremd.7 andthefactthat,if P,,, = 0, thenL,,,_1 x L,, = 0.

We shallnow concentraten Part (iv) of thelemma.Let:

B (x,y) =g [IxII° lyll* — IIx x y|? (5.23)
and

Dy(x,y,2) = € (x-y) 2] — (x x 2) - (y x 2). (5.24)
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Usingthedefiningexpression(4.21)of Q(u), ¢(u) canbewritten asfollows :

Bu) = pm (1—1)%(1 — 3t)°
+12 {36 €3 [ Ln 2 [[snl2 (1 = )2 + @1 (a1, L) (3¢ — 2)2
#1263 [ Ln 2 (Sm - 1) (3¢ — 2)(1 = 1)} (5.25)
+1(1 = £)(1 = 3t) {1263 | Ln | (S - @) (1 — 1)
+2 5 (qm, G+ 1, Lim) (3¢ — 2)},

wheres,, = L, AL, Lett; € (0, min{3,¢7,}). Then,for u € [up,, un + t1Ay], the
above expressiorfor ¢(u) canbeboundedrom belov asfollows :

$(u) > dm (1 —1)°(1 - 3¢)?
-+t { 36 5 [ Lim 1 llsml* (1 — 1)% — 4|®1(Qm+1, Lim)|

~243 || L2 I$rml lam 1} (5.26)
+4t(1 = £)(1 = 8t) {33 |Lonl? (S - @) (1~ 1)
~ |92(Am, Gm+1, L) |}

By virtue of Part (i) of the Lemma,thereexists a positve numberN; suchthat, for
every vm—1,Vm+1 > N1, we have ¢,,, > 0. Next, Lemmad4.2impliesthatthereexists
a positive numberN, suchthat, for every v, .1 > No, themultiplier of #? in theright-
handsideof (5.26)is positve. Finally, Corollary 4.3 impliesthe existenceof a positve
numberN3 suchthat, for every vp,—1,vn+1 > N3, we have s, - q,, > 0. Hence for
Vmn—1,Vm+1 > N3, themultiplier of (1 — ¢)(1 — 3t) in (5.26)is boundedrom belov
by the quantity:

35% ||Lm||2 (sm : Qm) (1 - tl) - |(I)2(qm7Qm+laLm)|' (5.27)

UsingonceagainLemmad.2andCorollary4.3,theabore quantitybecomesgositive for

Vm—1,Vm+1 greatethansomepositive numberN,. Thepositvity of ¢(u) in [tm,, um +

t1An,] is thenguaranteedby choosingv,,—1, V1 > N, Where Ny = max; <j<4 N;.
Foru € [t + t1Am, ul,], ¢(u) canbeboundedrom below as: o

m
P(u) > 36 &5 1L |1* [Ism 1> £3(1 — £7,)
—24 5 || Ll Il (lam |l + ll@m1l)) — 4[®1(dm, Lin)| (5.28)
—4 ‘q)l(qm—f-l, Lm)| -8 |(§2(qm’ qm+1, Lm)"
Groundedoncemoreon Lemma4.2, we concludethat all but the first of the termsin
the right-handside of the above inequalitytendto zeroas vy, v,+1 tendto infinity.
Thus,thereexists a positve numberN, suchthat, for every vp,, vp+1 > N;, we have

d(u) > 0foru € [um + t14Am, u;,]. Thisresultcanbe deducedor the entireinteral
[tm, ur,] by simply choosinQvy,—1, Vm, V41 > max{Ny, N, }.
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The proof that¢(u) > 0 for u € [uf,,u,] is directly analogousgo the one pre-

m?

sentedabore for u € [, uy,] . O
5.2. ThealgorithmNUSSP

Basedon the theoremsandlemmata,derived in the previous subsectionywe pro-
posethe ensuingalgorithmNUSSPfor constructingnterpolatoryG2-continuousshape-
preservingv-splines. This algorithmis global in the sensethat, within eachiteration,
the v-splineinterpolationproblemhasto be solved for a differentsetof v-parameters.
FurthermoreNUSSPmalkesextensie useof apredicatecalledR(f, [a, b]), thatreturns
the numberof realrootsof a polynomial f (¢) in [a, b], providedthat f (a) f (b)#0. This
is donewith theaid of thefollowing theoremthatexploits thepropertieof theso-called
Sturmsequencef apolynomial;seee.g.,[7, §5.2].

Theorem5.10. Let f(x) beapolynomialwith realcoeficientsand{ fo(z), fi(z), - ..,
fs(z)} bethestandardequencéor f(z), definedas:

folz) = f (=), (5.29)

filz) = f'(=), (5.30)

folz) =aqi(2) fi(z) — fal), (5.31)

fie1(z) = gi(2) fi(z) — fita1(z), (5.32)

fs—l(w) = QS(w)fs(w)- (5.33)

Thenthe numberof distint real rootsof f(z) in (a,b) is V, — V,, whereV, denotes
the numberof variationsof the subsequencef { fo(c), fi(c), --., fs(c)} obtainedafter

droppingits zeros.

Theafore-mentionegredicates usedfor calculatingthe numberof roots,over specific
parametridntenals, of the quartic polynomialsy(u) and ¢(u), involved in Lemmata
5.7,5.8and5.9,respectrely.

NUSSPalways corvemes after a finite numberof iterations. The cornvergence
issue alongwith the questiongegardingthe runningtime andthe storagerequirements
of NUSSRarediscussedt the endof this subsection.

STEPO.O.

(i) EvaluatethescalarsA,, = umt1 — um, m = 1(1)N — 1, andset:
- Ag = Ay andAy = Apn_; for unit-tangentvectorandzero-curatureboundary
conditions,
- Ay = Ay_1 andA = A; for periodicboundaryconditions.
EvaluatethevectorsL,,, m = 1(1)N — 1, andset:
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- Ly = sg andLy = sy for unit-tangent-ectorboundaryconditions,

- Ly = Ly andLy = Ly_; for zero-curatureboundaryconditions,and
- Ly = Ly_1, Ly = Ly for periodicboundaryconditions.
EvaluatethevectorsB,,, usingrelations(3.7), (3.8), (3.10) and(3.11).
Evaluatethescalardy, = |Ly,—1 Ly Liyy1], m = 1(1)N — 1.

(i) SetTn ={1,2,..., N} anddeterminghefollowing index sets:
- Thethree-dimensionalitindex set:

Iy ={m € Ty_1:T'p, # 0}, (5.34)
- Thecorvexity index set:
Ko = {m €Tn-1:Pp-Ppy1 > 0}, (5.35)

- Thecoplanarityindex sets:
If Z, =0, setMy = M; = 0 andGOTO STEP 0.2 Otherwise:

Mo={me€Tnv_1:Tp=0 A P, -Pni1 >0}, (5.36)

Mi={m eTy_1:Tpy=0 A Py Py <0} (5.37)
- Thecollinearity index set:
Jo={me€Tn:||Pu]=0 A Lp_1-Ly >0} (5.38)
for unit-tangentwectorandperiodicbhoundaryconditions while
Jo={m e Tn1\{1}:|Pnll=0 A Ly_1-L, >0} (5.39)
for zero-curatureboundaryconditions.
STEPO.1.If My UM; = GOTO STEPO0.2 Otherwise:
(i) Specifythecoplanaritytolerancee; € (0, 1].

(i) Form € M specifytheparametewvaluesu’, € (up,u?,) andu?, € (u’,, umi1),
whereu;, is givenby equ. (5.9).

STEPO0.2.1f Jy = § GOTO STEP 0.3. Otherwise
(i) Specifythecollinearity toleranceeq € (0, 1].

(i) Form € Jy \ {1} specifythe parametevaluesu’, € (um 1,un). FOrm €
Jo \ {IN} specifytheparametewaluesul, € (um, Um+1)-

STEPO0.3.Setj = 0, initialize the parametersl,(,?) = 0, m = 1(1)N, andspecifythe
constantAv € (0, 00).

STEP 1. Evaluateq,,, m = 1(1) N, by solvingthelinearsystemg3.3).
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STEP 2. Determinethe“failure” sets:
Koi={meKo:wm -Pn<0 V wp- Py <0},

Koz ={m € Ko:Wpi1-Ppy, <0 V wyy1-Ppy1 <0},

Koz = {m € Ky \ (K()l UICOQ) :
2w - Pr) (Wit1 -Pp) + 8m - Prn <0, n=morm+ 1},

T ={m e : Enlm <0},
Mor = {m € Mo : ¢ <0},
Moz ={m € Mo : 41 <0},
Moz = {m € Mo\ (Mo1 U Mo2) : R(¢, [t thm11]) > 0},
M = {m € Mi: ¢, <0},
Mu = {m € My : 9(uy,) <0},
Mig = {m € My \ (M1 UMis) : R(, [um, ury]) > 0},
Moy ={m € My : 9 (uz,) <0},
Mag ={m € My : ¢my1 <0},
Moz = {m € My \ (Ma1 U Mpya) : R(¢, [, thm11]) > 0},
Jor ={m € Jo : ¢m < 0},
Ju ={m € Jo\ {1} : $(ur,) <0},
Jio ={m € Jo\ (J11 U Jo1 U {1}) : R(&, [ufy, um]) > 0},
Ja1 = {m € Ho\{N} : ¢(uy,) <0},

Joo ={m € Jp \ (J21 U T U{N}) : R(¢, [um,u,,]) > 0}.

(5.40)

(5.41)

(5.42)

(5.43)
(5.44)
(5.45)
(5.46)

(5.47)
(5.48)

(5.49)
(5.50)
(5.51)
(5.52)
(5.53)

(5.54)

(5.55)
(5.56)

(5.57)
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STEP3. SetyU 1Y = JY) v, Let:

So =Koz UZ11 U Mg, (5.58)
S1=Ko1 U Mo1 UMi1 U Jor, (5.58)
So = Koo U Mgo U Maa, (5.5&)
83 = J22 U J12, (5.581)
Sy = J11, (5.58%)
S5 = Jo1, (5.59)
S = Mi2 UMi3 U Mg U Mags. (5-58)
If
6
Usi=0, (5.59)
i=0
thenSTOP. Elseset:
Q 1=85US US3US,USs, (5.6()
Qo =8y U8 US3USE4US5U Sg, (5.6)
01 =8, U8 US; USsUSs, (5.6)
Q5 =Sy U Sy USs, (5.60)
R = Se. (5.608)

Let {Ru}ﬁ/le be the partition of R with the properties: (1) if m,m + 1 € R, then
m,m + 1 € R, for someu € Ty and(2) if mi,me € R, with m; < mg, then
mi,mg € R, for someu € Ty if andonlyif my +4 € Ry, Vi € {0,... ,mg —mq}.
Without loss of generalitywe canassumehatif p; < po, thenm; < mo,Vmy €
Ry, ma € Ry,. Then,for unit-tangentindzero-curatureboundaryconditions set:

VI =) U) L Ay me Qy, ke {-1,0,1,2}, (5.61)

m—k — “m—k

providedthatm — k € Ty, whereador periodicboundaryconditions set:

fonf,?) _ ) o tAv, meQ, ke{-1,0,1,2}, (5.62)

i(m
wherei(m, k) = (m —k+ N — 1) (mod N) + 1; also,if M > 1 and(atleast)oneof
thefollowing threeconditionsholds
1.1eRyandN € Ry
2.1eRiandN —1 € Ry,
3.2€R;andN € Ry
set
R1=R1URn, (5.63)
M=M-1. (5.64)
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Finally for all boundaryconditions set:

VT(,Z+1) = I/g_—:_—%) = r?el%i{yg)’ V7(zj4)-1} +Av, m e Ry, pu€ T, (5.65)

increasg by oneandGOTO STEP 1. [

Step0 of NUSSPIs the preprocessingtepof thealgorithm,devotedto computing
gquantitiesrelatedto the parametrizatiorand the geometryof the polygonalline that
connectghe interpolationpoints. Within this stepwe furthermoredeterminethe index
setsandspecifythetolerancesssociatetb thevariouscriteriaof theshape-preseation
notionintroducedn Problem(7P) of Section2 and,finally, initialize thev-parameters.

In Stepl we solve thelinearsystemfor the currentv-parametedistribution, while
Step2 is responsiblgfor the computationof the failure index sets,i.e., the setsthat
determingheparametelocationwherethesuficient,andpossiblynecessaryconditions
of §5 fail to betrue. As alreadymentionedat the beginning of the currentsubsection,
Step2 reliesonthepredicateR( f, [a, b]), thatreturnstherootsof thepolynomial f (¢) in
[a, b], providedthat f (a) f (b) # 0. However, in orderto avoid redundantomputations,
thealgorithmexploits Bolzanos Theoremandappealdo R(f, [a, b]) onlyif f(a)f(b) >
0.

Thealgorithmconcludeswith Step3, in which we checkif the unionof thefailure
setsis the emptyset. If thisis the caseNUSSPstops;otherwise the valuesof the v-
parametersreincreasedppropriatelyandwe iterateby goingbackto Stepl.

StepdD, 1 and2 arefairly straightforvard. Onthecontrary Step3 is rathercompli-
catedandfull of technicaldetails.Neverthelessywe shallnotgetinto thedetails;instead,
we shallprovide thegeneralunderlyingideaandskip the boundaryconditiondependent
details.Thesets{S;}¢_, containtheindicesfor whichthecorrespondingr someneigh-
boringv-valuehasto beincreased At this point we do not careaboutv-valueshaving
to be equalto eachother Which v-valueshave to be increaseds determinedby the
lemmataof §5 relatedto the failure setscomprisingeachof the S;’s. Then,depending
on which §; containsm, we might have to increasev,,,—1, Vm, Vin+1 Of Vpyp2. ThiSIiS
exactly whatthe sets{ Q; }2__, correspondo: givenm € S;, Qx containsm if vy,
hasto beincreasedTherearesituationshowever, relatedexclusively to the coplanarity
criterion, wheresomev-valueshave to be equal. This is the purposeof introducingthe
setR; it containsall thosem'’s for which v,,, andv,,, 1 have to beincreasedunderthe
constrainty,,, = vp,41. Thepartition {Ru}l’}/i’:1 of R is donein orderto guarante¢hat
if m,m + 1 arein R, thenv,,, = v, 41 = V42 afterwe increasehe v-values.Step3
endsby increasinghev’s appropriately Note thata specificm(ﬂ“) may be assignedch
valueseveraltimesduringthe executionof Step3, but atthe endof the stepit will have
thecorrectvalue.

ThealgorithmNUSSPstopsonly whenthesetU$_,; S; = (). Thereforejn orderto
prove convergencefor NUSSR we only needto prove that eachoneof the failure sets,
constitutingthe §;’s, becomeshe emptysetaftera finite numberof iterations.This can
bedoneby appealingo thevariouslemmataof §5.1. In particular the convexity failure
sets{Ko; }2_; and Ko3 will becomeemptyin view of Part (i) and Part (i) of Lemma
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5.4, respectrely. Regardingthe torsionfailure setZ;4, it will becomeempty due to
Lemmab.6. Next, in the caseof corvex coplanardata,Part (i) of Lemmab.7 ensures
that the failure setsMy; and Mgo will becomeempty whereasPart (i) of the same
lemmaimplies thatthe failure set M3 will becomeemptytoo. Now, for non-comwex
coplanadata,it is Lemmab.8, Part (i), thatsecureghatthefailure setsM1; and Mg
will becomeampty while the sameconclusionfor thesetsM 13, Ma1, M13 and Mg,
is inferredfrom Part (i) of the samelemma. Finally, asfor the collinearity failure sets
Jot, Ji1, J21 and{Ji2}2_,, they will eventuallybecomeempty asParts (i), (ii), (iii)
and(iv) of Lemmab.9 guaranteerespectiely.

In orderto computetherunningtime andspaceaequirement®f our algorithm,the
following factsshouldbetakeninto account:

1. A tridiagonalsystemof S equationganbesolvedin ©(S) time using®(S) space.

2. Thecostof computingthe quotientandremaindetrof the division of two polynomi-
alsp andq of degreesm andn < m, respectiely, is O(n(n — m)). Thisimplies
that the costto computethe standardsequencef a polynomial f of degreed is
O(d?). Moreover, the costto computethe value f(z) of f atz is O(d). Combin-
ing the abore boundswith the factthat the standardsequenc®f f containsO(d)
polynomials,of monotonicallydecreasinglegree,we concludethat the total cost
to computethe predicateR(f, [a, b]) is O(d?): O(d?) operationso computethe
standargsequencef f, O(d?) operationgo computethe valuesof the polynomials
in the standardsequencat a andb, andO(d) operationgo determinethe number
of variationsin signof thefinite sequencesf thesevalues.

3. Let A beasetandT'(-) abooleanfunctionoperatingontheelementof A. Letalso
A = {a e A:T(a) =t},t € {0,1}. If T(-) canbecomputedn O(1) time and
spacethentheset.A; canbecomputedn O(|.A|) time andspacewhere|A| is the
cardinalityof .A. Moreover, if A is sortedthen.4; canbe computedo be sortedin
theabore time andspacebounds.

4. If A, B aretwo sortedsets,thenthe time neededo computeA \ B and AU B is
O(JA| + |B|). Thespacerequirements O(].A| + |B|) aswell, and A\ B, AU B
canbecomputedo be sortedin theabove time andspacebounds.

5. Let A be a sortedinteger set. Let {A)}4_, be the (unique)partition of A with
the following properties: (1) if m,m + 1 € A, thenm,m + 1 € A, for some
A € Tp and(2) if m1, mg € A, thenmy,ms € A, for somei € 7,, if andonly if
mi1 +1 € Ay, Vi € {0,... ,mg —my}. This partitioncanbe computedn O(|.A|)
time andspaceandthesetsA, canbecomputedo besorted.

In the sequelwe shall assumehat all setsthat are resultsof the abore mentionedset
operationsaresorted.

As far asalgorithmNUSSPis concernedve notethefollowing:

1. The computationof eachone of the nodalgeometricquantitiesneedsO(1) space
andtime.
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2. Thedegreeof the polynomials$(u) ande(u) is four. Hence the costto compute
thepredicatesk(¢, [a, b]) andR (1, [c, d]) for ary realnumberss, b, ¢, d is O(1).

3. All thesetsinvolved aresortedinteger setsandof cardinalityO(N).

4. The assignmen(5.65)takes O(NV) total time: we need|R,| time to computethe
maxn%{ygﬂ),ufjjl}, andy_)L, |R,| = O(N) timeto performtheassignments.

Basedon theabove, we readily concludethatthe spacerequirementgor our algo-
rithm is ©(N), whereaghe runningtime is ©(N) periterationor ©(N K, ) in total,
whereK a, is thenumberof iterationsthatthe algorithmperforms.

6. Numerical Examples

In this sectionwe will presentthe performanceof the algorithmNUSSPon two
datasets.Eachdatasetcomprisesa family of datapointsalongwith informationrelated
to theadoptedparametrizatiomndtheboundaryconditionsto beimposed.Thefirst data
setis of syntheticnature,obtainedfrom [6], while the secondoneis anindustrialdata
set,kindly provided by GeneraMotors DesignCenter(Warren,Michigan).

The NUSSPoutcomeis documentedvith the final setof v-parameteranda set
of figures; seeFigs. 1-4 for Examplel and Figs. 5-8 for Example2. The dashed
line in thesefiguresdepictsthe outcomeof NUSSPfor zeroy;’s, i.e., the standard
C?-continuouscubic spline interpolant. On the other hand, solid line correspondso
the shape-preserving’?-continuousv-spline interpolant, that possessethe final v-
parametedistribution provided by NUSSP In both examples the boundaryconditions
arefixedunit-tangentectorsor fixedtangentvectorsfor zerov;'s, while the stepAv of
increasinghev-parametersaftereachiteration,is setequalto 0.5. We shalldiscusghe
choiceof Av attheendof this section.

Examplel

The dataconsistsof twenty five points, sampledfrom the helix (cos 6, sin 6, 6)
with #-stepequalto 7/3. The imposedboundarytangentvectorsare inherited from
thoseof thetwo circular arcs,interpolatingthe first andlast threeinterpolationpoints.
The chordalparametrizationwasused while the coplanaritytolerances; wassetequal
to 0.2.

The C2-cubicspline(seedashedine in Fig. 1) failedto meetthetorsion,corvex-
ity andcoplanaritycriteria. The algorithmendedaftereightiterations,yielding a shape-
preservingv-spline (seesolid line in Fig. 1) that possessethe following v-parameter
distribution: v; = 3.5, ¢ = 1,3,23,25, v; = 2,1 = 2,4,22,24, andy; = 0, for the
remainingi’s. In particular the C2-cubic splinehadthe wrongtorsionsignin [uz, us]
and [ues, u24] (SeeFig. 2). As far asthe corvexity criterion is concernedhe binor
malswo/||ws|| andway /||was| of the C2-cubic failed to complywith it. Finally, the
C?-cubicfailedto be shape-preservingith respecto the coplanaritycriterion for the
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chosentolerancen thefirst andlastparametriantervals; seeFig. 4 for the coplanarity
ratioin [ug, us].

Figure 1. The C*-cubic (dashedine) and G*-cubic shape-preservingpline (solid line) interpolatingthe
helicaldatawith theunit-tangent/ectorboundaryconditionsdescribedn thetext andchordalparametriza-
tion.

Example2

The dataare given in Tables6.1 and6.2. The C?-cubic spline interpolant(see
dashedine in Fig. 5) failedto satisfythetorsionandconvexity criteria. The algorithm
endedafterfive iterationsyielding a shape-preserving-spline(seesolid line in Fig. 5)
thatpossessethe following v-parametedistribution: v; = 0.5, = 1(1)7, v; = 2,1 =
15(1)18, andy; = 0 for the remainingi’s. In particular the C2-cubic spline exhibited
wrong sign for its torsionin [ug, us)], [us, ug] and[uig, u17] (SeeFig. 6), whereasts
binormalw/||w-|| failedto bein conformity with the convexity criterionin [uy, us],
sincews - Py < 0; seeFig. 8 for the correspondingorvexity ratio.

As farasthe stepAv is concernedye canoffer, for the presentversionof theaal-
gorithmNUSSR but somegenerauidancebasedn qualitative remarksandour, sofar
obtainednumericalexperiencenith NUSSPChoosingoo big astepAwv resultsquickly
in ashape-preservingurve thatis, however, too closeto the correspondindinearinter
polantand, thus, not visually pleasing(fair). On the otherhand,too small a stepAv
increaseghe runninngtime asa resultof permittingtoo mary unnecessariterations.
Our numericalexperiencesuggestshatvaluesin betweer).1 and1 seemto be a good
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Torsion Plots
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Figure 2. The torsiondistributions of the C*-cubic (dashedine) and G-cubic shape-preservingpline
(solidline) of Examplel.

Curvature Plots
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Figure3. The cunvaturedistributionsof the C?-cubic (dashedine) and G*-cubic shape-preservingpline
(solidline) of Examplel.

compromisdetweerthetwo conflictingrequirementstatedpreviously, namelyimprov-
ing fairnessanddeceasingrunningtime — pleaserecallthatin our formulationv’s are
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The coplanarity ratio in [ul, u2]
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Figure4. The coplanarityratio of the C2-cubic (dashedine) andG?-cubic shape-preservingpline (solid
line) in [u1, uz] of Examplel; the coplanaritytolerances; is equalto 0.2.

non-dimensiona(seeSection3). This is the reasoningoehindthe choice Av = 0.5,
madein the examplespresentedbore.
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Figure5. The C?-cubic (dashedine) and G*-cubic shape-preservingpline (solid line) interpolatingthe
dataof the seconcexample;thetwo curvesareessentiallythe same.
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0.0 5088.062500000
0.0526315789473684 5085.933593750
0.10526315789473701 5082.252441406
0.15789473684210501 5076.693847656
0.21052631578947401 5069.430175781
0.26315789473684198 5060.208496094
0.31578947368421101 5048.564941406
0.36842105263157898 5034.916992188
0.42105263157894701 5019.403320313
0.47368421052631598 5001.769531250
0.52631578947368395 4982.209960938
0.57894736842105298 4960.532226563
0.63157894736842101 4936.054199219
0.68421052631578904 4907.513671875
0.73684210526315796 4874.898925781
0.78947368421052599 4839.287109375
0.84210526315789502 4802.104003906
0.89473684210526305 4764.125488281
0.94736842105263197 4725.323730469
1.0 4685.979980469

7.906158924
50.088546753
92.210144043

134.211181641
175.916946411
217.127090454
257.767242432
297.822265625
337.164062500
375.606842041
413.023437500
449.337707520
483.775268555
514.686279297
541.243225098
563.890319824
583.373291016
601.033081055
617.624389648
632.172729492

1025.970947266
1025.114746094
1024.650390625
1023.926940918
1023.537658691
1022.765319824
1021.563720703
1020.773681641
1018.875549316
1016.703918457
1014.270690918
1011.526733398
1008.486572266
1004.340209961
1000.899230957

995.753234863

990.441406250

985.327575684

980.590759277

975.273193359

Table6.1

Thez, y, z co-ordinate®f the pointsof Example2 andthe correspondingparameteraluesu.

T Y

¥4

So

S20

-11.038033 801.759583
-758.641754 249.218852 -132.963858

-57.116488

Table6.2

Thez, y, z co-ordinate®f theinitial tangentvectorsatthe endpointsor Example2.
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Figure6. The torsion distributions of the C2-cubic (dashedine) and G2-cubic shape-preservingpline
(solidline) of Example2.

Curvature Plots
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Figure7. The cunaturedistributionsof the C2-cubic (dashedine) and G?-cubic shape-preservingpline
(solidline) of Example2.
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